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ABSTRACT
This paper deals with unsteady-state brush tyre models. Starting
from tyre-road contact theory, we provide a full analytical solution to
the partial differential equations (PDEs) describing the bristle defor-
mation in the adhesion region of the contact patch. We show that
the latter can be divided in two different regions, corresponding to
two different domains for the solution of the governing PDEs of the
system. In the case of constant sliding speed inputs, the steady-state
solution coincides with the one provided by the classic steady-state
brush theory. For a rectangular contact patch and parabolic pressure
distribution, the time trend of the shear stresses is investigated. For
the pure interactions (longitudinal, lateral and camber), some impor-
tant conclusions are drawn about the relaxation length. Finally, an
approach to derive simplified formulae for the tangential forces aris-
ing in the contact patch is introduced; the tyre formulae obtained
by using the proposed approach are not based on the common slip
definition, and can be employed when the rolling speed approaches
zero. The outlined procedure is applied to the cases of linear tyre
forces and parabolic pressure distribution.
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1. Introduction

In the last decades, a great deal of research has been dedicated to the development ofmodel-
based control strategies to be employed in emergency braking and handling dynamic
scenarios [1]. Two main factors influencing the braking capacity of a vehicle are tyre-
road friction and available braking torque. Both are difficult to determine precisely due
to modelling complexities and variations in the operating conditions. On the other hand, a
properly descriptions of the tyre-road contactmechanisms is also crucial to improve energy
efficiency [2].

In literature different tyre models have been proposed over the recent years. Some
very advanced FEM or Multibody models [3–5] are capable of capturing many phenom-
ena related to the tyre dynamics. Nevertheless, their intrinsic complexity makes them
computationally demanding, and eventually unsuitable for real-time applications. As a
consequence, they are mainly adopted to evaluate static properties of tyres, including
stiffness, resonant frequencies and vibration modes.
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In order to fulfill the real-time requirement, several simpler approaches for tyre mod-
elling have been developed. Nowadays, one of the most widespread technique is Pacejka’s
‘Magic Formula’ (MF) [6], describing tyre steady-state tyre characteristics by means of a
wide set of different fitting parameters.However, due to its pure empirical nature, themodel
is non-intuitive with respect to physical interpretations.

In contrast, the so-called brushmodels [7–9] are grounded on few physical assumptions.
They require only a small number of coefficients to be parametrised and are able to provide
a qualitatively accurate description of the forces exchanged between the tyre and the road.
Their main drawback is usually connected to a possible mismatch to the experimental data
due to the simplified modelling approach.

To overcome this disadvantage, some efforts have been directed towards amore detailed
description of the contact patch. For example, in [10], the effect of different pressure distri-
butions – including asymmetrical ones and higher-order polynomial – on the tyre forces
has been investigated extensively. Also, a three-dimensional brush model for describing
longitudinal characteristics of the tyre in steady-state conditions has been presented in
[11]. In [12], the author has successfully extended Kalker’s theory to rubber tyres starting
from a semi-analytical model normally employed in studies related to the wheel-rail con-
tact mechanics. In [13], the effect of the thermal and frictional effects on ground vehicle
performance has been studied by employing a simplified model for tire wear estimation.
Finally, other works [14–16] have been substantially aimed at estimating the road friction
coefficient from forces and slip measurements by assuming the tyre behaviour following
some enhanced brush models.

Like Pacejka’s MF, steady-state brush models provide an analytical representation of
the tyre forces as a function of the slip variable, a mathematical quantity which cannot be
defined at zero rolling speed. This makes slip-based tyre formulae inappropriate to model
close-to-standstill or wheel-locked scenarios. This is the main reason why several attempts
have been made in order to include dynamic properties capable of handling transient
phases.

A very early attempt to address the issue dates from the late 80s. In the context of rail-
way dynamics, Kalker pioneered an analytical solution for the case of pure longitudinal slip
in [17]. The proposed solution was also proved to be consistent with the main underlying
assumptions of themodel, but its derivationwas omitted completely.More advanced inves-
tigations were also carried out by employing specially developed tools [18] or numerical
methods [19].

Amongst the transient models for road vehicle dynamics, the best known are per-
haps the Single Point Contact Model developed by Pacejka [6], the ‘LuGre’ model [1],
and the full-transient one presented by Guiggiani in [7] and more recently in [8]. The
first model, introduced in [6], renounces to deal with the bristle dynamics, and can be
seen as an enhanced steady-state brush model which takes into account the deforma-
tion of the tyre carcass. This allows to provide a transient solution for both the lateral
force and the self-aligningmoment resulting from a first order differential equation almost
without introducing any computational drawback. In the ‘Lugre’ formulation [1], an inter-
nal friction parameter is used to represent the shear stresses exerted at the tyre-road
interface and the friction-induced hysteresis. Some specially developed functions are also
included in order to fit Pacejka’s curves. Finally, the latter takes into account both the
bristle and the carcass dynamics, leading to a more complete formulation. In [7,8], the
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response to pure lateral and longitudinal slip input is investigated separately and the
author proposes an iterative method to compute the position of the breakaway point
and the resulting force and moments generated within the contact patch. Lastly, other
authors have proposed solutions based on finite difference approximations [20], or on
interconnected bristle models [21]. The TreadSim package implemented by Pacejka [6]
is also based on the discretisation of the contact patch. It is a detailed description of the
tyre tread which allows to account for several features – conicity, flexible carcass – and
operative conditions – sliding-dependent friction coefficient, combined slips, irregular
pressure distributions – which would otherwise make the analytical approach completely
inadequate.

From the excursus above, it is glaring that an extremely simple model capable of
exhaustively describing tyre characteristics during transients has not been developed yet.
Indeed, whilst the enhanced MF versions can macroscopically reflect unsteady-state tyre
behaviours, a detailed understanding of themicroscopic phenomena occurring in the con-
tact patch is still lacking. Conversely, more exhaustive formulations require numerical
techniques and don’t come with a close form solution.

Hence, in this paper, a novel theory of unsteady-state brush models inspired by Kalker’s
studies [17] is presented. The closed-form solution for the deformation of the tyre carcass
and the bristles representing the tread is derived by using the method of characteristics.
It is also shown that it can be determined uniquely depending on the boundary or initial
condition. The analysis is extended to a very general case – which includes longitudinal,
lateral and rotational slips – and allows for some fundamental considerations about the
time-varying trend of the shear stresses arising inside the contact patch.

The analysis is further deepened when the compliance of the tyre carcass is neglected.
This allows for some simplification and makes the problem suitable to cope with from
a pure theoretical perspective. Some interesting results are drawn which relate with the
simultaneous existence of different sticking and sliding regions inside the contact patch
during the transient of the bristles.

Then, a simplified approach to derive a family of transient tyre formulae generalising the
already-existing ones, called ‘two-regime formulae’, is discussed. This new class of model
accounts for both the transient of the bristles and the compliance of the tyre carcass, being
of more practical interest. The resulting expressions for the tangential forces acting at the
tyre-road interface are not based on the slip quantity, and can be successfully employed to
describe some phenomena that are not normally predicted by the classic steady-state brush
models.

This paper is organised as follows: in Section 2, the derivation of the tyre-road con-
tact equations is given and all the main assumptions are outlined. The general solution for
the tyre-road contact equations in the adhesion region is derived in Section 3 and some
comparison with numerical solutions are shown. In Section 4, under the assumptions of
rectangular contact patch and parabolic pressure distribution, the analysis is extended fur-
ther for the case of pure interactions (longitudinal, lateral and camber) and an estimation
of the relaxation length is provided. A simplified approach to derive amore straightforward
expression for the transient tyre formulae is first illustrated in Section 5 in general terms,
then an example is also presented in the case of linear tyre forces. Finally, conclusions and
further developments are drawn in Section 6.
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2. Governing equations of the brush tyre model

2.1. Tyre-road contact equations

Apart from the different nomenclature and some minor considerations about the con-
stitutive relation and related boundary conditions, the formulation of the brush model
in this section is entirely based on the one proposed by Guiggiani in [7,8]. The tyre-
road contact equations are derived by using the Eulerian approach. Let us consider a
finite control area S(x, y, 0) = {(x, y, z) ∈ R

3 : xT(y) ≤ x ≤ xL(y), yL ≤ y ≤ yR, z = 0} in
the absolute reference frame (êx, êy, êz), where l(y, ρ l(t)) = xL(y, ρxL(t))− xT(y, ρxT (t))
and w(y, ρw(t)) = yR(ρyR(t))− yL(ρyL(t)) are the length of the contact patch at the coor-
dinate y and the maximum tyre width, respectively. The functions ρ parametrise the shape
of the contact patch and may depend on different variables, such as the vertical force act-
ing on the tyre. The vertical dimension is also assumed to be zero since the carcass and
the tread only undergo deformations in the longitudinal and lateral directions. We start by
introducing the tyre-road contact equations in vectorial form as follows [7,8,22]

vs(x, t) = 0 ⇐⇒ ‖qt(x, t)‖ < μsqz(x, t), (1a)

qt(x, t) = −μdqz(x, t)
vs(x, t)

‖vs(x, t)‖ ⇐⇒ vs(x, t) �= 0, (1b)

in which vs(x, t) = [vsx(x, t) vsy(x, t)]T is the micro-sliding velocity of a bristle at position
x and time t, qt(x, t) = [qx(x, t) qy(x, t)]T is the tangential force per unit of area applied
on that bristle, qz(x, t) is the vertical pressure acting in the contact patch and μs and μd
are the static and dynamic friction coefficients, respectively. We point out that (1) are only
valid under a memoryless friction assumption.

The relative micro-sliding velocity of the tread bristle at position x contacting the road
reads

vs(x, t) = V s(t)+ ωz(t)× (x + ut(x, t))+ dut(x, t)
dt

+ ḋ(t). (2)

In (2), Vs(t) is the macro-sliding velocity, defined as the difference between the speed of
the rigid equivalent tyre and that of the road. ωz(t) = ω1z(t)− ω2z(t) is the spin angular
speed, with ω1z(t) = −�(t) sin γ (t)êz the normal component of the rolling speed due to
camber and ω2z(t) = −ψ̇(t)êz the steering speed.1 Finally, ut(x, t) and d(t) are the tan-
gential deformations of the bristle and carcass, respectively. The latter is also modelled as
a single point body (see Figure 1).

Introducing the gradient operator ∇ , Equation (2) can be recast as

vs(x, t) = V s(t)+ ωz(t)× (x + ut(x, t))+ ∂ut(x, t)
∂t

+ ẋ · ∇ut(x, t)+ ḋ(t), (3)

where the quantity ẋ is approximatively

ẋ 	 −�(t)Rr(t)êx := −Vr(t)êx, (4)

with Rr(t) the so-called effective rolling radius and Vr(t) the rolling speed.
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Figure 1. Tyre schematic for the pure longitudinal problem (Vy(t) = ωz(t) = 0). The bristles and the
tyre carcass (modelled as a linear spring) are drawn in red. The generalised forces acting on the tyre-
wheel system are represented in blue. The speeds are finally given in green. The dot notation stands for
total derivative with respect to time. The local variable ξ = xL(y, ρxL(t))− x is referred as the distance
from the leading edge.

Specifying the other quantities in (3) and neglecting the higher order terms, the new
tyre-road contact equations in scalar form [23,24] read

vsx(x, t) = Vsx(t)− ωz(t)y + ∂ux(x, t)
∂t

− Vr(t)
∂ux(x, t)
∂x

+ ḋx(t), (5a)

vsy(x, t) = Vsy(t)+ ωz(t)x + ∂uy(x, t)
∂t

− Vr(t)
∂uy(x, t)
∂x

+ ḋy(t). (5b)

Performing the coordinate change

ξ =
⎡
⎣ξη
ζ

⎤
⎦ :=

⎡
⎣xL(y, ρxL(t))− x

y
z

⎤
⎦ , (6)

Equation (5) finally becomes

vsx(ξ , t) = Vsx(t)− ωz(t)η + ∂ux(ξ , t)
∂t

+ Vr(t)
∂ux(ξ , t)
∂ξ

+ ḋx(t), (7a)

vsy(ξ , t) = Vsy(t)+ ωz(t)[xL(η, ρxL(t))− ξ ] + ∂uy(ξ , t)
∂t

+ Vr(t)
∂uy(ξ , t)
∂ξ

+ ḋy(t).

(7b)
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Equations (7) are two inhomogeneous linear partial differential equations (more specifi-
cally, transport equations), with initial and boundary conditions given by

ut(ξ(η), η, 0) = u0t (ξ), (8a)

qt(0, η, t) = 0. (8b)

The first of (8) imposes the initial condition for the deformation of the bristle at the time
t = 0. The latter prescribes that the tangential force at the entrance of the contact patch
must be zero. This follows from the hypothesis of continuous traction distribution at the
leading edge ξ(η) [25]. To solve (7), it is thus necessary to specify the constitutive relation
between the bristle displacement ut(ξ , t) and qt(ξ , t).

2.2. Constitutive relations

Even though rubber is a viscoelastic material, for sake of simplicity it has been commonly
established in literature to assume linear elasticity [7,8], which gives

qt(ξ , t) = ktut(ξ , t), (9)

where the tangential stiffness matrix kt is defined as

kt =
[
kxx kxy
kyx kyy

]
, (10)

usually with kxx = kx, kyy = ky, kxy = kyx = 0 [7,8]. From (9), it is possible to rewrite the
boundaries (8) in the following form2

ut(ξ(η), η, 0) = u0t (ξ), (11a)

ktut(0, η, t) = 0 ⇐⇒ ut(0, η, t) = 0, (11b)

since it is kx, ky �= 0.
Finally, a similar relation to (9) is also used to model the tyre carcass (a linear spring),

according to

Ft(t) =
[
Fx(t)
Fy(t)

]
= C′d(t), (12)

where Ft(t) is the total planar force in the contact patch and the stiffness matrix C′ is
assumed to be diagonal [7,8].

3. General analytical solution for the adhesion region

In this section, we first solve Equations (7) without considering the transition from the
adhesion condition to the sliding one. In the adhesion region, the micro-sliding velocity
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vs(ξ , t) = 0. Hence, (7) can be simplified as follows

∂ux(ξ , t)
∂t

+ Vr(t)
∂ux(ξ , t)
∂ξ

= −Vsx(t)+ ωz(t)η − ḋx(t), (13a)

∂uy(ξ , t)
∂t

+ Vr(t)
∂uy(ξ , t)
∂ξ

= −Vsy(t)− ωz(t)[xL(η, ρxL(t))− ξ ] − ḋy(t). (13b)

Generally speaking, the rolling speed Vr(t) depends on time and an analytical solution to
(13) is very hard to provide. Thus, we only limit our analysis to the case in which V̇r = 0.

We can solve (13) by means of the method of characteristics to get

ux(ξ , t) = −Ux(η, t)− dx(t)+ Gx(Vrt − ξ), (14a)

uy(ξ , t) = −Uy(ξ , η, t)− dy(t)+ Gy(Vrt − ξ), (14b)

with

Ux(η, t) =
[∫

Vsx(τ )+ ωz(τ )η dτ
]∣∣∣∣
τ=t

,

Uy(ξ , η, t) =
[∫

Vsy(τ )+ ωz(τ )[xL(η, ρxL(τ ))+ Vr(t − τ)− ξ)] dτ
]∣∣∣∣
τ=t

,

and Gx(•), Gy(•) unknown functions to be determined. In order to search for a particular
solution, we need to impose either the boundary or the initial condition. The form of the
solution can be inferred by looking at the geometry of the problem. Hence, we denote the
travelled distance with ς = Vrt (sometimes also referred to as rolling distance [7,8]) and
consider the cases ξ < ς and ξ ≥ ς , for which we have the two different solutions u−

t (ξ , t)
and u+

t (ξ , t), respectively. In the u−
t (ξ , t) domain, the boundary condition ut(0, η, t) = 0

is active. This yields the following solution for the bristle displacements

u−
x (ξ , t) = Ux

(
η, t − ξ

Vr

)
− Ux(η, t)−

∫ t

t−ξ/Vr

ḋx(τ ) dτ , (15a)

u−
y (ξ , t) = Uy

(
0, η, t − ξ

Vr

)
− Uy(ξ , η, t)−

∫ t

t−ξ/Vr

ḋy(τ ) dτ . (15b)

On the other hand, for ξ ≥ ς , the condition to be imposed is given by the initial condition
u0t (ξ), which leads to

u+
x (ξ , t) = Ux(η, 0)− Ux(η, t)−

∫ t

0
ḋx(τ ) dτ + u0x(ξ − Vrt), (16a)

u+
y (ξ , t) = Uy(ξ − Vrt, η, 0)− Uy(ξ , η, t)−

∫ t

0
ḋy(τ ) dτ + u0y(ξ − Vrt). (16b)

For ξ = ς , it results

u−
t (x, t)

∣∣
ξ=ς = u+

t (x, t)
∣∣
ξ=ς , (17)
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since u0t (0, η) = 0. This implies that the solution is continuous at the point ξ = ς , but it is
not differentiable. Indeed, it is

∂u−
t (x, t)
∂ξ

∣∣∣∣
ξ=ς

�= ∂u+
t (x, t)
∂ξ

∣∣∣∣
ξ=ς

. (18)

Equations (15) and (16) are quite rather general and not very easy to interpret. However,
an interesting result can be obtained if all the macro-velocities are constant and the con-
tact patch doesn’t change shape over the time. This assumption is often violated when it
comes to real-world scenarios, but it allows for some important conclusions about the time
trend of the forces developed at the tyre-road interface. Indeed, in this case, Equations (15)
and (16) can be recast as

u−
x (ξ , t) = −Vsx

Vr
ξ + ωz

Vr
ξη + dx

(
t − ξ

Vr

)
− dx(t), (19a)

u−
y (ξ , t) = −Vsy

Vr
ξ − ωz

Vr
ξ

(
xL(η)− ξ

2

)
+ dy

(
t − ξ

Vr

)
− dy(t), (19b)

for ξ < ς and

u+
x (ξ , t) = −Vsxt + ωzηt + dx(0)− dx(t)+ u0x(ξ − Vrt), (20a)

u+
y (ξ , t) = −Vsyt − ωz

(
xL(η)− ξ + Vrt

2

)
t + dy(0)− dy(t)+ u0y(ξ − Vrt), (20b)

for ξ ≥ ς .
Moreover, it can be noted that the left solution u−

t (ξ , t) exactly coincides with the one
provided by the steady-state brush theory. Indeed, equations (19) can be restated as

u−
x (ξ , ς) = σxξ − φ

Rr
ξη + dx

(
ς − ξ

Vr

)
− dx(t), (21a)

u−
y (ξ , ς) = σyξ + φ

Rr
ξ

(
xL(η)− ξ

2

)
+ dy

(
ς − ξ

Vr

)
− dy(t), (21b)

whilst the solution for ξ ≥ ς reads

u+
x (ξ , ς) = σxς − φ

Rr
ης + dx(0)− dx

(
ς

Vr

)
+ u0x(ξ − ς), (22a)

u+
y (ξ , ς) = σyς + φ

Rr
ς
(
xL(η)− ξ + ς

2

)
+ dy(0)− dy

(
ς

Vr

)
+ u0y(ξ − ς), (22b)

where the quantities

σ =
[
σx
σy

]
:= −

⎡
⎢⎣
Vsx

Vr
Vsy

Vr

⎤
⎥⎦ , (23a)

φ := −ωz

�
= sin γ − ψ̇

�
, (23b)

are easily recognisable as the translational and rotational slips (the quantity φ is also often
referred to as spin parameter). This means that the portion of the contact patch within the
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travelled distance – i.e. for ξ < ς – is always characterised by steady-state conditions. If
the dynamics of the tyre carcass is not accounted for, this also implies that the planar force
vector Ft(t) and the self-aligning moment Mz(t) reach their steady-state values within a
finite time horizon. This result misaligns with the common employed first order dynamics
tyre formulae, for which the steady-state condition is always an asymptotic case.

In particular, in the pure spin case, steady-state is reached when the travelled distance
coincides exactly with the length of the contact patch. This is never true for the pure
longitudinal or lateral cases, where the distance needed to be travelled to achieve station-
ary conditions always depends on the value of the slip itself and on the contact pressure
distribution, as shown in the following analysis.

It must be pointed out that the solution u−
t (ξ , ς) vanishes for Vr = 0, as for the classic

brush theory. In this case, the only valid solution u+
t (ξ , ς) reads as in (20) and the tyre

behaves exactly like a spring.

4. Theoretical analysis for rectangular contact patch

In this section we go further with the analysis by introducing some simplifying assump-
tions. Some of them are not really necessary, but make the investigation less technically
demanding. More specifically, we focus on the pure translational and rotational problems
separately, by assuming a constant rectangular shape of the contact patch. Furthermore,
we model the vertical pressure distribution as a parabolic one and set constant values for
the stiction (μs) and sliding (μd) friction coefficients. We use the following expression for
the vertical pressure distribution in the reference frame (ξ)

qz(ξ) = 6Fz
wl
ξ

l

(
1 − ξ

l

)
, (24)

where w and l are the contact patch width and length, respectively.
Also, we neglect the tyre carcass dynamics and assume that, in their initial condition,

the bristle are undeformed, i.e. u0t (ξ) = 0. It is worth to emphasise that the last assumption
does not affect the trend of the solution for ξ < ς , since the term u0t (ξ) only appears in the
right solution u+

t (ξ , t).
Finally, we approximate the micro-sliding velocity vs(ξ , t) in Equation (1b) with

vs(ξ , t) 	 v′
s(ξ , t) := vs(ξ , t)− duat (ξ , t)

dt
, (25)

where ua(ξ , t) is the bristle deformation in the adhesion region. We are neglecting the
deformation speed, turning Equation (1b) from a PDE into an algebraic relation [7,8]. This
makes it possible to recast (1) in the simpler form

ut(ξ , t) =
⎧⎨
⎩
uat (ξ , t) ⇐⇒ ‖ktuat (ξ , t)‖ < μsqz(ξ)

ust(ξ , t) = −k−1
t μdqz(ξ)

v′
s(ξ , t)

‖v′
s(ξ , t)‖

⇐⇒ ‖ktuat (ξ , t)‖ ≥ μsqz(ξ)
. (26)

4.1. Pure longitudinal interaction

The case of pure longitudinal interaction is almost analogous to the lateral one, but with-
out any contribution to the self-aligning moment. Hence, the results obtained for the pure
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lateral problem can be extended immediately to the longitudinal one by changing the
nomenclature.

4.2. Pure lateral interaction

We must discriminate amongst three different cases to provide an analytical solution to
the lateral force and moment. Indeed, depending on the ranging of the slip, the tangential
stresses in the contact patch evolve differently in time.

To understand the difference amongst the cases mentioned above, it is also useful to
discuss the concept of breakaway point. More specifically, the breakaway point is the point
whichmarks the transition from a sticking zone of the contact patch to a sliding one or vice
versa. Under the above assumptions, the breakaway point is always unique in steady-state
conditions and its position can be determined starting by the knowledge of the shear stress
acting on each bristle.When the shear vector value is higher than the stiction parabola, the
bristle doesn’t manage to adhere the ground anymore and starts sliding. From this point,
the shear force acting on each bristle is governed by the sliding parabola. In the follow-
ing, the position of the breakaway point is denoted with ξc if there is only one breakaway
point or with ξi, i = 1 . . .N if there are N breakaway points simultaneously (analogously,
the nondimensional counterparts are denoted with ξ̄c or ξ̄i). Indeed, even though steady-
state implies the existence of a unique breakaway point, we are going to show that, during
the transient, there may be several sliding and sticking zones (up to four for a parabolic
pressure distribution).

The first case refers to small values of the slip. In particular, to slip values for which the
breakaway point in steady-state conditions is always located on the same side of the trailing
edge. In this scenario, there is always only one breakaway point, and the relaxation length
can be easily deduced to coincide with its position in steady-state conditions. The second
part of the analysis deals with higher values of the slip, but still small enough to have some
adhesion inside the contact patch. In this scenario, we can identify many breakaway points
(maximum two for a convex pressure distribution), depending on the time or, equivalently,
on the travelled distance. Finally, the third case is referred to slip values greater than the
critical one. The critical value is the one which causes total sliding in the contact patch,
since the slope of the steady-state solution is higher than the slope of the friction parabola
at the leading edge. During the transient, however, we show that is still possible for some
bristle to stick to the ground, and that there are always two breakaway points (for a convex
trend of the vertical pressure).

4.2.1. Case I: |σy| < 3
2 (μsFz/Cyα)

This case corresponds to have a small lateral slip. In steady-state conditions, the breakaway
point is thus always located on the same side of the trailing edge (see Figure 2). Owing
the previous assumptions, the solutions for the lateral deformation of the bristle in the
adhesion length read

uay(ξ , ς) =
{
u−
y (ξ) = σyξ 0 ≤ ξ < ς

u+
y (ς) = σyς ξ ≥ ς

, (27)
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Figure 2. Time trend for the shear stresses qy(ξ , ς) in the contact patch for case I. The three figures refer
to different values of the nondimensional travelled distance ς̄ . Since the trend for the solution u+

y (ς)

in the adhesion region is constant, the steady-state condition is reached when ς̄ = 1, or, equivalently,
when the travelled distance equals the contact length.

Here the problem is one-dimensional and very straightforward. In particular, it is worth to
highlight that the force is linear with slope σy between 0 ≤ ξ < ς , constant in the region
ς ≤ ξ < ξc – where ξc identifies the position of the breakaway point – and then it follows
the trend of the dynamic friction parabola μdqz(ξ) after the drop from the static friction
one μsqz(ξ), according to

usy(ξ) = −μd

ky
qz(ξ)sign(Vsy) = μd

ky
qz(ξ)sign(σy). (28)

ξc(ς) = l
2

+
√
l2

4
− Cyα|σy|lς

3μsFz
⇐⇒ ς < l

(
1 − Cyα

3μsFz
|σy|

)
, (29a)

ξc(ς) = l
(
1 − Cyα

3μsFz
|σy|

)
⇐⇒ ς ≥ l

(
1 − Cyα

3μsFz
|σy|

)
, (29b)

with Cyα := kywl2/2. It must be emphasised that, for ς = l(1 − Cyα|σy|/(3μsFz)), the two
solutions (29a) and (29b) coincide. Furthermore, we can have an estimate of the relaxation
length and time due to the bristle dynamics, since the steady-state conditions are reached
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when the following relation is satisfied

ς∗ = l
(
1 − Cyα

3μsFz
|σy|

)
= l

(
1 − Cyα

3μsFz

|Vsy|
Vr

)
, (30)

which can be rearranged in the form

t∗ = l
Vr

− Cyα l
3μsFz

|Vsy|
V2
r

(31)

where with t∗ we denoted the relaxation time. Equations (30) and (31) state that the relax-
ation length and time vary linearly and quadratically with the inverse power of the rolling
speed, respectively, and are both proportional to the macro-sliding speed.

Finally, integrating over the contact patch, the total lateral force Fyα(ς) is as follows

Fyα(ς) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
wky

(∫ ς

0
u−
y (ξ) dξ +

∫ ξc

ς

u+
y (ς) dξ +

∫ l

ξc

usy(ξ) dξ

)
0 ≤ ς < ξc

wky

(∫ ξc

0
u−
y (ξ) dξ +

∫ l

ξc

usy(ξ) dξ

)
ς ≥ ξc

, (32)

and the and the self-aligning momentMz(ς) reads

Mz(ς) = 1
2
wlky

∫ l

0
uy(ξ , ς) dξ − wky

∫ l

0
uy(ξ , ς)ξ dξ = l

2
Fyα(ς)− J(ς), (33)

with J(ς) defined as

J(ς) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
wky

(∫ ς

0
u−
y (ξ)ξ dξ +

∫ ξc

ς

u+
y (ς)ξ dξ +

∫ l

ξc

usy(ξ)ξ dξ

)
0 ≤ ς < ξc

wky

(∫ ξc

0
u−
y (ξ)ξ dξ +

∫ l

ξc

usy(ξ)ξ dξ

)
ς ≥ ξc

. (34)

The final formulae are

Fyα(ς) =

⎧⎪⎪⎨
⎪⎪⎩
Cyα

l2
σyς(2ξc − ς)+ μd

6Fz
l2

(
l2

6
− ξ 2c

2
+ ξ 3c

3l

)
sign(σy) 0 ≤ ς < ξc

Cyα

l2
σyξ

2
c + μd

6Fz
l2

(
l2

6
− ξ 2c

2
+ ξ 3c

3l

)
sign(σy) ς ≥ ξc

, (35)

J(ς) =

⎧⎪⎪⎨
⎪⎪⎩
Cyα

3l2
σyς

(
3ξ 2c − ς2

)+ μd
6Fz
l2

(
l3

12
− ξ 3c

4
+ ξ 4c

4l

)
sign(σy) 0 ≤ ς < ξc

Cyα

3l2
σyξ

3
c + μd

6Fz
l2

(
l3

12
− ξ 3c

4
+ ξ 4c

4l

)
sign(σy) ς ≥ ξc

,

(36)

where ξc(ς) is given by (29a) and (29b), respectively. Note that, for ς ≥ ξc(ς), it is also

Fyα = Cyα|σy|
[
1 −

(
2 − μd

μs

)
Cyα|σy|
3μsFz

+
(
3 − 2

μd

μs

) (
Cyα|σy|

)2
27(μsFz)2

]
sign(σy). (37)

which is the well-known steady-state formula for Fyα in the case of parabolic pressure
distribution.
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Figure 3. Time trend for the shear stressesqy(ξ , ς) in the contact patch for case II. The three figures refer
to different values of the nondimensional travelled distance ς̄ . Since the trend for the solution u+

y (ς) in

the adhesion region is constant, the steady-state condition is reached when ς̄ = 3
4 (μsFz/Cyα|σy|), or,

equivalently, when the travelled distance equals the value ς∗.

4.2.2. Case II: 32 (μsFz/Cyα) ≤ |σy| < (3μsFz/Cyα)

In this case, we have high lateral slip, but still smaller than the critical value σ crit
y =

3μsFz/Cyα . In steady-state conditions, the breakaway point is located on the same side of
the leading edge. There are three different solutions depending on the travelled distance,
as shown in Figure 3.

We denote with

ξ1 = l
(
1 − Cyα

3μsFz
|σy|

)
, (38a)

ξ2(ς) = l
2

−
√
l2

4
− Cyα|σy|lς

3μsFz
, (38b)

ξ3(ς) = l
2

+
√
l2

4
− Cyα|σy|lς

3μsFz
, (38c)

ς∗ = 3
4

lμsFz
Cyα|σy| , (38d)
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so that the lateral force and the quantity J(ς) can be written as

Fyα(ς) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

wky

(∫ ς

0
u−
y (ξ) dξ +

∫ ξ3

ς

u+
y (ς) dξ +

∫ l

ξ3

usy(ξ) dξ

)
0 ≤ ς < ξ1

wky
(∫ ξ1

0
u−
y (ξ) dξ +

∫ ξ2

ξ1

usy(ξ) dξ

+
∫ ξ3

ξ2

u+
y (ς) dξ +

∫ l

ξ3

usy(ξ) dξ

)
ξ1 ≤ ς < ς∗

wky

(∫ ξ1

0
u−
y (ξ) dξ +

∫ l

ξ1

usy(ξ) dξ

)
ς ≥ ς∗

, (39)

J(ς) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

wky

(∫ ς

0
u−
y (ξ)ξ dξ +

∫ ξ3

ς

u+
y (ς)ξ dξ +

∫ l

ξ3

usy(ξ)ξ dξ

)
0 ≤ ς < ξ1

wky
(∫ ξ1

0
u−
y (ξ)ξ dξ +

∫ ξ2

ξ1

usy(ξ)ξ dξ

+
∫ ξ3

ξ2

u+
y (ς)ξ dξ +

∫ l

ξ3

usy(ξ)ξ dξ

)
ξ1 ≤ ς < ς∗

wky

(∫ ξ1

0
u(yξ)− ξ dξ +

∫ l

ξ1

usy(ξ)ξ dξ

)
ς ≥ ς∗

.

(40)

Integrating over the contact length provides, respectively

Fyα(ς) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Cyα

l2
σyς(2ξ3 − ς)+ μd

6Fz
l2

(
l2

6
− ξ 23

2
+ ξ 33

3l

)
sign(σy) 0 ≤ ς < ξ1

Cyα

l2
σy
[
ξ 21 + 2ς(ξ3 − ξ2)

]
+μd

6Fz
l2

(
l2

6
− ξ 21 − ξ 22 + ξ 23

2
+ ξ 31 − ξ 32 + ξ 33

3l

)
sign(σy) ξ1 ≤ ς < ς∗

Cyα

l2
σyξ

2
1 + μd

6Fz
l2

(
l2

6
− ξ 21

2
+ ξ 31

3l

)
sign(σy) ς ≥ ς∗

,

(41)
and

J(ς) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Cyα

3l2
σyς

(
3ξ 23 − ς2

)+ μd
6Fz
l2

(
l3

12
− ξ 33

3
+ ξ 43

3l

)
sign(σy) 0 ≤ ς < ξ1

Cyα

3l2
σy
[
ξ 31 + 3ς(ξ 23 − ξ 22 )

]
+μd

6Fz
l2

(
l3

12
− ξ 31 − ξ 32 + ξ 33

3
+ ξ 41 − ξ 42 + ξ 43

4l

)
sign(σy) ξ1 ≤ ς < ς∗

Cyα

3l2
σyξ

3
1 + μd

6Fz
l2

(
l3

12
− ξ 31

3
+ ξ 41

4l

)
sign(σy) ς ≥ ς∗

.

(42)
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Figure 4. Time trend for the shear stresses qy(ξ , ς) in the contact patch for case III. The three fig-
ures refer to different values of the nondimensional travelled distance ς̄ . Since the trend for the
solution u+

y (ς) in the adhesion region is constant, the steady-state condition is reached when ς̄ =
3
4 (μsFz/Cyα|σy|), or, equivalently, when the travelled distance equals the value ς∗.

Note that the above equations state that, when the travelled distance is between ξ1 and
ς∗, there are two sliding regions. Indeed, from the point ξ1 to ξ2(ς), the vertical pres-
sure cannot supply the bristles with enough adhesion power, and they start sliding within
the contact patch; however, from ξ2(ς) to ξ3(ς), the friction force required to stick to the
ground is constant and less than the maximum force available: this brings about a sudden
discontinuity in the bristle deformation. This result can appear a bit counterintuitive, but
it is worth to remark that the bristles behave independently of each other. Furthermore, a
rigorous proof is given in Appendix 1. Then, when the travelled distance is greater than
ς∗, the deformation u+

y (ς) required to the bristles to adhere to the road is always greater
than the peak value of the static pressure distribution, and sliding occurs starting from the
breakaway point ξ1 corresponding to the steady-state solution.

4.2.3. Case III: |σy| ≥ 3μsFz/Cyα
This situation corresponds to have total sliding within the whole contact patch in steady-
state condition, since the slip value σy is greater than the critical one. However, during
the transient, a small portion of the contact patch can be still characterised by adhesion
condition if the travelled distance is smaller than ς∗, as shown in Figure 4.
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Indeed, in this case, in the area between ξ2(ς) and ξ3(ς), the deformation of the bristles
read u+

y (ς), and the friction force needed to stick the road can be lower than the maxi-
mum adhesive power available. Hence, this scenario can be seen as a special case of II, with
ξ1 = 0.

4.3. Pure camber

The bristle displacement due to pure camber has a component along both the axes, as stated
byEquations (19) and (20). In this case, the problem is never one-dimensional, even though
it is common to neglect the deformation ux(ξ , ς). Indeed, whilst the displacement along
the x direction is linear and small in value, the one along the η = y coordinate is parabolic
in ξ and also independent on the lateral position of the bristle. Hence, in the following
analysis, we only focus on the y component of the deformation. Furthermore, we assume
to have no steering and small camber angle, so that φ = sin γ 	 γ .

In this case, the different solutions inside the contact patch read, respectively

uay(ξ , ς) =

⎧⎪⎨
⎪⎩
u−
y (ξ) = γ

2Rr
ξ(l − ξ) 0 ≤ ξ < ς

u+
y (ξ , ς) = γ

2Rr
ς(l − 2ξ + ς) ξ ≥ ς

, (43)

in the adhesion region and

usy(ξ) = −μd

ky
qz(ξ)sign(γ ) (44)

in the sliding portion of the contact patch.
Since the spin causes a parabolic deformation, the breakaway point – in steady-state

conditions – always coincides with the leading or the trailing edge of the contact patch.
However, the first case is not of interest, since the spin speed is always very small and can
be often neglected. So, we only consider the second scenario. During the transient, the
solution u+

y (ξ , ς) is linear in ξ and the its slope is always opposite to the sign of the spin
parameter (Figure 5). Furthermore, the slope increases in absolute value with the time or,
equivalently, with the travelled distance ς . It can be noted that, for ς > 0, u+

y (ξ , ς) always
changes sign in ξ = (l + ς)/2, hence the negative sign in Equation (44).

From the previous observations, it is clear that, during the transient, it is only possible
to have one breakaway point, which is always located on the same side of the trailing edge.
More specifically, its position reads as follows

ξc(ς) = l
2

− Cyγ

μsFz
|γ |ς +

√(
l
2

− Cyγ

μsFz
|γ |ς

)2
+ Cyγ

μsFz
|γ |ς(l + ς) ⇐⇒ ς < l, (45)

where we defined Cyγ as

Cyγ := 1
6
kyw

l3

2Rr
. (46)

It is worth to note that, in case of pure spin, the relaxation length almost coincides with the
length of the contact patch.



VEHICLE SYSTEM DYNAMICS 17

Figure 5. Time trend for the shear stresses qy(ξ , ς) in the contact patch due to pure camber. The three
figures refer to different values of the nondimensional travelled distance ς̄ . Since the trends for the solu-
tions u−

y (ξ) and u
+
y (ξ , ς) in the adhesion region are parabolic and linear, respectively, the steady-state

condition is only reached when ς̄ = 1, or, equivalently, when the travelled distance equals the contact
length.

Integrating over the contact length, it is possible to deduce the value of the lateral force
Fyγ (ς)

Fyγ (ς) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
wky

(∫ ς

0
u−
y (ξ) dξ +

∫ ξc

ς

u+
y (ξ , ς) dξ +

∫ l

ξc

usy(ξ) dξ

)
0 ≤ ς < l

wky
∫ l

0
u−
y (ξ) dξ ς ≥ l

, (47)

which gives

Fyγ (ς) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Cyγ

l3
γ ς[6ξc(l − ξc + ς)− ς(3l + 2s)]

−μd
6Fz
l2

(
l2

6
− ξ 2c

2
+ ξ 3c

3l

)
sign(γ ) 0 ≤ ς < l

Cyγ γ ς ≥ l

. (48)
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4.4. Qualitative analysis for nonzero initial condition

The preceding investigation was based on the assumption of zero initial condition, i.e.
u0t = 0.When the bristles are already deformed before the transient takes place, a quantita-
tive analysis becomes more challenging. Hence, we may limit ourselves to some qualitative
considerations about the time trend of the shear stresses in the contact patch.

Referring to the pure lateral case, the initial condition u0y propagates along the steady-
state solution with the same travelling speed Vr. The steady-state solution is again reached
when the travelled distance ς equals the steady-state position of the breakaway point.

Figure 6 (left-hand side panel) shows the time trend of the sear stresses when starting
from unsteady-state conditions with an initial value σ 0

y greater than the critical one. It
can be noted that, if the slip had been kept to its original value σ 0

y , total sliding had been
occurred inside the contact patch after a whilst. Instead, since the new value σy is smaller
than the critical one, its introduction prevents the the tyre from sliding fully.

Finally, the transient trend due to variation in the camber angle are depicted in the right-
hand side panel of Figure 6. The relaxation again equals the contact patch length, since the
camber causes a parabolic distribution of the deformations.

5. Two-regime tyre formulae

5.1. General procedure

As shown previously, an analytical formulation for the tyre characteristics can be derived
for different cases. However, it is too complicated to be used in vehicle dynamics simula-
tions. Furthermore, neglecting the carcass compliance allows for some simplifications, but
limits the practical relevance of the analysis. The aim is hence to develop a class of sim-
plified Two-Regime Tyre Formulae (TRF) interpolating between two different regimes of
low and high rolling speed. The TRF family must be able to macroscopically represent the
phenomena due to the transient of the bristle whilst also including the dynamics of the tyre
carcass.

First, we introduce the augmented vectors for the generalised forces, displacements,
velocities and slips, defined as

F�t :=
[
Ft
Mz

]
, (49a)

d� :=
[
d
0

]
, (49b)

V�s :=
[
V s
ωz

]
, (49c)

σ � := −V�s
Vr

=
[

σ

φRr

]
. (49d)

Then, as already mentioned, we remark that, for Vr → 0, Equation (20) turns into a time
integrator. Thus, at low rolling speed, we can approximate

F�t 	 F�1
(
S�s , d

�
)
, (50)
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Figure 6. Time trend for the shear stresses qy(ξ , ς) in the contact patch due to pure lateral interaction
and pure camber, respectively, starting from nonzero initial conditions u0y �= 0. The figures refer to dif-
ferent values of the nondimensional travelled distance ς̄ . The initial condition for the pure lateral case
(left-hand side panel) corresponds to a transient trend for the deformation of the bristles due to an ini-
tial slip value σ 0

y > σ crit
y . The transient solution for the camber (right-hand side panel) refers to a case in

which the initial spin value γ 0 has the same sign as the current one. The initial condition corresponds to
a steady-state trend of the bristle displacement.

where we denoted with S�s the primitive function of V�s,low at low rolling speed. Differenti-
ating (50) results finally in

Ḟ�t 	 Ḟ�t
(
S�s ,V s,low, d�, ḋ

�
)
. (51)
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On the other hand, at high rolling speed, we can neglect the partial derivative taken with
respect to the time in Equation (13) and express the generalised tangential forces as a
function of the slip quantities and the tyre carcass displacement and speed, according to

F�t 	 F∗
2
(
σ �, d, ḋ

) = F�2

(
−
V�s,high
Vr

,
d�

Vr
,
ḋ�

Vr

)
. (52)

Since it is also

Ḟt = C′ḋ, (53a)

Ft = C′d, (53b)

we can recast Equations (51) and (52) as

Ḟ�t 	 F1
(
S�s ,V

�
s,low,�F

�
t ,�Ḟ

�
t
)
, (54a)

F�t 	 F2

(
−
V�s,high
Vr

,
�F∗

t
Vr

,
�Ḟ�t
Vr

)
, (54b)

where the matrix � is defined as

� :=
[
C

′−1 0
0 0

]
. (55)

Recasting (54) in implicit form as

H1
(
S�s ,V

�
s,low, F

�
t , Ḟ

�
t
) = Ḟ�t − F1

(
S�s ,V

�
s,low,�F

�
t ,�Ḟ

�
t
) = 0, (56a)

H2

(
V�s,high, F

�
t , Ḟ

�
t ,Vr

)
= F�t − F2

(
−
V�s,high
Vr

,
�F�t
Vr

,
�Ḟ�t
Vr

)
= 0, (56b)

it is possible to locally express the variables V�s,low and V�s,high according to the Implicit
Function Theorem, obtaining

V�s,low = �1
(
S�s , F

�
t , Ḟ

�
t
)
, (57a)

V�s,high = Vr�2
(
F�t , Ḟ

�
t
)
, (57b)

in which we call �1 = [�1x(•) �1y(•) �1z(•)]T and �2 = [�2x(•) �2y(•) �2z(•)]T
Sigma Functions. It is worth to point out that (57a) and (57b) are valid for low and high
rolling speeds Vr, respectively, and constitute a set of integro-differential equations.

However, they can be further simplified by introducing additional assumptions. Indeed,
if the contact patch is not parametrised as a function of the time, the integral quantities and
the carcass displacement disappear in (51). Moreover, it is possible to show under equiv-
alent assumptions that, if the transient dynamics of the bristles is not taken into account,
the quantity ḋ into (52) can be neglected (see Appendix 2). In this case, Equations (57a)
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and (57b) reduce to

V�s,low = �1
(
S�s , F

�
t , Ḟ

�
t
)
, (58a)

V�s,high = Vr�2
(
F�t
)
, (58b)

Finally, it is possible to interpolate between (58a) and (58b) to derive a two-regime tyre
formula reading

V�s = V�s,low + V�s,high = �1
(
S�s , F

�
t , Ḟ

�
t
)+ Vr�2

(
F�t
)
. (59)

Basically, Equation (59) states that the augmented vector of the sliding velocity V�s is given
by the sum of two quantities: the first one represents the steady-state solution for the tyre
forces, whilst the second one the transient solutions derived at low speed. If the mapping
�2(•) is bounded, i.e.

lim
Vr→0

�2
(
F�t
)
< ∞,

the above formulation is consistent with the observations drawn previously. Indeed, when
the rolling speed is very high, (59) restitutes exactly the steady-state solution for the tyre
characteristics, which can be derived analytically by neglecting the term ∂u(ξ , t)/∂t in (7)
and the sliding velocity equals its value for high rolling speed. On the other hand, when the
quantity Vr approaches zero, the solution coincides with the one obtained by disregarding
the partial derivative ∂u(ξ , t)/∂ξ and the sliding velocity is given by its value at low rolling
speed.Hence, it can be seen as an interpolation between the two asymptotic tyre behaviours
occurring at high and low Vr, respectively.

The main limitation of this approach consists in the fact that the functions H1(•) and
H2(•) not always bijective and hence the inversion is only possible within a restricted
domain. However, if only pure interactions are considered, they can be inverted in the
range between the longitudinal (or lateral) force peak, i.e. in the stable region.

The procedure illustrated so far is quite rather abstract, but it can be clarified by means
of an example. Thus, we show some simplified formulae for linear tyre forces derived from
Equation (59).

5.2. Linear tyre forces

In this section, assuming pure lateral conditions, we derive an explicit solution for
Equation (59). For low rolling speed, and without any presumptions about the quanti-
ties Vsy(t) and dy(t), we can neglect the partial derivative with respect to the longitudinal
coordinate ξ as follows

∂uy(ξ , t)
∂t

= −Vsy,low(t)− ḋy(t), (60)

and solve for uy(ξ , t)

uy(ξ , t) = −Ssy(t)− dy(t)+ c(ξ). (61)

Integrating (61) over the contact patch (we refer to the case of rectangular one) and
multiplying for the tyre stiffness kx results in the global tyre force:

Fyα = 2wky
∫ l

0
uy(ξ , t) dξ = −2Cyα

l
(Ssy + dy)+ F0yα . (62)
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Differentiating (62) with respect to the time and substituting dy = Fyα/C′
y yields

Vsy,low = − lĊyα − l̇Cyα

lCyαC′
y

Fyα − lC′
y + 2Cyα

2C′
yCyα

Ḟyα − lĊyα − l̇Cyα

lCyα
Ssy, (63)

in which the right hand side term represents the Sigma Function �1(•) = �1y(•), which
in this case is a scalar function. On the other hand, for high rolling speeds, wemay approx-
imate the lateral force Fyα with its steady-state value, neglecting the compliance of the tyre
carcass (ḋy = 0). If the lateral slip is small enough, from a linear tyre model we get

Vsy,high = − Vr

Cyα
Fyα , (64)

where, again, the right term is the function Vr�2y(•). Finally, interpolating between (63)
and (64) gives the final first order dynamics tyre formula for the lateral case

Vsy = Vsy,low + Vsy,high = −
(
lĊyα − l̇Cyα

lCyαC′
y

+ Vr

Cyα

)
Fyα − lC′

y + 2Cyα

2C′
yCyα

Ḟyα

− lĊyα − l̇Cyα

lCyα
Ssy. (65)

In Equation (65), we can distinguish amongst three terms. The first quantity
(lĊyα − l̇Cyα)/(lCyαC′

y) in brackets accounts for the transients due to the change in the
contact patch shape; the enhanced relaxation term multiplying Ḟyα incorporates both the
bristles and carcass dynamics; the last quantity, which multiplies the primitive function of
the sliding speed, is again related to the deformation of the contact patch.

When it is reasonable to assume that the parameters describing the contact patch don’t
vary with the time, i.e. Ċyα = l̇ = 0, the previous relation can be simplified as

Vsy = − Vr

Cyα
Fyα − lC′

y + 2Cyα

2C′
yCyα

Ḟyα , (66)

where the relaxation term onlymodels the bristles and carcass dynamics. It is worth to note
that, for small values of l (l → 0), the previous formula turns into

Vsy = − Vr

Cyα
Fyα − 1

C′
y
Ḟyα , (67)

which is equivalent to the well-known Pacejka’s first order linear tyre model derived on the
assumption of a single-point contact. For higher values of l, the relaxation term increases.
Thismakes sense: the longer the contact patch is, themore time is required to reach steady-
state conditions.

Finally, Equation (67) can be given for an infinite rigid carcass (C′
y → ∞), reading

Vsy = − Vr

Cyα
Fyα − l

2Cyα
Ḟyα , (68)

in which the relaxation term only accounts for the transient of the bristles.
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5.3. Tyre forces for parabolic pressure distribution

When the slip starts increasing, a linear relation might not be adequate anymore. In this
case, a closed-form solution for the TRF can still be obtained if a parabolic pressure distri-
bution is assumed inside the contact patch. However, we need to simplify the steady-state
formula by setting μd = μs = μ. For the pure lateral case, the expression for the Sigma
Function �1y(•) reads as previously in (63). To derive the function �2y(•), it is necessary
to multiply both side of (37) for sign(σy) = sign(Fyα) and invert in the stable region, i.e.
|σy| ≤ σ crit

y = 3μFz/Cyα , to obtain

�2y
(
Fyα
) = −3μFz

Cyα

(
1 − 3

√
1 − |Fyα|

μFz

)
sign(Fyα). (69)

If the size of the contact patch can be assumed to be constant over the time, a complete
expression for the lateral sliding speed is then given by

Vsy = −Vr
3μFz
Cyα

(
1 − 3

√
1 − |Fyα|

μFz

)
sign(Fyα)− lC′

y + 2Cyα

2C′
yCyα

Ḟyα . (70)

6. Conclusions

In this investigation, the unsteady-state theory of the brush model has been extended by
analysing the main phenomena occurring in the contact patch due to the bristle dynam-
ics. An analytical solution for the bristle deformation inside the adhesion region has been
derived by means of the method of characteristics. The solution provided is general and
valid for any shape of the contact patch, including time-varying ones without symmetries.
Furthermore, whilst the rolling speed is assumed to be constant, no presumption is made
about the sliding velocity.

Then, by assuming constant translational and rotational slips, we have shown that, for
nonzero rolling speed, it is possible to identify two main areas in the contact patch. Each
of them corresponds to a different solution to the governing PDEs of the system. The solu-
tion for the first portion almost coincides with the one provided by the steady-state brush
theory and is characterised by a travelling wave propagating with the rolling speed inside
the contact patch. It is also continuous at the travelling interface between the two regions,
but not differentiable. This could sound a bit counterintuitive, but it can be explained by
remarking that the bristles behave independently of each other.

A deeper analysis of the arising shear stresses has been investigated for a rectangular
contact patch and a parabolic pressure distribution. This has been done for the pure inter-
actions. For the longitudinal and lateral ones, we have identified three cases for which the
friction forces evolve differently in time. In both the lateral and longitudinal cases, neglect-
ing the tyre carcass dynamics, the relaxation length is in the order of magnitude of the
contact patch length. Finally, for the case of pure spin, we have limited our analysis to a
simplified one-dimensional version of the problem, showing that steady-state conditions
are only reached when the travelled distance exactly equals the contact length. Another
conclusion is that, when the tyre carcass dynamics is not accounted for, the transient char-
acteristics cannot be exactly described by a first order dynamics. Indeed, they reach their
steady-state values within a finite time horizon.
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An analytical expression for the longitudinal, lateral, and camber forces and self-
aligning torque is provided with reference to the three pure interactions. However,
the procedure is very cumbersome since the equations describing the transient forces
at the tyre-road interface are different depending on the ranging of the slip val-
ues. Thus, based on some considerations drawn from the rigorous solution, a general
approach for deriving a compact formulation of the quantities of interest has also been
introduced.

The theoretical method developed in this paper represents a generalisation of the
already-existing transient tyre models and is first illustrated in general terms to explain
how to derive different families of tyre formulae. We have named those ones Two-
Regime Tyre Formulae (TRF), since they interpolate between two different tyre behavioural
approximations taking place at low and high-rolling speed, respectively.

Under the assumption of small slips, these simplified models have been derived as a
very straightforward description for the pure lateral interaction. For the linear case, it has
also been shown that the first order dynamics tyre formulae developed in this paper align
with Pacejka’s linear tyre models when the contact length approaches to zero. Finally, for
a parabolic pressure distribution, a closed-form expression has been given when μd = μs.
This is equivalent to assume that the available friction is almost the same in both the stiction
and sliding regimes.

The proposed approach can be employed to develop new models able to capture the
main phenomena occurring at low speeds, or in locked-wheel conditions. Indeed, the two-
regime formulae are not based on the common definition of slip and can deal with zero
rolling speed. One of the shortcomings with the proposed simple model is the need of
finding the inverse of the steady state tyre force model. This is often non-bijective, but the
problem can be locally solved for a domain of slips.

Further investigations must be devoted to deepening the analysis developed in
this paper. In primis, it could be of interest to provide an estimate of the relaxation
length when considering combined interactions and different pressure distributions. In
secundis, it would be beneficial to expand the two-regime transient formulae by includ-
ing more advanced descriptions for the steady-state force expression, e.g. Pacejka’s Magic
Formula.

Nomenclature

Forces and Moments Unit Description
Ft N Planar forces vector
F�t N Augmented planar forces vector
Fyα N Lateral force due to lateral slip
Fyγ N Lateral force due to camber
Fz N Vertical force applied at the rim centre
Mz N · m Self-aligning torque
qt N/m2 Planar shear stresses vector
qx N/m2 Longitudinal shear stress
qy N/m2 Lateral shear stress
qz N/m2 Vertical pressure
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Displacements Unit Description
S�s m, rad Augmented sliding displacements vector
Ssy m Lateral sliding displacement
d m Tyre carcass displacement vector
d� m Augmented carcass displacement vector
dx m Longitudinal displacement of the tyre carcass
dy m Lateral displacement of the tyre carcass
ut m Bristle deflection vector
u−
t m Bristle deflection vector for ξ < ς

u+
t m Bristle deflection vector ξ ≥ ς

ūt – Nondimensional bristle deflection vector
uat m Bristle deflection vector in the adhesion region
ux m Bristle longitudinal deflection
u−
x m Bristle longitudinal deflection for ξ < ς

u+
x m Bristle longitudinal deflection for ξ ≥ ς

ūx – Nondimensional bristle longitudinal deflection
uy m Bristle lateral deflection
u−
y m Bristle lateral deflection for ξ < ς

u+
y m Bristle lateral deflection for ξ ≥ ς

ūy – Nondimensional bristle lateral deflection
x m Planar coordinate vector
x m Longitudinal coordinate
y m Lateral coordinate
η m Parametric lateral coordinate
ξ m Distance from the entrance
ξ̄ – Nondimensional distance from the entrance
ξc m Breakaway point position
ς m Travelled distance
ς̄ – Nondimensional travelled distance

Speeds Unit Description
V m/s Speed vector
Vr m/s Tyre rolling speed
Vx m/s Longitudinal speed of the rim
Vy m/s Lateral speed of the rim
V s m/s Sliding speed vector
V�s m/s Augmented sliding speed vector
Vsx m/s Longitudinal sliding speed
Vsy m/s Lateral sliding speed
vs m/s Micro-sliding speed vector
v′
s m/s Approximated micro-sliding speed vector
vsx m/s Micro-sliding longitudinal speed
vsy m/s Micro-sliding lateral speed
v′
sx m/s Approximated micro-sliding longitudinal speed
v′
sy m/s Approximated micro-sliding lateral speed
ψ̇ rad/s Steering speed
� rad/s Angular speed of the rim
ωz rad/s Angular speed around the z axis
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Slip Parameters Unit Description
φ – Rotational slip or spin parameter
σ – Translational slip vector
σ � – Augmented translational slip vector
σx – Longitudinal slip
σy – Lateral slip

Geometrical Parameters Unit Description
Rr m Rolling radius
l m Contact patch length
w m Contact patch width
xL m Leading edge position
xT m Trailing edge position
γ rad Camber angle

Stiffnesses and Compliances Unit Description
C′ N/m Carcass stiffness matrix
C′
x N/m Carcass longitudinal stiffness

C′
y N/m Carcass lateral stiffness

Cyα N Cornering stiffness
Cyγ N Camber stiffness
kt N/m3 Matrix of the bristle tangential stiffnesses
kx N/m3 Bristle longitudinal stiffness
ky N/m3 Bristle lateral stiffness
� m/N Carcass compliance matrix

Friction Parameters Unit Description
μd – Sliding friction coefficient
μs – Sticking friction coefficient

Functions and Operators Unit Description
�1(•),�2(•) – Sigma functions

Notes

1. In the brushmodel, the steering speed ψ̇(t) is attributed to the road, so a minus sign is required.
2. More specifically, the boundary is a Dirichlet boundary condition, since qt(ξ , t) = ktut(ξ , t) is

known at ξ = 0.
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Appendices

Appendix 1. Analysis for multiple breakaway points

We show that the solution to (13) after the first breakaway point for the cases II and III in Section 4
is continuous and can be deduced directly by condition (26). In order to provide a more rigor-
ous derivation of the solution discussed, we again neglect the carcass displacements and recast
Equation (14) as

ux(ξ , t) = −Vsxt + ωzηt + Gx(Vrt − ξ), (A1a)

uy(ξ , t) = −Vsyt − ωz

(
l
2

− ξ + Vrt
2

)
t + Gy(Vrt − ξ). (A1b)

Also, we search for the solution after the time t0 = ς0/Vr , i.e. the time that the previous solution took
for travelling the distance ς0, corresponding to the position of the steady-state breakaway point.

In this case, the new initial condition and space boundary read

ut(ξ , 0) = u0t (ξ),

ut(Vrt + ς0, η, t) = −k−1
t μdqz(Vrt + ς0)

v′
s

‖v′
s‖
,

and are valid for ξ ≥ ς and ξ < ς , respectively, with ς = Vrt + ς0.
In particular, the space boundary for the second case yields

Gx(Vrt − ξ) = Vsxt + ωzηt − μd

kx
qz(ξ)

v′
sx

‖v′
s‖
, (A2a)

Gy(Vrt − ξ) = Vsyt + ωz

(
l
2

− ξ + Vrt
2

)
t − μd

ky
qz(ξ)

v′
sy

‖v′
s‖
, (A2b)

leading to the following two expressions

u−
x (ξ) = −μd

kx
qz(ξ)

v′
sx

‖v′
s‖
, (A3a)

u−
y (ξ)− = −μd

ky
qz(ξ)

v′
sy

‖v′
s‖
. (A3b)

On the other hand, applying the initial conditions for the right-hand solution results in

Gx(Vrt − ξ) = −Vsxt0 + ωzηt0, (A4a)

Gy(Vrt − ξ) = −Vsyt0 − ωz

(
l
2

− ξ + Vrt + Vrt0
2

)
t0. (A4b)
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Combining the new expressions for the Gx(•) and Gy(•) functions with (A1) provides

u+
x (η, t) = −Vsx(t + t0)+ ωzη(t + t0), (A5)

u+
y (ξ , t) = −Vsy(t + t0)− ωz

[
l
2

− ξ + Vr(t + t0)
2

]
(t + t0), (A6)

which is consistent with the previous solution for t = 0.

Appendix 2. Time derivative of the tangential forces

Without loss of generality, we suppose to only have translational slips, rectangular contact patch and
that the parametrisations ρ(t) are constant, i.e. the contact patch doesn’t change shape over the time.
Hence, the problem is one-dimensional and the total tangential force can be expressed as

Ft(t) = wkt

[∫ ξ1(t)

0
u−
t (ξ , t) dξ +

∫ ξ2(t)

ξ1(t)
ust(ξ) dξ +

∫ ξ3(t)

ξ2(t)
u+
t (ξ , t) dξ +

∫ 2l

ξ3(t)
ust(ξ) dξ

]
, (A7)

since, as shown in the analysis above, for a parabolic pressure distribution it is possible to have a
maximum of 2 breakaway points and the value of deformation of the bristles in the sliding regions
doesn’t depend explicitly on the time. The cases with only one breakaway point can be obtained
from (A7) for ξ1 = 0 or ξ2(t) = ξ3(t), respectively.

Differentiating yields

Ḟt(t) = wkt

[∫ ξ1(t)

0

∂u−
t (ξ , t)
∂t

dξ +
∫ ξ3(t)

ξ2(t)

∂u+
t (ξ , t)
∂t

dξ

]
+ wkt ξ̇1

[
u−
t (ξ1(t), t)− ust(ξ1(t))

]
+ wkt ξ̇3

[
u+
t (ξ3(t), t)− ust(ξ3(t))

]
, (A8)

in which the last two terms represent the difference between the deformation of the bristles at the
breakaway points. If the static and dynamic friction coefficients are the same – i.e. μd = μs, these
quantities are zero. However, even forμd �= μs, in the real case, the deformationmust be continuous
at the breakaway point; hence, neglecting the last two terms should still be a good approximation.

Owing the previous considerations, the following relation holds

Ḟt(t) = wkt

[∫ ξ1(t)

0

∂u−
t (ξ , t)
∂t

dξ +
∫ ξ3(t)

ξ2(t)

∂u+
t (ξ , t)
∂t

dξ

]
= C′ḋ(t), (A9)

which clearly states that, if the transient associated with the bristle dynamics is disregarded
(∂uat (ξ , t)/∂t = 0), the carcass dynamics is also negligible.
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