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In this paper, we investigate the condition

forsomea >2,y >0,and0< B < m, where p > 1,and A, is the first

eigenvalue of the discrete p-Laplacian A,,,. Using this condition, we obtain blow-up
solutions to discrete p-Laplacian parabolic equations

urlx, t) = Apuulx, t) + flulx, 1)), (x,t) € S x (0,+00),
D+o@ulx 0P 2ulk, =0, (x1) edSx [0,+00),

ux,0)=ug >0 (nontrivial), x €S,

on adiscrete network S, where or 9. denotes the discrete p-normal derivative. Here

and o are nonnegative functlons on the boundary 95 of S with w(z) + o (2) > 0,
z € 0S. In fact, we will see that condition (C,) improves the conditions known so far.

MSC: 39A12; 35F31; 35K91; 35K57
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0 Introduction

These days the discrete version of differential equations has attracted attention of many
researchers. In particular, the p-Laplacian A, on networks (or weighted graphs) is used
to observe various social and scientific phenomena (see [1-3] and references therein),

which can be modeled by the discrete p-Laplacian parabolic equations

= ) |uln0) — e, O [un0) - e, o, 9) + £ (w)

yeS

with some boundary and initial conditions, where p > 1. Here S is the set of chemicals or

networks, and o is a weight function on S.
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Especially, many authors studied blow-up solutions for the reaction—diffusion equa-
tions, which contain p-Laplacian, Laplacian, and so on, in continuous and discrete ana-

logues. For example, in 1973, Levine [4] considered formal parabolic equations of the form

P% - _A(B)u+f(u(t), te(0,+00),
M(O) = Uo,

where P and A(¢) are positive linear operators defined on a dense subdomain D of a real

or complex Hilbert space H. Here he first introduced the “concavity method” to obtained

the blow-up solutions under abstract conditions
1
2a + DF(®) < (5. (%)), F(uo(x)) > E(uo(x),Auo(x))

for x € D, where F(x) = fol(f(px),x) dp.
After this, Philippin and Proytcheva [5] have applied this method to the equations

ur=Au+f(u) in 2 x (0,+00) (1)

and obtained a blow-up solution under the Dirichlet boundary condition by using the
condition

(A): (2+€)F(u) <uf(u), u>0,

for some € > 0 and the initial data u, satisfying

1 2
_§L|Vu0(x)| dx+ng(uo(x))dx>0.

For the p-Laplace operator, Messaoudi [6] obtained the blow-up solutions to the equa-
tion

u = div(|Vul’>Vu) +f(u) in 2 x (0, +00)
under the Dirichlet boundary condition by using the condition
(Ay): (p+e)F(u) <uf(u), u>0,
for some € > 0 and the initial data u satisfying
1 »
- ’Vuo(x)| dx + F(uo(x)) dx > 0.
bJe 2
Besides, Junning [7] obtained the blow-up solutions to the equation

u, = div(|VulP>Vu) +f(u) in 2 x (0, +00)
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under the Dirichlet boundary condition by using the condition

(Al)): pFw) <uf(w), u>0.

Here the initial data u, satisfies

B , -0 [
pL’Vuo(x” dx+/QF(u0(x))dx> T(p_z)zpfguo(x)dx.

Recently, Ding and Hu [8] adopted condition (A) to obtain the blow-up solutions to the

equation

(gw), =V - (o(IVul*) Vi) + k(®)f ()

with the nonnegative initial value and the null Dirichlet boundary condition.
On the other hand, condition (A) was relaxed by Bandle and Brunner [9] as follows:

B): Q+e)F(uw)<uf(u)+y, u>0,

for some € > 0. Also, the initial data u, satisfies

1
_§/Q|Vuo(x)|2dx+‘/Q[F(uo)—y]dx>0

for some € >0 and y > 0.
Finally, condition (B) was improved by Chung and Choi [10] with the discrete analogue.
They obtained the blow-up solutions to the equation

ur = Apu(x,t) + f(u) inS x (0,+00)
under the Dirichlet boundary condition by using the condition

(C): Q+e)F(u) <uf(u)+ u+ y, u>0,

ek

for some e >0,0< B < 5

,and y >0 and the initial data u satisfying

_% Z|uo(x) - uo(y)|2w(x,y) + Z[I—"(uo) —y]dx>o.

xS xeS
Here A is the first eigenvalue for the discrete Laplace operator A,,.
In 2018, Chung and Choi [11] refines condition (C) in continuous analogue. For p > 2,
they obtained the blow-up solutions to the equation
= div(|VulP?Vu) + f(u) in £2 x (0,+00)

under the Dirichlet boundary condition by using the condition

(Cp): W+e)F(u) <uf(u)+pu’ +y, u>0,
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X L .
for somee >0,0< B < GIT’”‘O, and y > 0. Here the initial data i, satisfies

‘}7 /Q |Vuo(x) | dax + /9 F(uo(x)) dx > 0.

Here A, is the first eigenvalue for the p-Laplace operator.

It is clear that conditions (A4), (A,), (B), and (B,) are independent of the eigenvalue of
the Laplace operator, and conditions (C) and (C,) depend on the eigenvalue. As a matter
of fact, it is known that the first eigenvalue for the p-Laplace operator depends not only
on the domain but also on the boundary conditions (see [12]).

Motivated by the works mentioned, we study the blow-up solutions to the following
discrete p-Laplacian parabolic equations:

ur(x,t) = Apou(x, t) + f(u(x, t), (x,t) €S x (0,+00),
Blu]=0 on 3S x [0, +00), (2)

u(x,0) = up(x) > 0, x€S,

where p > 1, f is a nonnegative locally Lipschitz continuous function on R, and B[u] = 0
on dS x [0, +00) stands for the boundary condition

,u(z)aa—ljl(z, t) +0(2)|ulz,t) |p_2u(z, 1), (z,t) €S x [0, +00). (3)
p

Here pt,0 : 3§ — [0, +00) are functions such that u(z) + o(z) >0, z € 3S, and i’i_u” denotes
the discrete p-normal derivative (introduced in Sect. 1). It is easy to see that this boundary
value problem includes various boundary value problems such as the Dirichlet boundary,
Neumann boundary, and Robin boundary problems. Note that one of advantages of our
result is a unified approach.
To obtain the blow-up solutions to equation (2), we introduce the following condition:
Forp>1,

(Cp): aF(u)<uf(u)+u’ +y, u>0,

forsomea>2,0§ﬂ§(a_[;#

,and y > 0.

We discuss condition (C,) in Section 3 to understand the constants «, 8, and y with
respect to the boundary condition B[u] = 0 and the parameter p > 1, which are crucial
points of our results.

It is worth noting that we obtained the blow-up solutions to equation (2) in the case
p > 1, not in the case p > 2. In fact, there are interesting results in the case 1 < p <2 with
respect to blow-up property (see [13—15]). Therefore we expect that under condition (C,),
more interesting results can be obtained even in the continuous case, which will be our
forthcoming work.

We organize this paper as follows. In Sect. 1, we briefly introduce the preliminary con-
cepts on networks and comparison principles. Section 2 is the main section devoted to
blow-up solutions using the concavity method with condition (C,). Finally, in Sect. 3, we
discuss condition (C,), comparing it with conditions (4,) and (B,), together with the con-
dition B(0) > 0, the parameter p > 1, and the initial data condition.
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1 Preliminaries and discrete comparison principles

In this section, we start with the theoretic graph notions frequently used throughout this
paper. For more detailed information on notations, notions, and conventions, we refer the
reader to [16].

Definition 1.1
(i) A graph G = G(V,E) is a finite set V of vertices with a set E of edges (two-element

subsets of V). Conventionally used, we denote by x € V or x € G the fact that xis a
vertex in G.

(i) A graph G is called simple if it has neither multiple edges nor loops.

(iii) G is called connected if for all vertices x and y, there exists a sequence of vertices
X = X0, X1,...,%,-1,%, = ¥ such that x;_; and x; are connected by an edge for
j=1,...,n (called adjacent).

(iv) A graph G’ = G'(V',E') is called a subgraph of G(V,E) if V' C V and E’ C E. In this
case, G is a host graph of G'. If E’ consists of all the edges from E that connect the
vertices of V” in its host graph G, then G’ is called an induced subgraph.

Definition 1.2 For an induced subgraph S of a graph G = G(V, E), the (vertex) boundary
dS of S is defined as

3S:={z € V\ S|z~ yforsomey e S}.

Here, x ~ y means that two vertices x and y are connected (adjacent) by an edge in E.

Throughout this paper, the subgraph S is assumed to be induced, simple, and connected.
Also, we denote by S the graph with vertices and edges in SU3S. We note that by definition
the set S is an induced subgraph of G.

Definition 1.3 A weight on a graph G is a symmetric function w: V x V — [0, +00) sat-
istying the following:
(i) w(x,x)=0,x€V,
(i) wlx,y) =owy,x)ifx~y,
(ili) w(x,y)>0ifand onlyif {x,y} € E,
and a graph G with weight w is called a network.

Definition 1.4 The degree d.x of a vertex x in a network S (with boundary 9S) is defined

as

dypx = Zw(x,y).

yeS

Definition 1.5 For p > 1 and a function u : S — R, the discrete p-Laplacian A, on S is
defined by

Apott®) = Y [u(y) = u) [ [u() - (@) |o(x,5)

yes

forx e S.
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Definition 1.6 For p > 1 and a function u : S — R, the discrete p-normal derivative ?i_u"
on 98§ is defined by

i—Z(Z) = ;’u(z) —u(@) [ [ul2) - u@)]w(x, 2)

for z € S.
The following two lemmas are used throughout this paper.

Lemma 1.7 (See [17]) Let p > 1. For functionsf, g : S — R, the discrete p-Laplacian A,

satisfies

2> " g@)[-Apuf @)]

xeS

= SO @ F0) - F@)][g0) - g@) ], ).

x,y€S

In particular, in the case g = f, we have

2 FO[-Apaf @] = D [f @) - £ )| o, ).

xeS x,y€S

Lemma 1.8 (See [12]) For p > 1, there exist Apo > 0 and a function ¢o(x) >0, x € SU T,
such that

=D pw®o(x) = Apoldpo(x)[P2Po(x), x €S,
Bl¢o] =0 on dS,

where B[¢y] on 3S stands for
Bl _
kD52 + o (@)|po(a) d0(a), €35,
1
Here I’ := {z € 3S| u(z) >0}, and p,0 : S — [0, +00) are functions such that (z) +o (z) > 0

for z € 0S. Moreover, A, is given by

Y sl - u) P y) + Y 22 u)
Apo = min

ue A,u0 ers | M(x) |p ’

where A:={u:S—> Rluz£0inS,u=00ndS\ I'}.

The number 1, is called the first eigenvalue of A, on a network S with corresponding
eigenfunction ¢ (see [18] and [19] for the spectral theory of the Laplacian operators). In

fact, we note that if I is the empty set, then ), _,. % lu(2)|? is 0.

Remark 1.9 It is clear that the first eigenvalue A, is nonnegative. Moreover, we note here

that the first eigenvalue 1, satisfies the following statements:
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(i) Ifo =0, then 1,0 =0.
11 o ,then A, > 0.
(ii) If 0, th Apo >0

We now discuss the local existence of a solution to equation (2). To discuss the local
existence, we would like to investigate the relationship between the boundary condition
B[u] = 0 and the initial data u,.

Remark 1.10 Consider the function ¥ : R — R defined as

U) =Y |y —ulbe O [y - ux 0)]alx) + bly [y,

xe§

where a(x) > 0 for x € S, and b > 0 with a(x) + b > 0 for some x € S. Then it is easy to
see that i is a continuous function that is strictly increasing and bijective on R. Therefore
there exists a unique p € R such that ¥ (p) = 0. It means that for all z € 95, we can uniquely
define the value of u(z,0) according to the given boundary condition B[«] = 0 and initial

data uy, that is, for every z € 95, u(z,0) is determined such that

d _
M(Z)ﬁ(z, 0) + 0 (2)|ulz, 0)|P *u(z,0)=0, zeds,
b

where p,0 : 9S — [0, +00) are given functions with (z) + o (z) > 0 for all z € 3S. Therefore
we have a compatible condition such that the initial data u, satisfies

w(2)—(2) + 0 (2)|uo(2) |p72uo(z) =0, ze€dS.

By

We will prove the existence of the solution to equation (2) using the Schauder fixed point
theorem. For this reason, we first define the set C(S x I) for a compact interval I:

C(SxI):= {u : S x I — Rlu(x,-) € C(I) for each x € S}.
Also, we need the following modified version of the Arzela—Ascoli theorem.

Lemma 1.11 (Modified version of the Arzela—Ascoli theorem) Let F be a compact subset
of R, and let S be a network. Consider the Banach space C(S x F) with the maximum norm
llet|ls,F := MaxXyes Max;cr |u(x, t)|. Then a subset A of C(S x F) is relatively compact if A is
uniformly bounded on S x F and equicontinuous on F for each x € S.

Proof This lemma is already proved by Chung and Hwang [14]. O

Theorem 1.12 (Local existence) There exists ty > 0 such that equation (2) admits at least
one bounded solution u such that u(x,-) is continuous on [0, ty] and differentiable in (0, ty)
foreach x € S.

Proof We first start with the Banach space

C(S x [0,0]) := {u: S x [0, 5] = Rlu(x,-) € C([0,%)]) for each x € S}
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with the maximum norm ||us;, := maX,es Maxo<<s, |1(x, £)|, where £, € R is a positive

constant, which will be defined later. Now consider the subspace
By, = {u e C(S x [0, t0]) 14|50 < 2ll40]l5,10 }

of a Banach space C(S x [0, £]). Then it is clear that B, is convex. To apply the Schauder
fixed point theorem, we have to show that By, is closed. Let g, be a sequence in B;, that
converges to g. Since the convergence is uniform, g is continuous. Moreover, |||g,|ls —
liglls,o! < llgn — glls,, implies that g € B,,. Hence By, is closed.

On the other hand, for every u € By, we can uniquely define the value of u(z, t) according
to the boundary condition B[] = 0 in a similar way to Remark 1.10, that is, for every

u € By, u(z, t) satisfies

M(z);—L;(z, L)+ o(z)|u(z, t) ’pizu(z, £)=0, (z,t)€dS x[0,£]
p

forall (z,£) € 3S x [0, £o], where , 0 : 3S — [0, +00) are given functions with u(z) +o(z) > 0
for all z € 3S. Then by the boundary condition it is clear that u(z, ) satisfies |u(z,t)| <
letlls o (28) € 3S x [0, Zo].

Let us define the operator D : B,, — B,, by

Dlu](x,t) := uo(x) + /Ot Ap o, s) +f (ulx,s)) ds,  (x,8) €S x [0,%],

where 1, : S — R is a given function.

Since f is locally Lipschitz continuous on R, there exists L > 0 such that
V(ﬂ) —f(b)| <Lla-b|, a,be[-m,m],
where m = 2||ug||s,,. Now put

foe ll 405,z
0= )
w0(4”u0”5,t0)p_1 + 4'L||u0||s,t0

where g := max, g ) 5 @(x,y). Then it is easy to see that the operator D is well-defined.
Now we will show that D is continuous. The verification of the continuity is divided into
two cases as follows:

(i) 1<p<2.

For u and v in By, it follows that

to
| D[u)(x,8) - DIv](x, £)| < ‘ / > 2P u - v (@, y) + Lilu—vlsy, ds
0 -
yes

2— -1
< to[2Pwollu = iy, + Lllu = vlisg]-

(i) p>2.
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For u and v in By, by the mean value theorem we have
|Dlu](x,t) - DIV](x, )|

=<

to
f > (@ - Dl12uoll 220~ Vlis, 0%, 9) + Ll — vils,, ds
0 =
yes

=

to
2p-3 p-2
f > 223 (p— Dluoll 2Nl — Vliso@(®,9) + Ll — Vil ds
0 yeS

2p-3 -2
< 1o[2%%(p = Dlluoll,y wollse = Vil + Lllst = V550 ]-

Consequently, for each p > 1, we obtain

-1
< Cillu =iy, + Collu—vlise,

| Dl - DV,

where C; and C, are constants depending only on uy, %, p, L, and w,. Therefore we
obtain the continuity of D.

Finally, we will show that D(B(ty)) is relatively compact. By Lemma 1.11 it suffices to
show that D(B(t)) is uniformly bounded on S x [0, £y] and equicontinuous on [0, £]. Since
D(B(ty)) € B(ty), it is trivial that D(B(Z)) is uniformly bounded. On the other hand, it fol-
lows that for each x € S,

|Dlu](x, 1) — Dlul(x, £2)| < |11 — tal [0 (4l ol s0)" ™ +ALhol5,1,]

for all £1,t, € [0,2] and u € By, which implies that D(B(Z)) is equicontinuous on [0, £].
Hence D(B(ty)) is relatively compact by Lemma 1.11. Therefore by the Schauder fixed point
theorem there exists u € B(ty) satisfying D[u] = 4 and the boundary condition B[u] = 0. It
is clear that u is the solution to equation (2). On the other hand, it is easy to see that u
is bounded. Moreover, u(x, -) is continuous on [0, t] and differentiable in (0, £y) for each
x € S by the definition of D and the boundary condition B[u] = 0. d

Now we state two types of comparison principles.

Theorem 1.13 (Comparison principle) Let T > 0 (T may be +00) and p > 1, and let f
be locally Lipschitz continuous on R. Suppose that real-valued functions u(x,-), v(x,-) €
C[0, T) are differentiable in (0, T) for each x € S and satisfy

u (%, ) — Apotu(x, t) — f (ulx, )
> vk, t) — Ap v, t) = f(v(x, 1),  (x,£) €S x(0,T),
Blu] > B[v] on 8S x [0,T),

u(x, 0) > v(x,0), x€S.
Then u(x,t) > v(x,t) for all (x,t) € Sx[0,7).

Proof Let T > 0 be arbitrarily given with 7" < T. Since f is locally Lipschitz continuous
on R, there exists L > 0 such that

V(ﬂ) _f(b)| §L|ﬂ _b|) a:b € [—m,m], (5)
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where m = max, s maxo<;<7{|u(x, t)], [v(x, £)|}. Let &t,7: S x [0, T'] — R be the functions
defined by

—2Lt

ixt) = e 2ulx,t), (xt)eSx [0, T/].

W, t) = e v(x,t), (x,t)eS x [0, T’].
Then from (4) we have

i1 (%, £) = V(. 1) ] = €20 A i, £) = Ao (5, 2)]
+ 2L[it(x, t) - v(x, t)] - e_m[f(u(x, 1) —f (v(x, t))] >0 (6)
for all (x,£) € S x (0, T7].
We recall that #(x,-) and ¥(x, -) are continuous on [0, T"] for each x € S and S is finite.
Hence we can find (xo, £) € S x [0, T"] such that
(# - V)(x0,t0) = min min (& - V)(x,1),
xe§ 0=<t<T’
which implies that

Uy, to) — V(xo, o) < 16(y, to) — ib(x0, tp), Yy €S. (7)

Then now we have only to show that (& — ¥)(xo, £5) > 0.
Suppose that, on the contrary, (& — v)(xo, to) < 0. Assume that xy € 3S. Then we see that

0 < (o) Y_[|itlwo, to) — (e, to)|” ™ (it(xo, to) — (e, to))
xeS
— [#x0, to) = 7x, 20) | (W0, t0) — ¥, 1)) Jeo(ox0, %)

+ 0 (o) (#(x0, to) — V%0, t0)). (®)

Therefore, if o(x) > 0, then equation (8) is negative, which leads to a contradiction. If
o (xg) = 0, then we have

(%0, to) — V(xo, to) = u(x, to) — V(x, to)
for all x € S. Hence there exists x; € S such that
(%0, to) — V(o, to) = u(x1, to) — V(x1, to).

Hence we may choose x; € S. Moreover, since i(x, 0) — #(x,0) > 0 on S, we have (x, ty) €
S x (0, T’]. Then we obtain from (7) that

Apoit(x0, t0) = ApwV(%0, o) > 0, )
and from the differentiability of (i — ¥)(x, £) in (0, T"] for each x € S it follows that

(s — V¢) (%0, ) < 0. (10)
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According to (5), we have

2L (%o, to) — (%0, o) | — € 20 f (u(x0, to)) — f (v(x0, £0)) ]
< 2L{i(xo, to) — V(x0, t0) | + Le | u(xo, to) — v(%o, to) |
= 2L[iu(xo, to) — V(xo, o) ]| + L| (o, to) — ¥(ao, to)|

= L[ﬁ(xo’ tO) - 1~/('760’ t())] <0, (11)
since u(x, o) < V(x0, o). Combining (9), (10), and (11), we obtain that

u(x0, to) — V(xo, o) — [Ap,wl?(xOy t0) — ApwV(x0, to)]

+ 2L[£l(x0, t()) - f/(xo, to)] - e_ZLtO [f(u(xo, t())) —f(V(x(), to))] <0,

which contradicts (6). Therefore i(x, t) > v(x, ) for all (x,£) € S x (0, T'], so that we get
u(x, t) > v(x, t) for all (x,t) € S x [0, T), since T’ < T is arbitrary. a

When p > 2, we obtain a strong comparison principle.

Theorem 1.14 (Strong comparison principle) Let T > 0 (T maybe +00) and p > 2, and let
f be locally Lipschitz continuous on R. Suppose that real-valued functions u(x, ), v(x,-) €
C[0, T) are differentiable in (0, T) for each x € S and satisfy

Mt(xr t) - Ap,wu(xf t) —f(u(x, t))
> vi(x,t) — Ap v, t) —f(v(x, ), (x,6) €S x(0,T),
Blu] > B[v] on 39S x [0,T),

M(x: 0) > V(x¢ O)’ X € §

(12)

Ifu(x*,0) > v(x*,0) for some x* € S, then u(x,t) > v(x, t) for all (x,t) e SUT x (0, T).

Proof First, note that u > v on S x [0, T) by the previous theorem. Let 7’ > 0 be arbitrarily

given with 7" < T'. Since f is locally Lipschitz continuous on R, there exists L > 0 such that
[f(@)-f(b)| <Lla-bl, abel-mm], (13)

where m = max, s maxo<;<7{|u(x, 2)], [v(x, £)|}. Let T : S x [0, T'] — R be the function de-
fined by

(%, 1) = ulx, t) — v(x, £), (x,£) €S x [0, T'].
Then 7(x,t) > 0 for all (x,£) € S x [0, T']. From inequality (12) we have

(5%, 8) = Apou(x®t) = Apov(x® ) = [f(u(x",2)) - f (v(x*,2))] = 0 (14)
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forall 0 < ¢ < T'. Then by the mean value theorem, for each y € Sand 0 < ¢ < 7", it follows
that

|u(y, t) — u(x*,t) |p_2 [y, t) — u(x*,t)] = |v(, 8) — v(x*, t) |p_2 [v(y, ) = v(x*, )]

= -y [r0ht) - T, 0)], (15)
where |¢ (x*,,t)| < 2max, s maxo<;<7 |u(x, £)], |[v(x, t)|. By (13) and (15) inequality (14) be-
comes

T (x*, t)

> —d,x"(p - 1)[2M]p_2t(x*, t) - L|t(x*, t)‘
= —(dwx*(p —1D[2M]P% + L)r(x*, t).
This implies
T(x*8) = T(a", O)e_(d“x*(”_l)[ZM]pJ*L)t >0, te(0,7T7], (16)
since 7(x*,0) > 0. Now suppose there exists (xo, %) € SU I" x (0, 7] such that
T (%0, o) = min  t(x,t) =0.
xeSUT0<t<T’'

Casel:xg € S.
Since T (xo, %) < T(x, ) for all (x,£) € S x [0, T"], we have

7:(%0,20) <0
and

Ay ot(xo, t) — Ap o V(¥o, o) > 0.
Hence from inequality (12) we obtain

0 < 7;(%0, o) — Apwth(X0, o) + ApV(x0, to) < 0.
Therefore we have

Ay ott(Xo, t) — Ap o V(¥o, to) = 0,

which implies that 7(y, ) = 0 for all y € S with y ~ xy. Now, for any x € S, there exists a
path

Xg XL Xy X,

since S is connected. By applying the same argument as before inductively we see that
(%, 1) = 0 for every x € S, which is a contradiction to (16).
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Case2:xgeI'.

By the boundary condition in (12) we have

ou av
M(x)[ap_n(xo’ to) — ap—n(xo,to)]

= a(x)[|u(x0,t0)|p_2u(x0,t0) - vl 1) |p_2V(x0:t0)] =0,

from which it follows that
u(xo, to) — ulx1, to) = vixo, to) — v(x1, o)

for some x; € S with xy ~ x1. This means that t(x;, %) = 0, which contradicts to Case 1.
Hence we finally obtain that u(x, £) > v(x, ) for all (x,£) € S x (0, T), since T’ < T is arbi-
trary. g

Note that by the comparison principle, if f(0) = 0, then solutions u to equation (2) are
nonnegative. On the other hand, it is natural that f is assumed to be positive on (0, +00)
when we deal with the blow-up theory. Hence we always assume that f is a locally Lipschitz
continuous function on R, which is positive in (0, +oo) and f(0) = 0. Moreover, we assume

that the initial data u, is nontrivial and nonnegative.

2 Blow-up: the concavity method
In this section, we discuss the blow-up phenomena of the solutions to equation (2), which

is the main part of this paper.

Definition 2.1 (Blow-up) We say that a solution u to equation (2) blows up at finite
time T > 0 if there exists x € S such that |u(x,£)] - +o00 as ¢ / T~ or, equivalently,
D e lulx, )| > +ooast /T,

To state and prove our result, we introduce the following condition:
(Cy) aF(u) <uf(u)+pu’ +y, u>0,

forsomea >2,8>0,andy >0with0< g < %.
Remark 2.2 We have the fact that A, = 0 if and only if o = 0 (see [12]). Therefore we can
easily obtain that the condition on « in (C,) depends on the boundary condition and p > 1
as follows:
(i) fo =0,thena >2 forallp > 1.
(i) Ifo #£0,thena>2forall1<p <2.
(iii) If o #£0, then @ > p forall p > 2.

We now state the main theorem of this paper:
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Theorem 2.3 For p > 1 and the function f with hypothesis (C,), if the initial data ug sat-

isfies
— Z |u0 (%) — uo(y) |pa)(x,y) - — Z % |Mo(Z)\p
xyeS el’
+ Z (uo(x)) —y]>0, (17)
xeS

then the solutions u to equation (2) blow up at finite time T* in the sense that

lim u?(x, £) = +00,
t—>T* Z ( )

xe§

where y is the constant in e condition (C,).

Proof First, let us define functionals by

A(t):=) WPx1), >0,

xeS

and

(2)
= ZS| x,t) — u(y,t) ’ x,y)—ZZFZTz) u(z,t)|p
xye z€

+Z x,t) t>0.

xeS

Then we have from equation (2) and Lemma 1.7 that

Alt) =2 ule, )] Apoulx, 1) + f (ulx,1))]

x€S

=22u(x,t pol(%, L +2Z u(z, t z, +2Zu(x,t)f u(x, ))

xeS zel xeS
=— Z |u(x, ) — u(y, t)|pa)(x,y) 22 iz )|u(z, t) |P
x,y€S
+2) " ule, t)f (ulx 1)). (18)
xeS

Applying condition (C,) and Lemma 1.8, we can see that (18) implies

At)>2 Z[al—"(u(x, 1) - Bul (x,t) - y] - Z |u(x, t) —u(y,t) |pw(x,y)

xeS x,y€S

-22 | @)l

zeF

zZaB(t)—Z,BZup(x, (— - 1) Z| u(x, t) — u(y, t) ’ (x,9)

x€eS x,y€S
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> 2uaB(t). (19)

Here it is easy to see that if 1,0 = 0 or & = p, then B = 0. Therefore, even though 1,5 =0
ora =p, (19) is true.

On the other hand, we have from equation (2) and Lemma 1.7 that

1

B(5)=-3 > |y, ) =l £)P 7 [y, ) = s 0] [ 9 8) — s 5, )] 0(, 9)
x,y€S
_ ; % |u(z, t) |p_2u(z, Bz, t) + ;f(u(x, 1)) (%, t)
9
_ ng Apott(x, (3, 1) + ;s %—Z(z, B)ita(z, ) + ;f(u(x, 1), £)
= > e, [ Apouln, ) + f (ulx,1))]
xeS
= Z ul(x,t) > 0. (20)
xS

Now we will show that

%[A‘%(t)B(t)] = —%A‘%‘IA’(t)B(t) +ATIB(£) >0 (21)

for all £ > 0. Using the Schwarz inequality, from (19) and (20) we obtain that

2
%A’(t)B(t) < %[A’(t)]z = [Z ulx, £)ug(x, t)] <Y WD) uxe

xe§ xeS xeS

=A(t)B (1)
for all ¢ > 0. Therefore inequality (21) is true, which implies that
1 o ('3 o
2o AT (DA() = A7 (0B(?) = A2 (0)B(0) > 0. (22)
o

Solving the differential inequality (22), we obtain

A(t) = |: o . 2-a ]m'
—(@ - 2)aA~3 (0)B(0)t + A3 (0)

Hence A() blows up in finite time 7 with0< T < (a—g)(gje(o)' O
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Remark 2.4 The blow-up time can be estimated roughly as

1 2
(@=2)a erS ”o(x)

0<T<

 Tyyeslo@-uo0)Pow)  Yeer G4 ’
pes ot “; 49 5 o [Fluo) - )

Remark 2.5 Chung and Choi [11] obtained the blow-up results for equation (2) under the
Dirichlet boundary condition in the continuous setting, where p > 2 by using condition
(Cp). In fact, their condition had the assumption « > p, which is one of the main differences
to us.

3 Discussion on condition (C,) with the initial data conditions

In this section, we compare conditions (4,), (B,), and (C,) and discuss the role of B(0) > 0.
First, we consider the Neumann boundary condition o = 0. Summing up over S to equa-

tion (2), we have

Z us(x,t) = Z Apou(x, t) — Z Apott(z,t) + Zf(u(x, t))

xeS x€S z€dS xeS

= Zf(u(x, 0).

xe$§

From this equality we can obtain that the time behavior of ) _¢ u(x,¢) is determined by

Y vesf(u(x, ). Therefore by the definition of the blow-up we can expect that the blow-up
condition for the solution # depends only on f, not on p. On the other hand, for all p > 1,
condition (C,) is represented by

(2+€)F(u) <uf (u) +y

for some € > 0 and y > 0, which also does not depend on p.
From now on we consider the boundary condition o # 0. Let us recall the following
conditions:
forl<p <2,
(Ap) (2+6€)F(u) < uf(u),

(By) 2+€)F(u) <uf(w)+y,
(C) Q+eFm) <uf(w)+pu’ +y,

where

€>0, 0<B< and y >0,

and for p > 2,

(Ap)  (p+e)F(u) < uf (u),
(Bp) (p+e)F(u) <uf(u)+y,
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(Cp) (p+e)F(u) <uf(u)+pu’ +vy,

where

(28
€>0, 0<B< p,O, and y>0
p

for every u > 0. Here F(u) := fouf(s) ds.

It is easy to see that (4,) implies (B,) and in turn (B,) implies (C,). In fact, the first
eigenvalue A,, which depends on the domain, is not contained in conditions (4,) and
(Bp). However, condition (C,) depends on the domain due to the term Su”. From this
point of view, condition (C,) can be understood as a refinement of (B,), corresponding to
the domain. On the contrary, if a function f satisfies (C,) for every domain, then the first
eigenvalue 1, o can be arbitrarily small so that condition (C,) gets arbitrarily closer to (B,).

Remark 3.1 In fact, there have been efforts to obtain the condition € = 0 in the continu-
ous analogue. For example, Junning studied the blow-up solutions to equation (2) in the
continuous setting under the Dirichlet boundary condition with the assumption € = 0 in
(Ap) and the initial data u, satisfying

1 4p-1
— / |Vu0(x) |p dx + / F(uo(x)) dx > (Piz / u%(x) dx,
ple 2 Tp-2)7pJa
where p > 2 and 2 C RY (see [7]). From this point of view, for p > 2, our condition € > 0
with B(0) > 0 improves the conventional results.

Now we consider the cases p > 2 and 1 < p < 2 to investigate conditions (4,), (B,), and
(G-

Casel:p>2.

Assuming that € > 0, we obtain that condition (C,) is equivalent to

d (F(u) y 1 B 1)

— >0, u>0. (23)
du\ut*¢ p+e ul¢ € ut

In a similar way, assuming that € = 0, we have

du\ ww p w

Hence (23) and (24) imply that for all ¥ > 0 and p > 2,

(A,) holds if and only if F(u) = u?*“ I (u),
(By) holds if and only if F(u) = u?*“hy(u) + b,

(C,) holds if and only if F(u) = u?*“h3(u) + au” + b,
for some constants € >0, a2 >0, and b >0 with 0 <a < %O, where /1, Ky, and k3 are
nondecreasing function on (0, +00).
Case2:1<p <2.
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We obtain that (C,) is equivalent to

i(@_L.L_L. ! )>0 >0

u2+e 2+¢€ u2+e 24+¢ -p u2+e—p

which implies that forallu >0and 1 <p <2,

(A,) holds if and only if F(u) = u¥hy (u),
(Bp) holds if and only if F(u) = urhy(u) + b,
(Cy) holds if and only if F(x) = u?*hy(u) + au? + b,

for some constants € >0, 2 >0, and b >0 with 0 < a < A;’T’O, where /1, Ky, and k3 are
nondecreasing function on (0, +00).

In case 1 and case 2, the constants €, a4, and b may be different in each case. Also, the
nondecreasing function /; is nonnegative on (0, +00), but /4, and 43 may be not nonneg-

ative in general.

Theorem 3.2 For p > 1, let f be a real-valued function satisfying condition (C,). Suppose
that f (u) > AP, u > 0, for some A > A, o. Then the following statements are true.

(i) There exists m > 0 such that hs(u) > 0 for u > m.

(i) There exists ¢ > 0 such that f(u) > tu™>P=LU+€ 1 > .

(iii) Conditions (B,) and (C,) are equivalent when p > 2.
Proof (i): First, it follows from the fact F(u) > ]%up > A’;foup that

A=Dpo

umax{p,2}+éh3(u) =F(u) - au’ —b> u? — b,

which goes to +00 as u — +00. Therefore we can find m > 0 such that 43(m) > 0.
(ii): (i) implies that

F(u) > u™™XP2po(y),  u>m.
Putting it into condition (C,), we obtain
au™ X P Do () < uf (u) + Bu? + .
Hence we obtain that
o™X P o () < f(u) + BuP ™! + r < <1 + i)f(u) +y, u=m>0,
u Apo
which gives
fw)>cu'™, u>m>0,

for some ¢ > 0.
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(iii): Now consider the case p > 2. Then it is trivial that (B,) and (C,) are equivalent when
€ = 0. Therefore we may assume that € > 0. Since 0 < g < dp%‘o and f(u) > Au > Apou, u >0,
it follows from (C,) that

QFW) + (p + ) F ) < uf () + 2202 1y,

2 e
where €, = GT”‘O >0and €, = € — €; > 0. This implies that for every u > 0,

W) +y = (p+ )F(u >+e1/ [£(s) - 25" ds

> (p + €)F(u),
which implies (B,). O

In general, only condition (C,) may not guarantee the blow-up solutions for every initial
data . Therefore, from now on, we are going to discuss when we can find initial data u,
that satisfies B(0) > 0.

Lemma 3.3 Let p > 1. If there exists vy > 0 such that F(vp) > %Vg + y1, where y, >y, then
there exists the initial data uy such that B(0) > 0. Here wq := maX,cs d,X.

Proof First of all, there exist a,b > 0 with 0 < a < b such that F(v) > %Vl’ + Y1, V€ (a,b),
since F is continuous on [0, +00). Now, we consider the function u,(x) satisfying

a<uglx)<b, x€8,
O<uox)<b, xel,
up(x) =0, xe€dS\T,

which satisfies the boundary condition B[u,] = 0. Then we obtain that

B(0) = }7 D7 Juo) — o) o) — w0 (6) o () (, )

*€S yes

+ Z uo(x)

x€S

>——ZZup Z[F(uo(x))—y]

xeS yes xeS

:——Zup(x wx+Z uox)

xeS x€S§

>Z[ (o)) — °u5(x>}—y|5|

x€S

>y1lS|=yISI =0,

where |S| denotes the number of vertices in S. O
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Corollary 3.4 The following statements are true.
(i) If there exists (a, b) such that F(v) > %vp +y1, 1 =y forevery v € (a, b), then for
every uy satisfying the boundary condition Blug] = 0 such that

a < uy(x) < b, x €S,
0 < ug(x) < b, xel,
uo(x) =0, x€dS\ T,

we see that B(0) > 0.
(ii) IfF(v) > wov™™ 21} 4 1 €1 >0, 1 >y, for every v € (0,+00) on SU I, then the
solutions blow up for every initial data ug >0 on SU I'. Here wg := MaXycs dyx.
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