
 

 

저작자표시-비영리-변경금지 2.0 대한민국 

이용자는 아래의 조건을 따르는 경우에 한하여 자유롭게 

l 이 저작물을 복제, 배포, 전송, 전시, 공연 및 방송할 수 있습니다.  

다음과 같은 조건을 따라야 합니다: 

l 귀하는, 이 저작물의 재이용이나 배포의 경우, 이 저작물에 적용된 이용허락조건
을 명확하게 나타내어야 합니다.  

l 저작권자로부터 별도의 허가를 받으면 이러한 조건들은 적용되지 않습니다.  

저작권법에 따른 이용자의 권리는 위의 내용에 의하여 영향을 받지 않습니다. 

이것은 이용허락규약(Legal Code)을 이해하기 쉽게 요약한 것입니다.  

Disclaimer  

  

  

저작자표시. 귀하는 원저작자를 표시하여야 합니다. 

비영리. 귀하는 이 저작물을 영리 목적으로 이용할 수 없습니다. 

변경금지. 귀하는 이 저작물을 개작, 변형 또는 가공할 수 없습니다. 

http://creativecommons.org/licenses/by-nc-nd/2.0/kr/legalcode
http://creativecommons.org/licenses/by-nc-nd/2.0/kr/


공학박사학위논문 

 

 

수직 와후류 시스템의 소산 특성에 

대한 연구 
 

Study on Decay Characteristics of  

Vertical Four-Vortex Systems 

 

 

 

 

 

2020 년 2월 

 

 

 

 

서울대학교 대학원 

기계항공공학부 

조  준  호   



 

수직 와후류 시스템의 소산 특성에 대한 연구 
 

Study on Decay Characteristics of  

Vertical Four-Vortex Systems  
 
 

지도교수 이 관 중 

 

이 논문을 공학박사 학위논문으로 제출함 

2019 년 11 월 

 

서울대학교 대학원 

기계항공공학부 

조 준 호 
 

조준호의 공학박사 학위논문을 인준함 

2019 년 12 월 

 

위 원 장 : ______________________ 

부위원장 : ______________________ 

위    원 : ______________________ 

위    원 : ______________________ 

위    원 : ______________________ 



 I 

Abstract 

 

Study on Decay Characteristics of  

Vertical Four-Vortex Systems 

 

Junho Cho 

School of Mechanical and Aerospace Engineering 

The Graduate School 

Seoul National University 

 

The wake vortices of an aircraft descend by self-induction that enables a 

pilot to identify wake locations. A pilot taking off an aircraft can avoid a 

wake vortex encounter by performing early rotation and flying at or above 

the climb path of the preceding aircraft. Such an operation results in a situ-

ation, in which two wake vortices are present in the air simultaneously in 

close proximity. Also, there is a possibility of interactions among vortices 

where runways are parallel so that a pair of vortices from an aircraft moves 

to another runway due to crosswind. If the interaction between wake vortex 

pairs induces a rapid dissipation, it may be possible to adjust the take-off 

separation time and, therefore, in-crease the airport capacity. 

In this study, the transport and decay characteristic processes involving 



 II 

interactions between the wake vortex pairs formed by the preceding and fol-

lowing aircraft have been analyzed. The decay processes were analyzed by 

selecting suitable initial conditions that took into account the high altitude 

of the following aircraft and the descent of the preceding wake vortices. The 

high altitude of the following aircraft was included as initial conditions, and 

atmospheric turbulence conditions were applied to large eddy simulations 

to account for the vortex core instability and non-linear transport and decay. 

The obtained results were analyzed to identify the decay characteristic pro-

cesses that induce the rapid dissipation of the wake vortices and their con-

ditions. 

The numerical simulation results were analyzed to identify the decay pro-

cesses that induce the rapid dissipation of wake vortices such as merging 

into a single counter-rotating pair, rapid dissipation, and formation of a vor-

tex ring with or without a deformation of the lower vortex pair. The third 

process could be effectively used to adjust the take-off separation time for 

increasing the capacity at airports. 

 

Key Words : Aircraft wake vortex, Vortex interaction, Computational fluid dy-

namics, Take-off separation, Air traffic management 

 

Student Number : 2015-30174 
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Chapter 1. Introduction 

1  

 Airport capacity and wake vortex 

 

Air traffic has been forecasted to be the largest on record in this year and 

has grown steadily by about four percent every year. The airport logistics 

capacity has reached its limit with the steady increase of aviation demands. 

In order to cope with the increasing air traffic, there has been a growing 

interest in improving the capacity of the airport by adjusting the interval 

between aircraft during take-off and landing.  

Wake vortices are generated as a consequence of a lift generation of air-

craft’s finite wings. They span for several miles on the aircraft route after 

the creation and dissipate after several minutes and effect as a potential risk 

for the following aircraft. Wake vortices are formed mainly at the wingtip 

of an aircraft because of pressure difference between the upper and the lower 

part of the wing. Vortices are rolled up to a single pair of counter rotating 

ones. The initial lateral separation, b0, of vortices is about 70-80% length of 

the wingspan [1]. Due to the rolling moment generated by the wake vortices, 

a following aircraft may lose its controllability and descend abruptly, or 

even may crash into the ground (Fig. 1-1). It is reported that the incidents 

caused by wake vortices occur frequently during approach to the airport or 

low altitude flight [2]. For example, in January 2008, Air Canada A319 

dived 1,400 feet with maximum of 55° rolling because of the wake vortices 

from B747-400 which was flying 11 NM ahead. In order to prevent such 

accidents, the International Civil Aviation Organization (ICAO) and the 

Federal Aviation Administration (FAA) have designated separation intervals 

according to the size difference between the leading aircraft and the 
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following one, so that the aircraft can be operated safely [3]. 

 

 

Fig. 1-1 Possible encounters with lift-generated wake by a following air-

craft [4]  

 

The aircraft is classified into four categories based on the maximum take-

off mass (MTOM). Those are A380-800, heavy (136,000 kg or more), me-

dium (7,000 kg or more and 136,000 kg or less) and light (7,000 kg or less). 

However, in the medium class for example, the difference between the max-

imum value and the minimum value is significant, which is about 130 t. It 

means that there can be difference of up to 130 t among medium class air-

craft. In other words, if considering two different airplanes categorized as a 

medium aircraft, for example, A320 and ERJ-145, are following the heavy 

class aircraft A340-600, the separation to the preceding aircrafts as 5 NM 

can be too conservative for the A320. Therefore, research about re-catego-

rizing the current aircraft classification into more subdivision categories is 
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on the way at the moment (Table 1.1, 

 

Table 1.2) [5].  

 

Table 1.1 Example aircraft assignment to proposed six category system [6] 

Category 

A 

Category 

B 

Category 

C 

Category 

D 

Category 

E 

Category 

F 

A380 

AN-225 

B747 se-

ries 

A340 se-

ries  

B777 se-

ries  

A330 se-

ries  

B787 se-

ries  

… 

MD11 

B767  

A306  

A310  

DC8 

DC10  

C-17 

C-135  

B-1  

B-2 

B757 se-

ries 

B737 se-

ries  

A320 se-

ries  

B727 se-

ries  

MD80 se-

ries  

… 

AT72 

RJ100 

RJ85 B463 

B462 E170 

CRJ1/2 

CRJ7/9 

AT45 AT43 

GLF4 

SF34 

DH8A/B/C 

E135/145 

E120 

B190  

C650 

H25B 

C525 

GA multi- 

engine air-

craft 

GA single 

engine air-

craft 

 

 

Table 1.2 RECAT wake separation standards [6] 

L
ea

d
er

 

Follower (Nautical Mile) 

 A B C D E F 

A MRS 5 6 7 7 8 

B MRS 3 4 5 5 7 

C MRS MRS MRS 3.5 3.5 6 

D MRS MRS MRS MRS MRS 5 

E MRS MRS MRS MRS MRS 4 

F MRS MRS MRS MRS MRS MRS 
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MRS: Minimum Radar Separation 

 

It is also possible to increase the aircraft capacity by constructing another 

runway to airports, but it is limited because of problems such as securing 

site, and huge cost needed to build one. Therefore, in order to adjust the 

separation that is empirically set at the moment, it is necessary to study the 

transport and decay of the wake vortices from an aircraft. Thus, a method 

for improving the efficiency of airport capacity has been required while en-

suring the safety. For this, it is recommended to reduce the time interval of 

the take-off and landing of consecutive aircraft. Meanwhile, unreasonable 

shortening of aircraft spacing would cause an accident due to the wake tur-

bulence. Dissipation and behavior of wake vortex pair are dependent on the 

meteorology such as clear air turbulence, horizontal wind velocity, and the 

strength of wake vortex pair. Therefore, take-off and landing time interval 

must be controlled efficiently with the consideration of the meteorology 

condition. 

Considering the environment of an airport (Fig. 1-2), it is also possible 

that a pair of vortices is generated in the atmosphere where another pair of 

vortices from the preceding aircraft still exists. For example, runways are 

parallel so that a pair of vortices from an aircraft moves to another runway 

path due to crosswind. In addition, the flight paths may cross each other. In 

such cases, the vortices of the following aircraft are influenced by interact-

ing with the other vortices remained in the atmosphere. Therefore, it is nec-

essary to clarify the transport and decay mechanism of the vortices consid-

ering the interaction with another pair of vortices.  
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Fig. 1-2 Situation example where crossing of aircraft vortices can occur 

behind an aircraft; NATS Services [7]  

 

The wake vortices descend by self-induction that enables a pilot to iden-

tify the wake location and perform a required avoidance maneuver. The in-

itial vortex descent rate is determined by the weight, speed, and wingspan 

of the aircraft. Generally, vortices descend at the initial rate of about 300 to 

500 feet per minute for about 30 seconds. The descent rate decreases and 

eventually approaches zero at between 500 and 900 feet below the flightpath. 

As shown in Fig. 1-3, the pilot taking off an aircraft can avoid a wake vortex 

encounter by rotating before the rotation point of the preceding aircraft and 

flying at or above its climb path [8].  

The dual-glideslope approach concept proposes two airplanes landing on 

the same runway, with one of them flying a standard approach and the other 

flying a higher approach and touching down later on the runway as shown 

in Fig. 1-4 [9]. The advantage of creating a higher approach is that separa-

tions between the lower (standard) glideslope and the upper glideslope can 

be reduced significantly compared to same-glideslope separations, due to 
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the sinking nature of wake vortices. 

These operations result in a situation, in which two wake vortices are pre-

sent in the air at the same time. These wake vortex pairs generated by the 

preceding and following aircraft can potentially interact with each other if 

the distance between them is relatively small. If this interaction accelerates 

the vortex dissipation process, the take-off separation time for the next air-

craft can be reduced, thus increasing the airport capacity limit. Therefore, it 

is necessary to examine the dissipation of newly generated wake vortices in 

the presence of the wake vortices produced by the preceding aircraft. 

 

Fig. 1-3 Wake vortex avoidance maneuver performed behind a larger air-

craft in the same runway [8] 

 

 

Fig. 1-4 dual glide slope concept to reduce the separation [9] 
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 Previous study about wake vortex 

 

Due to the importance of wake hazards to operational safety, various stud-

ies have been conducted on transport and decay of wake vortex over the last 

50 years. The transport and decay of vortices are closely related to the sur-

rounding atmospheric conditions such as turbulence intensity (ε) and strati-

fication level [10–13]. Vortices show long-wave symmetric sinusoidal in-

stability, which is also known as Crow instability [14], and the evolution of 

the instability is dependent of the atmospheric conditions. The parallel pair 

of vortices change their patterns due to Crow Instability and create a con-

tinuous vortex-ring like a train (Fig. 1-5). The time taken for making a ring 

is called the vortex lifespan and vortices dissipate rapidly after the formation 

of the ring. Crow and Bate have found that the life span of vortices is a 

function of the non-dimensional turbulence intensity [15]. This phenome-

non is named after Crow who identified it firstly. 
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Fig. 1-5 Instability of a pair of trailing vortices of a B-47 aircraft photo-

graphed at intervals of 15 s after its passage [16] 
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The evolution of wake vortices proceeds through several stages including 

the roll-up, transport, and decay ones. During the transport and decay stages, 

the dissipation effects of the atmosphere on a single wake vortex pair were 

studied [10,13,15,17–22]. Crow and Bate materialized Crow instability in 

the process of wake vortex dissipation due to ambient turbulence [14]. At 

the transport stage of the wake vortex, the long-wave symmetric sinusoidal 

instability of core structure from atmospheric turbulence occurs along fixed 

and inclined planes. As a result, the two vortices are linked in the centerline, 

forming a train of the vortex ring. After the formation of the vortex ring, the 

parallel vortex pair rapidly dissipated, reducing the wake hazard for the 

trailing aircraft. Crow and Bate defined the vortex lifespan as the time of 

linking of the wake vortex pair and found that the vortex lifespan is a func-

tion of the non-dimensional turbulence intensity [15].  

In addition, Sarpkaya and Daly showed that the non-dimensional descent 

distance of vortices is a function of the dimensionless time, turbulence in-

tensity, and the longitudinal integral length scale [23]. Han et al. analyzed 

the influence of the turbulence intensity on the development of Crow Insta-

bility using the large eddy simulation [10]. It was found that the maximum 

amplified wavelength of instability and the vortex lifespan decrease as di-

mensionless turbulence intensity increases.  

Recently, the influence of atmospheric stratification level on the Crow 

instability of aircraft wake vortices has been analyzed using LES [11]. If the 

stratification level is low or moderate, the development of Crow instability 

is promoted. Contrarily, at high stratification level, it is found that the insta-

bility of short wavelength is developed dominantly so the wake vortices are 

rapidly dissipated [12]. Visscher et al. found that stratification combined 

with weak ambient turbulence is an efficient mechanism to rapidly dissipate 
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wake vortex [13]. 

They focused on the relationship between the vortex dissipation and atmos-

pheric conditions such as turbulence, stratification, and ground boundary 

layer. It was found that the dissipation mechanism consisted of two phases 

and that the vortex dissipation process could be quantified by constructing 

suitable decay models. Based on these findings, the hazard area for the next 

aircraft was calculated and was the basis for takeoff separation time [24,25]. 

In addition, various studies have been conducted on wake vortex for increas-

ing airport capacity [26]. However, those studies did not consider the wake 

vortices generated by the preceding aircraft that were more condensed at a 

particular location and whose dissipating effect on the wake vortices of the 

following aircraft could be stronger than the other atmospheric parameters.  

The wake vortex interactions occurred during the roll-up stage were in-

vestigated for the vortices detached from the high-lift configuration [27–33]. 

Based on the fundamental understanding of the vortex interaction, the vor-

tex was controlled to alleviate the hazard by wake vortex. The vortex system 

containing a wing tip and inboard flap vortex pairs was defined as a hori-

zontal four-vortex system (H4VS) to determine a method for weakening a 

fully rolled-up wake vortex pair by elucidating the control mechanism based 

on the fundamental understanding of vortex interactions. 

Donaldson and Bilanin analyzed the evolution of 4HVS using the point 

vortex method and analyzed the behavior of 4HVS according to parameters 

such as vortex spacing ratio and circulation strength ratio [27]. Crouch ana-

lyzed the development of initial disturbance of 4HVS using linear instability 

analysis that extended Crow instability [34]. Rennich and Lele analyzed the 

behavior of counter-rotating 4HVS using vortex filament method and direct 

numerical simulation [28]. This study showed that the analysis using the 
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vortex filament method could be used as an initial investigation with suffi-

cient accuracy for instability evolution. The instability of highly perturbed 

inboard vortices led to the rapid development of crow-type perturbation of 

outboard vortices and eventually led to the destruction of 4HVS.  

Bristol et al. analyzed the initial sinuous instability of co-and counter-

rotating unequal wake-vortex pairs using linear stability analysis and CFD 

calculation to reproduce the wrapping and ring-rejection behavior found in 

the towing tank experiments [35,36]. Babie et al. analyzed the development 

of instability according to the wavelength of the initial perturbation by con-

structing an experimental apparatus to generate 4HVS for use in the wake 

control strategy by uncovering the control method for rapid attenuation of 

4HVS [32]. Stumpf studied the configuration of weakening the strength of 

the wake vortex during roll-up with 4HVS interaction through modification 

of the high-lift configuration [30].  

The H4VS studies showed that it was possible to attenuate the fully rolled 

up wake vortices and provided a detailed explanation of their dissipation. 

Although they successfully confirmed the interaction effects, initial vortex 

locations were limited to the same horizontal plane, and the vertical distance 

between the vortices was not considered. However, the two pairs of wake 

vortices generated by different aircraft have different vertical positions be-

cause of the descent motion. Hence, the vertically arranged two pairs of 

wake vortices depicted in Fig. 1-6 should be examined. Here, the surround-

ing streamline patterns are divided into the three regions separated by the 

bold lines, which consist of the inner circulation region, recirculation region, 

and outer region. The rotation of the recirculation region induces a vertical 

approach of the two vortex pairs (blue arrows). While the vertical distance 

of the H4VS increases, its instability influenced by the strain field of the 
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other vortices also depends on their distances, which in turn affect its 

transport and decay characteristics. Therefore, two vortex pairs with differ-

ent vertical positions should be studied separately. 

 

 

 

Fig. 1-6 Streamline patterns of the vertically aligned two wake vortex pairs 

(black lines) and initial vortex transport by mutual induction (colored 

lines). 



 13 

 Outline of Dissertation 

 

This study focuses on the transport and decay characteristic processes in-

volving interactions between the wake vortex pairs formed by the preceding 

and following aircraft. This is the first work to investigate the effect of the 

wake vortex formed by the preceding aircraft on the vortex formed by the 

following aircraft. The decay processes were analyzed by selecting suitable 

initial conditions that took into account the high altitude of the following 

aircraft and the descent of the preceding wake vortices. To consider possible 

vortex interactions, their parameters were defined based on the commercial 

aircraft size and routes. Atmospheric turbulence conditions were applied to 

LES to account for the vortex core instability and non-linear decay known 

as the Crow instability. The obtained results were analyzed to identify the 

decay characteristic processes that induce the rapid dissipation of the wake 

vortices and their conditions. If the interaction between wake vortex pairs 

induces a rapid dissipation, it may be possible to adjust the take-off separa-

tion time and, therefore, increase the airport capacity. 

This paper is organized as follows. Details of numerical simulations are 

outlined in section 2. The time delayed wake vortex interaction analysis is 

described in section 3. In section 4 vertical four vortex system is described 

and the obtained results are presented. The transport and decay characteris-

tics of wake vortices are classified by discussing their interaction mecha-

nism and dissipation effects. Finally, the applicability limits of rapid vortex 

dissipation processes are determined, and the conclusions of this study are 

drawn in section 5. 
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Chapter 2. Numerical simulations 

2  
The numerical V4VS simulation procedure conducted under atmospheric 

turbulence conditions was as follows. 1) LES was performed until the V4VS 

was completely dissipated. 2) Stochastic noise generation and radiation 

(SNGR) and forcing methods were used to generate a background turbu-

lence field. 3) For vortex initialization, the velocity profile calculated by the 

vortex model was superimposed on the turbulence field. 4) The vortex pa-

rameters were calculated to quantify the V4VS dissipation using a core-line 

identification method. 

The overall flow of the simulation is described in the Fig. 2-1. First, we 

set the computational domain and generate the grid. Since the behavior of 

wake vortices varies depending on the atmospheric conditions, it is essential 

to make atmospheric background turbulence under specific conditions. In 

order to create a flow field with eddy dissipation rate similar to a real at-

mospheric condition, stochastic noise generation and radiation (SNGR) and 

forcing technique are used. In this process, the LES simulation continues 

and the statistical steady-state isotropic turbulence is generated as back-

ground turbulence. After the background turbulence is generated, a pair of 

counter-rotating vortices with same magnitude of circulation is modeled and 

added to the flow field. Then LES simulation is continuously performed to 

observe the behavior of vortices over time. When interpreting the behavior 

of a pair of vortices alone, the LES simulation is performed for the desired 

time and the procedure goes to the post-processing. On the other hand, when 

observing the interaction between two pairs of wake vortices, another pair 

of vortices is added to the flow field during the LES simulation. After that, 

the LES simulation is conducted for the required time (dotted line in Fig. 
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2-1). In the next section, each procedure is being explained in more detail 

starting from governing equations and numerical methods. 

 

 

 

 

Fig. 2-1 Flow chart for wake vortex analysis 
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 Large eddy simulation and computational domain 

 

LES is based on the observation that the small turbulent structures are 

more universal in character than the large eddies. Therefore, the idea is to 

compute the contributions of the large, energy-carrying structures to mo-

mentum and energy transfer and to model the effects of the small structures, 

which are not resolved by the numerical scheme. Due to the more homoge-

neous and universal character of the small scales, we may expect that the so 

called subgrid-scale models can be kept much simpler than the turbulence 

models for the RANS equations. 

In the case of a compressible Newtonian fluid, the Navier-Stokes equa-

tions read using tensor notation in the absence of source terms in coordinate 

invariant formulation as 

∂𝜌

∂𝑡
+

∂

∂𝑥𝑖
(𝜌𝑣𝑖) = 0, 

∂

∂𝑡
(𝜌𝑣𝑖) +

∂

∂𝑥𝑗
(𝜌𝑣𝑗𝑣𝑖) = −

∂𝑝

∂𝑥𝑖
+
∂𝜏𝑖𝑗
∂𝑥𝑗

, 

∂

∂𝑡
(𝜌𝐸) +

∂

∂𝑥𝑗
(𝜌𝑣𝑗𝐻) =

∂

∂𝑥𝑗
(𝑣𝑗𝜏𝑖𝑗) +

∂

∂𝑥𝑗
(𝑘

∂𝑇

∂𝑥𝑗
) 

(2.1) 

where 𝑣𝑖  denotes a velocity component ( 𝑣⃗ = [𝑣1, 𝑣2, 𝑣3]
T ), and 𝑥𝑖 

stands for a coordinate direction, respectively. 

The components of the viscous stress tensor 𝜏𝑖𝑗 in Eq. (2.1) are defined as 

𝜏𝑖𝑗 = 2𝜇𝑆𝑖𝑗 + 𝜆
∂𝑣𝑘
∂𝑥𝑘

𝛿𝑖𝑗 = 2𝜇𝑆𝑖𝑗 − (
2𝜇

3
)
∂𝑣𝑘
∂𝑥𝑘

𝛿𝑖𝑗 , (2.2) 

where we utilized the Stokes’s hypothesis. The second term in Eq. (7.2), 

that is, ∂𝑣k/ ∂𝑥k, which corresponds to the divergence of the velocity.  

The components of the strain-rate tensor are given by 
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𝑆𝑖𝑗 =
1

2
(
∂𝑣𝑖
∂𝑥𝑗

+
∂𝑣𝑗
∂𝑥𝑖

). (2.3) 

In this connection, let us also define the rotation-rate tensor (antisymmet-

ric part of the velocity gradient tensor) with the following components. 

Ω𝑖𝑗 =
1

2
(
∂𝑣𝑖
∂𝑥𝑗

−
∂𝑣𝑗
∂𝑥𝑖

). (2.4) 

The total energy E and the total enthalpy H in Eq. (2.1) are readily ob-

tained from the formulas.  

𝐸 = 𝑒 +
1

2
𝑣𝑖𝑣𝑖 ,          𝐻 = ℎ +

1

2
𝑣𝑖𝑣𝑖 = 𝐸 +

𝑝

𝜌
 (2.5) 
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2.1.1 Reynolds averaging  

 

The approximate treatment of turbulent flows is based on the decompo-

sition of the flow variables into a mean and a fluctuating part. The governing 

equations are then solved for the mean values, which are the most interesting 

for engineering applications. Thus, the velocity components and the pres-

sure in Eq. (2.1) are substituted [37] 

𝑣𝑖 = 𝑣𝑖̅ + 𝑣𝑖
′,          𝑝 = 𝑝̅ + 𝑝′, (2.6) 

where the mean value is denoted by a bar and the turbulent fluctuations 

by a prime. The mean values are obtained by an averaging procedure.  

The average of the fluctuating part is zero, that is, 𝑣𝑖
′̅ = 0. However, it 

can be easily seen that 𝑣𝑖
′𝑣𝑖
′̅̅ ̅̅ ̅̅ ≠ 0. The same is true for 𝑣𝑖

′𝑣𝑗
′̅̅ ̅̅ ̅̅ , if both turbu-

lent velocity components are correlated. 
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2.1.2 Favre (mass) averaging  

 

In cases where the density is not constant, it is advisable to apply the 

density (mass) weighted or Favre decomposition to certain quantities in Eq. 

(2.1) instead of Reynolds averaging. Otherwise, the averaged governing 

equations would become considerably more complicated due to additional 

correlations involving density fluctuations. The most convenient way is to 

employ Reynolds averaging for density and pressure, and Favre averaging 

for other variables such as velocity, internal energy, enthalpy, and tempera-

ture. Favre averaged quantities, for example, the velocity components, are 

obtained from the relation  

𝑣𝑖̃ =
1

𝜌̅
 lim
𝑇→∞

 
1

𝑇
∫ 𝜌
𝑡+𝑇

𝑡

𝑣𝑖d𝑡, (2.7) 

where 𝜌̅ denotes the Reynolds-averaged density. Hence, the Favre de-

composition reads 

𝑣𝑖 = 𝑣𝑖̃ + 𝑣𝑖
′′, (2.8) 

where 𝑣𝑖̃ represents the mean value and 𝑣𝑖
′′ the fluctuating part of the 

velocity 𝑣𝑖. Again, the average of the fluctuating part is zero, that is, 𝑣𝑖
′′̃ =

0. Furthermore, the average of the product of two fluctuating quantities is 

not zero, if the quantities are correlated. Hence, for example, 𝑣𝑖
′′𝑣𝑖

′′̃ ≠ 0 

and in general 𝑣𝑖
′′𝑣𝑗

′′̃ ≠ 0. 

The following relationships can be derived for a mix between Favre and 

Reynolds averaging 

𝜌𝑣𝑖̃ = 𝜌̅𝑣𝑖̃,          𝜌𝑣𝑖
′′̅̅ ̅̅ ̅ = 0,          but   𝑣𝑖

′′̅̅̅̅ ≠ 0. (2.9) 
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2.1.3 Favre- and Reynolds-Averaged Navier-Stokes Equations  

 

In turbulence modeling, it is quite common to assume that Morkovin’s 

hypothesis is valid. It states that the turbulent structure of a boundary layer 

is not notably influenced by density fluctuations if 𝜌′ ≪ 𝜌̅. This is gener-

ally true for wall-bounded flows up to a Mach number of about five. How-

ever, in the case of hypersonic flows or for compressible free shear layers, 

density fluctuations have to be accounted for. The same holds also for flows 

with combustion or with significant heat transfer. 

Application of the Reynolds averaging to density and pressure, and of the 

Favre averaging Eq. (2.7) to the remaining flow variables in the compressi-

ble Navier-Stokes equations (2.1) yields  

∂𝜌̅

∂𝑡
+

∂

∂𝑥𝑖
(𝜌̅𝑣̃𝑖) = 0 

∂

∂𝑡
(𝜌̅𝑣̃𝑖) +

∂

∂𝑥𝑗
(𝜌̅𝑣̃𝑗𝑣̃𝑖) = −

∂𝑝̅

∂𝑥𝑖
+

∂

∂𝑥𝑗
(𝜏̃𝑖𝑗 − 𝜌̅𝑣𝑖

′′𝑣𝑗
′′̃) 

∂

∂𝑡
(𝜌̅𝐸̃) +

∂

∂𝑥𝑗
(𝜌̅𝑣̃𝑗𝐻̃) =

∂

∂𝑥𝑗
(𝑘

∂𝑇̃

∂𝑥𝑗
− 𝜌̅𝑣𝑗

′′ℎ′′̃ + 𝜏𝑖𝑗𝑣𝑖
′′̃ − 𝜌̅𝑣𝑗

′′𝐾̃) 

+
∂

∂𝑥𝑗
[𝑣̃𝑖(𝜏̃𝑖𝑗 − 𝜌̅𝑣𝑖

′′𝑣𝑗
′′̃)] 

(2.10) 

These are the Favre- and Reynolds-averaged Navier-Stokes equations. In 

an analogy to the Reynolds averaging, the viscous stress tensor in the mo-

mentum (and energy) equation becomes extended by the Favre-averaged 

Reynolds-stress tensor, that is,  

𝜏𝑖𝑗
𝐹 = −𝜌̅𝑣𝑖

′′𝑣𝑗
′′̃. (2.11) 

The components of the laminar (molecular) viscous stress tensor 𝜏̃𝑖𝑗 are 
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evaluated by Eq. (7.2) using Favre-averaged velocity components. 

If we employ the definition of the Favre-averaged turbulent kinetic energy, 

that is,  

𝜌̅𝐾 =
1

2
𝜌̅𝑣𝑖

′′𝑣𝑖
′′̃, (2.12) 

we can express the total energy in Eq. (2.10) as 

𝜌̅𝐸̃ = 𝜌̅𝑒̃ +
1

2
𝜌̅𝑣̃𝑖𝑣̃𝑖 +

1

2
𝜌̅𝑣𝑖

′′𝑣𝑖
′′̃ = 𝜌̅𝑒̃ +

1

2
𝜌̅𝑣̃𝑖𝑣̃𝑖 + 𝜌̅𝐾 (2.13) 

The total enthalpy is defined as 

𝜌̅𝐻̃ = 𝜌̅ℎ̃ +
1

2
𝜌̅𝑣̃𝑖𝑣̃𝑖 +

1

2
𝜌̅𝑣𝑖

′′𝑣𝑖
′′̃ = 𝜌̅ℎ̃ +

1

2
𝜌̅𝑣̃𝑖𝑣̃𝑖 + 𝜌̅𝐾 (2.14) 

The individual parts of the Favre- and Reynolds-averaged Navier-Stokes 

equations (2.10) have the following physical meaning  

∂

∂𝑥𝑗
(𝑘

∂𝑇̃

∂𝑥𝑗
) – molecular diffusion of heat, 

∂

∂𝑥𝑗
(𝜌̅𝑣𝑗

′′ℎ′′̃) – turbulent transport of heat, 

∂

∂𝑥𝑗
(𝜏𝑖𝑗𝑣𝑖

′′̃) – molecular diffusion of 𝐾, 

∂

∂𝑥𝑗
(𝜌̅𝑣𝑗

′′𝐾̃) – turbulent transport of 𝐾, 

∂

∂𝑥𝑗
(𝑣̃𝑖𝜏̃𝑖𝑗)– work done by the molecular stresses, 

∂

∂𝑥𝑗
(𝑣̃𝑖𝜏𝑖𝑗

𝐹 )– work done by the Favre-averaged Reynolds stresses. 

The molecular diffusion and turbulent transport of 𝐾 are very often ne-

glected. This is a valid approximation for transonic and supersonic flows. In 

order to close the Favre and Reynolds-averaged equations (2.10), we also 

have to supply six components of the Favre-averaged Reynolds-stress ten-

sor (Eq. (2.11)) and three components of the turbulent heat-flux vector.  
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2.1.4 Spatial filtering  

 

LES is based on a spatial filtering operation, which decomposes any flow 

variable 𝑈 into a filtered (large-scale, resolved) part 𝑈 and into a sub-fil-

ter (unresolved) part 𝑈′, that is, 

𝑈 = 𝑈 + 𝑈′ (2.15) 

The filtered variable at the location 𝑟0⃗⃗⃗⃗  in space is defined as 

𝑈(𝑟0, 𝑡) = ∫ 𝑈(𝑟, 𝑡)
𝐷

𝐺(𝑟0, 𝑟, ∆)d𝑟, (2.16) 

where Ω denotes the entire flow domain, G represents the filter func-

tion, and 𝑟 is the position vector, respectively. The filter function deter-

mines the structure and size of the small scales. The filter function depends 

on the difference 𝑟0 − 𝑟 and on the filter width Δ = (Δ1 Δ2 Δ3)
1/3, with 

Δ𝑖 being the filter width in the ith spatial coordinate. 
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2.1.5 Filtered governing equations 

 

The spatial filtering has to be applied to the Navier-Stokes equations in 

order to remove the small turbulent scales. The filter width Δ as well as the 

filter function are considered as free parameters. In fact, the governing equa-

tions are usually not explicitly filtered. Instead, the grid as well as the dis-

cretization errors are assumed to define the filter 𝐺.  

If LES is to be applied to compressible flows, we have to apply Favre 

averaging together with the spatial filtering to Eq. (2.1). Otherwise, the fil-

tered Navier-Stokes equations would contain products between density and 

other variables like velocity or temperature. Thus, the velocity components, 

the energy and the temperature in Eq. (2.1) is decomposed  

𝑈 = 𝑈 + 𝑈′′. (2.17) 

The filtered variable at the location 𝑟0⃗⃗⃗⃗  in space is given by 

𝑈(𝑟0, 𝑡) =
𝜌𝑈̅̅ ̅̅

𝜌̅
=
1

𝜌̅
∫ 𝜌(𝑟, 𝑡)𝑈(𝑟, 𝑡)
𝐷

𝐺(𝑟0, 𝑟, ∆)d𝑟, (2.18) 

where the bar denotes filtering according to the Eq. (2.16). The Favre-

filtered Navier-Stokes equations (2.1) read 

∂𝜌̅

∂𝑡
+

∂

∂𝑥𝑗
(𝜌̅𝑣̃𝑗) = 0, 

∂𝜌̅𝑣̃𝑖
∂𝑡

+
∂(𝜌̅𝑣̃𝑗𝑣̃𝑖)

∂𝑥𝑗
+
∂𝑝̅

∂𝑥𝑖
−
∂𝜎̂𝑖𝑗
∂𝑥𝑗

= −
∂𝜏𝑖𝑗

𝑆𝐹

∂𝑥𝑗
+

∂

∂𝑥𝑗
(𝜎𝑖𝑗 − 𝜎̂𝑖𝑗), 

∂𝜌̅𝑒̃

∂𝑡
+
∂(𝜌̅𝑣̃𝑗𝑒̃)

∂𝑥𝑗
+
∂𝑞̂

∂𝑥𝑗
+ 𝑝̅𝑆𝑘𝑘 − 𝜎̂𝑖𝑗𝑆𝑖𝑗 = −𝒜 − ℬ − 𝒞 + 𝒟 

(2.19) 

with the terms 
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𝒜 =
∂

∂𝑥𝑗
[𝜌̅(𝑣𝑗

′𝑒̃ − 𝑣̃𝑗𝑒̃)] – divergence of subgrid-scale heat flux, 

ℬ =
∂

∂𝑥𝑗
[𝑞̅𝑗 − 𝑞̂𝑗] – divergence of SGS heat diffusion, 

𝒞 = [𝑝𝑆𝑘𝑘̅̅ ̅̅ ̅̅ − 𝑝̅𝑆𝑘𝑘] – SGS pressure-dilatation, 

𝒟 = [𝜎𝑖𝑗𝑆𝑖𝑗̅̅ ̅̅ ̅̅ ̅ − 𝜎̂𝑖𝑗𝑆𝑖𝑗]  – SGS viscous dissipation 

and  

𝜎𝑖𝑗 = 2𝜇𝑆𝑖𝑗̅̅ ̅̅ ̅̅ ̅ + (𝜇B −
2𝜇

3
) 𝛿𝑖𝑗𝑆𝑘𝑘

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
, 

𝜎̂𝑖𝑗 = 2𝜇̃𝑆𝑖𝑗 + (𝜇̃B −
2𝜇

3
) 𝛿𝑖𝑗𝑆𝑘𝑘 , 

𝑆𝑖𝑗 =
1

2
(
∂𝑣̃𝑖
∂𝑥𝑗

+
∂𝑣̃𝑗
∂𝑥𝑖

), 

𝑞̅𝑗 = −𝑘
∂𝑇̅̅̅̅

∂𝑥𝑗
,      𝑞̃𝑗 = −𝑘̃

∂𝑇̃

∂𝑥𝑗
. 

(2.20) 

In Eqs. (2.19)– (2.20), 𝑒 denotes internal energy per unit mass, 𝑆𝑖𝑗̃ is 

the Favre-filtered strain-rate tensor, and 𝜏𝑖𝑗
𝑆𝐹 = 𝜌̅(𝑣𝑖𝑣𝑗̃ − 𝑣𝑖̃𝑣𝑗̃)  represents 

the Favre-averaged subgrid-scale stress. Furthermore, 𝜇, 𝜇B, and 𝑘 stand 

for the molecular viscosity, the bulk viscosity, and for the thermal conduc-

tivity, respectively. Finally, 𝜇̃, 𝜇̃B, and 𝑘̃ are the corresponding values at 

the filtered temperature 𝑇̃. 

The right-hand side of Eq. (2.19) contains terms which have to be mod-

eled. In the momentum equation, the SGS stresses 𝜏𝑖𝑗
𝑆𝐹 are approximated, 

but the second term, that is, (𝜎𝑖𝑗 − 𝜎̂𝑖𝑗) is usually neglected. In the energy 

equation, term A can be expressed through the SGS stresses, term B can be 

neglected, and terms C and D can be modeled. 
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2.1.6 Subgrid-scale modeling  

 

The main task of a subgrid-scale model is to simulate energy transfer be-

tween the large and the subgrid scales. On the average, the energy is trans-

ported from the large scales to the small ones (turbulent cascade process). 

Therefore, a subgrid-scale model has to provide means of adequate energy 

dissipation. However, in some instances the energy also flows from the 

small to the large scales—a process called backscatter. Clearly, the model 

should account for this effect as well.  

The Smagorinsky model, which forms the basis of all subgrid-scale mod-

els, approaches which model the SGS tensor 𝜏𝑖𝑗
𝑆   explicitly. A necessary 

condition is then that the numerical dissipation caused by the spatial dis-

cretization scheme must be much lower than the subgrid-scale dissipation. 

The majority of explicit SGS models is based on the eddy-viscosity concept.  

 

Eddy-viscosity models 

These explicit models are able to represent the global dissipative effects 

of the small scales, but they cannot reproduce the local details of the energy 

exchange. 

The components of the Favre-averaged SGS stress tensor are approxi-

mated as 

𝜏𝑖𝑗
𝑆𝐹 −

𝛿𝑖𝑗
3
𝜏𝑘𝑘
𝑆𝐹 = −2𝜌̅𝜈𝑇 𝑆𝑖𝑗 + (

2𝜌̅𝜈𝑇 

3
)
∂𝜎̂𝑘
∂𝑥𝑘

𝛿𝑖𝑗. (2.21) 

The components of the strain-rate tensor 𝑆𝑖𝑗 are given in Eq. (2.20). The 

eddy viscosity 𝜈𝑇 is in general evaluated from algebraic relations in order 

to save numerical costs. The isotropic part of the SGS stresses (𝜏𝑘𝑘
𝑆𝐹) can 
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either be added to the filtered pressure, modeled, or neglected. 

 

Smagorinsky SGSmodel 

The Smagorinsky model [38] is based on the equilibrium hypothesis 

which implies that the small scales dissipate entirely and instantaneously all 

the energy they receive from the large scales. The algebraic model assumes 

the form 

𝜈𝑇  = (𝐶𝑠∆)
2|𝑆𝑖𝑗̃| (2.22) 

where |𝑆𝑖𝑗| = (2𝑆𝑖𝑗𝑆𝑖𝑗)
1/2

 is the magnitude of the strain-rate tensor and 

Cs denotes the Smagorinsky constant. The Smagorinsky constant depends 

on the type of the flow and is selected to be 0.16 [39]. The rotational cor-

rected Smagorinsky model was used for the wake vortex problem. The sub-

grid eddy viscosity for momentum is modified by the Richardson numbers, 

𝑅𝑖r , factor of (1 − 1.5𝑅𝑖r)
1/2  [39].The filter width ∆  in Eq. (2.22) is 

based on the minimal resolvable scale which is the twice the average grid 

size, that is, ∆= 2(Δ𝑥1 Δ𝑥2 Δ𝑥3)
1/3. 
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2.1.7 Numerical scheme  

 

Inviscid flux was discretized based on Roe’s flux difference splitting 

method utilizing the primitive variables interpolated by a higher-order mon-

otonic upwind scheme for conservation laws [40]. Viscous flux was evalu-

ated by the second-order central scheme, and time integration was per-

formed using the explicit fourth-order Runge–Kutta method. The LES code 

was verified by a previous study on wake vortices [40]. The details for nu-

merical simulations are summarized in Table 2.1. 

 

Table 2.1 Flow simulation methods 

Inviscid flux Roe’s flux difference splitting 

Viscous flux 2nd-order central difference 

time integration 4th-order Runge-Kutta 

Turbulence model LES (Smagorinsky model) 

 

Fourth(fifth)-order compact upwind TVD scheme  

This scheme can be explained by using the one-dimensional scalar con-

servation Eq. (2.23).  

∂𝑞

∂𝑡
+
𝜕𝑓(𝑎, 𝑞)

𝜕𝑥
= 0, (2.23) 

Where 𝑓(𝑎, 𝑞) is a function of the unknown variable 𝑞 and the charac-

teristic speed 𝑎 = 𝜕𝑓/𝜕𝑞. The semi-discrete conservation form of equation 

Eq. (2.23) with respect to 𝑥 at a point 𝑙 in space can be written as 
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∂𝑞

∂𝑡
=
(𝑓𝑙+1/2 − 𝑓𝑙−1/2)

∆𝑥
= 0, (2.24) 

and in the existing second(third)-order upwind finite-difference scheme 

the numerical flux 𝑓𝑙+1/2 is calculated by 

𝑓𝑙+1/2 =
1

2
[𝑓(𝑎𝑙+1/2, 𝑞𝑙) + 𝑓(𝑎𝑙+1/2, 𝑞𝑙+1)] −

1

2
(∆𝑓𝑙+1/2

+ − ∆𝑓𝑙+1/2
− ) 

+
1 − 𝜙

4
∆𝑓𝑙̅−1/2

+ +
1 + 𝜙

4
∆𝑓𝑙+1/2

+ −
1 + 𝜙

4
∆𝑓𝑙̅+1/2

+ −
1 − 𝜙

4
∆𝑓𝑙+3/2

+ , 

∆𝑓𝑗+1/2
± = 𝑓±(𝑎𝑙+1/2, 𝑞𝑗+1) − 𝑓

±(𝑎𝑙+1/2, 𝑞𝑗) ≅ 𝑎𝑙+1/2
± (𝑞𝑗+1 − 𝑞𝑗) 

𝑎± = (𝑎 ± |𝑎|)/2. 

(2.25) 

The first term on the right-hand side of Eq. (2.25) is the form of the sec-

ond-order central-difference scheme, and the second term is the correction 

term which converts the central-difference scheme into the first-order up-

wind-difference scheme. The remaining terms transform the scheme into the 

second-order upwind-difference scheme for the smoothly varying monotone 

function 𝑓 and, especially for 𝜙 = 1/3, into the third-order upwind-dif-

ference scheme. 

Firstly, the numerical flux 𝑓𝑙+1/2  of the third-order upwind-difference 

scheme Eq. (2.25) can be rewritten as 

𝑓𝑙+1/2
(3)

= ℎ(𝑞𝑙 , 𝑞𝑙+1) +
1

6
(∆𝑓𝑙−1/2

+ + 2∆𝑓𝑙+1/2
+ − 2∆𝑓𝑙+1/2

− − ∆𝑓𝑙+3/2
− ), (2.26) 

where 

ℎ(𝑞𝑙 , 𝑞𝑙+1) =
1

2
[𝑓(𝑞𝑙) + 𝑓(𝑞𝑙+1)] +

1

2
[∆𝑓𝑙+1/2

+ − ∆𝑓𝑙+1/2
− ]. (2.27) 

On the other hand, the numerical flux of the fourth(fifth)-order upwind-

difference scheme also can be derived as 
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𝑓𝑙+1/2
(4)

= ℎ(𝑞𝑙 , 𝑞𝑙+1) +
1

12
[(0 − 12𝜙)∆𝑓𝑙−3/2

+ + (1 + 36𝜙)∆𝑓𝑙−1/2
+  

(6 − 36𝜙)∆𝑓𝑙+1/2
+ + (−1 + 12𝜙)∆𝑓𝑙+3/2

+ + (1 − 12𝜙)∆𝑓𝑙−1/2
−  

(−6 + 36𝜙)∆𝑓𝑙+1/2
− + (−1 − 36𝜙)∆𝑓𝑙+3/2

− + (0 + 12𝜙)∆𝑓𝑙+5/2
− ]. 

(2.28) 

The accuracy of this expression only becomes fifth order for 𝜙 = 1/30. 

Now, we define a difference in flux in order to compose a compact form 

of Eq. (2.28), i.e.  

𝐷𝑓𝑙+1/2 ≡ 𝑓𝑙+1/2
(4)

− 𝑓
𝑙+1/2
(3)  (2.29) 

and also 

∆2𝑓𝑙 ≡ ∆𝑓𝑙+1/2 − ∆𝑓𝑙−1/2, 

∆3𝑓𝑙+1/2 ≡ ∆2𝑓𝑙+1 − ∆
2𝑓𝑙 = ∆𝑓𝑙−1/2 − 2∆𝑓𝑙+1/2 + ∆𝑓𝑙+3/2. 

(2.30) 

By using these definitions and Eq. (2.26) and Eq. (2.28), 𝐷𝑓 can be writ-

ten as 

𝐷𝑓𝑙+1/2 =
1

12
[−12𝜙∆3𝑓

𝑙−1/2
+ − (1 − 12𝜙)∆3𝑓

𝑙+1/2
+  

(1 − 12𝜙)∆3𝑓𝑙+1/2
− + 12𝜙∆3𝑓𝑙+3/2

− ]. 

(2.31) 

Therefore, Eq. (2.28) can be rewritten in a compact form, which is quite 

similar to the third-order form of Eq. (2.26), as 

𝑓𝑙+1/2
(4)

= 𝑓𝑙+1/2
(3)

+  𝐷𝑓𝑙+1/2 

= ℎ(𝑞𝑙 , 𝑞𝑙+1) +
1

6
(∆∗𝑓𝑙−1/2

+ + 2∆∗𝑓𝑙+1/2
+ − 2∆∗𝑓𝑙+1/2

− − ∆∗𝑓𝑙+3/2
− ), 

(2.32) 

where 

∆∗𝑓𝑙−1/2
+ = ∆𝑓𝑙−1/2

+ − 12𝜙∆3𝑓𝑙−1/2
+ /2,  

∆∗𝑓𝑙+1/2
+ = ∆𝑓𝑙+1/2

+ − (1 − 12𝜙)∆3𝑓𝑙+1/2
+ /4,  

∆∗𝑓𝑙+1/2
− = ∆𝑓𝑙+1/2

− − (1 − 12𝜙)∆3𝑓𝑙+1/2
− /4,  

(2.33) 
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∆∗𝑓𝑙+3/2
− = ∆𝑓𝑙+3/2

− − 12𝜙∆3𝑓𝑙+3/2
− /2.  

If the additional terms of A3f in Eq. (2.33) are omitted, then Eq. (2.32) is 

reduced to the third-order form Eq. (2.30). And Eq. (2.32) becomes the 

fourth-order central-difference scheme for 𝜙 = 0, and the 5-point upwind-

difference scheme for 𝜙 = 1/12. The accuracy of Eq. (2.32) is, in general, 

fourth order and only becomes fifth order for 𝜙 = 1/30. 

Rewriting Eq. (2.32) as an upwind TVD scheme by applying the flux lim-

iters, we get 

𝑓𝑙+1/2
(4)

= ℎ(𝑞𝑙 , 𝑞𝑙+1)  
1

6
(∆∗𝑓̅

𝑙−1/2

+
+ 2∆∗𝑓̃

𝑙+1/2

+
− 2∆∗𝑓̅

𝑙+1/2

−
− ∆∗𝑓̃

𝑙+3/2

−
), (2.34) 

where 

∆∗𝑓𝑙̅−1/2
+ = minmod[∆∗𝑓𝑙−1/2

+ , 𝑏∆∗𝑓𝑙+1/2
+ ],  

∆∗𝑓𝑙+1/2
+ = minmod[∆∗𝑓𝑙+1/2

+ , 𝑏∆∗𝑓𝑙−1/2
+ ],  

∆∗𝑓𝑙̅+1/2
− = minmod[∆∗𝑓𝑙+1/2

− , 𝑏∆∗𝑓𝑙+3/2
− ],  

∆∗𝑓𝑙+3/2
− = minmod[∆∗𝑓𝑙+3/2

− , 𝑏∆∗𝑓𝑙+1/2
− ],  

(2.35) 

Although the accuracy of Eq. (2.32) is only fifth-order for 𝜙 = 1/30 

mathematically, the accuracy of the computational results seems to be al-

tered gradually according to the value of 𝜙. As a matter of fact, the calcu-

lated results for 𝜙 = 1/36 were almost the same as those for 𝜙 = 1/30. 

Therefore, if we set 𝜙 = 1/36, then Eq. (2.33) can be expressed by the 

single form 

∆∗𝑓𝑗−1/2
± = ∆𝑓𝑗+1/2

± −
1

6
∆3𝑓̅𝑗+1/2

± , (2.36) 

and the third-order flux difference ∆3𝑓 ̅ is 

∆3𝑓𝑗̅+1/2 = ∆𝑓𝑗̅−1/2 − ∆𝑓𝑗̅+1/2 + ∆𝑓𝑗̅+3/2, (2.37) 
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where 

∆𝑓𝑗̅−1/2 = minmod[∆𝑓𝑗−1/2, 𝑏1∆𝑓𝑗+1/2, 𝑏1∆𝑓𝑗+3/2],  

∆𝑓𝑗̅+1/2 = minmod[∆𝑓𝑗+1/2, 𝑏1∆𝑓𝑗+3/2, 𝑏1∆𝑓𝑗−1/2],  

∆𝑓𝑗̅+3/2 = minmod[∆𝑓𝑗+3/2, 𝑏1∆𝑓𝑗−1/2, 𝑏1∆𝑓𝑗+1/2],  

(2.38) 

and 

minmod[𝑥, 𝑦, 𝑧] = sign(𝑥)max[0,min{|𝑥|, 𝑦 sign(𝑥), 𝑧 sign(𝑥)}]. (2.39) 
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2.1.8 Computational grid 

 

The computational domain in the longitudinal direction, parallel to the 

aircraft flight path, was 8.5 times the vortex spacing to observe the most 

amplified wavelength (MAW) of Crow instability. The lateral and vertical 

domains were set equal to the longitudinal direction. The overall domain 

was discretized using a 400×400×400 grid. In order to accurately describe 

the isotropy characteristic of small eddies, the grid size is made smaller than 

the integral length scale, L11. The integral length scale can be calculated by 

Eq. (2.40) where the domain averaged value is denoted by < >. Grid spac-

ing was selected to include at least three grids within the core radius (Δ <

𝑟𝑐/3)   [13]. Periodic boundary conditions are applied for all directions. 

The influence of the boundary conditions is negligible because the vertical 

computational domain is eight times as long as the initial spacing of the 

wake vortices. Moreover, it is advantageous to simulate the behavior of 

wake vortices for a long time by applying the periodic boundary conditions. 

𝐿11 = ∫ < 𝑢(𝑥)𝑢(𝑥 + 𝑟) >/< 𝑢2 > 𝑑𝑟
∞

0

 (2.40) 
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 Background turbulence field 

 

It is necessary to generate an initial background turbulence in order to see 

the characteristics of the wake vortices according to the atmospheric condi-

tions. Background turbulence causes perturbation along the core line of the 

initial wave vortex. The vortex then behaves and this perturbation grows 

under the influence of the strain field of the other vortex. It is called insta-

bility that the core line is distorted by this growth of perturbation. Therefore, 

it is important to create a background turbulence field that matches the ac-

tual atmospheric conditions. The turbulence field was generated using the 

SNGR [41] model and corrected by an artificial external forcing method [10] 

considering the atmosphere around the runway. LES was conducted by ap-

plying forcing to the low wavenumber flow components with a fixed ampli-

tude. This process was repeated until a statistically converged state was 

reached. The dissipation rate (𝜀) of the turbulence field was 0.0006 m2/s3, 

and the integral length scale (𝐿11) was 57.5 𝑚. 
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2.2.1 Stochastic Noise Generation and Radiation (SNGR)  

 

First, SNGR model [41] was used to generate random turbulence. In the 

model, the random velocity field 𝒖𝒕(𝒙) is defined as a finite sum of dis-

crete Fourier modes as in Eq. (2.41): 

𝒖𝒕(𝒙) = 2∑𝑢̃𝑡𝑛cos (𝒌𝒏 ∙ 𝒙 + Ψ𝑛)𝝈𝒏

𝑁

𝑛=1

 (2.41) 

where x is a position vector, and 𝑢̃𝑡𝑛, Ψ𝑛, 𝝈𝒏 are the nth mode compo-

nents of the wave vector 𝒌𝒏, indicating the amplitude, phase, and direction, 

respectively. In the case of random turbulence generated by SNGR, it can 

be seen that the velocity distribution is symmetrical about the middle point 

as shown in Fig. 2-2.  

 

 

Fig. 2-2 Spatial distribution of the turbulent velocity field generated by 

SNGR; velocity vector is plotted in the x-z plane  
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2.2.2 Artificial External Forcing  

 

Although SNGR generate mathematically homogeneous isotropic turbu-

lence, but it is different from actual atmospheric turbulence. Therefore, for 

the more accurate atmospheric turbulence simulation, a method of artifi-

cially adding external force to the low-frequency wave component of the 

flow field has been adopted [42]. Three-dimensional fast Fourier transform 

(FFT) of the flow field is conducted at each time step, and then a fixed am-

plitude f is added to the wave number whose magnitude is less than 3.0 

[10][13]. Finally, the inverse fast Fourier transform (inverse FFT) was per-

formed (Fig. 2-3). Since the size of computational domain is not same for 

x,y, and z direction, the actual wavelength along the longitudinal, transverse 

and vertical directions can be calculated differently. In this case, the com-

ponents in the longest direction are normalized with respect to the shortest 

direction, so that energy is not added to waves of different sizes according 

to the directions, but added to waves of the same size for each direction. 

 

 

Fig. 2-3 Forcing technique to make background turbulence field 
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Since the low-frequency component exhibits the longest wavelength 

characteristic, adding energy here can be regarded as adding the flow com-

ponents of large eddies from a physical point of view. These added compo-

nents transfer energy to the small eddies according to the energy cascade of 

the turbulence, which eventually leads to turbulent dissipation by viscosity. 

Therefore, the turbulent field reaches a statistical steady state when the en-

ergy added and the energy dissipated by the viscosity become equal. Fig. 

2-4 shows that the turbulent flow field enters the statistical steady state after 

about 400 seconds. At this time, if the integral length scale L11 according to 

Eq. (2.40) is calculated, it is confirmed that L11 = 57.5 m. In addition, isot-

ropy parameters that are defined as Eq. (2.42) and Eq. (2.43), both I1 and I2  

𝐼1 = [〈𝑢2〉/〈𝑣2〉]0.5 (2.42) 

𝑰𝟐 = [〈𝒘
𝟐〉/〈𝒗𝟐〉]𝟎.𝟓 (2.43) 

oscillate around 1. Since the isotropic parameters in the isotropic turbu-

lence field are 1, it can be confirmed that the generated turbulence field is 

the isotropic turbulence field. The background turbulence field is generated 

as shown in Fig. 2-5 with various size of eddies. 

  



 37 

 

 

Fig. 2-4 Time evolution of turbulent kinetic energy (TKE)  

before vortices are injected 

 

 

Fig. 2-5 Spatial distribution of the turbulent velocity field corrected  

by external forcing; velocity vector is plotted in the x-z plane 
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The energy spectrum of the generated turbulence field is analyzed and 

shown in Fig. 2-6. The distribution of the turbulent energy spectrum by 

wavelength can be seen in the energy cascade phenomenon where the en-

ergy decreases from large eddies to small eddies. The slope is generally con-

sistent with -5/3, which is known theoretically. However, the generated tur-

bulence has been found to be less than theoretical values for components 

with small wavelength scale. The impact will be analyzed in the validation 

section. 

 

Fig. 2-6 The energy spectra of initial turbulence field 
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 Wake vortex initialization 

 

A fully rolled-up vortex served as the initial state for each vortex. The 

distribution of the tangential velocity 𝑉𝜃(r) at a distance r away from the 

center of the vortex core were calculated using the Burnham-Hallock vortex 

model [43]. The Burnham-Hallock vortex model is widely used for applica-

tions such as aircraft wake vortex initialization and the simulating of aircraft 

behavior near wake vortices. The tangential velocity profile of each vortex 

was expressed as 

𝑽𝜽(𝒓) =
𝚪𝟎
𝟐𝝅𝒓

×
𝒓𝟐

𝒓𝟐 + 𝒓𝒄
𝟐
 (2.44) 

In Eq. (2.44), where 𝑟𝑐 is the core radius, and Γ0 is the initial vortex 

circulation. The core radii were set to 𝑟𝑐 = 3𝑚 [44]. In case of the initial 

vortex circulation, it can be calculated through the Eq. (2.45) as a function 

of the aircraft mass (M) and wingspan (b). 

Γ0 =
4𝑀𝑔

𝜋𝜌𝑉𝑏
 (2.45) 

The velocity distribution of the V4VS was linearly superimposed on the 

turbulence field. The wake vortices initially descended at the rate 𝑉0 =

Γ0/2𝜋𝑏0 according to the Biot−Savart law. The vortex characteristic time 

scale, 𝑡0 = 𝑏0/𝑉0, was set to 26.3 in all cases for consistency. The non-di-

mensional turbulence intensity, 𝜀∗ = (𝜀𝑏0)
1/3/𝑉0, was 0.203, while the cir-

culation-based Reynolds number, 𝑅𝑒Γ ≡ Γ/𝜈, was around 2.3 × 107. 
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 Core line identification and calculations of wake vortex param-

eters  

 

The transport and decay processes of the V4VS were quantified by stud-

ying the evolution of the related wake vortex parameters. To quantitatively 

analyze the transport and decay of 4VVS, the vortex core lines of each vor-

tex must be found. It is generally known that vortex core lines can be iden-

tified using streamline, maximum vorticity, and minimum pressure. For 

more accurate core line identification, identification is carried out by two 

steps of prediction and correction steps, and different parameters are used 

for each step [45]. However, this method has not been used in this study 

because it could not distinguish the vortex of the same side or find the posi-

tion of the core in a complex flow field, such as when non-linear interaction 

such as linking of vortex core occurs.  

In this study, the core lines were identified by performing flow field vis-

ualization using the 𝜆2 iso-surface [46]. The λ2-criterion is the second ei-

genvalue of S2 + Ω2, where S and Ω are the strain-rate tensor (symmetric 

part, (2.46)) and the spin tensor (antisymmetric part, (2.47)) of the velocity 

gradient tensor (∇𝐮), respectively. The λ2-criterion is widely used in com-

putational fluid dynamics because it has a merit of expressing high shear. 

Where the value of λ2 is negative has a vortex flow.  

𝑆𝑖𝑗 =
1

2
(
𝜕𝑢𝑖
𝜕𝑥𝑗

+
𝜕𝑢𝑗
𝜕𝑥𝑖

) (2.46) 

Ω𝑖𝑗 =
1

2
(
𝜕𝑢𝑖
𝜕𝑥𝑗

−
𝜕𝑢𝑗
𝜕𝑥𝑖

) (2.47) 
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Identification of the vortex core using the negative value of 𝜆2in the flow 

field can confirm the secondary vortex structure (SVS) generated by the in-

teraction as well as the vortex core as shown in Fig. 2-7 a). Since the SVS 

forms a complex structure around the vortex core, it needs to be filtered to 

identify the correct core line. By filtering from the vortex core of the ex-

pected position based on the size of the 𝜆2 iso-surface the core lines of 

wake vortex can be extracted as in Fig. 2-7 b) SVS filtered result. 

 

 

Fig. 2-7 vortex core-line identification;  

a) core line identification using 𝝀𝟐; b) SVS filtered result 
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The vortex parameters such as the vertical and lateral positions and cir-

culation were calculated along the core line. Parameters of each vortex were 

determined by averaging the values obtained for different core segments. 

Secondary parameters such as vortex spacing and the vertical distance were 

calculated from the averaged parameters. The vortex spacing was set to zero 

after linking.  

𝒚̅(𝒕) =
𝟏

𝒏
∑𝒚(𝒙𝒊, 𝒕)

𝒏

𝒊=𝟏

 (2.48) 

𝒛̅(𝒕) =
𝟏

𝒏
∑𝒛(𝒙𝒊, 𝒕)

𝒏

𝒊=𝟏

 (2.49) 

𝒃𝒄
∗(𝒕) = 𝒚𝒔𝒔

∗̅̅ ̅̅ (𝒕) − 𝒚𝒑𝒔
∗̅̅ ̅̅ (𝒕) (2.50) 

∆𝐳∗(𝒕) = 𝐳𝒖
∗̅̅ ̅(𝒕) − 𝐳𝒍

∗̅(𝒕) (2.51) 

Circulation is a variable that is closely related to the wake turbulence haz-

ard. Its magnitude was computed on a plane perpendicular to each core seg-

ment to take into account the vortex instability. The value when the circula-

tion becomes maximum according to the distance from the position of the 

vortex center in each x cross section is defined as (2.53). The averaged total 

circulation value can also be defined as Eq. (2.54). It can be nondimension-

alized by initial circulation strength Γ0. 

𝚪(𝒙𝒊, 𝒓, 𝒕) = ∮𝐕𝜽(𝒙𝒊, 𝒓, 𝒕)𝒅𝒍
.

𝒄

 (2.52) 

𝚪𝒕𝒐𝒕(𝒙𝒊, 𝒕) = 𝐦𝐚𝐱
𝒓
𝚪(𝒙𝒊, 𝒓, 𝒕) (2.53) 

𝚪̅𝒕𝒐𝒕(𝒕) = 𝟏/𝒏∑𝚪𝒕𝒐𝒕(𝒙𝒊, 𝒕)

𝒏

𝒊=𝟏

 (2.54) 
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 Validation of numerical methods 

 

The obtained numerical simulation data were validated by comparing the 

single wake vortex decay with the results of previous studies. The behavior 

of post roll-up vortices with respect to nondimensional turbulence intensity 

is compared. The initial and boundary conditions are set to the same with 

those of Han et al [10]. The grid size is set to 324 × 128 × 128 and the grid 

size is (Δx, Δy, Δz) = (1.0 m, 0.66 m, 0.66 m). The initial lateral separation 

of vortices is b0 = 16 m. We set the domain length to be long enough in the 

axial direction to simulate the maximum amplification wavelength of Crow 

instability. In addition, the length in the transverse direction and the vertical 

direction corresponds to 5b0, which limits the influence of the boundaries. 

The vortex core radius, rc, is set to 2 m, and statistical steady state isotropic 

turbulence is generated using the SNGR and forcing technique. Then, a pair 

of counter-rotating wake vortices with opposite circulation is generated in 

the flow field. 

The transport and decay of wake vortex for the dimensionless turbulence 

intensity is visualized by the iso-surface of 𝜆2 as shown in Fig. 2-8. It can 

be seen that the non-dimensional time t* required for the linking of wake 

vortices reduces as the dimensionless turbulence intensity ε* increases. 

With weak turbulence, it clearly shows the formation of a vortex ring which 

results from the Crow instability. Also, it has almost symmetrical shape 

without advection effect by the atmospheric turbulence. Under strong tur-

bulent, it is difficult to observe the formation of the ring, and the asymmet-

rical behavior of the wake vortices pair with respect to longitudinal direction 

is confirmed. This is because the atmospheric turbulent is stronger than the 

circulation of the wake vortices so that the interactions with atmospheric 
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turbulence are more prominent than the Crow instability. 

 

 

 

Fig. 2-8 the comparison of numerical simulation with previous study [10];  

a) weak turbulence intensities (ε* = 0.0789);  

b) strong turbulence intensities (ε* = 0.5844) 
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In particular, the circulation evolutions of each dimensionless turbulence 

intensity were compared using Visscher's deterministic wake vortex model 

(DVM) [17] and Proctor’s TASS driven algorithms for wake prediction 

(TDP) model [47], as shown in Fig. 2-9. The detailed formulas of DVM 

model are summarized in the appendix A. The obtained data exhibit the two-

phase decay characteristics that are consistent with these two vortex models. 

In the first phase, the circulation intensity does not substantially decrease 

before the vortices form a ring. The second phase begins with the formation 

of a ring due to Crow instability. The larger the dimensionless turbulence 

intensity, the faster the point becomes.  

At ε* = 0.1753, the circulation evolutions in the first phase differ between 

the two models. The TDP model is physically more valid as the turbulence 

diffusion increases proportionally to the dimensionless turbulence intensity 

ε*. The values of the ε* used in the DVM model were 0.0623 and 0.0289 

indicating relatively low computational accuracy under the high turbulence 

conditions. In particular, in the case of the vertical position, the rate of 

change of the vertical position with time can be modeled as shown in Eq. 

(2.55), considering the induced velocity by the Biot-Savart law between the 

counter-rotating vortices. As shown in Fig. 2-10, since there is no stratifica-

tion level due to the potential temperature difference, the vertical position 

calculated by Biot-Savart law alone is in good agreement with the LES re-

sults. 

𝑑𝑧∗

𝑑𝑡∗
= 𝑣𝐵𝑆

∗ = −𝛤𝑡𝑜𝑡
∗  (2.55) 

Background turbulence causes perturbation along the core line of the in-

itial wave vortex. The vortex then behaves and this perturbation grows un-

der the influence of the strain field of the other vortex. It is called instability 



 46 

that the core line is distorted by this growth of perturbation. The energy 

spectrum of the generated turbulence field is analyzed. The slope is gener-

ally consistent with -5/3, which is known theoretically. However, the gener-

ated turbulence has been found to be less than theoretical values for compo-

nents with small wavelength scale.  

In vortex problems, instability is primarily affected by large wavelength 

components. In the validation using the turbulence field used in this study, 

it was confirmed that the dissipation characteristics known as crow instabil-

ity, which is the dissipation characteristic of the vortex, were qualitatively 

and quantitatively consistent with those known in the previous study. There-

fore, it can be concluded that the present numerical method has sufficient 

accuracy to solve the vortex problem.  
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Fig. 2-9 Circulation evolutions observed for different wake vortex models. 

 

 

 

Fig. 2-10 vertical displacement comparison to wake vortex model  
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Chapter 3. Time delay wake vortex interaction  

3  
In this section, the difference in the transport and decay characteristic of 

single wake vortex pair will be compared to the transport and decay charac-

teristic of multiple wake vortex pair. In cases where interaction happens, a 

pair of wake vortices is added and after a certain time, another pair of wake 

vortex is superimposed to the field (Fig. 3-1).  

In order to confirm the effect of the interaction, the results of a pair of 

wake vortices alone are shown in 3.1. In 3.2., an interaction effect will be 

discussed. Light-medium, medium-medium, and medium-heavy combina-

tions are selected as the cases for confirming the interaction effects. The 

time difference applied between the preceding and the following vortices is 

half of the current separation time ruled by the ICAO. This is arbitrarily set 

by assuming that the aircraft wake vortices move to other places because of 

various factors such as crosswind, or the crossing of the flight path resulting 

in the interaction among vortices. To compare the effect of interaction with 

the cases without interaction, transport and decay characteristic of a single 

wake vortex pair is discussed. 

A pair of fully developed wake vortex pair was simulated using Burnham-

Hallock vortex model. The number of grids was 360 × 360 × 120 and the 

grid size was Δ = 0.89 m. The initial lateral separation of vortices and the 

circulation strength were set as shown in Table 3.1, according to the size of 

the aircraft. The vortex core radius was set to rc = 2.8 m, and statistical 

steady state isotropic turbulence was generated using the SNGR and forcing 

technique. Then, a pair of counter-rotating vortices with same circulation 

strength was superimposed in the flow field.  
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Table 3.1 Vortex parameters for different aircraft sizes 

 Light Medium Heavy 

Airplane model Business jet 
A320  

B737 

DC-10  

B747 

Γ0 [m
2/s] 45 265 400 

𝑏0 [m] 16 27 40 

𝑉0 [m/s] 0.45 1.56 1.59 

𝑡0 [m/s]t 35.74 17.28 25.13 
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 Single Pair of Vortices 

 

The results of LES simulation of the wake vortices for each aircraft size 

are present in this section. In the case of vortices from light aircraft, the 

atmospheric turbulence intensity is relatively stronger than the initial circu-

lation strength of vortices. The dimensionless turbulence intensity is calcu-

lated as εlight
∗  = 0.355. Therefore, the formation of a ring is not clearly vis-

ible, and the irregular distortion of wake vortices due to atmospheric advec-

tion effect is observed (Fig. 3-2). In the case of wake vortices from medium 

aircraft or heavy aircraft, the initial circulation intensity is larger than the 

one from light aircraft. The dimensionless turbulence intensities are calcu-

lated as εmedium
∗  = 0.121 and εheavy

∗  = 0.135, respectively.  

In other words, the circulation intensity is relatively stronger than the at-

mospheric turbulence intensity compared to εlight
∗ . Therefore, the formation 

of a vortex ring resulting from the Crow instability is clearly observed. In 

addition, secondary vortices are generated over time by three-dimensional 

interaction between the wake vortices and atmosphere. 
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As shown in Fig. 3-3, the non-dimensional vortex lifespan, which repre-

sents the time until the vortex linking decreases with increasing dimension-

less turbulence intensity as in previous studies [13].  

The difference in the characteristics of vortices from each aircraft is also 

evident in the descending speed due to induced effect (Fig. 3-3). Vortices 

from light aircraft has a descending speed of about 0.45 m/s, which is about 

30% of that from medium and heavy aircraft, 1.6 m/s. Therefore, it can be 

seen that if the vortices from lighter aircraft are located higher than the vor-

tices from heavier airplane, there is a greater likelihood that the interaction 

will not occur due to the difference in descent speed. Considering this, in-

teraction cases are chosen such that the vortices from the relatively light 

aircraft are located at lower position, and the vortices from the relatively 

heavy aircraft are at higher position. In the next section, we will look at the 

mechanism by which the two pairs of vortices meet and interact. 
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 Interaction Between Two Pairs of Vortices 

 

3.2.1 Light – medium wake vortices interaction  

 

As the first case considering interaction, a pair of wake vortices from light 

aircraft and that from medium aircraft is considered. The vortices from the 

medium aircraft were initialized 22 m higher and 32 s after the vortices from 

light aircraft were initialized. The circulation strength of vortices from light 

aircraft is small compared to the atmospheric turbulence intensity, so vorti-

ces are distorted by the atmospheric advection effect. In addition, the de-

scending speed is about 0.45 m/s, which is smaller than the descending 

speed of vortices from medium aircraft of 1.6 m/s. Due to this difference in 

descent speed, the distance between the two pairs of vortices is close and 

the interaction occurs quickly. It is shown that the vortices generated from 

the light aircraft disappeared due to the strong induced velocity of the vor-

tices made by medium aircraft (Fig. 3-4). 
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Although vortices from light aircraft dissipate quickly, there is an impact 

on the vortices from medium aircraft (Fig. 3-5). At the beginning, the lateral 

separation of the vortices from medium aircraft is slightly reduced by the 

induced effect of vortices from light aircraft. In addition, the vertical posi-

tion evolution shows that the descent rate also becomes slightly higher. At 

the same time, the circulation intensity is slightly increased as the vortices 

from medium aircraft reach the vertical position of the vortices from light 

aircraft.  

The vortices from medium aircraft make the vortices from light aircraft 

dissipate quickly. As a result, it can be seen that secondary vortices are gen-

erated more compared to the case when just a single pair of wake vortices 

from medium aircraft is considered. These secondary vortices accelerate 

dissipation by interacting with the primary vortices. Therefore, it can be 

seen that the vortices interacted with the other ones from light aircraft show 

an earlier linking compared to the vortices without interaction. After the 

linking, the circulation strength of vortices from medium aircraft interacted 

is always lower than the case when just a pair of wake vortices from medium 

aircraft is considered. 
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3.2.2 Medium – medium wake vortices interaction  

 

The second case is where interactions between vortices from medium air-

craft such as B737 have occurred. 38 s after the generation of the vortices 

by the preceding aircraft, a pair of vortices from another medium aircraft 

was formed at 27 m higher.  

Before t* = 0.58, the wake vortices formed at higher position move down-

ward while gathering to the center by the induced effect of the vortices at 

lower part as shown in Fig. 3-6. The vortices located at lower position are 

being separated with a relatively low descent rate. As a result, it can be seen 

that at t* = 0.58, the vortices of the trailing aircraft are gathered to 0.45b0 

compared to the initial vortex spacing b0. Meanwhile, the vortices of the 

preceding aircraft are about 1.6b0 away from each other.  

In addition, at this point, there is a vertical stoppage of the vortices from 

preceding aircraft. This is because the descent due to the induced velocity 

of vortices from the preceding aircraft has been canceled by the ascent due 

to the induced velocity of vortices from the trailing aircraft. On the other 

hand, vortices from the trailing aircraft go down at a faster rate than when 

they are acting alone. The reason is that the descent due to the induced ve-

locity of vortices from the trailing aircraft is combined with the descent due 

to the induced velocity of the vortices from the preceding aircraft. 

After t* = 0.58, there is a phenomenon opposite to that of the previous 

time because of the position change between two pairs of vortices. In other 

words, the vortices from trailing aircraft that has descended with high speed 

while gathering toward each other before are being spread on both sides, 

and the descending speed of them becomes small. As the vortices from pre-

ceding aircraft which have been separated away and have maintained its 
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altitude before on the other hand, the descending speed gradually increases. 

This is also due to the superposition effect of mutual induction, which can 

be concatenated with the results before t* = 0.58. The vortices at higher po-

sition are gathered close to each other and have a higher descending speed, 

whereas the vortices at lower position are spread on both sides and have a 

lower descending speed. 

It is confirmed that a pair of vortices (marked in red in Fig. 3-6) starts 

merging together as they change their vertical positions again at t* = 1.39. 

Over time, the two vortices are rolled-up together in more parts and are ob-

served to be combined about half the length at t* = 1.62. In addition, at this 

point, linking occurs with the vortices rotating the other way (marked in 

blue in Fig. 3-6). It is clearly observed that the circulation intensity de-

creases after the connection happens. The vortex lifetime is reduced to about 

one-third compared to the case of single pair of vortices from medium air-

craft.
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3.2.1 Medium – heavy wake vortices interaction  

 

The last is the case where a pair of vortices from heavy aircraft is gener-

ated with a height difference of 33 m, and 38 s after the vortices from me-

dium aircraft are formed. As in the previous case, the induced effect of the 

vortices from medium aircraft makes the vortices from large aircraft move 

closer. The induced effect of the vortices from large aircraft on the other 

hand, causes the vortices from medium aircraft to separate in the opposite 

direction. Up to this point, there seems to be no distinct differences from the 

previous cases. However, a characteristic phenomenon appears at t* = 0.8 as 

the vortices from heavy aircraft get close enough for linking to be occurred 

(Fig. 3-7). As the vortices from heavy aircraft are getting closer, the circu-

lation strength of them becomes smaller.  

At t* = 1.03, the linking point is fully attached and the circulation strength 

decreases by about 20 %. Considering that the time required to reduce the 

circulation strength to 50 % is about t* = 6 in the case of single pair of vor-

tices from heavy aircraft, the dissipation of the vortices from heavy aircraft 

interacted by those from medium aircraft can be seen to be very rapid. As 

vortices from heavy aircraft have a significant impact on airport operations 

in a view of vortex separation minima, the result of this case shows the pos-

sibility of reducing the separation interval between aircraft.
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 Summary of the time delay interaction 

 

In order to investigate the interaction between two pairs of wake vortices, 

the vortex parameters were set with respect to the aircraft classification cri-

teria by ICAO. In three cases, which are the combination of 1) light and 

medium, 2) medium and medium, and 3) medium and heavy aircraft, wake 

vortices were added to the flow field with time difference and height differ-

ence. It was assumed that the wake vortices formed before had been still 

remained in atmosphere.  

The upper wake vortices were initially moved toward each other and 

showed a fast descending speed, while the lower wake vortices were ini-

tially spread to both sides and showed a slow descending speed. It was con-

firmed that when the upper wake vortices reached the vertical position of 

lower wake vortices, different results occurred for three cases. In the case 

of combination light and medium aircraft, the vortices from light aircraft 

were rapidly dissipated. In addition, as the vortices from light aircraft inter-

acted with the vortices from medium aircraft, a large number of secondary 

vortices were generated so that the vortex lifespan shortened. In the medium 

and medium aircraft case, it was confirmed that the circulation intensity 

temporarily increased due to the combination of the pair of vortices rotating 

in the same direction. Then the circulation intensity decreased as the linking 

happened with the vortices rotating in opposite direction. Finally, it was 

confirmed that the dissipation of wake vortices from heavy aircraft, which 

interacted with wake vortices from medium aircraft was 5 times faster than 

the case of a single pair of wake vortices from heavy aircraft without inter-

action.  

However, in the case of interaction of a wake vortex pair with the current 
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time delay, it is difficult to quantitatively parameterize the vortex interaction. 

The difference in the vertical distance between the analysis cases occurs 

because the vortex pair descends at different speeds over time. Therefore, in 

order to quantitatively analyze the behavior characteristics, we will define 

the vertical four vortex system and analyze the behavior characteristics ac-

cording to the parameters. 
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Chapter 4. Vertical Four Vortex System  

4  

 Definition of a vertical four-vortex system  

 

When a wake vortex from a preceding aircraft cruising the same route is 

maintained for a long time, a trailing aircraft is induced to the Instrument 

Landing System (ILS) with a higher path than the preceding aircraft, a wake 

vortex drift from preceding aircraft occurs on a landing on an adjacent run-

way at an airport. There is always a difference in the vertical location of the 

two pairs because of the vertical descent of early generated vortex pair, alt-

hough the wake vortex is generated in the same position. 4VVS, which in-

teracts with two pairs of wake vortices from different aircraft, is defined as 

an initial condition. Although each wake vortex pair is generated at a differ-

ent time, both pairs are initialized simultaneously for parameter quantifica-

tion. The vertical four-vortex system (V4VS) including the vertical position 

difference between two wake vortex pairs is described in Fig. 4-1. The lat-

eral displacement of the two vortex pairs was not considered because the 

preceding and following aircraft were assumed to fly on the same route and 

the correlation with the previous studies. The initial condition of 4HVS in 

the previous study is defined as 𝜃 = 0°, and 4VVS with two pairs of wake 

vortices with the same vortex spacing are defined as 𝜃 = 90°. The upper 

vortex pair consists of counter-rotating vortices 1 and 2, and the lower vor-

tex pair consists of vortices 3 and 4. The circulation center on the starboard 

side is defined as 
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𝐗𝑠𝑠
c =

Γ2𝐗2
c + Γ4𝐗4

c

Γ2 + Γ4
 (4.1) 

 

which is identical to the center of the recirculation region indicated by the 

blue × marks in Fig. 1-6. The distance between the starboard side and the 

port side circulation center is 𝑏, and the distance between the upper and 

lower vortices on each side is ℎ. The difference in vortex spacing is the 

angle between the lateral axis and the co-rotating vortices 𝜃.  

 

 

 

Fig. 4-1 Schematic of the studied vertical four vortex system 
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 V4VS numerical simulation cases 

 

In Table 4.1, 18 simulation cases with different combinations of the cir-

culation ratio (RΓ ≡ Γ𝑢/Γ𝑙) and vertical distance (ℎ∗ ≡ ℎ/𝑏) are consid-

ered. The case names are selected to indicate their parameters. The digits 

after “Hv” denote the vertical distance, and the digits after “Rg” denote the 

circulation ratio. The base circulations equal to 530 m2/s and 360 m2/s 

represent the wake vortices generated by the large and medium aircraft, re-

spectively [44]. Three circulation ratios corresponding to various situations 

were examined. For example, the case with RΓ = 1.47 implies that the fol-

lowing large aircraft takes off after the preceding medium aircraft. The ver-

tical distance ranged from a half to triple vortex spacing (𝑏0) considering 

the descent of the preceding wake vortices. The magnitude of 𝑏0 was set 

to 47.1 𝑚  for the large aircraft; hence, the angle was set to 90°  in all 

cases to focus on these two parameters. 

 

Table 4.1 V4VS simulation cases with various combinations of the cir-

culation ratio (RΓ) and vertical distance (ℎ∗). 

RΓ  

 ℎ∗ 
0.68 1.00 1.47 

0.5 Hv05Rg07 Hv05Rg10 Hv05Rg15 

1.0 Hv10Rg07 Hv10Rg10 Hv10Rg15 

1.5 Hv15Rg07 Hv15Rg10 Hv15Rg15 

2.0 Hv20Rg07 Hv20Rg10 Hv20Rg15 

2.5 Hv25Rg07 Hv25Rg10 Hv25Rg15 

3.0 Hv30Rg07 Hv30Rg10 Hv30Rg15 
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 Overall temporal evolutions of V4VS  

 

The temporal evolutions of vortex interactions in 18 different cases were 

analyzed to determine the decay characteristics that induce rapid dissipation. 

In addition, their interaction mechanisms and related vortex dissipation ef-

fects were examined, and parameter criteria for different characteristic de-

cay processes were derived. The V4VS exhibits a two-phase decay similar 

to that of a single wake vortex that consists of a diffusion phase followed by 

a rapid decay phase. In the diffusion phase, the vortices dissipate slowly and 

undergo two motions: the orbital motion (Fig. 1-6; blue lines) and the de-

scent motion (Fig. 1-6; red lines). In the diffusion phase, vortex transport 

occurs mainly, and this is explained by linear interaction between vortices 

and distinguished from later non-linear interactions. In the rapid decay 

phase, the vortex structure collapses due to non-linear interactions.  

The overall temporal evolutions of the V4VS observed at various circu-

lation ratios are shown in Fig. 4-2−Fig. 4-4. The V4VS core line was visu-

alized using the 𝜆2 iso-surface, and the circulation direction of each core 

was identified by applying a vorticity contour. Snapshots in each case were 

selected for different states such as the visibility of core-line instability, start 

of non-linear interactions, and end of non-linear interactions. The initial and 

final (t* = 5.3) states were added, and five snapshots were depicted for each 

case. Non-linear interaction refers to the behavior of the entire vortex merged 

in the Hv05Rg15 case and the linking of a specific position of the vortex in the 

Hv30Rg15 case. Instability refers to the transformation of the vortex core-line 

into a sinusoidal wave form, which is a straight line at the beginning of the 

behavior, which is a continuous development and causes a non-linear interac-

tion. The snapshots were arranged on the time axis so that the non-linear 



 70 

interaction times could be compared. The second and fourth snapshots have 

time differences of 0.38𝑡0 or 0.76𝑡0 based on the third snapshot in most 

cases. The final V4VS dissipation states were compared using the last snap-

shots.  

Exceptionally, only the two cases in Fig. 4-4 have different final times 

because of the late non-linear interactions. A single wake vortex pair with 

the circulation ratio equal to that of the upper vortex pair was added as a 

control for the numerical experiment, and their final dissipations were com-

pared. 
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4.3.1 Effect of the vertical distance at a large circulation ratio 

 

The dependence of the transport and decay properties of the V4VS with 

a circulation ratio of 1.47 on the vertical distance is described in Fig. 4-2. 

Three characteristic decay processes − merging into a single pair, complex 

interactions, and formation of a vortex ring − were observed. In the first 

process, the co-rotating vortices at the same lateral position merged, and a 

single counter-rotating pair was formed at ℎ∗ = 0.5. In the second process, 

the co-rotating vortices at the same lateral position dissipated rapidly at 

ℎ∗ = 1.0, leading to complex interactions and the collapse of the coherent 

V4VS structure. The third decay process resulted in the instability of the 

counter-rotating upper vortex pair and formation of a train of rings. The train 

of rings deformed the lower vortex pair and dissipated rapidly at ℎ∗ ≥ 1.5. 
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4.3.2 Effect of the vertical distance at the same circulation 

 

The dependence of the transport and decay properties of the V4VS with 

a circulation ratio of 1.47 on the vertical distance is described in Fig. 4-2. 

Three characteristic decay processes − merging into a single pair, complex 

interactions, and formation of a vortex ring − were observed. In the first 

process, the co-rotating vortices at the same lateral position merged, and a 

single counter-rotating pair
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4.3.3 Effect of the vertical distance at a small circulation ratio 

 

The dependence of the transport and decay properties of the V4VS with 

a circulation ratio of 0.68 on the vertical distance is shown in Fig. 4-4. The 

temporal evolution of the V4VS with ℎ∗ ≤ 2.0 is similar to that observed 

at RΓ = 1.47. As the vertical distance further increased, additional decay 

processes were detected at ℎ∗ = 3.0, and the upper vortex ring formed by 

linking has not apparently affected the dissipation of the lower vortex pair. 
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 Criteria for switching between different decay processes  

 

Four different vortex decay processes were detected: merging into a sin-

gle counter-rotating pair, occurrence of complex interactions followed by 

rapid dissipation, and formation of vortex rings with or without deforming 

the lower vortex pair. These four processes can be divided into two groups 

based on the type of the non-linear interaction pair. At ℎ∗ ≤ 1.0, non-linear 

interactions between the co-rotating vortices occur, while at ℎ∗ ≥ 1.5, non-

linear interactions between the counter-rotating upper vortex pairs are ob-

served. Hence, the type of the non-linear interaction pair varies between the 

vertical distances of 1 and 1.5. The vertical differences, ∆z∗, computed for 

nine cases at a vertical distance of 1.5 or less are compared in Fig. 4-5. In 

the six cases with ℎ∗ ≤ 1.0, the vortex transport proceeds through orbital 

motion, and no differences at various circulation ratios are observed (in con-

trast to the three cases with ℎ∗ ≥ 1.5). The co-rotating vortices approach 

during the orbital motion, and in the case of Hv10Rg10, the vertical distance 

does not reach −1 after a half orbit rotation (𝑡∗ ≅ 1.1). The same phenome-

non is observed at ℎ∗ = 0.5 (yellow dotted line), which is consistent with 

the experimental results obtained for the merging of co-rotating vortices 

[29]. Therefore, the criterion for switching the non-linear interactions is 

ℎ∗ ≅ 1.25 rather than ℎ∗ = 1.0.
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4.4.1 Non-linear interactions of the co-rotating pair 

 

In this section, two vortex decay processes − merging into a single pair 

and complex interactions followed by rapid dissipation − were analyzed. 

The development of vortex instability, which is the main cause of non-linear 

interactions, is examined by plotting the evolution of longitudinal modal 

energies in Fig. 4-6. The cases with the same circulation ratio representing 

the vertical distances of 0.5 and 1.0 were Hv05Rg15 and Hv10Rg15, re-

spectively. Here, vortex instability develops under the influence of the strain 

fields of other vortices, and the unstable wavelength varies with the circu-

lation direction and distance between the interacting vortices. Long-wave 

instability develops when the counter-rotating vortices interact at a distance 

of the vortex spacing scale, and the unstable wavelength is λ𝑙𝑜𝑛𝑔 ≅ 8.0𝑏0 

[15]. Short-wave instability develops when the co-rotating vortices interact 

at a distance of the core radius scale, and the unstable wavelength is 

λ𝑠ℎ𝑜𝑟𝑡 ≅ 0.126𝑏0 [48]. The longitudinal model energy is analyzed from 8 

to 0.125 vortex spacing to cover the entire range.  

The development of short-wave instability indicates that non-linear inter-

actions have started. When Hv05Rg15 rapidly begins to develop the short-

wave instability, the same process gradually occurs for Hv10Rg15. The dif-

ference can be analyzed as the other instabilities at the starting time of non-

linear interactions (red boxes). While Hv05Rg15 shows little development 

of the long-wave instability, Hv10Rg15 starts non-linear interactions with 

the development of long- and medium-wave instabilities. Because the core 

line of Hv10Rg15 interacts in a disturbed state, the distance between the 

vortices is not consistent, which makes their interactions more complicated. 

Thus, the different decay processes originate from the vortex instability 
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development. 

 

 

Fig. 4-6 Longitudinal modal energy evolutions observed for  

a) Hv05Rg15 and b) Hv10Rg15. 
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4.4.2 Two decay processes occurring at a high vertical distance 

 

The other two decay processes involving the formation of the upper vor-

tex ring with or without a deformation of the lower vortex pair were ana-

lyzed as well. In most cases, the upper vortex ring encounters the lower 

vortex pair, resulting in rapid dissipation. However, in some cases, the upper 

vortex ring dissipates without encountering the lower vortex pair. The core 

line instability angles of the second snapshots, vortex lifespans, and vertical 

distances of the third snapshots in Fig. 4-2−Fig. 4-4 are compared in Fig. 

4-7. 

The instability angles (green columns) were determined to evaluate the 

effect of the lower vortex pair. The instabilities of the single wake vortex 

were developed in the planes inclined at an angle of approximately 45° 

with respect to the horizontal plane, where the maximum effect of the strain 

field was observed [49]. The instability angle increases due to the effect 

produced by the lower vortex pair. Therefore, the core line instability angle 

can quantify the effect of the lower vortex pair in each case, and the angle 

close to 45° observed in cases Hv25Rg07 and Hv30Rg07 means that this 

effect is negligible (green dotted line). In the case of Hv25Rg15, the angle 

is also close to 45°, but only because the direction of the maximum strain 

field has changed due to the reversal of the vertical location of the two pairs. 

The lifespans of the upper vortices (𝑡lifespan
∗ , blue columns) were com-

pared to further access the effect of the lower vortex pair. Without this effect, 

the spacing of the upper vortex pair cannot be reduced by mutual induction 

and consequently, vortex linking may not be promoted. The lifespan at each 

circulation ratio tends to increase proportionally with the vertical distance 

(blue dotted line). This proportional relationship is not observed at RΓ =
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0.68 and ℎ∗ ≥ 2.5, and the vortex lifespan is significantly increased. In the 

two cases of Hv25Rg07 and Hv30Rg07, the decay processes significantly 

differ from those occurred in the other cases. 
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4.4.3 Linking of the upper vortex pair 

 

The differences between the vertical distances at the time of linking 

(∆zlifespan
∗ , red columns in Fig. 4-7) were compared to obtain a criterion for 

switching the processes in the rapid decay phase. In most cases, the vertical 

distance decreased with respect to the initial vertical distance (∆z0
∗, red cir-

cles), and in some cases, it decreased to below zero due to the reversal of 

the vertical location. In contrast, the vertical distances of Hv25Rg07 and 

Hv30Rg07 did not decrease. The circulation ratio of 0.68 initially increased 

the vertical distance. If the mutual induction of the lower vortex pair does 

not sufficiently reduce the upper vortex spacing, then the vertical distance 

cannot be decreased. Thus, at a certain criterion, the interaction effect be-

comes negligible, and the two pairs of vortices are separately dissipated. 

The measure of the criterion is defined as the amount of the vertical distance 

reduction. If the vertical distance is not decreased until the time of linking, 

it will not be further reduced because of the descent rate retained during the 

transformation of the vortex ring [50]. Therefore, this criterion corresponds 

to the zero reduction in the vertical distance. The vertical distance reduction 

is approximated by a second-order polynomial with two parameters as 

shown in Fig. 4-8. The approximated criterion for interaction of upper and 

lower vortex pair can be expressed by Eq. (4.2) with the constants listed in 

Table 4.2. Here, the approximated vertical distance reduction increases 

quadratically with increasing circulation ratio on the basis of around 1.3. 

∆zlifespan
∗ − ∆z0

∗ 

= c20(RΓ)
2 + c11RΓℎ

∗ + c02(ℎ
∗)2 + c10RΓ + c01ℎ

∗ + c00 
(4.2) 
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Table 4.2 Constants obtained for strong and weak interactions. 

constant value constant value 

c20 1.995 c10 
-5.264 

c11 -0.8242 c01 
2.037 

c02 -0.1432 c00 
-0.1773 

 

 

 

Fig. 4-8 vertical distance reduction is approximated  

by a second-order polynomial 
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 Four decay processes of V4VS 

 

The main V4VS decay processes and their criteria are summarized in Fig. 

4-9. The decay processes that induce the rapid dissipation of wake vortices 

such as merging into a single counter-rotating pair, rapid dissipation, and 

formation of a vortex ring with or without a deformation of the lower vortex 

pair. These processes are named as merging, wrapping, ring deformation, 

parallel ring dissipation.  

The four processes are divided into two groups based on the vertical dis-

tance criterion of 1.25, resulting in the formation of different non-linear in-

teraction pairs. The co-rotating vortex interactions include the merging and 

wrapping processes separated by the vertical distance criterion of 0.75. The 

processes of the upper vortex pair linking include ring deformation and par-

allel ring dissipation affected by two parameters and separated by the crite-

rion of the vertical distance reduction of zero.  

Since most of the analysis cases show similar behavior characteristics, 

the analysis results of the selected cases with characteristic non-linear be-

haviors were analyzed. Vortex core location and velocity evolution in time 

are plotted for every case. Modal energy analysis was performed to quanti-

tatively confirm the growth of instability of unstable wavelength developed 

during the interaction of 4VVS, and only the components corresponding to 

three instability types were summarized and compared. Comparing the 

growth by type of instability can be identified by the unstable instability 

which mainly developed by case. 

 

 



 
8

7
 

    

 

F
ig

. 
4
-9

 A
 m

ap
 o

f 
th

e 
V

4
V

S
 t

ra
n

sp
o

rt
 a

n
d

 d
ec

ay
 p

ro
ce

ss
es

 o
cc

u
rr

in
g
 a

t 
𝜃
=
9
0
°.

 

 

 



 88 

4.5.1 Merging – the 1st V4VS characteristic decay process 

 

The first V4VS characteristic decay process is merging into a single vor-

tex pair after one orbital motion of the vortices located on the same side as 

summarized in Fig. 4-10. It occurs when the vertical distance is close to a 

half vortex spacing and is similar to the roll-up process of the vortices gen-

erated in a high lift configuration [25]. After merging, vortex dissipation 

accompanied by the Crow instability phenomenon (similar to that observed 

for a single wake vortex) occurs and continues for a relatively long time. 

The transport and decay of Hv05Rg15 are analyzed in Fig. 4-10 as a rep-

resentative case for wrapping decay process. The time evolution and the 

core velocity graph show the distinct orbital motion of co-rotating vortices 

on the same side when the vertical distance is close. When 𝑡∗ = 0.32, the 

positions of the upper and lower vortices were reversed, and the orbital time 

for the isolated vortex pair (𝜏∗) was 0.41 and the rotating motion was ac-

celerated. According to the orbital motion, upper vortex spacing decreases 

again after 44% increase, while lower vortex spacing increases again after 

29% decrease. The distance between vortices on the same side is minimum 

when the vortex spacing change is maximum and decreases continuously 

with time. The short-wave instability grows along the core-line at the begin-

ning of the decay process. 

When 𝑡∗ = 0.64, the vertical position of the upper and lower vortex 

changes again. At this time, 𝜏∗ = 0.81, and the orbital motion of the co-

rotating vortices proceeded more than one orbit. The decrease in the dis-

tance between vortices on the same side shows that the period is shortened. 

A thin vorticity bridge resulting from the perturbation disturbance of the 

instability is connected throughout the co-rotating vortices. Vorticity 



 89 

bridges are increasingly complex and energy exchange occurs between vor-

tices.  

When 𝑡∗ = 0.96, co-rotating vortices are merged into a single vortex. 

The co-rotating pairs are mered after the occurrence of short-wavelength 

sinuous disturbance, Bristol et al. And the development of instability is con-

sistent. [36] Bristol et al. [51] is a model for the towing tank experiment, 

which agrees well with the analysis that merging between co-rotating vortex 

pairs occurs within one revolution of rotation based on the circulation cen-

troid.  

Since the merge occurs in the entire vortex core, it forms a single wake 

vortex pair after being merged. After combining, we show the transport and 

decay of a single wake vortex that is linked with the development of long-

wave instability, such as 𝑡∗ = 4.47. The distinctive orbital motion of 4VVS 

can be classified as periodic according to the Donaldson-Bilanin diagram, 

followed by the merging of co-rotating vortices. For three cases with a ver-

tical distance of 0.5𝑏0, the decay process is merged into the same single 

vortex pair, regardless of the value of RΓ. 
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4.5.2 Wrapping – the 2nd V4VS characteristic decay process 

 

The second vortex decay process occurs when the vertical distance is 

close to the vortex spacing. The coherent vortex structure collapses after the 

interaction due to the instability developed during the orbital motion of the 

co-rotating vortices and is rapidly dissipated. The second process is named 

wrapping because it is similar to the wrapping and ring-rejection activities. 

This phenomenon is identical to the process observed by a previous study 

where non-linear interactions started in a perturbed state of the vortex core 

line [36]. In that study, the inner vortex wrapped Ω hoops around the outer 

vortex to form a ring, whereas in this work, the coherent structure of the 

vortices collapsed and rapidly dissipated, owing to the different circulation 

ratios. The second decay process indicates that the interactions of co-rotat-

ing vortices with close circulation strengths could lead to rapid dissipation 

if their instability had been developed earlier.  

The transport and decay of Hv10Rg10 are analyzed in Fig. 4-11 as a rep-

resentative case for wrapping decay process. At the beginning of the decay 

process, the orbital motion appears to be the same as in the case of Rℎ =

0.5, which is closer to the vertical distance, but the non-linear interaction 

such as vortex merging tends to appear. When 𝑡∗ = 0.38, the orbital motion 

reduces the interval of the upper vortex pair, while the interval of the lower 

vortex pair increases. Vortex spacing changes up to 55% and induces a de-

scent velocity difference to bring the co-rotating pair closer. Vortex spacing 

scale instability develops along the core-line.  

When 𝑡∗ = 1.14, the rotation of the half orbit progresses and the vertical 

location of the upper pair and the lower pair changes. The instability in the 

upper vortex pair develops prominently along the incline of 35 degrees with 
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respect to the horizontal plane. Instability of the lower vortex pair with in-

creased spacing is slow, although the instability increases rapidly due to the 

increased imposed strain filed due to the reduction of the spacing of the up-

per pair.  

When 𝑡∗ = 1.90, a vortex bridge is generated by the SVS and linking 

occurs throughout the vortex. Linking vortices occur mainly between co-

rotating vortices in the same direction, and after linking, the coherent struc-

ture of 4VVS collapses and is rapidly dissipated. The feature that distin-

guishes from the previous merging characteristic is the difference in the vor-

tex merging process. The merging proceeds after crow type instability has 

developed, which is characterized by a complicated characteristic and can-

not maintain the vortex core structure and is rapidly dissipated.  

The non-linear interaction occurs due to the instability of co-rotating vor-

tices resulting in simultaneous linking and merging. For three cases with a 

vertical distance of 1.0𝑏0, the same non-linear interaction behavior occurs 

regardless of the value of RΓ. 
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4.5.3 Ring deformation – the 3rd V4VS characteristic decay process 

 

The third characteristic decay process is the formation of the upper vortex 

ring followed by the encounter of the two vortex pairs, which leads to their 

deformation and rapid dissipation of the V4VS. The third process occurs 

under the conditions corresponding to the negative vertical distance reduc-

tion. The condition of RΓ ≥ 1.0 is likely to cause ring deformation because 

the difference in the initial descent rate decreases the distance between the 

two pairs. The condition of RΓ < 1.0 at a vertical distance twice as large 

as the vortex spacing causes the upper vortex spacing to decrease and the 

lower vortex pair spacing to increase due to mutual induction. These spacing 

variations decrease the distance between the two pairs resulting in ring de-

formation.  

The transport and decay of Hv15Rg15 are analyzed in Fig. 4-12 as a rep-

resentative case for ring deformation decay process. The orbital motion of 

the co-rotating vortices is not apparent, and vortex pair linking occurs to 

form the train of vortex ring. At the initial 𝑡∗ = 0.32, the orbital motion of 

co-rotating vortices on the same side reduces the 𝑏𝑐 of the upper vortex 

pair, increases the 𝑏𝑐 of the lower vortex pair, and the initial disturbance 

perturbation occurs along the core-line.  

When 𝑡∗ = 0.96, the distance between the two pairs approaches 0.7𝑏0 

due to the difference in descent speed caused by the variation of the vortex 

spacing. The rotation of each side is proceeded by the quarter orbital motion. 

It can be seen that 𝜏∗ = 0.14 at this time, the orbital motion is accelerated 

by the reduction of the spacing.  

The development of instability resulted in a marked increase in disturb-

ance perturbation along the plane inclined 70deg from the ground in the 
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upper vortex pair. Due to instability, a streak of SVS begins to form between 

upper vortices. This is because the effect of the strain field is strengthened 

by the influence of the decreased 𝑏𝑐 of the upper pair. In addition, the de-

velopmental direction of the instability changes due to the strain field of the 

lower vortex.  

When 𝑡∗ = 1.6, the vertical positions of the upper and lower vortices 

change each other. While the upper pair is passing between the lower pair, 

the vortex spacing approaches to 0.48𝑏0, and the collapse point occurs in 

the upper vortex pair due to instability development and linking. After link-

ing, train of vortex ring is formed. It is generally known that the vortex life 

span, which is the time until linking of counter-rotating vortex pair occurs, 

is halved when the vortex spacing is reduced by 1/√2 times under the 

same background turbulence conditions [17].  

When 𝑡∗ = 3.83, the lower vortex pair also undergoes distortion due to 

the vortex ring, loses its coherent vortex structure and begins to dissipate 

rapidly. The location and time of linking of the upper vortex pair varies de-

pending on the parameter. The vortex interaction is mainly occurred in the 

same direction, and it is confirmed that interaction between vortex pair with 

vertical distance leads to linking of upper vortex pair and induces rapid dis-

sipation. 
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4.5.4 Parallel ring dissipation – the 4th V4VS characteristic decay 

process 

 

The fourth characteristic decay process is the parallel dissipation of the 

upper vortex ring and lower vortex pair without any direct interactions. The 

latter do not occur because of the high vertical distance, and the vortices are 

gradually dissipated. Instead, mutual induction increases the spacing of the 

lower vortex pair, resulting in a longer lifespan. The fourth process is ob-

served when the vertical distance reduction is above zero, and mainly − 

when the circulation ratio is less than one and the two vortex pairs are distant. 

The overall behavior of the fast vortex pair is similar to ring deformation 

process, but the orbital motion of the co-rotating vortices cannot be con-

firmed. The vertical distance is nearer to the beginning, 𝑡∗ = 1.1, then 

slowly approaches and vortex pair is dissipated. There is a difference in how 

much the train of vortex ring generated by the linking of the upper vortex 

interacts with the lower vortex pair.  

When 𝑡∗ = 0.32, the variation of vortex spacing of the upper and lower 

wake vortices progresses slowly and instability due to disturbance perturba-

tion develops. When 𝑡∗ = 1.92, we can confirm the remarkable develop-

ment of long-wave instability in the upper pair.  

The instability develops along a 45-degree incline plane with respect to 

the horizontal plane, indicating that the strain field of the lower vortex is 

less affected. When the upper vortex spacing is 0.52𝑏0 due to the instabil-

ity development, the collapse point of the upper vortex pair occurs and link-

ing occurs.  

When 𝑡∗ = 2.87, the upper vortex ring was formed, the vortex spacing 

of the lower pair was increased by 28%, and the instability was slightly 
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increased. The increase in vortex spacing resulted in a decrease in instability 

and an increase in the lifespan of the lower vortex pair.  

After 𝑡∗ = 4.15, the upper vortex ring is stretched and non-linear inter-

action begins with the lower vortex pair. In the case of Rℎ = 2 or more and 

RΓ less than 1, the vortex lifespan of the upper pair is shortened and the 

vortex lifespan of the lower vortex becomes longer due to the interaction of 

4VVS. After formation of the upper vortex ring, the lower vortex is distorted 

by non-linear interaction and dissipated. 
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 Dissipation effects of various V4VS decay processes 

 

The dissipation effect of each decay characteristic process was analyzed 

by considering the total circulation. Its maximum value for the upper and 

lower vortex pairs was calculated because the lower pair could also affect 

the next aircraft. Fig. 4-14 shows the times required to dissipate the total 

circulation to less than 50% of the initial circulation. A similar trend was 

observed after over-plotting the criteria for various V4VS decay processes, 

which were found to have a significant influence on the dissipation effect.  

The strongest effect was produced by wrapping followed by merging and 

ring deformation. Interestingly, the dissipation effects of the Hv15Rg10 and 

Hv15Rg15 cases produced by ring deformation were relatively small be-

cause the vertical distance at the time of linking was large after the reversal 

of the two pairs. Therefore, the interactions between the upper vortex ring 

and the lower vortex pair were strong when the vertical distance was around 

2.0.  

The weakest dissipation effect was produced by parallel dissipation that 

increased the lifespan of the lower vortex pair by mutual induction; as a 

result, the vortex dissipation process was the longest one. Clearly, the wake 

vortex generated by the preceding aircraft can very efficiently destroy the 

wake vortices of the following aircraft. The dissipation effect is strong when 

the circulation ratio is greater than 1.0 and the vertical distance is relatively 

large. 
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Fig. 4-14 A map of the V4VS transport and decay processes  

occurring at 𝜃 = 90°. 
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 V4VS efficiency assessment for increasing airport efficiency 

 

The take-off separation time adjustment was investigated by considering 

the interactions of the vertically arranged wake vortex pairs generated by 

the preceding and following aircraft. The objective was to determine 

whether the separation of the next aircraft could be adjusted in the situation 

where three aircraft took off sequentially (assuming the ideal situation for 

numerical simulations). The separation adjustment of the next aircraft was 

deduced from the time required to dissipate the total circulation to less than 

50% of the initial circulation. The obtained results were compared with the 

dissipation time of the single wake vortex depicted by the black line in Fig. 

4-14.  

The wrapping and ring deformation processes were analyzed, and the rep-

resentative cases Hv10Rg10 and Hv25Rg15 with excellent vortex dissipa-

tion properties were selected. The merging process was excluded because 

the distance between the aircraft must be extremely close, and parallel ring 

dissipation was excluded as well because the lifespan of the lower vortex 

pair increased.  

Hv10Rg10 was examined as a representative case of the wrapping pro-

cess. Here, vortex interactions occur when the following aircraft takes off 

after 26.3 s on the route taken by the preceding aircraft. It reduces the time 

required for vortex dissipation by 48% and, therefore, can significantly de-

crease the separation time. The observed vortex dissipation effect is very 

strong, but also dangerous because both the preceding and following aircraft 

are located very close; hence, its practical implementation requires special 

care.  
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Hv25Rg15 was analyzed as a representative case of the parallel ring dis-

sipation process. Here, vortex interaction occurs when the large following 

aircraft takes off 96.8 s after the medium preceding aircraft on the same 

route. It reduces the dissipation time by 22% and, therefore, may decrease 

the take-off separation time.  

Overall, the dissipation effect is strong during merging, but the ring de-

formation process is more feasible in terms of safety. In the latter case, not 

only the distance between the two aircraft is relatively large, but also the 

following aircraft is more maneuverable because of its bigger size. In addi-

tion, higher V4VS efficiency can be achieved by performing the separation 

adjustment of the following aircraft. 
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Chapter 5. Conclusion 

 

In this study, various vortex decay characteristic processes were investi-

gated considering the interactions between the wake vortex pairs generated 

by the preceding and following aircraft. If these interactions promote the 

dissipation of the latter wake vortices, the take-off separation time for the 

next aircraft can be reduced in a recursive manner thus increasing the airport 

capacity limit.  

In this study, LES simulation has been performed to examine the interac-

tion of wake vortex pairs. The parameters for wake vortices were based on 

the classification criteria ruled by ICAO. To simulate atmospheric condi-

tions, isotropic turbulence was generated using SNGR and forcing tech-

nique. After generating the background turbulence, wake vortices were 

added to the flow field to investigate the behavior. 

In three cases, which are the combination of 1) light and medium, 2) me-

dium and medium, and 3) medium and heavy aircraft, wake vortices were 

added to the flow field with time difference and height difference. It was 

assumed that the wake vortices formed before had been still remained in 

atmosphere. In all cases, the superposition of the induced effect of each pair 

of vortices was observed. The upper wake vortices were initially moved to-

ward each other and showed a fast descending speed, while the lower wake 

vortices were initially spread to both sides and showed a slow descending 

speed. 

It was confirmed that when the upper wake vortices reached the vertical 

position of lower wake vortices, different results occurred for three cases. 

In the case of combination light and medium aircraft, the vortices from light 
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aircraft were rapidly dissipated. In addition, as the vortices from light air-

craft interacted with the vortices from medium aircraft, a large number of 

secondary vortices were generated so that the vortex lifespan shortened. In 

the medium and medium aircraft case, it was confirmed that the circulation 

intensity temporarily increased due to the combination of the pair of vortices 

rotating in the same direction. Then the circulation intensity decreased as 

the linking happened with the vortices rotating in opposite direction. Finally, 

it was confirmed that the dissipation of wake vortices from heavy aircraft, 

which interacted with wake vortices from medium aircraft was 5 times faster 

than the case of a single pair of wake vortices from heavy aircraft without 

interaction. 

Initial conditions were defined as a V4VS with a high altitude of the fol-

lowing aircraft. A total of 18 different cases with various combinations of 

the vertical distance and circulation ratio were analyzed. From the obtained 

results, the following conclusions were drawn. 

Four main processes involving non-linear vortex interactions were ob-

served: merging into a single counter-rotating pair, rapid dissipation, and 

formation of a vortex ring with or without a deformation of the lower vortex 

pair. These decay characteristic processes were named merging, wrapping, 

ring deformation, and parallel ring dissipation, respectively. The dissipation 

effect of each process was examined to determine the corresponding wake 

turbulence separation.  

The wake vortex formed by the preceding aircraft can effectively destroy 

the wake vortices produced by the following aircraft. The strongest V4VS 

dissipation effect was achieved by wrapping. The next efficient vortex dis-

sipation process was ring deformation, during which the upper vortex ring 

interacted with the lower vortex pair.  
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The effect of vortex dissipation on the take-off separation time was in-

vestigated as well. Overall, the dissipation effect was strong during merging; 

however, ring deformation was more feasible in terms of safety, owing to 

not only the large distance between the two aircraft, but also to the higher 

maneuverability of the following aircraft with a size larger than that of the 

preceding aircraft. 
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Appendix A. deterministic wake vortex model 

(DVM) [17] 

 

A.  
In the paper of De visscher et al., there is a simplified modeling of wake 

vortex transport and decay. The modeling of the vortex transport considers 

the Biot-Savart effect and the stratification as Eq. (A.1). 

 

𝒅𝒛∗

𝒅𝒕∗
= 𝒗𝑩𝑺

∗ + 𝒗𝒔𝒕𝒓
∗  (A.1) 

 

Considering the stratification level as zero, the 𝑣𝑠𝑡𝑟
∗  term can be ignored 

so the effect of Biot-Savart, 𝑣𝐵𝑆
∗  can only be in effect as Eq. (2.55). In case 

of the modeling of the vortex circulation decay, De Visscher et al. made an 

improvement of the model developed by Sarpkaya [52]. Considering the 

stratification level as zero, the model can be summarized as Eq. (A.2) 

 

dΓ𝑡𝑜𝑡
∗

𝑑𝑡∗
=

{
  
 

  
 −

𝑐1
𝑡𝑑,𝑆
∗ Γ𝑡𝑜𝑡

∗                                                    (𝑖𝑓 𝑡∗ ≤ 𝑡𝑑
∗ −

Δ𝑡∗

2
)

−
𝑐2
𝑡𝑑,𝑆
∗ Γ𝑡𝑜𝑡

∗                                                    (𝑖𝑓 𝑡∗ ≥ 𝑡𝑑
∗ −

Δ𝑡∗

2
)

(
1

2
(
𝑐2
𝑡Γ
∗ +

𝑐1
𝑡𝑑,𝑆
∗ ) + (

𝑐2
𝑡Γ
∗ −

𝑐1
𝑡𝑑,𝑆
∗ )

𝑡∗ − 𝑡𝑑
∗

Δ𝑡∗
)Γ𝑡𝑜𝑡

∗   (𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒)

 (A.2) 

 

Here, 𝑡𝑑
∗  is the starting time of the fast-decay phase. It depends on the 

turbulence and since we do not consider the stratification, 𝑡𝑑
∗ = 𝑡Γ

∗ = 𝑡𝑑,𝑆
∗ . 
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𝑡𝑑,𝑆
∗  is from Sarpkaya’s model, and it is computed with respect to 𝜀∗. In 

addition, there is an interval Δ𝑡∗ for fitting the results better to the model. 

It can be a ratio of 𝑡𝑑
∗ . In other words, Δ𝑡∗ = 𝛼𝑡𝑑

∗ , and 𝛼 is chosen to be 

0.15. The fitting of the model on the present results provides 𝑐1 = 0.035, 

and 𝑐2 = 1.2. 
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Appendix B. Vortex parameters raw data for ver-

tical four vortex interaction cases 

 

B.  
The transport and decay processes of the V4VS were summarized by stud-

ying the evolution of the related wake vortex parameters. In this study, 18 

simulation cases with different combinations of the circulation ratio (RΓ ≡

Γ𝑢/Γ𝑙) and vertical distance (ℎ∗ ≡ ℎ/𝑏) are considered. The case names 

are selected to indicate their parameters. The vortex parameters such as the 

vertical and lateral positions and circulation were calculated along the core 

line. Parameters of each vortex were determined by averaging the values 

obtained for different core segments.
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국문초록 

항공기의 와후류는 자기 유도에 의해 하강하는 특징을 가지기 

때문에 그 위치를 식별할 수 있다. 이륙하는 조종사는 선행 

항공기의 이륙 지점 앞에서 이륙하고 선행 항공기의 등반 경로 

위로 비행하면 와후류를 피할 수 있다. 이러한 회피 비행은 두 개의 

와후류가 동시에 근접하여 대기 중에 존재하는 상황이 발생할 수 

있으며 두 쌍 사이의 거리가 충분히 가까운 경우 상호작용이 

발생할 것이다. 또한 선행 항공기에서 발생한 와후류가 인접 

활주로로 이동할 경우에도 와후류 간의 상호작용이 발생할 수 있다. 

본 연구는 선행 항공기와 후행 공기에 의해 생성된 서로 다른 

wake vortex pair간의 상호 작용으로 인해 발생하는 이동 및 

소산 특성 프로세스를 수치해석으로 분석하였다. 

후행 항공기의 높은 고도는 초기 조건으로 고려되었으며, 

와후류의 불안정성과 비선형 수송 및 붕괴를 설명하기 위해 대기 

난류 조건이 수치해석에 적용되었다. 해석 결과를 분석하여 단일 

와후류 쌍으로의 합병, 빠른 소산, vortex ring의 형성 이후 하부 

vortex pair를 변형하거나 변형없이 각각 소산하는 프로세스를 

확인하였다. 
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본 연구의 해석은 선행 항공기에 의해 형성된 와후류가 상호 

작용으로 후행 항공기의 와후류를 효과적으로 소산 시킬 수 있음을 

밝혀냈다. 또한, 와후류 쌍의 상호 작용을 고려할 때 발생하는 

추가적인 소산 효과를 이륙 분리 시간에 적용하여 효율성을 

분석하였다. 선행 항공기에서 발생하는 vortex 간의 상호작용을 

고려할 때 항공기 간 이륙 분리 시간을 줄이고 공항 용량을 늘리는 

데 도움이 될 수 있다는 것을 확인하였다.  

 

 

주요어: 항공기 와후류, 와류 상호작용, 전산 유체해석, 가시화, 
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