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Abstract

In this paper we consider the Laplace operator with Dirichlet boundary conditions on a smooth domain.
We prove that it has a bounded H *°-calculus on weighted LP-spaces for power weights which fall outside
the classical class of Ap-weights. Furthermore, we characterize the domain of the operator and derive
several consequences on elliptic and parabolic regularity. In particular, we obtain a new maximal regularity
result for the heat equation with rough inhomogeneous boundary data.
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1. Introduction

Often solutions to PDEs can have blow-up behavior near the boundary of an underlying do-
main & C R, Using weighted spaces with weights of the form wf (x) := dist(x, d0)" for
appropriate values of y, allows for additional flexibility and even obtain well-posedness for
problems which appear ill-posed at first sight. PDEs in weighted spaces have been considered
by many authors (see e.g. [24,42,46,47]). Moreover, the H°°-functional calculus properties of
differential operators on weighted space have been treated in several papers as well (see e.g.
[7,11,12,52,62].

The development of the H°°-calculus was motivated by the Kato square root problem (see
[63] for a survey) which was eventually solved in [10]. An H*°-calculus approach to the solution
was obtained later in [14]. Since the work [39] it has turned out that the H*°-calculus is an
extremely efficient tool in the LP-theory of partial differential equations (see the monographs
[23,71] and references therein).

In this paper we study the boundedness of the H®°-calculus of the Laplace operator with
Dirichlet boundary conditions Ap;; for bounded C2-domains ¢. This operator and its gener-
alizations have been studied in many papers (see [20,21,51]. Our contribution is that we study
Apjr and its functional calculus on weighted spaces which do not fall into the classical setting, but
which are useful for certain partial differential equations. In particular, we prove the following
result.

Theorem 1.1. Let & be a bounded C*-domain. Let p € (1,00), y € (—1,2p—1)\{p—1} and set
wf(x) =dist(x, 00)Y. Then the operator — Apj; on LP (O, wf) with D(Apiy) = Wé’if(ﬁ, wf),
has a bounded H-calculus of angle zero. In particular, Api; generates an analytic Cg-
semigroup on LP (O, wf).

A similar result holds on the half space Ri or small deformations of the half space. The range
vy € (p — 1,2p — 1) falls outside the classical A p-setting and Theorem 1.1 is new in this range.
The range y € (—1, p — 1) can be treated by classical methods, and it can be derived from the
general A, -case which will be considered in Section 4.

The boundedness of the H*-calculus has many interesting consequences for the operator
Apjr on LP (O, wf ). Loosely speaking, the boundedness of the H°°-calculus can be used as a
black box to ensure existence of certain singular integrals. In particular, the boundedness of the
H*-calculus implies:

e Continuous and discrete square function estimates (see [38, Theorems 10.4.4 & 10.4.23]),
which are closely related to the classical Littlewood—Paley inequalities.

e Well-posedness and maximal regularity of the Laplace equation and the heat equation on
L?(0, wY) (see Corollaries 5.8, 5.10, 6.3).
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e Maximal regularity for the stochastic heat equation on L? (O, wf ) (see [68, Theorem 1.1]).

On bounded domains we analyse the spectrum of Ap;, and in particular we show that the analytic
semigroup generated by Ap;; is exponentially stable. Additionally we use the functional calculus
to characterize several of the fractional domain spaces.

The main difficulty in the proof of Theorem 1.1 in the non-A, setting is that standard tools
from harmonic analysis are not available. For instance, the boundedness of the Hilbert transform,
the boundedness of the Hardy-Littlewood maximal function operator, and the Littlewood—Paley
decomposition all hold on LP(RY, w}‘,ﬁ ) if and only if y € (—1, p — 1) (see [33, Chapter 9] and
[77]). Here one also needs to use the fact that the A ,-condition holds if and only if y € (=1, p —
1). As a consequence, we have to find a new approach to obtain the domain characterizations,
sectoriality estimates and the boundedness of the functional calculus.

We have already mentioned that Theorem 1.1 implies maximal regularity results. As a further
application we will derive a maximal regularity result for the heat equation on weighted spaces
with rough inhomogeneous boundary conditions. The main reason we can allow much rougher
boundary data than in previous works is that we allow y € (p — 1,2p — 1). Maximal regularity
results can be used to study nonlinear equations in an effective way (see e.g. [72] and references
therein). The result below is a special case of Theorem 7.16. In order to make the result trans-
parent without losing the main innovative part of the result, we state the result in the special case
ug =0, f =0and p = g and without weights in time.

Theorem 1.2. Ler & be a bounded C?*-domain. Let A > 0. Let pe(l,00)andy € (—1,2p —
D\{p—1,2p—3}andsets=1— lj—pV.Assume

g€ B) ,(Ry; LP@O) NLP(Ry; B ,(00)),

with g(0,-) = 0 in the case y € (—1,2p — 3). Then there exists a unique u € WHP(R;
LP (0, w) NLP Ry W2P (O, w?)) such that

W+A—ANu =0, onRy x 0O,
Tryou = g, on Ry x 30,
u(©0) =0, on 0.

Conversely, the conditions on g are necessary in order for u to be in the intersection space.
Note that § € (0, 1) can be taken arbitrarily close to zero by taking y arbitrarily close to 2p — 1.
Moreover, if y € 2p — 3, 2p — 1) then the compatibility condition g(0, -) = 0 also vanishes.

Theorem 1.2 was proved in [22] and [82] for y = 0, and in this case the smoothness parameter
equalsé =1— ﬁ In [22] actually the general setting of higher order operators A with boundary
conditions of Lopatinskii-Shapiro was considered. In [57] the first author extended the latter
result to the weighted situation with y € (—1, p — 1), in which case § € (%, 1) can only be taken
arbitrarily close to % by taking y close to p — 1. It would be interesting to investigate if one
can extend special cases of [57] to other values of y. In ours proofs the main technical reason
that we can extend the range of y’s in the Dirichlet setting is that the heat kernel on a half
space has a zero of order one at the boundary. The heat kernel in the case of Neumann boundary
conditions does not have this property. Moreover, the Neumann trace operator is not well-defined
fory € (p—1,2p—1).Itis anatural question to ask for which kernels associated to higher order
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elliptic operators with different boundary conditions one has similar behavior at the boundary. In
such cases one might be able to allow for rougher boundary data as well.

There exist several theories of elliptic and parabolic boundary value problems on other classes
of function spaces than the L?(L?)-framework of the above. The case that L? is replaced by a
weighted Besov or Triebel-Lizorkin space is considered by the first named author in [54] in the
elliptic setting and in [55] in the parabolic setting. The advantage in that setting is that one can
use Fourier multiplier theorems for A,-weights. The results in [54,55] are independent from
the results presented here since in the non-A ), setting Triebel-Lizorkin spaces do not coincide
with Sobolev spaces. Results in the framework of tent spaces have been obtained in [5,8,13] for
elliptic equations and in [9] for parabolic equations. Here in some cases the boundary data is
allowed to be in L? or L>.

The paper is organized as follows. In Section 3 we present some results on traces, Hardy
inequalities and interpolation inequalities which will be needed. In Section 4 we consider the half
space case with A ,-weights. In Section 5 we consider the half space case for non-A ,-weights.
We extend the results to bounded domains in Section 6, where Theorem 1.1 can be derived
from Corollary 6.2. In Section 7 we consider the heat equation with inhomogeneous boundary
conditions and, in particular, we will derive Theorem 1.2. In many of our considerations we
consider the vector-valued situation. This is mainly because it can be convenient to write Sobolev
spaces as the intersection of several simpler vector-valued Sobolev spaces.

Acknowledgment. The authors would like to thank Dorothee Frey and Bas Nieraeth for helpful
discussions on Section 5.4.

Notation. Ri = (0, 00) x R4~ denotes the half space. We write x = (x1,X) € RY with x; € R
and ¥ € R?~!. The following shorthand notation will be used throughout the paper

wy (x) = |x1]” and wY (x) = dist(x, §0)" .

For two topological vector spaces X and Y (usually Banach spaces), £(X, Y) denotes the space
of continuous linear operators. We write A <, B whenever A < C,, B where C, is a constant
which depends on the parameter p. Similarly, we write A<, B if A S, B and B <), A. Unless
stated otherwise in the rest of the paper X is assumed to be a Banach space.

2. Preliminaries
2.1. Function spaces and weights

Let X be a Banach space. For an open set & C R let D(&; X) denote the space of compactly
supported smooth functions from & into X equipped with its usual inductive limit topology. Let
D'(0; X) = L(D(0), X) be the space of X-valued distributions. Let Cé’o(ﬁ; X) be the space
of infinitely differentiable functions which vanish outside a compact set K C 0. Furthermore,
S@R?; X) denotes the space of Schwartz functions and S’ (R?; X) = L(S(R?), X) is the space
of X-valued tempered distributions. We refer to [2—4] for introductions to the theory of vector-
valued distribution.

A locally integrable function w : @ — (0, 00) is called a weight. A weight w on R? will be
called even if w(—x, %) = w(x;, %) forx; > 0and ¥ e R4~1,
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Although we will be mainly interested in a special class of weights, it will be natural to
formulate some of the result for the class of Muckenhoupt A ,-weights. For p € (1, 00) and a
weight w : RY — (0, 00), we say that w € A, if

iy, = Wz (- /()‘%ld)”_1
wiA SuplQl wx)ax |Q| w(x X < Q.

Here the supremum is taken over all cubes Q C R¢ with sides parallel to the coordinate axes. For
p € (1, 00) and a weight w : R? — (0, o) one has w € A, if and only if the Hardy—Littlewood
maximal function is bounded on L? (]Rd, w). We refer the reader to [33, Chapter 9] for standard
properties of A ,-weights. For a fixed p and a weight w € A, the weight w’ = w~/P=D ¢ Ay
is the p-dual weight. Define Ao =1 Ap. Recall that wy, (x) :=|x1|” is in A, if and only if
ye(-1,p—1).

For a weight w : ¢ — (0, 00) and p € [1, 00), let L? (€, w; X) denote the Bochner space of
all strongly measurable functions f : & — X such that

1/
1 lLr i = (/ I @Ifwedr) " <.
2

For a set Q € R? with nonempty interior and w : 2 — (0, co) let L1 oc(§2; X) denote the set of all
functions such that for all bounded open sets £2¢ with Qo C 2, we have flao € L! (R0, w; X).In
this case f is called locally integrable on Q. If the p-dual weight w’ = w~!/?~=D (/' =1 when
p = 1) is locally integrable on &, then LP (O, w; X) < D'(0; X).

For p € (1,00), an integer k > 0 and a weight w with w’ = w /=D ¢ Llloc(ﬁ), let
Wk’p(ﬁ, w; X) € D'(0; X) be the Sobolev space of all f € LP(0,w;X) with D¥f €
LP(0,w; X) for all |«| < k and set

L lwkr@wxy =D, 1D fllLr(6.w:x)»

lee| <k

[ lwko@.wxy = D ID*FllLr@wx)-

lor|=k

wk.p (0, w; X) is a Banach space. We refer to [49,50] for a detailed study of weighted Sobolev
spaces. Finally, for a set @ € R? with nonempty interior we let Wl]f)cl (2, w; X) denote the space
of functions such that D% f € LIOC(Q, w; X) for all |a| <k.

Let us mention that density of CZ° (ﬁ; X) in Wl*f”(@° , w; X) is not true in general, not even
for w € Ax. A sufficient condition class is w € A, (see [80, Corollary 2.1.6]). Further examples
and counterexamples can be found in [49, Chapter 7 & 11] and [83].

We further would like to point out that in general WX-P(&, w) does not coincide with a
Triebel-Lizorkin space F 52(6’ ,w) if w ¢ A,. Moreover, in the X-valued setting this is even
wrong for w = 1 unless X is isomorphic to a Hilbert space (see [36]).
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2.2. Localization and C*-domains

Definition 2.1. Let 0 € R? be a domain and let k € No U {00}). Then € is called a special
CK-domain when, after rotation and translation, it is of the form

O={x=(x)eR%: y>hx)) (2.1)

for some C*-function h : R4~" — R. If h can be chosen with compact support, then O is called
a special C¥-domain.

For later it will be convenient to define, given a special Cf—domain O with k € Ny, the num-
bers

[0 == inf 1Al ¢t o1, 22)

where the infimum is taken over all h € C f (]Rd_l; R) for which &, after rotation and translation,
can be represented as (2.1).

Definition 2.2. Let k € Ny U {o0}. A domain € C R? is said to be a C*-domain when every
boundary point x € 00 admits an open neighborhood V with the property that

ONV=WNV and 90NV =0WNYV
for some special C*-domain W C R¢.

Note that, in the above definition, V may be replaced by any smaller open neighborhood of x.
Hence, we may without loss of generality assume that W is a C, é‘ -domain. Moreover, if k € Ny
then for any € > 0 we can arrange that [W]-« < €.

If U,V C RY are open and & : U — V is a Cl—diffeomorphism, then we define @, :
(U) = Lie(V) by

loc

1
L loc

(Duf,8) = (f, jogo®), feLi(U) geC(V),

where jo = det(V®) denotes the Jacobian. In this way @, f = f o 1.
Now assume & € Cf(Rd’l) with k > 1 and

O ={(x1,%): ¥ e R x> h(¥). (2.3)
Define a C*-diffeomorphism @ : & — ]Ri by
D(x) = (x1 — h(X), X). (2.4)

Obviously, det(V®) = 1. For a weight w ‘R = (0, 00), let we : @ — (0, 00) be defined by
we (x) = w(P(x)). In the important case that w(x) = |x|”, we have

we(x) = |x1 — h(X)|Y =dist(x,00)", xe€ 0.
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In this way for k € Ny, the mapping &, defines a bounded isomorphism
D, WhP (O, we) — WHP(RL, w,)

with inverse (& 1),.
In the paper we will often use a localization procedure. We will usually leave out the details
as they are standard. In the localization argument for the functional calculus (see Theorem 6.1)
we do give the full details as a precise reference with weighted spaces seems unavailable.
Given a bounded C*-domain ¢ with k > 1, then we can find 59 € CX(0) and {r},,},’:/:1 -

CSO(IR‘Z) such that supp (n,) € V,, for each n € {1,..., N} and Z,}LV:O ng =1 (see [48, Ch.8,
Section 4]). These functions can be used to decompose the space Ej := wkp (@, wf ; X) as

N
Fi:= WP RY: X) & @ WhP (6, wi: X)

n=1

The mappings Z : Ex —> Fy and P : F, —> Ej given by

N
If=@ufineo and  P(froo= Y Mnfu 2.5)

n=0

satisfy PZ = I, thus P is a retraction with coretraction Z.
2.3. Functional calculus

Let X, = {z € C : |arg(z)| < ¢}. We say that an unbounded operator A on a Banach space X
is a sectorial ‘operator if A is injective, closed, has dense range and there exists a ¢ € (0, ) such
that 0 (A) € Xy and

sup |[|[AR(A, A)|| < o0.
reC\x,

The infimum over all possible ¢ is called the angle of sectoriality and denoted by w(A). In this
case we also say that A is sectorial of angle w(A). The condition that A has dense range is
automatically fulfilled if X is reflexive (see [38, Proposition 10.1.9]).

Let H*°(XZ,) denote the space of all bounded holomorphic functions f : X, — C and let
I fllEo(s,) = sup.ex, |f(2)]. Let HF(E,) € H*(X,) be the set of all f for which there

exists an ¢ > 0 and C > 0 such that | f(z)| < C IJ‘FZ‘Z%,.

If A is sectorial, (A) <v < w, and f € Hj®(X,) we let

1
f(A) = 3 / FGRIRM, A)da,
Tl

9%y

where 9%, is oriented downwards. The operator A is said to have a bounded H°(X,,)-calculus
if there exists a constant C such that for all f € H§®(X)
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IF (AN =CllfllreE.,)-

The infimum over all possible w > w(A) is called the angle of the H®°-calculus and is denoted
by wg (A). In this case we also say that A has a bounded H °-calculus of angle wgy~ (A).

For details on the H°°-functional calculus we refer the reader to [34] and [38].

The following well-known result on the domains of fractional powers and complex interpo-
lation will be used frequently. For the definitions of the powers A% with & € C we refer to [34,
Chapter 3]. For details on complex interpolation we refer to [15,37,79].

We say that A has BIP (bounded imaginary powers) if for every s € R, A" extends to a
bounded operator on X. In this case one can show that there exists M, o > 0 such that (see [34,
Corollary 3.5.7])

A < Me?, s e R. (2.6)
Let wpp(A) = inf{w € R : 3M > 0 such that for all s € R ||A®|| < Me®B!}. One can easily
check that wgp(A) < wy=(A).

The next result can be found in [34, Theorem 6.6.9] and [79, Theorem 1.15.3].

Proposition 2.3. Assume A is a sectorial operator such that A has BIP. Then for all 0 € (0, 1)
and 0 < a < B we have

[D(A%), D(AP)]y = D(A1—Da+68y

where the constant in the norm equivalence depends o, B, 0, the sectoriality constants and on the
constant M and o in (2.6).

For two closed operators (A, D(A)) and (B, D(B)) on X we define D(A + B) := D(A) N
D(B) and (A + B)u = Au + Bu. Often it is difficult to determine whether A + B with the above
domain is a closed operator. Sufficient conditions are given in the following theorem which will
be used several times throughout this paper (see [26,73]).

Theorem 2.4 (Dore—Venni). Let X be a UMD space. Assume A and B are sectorial operators on
X with commuting resolvents and assume A and B both have BIP with wgip(A) + wpp(B) < 7.

Then the following assertions hold:

(1) A+ B is a closed sectorial operator with w (A + B) < max{wpip(A), wpip(B)}.
(2) There exists a constant C > 0 such that for all x € D(A) N D(B),

|Ax|| + [|Bx|| < Cl|Ax + Bx]||,
and if 0 € p(A) or 0 € p(B), then 0 € p(A + B).

The following can be used to obtain boundedness of the H *°-calculus for translated operators
((1) is straightforward and (2) follows from [34, Corollary 5.5.5]):

Remark 2.5. Let o € (0, ) and assume A is a sectorial operator of angle <o.
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(1) If A has a bounded H*°-calculus of angle < o, then for all A > 0, A + A has a bounded
H*-calculus of angle <o

(2) If there exists a % > 0 such that A + A has a bounded H*-calculus of angle < o, then for
all A > 0, A + A has a bounded H*°-calculus of angle <o.

2.4. UMD spaces and Fourier multipliers

Below the geometric condition UMD will often be needed for X. UMD stands for uncon-
ditional martingale differences. One can show that a Banach space X is a UMD space if and
only if the Hilbert transform is bounded if and only if the vector-valued analogue of the Mihlin
multiplier theorem holds. For details we refer to [37, Chapter 5]. Here we recall the important
examples for our considerations.

e Every Hilbert space is a UMD space;
e If X is a UMD space, (S, X, u) is o-finite and p € (1, 00), then LP(S; X) is a UMD space.
e UMD spaces are reflexive.

For m € L®(R?) define

T, : S(RY; X) — S'(RY; X), Tnf=F"mf).

For p € [1,00) and w € A the Schwartz class S(R?: X) is dense in L? (R4, w; X) (see
Lemma 3.5).

The following is a weighted version of Mihlin’s type multiplier theorem and can be found in
[67, Proposition 3.1]

Proposition 2.6. Let X be a UMD space, p € (1,00) and w € A . Assume that m € CT2(R9 \
{0}) satisfies

Cn= sup supl&[®|D*m(&)| < oo. Q2.7)
|a|<d+2 E#£0

Then Ty, extends to a bounded operator on LP(R¢, w; X), and its operator norm only depends
ond, X, p, [w]Ap and Cp,.

Proposition 2.7. Let X be a UMD space. Let g € (1,00) and v € A;(R). Then the following
assertions hold:

(1) The operator 4 \ith D(i) = WL4(R, v; X) has a bounded H>®-calculus with a)Hoo(i) <
= dt dt dt
7.

(2) The operator % with D(%) = Wol’q Ry, v; X) has a bounded H>-calculus with
wpe(d) < Z.

Here Wé 4 (R4, v; X) denotes the closed subspace of wla (R4, v; X) of functions which are
zero at t =0.
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Proof. (1) follows from Proposition 2.6 and [38, Theorem 10.2.25]. (2) can be derived as a
consequence by repeating part of the proof of [58, Theorem 6.8] where the case v(t) = |t|” was
considered. O

For p € (1,00), w € A, and s € R, we define the Bessel potential space H‘”’(Rd, w; X) as

the space of all f € S’(R?; X) for which .Z ~![(1 +]- |2)5/2f€ LP(R?, w; X). This is a Banach
space when equipped with the norm

I s ®ewixy = IZ A+ 112 Al Lo e x)-

For an open subset & C R4 the space HSP(0, w; X) is defined as all restriction f|, where
f € H*?(0, w; X). This is a Banach space when equipped with the norm

1L 50 (0. x) = infUI 8N s i) * 8l = f where g € H*P(RY, w; X))

The next result can be found in [67, Propositions 3.2 & 3.5]. The duality pairing mentioned
in the statement below is the natural extension of

(f.8)= /(f(x), g))dx, feSMRY;X), geSRY; XY).
]Rd

Proposition 2.8. Let X be a UMD space, p € (1,00) and w € Ap. Then
H™P(R?Y, w; X) = WP R4, w; X) for all m € Ny.
Moreover, for all s € R, one has [H*? (R4, w; X)]* = HSP' (R4, w'; X*).
The UMD condition is also necessary in the above result (see [37, Theorem 5.6.12]).

Proposition 2.9 (Intersection representation). Let d, dy, d>, n > 1 be integers such that dy +dr =
d. Let w € Ap(R9). Then

WP (R w; X) = WP RD w. LP (R X)) N LP (RN, w; WP (R®; X)).

In the above we use the convention that w is extended in a constant way in the remaining d»
coordinates. In this way w € A, (Rd) as well.

Proof. — is obvious. To prove the converse Let @ be a multiindex with k := |@| < n. It suf-
fices to prove |D%ullzrw:x) < CUlullLrw:x) + 27:1 “D]](-l/l”Lp(w;X)). This follows by using
the Fourier multiplier m:

@2ré)*

®) = |
TR e

Here p € C*°(R) is an odd function with p =0 on [0, 1/2] and p =1 on [1, co]. Now using
Proposition 2.6 one can argue in a similar way as in [37, Theorem 5.6.11]. O
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3. Hardy’s inequality, traces, density and interpolation

In this section we will prove some elementary estimates of Hardy and Sobolev type and obtain
some density and interpolation results. We will present the results in the X-valued setting, and
later on apply this in the special case X = L?(R¢~!) to obtain extensions to higher dimensions
in Theorem 5.7.

Details on traces in weighted Sobolev spaces can be found in [40] and [57]. We will need
some simple existence results in one dimension.

3.1. Hardy’s inequality and related results

1
Lemma 3.1. Let p € [1,00) and let w be a weight such that |w =T 1, < oo forall t €
(0, 00). Then WP (R, w; X) < C([0, 00); X) and for allu € W"P (R, w; X),

sup [lu(x)| < Ct,p,w”M”WLI’(]RJr,w;X)v t € [0, 00)
x€[0,t]

Moreover, the following results hold in the special case that w(x) = w, (x) = |x[":

(D) Ify el0,p—1), thenu(x) - 0as x — oo and forallu Wl'p(R+, wy; X),

Sllp ||u(x)|| 5 Cp,y ”u”WI'P(R+,wy;X)'
x>0

(2) If y <—1, thenforallu € LP(Ry, wy,; X) NC([0, 00); X), u(0) =0.

Note that the local L'-condition on w holds in particular for w € A,.
Proof. Let u € WHP(R,, w; X). By Holder’s inequality and the assumption on w we have
LP((0,1), w; X) = L1(0,#; X). In particular u and u’ are locally integrable on [0, 00). Let

N

v(s) =fu/(x)dx, s€(0,1).

0

Then v is continuous on [0, ¢] and moreover v’ = u’ on (0, t) (see [37, Lemma 2.5.8]). It follows
that there is a z € X such that u = z + v for all s € (0,¢). In particular, ¥ has a continuous
extension u to [0, ] given by u = 7 + v.

To prove the required estimates we just write u instead of u. Let x € [0, 00). Define ¢ as
f(x)=1—xforx €[0,1]and ¢ =0 on [1, co). Then for x € [0, ¢], we have

1 1 1

u(x):/%(u(s —i—x);(s))ds:/M(s—}—x)g‘(s)ds—}—/u(s +x)'(s)ds .

0 0 0

T T

Then by Holder’s inequality
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1

1/p /
173 s(/||u’<s+x)||f’w(s+x>ds) Is = ws +x) "V eDye

0

=< Cw,t,p||u/||L1’(R+,w;X),

where Cl, , = [lw™ P~V 11,41y Similarly, | 2] < CuypllullLr®, w:x)- Therefore, the
required estimate for sup,.cq , [l (x)|| follows.
The estimate in (1) follows from

1 1

/wy(s +x)7 V=D gs < / wy, () VP Vas=C,,.
0 0

Moreover,u(x) — 0 as x — 0o because [} wy (s +x)~/P~D ds — 0 as x — oc.
To prove (2) note that

t
o1
u(O)|| = lim —/ lu(s)ll ds.
t—>oo t
0

Now by Holder’s inequality we have

t
’

t

1 1 vy 1/p _r#l

[ 1ulds = Slulr@, ([ s77ds) " < Clulr @t
0 0

and the latter tends to zeroas t — 0. O

Next we state two well-known consequences of Hardy’s inequality (see [32, Theorem 10.3.1]
and [49, Section 5]).

Lemma 3.2. Assume p € [1,00). Letu € WI’P(R+, wy; X). Then
Il e R wy—p:x) < Cpyp 1 I Lo R 4wy %)
if(y<p—1andu(0)=0)ory >p—1.
In the above result, by Lemma 3.1, u € C([0,00); X) if y < p — 1.

Proof. First consider y < p — 1. Writing u(t) = fot u'(s)ds, it follows that

t
lu(@)x < f 1/ (5) | xeds.
0
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Now the result follows from Hardy’s inequality (see [32, Theorem 10.3.1]). The case y > p — 1
follows similarly by writing u(t) = ftoo u’(s)ds. Here we use the fact that, by approximation, it
suffices to consider the case where u =0 on [n,00). O

For other exponents y than the ones considered in Lemma 3.1 another embedding result
follows. Note that this falls outside the class of A ,-weights.

Lemma3.3. Let pe[l,00)and y € (p—1,2p—1). Then W>P (R, wy; X) = Cp([0, 00); X)
and for all u € W>P (R, wy; X), u(x) = 0as x — oo and

sup [lu() || < Ct p,y ||u||w21ﬂ(]R+,wy;x)-
x>0
Proof. By Lemma 3.2 ||u®) PR wy—pix) = Cp.y ||u(k+1)||wz,p(R+,wy;X) for k € {0, 1}. There-
fore, u € Wl*P(R+, wy —p; X). Now the required continuity and estimate of ||u(x)|| for x € [0, 1]
follows from Lemma 3.1. To prove the estimate for x € [1, 00), we can repeat the argument used
in Lemma 3.1 (1). Indeed, for x > 1,
1 1
/wy(s +x)7 0D as < / wy (s + 1)V Vgs=c,,. O
0 0

3.2. Traces and Sobolev embedding

For u € le’cl (R_d; X) we say that Tr(u) = 0 if Tr(pu) = 0 for every ¢ € C*° with bounded

support in Ri. Note that gu € w10, o0); Ll(]R{d’]; X)) whenever u € W”’(Rd ,w; X) and

) _
w rTe LllOC (Ri). Thus the existence of the trace of pu follows from Lemma 3.1.

For integers k € No, p € (1,00) and w € A, we let

WEPRY w: X) = {u e WEP(RY w; X) : Tr(u) = 0}, G.1)
Wy (RL, w: X) = {u € WEP(RE, w: X) 1 Tr(D*u) = 0 for all |e| < k}.

The traces in the above formulas exists since W57 (R% | w; X) < Wl]f)’cl (R_d; X).
We extend the definitions of the above spaces to the non-A ,-setting. For p € [1,00), y €
(p—1,2p—1)and k € Ny let

1
WEP(RY, w,; X) = {u e WRPRY w, X): Tr(u) = 0if k > i}
p

1
Wy P RL, wy; X) = {u e WhP(RYL, w; X) : Te(D%u) =0 if k — || > i} .
p

Here the trace exists if j :=k — || > VTH since then j > 2 and, by Lemmas 3.1 and 3.3,

WP (RY, wy; X) <> WP (R, wy; LP(RY™Y; X)) < C([0, 00); LP (R X)).
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For y € (—o0, —1) and k € Ng we further let
Wit (R, wy: X) = Wo' (R, wy; X) = WP (RS, w5 X).,
This notation is suitable since for k € N1, by Lemma 3.1,

WEPRY wy: X) <> WEPR . wy: PRI X))
C {u € C([0, 00; X); LP(R?™1)) : u(0) = 0}.

Using the CK-diffeomorphisms ® of Subsection 2.2 and localization one can extend the
definitions of the traces and function spaces W]];’if (O, we; X) and Wg P (0, we; X) to special
C¥-domains ¢ and bounded C*-domains.

The following Sobolev embeddings are a direct consequence of Lemma 3.2 and a localization
argument (also see [49, Theorem 8.2 & 8.4]).

Corollary 3.4. Let p € [1,00), k € Nj and y € R. Let 0 be a bounded C*-domain or a special
Cf-domain. Then

Wy (0, wl; X) > WP o wl_ i X),  ify <p-1,

whr (o, wl: X) > WP o wl i X), ify>p—1,
5 k—1, . . .
Wo PO, wlls X) > Wo M@, wl_ i X), iy ¢lip—1:j €N},
3.3. Density results

Lemma 3.5. Let w € Ao and p € [1,00). Let € be an open subset of R?. Then CX(O)® X is
dense in L? (O, w; X).

Proof. Since L? (0, w) ® X is dense in L” (0, w; X) it suffices to consider the scalar setting.
We claim that it furthermore suffices to approximate functions which are compactly supported
in 0.

To prove the claim, let f € LP(0, w) and let (K,),cN be an exhaustion by compact sets
of 0. Observe that f1g, — f by the dominated convergence theorem. Therefore, it suffices to
consider functions f with compact support in ¢. Extending such functions f by zero to R?, the
claim follows.

Let g € (p,00) be such that w € A,. Then for all functions f € L? (R4, w) with compact
support K C ¢, by Holder’s inequality one has

q-p
||f||Lp(]Rd,w) < ||f||Lq(Rd,w)w(K) 7 .

Therefore, it suffices to approximate such functions f in the L9 (]Rd, w) norm. To do so one can
use a standard argument (see [58, Lemma 2.2]) by using a mollifier with compact support. O

Lemma 3.6. Let p € (1,00), w € A, and k € Ny. Let 0 = R4 or a bounded C*-domain or a
special Ci?—domain with k € Ng U {o0}. Then Cﬁ(ﬁ) ® X is dense in WP (0, w; X).



5846 N. Lindemulder, M. Veraar / J. Differential Equations 269 (2020) 5832-5899

Proof. The case & = R follows from [58, Lemma 3.5]. In all other situations, by localization,
it suffices to consider & = Ri. This case can be proved by combining the argument of [58,
Lemma 3.5] with [48, Theorem 1.8.5]. O

The density result [49, Theorem 7.2] can be extended to the vector-valued setting:

Lemma 3.7. Let p € (1, 00) and y > 0. Let € be a bounded C°-domain or a special C?—domain.
Then C°(0; X) is dense in wkr(o, wf; X).

Next we will prove a density result for power weights of arbitrary order using functions with
compact support in 2.

Proposition 3.8. Let y ¢ R\ {jp — 1: j € N{}. Let O be a bounded C*-domain or a special
Cf-domain with k € Ng U {oo}. Then Cf(ﬁ; X) is dense in Wg’p(ﬁ, wy; X).

Proof. By a standard localization argument it suffices to consider & = Ri. Letu e Wé P(RE,
wy; X). By a simple truncation argument we may assume that u is compactly supported on

Rf{_. To prove the required result we will truncate u near the plane x; = 0. For this let ¢ €
C°([0, 00)) be such that ¢ =0 on [0,1/2] and ¢ =1 on [1, 00). Let ¢, (x1) = ¢(nx;) and
define u, (x) = @, (x1)u(x). We claim that u,, — u in W5P(RL, w,; X). This will be proved
below. Using the claim the proof can be finished as follows. It remains to show that each u €
wkp(R?, w,; X) with compact support can be approximated by functions in C2° (R4; X). For
each v e WhP(RY, w,; X) with compact support K it holds that

||U||Wk.p(Rfj_7wy;X) ~K.y ||U||Wk.p(]Rer;X)' (3.2)

Therefore, it suffices to approximate u in the W57 (R%; X)-norm. This can be done by extension

by zero on @ followed by a standard mollifier argument (see [58, Lemma 2.2]).
To prove the claim for convenience we will only consider d = 1. Since ¢, does not
depend on X the general case is similar. Fix m € {0, ..., k}. By Leibniz formula one has

(Puu)™ =31 cim®" u®. By the dominated convergence theorem ¢,u™ — 1™ in
(m—1i)

LP(RZ, w,; X). It remains to prove that ¢, u® — 0 fori € {0, ..., m — 1}. By Corollary 3.4
u® e W(;"_i’p(]RJr, Wy X) > LP(Ry, wy—m—iyp; X).

Now we find

1/n
s u N Lo ® i x) = / nP D1 () P D ()17 |x ] dx
0
1/n

< lp™ 1% / @ QNP Y = 0P g,
0

The latter tends to zero as n — oo by the dominated convergence theorem. [
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In the next result we prove a density result in real and complex interpolation spaces. It will be
used as a technical ingredient in the proofs of Lemma 3.14 and Proposition 3.17.

Lemma 3.9.Let p e (1,00), y e R\ {jp—1:j € Ny}, g €[1,00) and k € N\ {0}. Let
O be a bounded C*-domain or a special Cf-domain with integer k > 2 or k = 0o and
let £ €{0,...,k}. If 0 € (0,1) satisfies kO < VTH then the space Cf(ﬁ; X) is dense in
(LP(O, wy; X), WEP(O, w5 X))o, and [LP (O, wy; X), WEP (O, wy; X)o.

Proof. First consider the real interpolation space. In the case y < —1 the result follows from
W“’(ﬁ, wy; X) = W(f’p(ﬁ, wy; X), Proposition 3.8 and [79, Theorem 1.6.2].

In the case y € R\ {jp — 1:j € Np}, it suffices to consider & = Ri by a localization
argument. Write Y¥; = wiP(RY, wy; X) for j € Ny. Since Y Ci (Yo, Ye)o,4 (see [79, Theo-
rem 1.6.2]), by Lemma’s 3.6 and 3.7 it suffices to consider u € CZ° (R_d; X) and to approximate
it by functions in C2° (]Rd ; X) in the (Yp, Y¢)g,4-norm. Moreover, note that

1-6. 10
vl (v, ¥0)0.4 = Clivlly, vy,

for all v € Y (see [79, Theorem 1.3.3]). Therefore, it suffices to construct v,, € C2° (Rd ; X) such
that ||v, — u||;0_0 v, — u||?,€ — 0 as n — oco. As in Proposition 3.8, letting u,, = ¢, u, it suffices

to show that ||u, — u||},;9 |ty — ””% — 0 as n — oo. Note that, for example in the case d =1,
for one of the terms

1/
! 1/p _y+l
160 = Do @y 30 = Il [ 17 dx) ™" < 161Cpn ™5
0
and similarly,

v+l
719" ool |l co-

(O]
(o™ u”LP(R‘i,wy;X) =n
Now we obtain that there is a constant C independent of n such that

_ 1-6 ©. 1o —rtl g
1@ = Dull Ly, w30 190 ””LP(Ri,wy;me” .

The latter tends to zero by the assumptions. The other terms can be treated with similar argu-
ments. Finally one can approximate each u, by using (3.2) and the arguments given there.
The density in the complex case follows from

(LP(O, wy: X), WEP(O, w,: X))ot <> [LP (O, wy: X), WEP (6, w5 X))o

(see [79, Theorems 1.9.3 (¢) & 1.10.3]). O
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The next standard lemma gives a sufficient condition for a function to be in Wl:)’cl (Rd; X)

when it consists of two WI})’Cl—

reduce to the one-dimensional setting and use the formula u(r) — u(0) = Ot u'(s)ds. We leave
the details to the reader.

functions which are glued together. To prove the result one can

Lemma 3.10. Let u € L] _

Wl})’cl (ﬂ; X). If Tr(uy) =Tr(u—_), thenu € W“(Rd; X) and

loc

d. — L1 nd . —
(R%; X) be such that uy = uhRi € Wipe RE;X) and u— :=ulga €

Dj(us), onRY;
Diu= J +
" {D,-(m, onRY;

Finally we will need the following simple density result in the A ,-case.

Lemma 3.11. Let & be a bounded C*-domain or a special Cé‘-domain with k € Nog U {oo}. If
pe(l,00), we A, and k € Ny, then Ey : Wg’p(ﬁ’, w; X) > WkP(RY, w; X) given by the
extension by zero defines a bounded linear operator. Moreover, Wg’p(ﬁ’, w; X) = Cé‘(ﬁ; X).

Proof. By localization it suffices to consider & = ]R’i. If u e Wg’p (Rd ,w; X), then, by
Lemma 3.10, Equ € Wlﬁ’cl (RZ; X) and

D*Eou = EgD%u, la| < k.

In particular, this shows that Ey is bounded.

For the final assertion let u Wg "P(R?, w). By a truncation we may assume u has bounded
support. Take £ € C° (R‘i) such that f Cdx =1andset ¢, (x) = ndg“(nx). Then ¢, % Eou — Eou
in WoP (R4, w; X) (see [58, Lemma 2.2]). Since &, % Equ € CS"(R”’ ; X), the result follows. O

3.4. Interpolation
We continue with two interpolation inequalities. The first one is [58, Lemma 5.8].

Lemma 3.12. Let p € (1, 00) and let w € A, be even. Let 0 = R? or 6 = Ri. Then for every
keN\{0,1}, je{l,....k—1}and u € WE-P (O, w; X) we have

o
[M]W.f‘/’(ﬁ’w;x) S Cp,[w]Ap ”M”Lp(ﬁ’w;x) [M]Wk’l’(ﬁ,w;X)'

The above result holds on smooth domains as well provided we replace the homogeneous
norms [-]ykp by || - [lye.p. In order to extend this interpolation inequality to a class of non-A ,-
weights, we will use the following pointwise multiplication mappings M and M.

Let M : CSO(Rd 1 X) > CSO(Rd ; X) be given by Mu(x) = xju(x). By duality we obtain a
mapping M : D'(RL; X) — D'(RY; X) as well. Similarly, we define M~! on cx (RZ; X) and
D'(R4; X).
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Lemma3.13. Let p € (1,00), y € (—=1,2p—1) and k € {0, 1,2}. Then M : W*P(RL , w,,; X) —
Wk’p(]Ri, wy_p; X) is bounded. Moreover, M : W(’;’p(Rd s Wy X) — Wg’p(Ri, Wy _p; X) is
an isomorphism.

Proof. Since the derivatives with respect to x; with i # 1 commute with M, we only prove the
result in the case d = 1. Observe that ||MM”LP(R+’wy7p;X) = ”“”L!’(Ri,wy;X)‘ Moreover, by the

product rule, we have (Mu)PD) = ju(j_l) + Muh) for j € {0, 1, 2}. Therefore,

k
IMullyr® s, ) = IMELLo@ i)+ D NMDD Lo @, wyix)
j=1
k
o .
<lulr @m0+ D171 lle® w0 + IMUD Lo @y 0, ix)
j=1
k
< lullr®swy:x + €O 1uPlLo®, w,:x)
j=1

<(C+ 1)||“||Wk1p(R+,wy;X),

where we applied Lemma 3.2. This proves the required boundedness of M.
By density of C2°(R4; X) in Wg’p(RJr, wy; X) (see Proposition 3.8 and Lemma 3.11) it
follows that M : Wg’p(RJr, wy; X) — Wé"p(R+, wy_p; X) is bounded. It remains to prove

boundedness of M~ : Wé"p(RJr, wy_p; X) — Wg’p(R+, wy; X). By Proposition 3.8 and
Lemma 3.11 it suffices to prove the required estimate for u € C2°(R; X). By the product rule,
we have (M ~1u)) =31 ¢; ;M7= 4D Therefore,

k

-1 -1 j
M ull i@, 0 = D NM 0D L@, yix)
j=0

ko
<CY D MUY @R, wyix)
j=01i=0
ko

< C”“l'Wk’p(RJr,wyfp;X) + Z Z ”u(]_l)”LP(R+,wy7(i+1)p;X)'
j=0i=1

Now it remains to observe that by Lemma 3.2 (applied i times)

1Y "N o R 4y %) < CIE DN Lp® oy i) < Cllullyior® s, pix)- O

Lemma 3.14. Let p € (1,00) and y € (—p — 1,2p — )\ {—1, p — 1}. Then for every k €
N\{O,l},je{l,...,k—1}andueWk’P(]Rd,wy;X)wehave

1—4 I
) < % 3
[M]W/,P(Ri,wy;X) — Cy’p’k”u”LI’(Ri,w,,;X)[M]kal’(Rd ,wy;X)'
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Proof. By an iteration argument as in [48, Exercise 1.5.6], it suffices to consider k =2 and j = 1.
Moreover, by a scaling involving u (%) it suffices to show that

172 1/2

<
o @t i) < Crooliel s oo 10020 g (33)

The case y € (—1, p — 1) is contained in Lemma 3.12, where we actually do not need to
proceed through (3.3). So it remains to treat the case y € (—p — 1, —-1) U (p — 1,2p — 1). By
standard arguments (see e.g. [79, Lemma 1.10.1]), it suffices to show that

(LPRY, w,; X), WP (R, w,; XNy, = WP (R, wy; X).

We first assume that y € (p — 1,2p — 1). Using Lemma 3.13 and real interpolation of opera-
tors, we see that M is bounded as an operator

(LY (R, wy: X), WP (R wys X))y —> (LPRE wy—ps X), WP R wy—pi X)) 5

By a combination of [79, Lemma 1.10.1] and (3.3) for the case y € (—1, p — 1), the space on the
right hand side is continuously embedded into wlr (Ri, wy—p; X). Therefore, M is a bounded
operator

M (LP(RL, wy; X), WHP(RL, wy; XNy, — WhPRY w,_,; X). (3.4)

From Lemma 3.9 and the fact that MC?O(Rd ; X) C CE’O(Rd ; X) C Wé’p(Ri, wy—p; X), it fol-
lows that M is a bounded operator

M : (LP(RY, wy; X), WP (RL, w,; XNy, — Wy (RL, wy—p; X).

Combining this with Lemma 3.13 we obtain (3.3).
Next we assume y € (—p — 1, —1). As M in (3.4) in the previous case, M~ is a bounded
operator

_ 2, L,
M~ (PR wy s X), Wy PR, wys X0y — Wyl (R, wyps X).

Combining this with WP (R4, wy; X) = Wg’p(Rd ,wy; X) (n € N) and Lemma 3.13 we ob-
tain (3.3). O

Proposition 3.15. Let X be a UMD space, p € (1,00) and y € (—1, p—1). Let O be a bounded

C*-domain or a special Cf-domain with k € No U {oo}. Then for every j € {0, ..., k} the follow-
ing holds:

k, /s
(L7 (0. ] X). Wy (0. w]: X1y = WP (0, w]: X).
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Proof. By a localization argument it suffices to consider the case & = ]R{ff_. The operator 0
on LP(R%, w,; X) with domain D(3;) = Wy"” (R4, w,; LP(RY™1; X)) has a bounded H>-
calculus with wpe(d;) = % by [58, Theorem 6.8]. Moreover, D((3])") = Wy’ (R, wy;
LP(R?'; X)) for all n € N. For the operator Ay—j on LP(R%, w,; LP(R4~!; X)), defined
by

d
D(Ag—1) = L7 Ry wy WP R X)), Agogui= ) du,
k=2

it holds that —Ag;_; a bounded H-calculus with wpye(—Ag4_1) = 0. Moreover,
D((—Ag—1)"?) = LP (R4, wy; WP (R=1; X)) for all n € N. It follows that (1 + 3,)* with
D((1 + 35 = Wg PRy, wy; X) is sectorial having bounded imaginary powers with angle
< /2 and that (1 — Ag—1)¥/? with D((1 — Ag—)*/?) = LP (R4, wy; WEP(RITL; X)) is sec-
torial having bounded imaginary powers with angle 0. By a combination of Proposition 2.3 and
[29, Lemma 9.5],

L (RY wy: X)Wy P (R wys LPRYY X0) N LY (R wys WEPRT X))],
=[LPRY., wy: X), D1+ N DA = Ag-) )]y
=D((1+0)) N D((1 — Ag—1)'?)
= WY Ry, wy; LP R X)) N LP Ry, wy; WP R X)),

Now the result follows from the following intersection representation for n € N:
Wo P (RY. wy: X) = Wy (R, wy: LPRYTY X)) N LP Ry wy s WP R X)),

Here — is clear. To prove the converse let u be in the intersection space. We first claim that
ue werRY, wy; X). Using a suitable extension operator it suffices to show the result with
R4 and R‘i replaced by R and R? respectively. Now the claim follows from Proposition 2.9.
To prove u € Wg’p(Rd ,wy; X) let @] <n — 1 and write @ = (@, @). It remains to show
Tr(D%u) = 0. By assumption and the claim D*'u € Wé’p(RJr, Wy ; LP(R~1; X)) and D"y €
whr(R,, Wy ; wr—l-ey(R4-1: X)), It follows that D'y € W&’p(R+, Wy; wr—l-er(Ra-1.
X)) and therefore, we obtain D%u € W()l‘p(R+; LP(R1: X)) as required. O

Now we extend the last identity to the non-A, setting for j =1 and k = 2.

Proposition 3.16. Let X be a UMD space, p € (1,00) y € (—p—1,2p—D\{=1,p—1}. Let O
be a bounded C?-domain or a special C?—domain. Then the complex interpolation space satisfies

[L7(0,wy: X), WoP (0, wys )1y = Wy (0, wy5 X).

Proof. The case y € (—1, p—1) is contained in Proposition 3.15. For the case y € (jp—1, (j +
)p — 1) with j =1 or j = —1 we reduce to the previous case. By a localization argument it
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suffices to consider & = ]R{i. By Lemma 3.13 and since the complex interpolation method is
exact we deduce

[L7 (RS wy: X). Wy " (RY, wy: X1y
= MLV R wy—jpi X), MW (R w3 X1,
=M ILPRL, wy_jp; X), WoP(RL, wyjp; Xl
=MWy PR wy—jp; X) = Wy P(RY, wy; X). O

Next we prove a version of Proposition 3.16 without boundary conditions by reducing to the
case with boundary conditions.

Proposition 3.17. Let X be a UMD space, p € (1,00), y € (—p — 1,2p — D\ {—1,p — 1}.
Let O be bounded C*-domain or a special Ccz-domain. Then the complex interpolation space
satisfies

[LP (O wy: X), WHP (O, wy: X)ly = WP (O, wy: X).

Proof. By a localization argument it suffices to consider & = ]Ri. The case y € (—1,p — 1)
follows from [58, Propositions 5.5 & 5.6] and the case y € (—p — 1, —1) follows from Proposi-
tion 3.16.

It remains to establish the case y € (p — 1,2p — 1). The inclusion <= follows from Proposi-
tion 3.16 and Wol’p(IRd ywy; X) = WI’P(Rd , wy; X). To prove <, by Lemma 3.9 it suffices to
show that

0o md .
||”||W1~P(R1,wy;X) = C”u”[Ll’(R‘fr,wy;X),Wsz(Ri,wy;X)] , ueCr(RLX).

NI—

Since W(;’p(Rd s Wy X) = wlr(Re, wy; X), using Lemma 3.13 twice and the result for the
A -case already proved, we obtain

< <
lallyip ®e o) S WMUllyrp e w,_ix) S ”M””[LP(]R?LwH;X),Wlﬂ(Ri,wyfp;X)]%
5”“”[LP(Ri,wy;Xlep(Ri,wy;X)]%‘ O

Next we turn to a different type of interpolation result where we interpolate all the possible
parameters including the target spaces. There are many existing results in this direction (see [67,
Proposition 3.7] and [72, Proposition 7.1] and references therein). In the unweighted case it has
recently also appeared in [4, Theorem 4.5.5] using a different argument. Since our (independent)
proof is of interest we present the details.

Theorem 3.18. Let X j be a UMD space, pj € (1,00), wj € Ap; and s;j € R for j € {0, 1}. Let

0 € (0. 1) and set Xo = [Xo. X11o, L = 2 + £y = = P/P0u (PP and s = (1 - 0)s0 +
0s1. Then
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[H*P (R, wo; Xo), H 'R, wi; X))o = H*P(RY, w; Xe).

Observe that w € A, by [33, Exercise 9.1.5]. The proof of the theorem will be given below.
As a corollary of Proposition 3.17 and Theorem 3.18 we obtain (using the identification from
Proposition 2.8) the following mixed-derivative theorem:

Corollary 3.19. Let X be a UMD space, p € (1,00), y e (—p—1,2p — D)\ {—1,p — 1} and
d > 2. Then
W2PRY LP Ry, wy; X)) N LP (R WP (R, wy; X))
> WHPRTL WP R wy: X)).

Proof. By Proposition 2.8, Theorem 3.18, and Proposition 3.17,

LPRTL WP Ry, wy; X)) N WP R LP Ry, wy: X))
= HOPRITLWAP (R4, wys X)) NHPPRTH LP R, wy s X))
= [HOP R WAP R wy: X)), HHP R LV (R wy: X))y

= HUPRTE WP Ry, wy s X), LP (R wy: X)]y)
=W R WP R, wys X)), O

For the proof of Theorem 3.18 we need two preliminary results. The first result follows as in
[79, Theorems 1.18.4 & 1.18.5].

Proposition 3.20. Let (A, </, i) be a measure space. Let X j be a Banach space, p; € (1, 00)

and wj : § — (0, 00) measurable for j € {0,1}. Let 0 € (0, 1) and set Xy = [Xo, X1]s, L

P
— 1-6 0
lp_oe_i_%’w:w(() )p/powlp/plands:(l—@)SO‘i‘@Sl.Then

[LPO(A, wo; Xo), LPY(A, wi; X))o = LP (R, w; Xp).

For the next result we need to introduce some notation. Let (4)r>0 be a Rademacher se-
quence on a probability space Q. Let 0 : N — (0, 0o) be a weight function, p € (1, co0) and let
Rad”?(X) denote the space of all sequences (xx)k>0 in X for which

n
| xx=0 ”Rad“-P(X) = :g H Igeka(k)xk HLP(Q;X) <00

The above space is p-independent and the norms for different values of p are equivalent (see [38,
Proposition 6.3.1]). If 0 = 1, we write Rad” (X) :=Rad””? (X). Clearly (x¢)k>0 > (0 (k)xX)k>0
defines an isometric isomorphism from Rad”?(X) onto Rad” (X). By [38, Corollary 6.4.12], if
X does not contain a copy isomorphic to cg (which is the case for UMD spaces), then (xx)x>0 in
Rad®?(X) implies that Zk>0 ero (k)xy converges in L”(€2; X) and in this case
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| k=0 Rager ) = ” Zska(k)xk‘

LP(2:X)
k=0 ( )

Interpolation of the unweighted spaces

[Rad? (X(), Rad”! (X1)]p = Rad” (Xy) (3.5)

holds if X and X; are K-convex spaces (see [38, Theorem 7.4.16] for details). In particular,
UMD spaces are K-convex (see [37, Proposition 4.3.10]). We need the following weighted ver-
sion of complex interpolation of Rad-spaces.

Proposition 3.21. Let X ; be a K-convex space, o : N — (0, 00) and let p; € (1,00) for j €
{0,1}. Let 6 € (0, 1) and set Xg = [Xo, X110, % = 117;09 + % and o = 63790’{9. Then

[Rad?"°(Xp), Rad”""P! (X )]y = Rad””(Xp).
Proof. We use the same method as in [79, 1.18.5]. Let
T : Z%_(Rad’ P (X(), Rad°"P'(X), 0) — .%_(Rad”(Xy), Rad”! (X;), 0)

be defined by

Tf(k,2) = oo(k) “2o1(k) f (K, 2).

Then f +— Tf(-,60) is an isomorphism from [Rad®P9(Xg), Rad’""! (X )]s onto [Rad”’(Xy),
Rad”! (X )]s = Rad”(Xg), where we used (3.5) in the last step. O

Proof of Theorem 3.18. Set Y; = L”J (Rd, w;j, X;)) for j € {0,1} and let Yy = LP(RY, w,
Xp)). Then by Proposition 3.20 Yy = [Yo, Y1]s. Let o (n) = 2%" and let (¢x)r>0 be a smooth
Littlewood-Paley sequence as in [67, Section 2.2] and let ¢_1 = 0. By [67, Proposition 3.2] and
[38, Theorem 6.2.4] we have f € H/»PJ (R, w;; X ;) if and only if (¢ * f)r=0 € Rad®/ P/ (Y;)
and in this case

Il (px * f)kzO||Rad"j~l’j D) ~ ||f||HSj-1’j R, wj;X;) (3.6)

with implicit constants only depending on p;, X;,s;, [w;la p;- NOw to reduce the statement to
Proposition 3.21 we use a retraction-coretraction argument (see [79, Theorem 1.2.4] and [58,
Lemma 5.3]). Let ¢, = ZZ’:L,Il_lqﬁk for n > 0, and let ¥_; = 0. Then 1//;;( =1 on supp (Zb})
for all k > 0, and supp (%) C {£ : |£] <2} and supp (fp\k) C{£:2F2 < |g] <281} for k > 1.
Let R :Rad®/Pi(Y;) — H®i-Pi (R, wj; X ;) be defined by R(fr)e=0 =Y s~0 Ve * fe and let
S: H%-Pi(RY, w;; X;) — Rad?/%/ (Y;) be given by Sf = (¢« * f)k>0. The boundedness of S
follows from (3.6). We claim that R is bounded and this will be explained below. By the special
choice of vy we have RS = I. Therefore, the retraction-coretraction argument applies and the
interpolation result follows.

To prove claim let E; = LP/(R2; Y;)). Due to (3.6) and by density it suffices to show that, for
all finitely-nonzero sequences (f¢)¢>0 in ¥; and all n > 0,



N. Lindemulder, M. Veraar / J. Differential Equations 269 (2020) 5832-5899 5855

n
-k ik
| a2 s Y e f HE/ <c| Y a2t s HE/ 3.7)
k=0 >0 . k>0 :

Below, for convenience of notation, we view sequences on N as sequences on Z through ex-
tension by zero. Under this convention, by the Fourier support properties of (¢i)r and the
R-boundedness of {gr* : k > 0} (see [67, Lemma 4.1]) and the implied R-boundedness of
{Yr* : k > 0}, we have

-2 k=0

n
H a2 Ko x> Yk fi H Z H X:8k2A Ok * Yt j * it H
k=0 £>0
<y [> 2 s .,

j=—2 k=0

| Xa2al

k>0 J

)

where in the last step we used the contraction principle (see [37, Proposition 3.24]). O
4. Apjr on Ri in the A ,-setting

Letpe(l,00)and w € A,,(Rd). We consider the Dirichlet Laplacian Ap;; on LP(RY, w; X),
defined by

D(Apip) := W5P(RE, w: X), Apirit ==Y d7u.

Let G, : R? — R denote the standard heat kernel on R?:

1 2
Gz(x) = We Ix] /(4Z), VS C+.

It is well-known that |G, % f| < cos~%/?(arg(z))Mf, where M denotes the Hardy-Littlewood
maximal function (see [38, Section 8.2]). Therefore, f — G, * f is bounded on LP(Rd, w; X)

forany w € A.
Define T (z) : LP(Rd ,w; X) > LP(Rd , w; X) by

T(2) f(x) := Hy * f(x) :=/Hz(x,y)f(y)dY=/Gz(x—y)?(y)dy, zeCy, (4.1

R R4
with f(y) = sign(y1) f(Iy1], y) and

H(x,y) =G (x1 _ylv-f _5;) = Gz(x) +)’17f =y) X,y ERi 4.2)
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By the properties of G, the operator T'(z) is bounded on L?(R%, w; X) for any w € A p with
IT ()] < ||M||B(Lp(w))cos_d/2(arg(z)). In Theorem 4.1 we will show that T'(z) is an ana-
Iytic Cp-semigroup with generator Ap;,. Moreover, in case X is a UMD space we characterize
D(Apjr) and prove that Ap;; is a sectorial operator with a bounded H °°-calculus of angle zero.

Recall that a weight w is called even if w(—x1, x) = w(xy, X) forx; >0 and x € R4-L,

The next result is the main result of this section on the functional calculus of —Ap; on LP-
spaces with A ,-weights. The result on the whole of R? is well-known to experts, but seems not
to have appeared anywhere. By a standard reflection argument we deduce the result on Ri. It
can be seen as a warm-up for Theorem 5.7 where weights outside the A ,-class are considered.

Theorem 4.1. Let X be a UMD space. Let p € (1, 00) and let w € A, be even. Then the following
assertions hold:

(1) —Abpir is a sectorial operator with w(— Apir) =0, D(Apir) = Wtz)’if (Rd , w; X) with equiv-
alent norms, the analytic Co-semigroup (e*“Pir)._ ¢ . is uniformly bounded on any sector
Xy with w € (0, /2) and
U f=T@)f, z€Cy.
(2) Forall ». >0, . — Apj; has a bounded H*°-calculus with wge~ (X — Apjir) = 0.

Moreover, all the implicit constants only depend on X, p, d and [w]a,,.

For the proof we use a simple lemma on odd extensions. For u € L? (Rd , w; X), the functions
u and Eygqu denote the odd extension of u:

T(—x1,%) = Eogaut(—x1, %) = —u(xy, %) forx; > 0 and ¥ € R4~

For k € Ny let Wf&g (R4, w: X) denote the closed subspace of all odd functions in wkP(RY w;
X).

Lemma 4.2. Let p € (1, 00) and let w € A, be even. Let k € {0, 1, 2}. Then Eoqq : W]’;’if(Rd ,W;
X)— W(’f&g (R, w; X) is an isomorphism and

lullwer R w:x) < 1 Eoddt |l wk.p (R aw:x) < 21/p||u||Wk,p(]Rd’w;X).
Moreover, {u € C?(@) :u(0,) =0} ® X is dense in Wé’if(Rd ,w; X).
Proof. The case k = 0 is easy, so let us assume k € {1, 2}. For u € Wll;’if (Rd , w; X) one has
D“(x) = (sign(e) N (D w) (x4, ). ol <k. 43)
Indeed, this follows from Lemmas 3.10 and 3.1.
From (4.3) we find that @ € W2?(R?, w; X) and that the stated estimates hold.

If w e WP (R?, w), then by Lemma 3.6 we can find u,, € CSO(Rd) ® X such that u, —> u
in W»?(R4, w; X). Then also u,(—-, -) — u in W2P(R?, w; X). Now vy, := (up + un(—-,-))/2
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satisfies v, € Cfo(]Rd; X) and v, (0, -) = 0 and v, — u in W2P(RZ, w; X). Since Tr(v,) = 0 the
continuity of the trace implies Tr(u#) = 0 as well. This part of the proof also implies the desired
density result. O

Proof of Theorem 4.1. Let us first consider the result on R?. Then —A with D(A) =
W2P(R?, w; X) is a closed operator which is sectorial of angle zero (see [31, Theorem 5.1]
and Proposition 2.6). Moreover, by Proposition 2.6 and [38, Theorem 10.2.25]), one has that —A
has a bounded H*°-calculus with wge (—A) = 0. Moreover, by Remark 2.5 the same holds for
A — A. Now the half space case follows by a well-known reflection argument, which we partly
include here for completeness.

Since Eodd(Apirf) = (AEodd f), Eodd : Wé’if(Rd ,wi; X) — Woz(ig(Rd, w; X) is an isomor-
phism (see Lemma 4.2), A : W(i’ig(Rd, w; X) - Lgdd(Rd, w; X), and D(A|L5dd(]Rd,w;X)) =

Wf&g(Rd, w; X), one has
2,
p(A) € p(Apir), R(A, Apir) f = (R(A, A)Eoddf)lm and D(Apjy) = WDif(Rd ,w; X).
All the statements now follow. 0O

Corollary 4.3 (Laplace equation). Let X be a UMD space. Let p € (1,00) and let w € A}, be
even. Forall u € Wé’if (]Rd , w; X) there holds the estimates

[u]WZP(Ri,w;X) ~X,p,d,w ”Au”LP(Ri,w;X)‘ 4.4)

Furthermore, for every f € LP(Rd ,w; X) and A > 0 there exists a unique u € Wé;f (Rd ,w; X)
such that A\u — Apyru = f and

1-1
D T ND Ul ) Sxepdaw 1 Lo ®E wix)- (4.5)

or|<2

Proof. We first prove (4.4). Let u € Wé}f(Rd ,w; X). Forr >0 we put u, :=u(r-) and w, :=
w(r-). Then w, € A, with [wr]Ap = [w]Ap. So we can apply Theorem 4.1 with w, instead of

w to obtain
lo|—4
Do TN Ry = N 2o @y )
lee] <2

~X,p.d,w ”ur”Ll’(Ri,w,;X) + ||Aur||Lp(Ri,w,;X)

_d -4
=r Pl ey T P IA w2 R )

Dividing by rz_% and taking the limit » — oo gives (4.4).

The existence and uniqueness in the second claim follow from the sectoriality in Theorem 4.1.
Moreover, together with (4.4), the sectoriality yields the estimates for |«| = 0 and || =2 in (4.5).
The case |«| = 1 subsequently follows from Lemma 3.12. O
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Corollary 4.4 (Heat equation). Let X be a UMD space. Let p,q € (1,00), v e A;(R), w e
A,,(Rd) and assume w is even. Let J € {R,R4}. Then the following assertions hold: For all
A>0and f e L1(J,v; LP(RL, w; X)) there exists a unique u € W-4(J, v; LP(RL, w; X)) N
Li1(J,v; ng’if(]Rd , w; X)) such that u' + (A — Apir)u = f, u(0) =0 in case J = R.. Moreover,
the following estimate holds

’ 1-dal ) pa
1l g0 20 R wsxn + DA 2Dl a0 R

o] <2

sp,q,v,w,d ||f||Lq(‘]’v;Lp(Ri’w;X)).

Proof. Since LP(Rd ,w; X) is a UMD space, by Proposition 2.7, d/dt has a bounded H°-
calculus on L9(J, v; LP(Ri, w; X)). Therefore, from Theorem 4.1, Remark 2.5 (1), and Theo-
rem 2.4

!/
[|ue ||Lq(j,y;Lp(Rglr,w;X)) + (A — A)u”Lq(J,u;LP(Ri,w;X)) sp,q,v,w,d ||f||Lq(j,v;Lp(Ri,w;x))-
Now the result follows from Corollary 4.3 applied pointwise in . O
Remark 4.5.

(i) The same result as in Corollary 4.4 holds for A on the whole of R?. For results on elliptic
and parabolic equations with A ,-weights in space we refer to [35].
(ii) Due to Calderén-Zygmund extrapolation theory one can add A -weights in time after con-
sidering the unweighted case (see [18]).
(iii) It would be interesting to extend Corollary 4.4 to spaces of the form L? (R x RY, w: X )
where w depends on time and space. For some result in this direction concerning the max-
imal regularity estimate we refer to [25].
(iv) The estimates in Corollaries 4.3 and 4.4 also hold for A = 0. However, solvability does not
hold for general f.

5. Apir on Ri in the non-A ,-setting

In this section we will extend the results of Section 4 to weighted L”-spaces with w, (x) =
|x1|” where y € (p —1,2p — 1). This case is not included in the A ,-weight and is therefore not
accessible through classical harmonic analysis. The reflection argument cannot be applied since
the weight is not locally integrable in R¢.

5.1. The heat semigroup
Let T'(z) : LP(R; X) — LP(R%; X) be defined by (4.1). We first show that T(z) is also
bounded on L?(RZ, wy) with wy, (x) = |x(|" for y € (—p — 1,2p — 1) and that this range is

optimal. Note that w, € A,(R?) if and only if y € (—1, p — 1).

Proposition 5.1. Ler p € [1,00) and y € (—1 — p,2p — 1). For every || < /2, (T(2))zex,
defines a bounded analytic Cq-semigroup on LP (RZ, wy; X).
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Proof. First we consider p € (1, 00). The result for y € (—1, p — 1) follows from Theorem 4.1.
In the remaining cases by duality it suffices to consider y € [p — 1,2p — 1).

Let |8 < ¢ and write z = re'® for t > 0.

Step 1: Reduction to an estimate in the case X = C. In this step we show that it is enough to
prove the estimate

Il H, | * ”f””LP(Ri,wy) §¢,%P ”f”LP(]Ri,w,,) (3.1

forall f € C, (]Rfi). Having this estimate, we get

1T @ F ot oy < WH 5 I o @y < Copp I Lo )

forall f € C, (Ri) ® X, from which the analyticity and strong continuity follow. Indeed, note
that for g € C.(R1) ® X, z+— (T (2) f, g) is analytic on X4 and continuous on E_¢, by Theo-
rem 4.1 with w = 1. Therefore, in case X = C, the weak continuity of 7 on E_¢ follows by
density in the case p € (1, 00) and by weak*-sequential density of C. in L in case p =1 (see
[74, Corollary 2.24]). This in turn implies strong continuity by [28, Theorem 1.5.8]. For general
X, the continuity of T'(z) f for f € C, (Ri) ® X is clear from the scalar case, yielding the case of
general f € L?(R%; X) by density. The analyticity of T on X4 follows from [6, Theorem A.7].

Step 2: Reduction to the case d = 1. Writing HZ1 for the kernel of T'(z) in case d = 1 and
Gf_l for the standard heat kernel in dimension d — 1, we have

|Hz|*|f|<x1,f>=/|H;<x1,y1>| / GI (& — )1 f . PldTdy.
0 Rd-1

Taking L?(R?~!)-norms for fixed x; € R, and using Minkowski’s inequality and Young’s in-
equality, we obtain

IH | | f1Cen, D Lera-1y

o
S/IHZ‘(xl,yl)IHXH / fol(f_Wf(yl’5)|dy”u(w4)dyl
0 Rd-1

o0
<¢ / L Ger yDUL O ) L iy,
0

where Cy = SUP;ex, ||G§’_1 |1 (rey < 00. Therefore, it remains to prove (5.1) in the case d = 1.
+1 +1
Step 3: The case d = 1. Setting g(x) :=xy7 | f ()], k;(s,y) := y(x/y)yT |H;(x,y)| and

]

dy
ha(r) = f s
0
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we see that (5.1) holds if and only if ||hZ||L,,(]R+ dry Sé ”g”LP(R+ dry. To prove this, by Schur’s
test (see [32, Theorem 5.9.2]) it is enough to show

o0

d
sup/kz(x,y)—y <A, (5.2)
x>0 y

r d
sup/kz(x,y)—x <B. (5.3)
y>00 X

In order to prove these estimates, observe that with z = te'd,

—lv—y[2e=i —lrdy[2e=i
Ua)' | H (x,y) | = e 3 — —e a |
)

—lr—y[2 cos(6) o
4t

[1—e "7 |

» 5.4
—lx—yI? cos(8) / —s cos(8)

<e 4 ¢ ds

=e

0
= (471)'/? cos(8) ™" Hy cos(s) (x, ¥)-
Therefore, by replacing x and y by (4t/cos(8))1/2x and (4t/cos(8))l/2y, respectively, in (5.2)

and (5.3) it suffices to consider t = 1/4 and § = 0.
From now on we write

+1 +1
kG, y) =y /y) 7 (e PP — e =y ) P T - e,

One can check that |1 — e~#Y| < min{1, 4xy}. Therefore, k satisfies

y+l 2
k(x,y) < y(x/y) 7 e " minfl, 4xy)

It follows that

e ¢]

dy T LR
/k(x,w—ff(x/y) 7 e min(1, dxy)dy
y
0

x/2 00
v+l 12 vyl 2
< /(x/y) e 4xydy+/()€/y) re M ay
0 x/2
=T+ T>.

The first term satisfies
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x/2
v+l _y+l
T 54/x p = e‘x2/4dy=C1x3€_x2/4§A1,
0

where we used 1 — VTjr] > —1. Since y > —1, the second term satisfies

o S
Th<C / e—\x—ylzdy = / e_ly‘Qdy =A
—00 —00

Next we estimate the integral over the x-variable. For y € (0, 1), we can write

o0 d o0
+1
/ k(x, )= < / (/y) 7 e P axydx
X
0 0

vl 5
=[G+ 7y 7 e Mdx
-y
o
v+l 2
= f(x+l) e M dx < By,
—0Q0
whereweused2—y7Jrl >0and y 4+ 1> 0. For y > 1, since ”TH > 1 we have
0 d o0
+1
f ke, )= < / (o/y) 7 ey
X
0 0

(? +1) VTH_le_xzdx

v+l
< p !

(|x| + 1) e dx < B».

/
I

Step 4: The case p = 1: One can still reduce to the case d = 1 by Fubini’s theorem. Moreover,
instead of using Schur’s lemma, by Fubini’s theorem it suffices to show that

oo

dx
sup [ k(x,y)— < oo.
y>00 X
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The case y € [0, 1) can be treated in the same way as in the above proof. In case y € (-2, 0) we
argue as follows:

o0 d o0 o0
/k(x,y)—x < /(x/y)”e_lx_y‘zdx <2V / e Pax=c.
X
y/2 y/2 —00

On the other hand, since y + 2 > 0, we have

y/2 y/2
[ren® < [wmye oy
0 * 0
y/2
§4efy2/4y7”+1/‘xy+1dx=4yefy2/4. O
0

In the next example we show that the range for y in Proposition 5.1 is optimal.

Example 5.2.Let p € (1,00) and y ¢ (—p — 1,2p — 1). We give an example of a func-
tion f € LP(R%,w,) such that for all # > 0, T(t)f ¢ LP(RL, w,). Here T(t)f is defined
by (4.1). By duality we only need to consider y > 2p — 1. Let B € (1/p, 1) and set f(x) =
x; 2 log(x1)|"#1o(x), where Q = [0, 1]9. Then, on the one hand, f € L”(R%; w,). On the
other hand, for x € Qd,

_l—y? oy _
T(r)f(x)zc,,d/e P — e Py log ()P dy
%
1

Y / v log(yn)~ dyi = oc;
0

in particular, T'(t) f ¢ LP(RY, wy).

Let —A denote the generator of the semigroup (7 (z)), of Proposition 5.1. Then by standard
results of analytic semigroups we see that A is sectorial with w(A) = 0.
In the case of a X is a UMD space, —A even has a bounded H®°-calculus:

Proposition 5.3. Let X be a UMD space. Let —A be the generator of the heat semigroup on
LP(RY, wy; X) given in Proposition 5.1 with p € (1,00) and y € (=1 — p,2p — 1). Then A
has a bounded H®°-calculus with wg~(A) = 0.

Proof. The case y € (—1, p — 1) follows from Theorem 4.1. For the other values of y we use a
classical perturbation argument (see [45]).

Step 1: Let 0 <o <w < 7/2 Let ¢ € Hj*(Xy) with w € (0, 71/2) satisfy [|¢]loo < 1 and let
I' = 0%,. By definition we have
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¢<A)=#/¢<A>R(A,A>dx=i. / SR, A)dh, (5.5)
2mi 2
T

r.ur_
where 'y = {te? : 1 € (0, 00)}.
Fix f € Co(R%; X)) and let g = w/’ f and v (x, y) = (M - 1). Then for x € RY
w) (1)
_1 1 _1 1 1
(A f(x) =wy, " (x)P(A) (W) £)(x) +wy, " ()@ (A) (wy (x1) — wy) f)(x)
_1 _1
=w, " (x)P(A) (&) (x) +wy, " (x1)P(A) (Y (x, )g)(x).

Therefore,

o (A fllr@®y w,:x) = I1@AElILr®  x) + 1x = @A) (x, )Xl Lr R, x)-

The first term on the right-hand side can be estimated by the boundedness of the H°°-calculus in
the unweighted case (see Theorem 4.1):

lo(A)gllLr® i x) = CligliLr®y:x) =CllfllLr®y . w,:x)-

Therefore, it remains to show

[ s@e | | =Clgl@.xn =Clf @ w66

LP(Ry:X)

Step 2: To prove (5.6) we estimate the integrals over I'+ in (5.5) separately. By symmetry it
suffices to consider I';.. Let 6 = (7 — 0)/2. For A =re'” withr >0 and h € LP(R, wy; X),
we have the following Laplace transform representation for the resolvent (see [28]):

RO Ah=0—A)"h=—® ™ +A)"h
o0
— _eia(refl.(s _}_eiaA)*lh =ei8/871r87
0

i

10
e Andr.

Observe that by (5.4) we can write

| [ etora dw e agwar],
r
< / IRGe™, AW (x, ) () ldr

/ f le™ ¢ Ae=me ™" (yr(x, ) ) ()| xdtdr
0 0
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o0 o0

//e—tcos(é)A”w(x’ .)g”(x)e—erOS((S)dtdr
cos(cS)
00

[e¢]

/e_tcos(S)A“w(x )g||(x)_

0

cos2 (8)

Below we will write x = (x1,x) and y = (y1, ¥). Using the kernel representation of the semi-
group we can write

o0

_ dt
/ eSOy (x, gl —
0

e ¢]

d
- / Ay G, ->g||<x)7’

0

T d
=f /(Gtm 1 E = ) = Gyl v = DI g0y

d
0R+

oo i i d i i
=//(Gz(X1—ylyy)—Gz(m+y1,y))7t|1/f(X1,y1)|IIg(ylyx—y)lldy

d
R4 O

=a [ ( : - 1 i/~ 1fisen %
) ld /v = L3/l T+ Lyl R

1
R+

- .. d
e / z(xl/yl,y/yo||g(y1,x—y)||y—§
1

RY
- . o dy
—¢c, / /3 9) 805 =y DI
RY
where we used

o]

/ ,(x)— /(4m) a2 **f /(4n) 4124412, s|x|*d=cl|x|*d.

0

Now,

e [ eim pieon i -nn|
Rd

LPRY)
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- - dy
sxw/axl D801 -~ 1Pl |
H /y1, ) llg(y e @070 g,

d
R+

o
7 dyi .
ZHXI'_) / /Z(Xl/)’l,)’)”g()’l, ')||L1)(Rd71;x)y—)1dy

LP(Ry)
R4-1 0
o0
= [ /E(yl,wng(xl/yl,->||Lp(Rd-l.X)@ 7
oy ey
Rd-1 0
o0
= [ [ eonmnteam? i Mg n 5], L
oy @, $h
Rd-1 0
o0
= [ [eon ot e ca/sPlgtn i usmo | Dy
N R » ILP R X) Ll'(R+,‘%> V1
Rd-1 0
[ d
5 i,
= £(y1, )p”lexp 1, )y pmra-1. ’ o
/f et il ler@i-1ix Ll’(R+’iTl) Y1 Y
Rd-1 0
:CZHg”LP(]Ri;X)'
Here weuse —1 — p <y <2p — 1 to obtain
r d
< pdyt
Cri= / /K(yl,y)y{’ Tdy
Rd-1 0
T 1 1 y d
S P Y1
=f / ( =i = d)dylyf—llyf—
(1 — 1, y)I [(y1 + 1, )1 V1
0 Rd-!
ro1 1 y d
=Csf( - Jyf = 1] = < oo,
J yi—=11 Iy +1] V1

where C3 = fRd—l (1+13)~%dy if d > 2 and C3 = 1 otherwise. Combining the above estimates
we obtain the required estimate

- CliglLr®,;x)
LP(Ry:X) —  cos2(8)

Hx = /¢(X)R(k, A (P (x, -)g)(x)d,\’
Iy
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5.2. The Dirichlet Laplacian on R 4
Proposition 5.4. Let p € (1,00) and y € (p — 1,2p — 1). Then Apyr, defined as
D(Apir) := WS (R, wy; X),  Apju:=u",
is the generator of the heat semigroup on L? (R, w,; X) given in Proposition 5.1.
For the case y € (—p — 1, —1) we refer the reader to Section 5.5.

Proof. Let —A denote the generator of the heat semigroup 7' of Proposition 5.1. We first show
that Apj; € —A, that is, Wé’if(R+, wy; X) € D(A) and for u € Wé’if(RJr, w,; X) one has
—Au = Apj;u. From Theorem 4.1 we see that for u € C°(Ry; X),

t

Tt u —u= / T (s) Apiruds.
0

Therefore, %(T(t)u —u) — Apiut in LP (R4, wy; X) by strong continuity of (7 (s))s>0. There-
fore, u € D(A) with —Au = Apj;u. Now for u € W]%’if(R+, wy; X), using Proposition 3.8,
we can find a sequence (u,),>1 in C°(Ry; X) such that u, — u in Wé’if(R+, wy; X).
Then —Au, = Apjru, — Apijru in LP (R4, w; X). Therefore, the closedness of A yields that
ue€ D(A) and —Au = Apjru.

Next we show —A C Apj;. Using Apjr € —A, for this it is enough that 1 + A is injective and
1 — Apj; is surjective. Being the generator of a bounded analytic semigroup (see Proposition 5.1),
A is sectorial, implying that 1 4 A is injective. For the surjectivity of 1 — Ap;; we consider the
equation u — Apju = f, for f € LP(Ri, wy; X).

Let us first consider f € CZ°(Ry; X). Let f denote the odd extension of f. Clearly, f €

CX(R; X) € S(R; X). So we can define u € S(R; X) by u := FE — ‘szg)], yielding a

solution of the equation # — " = f. Since  is odd, it also satisfies the Dirichlet condition «(0) =
0. By restriction to R we obtain a solution u :=ug, € Wé’if (R4, wy; X) of the equation
(1 —Apipu = f. As W]%’if (R, wy; X) is complete and C2°(R; X) is dense in L”(Rﬁ, wy; X)
(see Proposition 3.8), it suffices to prove the estimate | u|| W2P(RY,w,: X) <If ”LP(Rﬁ’r,wV;X)'

To finish, we prove this estimate. As Apjr € A, we have u € D(A) with (1 — A)u = f, so
u=R(,A)f. It follows that |lullLr®, w,:x) S IfIlLr@®y w,:x)- Since u" =u— f we find
that ||u”||Lp(]R+,wy;x) < ||f||Lp(]R+’wy;X). By interpolation the same estimate holds for u’ (see
Lemma 3.14). O

Corollary 5.5. Let pe (1,00) and y € (p —1,2p — 1). Forall A >0 and f € LP(Ry; wy,; X)
there exists a unique u € Wé’if(R+, wy; X) such that \u —u” = f and

2
_I i
Y MDD ull e @y x) Spy 1 ILr R iy x)- (5.7)
j=0
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Proof. This can be proved in the same way as the second statement in Corollary 4.3. O

Combining Propositions and 5.4 and 5.3, we find the following result in the one-dimensional
case:

Corollary 5.6. Let X be a UMD space, p € (1,00) andy € (p —1,2p — 1). Then —Apj; has a
bounded H®°-calculus on LP (R, wy; X) with g (—Apjr) = 0.

5.3. The Dirichlet Laplacian on Ri
The main result of this section is the following theorem. Note that the case y € (=1, p — 1)
was already considered in Theorem 4.1. See Section 5.5 for the case y € (—p — 1, —1).
Before we state the theorem, let us first define the Dirichlet Laplacian Ap;. on L? (Ri, wy; X)
with pe (l,o00)and y € (p — 1,2p — 1):
Y WP (RY . e
D(Apy) = WDir (R, Wy ; X), Apjrut := Au.

Theorem 5.7. Let X be a UMD space, p € (1,00) and y € (p — 1,2p — 1). Then the following
assertions hold:

(1) Apir is the generator of the heat semigroup from Proposition 5.1.
(2) Abpir is a closed and densely defined linear operator on L”(Rﬁ, wy; X) with

D(Api) = Wi (RY, wy: X)
= Wil (R, wy: PR X)) NLP (R, wy; WHP (R X))

with an equivalence of norms only depending on X, p,d, y.
(3) Forall . >0, A — Apir has a bounded H®°-calculus with wge~(—Apjr) = 0.

Proof. Note that (3) follows from (1) by Proposition 5.3 and Remark 2.5. So we only need to

prove (1) and (2).
Below we will frequently use Fubini’s theorem in the form of the identification

LP(RY, wy; X) = LP(Ry, wy; LPRT X)) = LPRIT LP (R, wy 5 X)),

and that UMD-valued L?-spaces have UMD again. By Corollary 5.6, for the operator Aj pj; on
LP (R4, wy; X), defined by

2, _
D(A1pir) := WP Ry, wy; LP(RYTY X)), Ay pien = 37,

it holds that —A; pjr a bounded H*-calculus with wpgo(—Aqpir) = 0. By [38, Theo-
rem 10.2.25], for the operator Ay_1 on L”(R‘j_, wy; X), defined by

d
D(Ag—1) = L7 Ry wy WP R X)), Agoyui= ) du,
k=2
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it holds that —A,_ a bounded H*°-calculus with wge (—Agz—1) = 0. The operators A p; and
D(Ag4—1) are clearly resolvent commuting. Therefore, by Theorem 2.4 for the operator sum
A = A pir + Ag—y with D(AJ,) = D(Aj pir) N D(Ag—1) it holds that —AJ, is a sectorial
operator with angle a)(—Agir) = 0. Moreover,

X .
' ADir = ¢! A1Dirg! Ad—1 > (), (5.8)

Writing H,1 for the kernel in (4.2) in dimension 1 and Gf_l for the standard heat kernel in
dimension d — 1, (5.8) and Proposition 5.4 give

[e’Algi'f](X)Zthl(xl,yl) / G{™! (@ =) f (1. )dydy)
0 R~

- f Hy(x, ) £ ()dy
RY

forall f € LP(RZ, wy; X). Therefore, Agir is the generator of the heat semigroup from Propo-
sition 5.1.
We now show that

2, — _
D(AR) = Wil Ry, wy s LPRITH X)) NLP Ry, wy; WHPRT X))
2,
= WDif(Rd s Wy X)
with an equivalence of norms. Note that then Ap;, = Agir and the assertions (1), (2) follow. Since

AZ. = Ay pir+ Ag—1 with D(AZ. ) = D(Aj pir) N D(Ag—1), the first identity follows from the
domain descriptions of A pjr and A4_1. The second identity follows from Corollary 3.19. O

Corollary 5.8. Let X be a UMD space, p € (1,00) and y € (p — 1,2p — 1). For all u €
Wé’if (Rd , Wy ; X) there hold the estimates

[u]WZ.p(Ri’wy;X) ~X,p.d,y ”AM”LP(R‘fr,wV;X)‘ (5.9)

Furthermore, for every f € L”(Rd ,wy; X) and A > 0O there exists a unique u € Wé’if (Rd , Wy
X) such that A\u — Apiru = f and

1-1
D HTNID Ul ) xy Sxepdy 1o ) (5.10)

la|=<2

Proof. This can be done in the same way as Corollary 4.3, now using the explicit formula
wy (r-) = rYw, in the scaling argument. O

Remark 5.9. The second statement in Corollary 5.8 also follows from [46, Theorem 4.1 & Re-
mark 4.2]. In our setting it follows from operator sum methods involving bounded imaginary
powers (obtained through the H*°-calculus).
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Now using Theorem 5.7, as in Corollary 4.4 we obtain the following maximal regularity result
for the weights w,, with y € (p — 1,2p — 1). The case y € (-1, p — 1) was already considered
in Corollary 4.4.

Corollary 5.10 (Heat equation). Let X be a UMD space. Let p,q € (1,00), ve A;(R), y €
(p—1,2p—1). Let J € {R4, R}. Then the following assertions hold:

(1) ;11_1 — Apj; is a closed sectorial operator on L1(J, v; LP(Rd , Wy ; X)) which has a bounded
H>®-calculus with a)Hoo(% — Apir) < 7.

2) For all > >0 and f € L1(J,v; Lp(Rd,wy; X)) there exists a unique u € Wh4(J, v;
LPRYL, wy; X)) N LI, v; WP R, wy: X)) such that w' + (. — Apidu = f, u(0) =0
in case J = R. Moreover, the following estimate holds

/ l—l\al o
1/l o gy + D A 2D a1 Ry

o] <2

sp,q,v,%d ||f”Lq(J,U;L])(Ri,wy;X)).

Remark 5.11. In the case v = 1, Corollary 5.10 (2) reduces to [47, Theorem 0.1], where it was
deduced using completely different methods. Let us mention here that in [47, Theorem 0.1], [44,
Theorem 4.4] [24, Theorem 2.1] more general elliptic operators with time and space-dependent
coefficients have been considered.

Problem 5.12. Let p € (1, 00).

(1) Characterize those weights w for which e/Pir extends to a bounded analytic semigroup on
LP(RY, w).

(2) Characterize those weights w for which Ap; has a bounded H*°-calculus on L” (RY, w).

(3) Characterize those weights w for which Ap; on L? (Rd ,w) is a closed operator with

D(Api) = WP (RY, w).

Given the results of Sections 4 and 5 it would be natural to conjecture that all weights of the
form w(x) = vo(x) + x1v1(x) with v, v; € A, are included.

5.4. Extrapolation of functional calculus

As soon as one knows the boundedness of the functional calculus of a generator on a space
L*(R%,duw) for some doubling measure w, then, if the heat kernel satisfies Gaussian esti-
mates with respect to p, one can extrapolate the boundedness of the functional calculus to
LP(RZ, wdu) for pe(l,00) and w € Ap(u). Here A,(w) is the weight class associated to
the measure & on Ri. The above is presented in the setting of homogeneous spaces in [27] in
the unweighted setting and in [62, Theorem 7.3] in the weighted setting. Extension to the setting
without kernel bounds can be found in [12,16].

In order to apply [62, Theorem 7.3] to our setting, we set du(x) = x1 dx. The reason to take
this measure is that the kernel H,(x, y) as defined in (4.1) has a zero of order one at x; = 0. Then
w is doubling and one can check that wy (x) := x{ is in A,(u) if and only if o« € (—2,2p —
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2). From Theorem 5.7 we know that on LQ(Ri, ), —Apir has a bounded H°-calculus with
wgo(—Apir) = 0. So in order to extrapolate the latter to LP(RY, wdu) for p € (1,00) and
w € Ap(u) it suffices to check the kernel condition of [62, Theorem 7.3]. For this (due to (5.4))
it suffices to show that there exist constant C, ¢ > 0 such that

Hi(x.y) _ Ce=hPhr
i T u(Bx, 1)’

x,yeRL, 1> 0. (5.11)

Here the nominator y; is to correct for the choice of the measure ©. After renormalization for
the condition (5.11) it suffices to consider # = 1/4. In the case that x; < 1, (5.11) is equivalent to

—lxr—v1 12 _ 2 e vl2
e~ 1=y1l" _ p=lx14l P Cle=¢'x=yl
<

e _— .
Y1 ~ max{xy, 1}

=y 2 = 2 - - 4
Since €= 732 _ p—fr—y[ ] en” :

m , it suffices to check that for some 6 €
[0,1) and Cy > 0,

1 — e~ 41 - Ceeelm—wl2

Vi ~ max{xy, 1}

If x; <1, then this holds with § =0 and Cy =4 since l_e;& < 4x1 <4.

If x1 > 1, then we split into the cases (i) y; < 4x and (ii) y; > H In case (i) we can write

1 —e 4 1 11 2
X — <4xl2 <8€4e2( 1oy’ < 8eTe2 (1Y)
V1

In case (ii), we can write

Therefore, it remains to check that A := sup e —30-? 00, where the supremum is taken

over all x; > 1 and y; > m. Since for x; — 0 and x; — oo this expression tends to zero,
optimizing first over xp, yields that x; = ¢(y;) = %yl +4/ %ylz + 1. Since x| > ﬁ and x; <

Jy?+4, we find ﬁ < y} + 4. The latter holds if and only if y? > /% — 2. This implies
1
y1 > 1/10. Note that

Bl = Sup ¢(y1) 7’(¢(y1) yl) < Sup ¢(y1) <00

In the case y; < 1 /10, the optimal solution x; = ¢ (y1) is not feasible and the maximum is
attained at x| = 4 . In this case we obtain
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By:= sup —e 2
0<y1<1/1()4y1 >0

It follows that A < max{Bj, B>} < 0.
As a consequence we obtain the following result.

Theorem 5.13. Let dp = x1dx, p € (1,00) and w € A, (). Then the heat semigroup given by
(4.1) extends to an analytic semigroup on LP(R%, w) and its generator — A has the property that
A has a bounded H*-calculus with wg~(A) =0

Note that this does not directly imply the same for —Apj;, because it is unclear whether A =
— Apjr in the above setting, because we do not know whether the domains coincide. Note that
the approach presented in Theorem 5.7 also works for weights of the form w(x) := x%/ v(X) with
veEA).

Instead of applying Theorem .7 in the above situation one could also apply the simpler
Theorem 4.1 with du(x) = xl dx with B € (0, 1). Indeed, then wy € A, (u) if and only if —1 <
o + B < Bp + p — 1. Again one can check condition (5.11) with left-hand side ﬂ |H;(x, )|

and for the new measure u. Therefore, choosing g arbitrary close to 1, we obtain —ADlr has a
bounded H *°-calculus on L”(]R “,wy) for y € (=1,2p — 1). Finally, let us remark that some
work needs to be done in order to obtain Theorem 5.13 in the vector-valued setting using the
above approach.

5.5. Some comments on the case y € (—p — 1, —1)

In Theorem 4.1, Proposition 5.4 and Theorem 5.7 we have characterized the generator of
the heat semigroup from Proposition 5.1 for the case y e(-L,p—1HU(p—-1,2p—1) asthe
Dirichlet Laplacian Ap; with domain D(Api;) = D1r (Rd , wy; X). In this subsection we will
discuss the failure of this domain description for the case y € (—p — 1, —1).

Let us start with the one-dimensional case. The point where the proof of Proposition 5.4 does
not work for the case y € (—p — 1, —1) is the fact that Spgq(R +; X) Q Wz’p(R+, wy; X) in that
case, which is illustrated by the following example.

Example 5.14. Let p € [1,00) and y € (—p — 1, —1). Suppose u € S(R;; X) satisfies u(0) =
u”(0)=0.Then u,u” € LP(R4, wy,; X), but

ue Wz’p(R+, wy; X) < u'(0)=0
Proof. Note that u,u” € Wol’p(R+, Wy 4p; X). Sou,u” € L (R4, wy; X) by Lemma 3.2 (or
Corollary 3.4). In the same way, u’ € L? (R, wy,; X) if u’(0) = 0. On the other hand, u’ €
LP(R4, wy; X) only if u’(0) = 0 by (the proof of) Lemma 3.1 (2). O
As a consequence of the above example,
WHP (R4, wy: X) G {u e PRy, wy; X) :u” € LP (R, wy; X) (5.12)

for p €[1,00) and y € (—p — 1, —1), despite of the interpolation inequality from Lemma 3.14.
Note that here W>P (R4, wy; X) = Wé’if(R+, wy; X).
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A duality argument yields that the right-hand side space in (5.12) actually is the “correct” the
domain for the Dirichlet Laplacian Apj; on LP(Ry, wy,; X) wheny € (—p — 1, —1):

Proposition 5.15. Let p € (1,00) and y € (—p — 1, —1). Then Apj, defined as
D(Apir) :={u € LP(R4, wy; X) :u” € LP(Ry, wy; X)), Apieu :=u",
is the generator of the heat semigroup on L? (R, w,,; X) given in Proposition 5.1.

Proof. Lety’ = ,:—_Vl € (p'—1,2p"—1) be the p-dual exponent of y and let Af,. - be the Dirichlet

Laplacian on L? (R ., wyr; X*):
2, /
D(Ai)lr) = WDif (R-i-a Wy; X*); Ai)ir” = M//.

Then, viewing L” (R, w,; X) as closed subspace of [Ll’/ Ry, wyr; X*)]*, we have that Apj;
coincides with the realization of [Ai)ir]* in LP(R4, wy; X). To see this, denote the latter operator
by A. Given v € D(Apj), we have, for all u in the dense subspace C°(R4) ® X* of D(A;)ir) =

Wé’if, Ry, wyr; X*) = Wg”’, (R, wy,r; X*) (see Proposition 3.8),

’ T
(Apirit v>(LP’(IR+,wy/;X*),LP(RJr,wV;X)) = (u ’”)(Ln/(R+,wV/;X*),LP(R+,wy:X)>

= (", v) (DR, x*). DR, X))

= (u, V") (DR 41 x%), DR 4:X))

. 1
= 06 VN L Ry X9, LD Ry X))

showing that Apj C [A]’)ir]*, and hence Apj; € A. Given v € D(A), we have, for all u €

CZ(R4) ® X* C D(Ap,),

(, AV) (DR ; x%), D/ (R4 X)) = (U, Av) (LP' (R 4w, X*),LP(R 4wy : X))

= (A/ 1 u’ U) ! - YOk .
Dir (LP (R wy, s X*),LP (R wy ;X))

o
={u", U)(Lﬁ/(]R+,wy/;X*),L”(R+>wy?X))

= (", v) (DR, x*). DR, X))

= (u, V") (DR, X, DR X))

and thus Av = v”, showing that A C Ap;. Since the heat semigroup on L” (R, wy; X) from
Proposition 5.1 is the restriction to L” (R, w,,; X) of the strongly continuous adjoint (in the

sense of [81, page 6]) of the heat semigroup on L Ry, wyr; X *) from Proposition 5.1, the
required result follows Proposition 5.4 and [81, Theorem 1.3.3]. O

Let us next turn to the d-dimensional case.



N. Lindemulder, M. Veraar / J. Differential Equations 269 (2020) 5832-5899 5873

Proposition 5.16. Let X be a UMD space, p € (1,00) and y € (—p — 1, —1). Then Apyy, defined
as

D(ADir) = {u € LP(R‘.Z;_» Wy ; X) :Au € Lp(Rd , Wy X)}, ADiru = Au,

is the generator of the heat semigroup on LP (Ri, wy; X) given in Proposition 5.1. Moreover,
N p cw2.ppd—1. . a2 P (md .
D(Api) = {u € LP Ry, wys WHP R X)) s 0fu € LPRY, s X0
with an equivalence of norms only depending on X, p, d, y.
Proof. The first statement can be proved in the same way as Proposition 5.15, using Theo-
rem 5.7 (1) instead of Proposition 5.4. The second statement can be proved using the operator
sum method as in Theorem 5.7, using Proposition 5.15 instead of Proposition 5.4. O

6. Apir on bounded domains

In this section we will use standard localization arguments to obtain versions of Theorems 4.1
and 5.7 for bounded C2-domains ¢ C R?. In particular it will be shown that the Dirichlet Lapla-

cian Apj on LP(0, wf ) with domain Wé’if (0, wf ) is a closed and densely defined linear

operator for which —Ap;; has a bounded H*-calculus of angle zero. Moreover, (e“Pir) 2€Cy
is an exponentially stable analytic Co-semigroup.

6.1. Main results

Let the Dirichlet Laplacian Ap; on L? (0, wf ; X) be defined by
e WP 0. P
D(Apir) := WDir (0, w,y, X), Apiru 1= Au.
Here, w? (x) = dist(x, 3 0)" .
The main result of this section is the following version of Theorems 4.1 and 5.7 for bounded

C2-domains.

Theorem 6.1. Let 0 be a bounded C*-domain, X a UMD space, p € (1,00) andy € (—1,2p —
D\ {p—1}. Then

(1) Api is the generator of an analytic Cy-semigroup on LP (0, wf; X).
(2) Abpi is a closed and densely defined linear operator on LP (O, wf; X) with

2,
D(Apir) = Wyl (0, wl: X)

with an equivalence of norms only depending on X, p,d,y and 0.
(3) For every ¢ > O there exists a . € R such that for all . > A the operator A — Apj; has a
bounded H*°-calculus with wg~ (X — Apjr) < ¢.
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In the scalar case Theorem 6.1 implies the following result where we obtain additional infor-
mation on the value of A.

Corollary 6.2. Let 0 be a bounded C?-domain, p € (1,00) and y € (—1,2p — 1)\ {p — 1}.
Then the following assertions hold:

(1) o(=Apir) ={Xi :i € Ng} C (0, 00), is not dependent on p € (1,00) andy € (—1,2p —1)\
{p—1}

(2) Forall » > —min{); :i € Ng}, A — Apj; has a bounded H°-calculus of angle zero.

(3) Apir is a closed and densely defined operator on L”(]Rd , wf) Sfor which there is an equiv-

alence of norms in D(Apjir) = Wé’if (O, wf ) and Apjir generates an exponentially stable
analytic Cy-semigroup on LP (O, wf).

(4) For every . >0 and f € LP(0, wf) there exists a unique u € Wé’if(ﬁ, wf) such that
Au — Apirut = f, and there exists a constant C, ,, ¢ such that

_1
Y O+ DT NDYUN Lo g ey < Cpy o f ILrowg)-

loe] <2

Proof. (3): All assertions follow from Theorem 6.1 except the exponential stability. The latter
will follow from (2).

(2): Fix ¢ > 0. Then, by Theorem 6.1, for A > 0 large enough, A — A has a bounded H *°-
calculus with wgoo (A — A) < ¢. Next we will show that this holds for small values of A as well.
For this we first prove (1). Note that

compact
>

D(Apir) = Wi (0, wS) — WP (6, w?) LP(0,w?),

where the compactness follows from [69, Theorem 8.8]. We obtain that (A — Apir) L is compact
for A € p(Apir). By Riesz’ theory of compact operators (see [75, Chapter 4]), we obtain that
(A — Apir)~! has a discrete countable spectrum {u; : i > 0} and for every u; # 0, u; is an
eigenvalue of (A — Apir) L. Moreover, 0 is in the spectrum of (A — Apir)~! and is the only
accumulation point of the spectrum. We find that o (—Ap;) = {,u;1 —X:i>0with u; #0}. In
the case p =2 and y =0, it is standard that the spectrum has the required form as stated in (1)
(see e.g. [30, Theorem 6.5.1]). Now arguing as in [19, Corollary 1.6.2] one sees that the spectrum
is independent of y € (—1,2p — 1) \ {p — 1} and p € (1, 00).

Set §p = min{A; : i € Ng}. By the analyticity of z — (z — A)~! for C \ (—o0, —84] and
the sectoriality of © — A with angle < ¢, it follows that for any A > —8, and any ¢’ > ¢, the
operator A — A is sectorial of angle < ¢’. Therefore, Remark 2.5 implies that for any A > —§,
A — A has a bounded H®*°-calculus with wge~ (A — A) < ¢’. Finally, since ¢ is arbitrary (2)
follows.

(4): By the sectoriality of —%8 ¢ — Apir, we have

G-+ 301l 16,00y = CIL N ro,00)

for all A > 0. On the other hand,
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||ADirM||Lp(ﬁ,w)ff) <(C+ 1)||f||Lp(ﬁ,wf)-
Therefore, since D(Apjr) = ng’if (O, wf ) and Apj;, is invertible we can deduce

”u”Wé;f(ﬁ’,wyﬁ) S ||f||Lp(ﬁ,wf)«
Finally, the estimates for the first order terms follow from Lemma 6.10 below. O

Corollary 6.2 has the following consequences similar to Corollaries 4.4 and 5.10. This time we
can allow A = 0 since the semigroup is exponentially stable. A similar maximal regularity con-
sequence can be deduced from Theorem 6.1 in the X-valued case, but this time with additional
conditions on A.

Corollary 6.3 (Heat equation). Let p,q € (1,00), v € Aq(R) and lety € (—1,2p—1)\{p—1}.
Let J € {R4,R}. Then for all > >0 and f € L1(J,v; LP (O, w}‘?)) there exists a unique u €
W (J,v; LP(0, w) N LI(J, v; wal(o, w?)) such that u' + (. — Apiu = f, u(0) =0 in
the case J = R,.. Moreover, the following estimates hold

||u||Wl,q(J’U;L])(ﬁ’wf)) + ”u”LqU»U;WS}f(ﬁswyﬁ)) S,p,q,v,y,d,X ”f”Lq(/,U;Lp(ﬁﬁw};ﬁ)),

and

_1
Z + 1)1 2‘Ozl||D0(u||Lq(J,U;Lp(ﬁ,wy@’)) Sp,q,v,y,d,X ||f||Lq(J,U;Lp(ﬁ,w}gﬁ))-

lo|<1

Remark 6.4. Maximal regularity results have been obtained in [43, Theorem 2.10], [42] and [41,
Theorem 3.13] for the case y € (p — 1,2p — 1), for very general elliptic operators A with time-
dependent coefficient on bounded C'-domains. The range y € (—1, 2p — 1) has been considered
in [44, Theorem 5.1] under different conditions on the domain. The boundedness of the H°-
calculus in the weighted case seems to be new for all y € (—1,2p — 1).

6.2. The adjoint operator [ Apir]*

Recall that every UMD space is reflexive. Let X be a reflexive Banach space, p € (1, c0)
and y € R. Then LP(0, wf;X) is a reflexive Banach space with [L? (0, wf;X)]* =

L (O, wﬁ; X*) (see [37, Corollary 1.3.22]). Here y' = p__jl and we use the unweighted pairing

(fog) = / (F (). () dx.
%

Proposition 6.5.Let X be a UMD space, p € (1,00) and y € (—1,p — 1). Let Apji
be the Dirichlet Laplacian on LP (0, wyﬁ : X) and let AL, be the Dirichlet Laplacian on

LP(0,wf; X*). Then [Apir]* = Ay
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Proof. Integration by parts yields that

/ p—
(Apirtts V)1 (0w x0).Lr ©g:x)) = W BV LY 00550, L0 O w0

for all u € D(A ;) and v € D(Apj), showing that Ap;; C [ADH]* and Aimr C [Apic]*. The first
inclusion gives ADH = [ADH]** C [Api]*. Hence, [Apir]* = D1r O

Proposition 6.6. Let X be a UMD space, p € (1,00) and y € (p —1,2p — 1). Let Apj; be the
Dirichlet Laplacian on LP (O, w}?; X). Then

D([Ap;]*) = {u e L7 (0, wl: X" : Aue LY (0, wd; X*)} C [Apulfu=Au.
Proof. This can be shown in the same way as in the proof of Proposition 5.15. O

Note that in general the above domain is larger than WP (R, wy; X*) (see (5.12)).

6.3. Intermezzo: identification of D((—Apir) %)

In order to transfer the results of the previous sections to smooth domains (and in particular to
prove Theorem 6.1) we will use standard arguments. However, in order to use perturbation argu-
ments we need to identify several fractional domain spaces and interpolation spaces. In principle
this topic is covered by the literature as well. However, the weighted setting is not available for
the class of weights we consider here and requires additional arguments.

We start with a simple interpolation result for general A ,-weights. In the next result we extend
the definition of (3.1) to all k € Ny in the following way

(ADlr)(Rd,w X)={ueWPRY, w; X): Tr(Au) =0V < k/2).

Proposition 6.7. Let X be a UMD space. Let p € (1, 00) and let w € A}, be even. Then for any
ke Njand j €{0,...,k} the following holds:

[LP(R_HU-) X), W(A Dlr)(Rd’w X)), = (A,Dir)(Ri’ w; X).

l
:
In particular, for any k € Ng, D((—Apip)*/?) = (A Dir) (R+, w; X).

Proof To identify the complex interpolation spaces recall from Lemma 4.2 that Eqgq :
(A D]r) R, w; X) —> Wfég(Rd, w; X) is an isomorphism for k € {0, 1, 2}. Moreover, from
(4.3) we see that Ap;, commutes with Eyqq. Therefore, the above isomorphism extends to all
k e No.
Therefore, by a standard retraction-coretraction argument (see [79, Theorem 1.2.4] and see
[58, Lemma 5.3] for explicit estimates), it is sufficient to prove

k,
[Lgga R, w: X). Wogg RY, w: X)1; = WEP R, w; X).
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Define R : WP (RY, w; X) — Wiyl (RY, w; X) by Rf(x) = (f(x1,%) — f(—x1,%))/2 and
let §: Wil (R, w; X) — W™P(RY, w; X) denote the injection. By the symmetry of w, R is
bounded. Moreover, RS equals the identity operator, and since by Proposition 2.8 and Theo-
rem 3.18 we have [L? (R4, w; X), WEP(RY, w; X)], = W/P(R?, w; X), the required identity

j
3
follows from the retraction-coretraction argument again.
The final assertion is clear for even k. For odd k = 2¢ 4+ 1 with £ € Ng by Proposition 2.3,

Theorem 4.1 and the result in the even case we can write
D((=Api)*/?) = [LP(R{, wi X), D((~Api)] &

=[LP R, w; X), W oD

d .. _ wkp d ...
(A’Dir)(R ,w,X)]%_W(A’Dir)(R ,w; X). O

We can now prove the two main results of this section.
Theorem 6.8. Let X be a UMD space. Let p € (1,00) and y € (p —1,2p — 1). Then

D((=Api'/?) = [LP(R{. wy: X). D(Apin)]y = W (RY, wy; X).

D((=Apir)*?) = [LP (R wy: X). D(AB)]s = {u € WP (RS, wy: X) : Tr(u) =0},
Proof. By Theorem 4.1 —Apj: has bounded imaginary powers. Therefore, by Proposition 2.3
D((—Apir)?/*) = [LP (R4, wy; X), D(AK. )], for all integers 0 < j < k. It remains to iden-

k
tify the complex interpolation spaces. For d = 1 we can use Proposition 3.16 and the fact that
Wg’p(Rd ,wy; X) = D(Apy), and W&’p(Rd s Wy X) = W“’(Rd ,wy; X) for y > p — 1. For
d > 2 we can use the d = 1 case and standard results about A;_; combined with [29, Lemma 9.5]
to obtain
D((—Apin"/*) = D(2 - Apin'?) = D((1 = Apie,)*) N D1 = Ag-1)'?)
= WP Ry, wy; LPRT X)) N LP Ry, wy; WHP R X))
=W RY, wy; X).
To identify D((—Apir)?/?) in the case ¥ > p — 1 we first consider d = 1. By Theorem 5.7
and the previous case one has
D((—Api)*?) = {u € D(Apir) : Apiru € D((—Apir) ')}
—fueWSPRy, wy; X) T =0,u" € WP Ry, wy; X))
={ueWR%, w,; X) : Tr(u) = 0}.

If d > 2, then
D((—Apin)*?) = D((1 — Apir)*'?)

={u e LP(RY, wy) : (1 — Apiu € D(2 — Apip) /%), Tr(u) = 0}
= {ue WhY RY wy: X): (1 — Apidu € WP RY, y: X)),
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Observe that
WP R, wy: X) = WHP (R, wy; LPR X)) N LP (R, wy; WHPR X)),

Thus by the d = 1 case, the boundedness of Apj (1 — Api)~! and Ag_j(1 — Api)~!
(see Corollary 5.8), we obtain that for u € Wé’if(Rd,wy;X), we have (1 — Apj)u €
WhP(R4, wy,; X) if and only if

we WP Ry, wy; LPRE X)) N WP Ry, wy; WHP R X))n

NLP Ry, wy; WPRITL X)) N WP (RS, wy,; W2 (R X))
= WHP R, wy; X),

with the required norm estimate. Therefore, the required identity for D((—Apji;)>/?) follows. O
6.4. Localization: the proof of Theorem 6.1

As a first step in the localization we prove the following result for Ap; on small deformations
of half-spaces.

Lemma 6.9. Let X be a UMD space. Let p € (1,00) and y € (—1,2p — 1)\ {p — 1}. For all
@ > 0 there exists an € > 0 and A > 0 such that if O is a special Ccz.—domain with [O]c1 < € (see
(2.1) and (2.2)), then the following assertions hold for Api; on LP (0, u)f; X):

(1) A — Apir has a bounded H*-calculus with oo (A — Apjr) < @.
(2) Apy is a closed and densely defined operator on LP(RY, wyﬁ ; X) for which there is an

equivalence of norms in D(Apjr) = Wé’if(ﬁ, wf; X).

Proof. Let & be a special C2-domain with [@]1 < e. Then we can choose i € C2(R?~1) as in
(2.3) with |2l ¢} Ra-1) < &-

Let @ be as in (2.4). Let A% : W2 (RY; X) — L2 _(R%; X) be defined by

loc
A® =A@,

where ® is as below (2.3). Let Agir denote the restriction of A® to D(Agir) = Wé’if (RZ, wf ;
X). By the above transformations, it suffices to prove the result for A® on L? (R4, wf ; X). For
this we use the perturbation theorem [20, Theorem 3.2].

Without loss of generality we can take ¢ € (0, 1). A simple calculation shows that

A® = A+ |Vh|?87 =201 (Vh - V1) —(AR)d (6.1)
——
=:A =:B

We first apply perturbation theory to obtain a bounded H°-calculus for Api + A. By the as-
sumption we have
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/
”Au”LP(Rﬁ_,w}t/ﬁ;x) = C‘B”u”WlP(Ri,wyﬁ;X) <Cel(—- A)””LP(R‘_{_‘W;}@;X)»

where in the last step we used Corollary 5.8. This proves one of the required conditions for the
perturbation theorem. In particular, this part is enough to obtain that for any ¢ > 0 and for ¢
small enough D(Api + A) = D(Apj;) and 1 — Ap;; — A is sectorial of angle < ¢ (see [60,
Proposition 2.4.2]).

In order to apply [20, Theorem 3.2] it remains to show AD((1 — Api)!**) € D((1 — Apip)%)
and

(1 = Api)* Aul| < C|(1 — Apir) ™ull, ue D1 — Apir)' ™), (6.2)

for some « € (0, 1). We will check this for « = 1/2. For any u € W]g’if (R, wf; X) we have

2
lAuly 1o Re gix) < CIRIZ 1l e g0

Therefore, by Proposition 6.7 and Theorem 6.8, condition (6.2) follows. Here we used the stan-
dard fact D((—Apjir)*) = D((1 — Apjr)¥), which is true for any sectorial operator and o > 0.
We can conclude that for ¢ € (0, 1) small enough, 1 — Ap;; — A has a bounded H *°-calculus of
angle < ¢.

To obtain the same result for A — A® for A > 0 large enough it remains to apply a lower order
perturbation result (see [51, Proposition 13.1]). For this observe

1,
”Bu”LP(R‘i,wf;X) = ”h”C}%”u“WLI’(R‘j_,wJ‘,’j;X)’ uec WDif(Rd , wf? X).
The required estimate follows since by Proposition 6.7 and Theorem 6.8,
1, 2,
Wil (RY, wy's X) = [LP R, wys X), Wil (RY, w)s 01

= [LPR{., w{: X), D = Api — A)] = D((1 = Apie — A)'/2),

where in the last step we applied Proposition 2.3.

The two perturbation arguments give A > 0 such that A — Agir has a bounded H *°-calculus
with wgoo (A — Agir) < ¢p. Moreover, there is an equivalence of norms in D(Agir) = D(Apjr) =
w2r (R4, wy; X). The desired results follow. O

The following lemma follows from Proposition 6.7 and Theorem 6.8 under a change of coor-
dinates according to the C2-diffeomorphism ® from (2.4) and a standard retraction-coretraction
argument using (2.5).

Lemma 6.10. Ler X be a UMD space. Let O be a bounded C?-domain or a special C g-domain,
pe(l,o0)andy € (—1,2p — 1)\ {p — 1}. Then

(L7 (0. wl: X), Wil (0. wT: X)1, = Wyl (0. w; X).

1
2
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The next step in the proof of the above theorem is a localization argument. This localization
argument is a modification of the one in [20, Section 8] combined with the one in [48, Ch. 8§,
Sections 4 & 5] and results in the next lemma. On an abstract level the localization argument
takes the following form.

Lemma 6.11. Let A be a linear operator on a Banach space X, A a densely defined closed
linear operator on a Banach space Y such that A has a bounded H®°-calculus. Assume there
exists bounded linear mapping P :Y — X and T : X — Y such that the following conditions
hold:

(1) PI=1I.

(2) IZD(A) C D(A) and PD(A) C D(A).

(3) B:=(ZA — AT)P : D(A) —> Y and C :=Z(AP — PA) : D(A) —> Y both extend to
bounded linear operators [Y, D(A)]g — Y for some 0 € (0, 1).

Then A is a closed and densely defined operator and for every ¢ > wp(A) there exists ;1 > 0
such that A + u has a bounded H°-calculus with wgo (A + 1) < ¢.

Proof. Let ¢ > wy~ (fi). 1§y a lower order perturbation result (see [51, Prgpos}tion 13.1]), there
exist it > 0 such that A + B + 1 has a bounded H *°-calculus with wg~(A + B + [t) < ¢. From
the definition of B one sees

TA=(A+ B)I on D(A).
Since A + B is closed, the injectivity of Z implies that A is closed. Since P is surjective, we have
X =PY =PD(A) CPD(A) C D(A)

Therefore, A is densely defined. Now we will transfer the functional calculus properties of A+B
to A. For this we claim that for p large enough and A € C \ X4 we have A € p(A + ) and

RO A+u)=PRO, A+ B+ puI.

This clearly yields that A 4 41 has a bounded H *°-calculus of angle < ¢.
In order to prove the claim we first show that given A € p(A + B), foru € D(A) and f € X it
holds that

A—Au=f = u=PRMX A+B)ILf. 6.3)

Indeed, if (A — A)u = f, then since Z(A — A) = (. — A — B)Z on D(A), we obtain (A — A —
B)Zu =1 f and hence the required identity for u follows. We next prove thatif PR(A, A+ B)Z :
X — D(A) is injective, then (6.3) becomes an equivalence, and in this case A € p(A) and

R(A,A)=PR(., A+ BT (6.4)
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To prove the implication <=, define u = PR(}, A+ B)If and g = (A — A)u. Then by the
implication = we find u = PR(A, A + B)Zg and thus by injectivity f = g as required and
additionally (6.4) holds.

Next we prove that there exists @ > [t > 0 with the property that for all A € C \ Xy,

PR(A, A+ B + )7 is injective. Let f € X be such that Pu := PR(%, A+ B+ wIf=0.
Observing that B=BIP,weget Bi=0.S0(A+u—ANi=ZIf— Bi=71If,orequivalently,
i=RO, A+ w)Z f. It follows that

0=Z(A+u—NPi=TPA+un—-2)+C)RMA+WIf
=TZf+CRM, A+wIf.
Estimating

ICRG, A+ wIflly SIRGL A+ I f Iy piiy,

<IRG-. A+ WISy IR A+ WIS
SIh= " MZf 1y Sp ll® T £l

we see that C R(%, A + )7 is a contraction from X to ¥ when p is sufficiently large, in which

case Zf = —CR(A, A+ p)Zf implies that Z f =0 and hence f = 0. This yields the required

injectivity. O

Proof of Theorem 6.1. In this proof we let A = Apj, on 0. Let € > 0 be as in Lemma 6.9.
Choose a finite open cover {V}, }n | of 30 together with special C -domains {0, } _; such that

oNnv,=0,NV, and 90NV,=00,NV,, n=1,...,N,
and [Oy]c2 <eforn=1,..., N.Let {n,,}f:’:l - CZ?O(R"), Y, P and Z be the objects associated
to the above sets as in Subsection 2.2. Define the linear operator A:D(A)CY —> Y as the
direct sum A := @N_ A,, where Ag: D(Ag) C L”(R%; X) —> LP(R%; X) is defined by

D(Ag) := WEP(R?Y) and Agu:= Au

and where, for each n € {1,..., N}, An : D(A,,) - Ll’(ﬁn,w;,ﬁ"; X) — Ll’(ﬁn,w;ﬁ”; X) is
defined by

D(Ap) =W D1r (ﬁn,w :X) and A,u:=Au.

Furthermore, we define B : D(A) — Y by Bu := ([A, nn]u)n _pand C: D(A) — X by Cu :=

Zn:O[Av Un]u 5
By Lemma 6.9, there exists s > 0 such that 4 — A, has a bounded H O"—calculus~with
wgo(uw—A,) <¢forn=1,..., N.Since —Ag has a bounded H*°-calculus with wgo (—Ag) =

0, it follows that A — 1« has a bounded H*°-calculus with wgoo (A - n) < ¢ (see [51, Exam-
ple 10.2]). Moreover, by a combination of Lemmas 6.9 and 6.10, [L? (&, wf"; X), D(A,,)]% =
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Wil (G, wy"; X). Since [LP(R%X), D(Ap)]
5.6.11], it follows that

= WLP(R?; X) by [37, Theorems 5.6.9 and

1
2

1
2 2

N
Y. D(A)]y = [LP (R X), D(Ap)], @[U’(ﬁn, wy": X). D(An)]
— wlP(RY: X)ea@w];f O, wl"; X). (6.5)

n=1

Note that 7 maps D(A) into D(A) and that ZAu = AZu + Bu for every u € D(A). Also note that
P maps D(A) to D(A) and that APu =P Au+ Cu for every u € D(A). Since each commutator
[A, n,] is a first order partial differential operator with C2°-coefficients, it follows that TA — AZ

extends to a bounded linear operator from Wélf 7 wff ; X) to Y. Since P is a bounded linear
operator from [Y, D(A)]1 to WDp(ﬁ’ wy, 9. X) in view of (6.5), it follows that (ZA — AZ)P
extends to a bounded hnear operator from [Y, D(A)] ! to Y. Similarly we see that Z(AP — PA)

extends to a bounded linear operator from [Y, D(A)] 1 to Y. An application of Lemma 6.11
finishes the proof. O

7. The heat equation with inhomogeneous boundary conditions

In this section we will consider the heat equation on a smooth domain ¢ € R? with inhomoge-
neous boundary conditions of Dirichlet type. In particular, Theorem 1.2 is a special case of Theo-
rem 7.16 below. The main novelty is that we consider weights of the form wyﬁ (x) =dist(x, 00)"
with y € (p — 1,2p — 1), which allows us to treat the heat equation with very rough boundary
data.

7.1. Identification of the spatial trace space
We begin with an extension of a trace result from [57] to the range y € (p — 1,2p — 1).
Theorem 7.1 (Spatial trace space). Let X be a UMD space, k,£ € N\ {0}, p,qg € (1,00), v e

A;R)and y € (=1, kp — 1)\ [Np — 1]. Let O be either R‘i or a bounded C*-domain. Then
Tr is a retraction from

W (R, v; LP (0, w; X)) N LR, v; WEP (0, w; X))

to

_£ +y I+y
¢ k—p

Fyot 7 (R, LP(36: X)) N LU(R, v: By’ (36; X)).

In order to prove this we need a preliminary result. On the compact C*-boundary 3, we de-
fine the Besov spaces B;’q(a 0;X), pe(l,00),qe[l,00] s €(0,k)\ N, by real interpolation:

B ,(30; X) = (W"P(30: X), W' 1P (30; X))g 4
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fors=60+nwith6 € (0,1)andn € {0, 1,...,k—1}.

In the proof of this theorem we use weighted mixed-norm anisotropic Triebel-Lizorkin spaces
as considered in [57, Section 2.4] (see [53] for more details); for definitions and notations we
simply refer the reader to these references.

As in the standard isotropic case (see [54]), we have:

Lemma 7.2. Let £,k € N\ {0}, p, g € (1,00), v € Ay(R) and y € (—1,00). Then

L)
Fop 1@

> W[’q(R, v; LP(Rd ,wy; X)) NLYR, v; Wk’p(]Rd ,wy; X)).

JRY xR, (wy, v); X)

Proof. We cannot reduce to the R¥-case directly since L”(R¢, wy; X) > LL. (R¢; X) fory >

loc
p — 1 and therefore cannot be seen as a subspace of the distributions on R¢. However, we can

proceed as follows. An easy direct argument (see [65, Remark 3.13] or [53, Proposition 5.2.31])
shows that

1 2o @i @y S I o0 1,

(qu)’l‘M,l)(RdXR,(wy,U);X)

for all f € S(RY x R; X). Using

LY(R,v; LP(RL, wy; X)) = D'(RL x R; X)

11
and using density of S(RY x R; X) in e

L 1)(IRd xR, (w,, v); X), we find that the restric-
tion operator

R:D'(RYxR; X) » D'RL x R; X), f > fird xR
restricts to a bounded linear operator

R:FOED

@ ROXR, (wy, v); X) — LR, v; L (RY, wy; X)).

By [57, Section 2.4] (see [53, Proposition 5.2.29]), this implies that R is also bounded as an
operator

NCNS
R:F, 9. 1@n

— Wh (R, v; LP(RY, wy; X)) NLIR, v; wkr(Rr?, wy; X)).

(R x R, (wy, v); X)

The desired inclusion now follows. O

With a similar argument as in the above proof one can show the following embedding for an
arbitrary open set & C R%:

BY (0w X) = Fk (0. w]: X)— WEP (0, wl: X), (7.1)
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where k € Ng, y > —1 and p € [1, o0).
In the proof of Theorem 7.1 we will furthermore use the following Sobolev embedding, which
is a partial extension of Corollary 3.4 to the case k = 0, obtained by dualizing Corollary 3.4.

Proposition 7.3. Let X be a UMD space, p € (1,00), m e Nandy € (mp—1,(m+1)p —1).
Let O be a bounded C™-domain or a special C!"'-domain. Then

P 0. —m,p % .
L (O, w,; X)— H (O, wy_pyp; X).
To prove this embedding we need a simple lemma.

Lemma 7.4. Let X be a UMD space, p € (1,00), m € N and let w e A,. Let 0 C RY be a
bounded C™-domain or a special C!'-domain. Then H™"™P (0, w; X) is reflexive and

DO X) < H™P (6, w: X) < D'(0: X). (12)

Under the natural pairing, we have

D(O: X*) < [H™P (6. w: X)]* <> D/(0: X*). (1.3)
[H™ PO, w; X)" = Wg"””(@’, w's X*). (7.4)

Proof. The reflexivity of H "7 (0, w; X) follows from Proposition 2.8. The continuity of
the inclusions in (7.2) are obvious. The density in the first embedding of (7.2) holds because

of Lemma 3.5 and L? (0, w; X) Ci H™™P (0, w; X). The density of the second embedding
in (7.2) follows from the density of D(&; X) in D'(; X). The dense embeddings (7.3) fol-
low from (7.2), D(0; X)* = D'(0; X*) and D'(0; X)* = D(0; X*) and the reflexivity of
H™™P(0,w; X). To prove (7.4), by density (see Lemma 3.11) it suffices to prove

”f”[H*mvP(ﬁ,w;X)]* ~ ||f||wm.p’(Rd’w/;X*)v feD(; X*) (7.5)

Let f € D(0; X*). Then, by Proposition 2.8, for all g € D(7; X),

|<f’ g)' = ”f”Wm,p’(Rd’w/;X*)||g||H—m,p(Rd’w;X).

Taking the infimum over all such g and using (7.2), the estimate < in (7.5) follows. For the
converse we use Proposition 2.8 to obtain

”f“Wm-l’/(Rd,w’;X*) ~ ”f”H”“P/(Rd,w’;X*) = ”fH[H*m,P(]Rd,w;X)]*-
For an appropriate g € H~"™? (]Rd, w; X) of norm < 1 we obtain

1 Ny @y S 1F & = 1F. 8100 < ILF Nitr=mr (0,0

where we used [|gR N g-1r(g.w:x) <1. O
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Proof of Proposition 7.3. Let us first note that X is reﬂexwe as a UMD space. Put y’ :=

—Loe (—mp’ -1, —m)p’ —1). Then [wf]' = wy, and [w¢_, 1 = w§+mp,, the p-duals
weights of w and wy —mp> respectively. Note that y —mp € (—1,p — 1) and y' + mp’ €
(—=1,p = 1),s0 w}‘? € A) and wy,+mp, € A,. By Corollary 3.4 and Lemma 3.5,

W (0, w, X*)°—>L”(@’w/,X*)

y/+mp'

Therefore, Proposition 2.8 and Lemma 7.4 give that

LP(0. wl: X) = (L7 (0. w0 X > (W) (0, w0 s XD

—[H"P@0,wl  X)*=H "0, wl X)),

Y= mp’ Y= mp’

where we again used reflexivity of X. O

Proof of Theorem 7.1. By a standard localization argument it suffices to consider the case & =
Ri. The case y € (—1, p — 1) is already considered in [57, Theorem 2.1 & Corollary 4.9] (also
see [57, Theorem 4.4]), so from now on we will assume y € (mp — 1,(m + 1)p — 1) with
m e {l,...,k— 1} (which implies that k > 2).

Let us write

M := WH9 (R, v; LP(RL, w,; X)) N LR, v; WoP (R w,: X))
Y Y

and

¢ 1+ Ity
=t

B:=F,," " (R, v; LP(R 1 X)) N LI(R, v; Bp_p” R X)),

By Theorem 3.18, Proposition 7.3, Corollary 3.4 and [58, Propositions 5.5 & 5.6],

M B4 R; v [LP R, wy: X), WEPRY, wy: X)]a)
s HUO=DGR; v [H™PRL, wy_mp; X), WEPRE wy s X)]m)

= H'U™0O4(R; v; LP(RY, wy s X)).
Therefore, once applying Corollary 3.4,
M < HU=E4(R; v; LP (R, wy,—p; X)) N LR, v; W™ PR w,,_i X)), (7.6)

which reduces the problem to the A ,-weighted setting. By [57, Theorem 2.1 & Corollary 4.9]
(also see [57, Theorem 4.4]), TraRi is bounded from the last space to

e _
5(1_7)_J1+V mp _ l4y-mp

k
Fpy 7R v LPRIL X)) NLAR, v By, 7 (RN X) =B
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Finally, that there is a coretraction extypa corresponding to Trypas simply follows from a

combination of [57, Theorems 2.1 & 4.6 & Remark 4.7] (also see [56, Example 5.5]) and
Lemma7.2. O

7.2. Identification of the temporal trace space
For pe (1,00),q €[1,00],y € (—1,2p — 1) and s € (0, 2) we use the following notation:
s 0. (TP 0. 2,p 0.
W3 (0wl X) = (LP (O, wT; X), WP, s X))y 4. 7

In the case y € (—1, p — 1) (with general A ,-weight) these spaces can be identified with Besov
spaces (see [65, Proposition 6.1]). In the case y € (p — 1,2p — 1) we only have embedding
results (see Lemma 7.9 below).

In the next result we identity the temporal trace space.

Theorem 7.5 (Temporal trace space). Let O be either Rf{_ or a bounded C?-domain and let J be
either R or (0, T) with T € (0, oo]. Let X be a UMD space, p,q € (1,00), p € (—1,q — 1) and
ye(-12p—D\{p—-1}LIf1— H“ # 5 1 1+y , then the temporal trace operator Tri—q : u >
u(0) is a retraction

(1— I-HL)

W (J, v LP(O, w3 X)) N LT, v WO, 0l X)) — Wyy  © (O, 0] X).
(1.8)

It follows from the trace method (see [61, Section 1.2] or [79, Section 1.8]) that Tr,—g is a
quotient mapping (7.8). The nontrivial fact in the above theorem is to show that it is a retraction.
In order to show this we want to apply [66, Theorem 1.1]/ [70, Theorem 3.4.8]. However, these
results can only be applied directly in the special case that the boundary condition vanishes in
the real interpolation space. In the case y € (—1, p — 1) this difficulty does not arise because by
using a suitable extension operator one can reduce to the case @ = R<. To cover the remaining
cases we have found a workaround which requires some preparations. The first result is the
characterization of the spatial trace of the spaces defined in (7.7). The result will be proved
further below.

Proposition 7.6. Let O be either Rﬁ or a bounded C?-domain. Let X be a UMD space, p €

(1,00), g €[l,00), ye(p—1,2p—1) and s € (0,2). If s > HTV, then Tryp extends to a

retraction
Ity

WS (0wl X) —> B, " (30).

In the setting of the above proposition we define, for s € (0,2) \ {—* 1+” 1,

ﬁ. 1+
O, w, 7. X) = pa(Onwy: ) St
Wp.q.i ’ uews (0. wl:X): Tryou=0}, s > 1%

For these spaces we have the following result which will be proved below as well.
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Proposition 7.7. Let O be either Rf{_ or a bounded C?-domain. Let X be a UMD space, p €
(1,00),ge[l,0), ye(p—1,2p—1)and s €(0,2) \ {HTV}. Then

0w X) =LV (@, wl: X). Wyl (0wl X))s ,

q Dir

From Proposition 3.17 and reiteration (see [79, Theorem 1.10.2]) we immediately obtain the
following.

Lemma 7.8. Let O be either Rf,l_ or a bounded C%-domain. Let X be a UMD space, p € (1, 00),
gell,ool,ye(p—12p—1Dands € (0,2)\{1}. Ifs=0 +nwith6 € (0,1) and n € {0, 1},
then

W5 (0. wd: X)= (WP (0, w; X), W0, wl: X)) 4.

Lemma 7.9. Let & be either Rfi or a bounded C*-domain. Let p € (1,00), g € [1,00], y €
(p—1,2p—1)ands € (0,2). Then

s 0. s 0.
B, (O w,; X) = W, (O, w,;X). (7.9)
The inclusion is dense if g < oo.

For y in the A,-range (—1, p — 1) it holds that B[S,’q(ﬁ, wf; X)= W;,q(ﬁ’, wf; X) (which
can be obtained from [65, Proposition 6.1]). However, the reverse inclusion to (7.9) does not hold
fory e (p —1,2p — 1), see Remark 7.14 below.

Proof. By [17, Theorem 3.5] and a retraction-coretraction argument using Rychkov’s extension
operator (see [54,76]),

B} (0, w!; X) = (Fp (0, w]; X), Fp (0, w]; X))3 4

these references are actually in the scalar-valued setting, but the arguments remain valid in the
vector-valued setting. The inclusion now follows from (7.1). Density follows from Lemma 3.7,
[79, Theorem 1.6.2] and the fact that C2°(0; X) C B;,q(ﬁ, wf); X). O

Lemma 7.10. Let O be either R‘_f_ or a bounded C*-domain. Let X be a UMD space, p € (1, 00),
gell,ool,ye(p—1,2p—1)ands € (0,2). Then

WS (0. w]; X) = By (O, X).

wV p’

Proof. By Corollary 3.4 and Proposition 7.3

W5 (0, wd: X) = (LP(0,w]); X), WP (0, wl; X))5 4

S (H "0, wf_ ) X), WP (0, wd_ X)),

VP’

=B (0, w? X)),

VP’
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where the last identity follows from [65, Proposition 6.1] and a retraction-coretraction argu-
ment. O

Before we proceed, we recall some trace theory for weighted Besov spaces, for which we
refer to [59]. Let s e R, pe (1,00), g €[l,00)and y € (—1,p—1). If s = HT” + k + 6 with

ke Ngand 6 € (0, 1), then Try : u —~ (Tru, ..., Trafu) is well-defined on B;’q(]R{d , wy; X). For
such s we put

B;,q,o(Ri, wy; X):={ue B;’q(Rd s wys X))t Tru = 03,

For s < 11 we put B;,q,o(Ri’ wy; X) 1= B;’q(Rd , Wy X).
The foﬁowing result follows from [59].

Lemma 7.11. Let X be a UMD space, p € (1,0), g € [1,00] andy € (—1,p —1). Letk e N
and 0 € (0, 1) be such that k6 ¢ Ng + HTV. Then

k,
By, oRL, wy; X) = (LP(RY, wy; X), Wy (R, wy; X))o q-

Let OW;’q(Rd,wy; X) be defined as the closure of {u € CSO(R_d; X) : UpRe = 0} in
W54 (R, wy; X). The following identities hold for the real interpolation spaces.

Lemma 7.12. Let X be a UMD space, p € (1,00), g € [1,00), y € (p —1,2p — 1) and s €
0,2)\ {”TV}. Then

2,
oW, (R, wy; X) = (LP (RS, wy; X), Wi (R, w5 X))s
and the map M, defined above Lemma 3.13, is an isomorphism
M: ()W[S,’Q(Rd Jwys X) — B;,q,o(Riv wy—p; X).

As a consequence of Lemmas 3.9 and 7.12 for p € (1,00), y € (p — 1,2p — 1) and s €
(0, ’%1) we have

oW) ,(RY, wy; X) = W5 (R, wy; X) (7.10)
Proof. We first show that

2
(LP R, wys X), Wl (R, wy; X)) g g <> oW, (RY, w5 X). (7.11)

d
By Proposition 3.8, Cfo(Rd;X) C Wé’if(Rd,w,,; X). Therefore, CSO(IR{‘Z ; X) is dense in
(LPRYL w1 X), Wl (RY. wy: X))s 4 (see [79, Theorem 1.6.2]). As

2,
(Lp(Rd ) wy; X)’ WD]f(Rd ) wy; X))%’q — W;yq(Rd s wy; X)
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clearly holds, (7.11) follows.
Next we show that M is a bounded operator

M: oW (RY, wy; X) — B, o(RY, w,—p; X). (7.12)

Lemma 3.13 and real interpolation yield that M is a bounded operator
MW (RY, wy: X) — B (R, wy,—p: X).
Since
. Y - _ ™d . Y - _ -
Mfue CPRL:; X): UpRe = 0} C{ueCPMRL; X): UpRd = (8]1/{)|8Ri =0}
C By, oRL, wy—p; X),
(7.12) follows.

From a combination of Lemma 3.13 and Lemma 7.11 it follows that M~ is a bounded oper-
ator

_ 2,
M~ B;’q’O(R‘i, wy—p; X) — (LP(RL, wy; X), W5’ RL, wy; X))s.q-
Combining this with (7.11) and (7.12) finishes the proof. O

Lemma 7.13. Let X be a UMD space, p € (1,00), g €[1,00), y e (p—1,2p—1) and s €
(H-Ty’ 2). Then T’"aRi extends to a retraction

1ty
W;’q(Rd s Wy X) — B;,q 7 (R X)
with
oW R wy: X)={ue W5  (RY, wy: X) : Tryga u = 0}. (7.13)

Moreover, there exists a coretraction E corresponding to TraRi such that

lallyy @4 yix) = el @0 wyixys 4 Eker( — E o Tryga). (7.14)

Proof. By trace theory of weighted B-spaces (see [59] and see [57, Section 4.1] for the
anisotropic setting) and Lemmas 7.9 and 7.10, there is the commutative diagram

d —
BS ,(RY, wy: X) —— W5 (R, wy; X) — B 'R, wy—p; X)

E Tr, nd
\ l iRy

_ 1ty I+y—p

By, R“LX) —— B,, ’ ([RI1X)
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for some extension operator E. All statements different from (7.13) directly follow from this.
Next we claim that

d
{ue B (R wy: X): Trypau =0} = {u € W R wy: X) : Trypq 1 = 0}.

Indeed, if u € W[SLq(Rd , wy; X) satisfies TraRi” =0, then we can find u, € B[S,’q(]Rd ,wy; X)
such that u,, — u in W;,q(Rd ,wy; X). Now it remains to set v, = u, — ETraRi“n €
B;,q(Ri’ wy; X) and observe that Tra]Ri v, =0 and ETra]R{‘jr“n — 0in W;’q(]R{i, wy; X).

Since {u € C° (@; X): UpRd = 0} is dense in the space on the left hand side by [59], it
follows from the claim that it is also dense in the space on the right hand side. This density
implies (7.13). O

Proof of Proposition 7.6. The statement simply follows from Lemma 7.13 by a standard local-
ization argument. 0O

Proof of Proposition 7.7. A combination of (7.10) and Lemma 7.13 gives the desired statement
for the case 0 = Rﬁ, from the general case follows by a standard localization argument. O

Proof of Theorem 7.5. Let us first establish the asserted boundedness of Tr;—q. It suffices to
consider the case J = R, where the boundedness statement follows from [61, Proposition 1.2.2]
or [79, Section 1.8].

In order to show that there is a coretraction corresponding to Tr;—g, it suffices to consider
the case 0 = Ri and J =R. The case y € (—1, p — 1) follows from [57, Equation (38)], and
therefore it remains to consider y € (p — 1,2p — 1).

Let§ =2(1 — H'T“). In view of Theorem 5.7, we can apply [66, Theorem 1.1] or [70, Theo-

rem 3.4.8] to —Apj; on L? (]R{i, wy; X), which by Proposition 7.7 gives an extension operator

Epir: W), pir (R, wy; X) — WHI(R, vM,LP(R+,wy,X)>

NLIR, v WP RE, wy; X)).

1+ 8
If § < =X, then qu .
the requlrecf coretraction
Finally, let us con51der the case § > —= p . In the notation of Lemma 7.13, put 7 := E o Tl‘aRd
Then

(]Rd ,Wys X) = Wf,’q(]Rd ,wy; X) and we can simply take Ep; as

W R wy: X) =ker(I —m) @ W | i (RY, wy: X) (7.15)

,q,Dir

under the projection 7 with the norm equivalence (7.14) on ker(/ — ). In view of [54], we can
apply [66, Theorem 1.1] or [70, Theorem 3.4.8] to the realization of I — A in Bgyl(Rd, wy; X)

with domain Bﬁ I(Rd, w,; X), which by real interpolation of weighted B-spaces (see [17, The-
orem 3.5]) gives an extension operator

Epa : Bg’q(Rd, wy; X) W (R, Vs Bg’l(Rd, wy; X)) NLY(R, vy Bﬁ‘l(Rd, wy; X)).



N. Lindemulder, M. Veraar / J. Differential Equations 269 (2020) 5832-5899 5891

By extension (using for instance Rychkov’s extension operator [76]) and restriction we obtain an
extension operator £ Which maps B;S, q(Rd , wy; X) into
4 ,

WHI(R, vy; B | (R, wy; X)) N LIR, vy; By (R, wy; X))
= WHR, v LP(RY, wy; X)) N LR, vy WP R, wy; X)),

where the embedding follows from (7.1). By (7.15) and (7.14), £ := ERirr ~+ Epir(I — ) defines
a coretraction corresponding to Try. O

Remark 7.14. Let p € (1,00), g € [1,00), y € (—=1,2p = 1)\ {p — 1} and s € (0,2) \ {HTV}-
Then

Wi R, wy: X) > By (RY,wy:X) = ye(-l.p-1D.

Proof. Assume there is the inclusion W;;’ q(]Rd Wy X) — B;’ OO(Rd , wy; X). Considering the
linear mapping u — u ® x for some x € X \ {0}, we find W;,q(]Rd ,Wy) = B;,oo(Rd ,wy). In
particular,

WS

pq.0ir RE wy) = By o i (RY, wy). (7.16)

Consider the interpolation-extrapolation scale {E; : n € [—1, 00)} generated by the opera-
tor (1 — Api;) on LP(Ri, w, ) and the complex interpolation functors [-, -1, 8 € (0, 1), the
interpolation-extrapolation scale {E) , : n € [-1,00)} generated by the operator (1 — Ap;;)
on LP(Ri, w, ) and the real interpolation functors (-, -)g 4, 6 € (0, 1), and the interpolation-
extrapolation scale {F; o : 7 € [—1, 00)} generated by the operator (1 — Apj;) on Bg! Oo(Rd , Wy)
and the complex interpolation functors [ -, - Jg, € € (0, 1) (see [1, Section V.1.5]); the operator
(1 — Apjr) on Bg’oo(Rﬂ, w, ) is considered in [54]. By Proposition 7.7 and [54],

+v
Epg= qulr(Rd,wy) n e (0, 1)\{ o } (7.17)
and
2 1+y I+y 1+y
Fpoo =B, pir(RE, wy), 776(7_1 % +1)\ ETHE (7.18)

respectively. Now (7.16), (7.17) and (7.18) imply E 5.0 Fs 00 and by lifting we obtain

Eyg= Frooo 1€ [%—O—Z]ﬂ[—l,oo). (7.19)

By the reiteration property from [1, Theorem V.1.54], Ey = [E_1, El]%. So, by [79, Theo-
rem 1.10.3.1],

Ey=[E_q, El]% > (E_1,Ep))

2,00

(7.20)
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Doing a reiteration ([79, Theorem 1.10.2] and [, Theorem V.1.5.4]), we find

(E-1,ED1 o= (E-1, B3 g0 (E-1 ED s 1 1500
= ((B-1,[E-1, 1l g g0 (E-1, E1] 1 ED g g)1-5.00

= ((E-1, E0)3 4> (B0, E1)5,g)1-5 00

(7.19)
:(E%fl,q»E%,q)lf%,oo — (Fgfl,oo»F%,oo)lf%,oo

= ([F%fl,ooa F%,oo]nof%+l’ [Féflv F%]m—%+l))\,oo

= (Fyg.00: Fiji.00) 1,00 (7.21)

N

for any no,nm € R and A € (0,1) with 5 — 1 <no <n < 5 and 0 = (1 — A)no + Ani. Now
pick no,n1 € R and A € (0,1) with 5 —1 <no <n1 < 5 and 0 = (1 — A)no + Any such that

1 1
no, m € (5 =1, 3). Then

(7.18) , .2 2
(Fpp00r Fipoo)ioo = (Bpio@®RY, wy), Byl (R, wy))ico = BY) o (RY, wy)  (7.22)

by real interpolation of weighted B-spaces (see [17, Theorem 3.5]). Combining (7.20), (7.21)
and (7.22) gives

LPRY, wy) = BY (RY, w,). (7.23)

We finally show that the inclusion (7.23) implies y € (—1, p — 1). Taking odd extensions in
(7.23) (see [54]) gives

(Sodd RN, 1| Lo w,) = Bp oo R, w)).
Now a slight modification of the argument given in [65, Remark 3.13] gives C, ¢ > 0 such that

p—1
1 1 _ 1
@/wy(x)dx- @/wy(x) =T dx <C
0 o

for all cubes Q C Ri with |Q| < c. A computation as in [33, Example 9.1.7] shows that y €
(-Lp—D. O

7.3. Weighted L1-LP-maximal regularity

Let us first introduce some notation. Let & be a bounded C2-domain. Let p,qe(l,00),ve
Ay;(R) and y € (—1,2p — 1). For an interval J C R we set DZ”{,’(]) =L9(J,v; LP (O, wf)),

M () =W (T, v LP(O, wd) N LI, v; WP (6, wl))

and
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I+y I+y

BIE(J):=F,, 77(J v: LP(30) N LA(J, v; B,z,,, 30)).

For the power weight v =y, with u € (=1, g — 1), we simply replace v by 1 in the subscripts:
DEY ) =D (1), MEE () :=MF7), (J) and BE Y () :=B],7, ().

Theorem 7.15 (Heat equation). Let O be a bounded C*-domain. Let p,q € (1,00), v € Ay (R)
and y € (—=1,2p — D\ {p—1}. Forall . >0, u > (u' + (A — A)u, Trypu) defines an iso-
morphism of Banach spaces M’{,j,’,’(R) — ]D)ij R) @& Bg:fj(R); in particular, for all A > 0,
fe ]D)ij,7 R) and g € [B%zjf,) (R), there exists a unique solution u € ng}e(R) of the parabolic
boundary value problem

W+ G—~Au =f,
Tryou = g.

Moreover, there are the estimates

”u”ng}lj(R) ~p,q.v,y.d,\ ”f”]D;{_*f(]R) + ||g||]]3‘v1:5(R)~

Proof. The required boundedness of the mapping u — (u’ + (A — A)u, Trysu) follows from
Theorem 7.1 while the injectivity follows from Corollary 6.3. So it remains to be shown that it
has a bounded right-inverse, i.e. there is a bounded solution operator to the associated parabolic
boundary value problem. Using Theorem 7.1 we will reduce to the case g = 0. After this re-
duction, the desired result follows from Corollary 6.3. Finally, to give the reduction to g =0,
write U = u — extygd 8, where extygd : Bi)(R) — M3 J(R) is the coretraction of Trys of
Theorem 7.1. Then U satisfies U’ + (A — A)U = F and Try U = 0 where

d
F=f- (E +A— A)extBRig.
Now Corollary 6.3 gives

1U gz @) < CIFInge @) < Cllflpgs @) + Cllg g
The corresponding estimate for u follows from this. O

As a consequence of the above theorem we obtain the following corresponding result on
time intervals J = (0, T) with T € (0, co] in the case of the power weight v = v, (with u €
(=1, g — 1)), where we need to take initial values into account.

For the initial data we need to introduce the space

2(1- 15

Do oy (1D
Pi=Wpy (O, w,) =

I (LP(G,w]), WA (O, w])) s -

Recall from Lemma 7.9 that B;’q(ﬁ, wf; X) — HZ:’; with equality if y € (—1, p — 1).
Concerning the compatibility condition in the space of initial-boundary data HBZ’,’)’, (J) below,

let us note the following. Assume 1 — 1;;—” > %HTV Then, on the one hand, by Proposition 7.6,
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there is a well-defined trace operator Trys on HZ’)Ii (J); in fact, Try 4 is a retraction from HZ’)’i to
21— 1) 1

By 4 P (30’; X). On the other hand, as a consequence of [66, Theorem 1.1], Tr;—¢ : g
,liﬂ Ity

g(0) is a well-defined retraction from IB%Z ’;(J ) to B " (00; X). Motivated by this we

set

1 11
]HB%qp(J)_{(g,uo)e]B% P @ILD :g(0) = Trypug when 1 — — % < -ﬂ}.

q 2 p

Now we can state the main result for the initial value problem with inhomogeneous boundary
condition.

Theorem 7.16 (Heat equation). Let € be a bounded C*-domain and let J = (0, T) with T €

(0,00]. Let p,g € (1,00), e (—=1,g— 1 andy € (=1,2p—D\{p—1} with 1 — 1+“ #1 1+V.
Forall A >0,

Mq 1’(]) — ]D)q p(J) GBI[IB% (J), ur> W + O — Au, Tryou, u(0))

defines an isomorphism of Banach spaces, in particular, for all . >0, f € DZ’, and g € BY i y,
there exists a unique solution u € M,‘ﬂf, of the parabolic initial-boundary value problem

u' 4+ —Au = f,
Tryou =g,
u(0) = uyg.
Moreover, there are the estimates

||u||MZ~’1;(]) ~pagany.d, “f”]D)Z’_I;(j) + (g, uO)“]IIBﬁ:’;(JY

In the proof of the theorem we will use the following notation:

, 1+ 11+
q,p(l):z ]BZI;’(I) _TM ilTy’
i’ (geBLL(): g0 =0}, 1 - L 10,

and oMY 5 (1) := {u € M%) (1) : u(0) = 0}, where I € {Ry, R}. We will furthermore use the
following lemma.

Lemma 7.17. Let the notation and assumptions be as in Theorem 7.16. Then operator Eg of
extension by zero from Ry to R is a bounded linear operator from OBZ’,[;?/ R4) to0 Bﬁ’f; (R).

Proof. It suffices to show that

1+ 1 1+y

EoeBOF,," " Ry, v,: LP@AO)), Fy,” 7 (R, v,: LP(IO))).

Using [67, Theorem 1.3], which says that 1, is a pointwise multiplier on F;‘q (R, vy; X) fors €

(HT“ -1, HT”) and a Banach space X, this can be shown as in [59]. We would like to remark that
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this pointwise multiplier result could also be proved through a difference norm characterization

as in [78, Section 2.8.6, Proposition 1], using that Fqsu,,(]R, vy X) = LY(R, vy —54; X) for s €

(0, ) (see [65]). D

Proof of Theorem 7.16. That u — (4’ + (A — A)u, Tryzu, u(0)) is a bounded operator
ML) — DL @B @1

follows from a combination of Theorem 7.1 and Theorem 7.5. That it maps to Dz’j &) ]HB%ZV’,I}), @)
can be seen as follows. Of course, we only need to show that

Tri—oTrygou = TrygTri—ou, ue MZ/]’/ J), (7.24)
when 1 — HT” > %HTV So assume 1 — HT”“ > %HT” By a standard convolution argument and

an extension and restriction argument, we see that qu(J Vs W[%’y(ﬁ )) is dense in MZ’,I;,(J ),
from which (7.24) follows.

Injectivity of u — (4’ + (A — A)u, Trygu, u(0)) follows from the fact that Ap;, generates
a strongly continuous semigroup (see [28]) by Theorem 6.2. So it remains to be shown that it
has a bounded right-inverse, i.e. there is a bounded solution operator to the associated parabolic
initial-boundary value problem. Using Theorem 7.5 followed by Theorem 7.1 and (7.24), we may
restrict ourselves to the case ug = 0. Furthermore, by Corollary 6.3 we may restrict ourselves
to the case f = 0. By extension and restriction it is enough to treat the resulting problem for
J = R,. We must show that there is a bounded linear solution operator .% : OBZ’,;’; R3) —
OMZ’,I; (R4), g — u for the problem

u'+ (A —Au =0,
{ Trypu = g. (7.25)
Let Eg € B(oB5 (R4), Bl (R)) be the operator of extension by zero (see Lemma 7.17) and let
SR BED@®R) - MJ D (R), g > u be the solution operator for the problem (7.25) on R from
Theorem 7.15.

It suffices to show that YR o Eg maps to o[B%,qj,fi R4) to OMIqL’f}’, (R); indeed, in that case
S8 = (SEog)|R, is as desired. To do so we follow a modification of an argument given in
[64, Lemma 2.2.7].

Let g € 0B} (R4) and set u := %R Eog € M/} (R). Pick ¢ € C2°(R4) with [p ¢(x)dx =
1 and put ¢, (x) := n%¢(nx) for each n € Ny. Now consider g, := ¢, * Eog € BL)(R) N
C®(R; LP(30)) and uy, 1= ¢, % u € WI(R, v,; W>P (0O, wf)) CMLLR)NC®(R; LP (O,
w]‘/ﬁ)). Then

u= lim u, in  MZP(R) (7.26)

n—00 wy

and

Uy + = Nuy =y *x W' + (b — Au) =0,
Tryoun = ¢n * Tryou = ¢y x Epg,
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so that u, = SRrgn by uniqueness of solutions. Furthermore, g,(0) = 0, implying that
Tryplun (0)] = [Trypu,n1(0) = g,(0) = 0, so that u, (0) € Wé’p(ﬁ, wf). Now, as A — Apjy i

ir

exponentially stable, we may define v, € OMZ”I}’, (R) by

— o' (—Apir)
Un(t) = { gn(t) e un(o)a ii(o)v

But then v,, satisfies

v, + (A — A, =0,
Tryovn = gn»

so that v, = YRgn = u, by uniqueness of solutions. Therefore, u, € OMZ’,I; (R). We may thus
conclude that u € OM?L’,‘;J, (R) in view of (7.26). O

Remark 7.18. Theorems 7.15 and 7.16 also remain valid in the X-valued setting as long as X is
a UMD space and A > )¢, where Ao depends on the geometry of X.
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