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Abstract

The first purpose of this thesis is to derive the implied volatility of call options asymptoti-
cally under stochastic volatility models including the Heston model and the SABR model
and under local volatility models including the CEV model and polynomial models. By
minimizing the mean square error between the derived asymptotic implied volatility and
the market implied volatility data, parameters can be estimated. Also, under the Black-
Scholes model with the assumption that the short rate is zero, the asymptotic implied
volatility of Asian call options can be derived such that the Asian call options can be
priced without monte carlo simulations.

The second purpose of this thesis is to price interest rate derivatives under the Hull-
White model. From the treasury yield data, the yield curve can be derived by the cubic
spline curve method. With this curve, the formula for 6(¢) in the Hull-White model is
derived. By setting b = 0.5 and estimating ¢ from the historical volatility, the Hull-White
model can be calibrated. Now, interest rate derivatives can be calculated with closed form
formula except for swaptions. Since there is no closed form solution for swaptions, they
are priced approximately.

Keywords : Heston model, SABR model, local volatility model, Black-Scholes model,
Hull-White model, cubic spline curve
Student Number : 2014-21189
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Chapter 1

Introduction

As is described in the abstract, the first purpose of this paper is to derive the asymptotic
implied volatility of call options under stochastic volatility models including the Heston
model and the SABR model and under local volatility models including the CEV model
and polynomial models. By comparing the implied volatility with the poly-fit of the
market implied volatility data, we can decide parameters. This method is valid since
there is a one to one correspondence between the option price and the implied volatility
due to the positivity of the vega value of the call option under the Black-Scholes model.
This means the option price increases as the implied volatility increases. Also, estimating
parameters is meaningful since the future behavior of the stock can be simulated by monte
carlo simulations.

The strategy for deriving implied volatility asymptotically is as follow. Firstly, derive
the partial differential equation of the implied volatility. Secondly, expand the implied
volatility as a polynomial series with the variables x; = log(%) and 7 = T — t. Finally,
compare this with the poly-fit of the market implied volatility. By this process, we can
estimate parameters.

In the case of Asian options, firstly assume that the risk-neutral interest rate is zero.
This assumption is required since deriving the partial differential equation of the implied
volatility without this assumption is too complex to handle. Even though the assumption
seems not realistic, it turns out that this doesn’t affect the implied volatility much.
Secondly, derive the partial differential equation of the implied volatility. Finally, derive
the asymptotic implied volatility curve.

For the second purpose, we calculate the prices of interest rate derivatives such as bond
options, caplets, caps, swaps, and swaptions under the Hull-White model. By deriving
the cubic spline curve that fits the market yield data, setting b = 0.5, and estimating o
as historical volatility, the Hull-White model is calibrated. Then, the bond dynamics is
derived under which interest rate derivative prices are calculated.



Chapter 2

Main Ideas on the Implied Volatility

Even though there is a closed form call option price formula in a model, sometimes it is
hard to estimate the market-fitting parameters. However, it is easy to estimate parameters
when the asymptotic implied volatility curve is derived.

Now, let’s change the stock price S; to the log-money x; = log (K ) as a variable of

the implied volatility where F;, = Sye” ™% is the forward price of the stock at time ¢ and
K is the strike. This change is due to the fact that x; is closer to 0 than S; is such that
the implied volatility expressed as a polynomial series in terms of x; rather than S; is
more accurate.

Let’s think of the call option with strike K and expiration time 7" and introduce the
probability space (2, F, (F;), P) with F; = F}¥ which means that the completed filtration
is generated by the standard Brownian motion W;. At time ¢t < T', the call price is given
by

T OB((Sp — K)|F).

Since St = Fr holds, this can also be written as
e " TVE((Fr — K)4|F).
Under the Black-Scholes model, the call price is of the form
SN (dy) — Ke "M N(d,)

where N is the cumulative normal distribution and d;, d> are defined as

 log(%) T
d1 g\/T——+

dgzdl—U\/T—t

with the volatility o. Since S; = Fye™"(T= this can also be written as
e "T(E,N(dy) — KN(dy)).

Since the implied volatility is the volatility of the Black-Scholes model that makes these
two call prices equal, the equation

E((Fr — K)|F) = FiN(dy) — KN (d)



is satisfied under the implied volatility. By dividing both sides by K and expressing F;
in terms of x; = log(K/F}), we get

E((e™ = 1)1 |F) = e N(dr) — N(dy).

Now, define C as
C(t 1) = E((e7" = 1)+|F)

for stochastic volatility models and
Clt ) = E((e™™ = 1)4|F)
for local volatility models. Define C?° as

CPS (1, w) = e ™ N(dy) — N(dy).

In the above equation, d; and dy are defined as d; = —7¢ + %w, dy = —2 1

“t — sw where 1; =
log(%) and w = o(t,z,v)/T — t for stochastic volatility models and w = o(t, x)V/T —t
for local volatility models. Note that ¢ is the implied volatility and v is the stochastic

volatility. For t5 > t;, since
E(C(to, w4y, vi)|F1y) = E(E((e7" = 1)1[F,)|Fey) = E((e7" = 1)1 |F,) = Cltr, 2oy, v1,)

holds, the process C is a martingale. Therefore, the dt term of dC' must be zero. In
stochastic volatility models,

1 1
dC(t,z,v) = Cidt + Cpdx + §Cm(da:)2 +Codv + 50,,,,(0[1/)2 + Cy(dzdv).
In local volatility models,
dC(t,z) = Cydt + Cpdx + %Cm(dx)z.

With these, we can derive the partial differential equation of C'. Since C' = CP*, we can
express the derivatives of C' in terms of the derivatives of C'®S. Now, we need to calculate
the values of C,,C,,C,.,C,,C,,,C,, where T = T — t. Before calculating these values,

we need to calculate CBS CBS CBS CBS CBS.

CBS = —e7*N(d,), CBS =¢N'(dy)

1 | 2w
CBS — —CBS CBS_ CBS — CBS = CBS — CBS Z )
Now, let’s calculate C,, Cy, Cyy, C,, C,p, Chy.
C, = CfSwT, Cc, = C’fs + Cfswm, Core = C’ffps + Qijwx + Ofgwi + Cfswm

BS BS, 2 BS BS BS BS
c,=C"w, C,=C o w,+C  w,, Cu=C, w,+C . ww,+ C  w,,.

By inserting CB% CB% (B3 into these equations, we can express C;, Cy, Cpi, C, Coyy Cy

T ) Tw w

in terms of C25 and C2° as below.

C, = CB%, (2.1)

3



C, = CPY 4 OB, (2.2)

_ __~BS BS + | 4T Y
Cow =—-C°+ C (w + ( 2 Dw, + <w3 1 Jw; + Wey) (2.3)
C, = CB%y, (2.4)

2
BS ¥ w9
Co =Cy ((@ - Z)w” + W) (2.5)
T 1 22w

Coy = CB3((— -~ - 5) v+ (5 — Z)wywx + W) (2.6)

By inserting these to the partial differential equation of C', we can get the partial dif-
ferential equation of the implied volatility o which is also shown in p.5 of [7]. However,
it is hard to solve the PDE. Therefore, the asymptotic method is required. In stochastic
volatility models, let’s expand the series as

o(r,2,v) = a(z,v) + b(w, )T + ez, V)" + - -

where
a(z,v) = ao(v) + a1 (v)r + ax(v)2® + az(v)a® + - -

b(z,v) = bo(v) + by (V) + ba(v)2® + b3(v)2® + - - -
c(z,v) = co(v) + c1(vV)x + co(v)a? + cs(v)a® 4 - -+ .

In local volatility models, there is no v. For both models, the partial differential equations
of a,b, and c are derived by comparing 7¢ terms in the PDE of . Likewise, a,, b,, and ¢,
are derived by comparing z* terms in the PDE of a, b, and ¢, respectively.

Let the market implied volatility data be X, X5, -+, X,, and the corresponding mar-
ket log-money data and the maturity term data be zy,25,--- , 2, and 7,75, -+ , 7, TE-
spectively. Then, the mean square error is

with no v in local volatility models. By minimizing this, all the parameters can be esti-
mated.



Chapter 3
Main Results on the Implied
Volatility

3.1 The Heston Model

The Heston model follows the stochastic volatility model
dSt = TStdt + \/V_tStdWhg

dl/t = /‘i(e — Vt)dt + fﬁdet

dWltdWQt = pdt
log (%) where F, = S;e"™=1 ig the

This model was introduced in [6]. Now, let x;

forward price of a stock at time ¢. Then,
dF, = d(S;e"TY) = e T=04S, — re"T08,dt = \/v,S,e" T VdWy, = /v FdWy,

dF, 1/dF,N? 1
Ly ( t) = Suidt — /rdWWi,

Fy

d{Et:—dIOgFt:—F 5
t

such that the Heston model can be transformed to
1
dl’t = iytdt - \/Zqu

dvy = k(0 — 1) dt + £/ dWoy
dWltdWQt = pdt

Now, let’s calculate the differential of C,

1 1
dC(t,z,v) =Cydt 4+ Cpdx + 5%(@)2 + C,dv + 5OW(OW + Oy (dzdv)
1 1
:<(Jt + 5(Ca + Cua) + 50 = ¥)Cy + 5€Ciy - pgyow) dt

— CovdWhy + CLé\/vdWay.

Since the dt term is zero due to the martingale property of C', we get
1 1
C, + él/(C’x + Chr) + k(0 —v)C, + §§2VC,,V — pévC,, =0

5



By changing the variable system from (¢, z,v) to (7,z,v) where 7 =T — t,

Cr= %V(Cx + Cmc) + "1(9 - V)CV + %SZVCVV - 1051/01'/'

By substituting (2.1)-(2.6) to the above equation, we get

2
v(wy + — — (— + Dw, + (% — %)wi + Wyy) + k(O — V)w,

2
2
(g = Sl ) — (g + S+ (o

By inserting w = o(7, z,v)\/7 and multiplying both sides by o3,/7, we get

— Z)wywz + Wy ).

L,

1
oo+ 50 :51/(02 — 2200, + 1%07 — 1—10403/,7'2 + 0°%04,7) + k(0 — V)oio,T
1 1 1
+ §§2V(x203 — 1040372 +0%0,,T) — péu( 3

—x00, — —0°0,T
2
+ 20,0, — 10401,0337'2 + 0°%0,,T).

Now, by letting o(7, z,v) as

o(r,z,v) = a(x,v) + bla, )T + c(z, V)% + - --
and comparing the 79 coefficients, we get the PDE of a(z, v),

1 1 1
§a4 = §V(a2 — 2zaa, + 2°a?) + 5521/372@3 + pévzraa, — ptvaa,a,.

By letting a(z,v) = ao(v)+ a1 (v)z+as(v)z? +as(v)z?+- - - and comparing @' coefficients,
we get

ap(v) = 12

1
ar(v) = ZP@_I/Q
1

() = 15(2 = )

1 B
as(v) = —5ep(5 = 8p) e3>,

Note that in these equations, x and # don’t appear and they cannot be estimated. There-

fore, 71 asymptotic implied volatility terms are necessary. This means b(z, v) that includes
k and 6 must be calculated for some extent from the PDE of a and b,

1 1
3a®b :§V(2ab —2z(ab, + azb) + 22%a,b, + alay,) + k(0 — v)d’a, + §§2y(2x2al,b

1
+ aSCLW) — pév(—z(ab, + a,b) — §a3al, + x2(a,,bm +azb,) + a?’ax,,).

By letting b(x,v) = by(v) + b1 (v)x + - - - and comparing x* coefficients, we get

1 1 1
bo(v) = 5P+ (B — )y — (4 )

6



1

5
bi(v) = = gep*€v 1t = 2 pEr(0 — )y — S ptry
1 1
— —p(5-38 -3/ 16 — 13p%) &332,
055 — 8p DS 3317 p )€Y
Now, let’s estimate v, p, . Let the market log-money be x; and the market implied volatil-
ity be X; for i =1,2,--- ,n. Since the zero order approximation of a(z,v) is
(I(ZE,T/) = V1/2_|_... s
the corresponding mean square error is given by
MSE(v) =) (V' - X;)”.
i=1
By differentiating with respect to v, we get the estimator of v,
D= <ZZ:1 ) .
n
The first order approximation of a(z,v) is
e Lo
ale,v) = v 4 o
such that
n 1 A
MSE(p,€) =Y (o0 i+ (0 = X)))*.
i=1
From this, we get the estimator of p&
PO > UGS O
> i1 T
The second order approximation of a(z,v) is
e Lo 1 1 2,,-3/2,.2
a(z,v) =v'? + 2pfv™ 2w + (2 = 5p%) &% +-
4 48
such that
~ 1 1
MSE( —1/2,,. 52 £253/2,2 2 _ X ))?
(€ ; TP P 2 (2= 5" P 4 (0 ))
1 €21 204 ey 3 N A
Zw —|—2304 —20p°€" 4 25p7E v sz

i=1
R 1
+ Z(V1/2 — X;)* + %(2,053 505630~ Z T
i=1

1 o~ . )
+ §p€V 1/22xi(yl/2 —X) ( £ 5p 5 3/2Z$ 1/2
=1



Under the condition p§ = pAf , we can rewrite the MSE as

n

MSE(Q) =350 Dt + ﬁ(zxs‘* — 20(5€)€2 + 25(5) )i Y !

=1
+> (0 = X)? ( (p€)€” — 5(p)?) Zw
=1

n

%@5),;—1/22%@1/2_&) 51(267 — 5(4)) —3/2295 (572 -

i=1

Note that there is no p in the above equation. By differentiating this with respect to &,
we get

B9 wl — 8(p )0 L o — 32082 3L, a3 (912 — Xo)
= Sl '

Since p¢ = pt,

Py pf
£
Now, Let’s consider the 7! approximation of the implied volatility. In this case, let the
maturity data be 7, 7,--- , 7,. Since the approximation of implied volatility is
1 1
a(z,v) + b(z, v)T =% + przfl/% 4 4_8(2 5p2) €232
1 1 1
+ (§p£V1/2 + Zﬁ(e . I/)V_l/2 o %(4 . p2)£2y—1/2)7_ e
we get
MSE(r.0) =3 (g0 = 2)5~ i+ (777 + P62 = 58
1 2
+ (A€ — (- ) - X)) )
96
By differentiation, we get
— ~ n 1 R 1
kKO —v)=(0O—-1D)=— 4( ; ﬁ1/27_i(191/2 + Zﬁgﬁ_l/%i T 48( 5p%) €203/ 22
1 n
) (557

Since we have already estimated k(6 — v) as m@) — #(A — D) and by (v) has x and 0
terms as a form of k(6 — v) and k, the mean square error of ag(v) + a1 (v)x + ax(v)z? +
bo(v) 4+ by (v)zT to the market implied volatility data is actually a function of x only.



By differentiating the mean square error of x with respect to k, & is derived. The mean
square error of k is

. 1 p 1.
MSE(k) = ; ( — E/ﬁpfl/ 22T + ( 12 4 pff/’l/%z + 48(2 — 5p2) 207322 + <§'55,;1/2
+ lﬁ(?_\,j)ﬁflﬂ _ i(4 _ pﬂ)g?pfl/?)T. + ( _
4 96 '
1

- 53/
0575~ 85°)E%0 %% +

Looron 1o D o 7 a9
ogP € g Perl0 —v)v

1 A 2
+ 5716 = 130957 i — ;) )

such that

N 1 -
(2= 5582202 + (S plo?

B 1
—12p_1§ 1 VQ(ZQ“""T( 2 4 ,05 _1/2xl+48
i=1

1 — 1

1 52 O .o
200 — V2 2~ 22 —1/2> , < Y P Vo R R o NA—3/2
+ 4%(9 V) 96( p*)E Ti + 06" S 48p§/f(9 Vv

%p(m —13)E% ) aim - X)) / ( Z;: 2272).

__A5_8'\2 F2~—3/2
o (5 — 807 )E T+

Then, 0 is of the form
- k(0 —v)

~

K
Another way is to derive the poly-fit of the implied volatility with

0=

2
§ 2
MSE(m07 mq, Mo, M3, m4) = <m0 + myx; —|— mgxi —I— maT; —|— MyT;2; — Xz) .
i=1

~

Let mg, mq, ma, m3, my be the corresponding values that minimize the MSE. Then 2, p, &, <, 0

is

U= mg
2momy

V/6mdma + 10m2m?

p=

€ = 2y/Griifing + 1033

1 IR 15
K= N < - 5m1m3 + 2m Oml — 5m0m1m2 — —ml — 3TR4
my mo 2
1 1
— (5 — -3/2 A ) A—3/2>
3571 PR 4 15”16 — p°)E

A 1
0 = 0+ —(drhging — 2y + 4y + 6Mmam?).
K



3.2 The SABR Model

The SABR model follows the stochastic volatility model

dFt = VtFthWIt
dl/t = Oél/tdWQt
dWltdWQt = pdt

This model was introduced in [4]. The estimation of parameters «, 3, p, v is required. The
dynamics of x; = log(%) is

B dF, : (dFt

|
- ) = SURFP = v AW,
t

Since F; = Ke ™, we get

dxy = % 2R72Q=200 gy O 0P gy,

th = Oél/tdWQt
dWltdWQt == pdt
such that

1 1
dC(t,xz,v) =Cidt + Cpdx + —C'm(dx)2 + C,dv + —C'W(dy)2 + Cy(dzdv)
<C’t + 2y2K26 20(2=2B)x Y(Cr+ Cop) + ;a v2C,, p@yzKﬁfle(lfﬁ)xCIJ dt

— vKP =B awy, + avC,dWsy,.

Since the dt term is zero due to the martingale property of C', we get

1 1
Cy + 2V2K25 20220 (0 1 C,,) + 2a V20, — pat KPP =0
By changing the variables from (¢, x,v) to (7, x,v) where 7 =T — t, we get

1 1
C, = 5 V2K 2c(2-20)e H(Cp + Cue) + 20z V20, — pat KPP

By substituting (2.1)-(2.6) to the above equation, we get

1 2 jr26-2,(2-20)x 1 w, P w 1 5 5, 2% w
W _51/ e (E — 23?@ + (E - Z)w + wm) + 50[ v ((E — Z)w + w,,l,)
- pauQKﬁ’le(l"B)x((——x - 1)w + (_x2 — =)W, W, + Wyy).
w2 270 w4 m

By inserting w = o(7, z,v)y/7 and multiplying by o3/7, we get

1 1
oo+ 504 :51/2](25_2@(2_25)””(02 — 2x00, + :pzai 404027'2 + o UMT)

1
+ ~a?v* (2P0l — 404027'2 +0%0,,7) — par? KP e =P (_go0,

1

2 14

1 1

5 odo, T + 120,0, — 104%%72 + 030,,7).

10



From o(7,z,v) = a(z,v) + b(x,v)T + c(x,v)7? + - - -, we get the PDE of a(x,v),

1, 1

1
—at = VPR 72202 (2 9z aa,+xla )—I—2a2y2x2a2+paV2Kﬂ_le(1_5)m(xaal,—anVax).

2 2

Note that the above equation includes «, 3, p, v all such that there is no need to calculate
the b terms. By a(z,v) = ao(v) + a1 (v)x + az(v)z? + az(v)zd + - - -, we get

aop(v) = vKP!
1 1
—ap=—(1-BwK + =
1 1
az(v) = E<1 — B2 KP4 Ea2(2 — 32w K

1 s 1 .
as(v) = —10®(1 = B)(2 = 3p" )y K7 — —ap(5 — 6p" )y K.

The log version MSE on ag(v) is

n

MSE(v,B) = Z(logl/ + (B —1)log K; — log X;)%

i=1

By differentiation, we get

(<z;;1 logKyy(yn logKilogXs) _ (§on logXiy(smn %U
<Z?11°%f<> — oy, Qs fal

) Z log K; log X
o .
i=1

U = exp

(i, (L =
(o, =™ )2 -

p=1+ T

An alternative way is to consider

n
MSE(mg,my) = Z(mo +my log K; — log X;)%.
i=1
We can get mg, m; that minimize the mean square error such that
mo

Vv=e

B =1y + 1.

For a(z,v) with
-1 (L -1, 1
a(z,v) =vK’™" + (5(1 — B)vKP™ 4+ §&p)x + -

the mean square error is

n . 1 . N 2
MSE(a, p) Z( apr; + (ﬁKiB_1+§(1—ﬂ)ﬁKf_lxi—Xi)> )

=1

11



From this, we get

For a(x,v) with
g1 (] g1 1
a(z,v) =vK" " + (5(1 — )K" + §ozp)x

1 1
— (1= B)*wK* 1 + Ea2(2 — 32 WKt

(3

the mean square error is

"1 4 3 1 N 1
MSE(a,p) = (EaQaflKﬁﬁxf + (ﬁKf’l +(5(1 - BKP + 5 (@)

i=1

. - 1 2
— PR = () K] e —Xi)) .

This equation is earned with the condition that ap = alp. Since dp is not a variable, this
is actually a function of a only. Thus, by differentiating this with respect to «, we get

& :( - 6(2;3 DRI (Mf*l + (%(1 — Bk ¢ %(dp))xi
b= AP ot - x)) /(30ad))

1=

Since ap = ap,

>
|
> §>

By considering

n

« 1 . R
MSE(mg,mg Z <m2$1+m3y lKl 5 2 <ﬁKZﬂ—1+_(1 _6>’>Kﬁ_1xl

2 1
1 2
+—(1— B)PE 2 — X)) ,

we can get Mo, mg that minimize the mean square error such that

) 2my
P = 5
12

___;rx_-l! _'\-.‘I.“:I_ 1_--]| «f.l]_ =1
I T



3.3 Local Volatility Models
Local volatility model follows the stochastic process
dSt = T'St + f(t, St>Stth.

The dynamics of z; = log(%) is

dry — %g(t, )2t — £t 2)dW,
such that
dC(t, z) = Cydt + Cydz + %Cm(dmf
= (C + %& (t,2)2(Cy 4 Cip))dt — £(t, 2)CpdW,.
Since dt term is zero due to the martingale property of C', we get
Ci + %ﬁ(t, 2)2(Cy + Cra) = 0

such that |
C, = 55(7, x)Q(Cx + Cos)

with 7 = T — ¢. By substituting (2.1)-(2.3) to the above equation, we get

1 5, 1 2z 2w, o,
wr = 55(77 ) (E Bk (E - Z)wx + Wyy).-

Since w(T,x) = o (7, 2)y/T,

21422

20°0,7 + ot = &(1,1)*(0? — 2200, + 2°02 — 10 0T + 030 ,507).

The squared local volatility £(7, z)? can be expressed as

2030, + ot

&(, x)z = 1

0? = 2w00, + 1202 — ;040272 + 030, T

2030, 7 + ot

(0 —x0o,)? — ia”‘agﬂ + 0304, T

200,T + o2
1

_ 40z)2 _ 1 2,22
(1—-2%)2 — 2020272 + 004, T

200,.T + 02

(1 —=2(logo),)? — icr?a%ﬂ + 00T

Let the local volatility (7, x) as

&(r,z) = p(x) + q(2)7 + r(z)r + -

13



where each p(z), g(x),r(z) is of the form
p(x) = po + prx +p2:c2 +p3x3 + .-

q(z) = qo + o + @ + gza® + - - -
r(x) = ro+rmx + roa’ + raxd 4+ -
Let o(7,z) be
o(r,z) = a(x) + b(x)T + c(g;)72 4.
and compare the coefficients of 7¢. Then, the PDE of a(x) is

4

a* = p*(a® — 2waa, + 2°a?) = p*(a — xa,)?

such that
a® = pla — zay).

By dividing both sides by a?, this can be transformed to

such that
T

Jo wyde
Even though this is a closed form formula, sometimes the integral of ﬁ is hard. Even in

the case that the integral is easy, it might be hard to apply the MSE method. Therefore,
considering another way is meaningful. One way is to regard a(x) as p(%) since [ Iﬁdm ~

a(x)

p(xg). Another way is as usually letting a(z) = ag + a17 + asz® + - -+ and comparing the
2
z" coefficients. Then,
Qo = Po
1
ay = 5])1
1 1pf
s = =py — ——
2 3272 12 o
Gy = ipy 1Pz 1D
ST A6 po 24 p2
=Ly Bpws  Aps, 2 pips 19 pi
YT 20 py 45pe | 180 p2 7203
1 2 pipa Lpaps | 29 pips  133pip3 401 pipp 67 p}

56" T 15 e 6 po | 240 p2 810 p2 3240 pg | 3240 ph

Equivalently, there is a relation between the derivatives of a and p



2 _ L o 1p(1)(0)
5 L 3 1p1(0)p®(0) | 1p1(0)?
0 = g )‘5 W0) 0P
S Lo 3p0(0)p®(0) 8 p®(0)* | 23pM(0)*p™(0)  19pM(0)!
0) = 500 - 50 5 p0) 15 p02 30 p0)p
5 L s 2pM(0)p™W(0)  5p@(0)p®(0)  29pM(0)%p®(0)
PO =g O TG T a0 12 0P
133 pM(0)p(0)* 401 pM(0)*p@(0)  67p™M(0)°
2 P02 54 p(0pF 27 p0)

For b terms, we get the PDE of the form

6a’b = p*(2ab — 2x(ab, + azb) + 22°a,b, + a’a,,) + 2pq(a® — 2waa, + 2°a?).

With ¢(z) = M, another equation can be derived. Let’s go back to the equation
a(x)

1
200,7 + o = &(T, $)2<(1 — z(loga),)* — 4020272 + UUMT>
Since
logo =log(a+br+---) =loga+log(l+¢r+---) =loga+ ¢7+---

z(logo), = x(% + g+ )
holds, (1 — z(logo),)? is

The last equality is from the equation 1 — z% = %. Now, the comparison of coefficients
of 7! induces
9 9 a a?
4a”p = p*(—22¢,— + aGz) + 2pq—
p p
2
9 a
= —2x¢,pa + p aaz, + 2q—.
p

Therefore, we get
dapp + 2xp*, = pPag. + 2qa.

Equivalently,

a 1
Thp +2—¢p = =
p

q
App + —a.
2p P

2

15



According to p.144 of [5], this equation has a solution of the form

1 a(x))? a(z)” Taly), v
o) =—<|— log——/— dy ).
0 ==3057) (s Gl =y it ™)
Even though ¢(x) has a closed form formula, it is useful to derive a polynomial series of

¢(x),

O(z) = do + P12 + doa® + g3z’ + - - -,

with . ) .
_ 1 L2, 1%
G0 = 61001?2 24291 + 2P
1 Ipigo | 1qu
o1 = 4]?0103 3 2 + T

When it is the case that the local volatility does not depend on 7, the local volatility is

o(r,z) = p(x) and the calculation of ¢q, 1, P2, and ¢3 is easier. In this case, ¢ = 0 such
that the partial differential equation is

4ap¢ + pr2¢x = pgaxx

with 1 1
_ o 2
Yo = 6290292 24191
1
¢1 = ZPOP:&
_ 3 1 1, 1 pips 23 pf
02 = GPOP T 3PP T 1gGP2 T 365 0 T 576 2
1 1 1 p2 NTpp? 91 PP 2623 p°
b3 = ~PoPs + —p1ps — L Pib3 X hpy p1]2?2 B p_;
3 30 240 po | 180 po 3240 pz 129600 pg

Now, under the assumption that the local volatility does not depend on 7, let’s calculate
72 asymptotic implied volatility terms. With ¢ (z) = c(z)

a(z)’

logo = log(a + br +cm? +---)
=loga +log(l + ¢7 + 7% 4 --+)

:10g@+<¢7+¢7—2+)_%(¢7—+¢7—2+)2+

=loga + o1+ (¢ — %¢2)72+---
and z(log o), is
2108 0), = (= + 0u7 + (Yo — 90u)T" + ).
Therefore, (1 — z(logo),)? is
(1= 2(log0),)* = (1= 2~ — wh,7 = 2(by — 66,)7 + -+ )?
= (1= 2)? = 200,(1 — 2257 + (= 20(t; — 66,)(1 —2°%) + 2262 )72 + -
:

= % — 2:1:¢ng + ( — 2z (Y, — <Z5<Z5x)% + x2¢i)72 + -

16



such that

B0+ 3007 = (=206 = 002)°s + 06 = 10 + 0016+ ala).).

For v () with
V(@) = o +hrw+ -,

we get

1

1
Yo = ——pepi + —Dpeps

1 2 17 T 1 S 1,
96 4Opop2 80p0p1p2 1152]71 10}?0])4 2Op0p1p3

1 1 109 5 319 p8 1

_ 3 o 2 I 2 = 3 By § - 2
Py = ogPoPL — ggPoPip2 + 120PoP1P2 — SygPiPe + 21600 o + 1 PoP1Pa

1 1

7 2 5 o 1 4 3
+ 1921?0]91173 + 48pop2p3 + 4p0p5 + 96p0p1p2p3 33 4p1p3.

3.3.1 The CEV Model
Under the CEV model, a stock price follows the stochastic process

dSt = ’f’Stdt + Sgth

This model has a local volatility £(¢, S;) = S7 . With z, = log(%)> we get the following
local volatility
§<t7 xt) = K’yfle(l*W)wte(lffy)r(T,t).

With 7 =T —t, we get
E(rymy) = K7 1ert=mre=mze

By expressing the CEV model local volatility as a polynomial series,

1
§(r,x) = K'lelt = (1 +rl =7+ 5 (=) + - )

with
p(x) = Kl

g(x) = r(l —y) Kt
1
r(x) = 57‘2(1 — 'y)ZK”_le(l_”’)x.
By inserting p(x) to the closed form formula of a(x), we get

_(=y)E
) = A= e-a=e)

By the formula of ¢(x),

o) =3 (%)20% (e<1—v>21_—72;—<1—7>x)2> N (1=e ),




Since b(z) = a(z)p(z), we get

2.2

_ 1 (1 B 7)K771 3 (1 — )z r —(1-v)z\2
“x”‘_§x<1—e%kwx>(k%(Awa1—e—@wny>_(1—7ﬂ@w4“_e >>'

Note that 7 = 0 in the CEV model implies that (7, 2) = K7~ 'e=)7 is not dependent

on 7. In this case,
plz) = K 1=y
with .
pOZK’y_la P11 = (1_7>K’y_17 P2 = 5(1_7)2K7_1
1

. 1 . | .
ps=c(L=)’K7 pi= (1=K ps = s (1=K

6
With these, we get

120

1 157
Yo = K4V—4( - %(1 -7+ %(1 - 7)4>

1 7417 1
=K - —(1- ——(1-— —(1—7)°
V1 ( 11 T 00— F 350 ’V))
and K50 1 157
xr
- v 1 220y
0 (1—e—<1—v>x)< 96 7’ * 5760 7))

K5 7417 1

e (R ([P T ( — (1-
(1 — e-(—a) ( w07 aggap 1 =+ gz - )
The log version MSE on ayg is

n

MSE(y) =Y ((y = 1) log K; — log X;)*.

=1

By differentiating with respect to v, we get

Yo (log K;log X;)
Z?:I(log K;)?

In the case of £(t,5,) = £€S] ", the MSE is

y=1+

n

MSE(~) = (logé + (v — 1) log K; — log X;)?

i=1
such that
n  logK; n lo o n lo n  (log K;)?
é_exp<<ziﬁgf)(z“—lg““) (0L, ) (D, 5
o n o1 10 Kl2
(g, k) — 3oy | Gl

y=1+

(S, leelay(son loaXey g loaKilog X
: .
(S, leakiyz _ son (oK

18




3.3.2 Polynomial Model I
a polynomial model has a polynomial local volatility
E(1,7) = a+ Bz + y2* + 07 + 7.
In this model, p(x) and ¢(x) are
p(z) = a + Br + ya?
q(z) =9+ 0x
such that pg = a, p1 = 5,p2 = 7 and gy = 6§, ¢; = 0. Therefore, we get

4~ 23 3%y 19 p*
= — 2 _ e
4 45 a 180 a2 72003
133897 401 By N 67 /35

TR0 a2 3240 o | 3240 ot

MSE on qq is

n

MSE(a) =) (a—X;)?

i=1

such that

The first order approximation of a(z) is
1
a(x) :a+§,6’x+---

such that

n n

MSE(B) =) (a+ %ﬁazi - X;)? = Z(%Bmi + (& — X;))*.

i=1 1=1
By differentiating this with respect to 3, we get

b= o2z 95:'1(07 . Xi)
D im1 i
The second order approximation of a(z) is
1 1 1 2
a(a:) ZOZ—FEBSE—F(g’Y—E%)QZz—F“'
19



such that

1. 1 1 32
MSE(y) =) (a+ P+ (57 - E—)x- — X;)?
=1
- 1 2 A 1 1 Bz 2 2
= vt ZBr, — — % — X)),

i=1
By differentiating this with respect to v, we get
~ A D)
S (6 + 3B — 55 et — Xoa?
D iy

Now, let’s go to the case of b(z). Since b = ag,

§=-3

1 1 1
bo = apgpo = 50 + 6]9(2)192 - ﬁpopf
1 1 1 1 1
b1 = app1 + ar¢o = §Q1 - EQOp_ + 41901?3 + 1oPoPiP2 — 48 P
Therefore, we get
b — 15+ 15 1 g2
0= 60‘ T
1 .5 1
by = —6 — —5 — — —pB3
3 + ﬁ 48ﬁ
The zero order approximation of the 1mphed Volatlhty including 7 terms is
1 1 1 2 1 9
a(:c)+b(x)r—a+§ﬁ:c+(3*y—ﬁ—) + (= 5+6a’y —404&)74—
such that
21 1 - 1 1 32 1 1 2
MSE()) = (—52- v+ —fz; + (=5 — ——)z2 + (=6°F — —ap? Z-—XZ)
(9) 2; ST+ (6 + Sfm+ (57 — 55 )t + (5677 = 166" — X))

By differentiating this with respect to 9, we get

n ~ A N A2 oA A
Sy i(@+ 3B+ (3 — £ 5k + (2% — Had)m - X;)

0 =—2
2?217_12
Now, the first order approximation of the implied volatility including 7 terms is
1 1 1P 1 ,
a(x) + b(x)T =a + —ﬁx+ (57 - E_) ( 5+ 6@ v — 4@5 )T
1 16 3
+(§9—Eé +— 57——5 )T + -
such that
"1 1. 1 1 32 1. 1 1 -
MSE(8) = (—9” ( L (o 2Py o ds oy Taes - gy,
(0) ; 3 T+ a—l—zﬁx +(3'y 12&)1’14-(2 —1—6047 24045 )T
1.8 1 . 1. 2
150 g L x)
Tl TR gf T



Therefore, we can estimate 6 as

. " 1, 1 s, 1 Py
0=-3 (A SB7i+ (57 — 5 5)al + (50 + 26% — 6T
; RN T R L L TR
1.6 1., 1 3

Equivalently, consider
mo +mix + m2x2 + Mm3T + MyuxT

such that
n 2
MSE(’ITL(), mq, Mo, M3, m4) = Z <m0 + myx; + mgx? + msT; + TpX;T; — Xz> .
i=1
By differentiating this with respect to each of m;, mg, mq, Mo, M3, and Mmy are earned such
that

07:7”77,0

B = 21y
~2
7—37";7/2—1‘ Al
myo

N 2

3.3.3 Polynomial Model I1
Another polynomial model has a polynomial local volatility
&(r,z) = a+ Br +ya® + 0z + O2*.

In this case, p(x) = a+Bar+yr2+d23+02* such that py = a, p1 = B, p2 = 7,03 = 6,ps = 0.
Therefore, we get

ag —

1

a1—§ﬁ
1 1&2
a—_ —_— —
2737 " 12,

1 3B 4~* 233 195
ayg=-0-— — —— _—

5 200 45 a 180 a2 72003
Now, let’s find the 4th order polynomial that fits the data most. The MSE is

n
2
E 2 3 4
MSE(mO,ml,mQ, ms, m4) = (m() +myx; + moX; + msx; + myx; — Xz) .
=1

21



By differentiation, we get mg, mq, ms, m3, and my such that

& = my
B =2y
~2
A mi
v =3mg + —
mo
2 . M1y
(5 = 4m3 + 4 ~
mo
A ml 3 m2 m2m2
N 1
0 = 5y + 6———— + 4—2 .
0 mo my

3.4 Asian Options under the Black-Scholes Model

The Black-Scholes model is
dSt = TStdt + gStth

Under this model, the implied volatility of Asian options can be derived when r is zero.
Note that the Asian call option price with zero short rate, strike K, and maturity T is

given by .
1
E((T/O Stdt—K>+).

According to [1] and [2] that are also mentioned in p.2 of [8], the process fOT Sidt has the
same distribution with SyYr where the dynamics of Y7 is

dYy = dT + EYrdWry

such that the Asian call option price can also be written as

2((%F-x),)

Under the implied volatility, this equals to

SoN(dy) — KN (dz)

I e
E<?/O Stdt> - T/o E(S))dt = Sp.

By equating both and dividing by Sy,

since

E((T - §0)+> = N(dy) — SEON(dQ).

With X = log(sﬁo),



Now, define C' as
et =5((-))

and define CB% as
CB3(X, W) = N(d,) — e*N(dy)

where d; and ds are

X 1
dy=— 4=
1 W+2W

X 1
©=—g 3"

with X = log(sﬁo) and W = o (T, X)V/T. Let’s define a function F as

ﬂﬂﬂ:(%—JL

with X fixed. Then, the dynamics is
1
dF = FrdT + FydY + §Fyy<dY)2

where Fr, Fy, Fyy are given by

T2 \T
1 /Y
Y TQ T €
Fyy = ﬁé(f — € )

Note that 6 is the Heaviside step function and ¢ is the Dirac delta function. This technique
is introduced in pp.13-14 of [3]. By inserting these values to dF and deleting the dV;

term,
(7 ), =7z ~)(7 ) - 7oz )

Bl ) S -

holds. The dW; term is deleted since it is zero under the expectation that is to happen in
the next step. By taking F on both sides of dF' and applying the rule F(dF) = d(E(F)),
we get

i =777 =)+ gm0 ) g (703 )

Since




E((;(; — 6X>> = Cxxe X — Cxe 2%

holds, the PDE of C' can be earned

1 1 1 1
Cr + ?C = TCX — TG_XCX + éfz(CXX — Cx)

Let’s multiply both sides by 7" and differentiate both sides by X. Then, we get
1
TCrx = (1_67X>(CXX_CX)+§£2T(CXXX_CXX)- (31)
Now, it is necessary to calculate the derivatives of C' in terms of CP% as
Cx = C85 4 CB5Wx
Cxx = CBS + 208 Wy + CBS (Wx)? + CBS Wiy
Cxxx =C¥%x +3C%xwWx + 30w (Wx)® + Cfgyw (Wx)?
+3C Wxx + 305 WxWxx + CF Wi xx
Crx = O3 Wrx + CRAWr + CSy Wx W

To calculate above values, we need to know the values C¥5 CF°, CE%, C&5. CB,

C1XXX7 C’XXI/V7 C’XVVW7 C{WI/VI/V

CBS = XN'(dy), OB = —eXN(dy)

4 1 1 _ _
Clfie = CRECXW™ = JW), Clf% = GRS - XW), O = O+ Cfw™

4
BS 4 —6 1 2 -2 1 2 2 —4 1
1 1 1
CBs = CV';S(§X2W*3 — X3W P — S+ ZXW*l + 2XW3)
1
Co5%x =CHP (=W 2+ - — XW 24+ X2W 1)

4
Cixx =C¥° + CBS( W — XW),
Now, let’s get the values of Cx,Cxx,Cxxx,Crx in terms of C)]?S and Cﬁ,s

Cy = CBS 4 CBSWy

1
Cxx =C% +OBS(W™ + (1 —2XW H Wy + (X°W 3 — ZW)(WX)Z + Wxx)

Cxxx =Cx° + Cv’%s(éwl — XW™) 4 (—3W 24 Z —BXW 43X W
3 3 3

+(GXW = BXOWTP S TXW 46X ) (Wy)?

3

2

1 1
+ (= = 3XW HWxx + (X W0 — 5X2W*2 + EW2 - 3XxX*w

1 3
- Z)(Wx)g +(B3X°W P — ZW)WXWXX + Wxxx)

24



1 1
Crx = 0555((5 — XW HWyp + (X2W 3 — ZW)WXWT + Wrx).

By substituting the above C'x, Cxx,Cxxx, and Cry formulas to (3.1), we get

1 1
T((§ — XW )Wy + (XPW 2 — ZW>WXWT +Wrx) = (1—e ) (W™ = 2XW Wy

| |
+ (XWTE = W) (W) + Wix) + §§2T< CW (12X W)W — (X2 R

1
— W) (Wx)? = Wx + (gwl — XW ) 4 (=3W 2 4 2 —3XW 2 4 3X2W Wy

3 3 3 3

+ (§X2W‘3 —3X3W P — S+ ZXW‘l +6XW ) (Wx)? + (5 - 3XW )Wy x
1 1 1

+ (XW 5 — 5X2W—2 + EW2 —3X?W — 1)(WX)3 + (3X*W 3

3
— ZW)WXWXX + WXXX)-

With W = o(X,T)v/T and multiplying both sides by o(X, T)5v/T, we get

1 1 1 1
ZU7T — 5%05 + §UGUTT2 — zotorT + 55132040)( — gJSUxTz + z%0®

1
+ éaﬁaXT + 00 xrT? = (1 — e ¥) (0 — 2z0'ox + 2%0%0% — 1070§T2 + 0% xxT)

1
oxorl — ZU7JXaTT3

3
U§{T3 —oloyxT? + §U5T — z0°
2

3
3 2 3 3
o303 T — 32%00% — o oxT

+ %§2< — 0T — 6% T? + 2x0tox T — $2030§T + 307
—30toxT + ZO‘GO'XTQ — 3zotoxT + 322020y + ng
+ iad P05 T? + 620 0% T + 20 oxxT? — 3xooxxT + z*c — ;x2 o3 T? + 1i6
T — 4_10 O‘XT3 + 322030 xoxxT — ZU7UXUXXT +o%oxxxT )

8 3 i
oxT’

2 2 3
—3z70 0%

Let o(X,T) be
(X, T) = a(X) 4+ b(X)T + c(X)T? + - - .
By comparing the TV coefficients, we get

1 1
—§Xa +2X2a4ax =(1—e¥)(a® - 2Xa'ax + X?a*a%)

1
+ 552(—)( a® +3X%a%ax — 3X 3aa2X + X 4a3X)
with

V3
1
a; = 1—OCL0
23
“ 2100
1

3500

a2

az —
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This result is the same as the equation (55) in p.11 of [8]. By comparing the T coefficients,
we get

1 7 1 1
Za7 - §Xa4b + §X2a4bx +3X?%aaxb + §a6aX = (1 —e ) (5a* — 2X (a*bx + 4a’axb)
1 3
+ X?(2aaxbx + 3a’ab) + a®axx) + §§2< —a® 4+ 2Xa*ax — X?a*a% + §a5 —3Xa’b
3
—3a'ax — 3Xa'ax + 3X*(2aaxb + a’bx) + §X2a3a?x —3X?(2aaxbx + axb)

+ 6Xa3a§( —3Xataxx + 3X4a§(bx — 3X2a2a§( + 3X2a3aXaXX)

with
61
=———ua
°” 2100 °
33
by = ———ad.
LT T g00"0
Here, we can price Asian options with the asymptotic implied volatility
1 1 23 1
— (14— — 2 S,
alw) = ZE0+ 5% ~ 31007 T 3500° T )

The price formula is
AN(dy) — Ke ™" N(dy)
where A, d;, dy are defined as

A= erTlE(/TS dt) = e”’Tl /TS e"dt = &(1 —eh)
IR At A

log(£) + (r+503)T
oT
dy =dy — oVT.

Note that the assumption that the short rate is zero is only used in the process of deriving
the implied volatility.

dy

3.5 Simulation Results

Now, let’s check if the formulas for parameters «, 3, v, - -- are appropriate. Focusing on
the Amazon call options with stock price at May 29 being 1604.01 USD and maturity
being July 6, we can figure out if every formula is sketched well by comparing the price

in the market with the price derived from monte carlo simulations. Further, Asian option
price can be derived.
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3.5.1 European Call Price

Amazon option at May 29 with maturity July 6 and stock price 1604.01

Strike  Market Heston SABR CEV Poly 1
1,580.00 67.76  60.645444 62.013403 61.032228 64.252564
1,585.00 62.93  56.480284 58.660591 59.730168 61.604195
1,590.00  60.75 53.23883  57.386392 56.830303 59.248404
1,595.00  54.00  50.430531 52.002971 52.659427 54.10636
1,600.00  52.65  49.743746 50.306041 50.877847 53.304915
1,605.00  49.77  46.732249 47.595102 48.054903 50.419906
1,607.50  46.75  45.715583  46.773268 45.260608 48.754384
1,610.00 47.64  43.549376 46.178112 45.183742 46.684461
1,612.50  46.50 42.894484  44.649311 44.410964 45.229907
1,615.00 44.65  40.632874 43.385943 43.340332 44.176436
1,617.50  45.81  39.554687 40.865873 41.766556 42.619492
1,620.00 41.83  37.094714 40.373545 40.426768 40.603717
1,625.00 38.62  36.445526 38.245524 39.694598 38.905353
1,630.00 36.45  34.915661 35.761398 36.552927 37.149369
1,635.00 35.09  33.879022 34.668515 35.334606 35.689422
1,645.00 30.05  28.711506 31.135566 30.345976 30.914223
1,650.00  26.55  27.451116 27.253689  28.82947 29.661548
1,655.00  24.86 25.39695  26.576591 26.872059 26.576432
1,660.00 23.20  24.181304 23.687733 25.131676 24.582443
1,665.00  25.05  22.242366 23.535113 24.618654 24.216653
1,670.00  22.62 21.125216  21.335455 22.136501 21.439892
1,675.00 21.65  19.653131 19.624961 21.105888 21.109992
1,685.00 16.77  17.209686 16.976963 18.407306 17.465296
1,690.00 15.67  16.823898 16.577191 17.036417 16.878361
1,695.00 13.71  14.734694 14.257787 15.918647 15.498633
1,700.00 13.07  14.467532  13.34931 14.636945 13.914245
1,705.00 11.40 13.3584127 11.690837 13.308013 12.6997
1,710.00  12.20 11.87443  11.375263 12.610207 11.331498
1,715.00 11.09  11.641844 10.632232 11.690617 10.484525
1,720.00 10.13  10.290186 10.206354 11.057457 9.718831
1,730.00  8.00 8.944739  8.550755  9.795459 7.537434
1,735.00  7.63 8.178623  7.625618 9.0609 6.832857
1,745.00  6.33 6.368693  6.449534  7.552583 5.894523
1,750.00  5.52 6.254262  5.878925  6.948637 5.260258
1,755.00  5.33 5.62798 5487726  5.921315 4.544115

The Heston model parameters are o = 0.050190081,5 = 0.39701068, p = —0.365239988, k =

594.4852068, and 6 = 0.047395476. The SABR model parameters are U = 2.163752732,3 =
0.679324515, and p = —0.426107241. The CEV model parameter is
4 = 0.798033. The polynomial model I parameters are & = 0.233796, = —0.541884, A=
—1.648903, 6 = 0.035764, and 6 = —0.082893. Next, let’s check the polynomial model I1.

0.69346191, 4 =
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Amazon option at May 29 with maturity July 6 and stock price 1604.01

Strike Market 1st Order 2nd Order 3rd Order 4th Order
1580.00  67.76  62.328396 66.276659 70.942473 35.665267
1,585.00 62.93 57.521639 61.212552 66.233476 35.257526
1,590.00 60.75  55.385036 57.887647 60.657215 34.846038
1,595.00 54.00 53.100918 54.434931 54.907698 32.060563
1,600.00 52.65 50.346866 52.17523  53.392602 31.268189
1,605.00 49.77  46.300455 48.696107 50.612378 29.804021
1,607.50  46.75  45.780669 46.840566 49.182237 29.635226
1,610.00 47.64 45.568062 46.503396 47.709509 29.331383
1,612.50 46.50  43.685226 46.021092 46.990064 28.739526
1,615.00 44.65 42.501372 45.015383 45.487439 28.451286
1,617.50  45.81  42.248048  43.11987  44.804047 27.312222
1,620.00 41.83  40.341442 41.049844  43.57711 27.230459
1,625.00 38.62 39.395962 38.216222 41.027755 25.924875
1,630.00 36.45 36.495998 36.276953 38.551065 25.038825
1,635.00 35.09 35.270748 34.538835 35.322679 24.176529
1,645.00 30.05 30.597934 32.286329 31.464469 21.449801
1,650.00 26.55  27.951415 29.669126 28.865567 21.091353
1,655.00 24.86 26.410051 27.708456 27.423512 19.339344
1,660.00 23.20 25.636072 24.828057 25.750921 18.925484
1,665.00 25.05  23.485878 24.437263 25.066976 18.158616
1,670.00 22.62  23.103578 22.763239 22.261224 16.47043
1,675.00  21.65 21.09127 19.911892 20.053077 16.32382
1,685.00 16.77 18.134223 16.478888 18.234761 14.592728
1,690.00 15.67 16.720867 15.291114 16.69328 13.594538
1,695.00 13.71 16.222728 14.944222 14.755005 13.218692
1,700.00 13.07 14.939491 14.382047 14.221829 11.500508
1,705.00 11.40 13.547906 12.057629 13.766016 10.929602
1,710.00 12.20 12902524 11.443239 12.941215 10.508059
1,715.00 11.09 12.351622 10.216018 11.418627 9.623293
1,720.00 10.13  10.752734  9.056485  10.996763 9.003824
1,730.00  8.00 9.257586  7.822373  9.112074 7.271972
1,735.00  7.63 8.692838  7.011516  8.797915 6.803217
1,745.00  6.33 7.443033  5.892997  7.683662 6.554882
1,750.00  5.52 6.337309  5.200923  7.197661 6.126521
1,755.00  5.33 5.951882  4.503373 6.90293 5.618845

In this case, the 1st order local volatility is

& + By = 0.225394 — 0.13804;.

The 2nd order local volatility is

& + By + Aa? = 0.233796 — 0.5418842, — 1.64890322.

The 3rd order local volatility is

& + Bay + 422 4 0xd = 0.235593 — 1.266821x, + 12.0911322 + 11.79925527.
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The 4th order local volatility is
GBa A2+ +0x) = 0.235429—1.3219672,415.91692822 —37.82139227 +204.75312:x

Note that the 1st, 2nd, and 3rd order models explain market fairly well even though the

4th order model doesn’t.

3.5.2 Asian Call Price

First, let’s price Asian call options under the Black-Scholes model.

Amazon Asian Call Option with Maturity 1 Year

Strike Formula Euler Milstein Bridge Stock Control
1,580.00 101.951521 101.661401 101.264012 100.209363  100.864552
1,585.00 99.297037  99.607137  98.635993  98.264957 98.265233
1,590.00 96.690221  97.638489  97.209778  96.932233 96.249238
1,595.00 93.130987  93.947572  94.241585  92.610073 94.484778
1,600.00 91.619219  91.089917  91.142138  91.889317 92.01557
1,605.00 89.154776  89.74931  89.123067  88.706974 88.387647
1,607.50  87.94025  88.307991  87.456185  8R8.018193 86.876253
1,610.00  86.73749  87.447825  86.429189 86.9784 86.001714
1,612.50  85.5467 85.57048  85.359617  86.527994 85.759805
1,615.00 84.367164  85.038648  84.070083  85.466623 84.379683
1,617.50 83.199544  83.010626  83.91466  84.494741 83.56915
1,620.00 82.043579  82.02161  82.098848  80.41922 81.164784
1,625.00  79.76649 81.1463 79.047355  79.449461 78.767065
1,630.00 77.535627  78.170877  78.309989  76.110906 77.578718
1,635.00  75.350697 75.3226 74.477888  74.804431 74.901031
1,645.00 71.117355  70.893669  72.22147  71.009718 71.583787
1,650.00 69.068247  68.355917  68.612929  69.734688 68.52528
1,655.00 67.063682  66.669746  67.428251  67.860845 66.291325
1,660.00 65.103263  65.683964  65.431809  64.98461 65.662776
1,665.00 63.186572  64.110556  63.539897  63.641629 63.187965
1,670.00 61.313174  62.076701  61.378468  62.483906 62.670316
1,675.00 59.482618  58.058394  59.786357  58.652946 59.392709
1,685.00 55.948145  56.025288 55.7248 56.11776 56.048974
1,690.00 54.243246  54.285876  53.618738  53.422115 55.279546
1,695.00  52.57923  51.577684  51.738471 = 52.275648 52.190972
1,700.00  50.955571  50.466192  51.334716  51.521421 50.773997
1,705.00 49.371735  49.700448  49.938619  48.917785 48.632252
1,710.00 47.827174  48.156503  47.498294  48.230225 47.440606
1,715.00 46.321333  46.500226  46.325398  46.423396 46.268999
1,720.00 44.853645  44.235724  44.654502  44.619907 44.960818
1,730.00 42.030421  42.628294  42.261414  41.555439 41.90753
1,735.00 40.673714  40.779332  40.092479  40.493431 40.766003
1,745.00 38.067137  37.37563  38.676672  38.854242 37.581538
1,750.00 36.816061  36.594717  36.661995 37.6115599 36.876322
1,755.00 35.598983  35.971209  35.38337 36.67878 35.869562
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The formula price is based on the implied volatility formula and other columns are based
on diverse monte carlo simulations based on the Black-Scholes model. Next, under other

models, the monte carlo simulation results are

Amazon Asian Call Option with Maturity 1 Year

Strike Heston SABR CEV 1st Order  2nd Order
1,5680.00 102.85886  104.28139 101.319368 102.804388 102.695124
1,685.00 98.719744 102.273437 99.286485  98.645186 101.023366
1,590.00 95.001414 98.347106  98.570933  98.088922  99.922473
1,595.00 92.698616  94.22033 95.782532  95.951691 97.626
1,600.00 90.531723 91.880014  93.614542  93.244371 95.18548
1,605.00 87.944065  90.61483 91.193755  89.575208  91.347945
1,607.50 87.287801  89.48443 87.840067  87.649145  89.088982
1,610.00 86.49296 87.8165 86.012761  87.050365  88.252163
1,612.50 85.378265 86.595407  85.672479  86.213429  87.629311
1,615.00 85.771944 83.907949  85.056746  84.509309  85.868848
1,617.50 81.757993 82.312999  82.659401  83.707642  85.233741
1,620.00 80.355757 82.185273  82.281425  83.223167  84.224041
1,625.00 78.927099 80.272812  79.618891  80.354138  79.384088
1,630.00 78.553445 79.631274  78.441506  76.967679  79.094563
1,635.00 73.71579  74.522618  76.418274  75.039239  76.021561
1,645.00 68.25551  71.450994  69.915669 71.65051 71.394887
1,650.00 66.98601  68.604666  67.776137  70.289003  70.972442
1,655.00 64.642901 67.573066  66.778664  68.530379  65.503976
1,660.00 62.212031 63.856481  65.297168  66.587879  64.269332
1,665.00 60.282579 61.938023  63.803681  63.376417  63.200619
1,670.00 59.965112 60.057196  62.496415  60.524482  60.740511
1,675.00 59.412316 59.026992  59.890025  59.043799  58.449542
1,685.00 53.199375 54.119771  57.347846  55.700794  55.096271
1,690.00 51.670541 53.200522  54.678129 54.49611 54.79586
1,695.00 49.24666  50.982459  53.521944 52.94002 52.876272
1,700.00 49.462499 48.872987  51.018748  50.898062  50.831587
1,705.00 48.288415 46.475375  48.597325  49.442755  48.734044
1,710.00 45.584649 44.921446  47.736674  48.239677  47.38926
1,715.00 44.527962 44.073906  46.715422  45.853458  45.086832
1,720.00 42.263989  41.84129 45.478643 43.95536 43.482088
1,730.00 39.966029 37.925755  41.862285  40.348447  40.427321
1,735.00 38.731563 37.628129 40.23742 38.885514  38.708159
1,745.00 36.607961 34.291962  38.643142 37.316314  33.934781
1,750.00 35.37858  33.955819  35.673521  36.492449  31.371797
1,755.00 35.153902  32.45489 34.867192  35.399209  30.550834

Note that there is no result for the polynomial model I and the 3rd and 4th order
polynomial model I1. I excluded these since the results are far from the other models.
This means that models with more number of parameters don’t guarantee better accuracy
than models with few parameters.
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Chapter 4

Interest Rate Derivatives

Define the measure P; as the measure derived by the numeraire
dynamics of the bond price P(t,T;) be

dP(1,T))
P(,T))

Bl =B, — /t Gi(s)ds
0

Also note that

= rdt + ((t)dB;.

Then,

is the standard Brownian motion under P;.

P(t,T;). Then, let the

P(LT)y _dP(LT) PWT) T
d(P(t,E)> =Pty T B gt ) - Pt TP )
= 1;(( ; (redt + ¢ (t)d By — (redt + G(t)dBy) + ()2 dt — ()¢ (t)dt)

_PtTy)

= Pt (G — GW)B = GG #) — Gt)dh)
_ Pt.T5)

= Py GO — GO)AB — G(1)de)

_ Pty i

= B 1y WM — GO

which is also shown in the theorem 9.2.2 of [11]. With this dynamics, we get

P(T,T) _ P(tT) j
P(T,T) ~ PT)°

Gils)dBI-1 J;

P(T,T;) =
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4.1 Bond Option

The price of bond call options at time ¢ with the option maturity 7" and the bond maturity

S is given by

C(t) = B(e™ I m4(P(T, 5) — KW}?)
P(t S) T_1 T
_ T rds J —Cr(s))dB; =3 [, (Cs(s)
Bl gy
P(t S) T_1
_ T ) f (¢s(s)=Cr(s))dBg ft (s(s
P(t T)E ((P(t,T)
— P(, S)N(dy) — KP(t, T)N(ds)

where d; and dy are given by

dy = —log(%) + %v
log(75ds) 1
2= v
with .
=/ (Cs(s) — Cols))?ds
4.2 Caplet

—Cr(s))?ds _

K)*|F)

¢r(s))3ds . K)+‘ft)

The price of caplets at time ¢ with the option maturity 7" is given by

O(t) = E(e™ 1" *(L(T.T, S) = r) | F)
— P(t,S)ES((L(T, T, S) — k)*|F)

P(t, $)E°(5 — 1+ k)R

1
P(T, 5)
(P( ) f (¢r(s

P(t,5)°

(1+ #)P(t, )

= P(t,S)E5( Cs(9))dBS =3 [ (¢r(s)—¢

= P(t, T)N(d1) — N(dz)

where d; and ds are given by

P(t,T) )

log (_(1+K)P(t,S)

dy =

(%

N —

+
v

log (i sy
4, — (1+5)P(t,5) 1

N[ —

with

V2 = / (Cols) — Cs(s))?ds.
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Note that L(t,T,S) is the Libor rate that is defined by

1 P(tT)

LT, %) = o755 g

Another approach is by the dynamics of L(t,T,S),

dL(t,T,S) = 1 d( P(t, >>

P(i.5)
- s%ii{, 5 (r(0) = G0
= (LT, 8) + ) (Golt) — Co(0)aB?

such that

AT, 8) + gm) = (LT, 8) + ) (Grlt) — Gs(1))dBY.

Therefore, the price of caplets is
E(e™ I s (L(T, T, S) — k) *|F)
(t, S)ES((L(T, T, S) — k) *|F)

o)

P
Pt S)ES(L(T,T, S) + —— — (i + L)) 7)
P

S-T S —
1 1
= P(t,S)(L(t,T,S)+ =——=)N(dy) — P(t,S —— )N (d
(4, S) (LT 8) + g—IN(d) — P(1,S) (s + ) N(d)
where d; and dy are given by
L(t,T,8)+ 2=
log(——="")
d1 = ST + —v
v 2
log(“UEIET)
d2 = 5T — =U.
v 2
4.3 Caps
The price of caps is given by
Jj—1 ka+1 o ds N
Ct) =) _(Thns =T E(e™ LTk, Te, Tioyr) = £)7 | 1)

S
|
L

(Trr — Th)(P(t, T ) N(dir) — (1 + K)P(¢, Tis1) N(dar))

k=i
where dy, and dy, are given by

log( :(t,Tk) )
), = (1+ ;P(t,TkH) Zug
k

DN | =
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t,T
10g((1+n>§9<t,kT)k+1>) 1
2k = — 35Uk
Vi 2
with .
k
= [ (o) = (o))l
t
4.4 Swap

The swap rate x satisfies the following equation

1
(Thyr = Ti) P(t, 1 ) (L(t, Ty, Thr) — ) = 0

i

<.

e
Il

such that the swap rate S(t,7,.S) is given by

;1(Tk+1 —Ty)P(t, Tyy1) L(t, Ty, Troy1)

S (Thsr — Ti) P(t, Thoyr)
P~ P(,T)

S(t,T,S) =

P(t,T;, T;)
where P(t,T;,T;) is
j—1
P, T;,T;) = J (Ths1 — Ti) P(L, Titr)-
k=i
4.5 Swaption
The swaption price is given by
Jj—1 T
C(t) = E(e (3 (T — Ti)e I S (L(T, T, Ten) — 1)) I 7).
k=i

But this is hard to calculate. An alternative price is given by

j—1
C(t) = E(e ZrSdS(Z(Tk—&-l — T) P(T;, Ty ) (L(T3, T, Tiosr) — %)) F | F2)
k=i
= E(e™ 1 P(T, T T) (S(TL T Ty) — K) | F)
= P(t,T;,T;)E; j(S(T;, T;, T;) — )" | F)

where the measure P, ; is derived by setting P(¢,7;,T;) as a nemeraire. Now, let’s intro-
duce a new notation

P(t, Ty)

LI (¢ _— .
Uk’() P(t,E,Tj)
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Then, the swap rate is

S(t,T;, T;) =
)T AT
= v’ (t) = v;’ (D).

According to the chapter 10 of [9] and the chapter 12 of [10], the dynamics of v}” (t) is

duvy? (t Z 6lvl+1 — Ga(t))dBy?

where

=L
i = 0= 3 [ ufh (o) (o)t
1= Y0

5 and 0; = T4y — T;. With this,

is the standard Brownian motion under the measure P,
we can get the dynamics of the swap rate

dS(t,T;, T;) = S(t.T;, Tj)oi(1)d By’

where o, ;(t) is given by the following.

P, T) — P(t,Tj)
T )
= dv?’j( t) — dviﬁj( t)

as(t, T, 1) = d(

= Z Sy ()W (DG () = G (1) — v (D(G(1) = G (1)))d By

= Z Gt (800, (1) (05 (1) — 077 (0)dBy” + (0 (£)Gi(t) — v} (1) (1)) d By

- Z G (1) = G, (07 (6) — o ()BT + 07 ()(GL0) — G (0)d By
= ST 1) Gty ((G(0) = Ga) + B = ey G0) — OB

=i

— S(t,T;, T;)o: ;(t)d B

such that

st Zéwm )+ B~ Py ) G0
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This is also shown in [9] and [10]. Then, v? is

-1

~ Z 5l51/”l+1”l/+1/ (Gi(s) = G+1(8))(Gi(s) — Qr41(s))ds

Ll=i
P ;f)’(t JTD()t - me t) /t (Gs) = G (8))(Gils) — G (s))ds

* <P(t,7{j)(ig>(t,73)>2/tT (Gi(s) = ¢(s))ds

Another approach is based on the dynamics of the Libor rate. Firstly, let’s check the
dynamics of L(t, Ty, Ti1)-

1 P(t,Ty)
dL(t, Ty, T d( ) )
(t, T, Thy1) = Toor — T2\ Pt Torr)

(Cr(t) = Gyt (t))dBf‘H

" T — Ty P(t, Tioyn)
such that the dynamics of the swap rate is given by

-1

<.

dS(taTth) ~ ﬁ (Tk+1 - Tk)P(t’Tk-i-l)dL(t,Tk,Tk_H)
sy L4y i
. 3 k+1
m 2. P(t, Tp)(Ce(t) — Cupa(1))dBrt
CSTLT) .
- P(t,Ty) — Pgt,Tj) ;P(t>Tk)(<k<t) — Gy (8))dBFL
Then,
ds(t, T;, Tj)
= (sinr))
- ) P(t, Ty
Z P(t, Ty) ]gt(’t ;)))Z(Ck(t) — Cer1 () (Cur (1) — Gy )dt
k,k'=i yLj
such that

~ > P<t’Tk>P(t7Tk/) ; S) — S "\S) — Q! S S
- Z (P(t,T;) —P(t,Tj)y/t (Ce(s) = Crr1(8)) (Cur(8) — Crr41(s))ds.
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The approximately calculated swaption price is

C(t)

P(t, T, 1) By (S(T3 T ;) = 1) | Fy)

= P(t.T, Tj) By (S(4, T, Tyel o5 =5 1ol ey 7
P(t, T, T)S(t, T3, )N (d) = #P (2, Ty, Ty N (d)

= (P(t,T}) = P(,T,))N(d1) = <P(t, T, T;)N(dy)

22

where d; and dy are given by

v 2
& — log(s(t’f’Tj)) 1
2 = " 2v.
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Chapter 5
The Hull-White Model

5.1 Basic Concept

The Hull-White model is given by

dry = (0(t) — bry)dt + od B,
where b and o are constant. From the equation

P(t,T) = B 1 ™| F,),

the bond price P(¢,T') can be seen as a function of 7, and ¢. By the Feynman Kac formula,
the bond price satisfies the partial differential equation

1
P+ (0(t) — br)P, + 5021% —rP=0.

Let P(t,T) be of the form
P(t,T) _ eA(t,T)—TB(t,T)

where A(T,T) = B(T,T) = 0 from the condition P(7T,T) = 1. Then, we get the following
two ordinary differential equations

A, T)—0t)B(t,T) + %U2B(t,T)2 =0

—B'(t,T) +bB(t,T) —1=0
such that we get

2 1

A(t,T) = % ((T —t) — %(1 — e_b(T_t)) + %(1 — e_%(T_t))) -3 /tT 0(s)(1— e_b(T_S))ds

B(t,T) = %(1 _ Ty,
The bond price function can be rewritten as P(¢,r). By the Ito formula,
1
dP(t,r) =P,(t,r)dt + P.(t,r)dr + éPrr(t, r)(dr)?
1
—P(t,7) (A'(t, T) = rB/(tT) = B(t, T)(0(t) — br) + 50° B¢, T)2> dt

— P(t,T)oB(t,T)dB,
=rP(t,r)dt — oB(t,T)P(t,r)dB;.
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As a result,

dP(t,T) = rP(t,T)dt — o B(t,T)P(t,T)dB,.
Therefore, (7(t) is

(r(t) = —oB(t,T)

For the case of bond options, caplets, and caps,

v = / (Cs(s) — Crls))ds

o2 [T
— b_2 (€_b(T_S) . e—b(S—s))2dS
t
o2 [T
_ b_2 (e—Qb(T—s) o 2€—b(T+S—25) + 6—2b(S—s))dS
t
2
= %(1 _ e 2(T-t) _ 2(e_b(S—T) _ e—b(T+S—2t)) 4 e 2(5-T) _ 6—2b(5—t))
o’ b(S—T)\2 2b(T—1)
=—(1 -2 1 —e ")
203
such that
o 1 — e—26(T-1)
NS TCE S IV i
v=gl-e ) 2
o 1— e—?b(Tk—t)
— 91 — o Tk —Th)
v =g (l—e ) 2

For the calculation of swaptions, the following are required

/t (CZ(S> — 31(8))(Gi(8) = Crya(s))ds = %(1 - G_Zb(Ti_%(l - e_b(TlH_Ti))(l - e_b(Tl'“_Ti))
[ 65 = Ga(9)65) = Gs))ds = (1 = D)1 — s ) (1 — 7T

T, 52 o o
/ (Gils) = Gi(8))ds = g (1 — 7" BTI)2(1 — e7207)
t

such that

V2 A Z 5161,1;12{1@;;11%(1 _ e*?b(Ti*t))(l _ efb(TleTi))(l B efb(Tl,_HfTi))

LU=

i1
2P(t,T;) d N o I, i
) E :5 i (4 1 — =Tt (] _ o=bTr1—T)\ (| _ o—b(T—T})
P(t.T;) — P(t,T;) = Wit (g1 —e J(1—e J(1—e )

< P(t,Ty) >2‘7_2(1 _ e—b(Tj—Ti))Z(l _ e—2b(Ti—t))
P(t,T;) — P(t,T;)) 203 '
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For another approach, the following is required.

/t 1(<k(8> - Ck—&-l(s))(gk,(s) _ Ck’-}-l(s))ds

2

T;
- ‘7_2 (e PTe=) _ =0T =) (o BT—5) _ o=b(Trrs1-9))
b
t
0.2 T;
— ﬁ (eib(TkJer/fQS) _ e*b(Tk+1+Tk/f2S) _ e*b(TkJer/_,_l*QS) + efb(Tk+1+Tk/+1728))d8
2
= _23 (e*b(Tk*FTk/*ZTi) _ e*b(Tk+1+Tk/*2Ti) _ eib(Tk+Tk’+172Ti) + eib(Tk+1+Tk’+1*2Ti)
2
e*b(Tk+Tk/*2t) + eib(Tk}+1+Tk/72t) + eib(Tk+Tk’+172t) . efb(Tk+1+Tk/+1*2t))
2
— U_e*b(Tk+Tk172Ti)(1 o e*b(TkJ’»l*Tk) . efb(Tk/_Hka,) + efb(Tk+1*Tk+Tk/+1*Tk/))
203
2
_ U_efb(TkJer/th)(l e M=) _ b ~Ti) 4 o Tt Ty ~Tio))
203
2
= U_e—b(Tk-&-Tk/—ZTi)(l _ 6—2b(Ti—t))(1 _ e_b(TkH—Tk))(l . e_b(Tk’+1_Tk’))
203
such that

Jj—1 2
02~ Z : P(t,Ty)P(t, T) U_e—b(Tk+Tk,—2Ti)(1_€—2b(Ti—t))(1_6—b(Tk+1—Tk))(1_e—b(Tk/+1—Tk/))'

k,k/Zi P(t’ E) - P(t’ 7_7]))2 2b3

5.2 Cubic Spline

The yield curve is Y (¢,T) that satisfies
P(t,T) — efY(t,T)(Tft)

such that the yield curve is of the form

Y T) = _logTPEt,tT)
rB(t,T) — A(t,T)
T—1t

_t/e )(1 — e "T=9))ds,

From the current time to the maturity time ¢, the yield curve is

t

2
R _2 bt l bt l/ L —b(t—s)
Y(0,) = (1—e™) 2b2t<t “(1—e )+ (1 ))+bt [ 0(s) (1= s

Now, let’s think of the spline curve of the daily treasury yield data. Following is the daily
treasury yield data as of the date June 19th, 2018.
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Treasury Yield
Term Treasury Yield

1/12 0.0185
1/4 0.0194
1/2 0.0213
1 0.0234
2 0.0254
3 0.0264
5 0.0277
7 0.0284
10 0.0289
20 0.0295
30 0.0302

Let f(t) be the cubic spline curve of the daily treasury yield data. Then, we get

(0.02084¢% — 0.00521¢% + 0.00526t + 0.01809 for 0 <t < }1
—0.025¢3 4 0.02917¢% — 0.00334¢ + 0.0188 for }1 <t< %
0.00514¢% — 0.01605¢* 4 0.01927¢ + 0.01503 for % <t<l1
0.0000109¢% — 0.00064955t? + 0.003872¢ + 0.020166 for 1 <t <2

() = 0.000179¢* — 0.001658t + 0.00589¢ + 0.01882 for2<t<3
—0.000007593 + 0.0000214¢2 + 0.00085¢ + 0.02386 for 3<t <5
0.00000979¢3 — 0.000239¢> + 0.00215367¢ + 0.0216888 for 5<t <7
0.000002665t> — 0.0000896t* + 0.0011¢ + 0.024133 for 7 <t <10
0.00000042678t% — 0.000022446¢ + 0.0004346¢ + 0.02637145 for 10 <t <20

\ —0.0000001053563 + 0.000009482¢2 — 0.0002039¢ + 0.030628549  for 20 < ¢ < 30 )

The purpose is to match tf(t) to tY (0,t) as close as possible such that

1

r B o? 2 B 1 B t s
tY(0,¢) = 3 (1-e "’f)—2—b2(t—5(1_e ")+ (1—e ) +E/o 0(s)(1 — ™)) ds.

In this case, r = f(0). By differentiating this,

i(tY(O t) =re " — s <1 — 27" + e*th) + /t 0(s)e %) ds
dt ’ 22 ;
d? 2 "
(Y (0,0)) = —rbe — T (e — &) 4 0(t) — b / O(s)e™ds
0

such that we can express 0(t) as

d2 0.2 t
= @(tY(O, t)) +rbe " + — (e — ety 4 b/ O(s)e =9 ds.
0

o) :

Since

t J ,
b/ 0(s)e™"")ds = b—(tY (0,1)) — rbe ™" + Z <1 — 27 4 e*%t>’
0 dt 2%
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we get
2 2

d o —2bt
= @(tY(O,t)) + ba(tY(O,t)) + 2_b(1 — 7,

Since we want to match Y'(0,t) to f(t), let tY(0,t) = ¢f(¢) such that

0(t)

0(8) = T 01(0) + b(t0) + (1 = )

~ar dt 2 ¢

This 0(t) makes the cubic spline curve be the yield curve. Now, let b = 0.5. ¢ =
0.00465147. The volatility o is derived based on historical estimation. The monte carlo
simulations are

Yield Monte Carlo Simulations
Term Treasury Yield simulation

1/12 0.0185 0.018518
1/4 0.0194 0.0194
1/2 0.0213 0.021291
1 0.0234 0.023401
2 0.0254 0.025397
3 0.0264 0.026405
) 0.0277 0.027676
7 0.0284 0.028359
10 0.0289 0.028869
20 0.0295 0.029502
30 0.0302 0.030182

This result shows that the parameters are estimated accurately.
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5.3 Pricing

Now, let’s calculate the prices of interest rate derivatives. For bond options with 7" =1,

For caplets with T'=1,

Bond Option

K

S=2

S=3

S=5

0.80
0.81
0.82
0.83
0.84
0.85
0.86
0.87
0.88
0.89
0.90
0.91
0.92
0.93
0.94
0.95
0.96
0.97
0.98

0.168971
0.159203
0.149434
0.139665
0.129897
0.120128
0.110359
0.100590
0.090822
0.081053
0.071284
0.061516
0.051747
0.041978
0.032209
0.022441
0.012672
0.003112
0.000006

0.142358
0.132589
0.122820
0.113052
0.103283
0.093514
0.083746
0.073977
0.064208
0.054439
0.044671
0.034902
0.025133
0.015365
0.005792
0.000386
0.000001
0.000000
0.000000

0.089166
0.079397
0.069628
0.059860
0.050091
0.040322
0.030554
0.020785
0.011064
0.002899
0.000156
0.000001
0.000000
0.000000
0.000000
0.000000
0.000000
0.000000
0.000000

Caplet

R

S=2

S=3

S=5

0.010
0.011
0.012
0.013
0.014
0.015
0.016
0.017
0.018
0.019
0.020
0.021
0.022
0.023
0.024
0.025
0.026
0.027
0.028
0.029
0.030

0.016898
0.015948
0.014997
0.014047
0.013096
0.012146
0.011195
0.010245
0.009295
0.008345
0.007398
0.006454
0.005521
0.004608
0.003731
0.002911
0.002174
0.001542
0.001032
0.000648
0.000379

0.043778
0.042854
0.041930
0.041006
0.040083
0.039159
0.038235
0.037311
0.036387
0.035463
0.034539
0.033616
0.032692
0.031768
0.030844
0.029920
0.028996
0.028072
0.027149
0.026225
0.025301

0.097502
0.096631
0.095760
0.094890
0.094019
0.093148
0.092278
0.091407
0.090536
0.089666
0.088795
0.087924
0.087054
0.086183
0.085312
0.084442
0.083571
0.082700
0.081830
0.080959
0.080089
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For caps with T' =1,

Caps

S

3

5

K

0=0.25

0=20.5

0=1

0=0.25

0=0.5

0=1

0.0005
0.0010
0.0015
0.0020
0.0025
0.0030
0.0035
0.0040
0.0045
0.0050
0.0055
0.0060
0.0065
0.0070
0.0075
0.0080
0.0085
0.0090
0.0095
0.0100
0.0105
0.0110
0.0115
0.0120
0.0125

0.012306
0.011358
0.010411
0.009464
0.008517
0.007570
0.006623
0.005676
0.004732
0.003797
0.002889
0.002046
0.001320
0.000759
0.000382
0.000166
0.000061
0.000019
0.000005
0.000001
0.000000
0.000000
0.000000
0.000000
0.000000

0.025562
0.024618
0.023674
0.022730
0.021786
0.020842
0.019899
0.018955
0.018011
0.017067
0.016123
0.015179
0.014236
0.013292
0.012348
0.011405
0.010462
0.009520
0.008581
0.007647
0.006723
0.005816
0.004937
0.004098
0.003316

0.052074
0.051136
0.050199
0.049262
0.048325
0.047388
0.046451
0.045513
0.044576
0.043639
0.042702
0.041765
0.040828
0.039890
0.038953
0.038016
0.037079
0.036142
0.035205
0.034267
0.033330
0.032393
0.031456
0.030519
0.029582

0.024718
0.022877
0.021036
0.019195
0.017353
0.015512
0.013672
0.011831
0.009995
0.008172
0.006392
0.004710
0.003215
0.001998
0.001112
0.000548
0.000236
0.000088
0.000028
0.000008
0.000002
0.000000
0.000000
0.000000
0.000000

0.051283
0.049449
0.047614
0.045780
0.043945
0.042111
0.040277
0.038442
0.036608
0.034773
0.032939
0.031105
0.029270
0.027436
0.025602
0.023768
0.021935
0.020104
0.018277
0.016458
0.014654
0.012875
0.011139
0.009465
0.007879

0.104414
0.102593
0.100771
0.098950
0.097129
0.095308
0.093487
0.091666
0.089845
0.088024
0.086203
0.084382
0.082561
0.080739
0.078918
0.077097
0.075276
0.073455
0.071634
0.069813
0.067992
0.066171
0.064350
0.062529
0.060708

For swaps with 6 = 0.25, § = 0.5, and § = 1,

Interest Rate Swap

Maturity 0 =0.25 §=0.5 =1 Maturity 6=0.25 §=0.5 6=1
1 0.023452 0.023524 0.023675 16 0.029277 0.029385 0.029602
2 0.025445 0.025528 0.025699 17 0.029318 0.029426 0.029644
3 0.026433 0.026522 0.026704 18 0.029356 0.029464 0.029683
4 0.027138 0.027232 0.027423 19 0.029395 0.029503 0.029723
5 0.027711 0.027808 0.028006 20 0.029436  0.029545 0.029765
6 0.028114 0.028214 0.028417 21 0.029481 0.029590 0.029810
7 0.028345 0.028446 0.028651 22 0.029528 0.029637 0.029859
8 0.028544  0.028647 0.028855 23 0.029578 0.029688 0.029910
9 0.028695 0.028798 0.029008 24 0.029631 0.029741 0.029964
10 0.028864 0.028969 0.029182 25 0.029685 0.029796 0.030019
11 0.028966 0.029071 0.029285 26 0.029741  0.029852 0.030076
12 0.029050 0.029156 0.029371 27 0.029798 0.029909 0.030134
13 0.029121 0.029228 0.029444 28 0.029855 0.029967 0.030193
14 0.029181 0.029288 0.029505 29 0.029912 0.030024 0.030251
15 0.029232  0.029340 0.029557 30 0.029969 0.030081 0.030309
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For swaptions with T'=1 and S = 3,

Interest Rate Swaption

K

0=0.25

0=0.5

0=1

K

0=0.25

0=0.5

0=1

0.0100
0.0105
0.0110
0.0115
0.0120
0.0125
0.0130
0.0135
0.0140
0.0145
0.0150
0.0155
0.0160
0.0165
0.0170

0.034068
0.033121
0.032174
0.031226
0.030279
0.029332
0.028385
0.027438
0.026491
0.025544
0.024596
0.023649
0.022702
0.021755
0.020808

0.034134
0.033190
0.032247
0.031303
0.030359
0.029415
0.028471
0.027527
0.026584
0.025640
0.024696
0.023752
0.022808
0.021865
0.020921

0.034267
0.033330
0.032393
0.031456
0.030519
0.029582
0.028644
0.027707
0.026770
0.025833
0.024896
0.023959
0.023021
0.022084
0.021147

0.0175
0.0180
0.0185
0.0190
0.0195
0.0200
0.0205
0.0210
0.0215
0.0220
0.0225
0.0230
0.0235
0.0240
0.0245

0.019861
0.018914
0.017966
0.017019
0.016072
0.015125
0.014178
0.013231
0.012284
0.011339
0.010395
0.009456
0.008524
0.007604
0.006704

0.019977
0.019033
0.018089
0.017145
0.016202
0.015258
0.014314
0.013370
0.012427
0.011485
0.010544
0.009607
0.008677
0.007759
0.006859

0.020210
0.019273
0.018336
0.017398
0.016461
0.015524
0.014587
0.013650
0.012713
0.011777
0.010843
0.009911
0.008986
0.008070
0.007170

For swaptions with T" =

1 and S =5,

Interest Rate Swaption

0=0.25

0=0.5

0=1

K

0 =0.25

0=0.5

0=1

0.0100
0.0105
0.0110
0.0115
0.0120
0.0125
0.0130
0.0135
0.0140
0.0145
0.0150
0.0155
0.0160
0.0165
0.0170

0.069414
0.067573
0.065732
0.063891
0.062050
0.060209
0.058368
0.056527
0.054685
0.052844
0.051003
0.049162
0.047321
0.045480
0.043639

0.069547
0.067712
0.065878
0.064044
0.062209
0.060375
0.058540
0.056706
0.054872
0.053037
0.051203
0.049368
0.047534
0.045700
0.043865

0.069813
0.067992
0.066171
0.064350
0.062529
0.060708
0.058886
0.057065
0.055244
0.053423
0.051602
0.049781
0.047960
0.046139
0.044318

0.0175
0.0180
0.0185
0.0190
0.0195
0.0200
0.0205
0.0210
0.0215
0.0220
0.0225
0.0230
0.0235
0.0240
0.0245

0.041798
0.039957
0.038116
0.036275
0.034434
0.032593
0.030752
0.028911
0.027070
0.025229
0.023388
0.021547
0.019706
0.017865
0.016027

0.042031
0.040196
0.038362
0.036528
0.034693
0.032859
0.031024
0.029190
0.027356
0.025521
0.023687
0.021853
0.020018
0.018184
0.016352

0.042497
0.040676
0.038854
0.037033
0.035212
0.033391
0.031570
0.029749
0.027928
0.026107
0.024286
0.022465
0.020644
0.018823
0.017003
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