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Asymmetric coupling between two quantum emitters
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We study a prototypical model of two coupled two-level systems, where the competition between coherent
and dissipative coupling gives rise to a rich phenomenology. In particular, we analyze the case of asymmetric
coupling, as well as the limiting case of chiral (or one-way) coupling. We investigate various quantum optical
properties of the system, including its steady-state populations, power spectrum, and second-order correlation
functions, and outline the characteristic features which emerge in each quantity as one sweeps through the
nontrivial landscape of effective complex couplings. Most importantly, we reveal instances of population
trapping, unexpected spectral features, and strong emission correlations.
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I. INTRODUCTION

Chirality (or handedness) is an important concept across
modern science. Originally used to describe an object which
is not identical to its mirror image, chirality now encompasses
asymmetries in various guises, including chemical reactions
and subnuclear processes. The fact that nature is inherently
chiral has profound consequences, from the chemistry of
primordial biomolecules to the electroweak interaction in the
standard model [1-3].

The nascent field of chiral quantum optics is concerned
with systems where forward- and backward-propagating pho-
tons interact differently with a quantum emitter [4—6]. The
most extreme case is chiral (or one-way) coupling [7-9].
Exploiting chiral light-matter interactions is predicted to lead
to a host of exciting applications in quantum communication,
information, and computing, including nonreciprocal single-
photon devices [10-12], optical isolators [13], optical circu-
lators [14,15], integrated quantum optical circuits [16-19],
and quantum networks [20-23]. Concurrently, new horizons
in more fundamental aspects are expected, such as in quantum
entanglement [24], unconventional many-body states [25],
and emergent quasiparticles [26].

Novel phenomena stemming from asymmetric coupling
have been studied theoretically in a range of systems, includ-
ing spin networks [27], cavity-based photonic devices [28,29],
quantum emitters coupled to plasmonic waveguides [30,31],
nanophotonic ring resonators [32,33], synthetic phonons [34],
and Janus dipoles [35]. Recently, it was shown that chiral
coupling at the nanoscale naturally arises in the system of
two circularly polarized quantum emitters held above a metal
surface, where the surface plasmons mediating the emitter-
emitter interactions can be controlled in a manifestation
of reservoir engineering [36]. The earliest works in chiral
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nanophotonics and chiral plasmonics are reviewed in detail
in Refs. [37-39].

The theoretical frameworks behind a number of the models
of chiral coupling are inextricably linked to the formalism of
cascaded quantum systems, as independently developed by
Gardiner [7] and Carmichael [8] to describe distant source-
target quantum systems. In such setups, chiral coupling ap-
pears by construction, with the first body (the source) coupling
to the second body (the target) while completely forbidding
coupling in the reverse direction [9]. As such, one may use
cascaded theory to posit a well-defined criterion for chiral
coupling [28,36,40]. Meanwhile, a number of papers have
appeared recently successfully employing the cascaded for-
malism to uncover nontrivial photon correlations [41-44].

In this work we introduce a general model of two cou-
pled two-level systems (2LSs) [45]. The theory has a wide
variety of applications, with similar formalisms being used to
describe superconducting qubits [46], atomic and molecular
spectroscopy [47,48], plasmonic dimers [49], and waveg-
uides [50,51]. The utility of the theory has allowed for a
range of phenomena to be investigated, including entangle-
ment [52-57], decoherence [58], quantum processing [59],
and coherent energy transfer [60,61].

Our simple model, which importantly includes dissipative
coupling [62] via an open quantum system approach, en-
compasses regimes of coherent, dissipative, chiral, and asym-
metric coupling. To achieve this rich variety, we allow the
coherent and dissipative coupling parameters to be complex
guantities. Permitting complex phase degrees of freedom via
the coupling parameters is known to greatly increase the depth
of physics in quantum systems [29,63], most famously in the
Haldane model (where adding complex next-nearest-neighbor
hoppings leads to topological nontrivialities [64]). Here we
show how modulating the relative strength and the relative
phase of the coherent and dissipative couplings allows one
to navigate through the landscape of effective couplings, in
a manner reminiscent of reservoir engineering [65].

©2020 American Physical Society
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Our elementary model allows us to calculate analytically
the steady-state populations of the coupled system, which
act as the simplest indicator of chiral coupling and reveals
an unconventional population trapping effect (in the limit of
strong dissipative coupling). We further calculate the optical
spectrum, which showcases different narrow spectral features
and significant frequency shifts depending on the coupling
regime. We also uncover strong emission correlations via
exact expressions for the second-order cross-correlation func-
tions, exposing the quantum nature of the system. Taken
together, we provide a systematic analysis of several funda-
mental quantum optical properties, highlighting how different
features are characteristic of each coupling regime.

The rest of this work is organized as follows. We introduce
our open quantum system model in Sec. Il and underscore
its important limiting case of chiral coupling. We then study
the mean populations, power spectrum, and second-order
correlation functions of all possible coupling regimes, namely,
coherent coupling (Sec. Ill), dissipative coupling (Sec. 1V),
chiral coupling (Sec. V), and asymmetric coupling (Sec. V1).
We summarize in Sec. VII. We relegate to the Appendixes
some supporting calculations and technical details.

I1. MODEL

Our theory is based upon the simple model of two cou-
pled 2LSs originally developed in Ref. [66] and extended to
include dissipative coupling and to allow for complex param-
eters. The model allows us to provide unique physical insight
into prototypical chiral and asymmetric quantum systems due
to its analyticity. For a comprehensive review of the rich
theory of two-atom systems, see Ref. [67].

In this section we first introduce the Hamiltonian, and
with it the coherent coupling (Sec. Il A), before unveiling
the master equation and the associated dissipative coupling
(Sec. 11 B). We conclude by surveying the coupling landscape
of the system (Sec. Il C), which arises due to the interplay
between the coherent and dissipative coupling.

A. Hamiltonian
We work with the Hamiltonian

H = Hy + H, Q)
with the noninteracting part (h = 1 throughout the paper)
Ho = wo(0) 01 + 0] 02), @)

where wq defines the natural resonance frequency of each
2LS. The two 2LSs interact linearly through the dipole-dipole
coupling Hamiltonian

He = G120, 02 + G105 01, (3)

where the coherent coupling constants, which are in gen-
eral complex quantities, satisfy gi» = g5,. This property is
necessary to ensure Hermiticity and consequently guarantees
reciprocal coupling (which we seek to break later on by
introducing dissipation). The lowering (raising) operators of
the 2LSs are oj (oi*), with i = {1, 2}, which are subject to the

intrinsic condition ojo; = o-iTo—iT = 0. The commutation and
anticommutation relations are

[oi.0{1=[0i.0;] =0 withi # j, (4a)

{oi,00} =1, (4b)
which define an algebra of two distinguishable systems. The
truncated Hilbert space is four dimensional, encompassing the
ground state |0, 0) with zero excitations; the excited state of
each 2LS |0, 1) and |1, 0), which each host a single excitation;
and the doubly excited state |1, 1). Explicitly, it follows from

these eigenstates that the lowering operators may be written
as

o1 =10, 1)(1, 1]+ 10, 0)(1, 0], (5a)
o2 =11,0)(1,1] + 10, 0)(0, 1| (5b)
and the set {|i, j)} is complete, so that Zi,j I, P, jl = 1.
The Hamiltonian of Eq. (1) is straightforwardly diagonal-
ized by a Bogoliubov transformation as

H = oglG) (Gl + o—lI=) (Il
+ o ) (I + ox X)X (6)

where we have used double (single) brackets for the eigen-
states in the coupled (uncoupled) regime. The ground ||G)) and
doubly excited || X)) eigenstates are given by

19) =10,0), &) =11,1) O
and the upper and lower dressed eigenstates are

1
V2

Here we have introduced the polar decompositions for the
coherent coupling constants [appearing in Eq. (3)]

O = gé",

where g > 0, thus explicitly accounting for a phase 6 in the
coherent interaction. The eigenfrequencies associated with the
eigenstates of Egs. (7) and (8) are

I+) = —=(10,1) £ €911, 0)). (8)

O =0e ", 9)

wg=0, wr=wrt0 wxr =2, (10)
revealing that the dressed levels w.. are separated by the Rabi
splitting 2g, while the ground and doubly excited levels are
unshifted (and g independent). The energy ladder is sketched
in the weak- and strong-coupling regimes in Fig. 1(a). No-
tably, while the dressed-state eigenfrequencies w.. are insen-
sitive to the phase 6, the eigenstates of Eq. (8) (and thus any
quantity dependent on them) are influenced by this complex
argument. For example, in the simplest case of 6 =0 (x)
the interaction of Eq. (9) is repulsive (attractive), giving rise
to markedly different behaviors of the dipole moments: The
higher-frequency state w, is associated with in-phase (out-
of-phase) dipole moments and the lower-frequency state w_
corresponds to out-of-phase (in-phase) dipole moments [68].
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FIG. 1. (a) Sketch of the energy ladder of two coupled 2LSs, which is necessarily restricted to three rungs N = {0, 1, 2}, in the weak-
coupling regime (left) and the strong-coupling regime (right) [cf. Eq. (10)]. On the right the four red arrows label the two transitions between
the N =2 and N = 1 rungs (called A and B) and the two transitions between the N = 1 and the N = 0 rungs (called C and D). (b) Cartoon
of the system under investigation: a pair of 2LSs (labeled 1 and 2) with coherent coupling (red arrows), incoherent pumping (orange arrows),
dissipative coupling (light green arrows), and self-damping decay (dark green arrows) [cf. Eq. (11)].

The effect of dissipation on the system, which as well as
introducing finite excitation lifetimes leads to a renormaliza-
tion of the levels of Eq. (10) [as follows from the fluctuation-
dissipation theorem], is discussed next.

B. Master equation

We assume that the couplings of the system to its environ-
ment are weak, so the master equation of the system’s density
matrix p is in the standard Lindblad form [9,69,70]

: Vij R +
op =i[p, H] + E —=Zip+ E —(Lip)', 11
34 [, H] =, 2 ijpP =, 2( ii0) (11)

with the Liouvillian superoperator
Lip = ZUijiT - JiTojp — paiTaj. (12)

In Eq. (11), the Hamiltonian H is given by Eq. (1), yj are
the self- (i = j) and collective (i # j) damping decay rates,
and the incoherent pumping rate B populates 2LS-i. Each
emitter has its own independent bath, which can correspond
to radiation into free space, for example, and they also share a
common bath [as denoted by the green rectangle in Figs. 2(b)
and 2(d)], which allows for the dissipative coupling.
Assuming the (real-valued) self-damping decay rates to
be identical and utilizing polar decompositions for the (in
general, complex-valued) dissipative coupling constants, we
write the four damping constants appearing in the second term

FIG. 2. Sketches of the system of two coupled two-level systems,
denoted by 1 and 2, in different coupling regimes [cf. Egs. (14)]. We
denote coherent (dissipative) coupling by red (green) arrows and the
common bath by a green rectangle. We consider (a) coherent [cf.
Eq. (14a)], (b) dissipative [cf. Eq. (14b)], (c) chiral I and Il (top and
bottom, respectively) [cf. Egs. (14c) and (14d)], and (d) asymmetric
coupling.

on the right-hand side of Eq. (11) as

ym=v2=% v2=re, yai=ye  (13)

where y > 0 and we note that in order to have physical
dynamics y < yo [9]. We thus explicitly account for a phase
¢ in the dissipative coupling in the same manner as for the
coherent coupling [cf. Eq. (9)]. This completes the setup of
our combined pumped-dissipative system, which is sketched
in Fig. 1(b).

We would like to mention that the form of the parameters
of Eqgs. (9) and (13) arises naturally in the electromagnetic
setup proposed in Ref. [36], whereby two circularly polarized
guantum emitters are held above a metal surface hosting
plasmons. In the framework of macroscopic quantum elec-
trodynamics, the coherent and dissipative coupling constants
{gij, 1} describing this system can be directly related to the
electromagnetic dyadic Green’s function of the system [71].
The circular polarization of the quantum emitters gives rise
to the complex phase degrees of freedom {6, ¢}; otherwise
the parameters of Eq. (13) are wholly real quantities [50,51].
Changing the relative positions of the emitters, or their height
above the metallic surface, allows one to tune the emitter-
emitter interactions. In doing so, one can traverse the coupling
landscape defined by the four fundamental quantities of our
model {g, y, 6, ¢}.

C. Coupling landscape

In the rest of this work, we will look in detail at the
quantum optical properties of the four limiting cases of our
model, which reveals the coupling landscape

g#0, y =0 (coherentcoupling), (14a)

g=0, y #0 (dissipative coupling), (14b)
1

g_ =, 0—¢= T (chiral I coupling),  (14c)

y 2 2

9_L =3 (chiral ll coupling). (14d)

y 2 2

as depicted in Figs. 2(a)-2(c). We also analyze the asymmetric
coupling case shown in Fig. 2(d), which has no restrictions
on the parameters of the model. Notably, the asymmetric

013723-3



C. A. DOWNING et al.

PHYSICAL REVIEW A 102, 013723 (2020)

regime was recently shown to include an interesting qua-
sichiral regime, where the magnitude condition g/y = 1/2 of
Egs. (14c) and (14d) is met but the phase condition on 6 — ¢
is not [36]. We derive the twin chiral coupling conditions of
Egs. (14c) and (14d) in Appendix A (see also Refs. [28,36]
for more details).

I11. COHERENT COUPLING

In this section we focus on the simplest nontrivial case,
that of purely coherent (co) coupling between the two quan-
tum emitters [as sketched in Fig. 2(a)]. We will consider
how the mean populations (Sec. Il A), correlation functions
(Sec. 111 B), and optical spectrum (Sec. 11l C) behave due to
the interplay of the coherent coupling g and the two pumping
rates P, and P.

A. Mean populations

When considering the mean populations, we make special
reference to the steady state (SS) population of a single 2LS
in isolation (iso),

P
P+ )/o’

where Py and y, are the incoherent pump rate and self-decay
decay rate, respectively (see Appendix B for the background
theory). Throughout this work, we will be interested in how
the coupling regime of the pair of coupled 2LSs changes the
baseline result of Eq. (15), which describes a solitary 2LS with
lowering (raising) operator o (o'1).

In the steady state [72], the mean population of the state
li, j) in the coherent coupling regime is pfj‘) = (ijlp%li}),
which is obtained from the master equation of Eq. (11). The
resulting expressions are (see Appendix C for details)

1+ E)
Poo = o +4¢°

o — yoPL + yzlljfzgz
10 M +4¢

P2 + yzF?Zgz

pco _ e
0.1 0 +4¢

2
PP, + (%)
i+ 4

Here and in what follows, we make use of the effective
pumping and damping rates

Niso = (00)ss = (15)

(16a)

(16b)

(16¢)

P = (16d)

Pi = Pl + Pz, (178.)
2=y + P, (170)
Iy =31 £T). (17¢c)

In the symmetric pump case (P, = P,), the populations of
Egs. (16) take on particularly simple forms, being universal
functions of the ratio P, /yg, and thus independent of the co-
herent coupling strength g. In terms of the isolated 2LS result
of Eg. (15), one finds the ground-state population p§% = (1 —

Niso)?, the singly excited populations Pip = po ) = n.so(l -
Niso), and the doubly excited population p$% = nZ,. This
elementary case is displayed in Fig. 3(a), where one notes
the symmetric (about P, = y;) evolution of the populations
of all of the states as a function of the pumping rate P,
starting from a wholly occupied ground state |0, 0) (thin
blue line) and ending with a wholly occupied doubly excited
state |1, 1) (thick red line), and with a balanced population
across all four states at P, = y,. These properties for this
high-symmetry case suggest the found g independence, which
is guaranteed by the vanishing coherence between the two
2LSs, (ofoz)ss = 0 (as derived in Appendix C).

For the case of asymmetric pumping (P, # P,) a g de-
pendence arises in the mean populations of Egs. (16) and
there is an asymmetry in the populations of the singly ex-
cited states |1, 0) and |0, 1) (medium green and orange lines,
respectively), as shown in Fig. 3(b). In this figure, where
P, =0 and g= y, the limiting case with large pumping
P. > yo in the system is a wholly occupied singly excited
state |1, 0) (medium green line) that is being incoherently
pumped. Clearly, the population imbalance between the two
singly excited states increases with increasingly pumping rate
Py, in stark contrast to Fig. 3(a). The population imbalance
induced by different incoherent pumping rates is crucial in
order to obtain nontrivial correlations, as we now discuss.

B. Correlations

In order to quantify the correlations in the coupled system,
we discuss the normalized second-order cross-correlation
function in the steady state, defined by [70]

T T
(0,010,02)ss

o7 (0) = —+—27—"— (18)
(ef) 01)55(02 o2)ss

This cross correlator quantifies the density of probability of si-

multaneous emlssmns in the two different systems 2LS-1 and

2LS-2. When g12 (0) = 1 the 2LSs emit independently, while

g(lzz)(O) = 0 suggests it is impossible to have two simultaneous

emissions in the coupled system. Aside from these extremes,

9(122)00(0) < 1 describes emission antibunching, reflecting the

quantum nature of the system, while g (0) > 1 implies
emission bunching. In the coherent coupling regime, we find
the cross correlator (see Appendix C for details)

9 () - (4 + ') (PP? + 4P P,I12)
912600 = 3PP, + PIAl )(PPr + PLT)

where P,, I'1 2, and I";. are defined in Egs. (17).

W|th symmetric pumping (P, = Py), Eq. (19) collapses
into g12 CO(0) =1, describing an effectively independent sys-
tem, due to the vanishing coherence between the two 2LSs,
(afaz)ss =0 [as is consistent with the highly symmetric
mean populations of Fig. 3(a)]. When the incoherent pumping
is asymmetric (P, # Py) much richer correlations arise due
to the inherent population |mbalances as shown in Fig. 4.
In the figure P, =0, and g12 «(0) is shown as a function
of Py, where increasingly strong coherent coupling strengths
g are denoted by increasingly thick colored lines. Most no-
tably, the quantum nature of the setup leads to the displayed
antibunching g12 «(0) < 1, which is increasingly significant

(19)
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mean population

Pi/v0

Py /0

FIG. 3. Mean populations in the coherent coupling regime, as a function of the pumping rate Py, in units of the damping rate y; [cf.
Egs. (16)]. (a) Case of symmetric pumping (P, = P;), which is independent of the coherent coupling strength g. (b) Asymmetric pumping case
(P, = 0), with g= y4. The labeling of the mean population of the state |i, j) is displayed in the legend in (a) and states with N = {0, 1, 2}

excitations are shown with increasingly thick lines.

for small pumping rates P, < y5. The minimum value of
o9 _,(0) = 1/2 is obtained for vanishingly small coherent
coupling g — 0, since it corresponds to the case of maximal
population imbalance (here the order of limits is important;
g — 0 is the final limit to be taken). Larger pumping rates
P, > yo wash out any correlations, since the system simplifies
into supporting the singly excited state |1, 0) only, with the
other states unoccupied, as follows from the mean populations
of Fig. 3(b).

C. Spectrum

A fundamental quantity enabling one to characterize the
coupling regime is the spectrum of the system. The normal-
ized optical spectrum of 2LS-1 reads [66]

‘
o (w)or(w
S (w) = M (20)
(0701)ss
1 T T T
0.8 i
=
X
T
(=)
0.6
g="o
0.4 n ool n ool n o1 a gl n L1
0.01 0.1 1 10 100

Pl/’Yo

FIG. 4. Second-order cross correlator in the coherent coupling
regime at zero delay g(fz)_co(O), as a function of the pumping rate
Py, in units of the decay rate y, [cf. Eq. (19)]. We show results
with asymmetric pumping (P, = 0) for increasingly strong coherent
coupling strengths g (increasingly thick colored lines).

and is formally derived in Refs. [70,73-77]. The optical
spectrum of Eq. (20) may be written as

Y. Sl). (21)

p=AB.CD

Si() =

which has been decomposed into four line shapes, labeled by
the index p, given by

%Lp — (0 — wp)Kp

, (22)
(2) + (@ o

1
Sf(a)) =7

due to the four possible transitions in the system, as fol-
lows from the four-dimensional Hilbert space of Eg. (6).
These transitions {A, B,C, D} are denoted by red arrows
in Fig. 1(a), which is sketched for the coherently coupled
regime [36,66,73,74]. In Eq. (22), the Lorentzian (L) and dis-
persive (Kp) weighting coefficients are real numbers, while w,
and y, define the effective frequency shifts and broadenings of
the system (for further details see Appendix D). The spectrum
S (w) of the second 2LS, as well as generalizations of Eq. (20)
for operators such as (o1 + 02)/+/2, may be calculated in the
same manner [36], but are not presented here due to their
bulky nature and our focus in this work on the fundamental
analytical theory.

In what follows we consider Eq. (21) in the vanishing
pump limit (P, P, <« ) and we make special reference to
the spectrum of a single 2LS in isolation (see Appendix B for
the derivation)

1 Yo/2
7 (y0/2)? + (0 — w0)?

This Lorentzian expression for the optical spectrum of course
displays no frequency shifts from «wq or renormalization ef-
fects from the bare broadening yy. Deviations from Eq. (23)
as one traverses the coupling landscape allow for the charac-
terization of various coupling regimes of interest.

For the coherent coupling parameters of Eq. (14a), we
obtain the following simple expressions for the frequencies w,

Sso(w) = (23)
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and damping rates y, appearing in Eq. (22) (the calculation is
performed in Appendix D):

TR +ioR = 2y +i(wo +0), (24a)
I +iog = 3y +i(wo —9), (24b)
$7& +ioQ = Fyo +i(wo + Q). (24¢c)
378 +iog = 3v0 +i(wo — 9). (24d)

Equations (24), which are essentially the eigenvalues of
the Liouvillian, describe a pair of peaks with broadenings
i’ = vg° = 3y and a pair of peaks with broadenings y&° =
v = yo. Each pair of peaks is split by the Rabi frequency 2g,
as is consistent with the Hamiltonian dynamics of Eq. (10).
We also obtain the equal Lorentzian weighting coefficients
(corresponding to transitions to the ground state)

LY = 1, (25a)
Ly = 2, (25b)

since we are in a highly symmetrical reciprocal case. The
coefficients associated with the labels A and B are zero.
This is because they correspond to the two transitions from
the upper energy level |1, 1), which is unpopulated in the
vanishing pump limit in which we work, to the hybridized
states involving |0, 1) and |1, 0). This fact is rigorously proved
in Ref. [66] and is implied by the red arrows indicating the
transitions in system in Fig. 1(a). The coefficients of Egs. (25)
also reveal that the spectrum is purely Lorentzian with no
dispersive components (K = 0).

Substitution of Egs. (24) and(25) into Eq. (21) yields the
optical spectrum in the coherent coupling regime

0 1 70/2
(@) = >— :
Tl 2m I;il (%)2 + (0 — wp + 79)?

(26)

Of course, Eq. (26) recovers the uncoupled result of Eg. (23)
for vanishing coherent coupling (g — 0).

We plot the spectrum of Eq. (26) in Fig. 5 for increas-
ingly strong coherent coupling strengths g (increasingly thick
colored lines). One notices that the twin Lorentzian con-
tributions give rise to a Rabi doublet shape distinctive of
strong coupling, which only becomes hidden when the peaks
(symmetric about wg) merge for smaller ratios of g/y < 1/2.
The effects of non-negligible pumping rates on the spectrum,
which may be either symmetric or asymmetric, are described
in detail in Ref. [66].

IV. DISSIPATIVE COUPLING

In this section we contemplate the simplest case with
nontrivial dissipation, namely, where there is dissipative (ds)
coupling between the two quantum emitters but no coherent
coupling [as drawn in Fig. 2(b)]. We will investigate how the
populations (Sec. IV A), correlation functions (Sec. IV B), and
optical spectrum (Sec. IV C) change due to the competition
between the dissipative coupling strength y and the pumping
rates P, and P;.

0.6 + — g=0 e
— g="/4
— — g="/2
3 04 o2 |
5 — g=3v/4
CO —
& g="
0.2 + i
0 = 1 1 " 1 " 1
—4 —2 0 2 4
(w —wo)/70

FIG. 5. Spectrum of 2LS-1 in the coherent coupling regime
SP(w), in units of the inverse damping rate y,*, for increasingly
strong coherent coupling strengths g (increasingly thick colored
lines) [cf. Eq. (26)].

A. Mean populations

The mean population ,oidf of the state |i, j) may be found
from the master equation of Eq. (11) (see Appendix C). The
results are given by

2 2
o AT2(2 —v?) + 2 (noPy + BT

Poo = —; 5 s (273)

y2(PiT'1 + PoI'y) + 404 (T1l2 — y2)

i Pi@nl2 +Py?) —Py2(y + %)

_ , 27b
P10 y2(PiT'y + Pl + 41"42_(F11"2 —y?) (27b)
i Pl Py Py )
% y2(PTy + Poly) + 4T3 (M, — y2)
4PPI2 + (15-)°
5 _ i+ (%) (27d)

y2(Pil'y + PoI'2) + 4T2 (T, — y2)’

where the effective rates Py, 'y, 'z, and ', are defined in
Egs. (17).

We plot the mean populations of Egs. (27) in Fig. 6 as
a function of the incoherent pumping P, into 2LS-1, for
asymmetric pumping (P, = 0). In Fig. 6(a), where the dissi-
pative coupling strength y = 3y, /4, the population evolutions
are reminiscent of the asymmetric coherent coupling case of
Fig. 3(b). The principle difference is the lower populations
of the states |0, 1) and |1, 1) (medium orange line and thick
red line, respectively) at intermediate pumping rates P, >~ ;.
However, in Fig. 6(b), with maximal dissipative coupling y =
o, there is a striking population trapping effect in the limit of
weak pumping P; < o, which has no analog in the coherent
coupling regime. Remarkably, here the mean population of
the ground state pgg ~ 1/2 when P, « y (thin blue line),
due to the nonzero populations of the two singly excited states
with p = p8* ~ 1/4 (medium green and orange lines). This
trapping phenomenon has arisen due to the quenching, with
large dissipative coupling, of transitions from the intermediate
states on the N = 1 rung of the energy ladder [cf. Fig. 1(a)]
to the ground state on the N = 0 rung (the weights of such
processes are proportional to yo — y).
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FIG. 6. Mean populations in the dissipative coupling regime as a function of the pumping rate Py, in units of the damping rate y, [cf.
Egs. (27)]: (a) dissipative coupling strength y = 3y,/4 and (b) maximal coupling ¥ = y,. The labeling of the mean population of the state
li, j) is displayed in the legend in (a) and states with N = {0, 1, 2} excitations are shown with increasingly thick lines. In the figure, we consider

asymmetric pumping, with P, = 0.

Population trapping has been noticed before in other con-
texts, such as in driven three-level systems [78-80] and for
two atoms with different resonance frequencies [81]. In our
driven-dissipative setup, its effects have already been shown
to be important for quantum entanglement [50,51]. We will
see shortly in Sec. IV C that this effect also impacts greatly on
the optical spectrum of the system.

Finally, we note that the symmetric pumping configuration
(P, = Py) in the dissipative coupling regime only presents
obvious changes to the results presented in Fig. 6. Namely,
the results of Fig. 6 become symmetrized in the same manner

J

03 4(0) =

[4PPT2 + (%)Z][Vz(ﬂrl + PaT) — 4% (y2 — I'11,)]

as in going from Fig. 3(a) to Fig. 3(b). Therefore, we relegate
this supplementary plot to Appendix E.

B. Correlations

The second-order coherence allows one to adjudicate the
probability of simultaneous emissions from 2LS-1 and 2LS-2
[cf. Eq. (18)]. We find, in the dissipative coupling regime,
the expression for the cross correlator at zero delay (see
Appendix C for the calculations)

where the quantities Py, I'y, I', and I, are given by Egs. (17).

We plot Eq. (28) in Fig. 7, with symmetric pumping
(P, = Py) in Fig. 7(a) and with asymmetric pumping (P, =
0) in Fig. 7(b). In the figure, increasingly strong dissipative
coupling strengths y are denoted by increasingly thick colored
lines. In the symmetric regime of Fig. 7(a), Eq. (28) collapses
into g 4 (0) = 1+ ¥2(P1 — 10)/(PL + o). Therefore, in
the absence of any dissipative coupling y — 0, the system
behaves effectively independently and 912),ds(0) =1, asshown
by the thin red line in Fig. 7(a). Once there is some nonzero
dissipative coupling y # 0 (thicker colored lines) antibunch-
ing is displayed with weak coupling P, <« vy, a manifestation
of the quantum nature of the system. Surprisingly, bunching
g(fz)’ds(O) > 1 isalso possible for stronger dissipative coupling
and reaches its maximum value when P, = 2y,. See, for
example, the case of maximal dissipative coupling y = y
(thick orange line) and the bunching displayed when P, 2 5.

In Fig. 7(b), with asymmetric pumping (P, = 0), the sit-
uation is quite different. Now antibunching g3 4 (0) < 1 is
always exhibited, even in the limit of vanishing dissipa-
tive coupling y — 0 (thin red line) when 9(122),[15(0) =P+
10)/(P1 + 2y5). Of course, in the strong pumping limit P, >

[P_y2(PL — Ty) + 4Pl [Py (M4 — By) + 4RI T2

(28)

(

yo the correlations are washed out and g3 ,.(0) ~ 1, since
only the state |1,0) is supported [medium green line in
Fig. 6(b)]. These results, as well as their stark contrast to
those of the coherent coupling regime in Fig. 4, suggest
emission correlations and quantum spectroscopy as important
instruments to discriminate the coupling landscape [82].

C. Spectrum

We now consider the optical spectra achievable with dissi-
pative coupling only. With the dissipative coupling parameters
of Eq. (14b), we obtain the following simple expressions for
the frequencies w, and damping rates y, appearing in Eq. (22)
(the calculation is performed in Appendix D):

L +iof = 13y — y) +iw, (292)
Ly$ +iof = 1By +y) +iwo, (29b)
WE+iof = 3w —y) +iwo, (29¢)
LS +iof = L +y) +iwo. (29d)
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FIG. 7. Second-order cross correlator in the dissipative coupling regime at zero delay g(lzz)_dS(O) as a function of the pumping rate P, in
units of the decay rate y, [cf. Eq. (28)]. Increasingly strong dissipative coupling strengths y are denoted by increasingly thick colored lines.
We show results with (a) symmetric pumping (P, = P;) and (b) asymmetric pumping (P, = 0).

Equations (29) describe energy levels completely unshifted
in frequency (wff = wyp), due to the lack of any coherent
coupling. Instead, the dissipative coupling acts to induce
superradiant (y3° = yo + y) and subradiant (& =y — y)
broadening contributions to the spectrum.

The spectral decomposition of Eq. (22) is defined by the
unequal weighting coefficients

Yo+ vy

LS = o (30a)
L — % (30b)

The coefficients associated with A and B labeling are
zero, as in the coherently coupled case of Egs. (25), since
we are working in the vanishing pumping rate limit where
transitions from the unpopulated doubly excited state |1, 1) do
not contribute (as was shown in Ref. [66]). Most notably, in
the maximally dissipatively coupled limit of y — yy, there is
only one nonzero contribution to the spectrum since L% —
1 and LE — 0 from Egs. (30). This is a manifestation of
the population trapping effect found in Fig. 6(b), where a
transition from a singly populated level to the ground state
has been suppressed. Population trapping has a long history
(see, for example, Refs. [83-85]) and its appearance via this
dissipative mechanism was alluded to before in Refs. [50,51].

The coefficients of Egs. (30) and expressions of Egs. (29)
lead to the optical spectrum

s 1 ; —
S =7 Y

Yo S (P5)? 4 (0 — wo)?

2

(31)

Of course, in the uncoupled limit (y — 0) one recovers the
single 2LS result of Eg. (23). In the opposite, maximally
dissipative limit (y — o) there is just a single contribution
(LE — 1and LS — 0) and Eg. (31) tends towards becoming
a & spectral peak

SB(w) = 8(w — wn),

where §(x) is the Dirac delta function.

Y — Yo (32)

We plot the spectrum of Eq. (31) in Fig. 8, where increas-
ingly strong dissipative coupling strengths y are denoted by
increasingly thick colored lines. The plot shows the tendency
towards a § peak (thick orange line) with increasing dissipa-
tive coupling and the characteristic singlet structure pinned at
the unshifted resonance frequency wy.

V. CHIRAL COUPLING

Here we ruminate on the special limiting case of chi-
ral coupling, which is when the coupling between the two
guantum emitters goes in one direction only [as pictured in
Fig. 2(c)]. This nonreciprocal situation occurs due to the exact
compensation of the backaction from one of the quantum
emitters, which arises due to a careful balance between both
the relative magnitudes and relative phases of the coherent
and dissipative coupling, as discussed in detail in Appendix A
and Refs. [28,36]. Controlling the directionality of coupling
is important for the realization of nonreciprocal nanopho-

Y058 (w)

-2 -1 0 1 2
(w—wo)/0

FIG. 8. Spectrum of 2LS-1 in the dissipative coupling regime
S*(w), in units of the inverse damping rate y,*, for increasingly
strong dissipative coupling strengths y (increasingly thick colored
lines) [cf. Eq. (31)].
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FIG. 9. Mean populations in the chiral-1 coupling regime as a function of the pumping rate Py, in units of the damping rate y; [cf. Egs. (33)].
We show results with (a) symmetric pumping (P, = Py) and (b) asymmetric pumping (P, = 0) for the dissipative coupling strength y = y,/2.
The labeling of the mean population of the state |i, j) is displayed in the legend in (a) and states with N = {0, 1, 2} excitations are shown with

increasingly thick lines.

tonic devices, such as unidirectional waveguides and circu-
lators [86,87], and our dimer model represents the simplest
system which can exhibit such chirality.

In what follows we ponder how the mean populations
(Sec. V A), correlation functions (Sec. V B), and optical
spectrum (Sec. V C) change due to the contest between the
dissipative coupling strength y and the pumping rates P,
and P,, when the system is chirally coupled according to the
relations of Eq. (14c).

A. Mean populations

The mean population pfj“" of the state |i, j), in the steady
state, is obtained from the master equation of Eq. (11) (see
Appendix C). The resultant expressions, when Eq. (14c) are
fulfilled, read

2
o PIPy2+ P 8+ (B)

= , 33a
Poo 2Ty (Pyy? + 2I,T2) (332)
P Piy? +4yl?
ch.l 1 Ry Yol L
e T 33b
P10 2I'y Pry2 +2T,I2 (330)
pch,l _ 4P1)/2F+ + 4P2)/0F3_ — )/2P1(P1 + 2P2) (33C)
01 2I1(Pry2 + 2IpI'2) ’
chl =1 P;]_]/2 =+ 4P2Fi (33d)

P = or, P2+ 2r,r?

where the effective rates Py, I'1, 'y, and I',. are defined in
Egs. (17).

Most importantly, the sum o' + o' = ni™ = P/Ty,
meaning that the probability for the 2LS-1 to be excited (that
is, the system is either in the state |1, 0) or |1, 1)) is exactly
the same as in an isolated system, as given by Eq. (15). This
is a hallmark of the chiral coupling regime at the fundamental
level of the populations of the system.

We plot the mean populations of Egs. (33) in Fig. 9 as
a function of the incoherent pumping P, into 2LS-1, for
symmetric pumping (P, = Py) in Fig. 9(a) and asymmetric
pumping (P, = 0) in Fig. 9(b). While 0 — ¢ = /2 and g=

y /2 necessarily in this chiral case, the dissipative coupling
strength is chosen as ¥ = yy/2 in both panels. The effect of
introducing the asymmetry in the pumping is similar to in the
coherent coupling case of Fig. 3, and no population trapping
may occur (even in the limit of maximal dissipative coupling,
y — o) in contrast to the purely dissipative case of Fig. 6.
Thus the mean populations look superficially similar to other
coupling regimes and one is forced to look at other quantities
to find distinguishing features for chiral coupling.

B. Correlations

We now investigate the second-order coherence in the
chiral coupling | regime [cf. Eg. (18)]. The cross correlator
reads (see Appendix C for details)

T1(Py? + 4PT3)
4P2F1F3_ - 2P1]/2(P2 - 2F+)’

0 ¢n1(0) =

(34)

where Py, 'y, ', and T, are effective rates, as introduced in
Egs. (17).

We plot Eq. (34) in Fig. 10, with symmetric pump-
ing (P, = P;) demonstrated by the solid lines and with
asymmetric pumping (P, = 0) described by the dashed line.
For symmetric pumping, increasingly strong dissipative cou-
pling strengths y are denoted by increasingly thick colored
lines. The symmetric case is similar to the results in the
dissipatively coupled regime, as shown in Fig. 7, where an-
tibunching is dominant when P, <« y4 and the correlations are
washed out such that g3 ,,(0) — 1 when Py > y,. How-
ever, the asymmetric case (dashed line) is independent of
the dissipative coupling strength y. It universally presents
antibunching behavior bounded by ¢, ,(0) € [1/2, 1] and
is governed by the expression g ., ,(0) = (P + yo)/(P1 +
2y0). The chirality of the setup here is not immediately
obvious in these correlations, due to their similarity to the
purely dissipatively coupled case of Fig. 7, but chirality is
most apparent when considering the optical spectrum as we
now do.
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FIG. 10. Second-order cross correlator in the chiral-1 coupling
regime 9(122),ch,|(0) at zero delay as a function of the pumping rate P,
in units of the decay rate y; [cf. Eq. (34)]. Solid lines show symmet-
ric pumping (P, = P) for increasingly strong dissipative coupling
strengths y (increasingly thick colored lines). The dashed line shows
an asymmetric pumping case (P, = 0), which is independent of y.

C. Spectrum

The optical spectrum is perhaps the easiest way to identify
chiral coupling. For the chiral (ch) coupling parameters of
Egs. (14c) and (14d), of cases I and 11, respectively, we find the
effective frequencies and broadenings appearing in Eqg. (22)
(see Appendix D for details),

3R iR = dyo + e, (350)
38" +iof = 3yo+im, (35h)
38 +iod = Jyo+im, (35¢)
38 +iof = 3yo+imo. (35d)

Equations (35) describe four frequency unshifted (a)g‘
wo) transitions, which are either superradiant (y{" = y$" =
3y0) or radiant (y&" = y§" = w).

We now consider chiral case I, corresponding to 2LS-1
coupling to 2LS-2 in a one-way manner [see the upper sketch
in Fig. 2(c)]. We find the simplest possible result for the
Lorentzian weighting coefficient

Lo =1, (36)
J

0.8 T T T T T
0.6 4
3
=04 .
A
e
0.2 i
0 1 1 1 1 1
-2 0 2
(w —wo)/70

FIG. 11. Spectrum of 2LS-1 in the chiral | coupling regime
Sflh*'(a)), in units of the inverse damping rate y;* [cf. Eq. (37)].

while all of the other coefficients are zero. It immediately
follows that the spectrum of Eq. (21) is identical to that of
a single 2LS in isolation, explicitly [cf. Eq. (23)]

S (@) = Sso(w), (37)

which is of course independent of both the coherent g and
dissipative coupling y strengths, due to their exact compen-
sation by design. The remarkably simple result of Eq. (37)
is a signature of chiral coupling and is shown in Fig. 11 for
completeness.

VI. ASYMMETRIC COUPLING

In this section we examine the coupling between the two
guantum emitters in the most general manner, as sketched in
Fig. 1(b). We present how the mean populations (Sec. VI A),
correlation functions (Sec. VI B), and optical spectrum
(Sec. VI C) evolve across the coupling landscape, which is
formed by the coherent coupling strength g, the dissipative
coupling strength y, and crucially the phase difference 6 — ¢
between these two quantities. Tuning these parameters allows
one to induce asymmetry into the coupling and thus traverse
the entire coupling landscape (cf. Fig. 2).

A. Mean populations

The most general expressions for the steady-state correlators, those without any restrictions on the system parameters, read

(see Appendix C for the theory)

4PToTE + y®PPo + T (AG°Ps — y°Po) + 2gy (PP — 2RI )sin(d — ¢)

n =

4P,II; — y?PoP- + T (4G°Ps + y°P-) — 2gy (PP — 2P, ) sin(d — ¢)

Py2P. /T4 + y2(Pil'y + Py — 207) 4+ 42 (T1Tp + 4 — v2) + gy Q

(38a)

np =

FPy2Py /Ty + y2(PiT1 + Pol'y — 2@7) + 4T3 (T1T2 + 462 — ¥2) + gy Q

(38b)
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-2 PP y (P /Ty —2)/2 — i€ gy?P_ (P, /Ty — 2)/4+F + G

N12

T @y?P. /T + y2(Pils + Pl — 2F) + 4T3 (Ml +4¢ — y?) + v Q’
P2 + (X=)2 + 4P P,T2 + gy Py P_sin(0 — ¢)

(38¢)

Nx

where we have introduced the auxiliary functions

Q=gy(P. /Ty —2)cos(20 — 2¢)

F2(PTy — PyT) sin(0 — ¢), (39)
F= —ie—”%[yzp,m/n 2%

+8I (P2 — PoIMy)], (39b)
G = e LGP, (P./T: —2)

42T, (4P,P> — PTy — PT,)] (39¢)

and the effective rates Py, I'y, T'p, and 'y are given by
Egs. (17). We note that ny = (o7 01)ss and np = (o) 02)ss
refer to the steady-state populations of 2LS-1 and 2LS-2,
respectively, rather than referring to the population p;; of
a certain state |i, j). The coherence reads nj; = (alT 02)ss
and the joint probability that both 2LSs are excited is ny =
(07 010, 02)ss = p11. The probabilities of having only 2LS-1
or 2LS-2 excited are found via the relations p1 0 =n; — ny
and pop.1 = Np — Ny, respectively, while the population of the
ground state with zero excitations is given by poo =1+
Ny — N — Ny,

We plot the 2LS-1 population n; of Eq. (38a) as a function
of 6 — ¢ in Fig. 12, with symmetric pumping (P, = P,) in
Fig. 12(a) and asymmetric pumping (P, = 0) in Fig. 12(b).
We show results for increasingly strong coherent coupling
strengths g with increasingly thick lines, while the dissipative
coupling strength y = y/2 and pumping rate P, = y,/10 are
both held constant. We plot as a guide to the eye njg,, the
population of an isolated 2LS from Eq. (15), as the gray
dashed line. Most apparent in both panels is the equivalence of
n; and nis, precisely at the chiral coupling conditions of 6 —
¢ =m/2 and g=y/2 (medium blue line at 6 — ¢ = 7/2).
The intersection of n; and njg, at other points in parameter
space (nonblue lines) in Fig. 12(a) is not associated with a
mapping to a cascaded master equation describing a source
and a target.

In the symmetric pumping configuration of Fig. 12(a), with
vanishing coherent coupling g = 0 (thin red line), the popula-
tion ny is of course independent of the relative phase 6 — ¢.
Increasing the coherent coupling up to the chiral magnitude
condition of g/y = 1/2 (medium blue line) results in n; >
Niso for all phases. However, for coupling ratios g/y > 1/2
(the green, purple, and orange thicker lines) one notices that
while ny is usually greater than njg,, there is a region of relative
phases near the chiral phase condition of 0 — ¢ =7 /2 at
which n; < nig.

The asymmetric pumping setup of Fig. 12(b) exhibits
different behavior for larger coupling ratios g/y > 1/2 (the
thicker green, purple, and orange lines), which always satisfy
N; < his, because there is not enough pumping into the sys-
tem to reach the isolated 2LS result of nis. Figure 12(b) is

- FPy?Py /Ty + y2(PiTy + PoI'y — 2Q7) + 4T2 (T'1 T2 + 407 — v2) + gy Q’

(38d)

(

symmetric about & — ¢ = 7 because there is no pump being
passed from 2LS-2 from 2LS-1 to be adjusted by the relative
phase, whereas Fig. 12(a) presents an asymmetry in 6 — ¢
because the coupling directionality is important when there
is nonzero pumping P, # 0 into 2LS-2, which can then be
redistributed in the system.

B. Correlations

The most general second-order coherence function of the
system is found by simply dividing Eq. (38d) by Egs. (38a)

0.12 | <a> R=h

E " _\_/ |
- \/ Niso — g ="0/2 1
0.08 = —g=0 — g = 370/4
. — 9="0/4 - 9=
0.12 : . - . ; .
(b) P=0
01 [ §
g

0.08 W

0.06 | i

FIG. 12. Mean population n; of the first 2LS as a function of
the relative phase 6 — ¢ for increasingly strong coherent coupling
strengths g (increasingly thick solid lines) [cf. Eq. (38a)]: (a) case
of symmetric pumping rates (P, = P,) and (b) asymmetric pumping
case (P, =0). The dashed gray line shows the population of an
isolated 2LS nis, [cf. Eq. (15)]. In the figure, P, = /10 and the
dissipative coupling strength y = y,/2, so the blue line fulfills the
chiral magnitude condition of g/y = 1/2.
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FIG. 13. Second-order cross correlator in the asymmetric cou-
pling regime at zero delay g2 (0) as a function of the relative phase
0 — ¢. We show results with (a) symmetric pumping rates (P, = Py)
and (b) asymmetric pumping rates (P, = 0) for increasingly strong
coherent coupling strengths g (increasingly thick colored lines) [cf.
Eq. (40)]. In the figure, P, = /10 and the dissipative coupling
strength y = y,/2, so the blue line fulfills the chiral magnitude
condition of g/y = 1/2.

and (38Db), leading to the normalized cross correlator at zero
delay

d2(0) = [PP? + y?P? 4+ 4PIP,T2 + gy P, P_sin(0 — ¢)]

x [Fy?P: /T + y2(Pil + Pol'2 — 2F)

+4T3 (4 — y* +T1l) + gy Q]

x [4FP, Ty + PiP_y? — y?P_T; + 4P,

+2gy (PP — 2RI, )sin(0 — ¢)]

x [4FP Ty — PP_y? + y?P_I'; + 4P, 2

—2gy (PP —2PT'y)sin(6 — ¢)] %, (40)
where the auxiliary function Q is defined in Eq. (39a). We
plot in Fig. 13 the second-order cross correlator of Eq. (40),
as a function of the relative phase 6 — ¢. We show results
with symmetric pumping rates (P, = Py) in Fig. 13(a) and
asymmetric pumping rates (P, = 0) in Fig. 13(b), for in-

creasingly strong coherent coupling strengths g (increasingly
thick colored lines). The incoherent pumping rate P, = 34/10

and the dissipative coupling strength y = y,/2 are both held
constant.

In the regime of Fig. 13(a) and with vanishing coher-
ent coupling g— 0 (thin red line), Eq. (40) reduces to
g2(0) = 1 — y2(y — P1)/(v0 + P1)* and defines the mini-
mum of g(lzz)(O) for nonzero g. With nonvanishing coherent
coupling (nonred lines), the degree of antibunching may be
tuned as a function of the relative phase, with local maxima
at the nonreciprocal relative phases of 6 — ¢ = {7 /2, 3 /2}
and minima at the reciprocal phases 6 — ¢ = {0, =, 2 }. This
behavior arises because at the nonreciprocal phases the system
is close to chiral coupling such that the system behaves most
similarly to an independent system with g2 (0) = 1, while
the opposite is true for phases far from the chiral phase
condition.

The asymmetric pumping case of Fig. 13(b) displays a
similar behavior, but there is no longer equivalence in g(lz)(O)
of all coupling strengths (all lines) at the reciprocal relative
phases of 6 —¢ = {0, m,27}. As in Fig. 13(a), stronger
coherent coupling strengths lead to a greater variety in the
magnitude of the coherence as one sweeps across the relative
phases 6 — ¢.

C. Spectrum

We now consider the optical spectrum in the most general
coupling case, which allows for a full consideration of asym-
metric coupling effects. The frequencies wp and broadenings
vp defining the spectrum of 2LS-1, as decomposed like in
Eqg. (22), read (see Appendix D for details)

ation= S tilm+ ), (1)
38 +ime = Sy +i(wo — Q°), (41D)
$vc +ioc = 330+ i(wo + Q), (41c)
%yD—f—ia)D = %)/o-f-i(wo—Q)a (41d)

where we have introduced the complex frequency

Q= \/gz - (g)2 —igy cos(d — ¢). 42)

Of course, the most general parameters of Eqgs. (41) recover
the previously addressed special cases of Egs. (24), (29), and
(35) under the appropriate conditions. Equations (41) also
naturally arise from a non-Hermitian Hamiltonian approach,
as is detailed in Appendix F. Furthermore, we note that
while throughout this work we have neglected cross-Kerr-type
interactions, they do not lead to meaningful changes to the
results presented in Egs. (41), a fact which is justified in
Appendix G.

In general, the complex frequency 2 as given by Eq. (42)
may contribute to both the frequency shifts w, and broad-
enings yp making up the spectral curves comprising the full
spectrum of Eq. (22). One notices that dissipative coupling
y only leads to frequency shifts w;, if the coherent coupling
g is nonzero, while the coherent coupling g only modifies
the collective damping rates y, if the dissipative coupling y
is nonzero, due to the form of Eq. (42). Furthermore, the
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FIG. 14. Relative (a) frequencies w, — wo and (b) broadenings yp,, both in units of the damping rate yy, as a function of the relative
phases 6 — ¢, with g/y = 1/2 [cf. Egs. (41)]. The thin pink lines show the dissipative (coherent) coupling strength y = y4/2 (g = 3y4/8).
Thick orange lines show y = y (g = 10/2). Solid (dashed) lines show the index p= C (D) [cf. Eq. (22)]. (c) and (d) Spectrum of 2LS-1 in
the asymmetric coupling regime S; (), in units of the inverse damping rate y,* [cf. Eq. (21)]. We show results for 6 — ¢ = {0, 7 /4, 7 /2}
(increasingly thin lines) and (c) y = 3y,/4 and g = 3y,/8, corresponding to the pink lines in (a) and (b), and (d) y = y and g= y0/2,

corresponding to orange lines in (a) and (b).

complex frequency of Eg. (42) vanishes for the specific cases
where the chiral conditions of Eq. (14c) or (14d) are satisfied.

We plot the key quantities {wp, yp} of Egs. (41) as a func-
tion of the relative phase 6 — ¢ in Figs. 14(a) and 14(b), where
the chiral magnitude condition of g = y /2 is satisfied but the
phase condition is not necessarily fulfilled; this is the so-called
quasichiral regime of Ref. [36]. The thin pink lines denote
when the dissipative (coherent) coupling strength y = 3y,/4
(g = 3y0/8), while the thick orange lines mark the case of
maximal dissipative (coherent) coupling v = y (9= y0/2).
Solid (dashed) lines are associated with the index p being
equal to C (D), which corresponds to the two parts of the
spectral decomposition entering the spectrum [cf. Eq. (21)].
The quantities linked to p = {A, B} are not shown since they
have zero spectral weight in the vanishing pump limit in which
we work [66].

Figure 14(a) shows how the frequencies wp entering the
spectrum decomposition of Eq. (22) change as a function of
the relative phase. Most notably, wc = wp = wy at the chiral

phase conditions of 6 — ¢ = {7 /2, 37t /2}, since the spectrum
of an isolated 2LS must be recovered. Otherwise, w, presents
both redshifts (wp < wg) and blueshifts (wp > wp) from the
resonance frequency of a single 2LS wg, which are stronger
with increasing ¢ (orange lines as compared to pink), giving
remarkable freedom for the positions w, of the resultant
spectral peaks.

Figure 14(b) displays the associated broadenings y, which
enter Eq. (22). Figure 14(b) shows how both superradiant
(¥p > y0) and subradiant (yp < yo) transitions are possible.
Of course, at the chiral phase conditions yc = yp = y, ensur-
ing the spectrum of an isolated 2LS arises. Most interestingly,
vanishingly small broadenings yp, < yo arise at the nonrecip-
rocal phases 0 — ¢ = {0, w, 27} for the maximal dissipative
coupling case (orange lines), suggesting the creation of ex-
tremely sharp spectral features.

Taken together, Figs. 14(a) and 14(b) imply that a thin
spectral peak, defined by yp < yo, can be associated with
either a redshifted (wp < wp) or a blueshifted (wp > wo)
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frequency change from wq. This feature should be highly
apparent in the full spectrum S (w) for strong dissipative
coupling ¥ =~ y; as the relative phase approaches a reciprocal
phase difference 6 — ¢ = {0, 7, 27}.

We plot the spectrum S (w) [cf. Eq. (21)] in Figs. 14(c)
and 14(d) for three relative phases 6 — ¢ = {0, w /4, 7 /2},
which are marked by increasingly thin lines. In Figs. 14(c)
we choose the parameters y = 3yy/4 and g = 3y,/8, which
correspond to the thin pink lines in Fig. 14(a) and 14(b).
Most notably, while the spectrum in Fig. 14(c) is comprised
of two peaks associated with the indices p = {C, D}, this
fact is most pronounced for the case 6 — ¢ = 0 (thick pink
lines). This is because here the redshifted (wp < wg) narrow
spectral peak is highly subradiant (yp < y0), as follows from
the dashed pink lines in Figs. 14(a) and 14(b) at & — ¢ = 0.
Meanwhile, the p = C broad contribution to the spectrum is
superradiant (yc > yo) and presents a blueshift (wc > wyp), as
is captured by the solid pink lines in Figs. 14(a) and 14(b)
ato — ¢ =0.

With the increased phase difference of 6 — ¢ = /4
(medium pink line) in Fig. 14(c), this extremely sharp spec-
tral feature begins to be lost. This behavior can be traced
back from the dashed pink lines in Figs. 14(a) and 14(b) at
6 — ¢ = 7 /4, which show an increased broadening yp and
decreased redshift wp — wg. Finally, in the chiral coupling
limit of & — ¢ = 7 /2 in Fig. 14(c) (thin pink line) a standard
Lorentzian spectrum is recovered, since the coupling is purely
unidirectional. This is congruent with the constituent param-
eters wc = wp = wg and yc = yp = o, as follows from the
solid and dashed pink lines in Figs. 14(a) and 14(b) at6 — ¢ =
/2.

In Fig. 14(d) the same result is of course produced for the
chirally coupled case (thin orange line), where 6 — ¢ = 7 /2.
However, in Fig. 14(d) the narrow peak is much more notice-
able at the intermediate phase 6 — ¢ = 7 /4 (medium orange
line), due to the maximal coupling constants considered (y =
yo and g = yp/2), which correspond to the thick orange lines
in Figs. 14(a) and 14(b). When 6 — ¢ = 0 (thick orange line),
the narrow peak is lost with maximal dissipative coupling
since the p = D contribution to the spectrum has zero spectral
weight (Lp = Kp = 0) in this limit. The narrow peak appears
with any nonzero relative phase (as illustrated by the medium
orange line).

The modulation of the optical spectrum as a function of
the relative phase, as well as the emergence of a narrow
peak as illustrated in Figs. 14(a) and 14(b), is a remarkable
manifestation of asymmetric coupling between the pair of
2LSs and offers the opportunity for the experimental de-
tection of the diverse coupling landscape in the coupled
system.

VIl. CONCLUSION

We have introduced an analytic model of two coupled
two-level systems, where the phases of both the coher-
ent and dissipative couplings are of paramount importance.
Depending on both the relative strength and phase differ-
ence between the coherent and dissipative couplings, we
have shown that the model evolves through a rich cou-
pling landscape, including coherent, dissipative, chiral (or

one-way), and asymmetric couplings. The required phases
attached to the complex coupling parameters between two
bodies may be realized in a range of systems, such as
with ultracold atoms [88,89] or photonic resonators [90-92],
where tunable synthetic magnetic fields have been imple-
mented by, for example, harmonically modulating in time
the coupling or using laser-assisted tunneling in optical
potentials.

We have analyzed several fundamental quantum optical
properties of the model as a function of the type of coupling,
namely, the steady-state populations, optical spectrum, and
second-order correlation functions. We have found some re-
markable properties including unexpected spectral features,
population trapping, and strong emission correlations, all of
which may act as signatures of chiral and asymmetric cou-
pling in future experiments.

Our work on the simplest possible coupled system, that
of a dimer, helps to provide insight into more complicated
systems, such as chirally coupled chains [93-99]. Our results
also pave the way for future work on chirally coupled meta-
surfaces, as the young field of chiral quantum optics continues
to evolve.
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APPENDIX A: CHIRAL COUPLING CONDITIONS

In this Appendix we derive the conditions for chiral cou-
pling, following the prescription of Metelmann and Clerk as
described in Ref. [28].

The master equation of a cascaded quantum system, where
system 2 (1) is being driven from the output from system 1 (2)
[cf. Fig. 1(b)], is given by [7-9]

dp =i[p, Ho] + %éfnp + %-322,0

+ Bro(€"[01 )0, GzT(l)] + e "o ), paf(g)]),
(A1)

where Hp, the noninteracting part of the Hamiltonian of
the coupled 2LSs, is given by Eq. (2) and the Liouvillian
superoperator .%; by Eq. (12). In Eq. (Al) the subscripts i
(j) refer to the two directions of driving, which we label case
I (I), B is a non-negative real number, and » is an arbitrary
phase. Notably, in the original derivations of Refs. [7,8] these
quantities were chosen as g = 1 (to describe the maximum
possible chiral coupling strength) and n = 0.
Let us now consider the joint decay operator [9,42,43]

£ = /€01 + V27002, (A2)
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where vy , parametrize the strength of the collective damping
decay rate y such that 0 < vy < 1. Upon employing the
operator of Eqg. (A2) in the master equation of Eq. (Al), one
obtains the Lindblad form

. 1
dp = i[p, Ho] + ziﬂgp

1-v
+%fnp+

(1 —v2)p

Z
5 220

BYo

+ T(é"[p, 05(1)01 @l - e""[p. UlT(z)GZ wD-

(A3)

Here g = ,/vivz, which implies that 0 < 8 < 1. Upon ex-
panding the general and specific master equations of Eqgs. (11)
and (A1), respectively, and assigning all of the like terms (see
also Refs. [28,36]) one readily finds the conditions on the
system parameters to be in the chiral coupling regime

1
9_- (Ada)
y 2
% for case I: 2LS-1 drives 2LS-2
0—¢=1: _ (A4b)
7” for case I1: 2L.S2-2 drives 2L.S-1,

where we considered the vanishing pump limit (P, P, — 0)
and used n = F¢ in Eq. (Al). We also have the physical
condition y = By, or equivalently [due to Eq. (A3)] the
inequality

0<y <. (AS5)

which ensures the magnitude of the dissipative coupling is
never greater than the self-decay rate. Notably, the limiting
case of maximal dissipative coupling (8 = 1 or y = y;) leads
to peculiar effects such as population trapping and is therefore
of special interest throughout this work.

APPENDIX B: A SINGLE 2LSWITH
INCOHERENT PUMPING

In this Appendix we briefly detail some results for a single
2LS subject to incoherent pumping. The derived expressions
are used as comparisons to the behavior of the system of two
coupled 2L Ss studied throughout the main text.

The Hamiltonian and master equation of an isolated (iso)
2L S read [42]

Hiso = woo o, (Bla)

dpiso = i[p, H] + %(ZG/OUT —o'lop —pa'o)

P
+ ?1(20*/00 —oo'p—poal), (B1b)
with the 2LS resonance frequency wy, the self-damping decay
rate yp, and the incoherent pumping rate P;. The master
equation of Eq. (B1b) directly leads to the equation of motion
for the population correlator

dlo'o) =P — (PL+ po)(o'o). (B2)

When t — oo the system reaches its steady state, and setting
& (ocTo) = 0in Eq. (B2) intermediately yields the expression
for the steady-state population of a single 2LS. This result is

205 .
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FIG. 15. (a) Mean population nj, of an isolated 2LS as a function
of the pumping rate Py, in units of the damping rate y; [cf. Eq. (15)],
and (b) spectrum S, (w) of an isolated 2LS, in units of the inverse
damping rate y,*, as a function of the frequency w (which is
measured from the 2LS resonance frequency wy) [cf. Eq. (23)].

given as Eq. (15), where we redefine (o 7o')ss = niso. We plot
Niso iN Fig. 15(a), showing the evolution of the population as a
function of the pumping rate P;.

Application of the quantum regression formula [9,70],
along with the master equation of Eq. (Blb), yields the
two-time equation of motion for a single 2LS

3 (0" (t+t)a (1)) = —(iwo+ [P+ yol) (0" (r + ) (t).

(B3)
Upon integrating Eq. (B3) and using the Wiener-Khinchin
theorem [70,77], one finds the optical spectrum of a single
2LS. The result is Sso(w), the normalized spectrum given in
Eq. (23) (in the limit of vanishing pumping, P, — 0). We plot
Sso(w) in Fig. 15(b), displaying the standard Lorentzian line
shape centered at wq and with broadening yo.

APPENDIX C: SINGLE-TIME DYNAMICS

In this Appendix we derive the single-time dynamics of
the correlators associated with the mean populations of the
two coupled 2LSs, in the spirit of Refs. [75-77,100-104]. In
particular, we exploit the quantum regression theorem, which
allows us to find the dynamics of a desired correlator from

013723-15



C. A. DOWNING et al.

PHYSICAL REVIEW A 102, 013723 (2020)

the mean values of some observable in time [9,70]. Specifi-
cally, we calculate the steady-state populations of the coupled
system in the manner of Ref. [66] and investigate how the
various coupling regimes (see Fig. 2) affect the populations of
the system.

1. Equation of motion

Using the master equation (11) and the relation 9;(O) =
Tr(Od;p) for any operator O, we arrive at the equation of
motion

d
—u=P—-Mu C1
. (C1)
for the 5-vector of correlators u and drive term P, with
t
<0‘;;0'1) P,
<‘72 02) P,
u=| (o) |, P=]0 (C2)
(o)1) :
(afalagaz)
In Eq. (C1), the one-time regression matrix is given by
Iy 0 g, o1 0
0 r § @ 0
M= § g, 2ry 0 —2yef"f’ , (C3)
g- 9+ 0 2ry  —2ye?
- —P 0 0 4T,

where I'; » and T are given by Egs. (17) and the generalized
coupling constants are defined via

8. = +ige” + 1ye€?. (C4)

In the steady state, we directly obtain five quantities from the
derived equation of mation (C1) via the formal solution

uSS = M_]'P, (CS)

Namely, we find the probabilities of having the first and sec-
ond 2LSs excited 0y = (o, 01)ss and n, = (0 0)ss, respec-
tively, the coherence between the two 2LSs ny; = (olT 02)ss
and ny; = nj,, and the joint probability that both 2LSs are
excited ny = (0, 010, 02)ss. Indirectly, we also have access
to the probabilities of having only 2LS-1 or 2LS-2 excited
P10 =M — Ny and pg1 = N, — Ny and the population of the
ground state with zero excitations ppo =1+ Ny — Ny — Ny,
Of course, unitarity is always observed since poo + p1.0 +
po,1 + p11 =1, where p; 1 =ny.

The most general solutions from Eq. (C5) are given by
Egs. (38). We now go on to investigate the aforementioned
steady-state populations for several limiting cases, namely,
for coherent coupling (Appendix C2), dissipative coupling
(Appendix C 3), and chiral coupling (Appendix C 4).

2. Coherent coupling

With the coherent coupling parameters of Eq. (14a), we
obtain from Eqg. (C5) the simple expressions

Pl + 92%

o — _____— _+ C6
M T + 4P (C6a)

PI'; + 92%

ne = —— ~ I+ Céb

2 Iy + 4@ (C6b)
ige! I'1P, — I';P,

nig — Iw 1m2 2 f|.7 (CGC)
2F+ F1F2+4gz
PP, + ($)°

N = —( ir) (C6d)

i+ 4

When one substitutes & = 0 into the complex-valued co-
herence of Eq. (C6c), one recovers Eqgs. (14) and (15)
of Ref. [66], where real-valued coupling parameters were
considered. Furthermore, dividing Eq. (C6d) by Egs. (C6a)
and (C6b) yields the cross correlator given as Eq. (19).

3. Dissipative coupling

When the dissipative coupling parameters of Eq. (14b) are
fulfilled, we obtain from Eq. (C5) the compact expressions

P_y?(PL—T}) +4PTLI%

ds
ny® = , (C7a)
L7 y2(Piy + PoTp) + 402 (T4, — y2)
s P_y?(I'y — P) + 4RI T2 (C7h)
2 y2(Ply 4 Polp) + 4T3 (M1l — y2)
I ye'?@PP, — Pl — Pl
s = +y€ ' ?(4PP, — Py — PoIy) (C70)

y2(Pil'y + PoIp) + 42 (M1 Ty — y2)’

P_\2
e PP+ (77 ) - (1)
YT 2P 4 PT,) + AT (1T, — y?)

The cross correlator (28) is found by dividing Eq. (C7d) by
Egs. (C7a) and (C7b).

4. Chiral coupling

At the chiral parameters, we obtain for case | [cf. Eq. (14c)]
the following expressions from Eqg. (C5):

Py
it = =2, C8a
= (csa)
2PI2 — Py?(P, — 2T,)/T
pont — 2P 121/ (P : +)/ L (Cab)
Pl)/ + 2F2F+
e*i"’yPlF 2P —T,
nth! = + - = (C8c)
Fl Pl)/ +2F2F+
PL Piy? 4 4P,I2
ch,l _ 1 1y 21 4 (C8d)

¥ TN P2+ 2r,r2”

Most importantly, Eq. (C8a) showcases that the population
of the first 2LS is identical to that of a single 2LS in isolation
[cf. Eq. (15)], a hallmark of chiral coupling. The second
2LS population in Eq. (C8b) is in general enhanced due to
the one-way nature of the coupling in favor of 2LS-2 [see
Fig. 2(c)]. Dividing Eqg. (C8d) by Egs. (C8a) and (C8b) yields
the normalized cross correlator (34).

The expressions for case Il [cf. Eq. (14d)] are found by
interchanging the indices (1 = 2) everywhere such that it is of
course also possible to have one-way coupling in the opposite
direction, characterized by ni™'"" = P,/T,.
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mean population

Py /0
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FIG. 16. Mean populations in the dissipative coupling regime as a function of the pumping rate Py, in units of the damping rate y, [cf.
Eqgs. (27)], for (a) dissipative coupling strength y = 3y,/4 and (b) maximal coupling y = yo. The labeling of the mean population of the
state |i, j) is displayed in the legend in (a) and states with N = {0, 1, 2} excitations are shown with increasingly thick lines. In the figure, we

consider symmetric pumping (P, = P,).

APPENDIX D: TWO-TIME DYNAMICS

In this Appendix we calculate various two-time correla-
tors of interest, which gives us access to both the power
spectrum of the coupled system and its underlying structure
(via its spectral decomposition). We use the same theoretical
framework as in Refs. [105-107]. Our modus operandi is
underpinned by the quantum regression theorem [9,70], in the
same manner as Appendix C.

Similar to Ref. [66], we focus on the spectrum S (w) of the
first emitter 2LS-1, since all the expressions for 2L.S-2 may
be found by natural interchanges of 1 and 2. Furthermore, the
theory may be generalized to analyze other modes of inter-

J

iwo + 3T 9+
Q _ gt in + %FZ
= o S
P, 0

where the effective broadenings I'y and I', and coupling
constants §. are given by Egs. (17) and (C4), respectively.
The exact solution of Eq. (D1) reads

vt.t+1)= > cuie oA (D)
p=AB.C,D

where the pth complex eigenvalue of —Q is A,, with as-
sociated eigenvector VE. The complex eigenfrequencies Ap
may be decomposed as the damping rates y, = —2Re(Ap)
and the frequency shifts wp, = —Im(Xp), producing the ex-
ponent in Eq. (D4). The four constants c, are obtained
from the boundary conditions vagcp = (N, N2, 0, Ny)T,
where the required steady-state expressions n; are given in
Egs. (38).

With regard to the optical spectrum decomposition of
Eq. (22), the coefficients L, and K, may be found via
the relation Lp+iKp = cpv[1]/m, where Xx[1] refers to
the first element of the column vector x and n; is given

est [36]. The equation of motion for the pertinent correlators
reads

0
a—v(t,t+t)+Qv(t,t+t):0, (D1)
T
where the correlators are contained in the 4-vector

(o] (t) o1 (t + 7))
(o] ®) oa(t + 7))

(D2)
(o] (t) 0] 7105 (t + 7))
(0] (t) o10) 0t + 7))
The two-time regression matrix in Eq. (D1) reads
—20+ 0
0 24
. ~ , D3
iwo+ 'y + 3T o (B3)
g- iwo + T2 + 311

(

in its most general form by Eq. (38a). In the various
limiting cases we have focused on throughout, the eigen-
values of Eq. (D3) are given by Egs. (24), (29), (35),
and (41).

APPENDIX E: SUPPLEMENTARY RESULTSFOR THE
MEAN POPULATIONSIN THE DISSIPATIVE
COUPLING REGIME

In Sec. IV A we noted that the results for the mean
populations in the dissipative coupling regime with symmet-
ric pumping (P, = P;) are not surprising, at least once the
asymmetrically pumped results are known (cf. Fig. 6). We
show explicitly the symmetric pumping configuration results
in Fig. 16, with high (maximal) dissipative coupling y =
3v/4 (y = yo) displayed in Fig. 16(a) [Fig. 16(b)]. Most
importantly, there is a population trapping effect in Fig. 16(b),
in the limit of vanishing pumping, in exactly the same man-
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ner as in Fig. 6(b). Broadly, the key features in Fig. 16
are simply symmetrized analogs of the behavior shown in
Fig. 6.

where the first moments are contained within the four-
dimensional object [cf. Eq. (D2)]

APPENDIX F: FIRST MOMENTSOF THE DIMER {o1)
The calculation of Appendix D may be used to im- b= fr02> ) (F2)
mediately write down the equation of motion for the first (010102)
moments of the dimer, which are encapsulated by the (010;02)
equation
i) = M, (F1)
|
The first moments matrix A in Eq. (F1) reads [cf. Eq. (D3)]
wo — i} —ig, 21, 0
w=| T el o ag (F3)
0 iP a)o—I(F1~|—TZ) —Ig’_ki_
P 0 -ig- o =i(T2+ )

where the generalized coupling constants §. are defined in
Eq. (C4) and the generalized damping rates I'; and ', by
Egs. (17). The Hamiltonian-like matrix # is in general non-
Hermitian and therefore has four complex eigenvalues. In the
limit of vanishing pumping (P, P, — 0), the four eigenvalues
€; of Eq. (F3) are given by

€ = wo+\/gz—<g>2+igycos(9—¢)+i%, (F4)
&= a)o—/§—<%>2+igycos(9—¢)+i%, (F5)
& = wo+\/92—(g)z—igycos(e—qu%, (F6)
€= wo—ng—(g)z—igycosw—@mg (F7)

The eigenenergies ¢; of Eqgs. (F4)—(F7) may be readily split
into real and imaginary parts, which allows for their inter-
pretation as energy levels and inverse lifetimes, as was done
in the spectral calculation of Appendix D and its associated
result of Eqgs. (41). Equations (F4)—(F7) highlight how the
interplay of the coherent coupling g and dissipative coupling
y crucially determines fundamental properties of the system
and how their relative phase difference 6 — ¢ is of the utmost
importance.

APPENDIX G: CROSS-KERR INTERACTIONS

In what follows we briefly account for the introduction
of an interaction term between the two quantum emitters
via cross-Kerr coupling. We supplement the Hamiltonian
of Eq. (1) with the interaction term H, so that it reads

H = Hgy + H; + Hy, where

H = —XO’lTUlGZTO’z, (G1)

where x is the nonlinear cross-Kerr frequency. This interac-
tion leads to a renormalization of the doubly occupied energy
level from wy = 2wy [cf. Eq. (10)] to

Wy = 2(,()0 — X (GZ)
Equation (G2) breaks the symmetry of the energy ladder
about wyp; the most symmetric case with x = 0 is sketched
in Fig. 1(a).

The mean populations and the cross correlator are unaf-
fected by the extra term of Eq. (G1), since the cross-Kerr
coupling x does not enter the matrix M in the one-time
equation of motion given by Eq. (C1). However, the optical
spectrum is influenced by x. Generalized to account for inter-
actions, the two-time equation of motion of Eq. (D1) sees four
additions to the matrix Q. Explicitly, four matrix elements Q; ;
in Eq. (D3) need to be updated: Q14 — Q1.4 —ix, Q23 —
Q23 —ix, Q33— Q33 —ix, and Qs4 — Q44 —ix. The
resulting eigenvalues of Q yield the frequencies w, and broad-
enings yp which shape the spectrum [cf. Egs. (41)],

ITvation= 3y +i(wo — x + Q%) (G3a)
Tve +iws = 3yo +i(wo — x — QF), (G3b)
svc +ioc = v +i(wo + ), (G3c)
Ivp +iwp = 30 +i(wo — Q). (G3d)

where € is defined in Eq. (42). Notably, the effect of inter-
actions is only felt through the replacement wy — wg — x
in the frequency shifts associated with the labels A and B
in Eq. (G3), as follows from Eq. (G2). Since these contri-
butions to the spectrum describe optical transitions from the
doubly excited level wy, those which are unpopulated in the
vanishing pumping limit we consider, we can safely neglect
interactions of the form of Eq. (G1) without loss of generality.
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