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GLOBAL STRICHARTZ ESTIMATES FOR AN INHOMOGENEOUS
MAXWELL SYSTEM

PIERO D’ANCONA AND ROLAND SCHNAUBELT

ABSTRACT. We show a global in time Strichartz estimate for the isotropic Maxwell system
with divergence free data. On the scalar permittivity and permeability we impose decay
assumptions as |z| — oo and a non-trapping condition. The proof is based on smoothing
estmates in weighted L? spaces which follow from corresponding resolvent estimates for the
underlying Helmholtz problem.

1. INTRODUCTION

This paper investigates a model for the propagation of electromagnetic waves in continuous
media, the Mazwell equations

D,=VxH-1J, B, =-V xE, V-D=V -B=0, (1.1)
on R; x R? with linear inhomogeneous material laws
D =¢(2)E, B = u(z)H, (1.2)

and the (divergence free) current density J = J(¢,2). Here, E and D are the electric fields, B
and H are the magnetic fields, and the permittivity € and the permeability p are positive scalar
functions on R®. Hence the model is isotropic, i.e., the interaction of fields with matter depends
on the location but not on the direction of the fields D,H,E,B : R x R3 — R3. We note that
the divergence constraints follow from the evolution equations if the initial data D(0) and B(0)
and the current J are divergence free.

The Maxwell system is the foundation of electromagnetic theory so that it is not necessary
to recall the importance of model (1.1) and (1.2) in applications, including the classical case
€, it = const. Despite the large literature devoted to the subject, see e.g. the monographs [8] and
[17], many important questions are still unclear.

Global well posedness in Sobolev spaces H® of the Cauchy problem for (1.1) follows from
the general theory of hyperbolic systems, under rather weak conditions on the coefficients e
and p. Here we are mainly interested in the asymptotic properties of solutions. Besides its
inherent importance, information on the decay of the solutions is essential for the study of the
corresponding nonlinear problems. In the constant coefficient case

E,=VxB-J, B,=-VxE V.-E=V.-B=0,

with data
E(O,(E) :Eo, B(O,IE) :Bo,
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2 P. DPANCONA AND R. SCHNAUBELT

solutions are easily seen to satisfy diagonal systems of wave equations
OE = —Jy, 0B =V xJ.

Hence one can apply the well established theory on dispersive properties of wave equations. The
strongest property is the pointwise decay

IE(, )z + 1B )= < (IVEollz + [VBol[z1) - [t (1.3)

where we set J = 0. From (1.3) Strichartz estimates can be deduced. For all couples of wave
admissible indices (p, q) and (r, s), that is to say
1

+a: %a pE [2700]7 qc [2700) (14)

D=

in dimension 3, we have
_z2 _z 2
[1D[™7 Dt o Bl Lepa+[|[D]”7 Do Bl Lrra S |VEo L2+ VBol[ L2+ I (0, ) [ 2+ [ D]" D2 o 1o

(see [19], [23]). Here we are using the notations |D[*u = F~1(|¢]*u(€)), where Fu = @ is the
Fourier transform, and LPLY = LP(R; LY(R?)). An even weaker form of dispersion is expressed
by the so called smoothing estimates

1)~ # " Ellzez2 + [[{2) "> Bl|z2z2 < [|Bollz2 + [|Boll 2 (1.5)

for J = 0. (See e.g. [10] for a comprehensive framework for such estimates.)

Substantial work has been devoted in recent years to extend dispersive estimates to more
general equations, including in particular equations with electromagnetic potentials or variable
coefficients, and equations on manifolds (see among many others [20], [30], [31] for the Schrédinger
equation; [9], [18], [14] for the wave equation; for wave equations with variable coefficients in
highest order, [33], [32], [28]; concerning dispersive estimates, [34], [35], [36], [1], [21], [12]).

Astonishingly, only little is known about such estimates for the Maxwell system (1.1) and
(1.2). In [15] local in time Strichartz estimates were shown for smooth scalar coefficients ¢ and
1 being constant outside a compact set. For matrix valued coefficients the situation seems to be
much more complicated, as already for constant matrices € and p the dispersive decay depends
on the multiplicity of their eigenvalues, see [25] or [26]. In this work we are concerned with global
in time Strichartz estimates for scalar € and p in C? under some decay assumptions as || — oo.

In our arguments we use a second-order formulation of (1.1) and (1.2). By a computation
similar to the constant coefficient case, any solution D(¢, x) to the problem (1.1) with (1.2) also
solves the system

Dy+Vx,VxD=-J, V-D=0, D(0,2) = Do, Dy(0,z) =V x ;Bo—J(0). (1.6)
The other fields satisfy similar equations, e.g., B satisfies an analogous system with ¢ and p
interchanged and modified data, namely

By +V x %V X I%B =V x %J, V-B =0, B(0,z2) =By, B(0,2) = -V x %DO. (1.7)
The material laws (1.2) then imply

Ei+:VxiVXxE=-1J;, V-(E)=0, E(0)=E;, E(0)=:VxH—J(0), (18)

Hy+.Vx iVxH=1Vx1J, V-(uH)=0, H(0)=Hy, H,0)=—-1VxEp (19)

In this work we focus on (1.6). Equations (1.6) and (1.7) are essentially systems of wave equations
with variable coefficients. Indeed, one can write

uV X LV x LU =V x V x U — b, 0)U
where b(x, ) is the first-order matrix operator

b(,0)U=(p+q) x (VxU)+Vx(pxU)—=(p+q) x(pxU) (1.10)



with coefficients
p = Vloge, q = Vlogpu.

Here we heavily use that e and p are scalar. We also denote by b(z, @) the operator as in (1.10)
with p and ¢ interchanged:

bz, 0)U = (p+a) x (VX U) +V x (g x U) = (p+0) x (g x U).
Since Vx VxD=-AD+ V(V:-D) = —AD, we see that (1.6) can be written as

GILLDtt —AD—b(l',a)D = —EILLJt, VD:O7 (111)
and similarly (1.7) is equivalent to
/By — AB — b(z,0)B = euV x 1J,  V-B=0. (1.12)

In other words, for scalar e and u the divergence constraint allows us to reduce (1.1) and (1.2)
to a wave system with uncoupled principal part (eu) 1Alzxs.

The main goal of the paper is to prove the following estimates, which apply in particular to
the fields solving the Maxwell system (1.1) and (1.2).

Theorem 1.1. Let e(x), u(z) : R® — R and assume for some 6 € (0,1/2) that

(1) infep >0 and (ep) < 5(1—270)"Lep(w)='7°

(2) le =1+ |p =1 S (@), Vel + V| S (2)7>27°, and |D?¢|+|D?p| < (x)~7/>~°.
Let Dy = €Eg, By = uHg and J be divergence free. Then the solution D to (1.6) satisfies the
Strichartz estimate

_2 2
D177 Dy 2Dl|Lrre S [VDollz> + [VBollz2 + [[7(0) |22 + 1D Tell 1 o
for all wave admissible (p,q) and (r,s). The solution B to (1.7) fulfill

_2 2
[1DI”% Dt oB[rra S [[VDollL2 + [[VBoll2 + [|D[= VI L por
Here we can replace D by E and B by H, solving (1.8) respectively (1.9).

/

We briefly discuss the previous statements. In (1), the symbol (a)”. = max{—3d,a,0} denotes
the negative part of the radial derivative, and (z) = (1 + |z|?)!/2. Wave admissible couples and
the notations LPL? and |D|*® have been defined above (see (1.4)).

The second assumption in (1) is our non-trapping condition. Note that this is a one—sided
condition, affecting only the negative part of the radial derivative of eu; it is a kind of ‘repulsivity’
of the coefficients. It is well known that some hypothesis of this type is necessary to exclude
trapped rays, which are an obstruction to global decay in time and even to the much weaker local
energy decay. Many of our intermediate results are true under weaker decay assumptions than
(2). For instance, our basic smoothing estimate (5.1) for the wave equation and the corresponding
resolvent bound (4.6) are shown assuming condition (1), the decay

e = 1]+ [ — 1| + D% +[D%u| S (2)727°, Vel +|Va| S ()77, (1.13)

and a non-resonance condition for the frequency z = 0 stated before Proposition 2.4. The extra
decay in the above hypothesis (2) is needed to remove this non-resonance condition and also to
establish certain Riesz-type bounds in Lemma 5.3 in (weighted) L? spaces which are crucial to
derive the Strichartz estimates.

The proof of Theorem 1.1 is given at the end of the paper. It follows the general principle,
pionereed in [30] and further developed in many works (e.g., [13], [16], [27], [32], [33]), that weak
decay properties of solutions can be upgraded to much stronger decay, under suitable regularity
and localization information on the coefficients. The main novelty of our paper is that we treat
a system with variable coefficients in higher order terms. We explain our proofs in more detail.
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For scalar wave equations, the paper [28] gives global Strichartz estimates if the coefficients
are close to constants and decay as |z| — oo. (For derivatives the decay assumptions are similar
to (1.13).) Moreover, local in time estimates are proven without the smallness condition. As
we can put our problem in the form (1.11), we are able to apply these results after suitable
localizions of our solution. Recall that the possibility to deduce global Strichartz estimates from
local estimates combined with global local energy decay was discovered in [4]. The localization
procedure introduces commutator terms which we must estimate in L?L?. These are controlled
using the smoothing estimates in Propositions 5.4 and 5.5 which are based on (4.6). In this
analysis, one must switch between homogeneous and inhomogeneous estimates; this requires
TT* arguments and suitable Riesz-type inequalities, see Lemma 5.3. To prove the latter, we use
crucially the divergence conditions of the Maxwell system. On the other hand, we must avoid
the usual TT* argument since it would need Riesz’ bounds in H, 2/? which are not available for
our operator.

The necessary smoothing estimates are deduced directly from the resolvent bound (4.6) for
the stationary problem, which also involves weighted L? norms, via Plancherel’s Theorem. In
principle, here we follow the general framework of Kato smoothing (see [10]). However we cannot
apply the general theory since we have to work with the operator L(z) = euz?+A+b(z, d) without
divergence constraint when showing the resolvent estimates. Since the operator A + b(x,d) is
not self adjoint, the Kato theory can not be applied directly.

We prove the resolvent estimates by splitting into three different regimes: bounded frequencies,
which we handle via compactness arguments, see Section 2; large frequences and large x, via
Morawetz type estimates, see Section 3.1; and large frequences on a compact region of space
via Carleman estimates, see Section 3.2. In the step for small frequencies one has to exclude
eigenvectors and resonances of L(z). Here it is crucial to show that such functions have to be
divergence free, which is proved in the relevant Propositions 2.6, 2.7, and 2.8 using the structure
of (1.11).

2. LOW FREQUENCIES

We first prove a resolvent estimate which is valid for all values of the complex frequency, but
with a constant C(z) which may grow as |z| — co. Hence, we will use this estimate only for z in
a suitably chosen compact region. In the next section we shall prove a uniform estimate for large
|z|. Except for the final result, in the present section the space dimension is n > 3, however in
this paper we shall only need n = 3.

We shall apply a few variations of the following standard argument. Suppose a reference
operator Hy satisfies, for z in an open domain 2 C C, a resolvent estimate

[Ro(2)vllp, < C2)l[vllpys Rol2) = (Ho+2)7",
where By and B, are some Banach spaces. Suppose also that

e H is a relatively compact perturbation of Hy, meaning that the operator K(z) = (H —
Hy)Ro(z) extends to a bounded and compact operator on Ba,
e 2z — K(z) is continuous in the operator norm.

Then we can write
H+2=(H—-Hy)+Ho+z=U+(H—Hy)Ro(2))(Ho+2) =1+ K(z))(Ho + 2).

Let the operator I + K : Bs — Bs be injective. Then it is also bijective since it is Fredholm.
Moreover, the operator norm of (I+ K (z))~! is locally bounded for z € Q. This type of argument
is classical on weighted L? spaces, see e.g. Theorem VI.14 in [29], and it holds more generally
in Banach spaces (a fact likely rediscovered several times, see e.g Lemma 3.4 in [11]). As a
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consequence, we can invert H + z for all values of z € Q and the resolvent estimate holds also
for H, in the form
I(H +2) " vl|p, < C'(2)|v]| B,

with a different C’(z), which is locally bounded for z € €, but otherwise undetermined.
We first look at the operator without lower order terms b(z, d) starting with a basic resolvent
estimate outside the spectrum for

R(z) = (A+az)™ 1, z € C\ [0, +00).
Proposition 2.1. Assume that a € L™, a > 0, lim|y,yca(z) =1 and z € D = C\ [0, +00).
Then A+ az : H> — L? is a bijection and R(z) := (A + az)™! satisfies
[R(2) [l < C)IIflz2
for some continuous function C : D — RT.
Proof. Let z € D and Ry(z) = (2 + A)~t. We can write
Ataz=A+z+(a—1)z= I+ (a—1)zRo(2))(A + 2). (2.1)
The operator K(z) = (a — 1)zRo(z) is bounded and compact on L?. We prove that I + K (z) is
injective for each z € D. Assume that (I + K)u = 0. Setting v = Ro(z)u, we have v € H? and
(A+ za)v =0 which implies [ |Vo|?> — 2z [alv]? = 0.
If Sz # 0, taking the imaginary part we infer v = 0 and hence u = (A + 2)v = 0. If Iz =0 so
that z = —\ € (—00,0), we obtain
[IVo]2+ X [alv]>=0
and this implies again v = 0.
Thus by analytic Fredholm theory we can invert I + K(z) on L? and the operator norm of
(I + K(2))~!is locally bounded in z € D. The claim follows writing

(A+az)™! = Ro(2)(I + K ()™
and using the elementary estimate
IRo(2)v]lm= < C(2)llvllrz,  C(2) = Cd(2,R) 7,
and the bound on (I + K(z))~!. Note that C(z) blows up as z — RT. O
The next step is a limiting absorption principle for R(z), where the limits of R(z) as £32 | 0
exist in a suitable topology. In the following, we commit a slight abuse of notation since for
A € 0(—A) = [0,400) there are two extensions Ro(\ % i0) of the resolvent, and we shall denote

both limits with the same notation Rg(z) for the sake of terseness. The limiting absorption
principle for the free Laplacian is expressed by the uniform estimate

IRo(2)f I x + [2[Y2[|Ro(2) flly + [V Ro(2)flly < CII /]

valid for all z € C, with a constant independent of z. Here the norms of X, Y and Y* are defined
as follows: Y™ is the predual of Y, while

Y *

2 . 1 2 2 . 1 2
lvll% = IS%I;% R)? f{m:R} [v|dSS, lvlls := ZI;I()) R f{ng} |v]“dx.
We shall also need the (stronger) homogeneous norms

[0l = suproo 1 fypupomy [024S, 02 = subpog & fypuiap ol2de. (2:2)

We note the equivalent expressions in terms of dyadic norms

—1 1 —
lolly = @) "2 vllexre,  Iloly- = @) 2vllare,  vllx = [(2) " ollempere,  (2:3)
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writing (using polar coordinates in the last term)

[vllgere = sup|[vllL2a,), Ao ={lz] <1}, A; ={277" <[z <27},
=0 (Aj)
J1=Z

lvllere = Z HU”L?(Aj), |[v]|goe Lo L2 = S_lig ||U||L|°;|L3(Aj)-
>0 Jj>

These norms can be considered as sharp versions of weighted L? norms. Indeed, it is easy to
check the inequalities

(@)~ 2 %02 < CO)vlly,  [ollys < C©)|(z)2 40| L2,

) "2 v]2 < CE)lollx, (@) olly < Ilvllx

(2.4)

for all 6 > 0.

In the next lemma we collect the relevant estimates for the free Laplacian. We write them at
the point 22 with 3z > 0, thus covering the entire complex plane for both sides of [0, +00). (In
later sections it will be convenient to use z2.) We set Z = |z| =z for z € R\ {0}.

Lemma 2.2. Let z € C with Sz > 0. Then we have, with constants independent of z,
[Ro(2*) fllx + 12Ro(=*) flly + IVRo(z*) flly < Cl flly-, (2.5)
I(V = i@2)Ro(2%) fll 2 < Cll|]fl| 2 (2.6)
Moreover, for s € [%, 1] we have, with C independent of s and z,
(2)*~H(V = i@2) Ro(2%) fllesr2 < Cll{@)* fller e (2.7)

Proof. Estimate (2.5) is essentially the classical Agmon-Hormander estimate, which is uniform
in z in the special case of the operator A. See e.g. [7] for a complete proof.

Consider now (2.6). Take f € L? with |z|f € L% The restriction that f € L? can be removed
by approximation. Define u = Ro(A+1in)f, so that (A+A+in)u = f. We multiply this equation
by u, take the imaginary and the real part of the resulting identity, and integrate over R™. We
then obtain (see (3.6) and (3.8) below for a similar computation)

nlullz= =S [ fa.  |[Vulli: = AMul7. - R [ fa. (2.8)
If A < 2|n|, these equations imply
IVullZa < 2[nlllull7z + [ falle < 3]l fal
and hence
(Il + IADIullZe + IVl Ze S I fallee < Nzl fllzzlla]™ ull e
Using Hardy’s inequality |||z|~1ul|z2 < ||Vul| L2, we conclude
(Il + IADIullZe + IVl Ze < (M2l f1I7:-

We write this estimate in terms of 2> = A + in. Note that if argz € [, 7 — Z], then argz® €
(5,27 — %], i.e., A < |n|. We have thus proved

lzRo(22) fllz2 + IVRo(22) fllz2 < |||zl fllz:  provided argz € (5,7 — 5l (2.9)
This estimate obviously implies
I(V —iZ2)Ro(*) fllz2 S lllx] ] 2 (2.10)

for the same values of z. Next, we consider the region argz € [0, Z] U [r — %, 7], i.e., arg2? =
A+in € [0, 5] U [2m — F, 27 or equivalently 0 < [n| < A. Proposition 3.1 in [3] shows that

IV = i@VA)Ro(A+in) fll 2 S [l fl| 2 (2.11)



7

with a constant independent of 1 and A. Setting u = Ry(A + in)f and v = e—ilzIVA
Vo = e*ilmlﬁ(v —iZv/A)u. By Hardy’s inequality, estimate (2.11) implies

x|~ Ro(X + i) fll 2 = |lle] " ull 2 = |2~ ollz S Vollze S [l f]l L2
From the first part of (2.8) we then deduce

[l [ Ro(X + i) flIz2 < Wl fllzzlllz| " ullze S 2l fIIZe-
Observe that for A +in = 22 and 0 < |n| < X we have

VA =2 =[R2 — 2| < V.

The previous estimates thus lead to

IV = i22) Ro(z*) f]l 22 < IV = iVAZ) Ro(=*) I 22 + VInll| Bo(2*) fll 2 S Nl £ 2.
Combined with (2.10), we see that (2.6) holds uniformly in z for all Sz > 0.

For the last assertion, we note that (2.7) for s = 1 follows from (2.6). If s = %, inequalities
(2.3) and (2.5) yield

()% (V — i&2)Ro(22) fllge 2 < C|(V — iE2)Ro(22) flly < C|lflly+ < CI{x) fllrge

Real interpolation between the cases s = 1 and s = 1 then leads to (2.7). O

u, we have

We can now prove the limiting absorption principle for A + az%. As for Ry(z), the two
extensions on the positive reals for Sz | 0 and for Sz 1 0 are different, but for simplicity we will
use the same notation R(z) for both. The weighted L? space with norm ||(z)%u||z> is denoted by
2.

Proposition 2.3. Assume (x)>7°(a—1) € L™ for some § > 0. Then R(z) satisfies the estimate
IR(*) fllx + =Rz flly + IVR(*) flly < C(2)l| Iy~ (2.12)

for all Sz > 0 and for some continuous C(z). Let s' < s in (1/2,1] and (z)*+t3+%(a — 1) € L>®.
We then have

()" "1V = i22)R(2*) fll 12 < C(s',,2)][(2)° f | 2. (2.13)
Moreover, for f € L? there exists g € L? with R(2?)f = Ro(2?)g.
Proof. We shall use the inequalities
lully- S 1) Pully,  lully- S 1) ullx. (2.14)

valid for any § > 0, see (2.4). Let K(z) = (a — 1)22Ro(22). The operator (z) 27°2Ry(2?) is
compact on Y* and bounded uniformly in z, as it follows from estimates (2.5) and (2.14) (or as
a special case of Lemma 3.1 in [11]). Writing K (2) = ()*"°(a — 1)z - (x) 72792 Ry (2?) we see
that K(z) : Y* — Y™ is also a compact operator for each z € C whose operator norm is locally
bounded in z € C.

We next prove that I + K(z) : Y* — Y™* is injective. Thus assume (I + K(z))v = 0 for some
veEY* — L% Let u= Ry(z*)vsothat ue YNHE, if 2#0,u e XNHE, if 2=0, and u
satisfies Au+ az?u = 0. If z = 0 this means that v € X is harmonic, hence v = 0. If 322 # 0 or
22 < 0, we have u = Ro(2%)v € H?. Proposition 2.1 now yields u = 0 = v. Finally, if 22 = X > 0
then u satisfies

(A+XNu+ Aa—1)u=0.
Regarding W (z) = A(a — 1) as a potential with |z|?(z)%/?W € ¢'L>®, Lemma 3.3 in [11] shows
that v = 0. Then (2.12) follows from (2.5) as before by analytic Fredholm theory and the
representation R(z2) = Ry(2?)(I + K(z))~!.
Consider now the radiation estimate (2.13) assuming (z)*72%9(a — 1) € L. We transfer
estimate (2.7) for Ry to the perturbed resolvent R, using the representation R(2%) = Ry(2%)(I +
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K(z))7L. In view of (2.3) and (2.7), we only have to prove that I + K (z) is an invertible operator
on the weighted space L? with norm ||(z)* f|| 2. Note that we have already shown that I + K(z)
is injective on the larger space Y*. It thus it remains to check that K(z) is compact on L2. We
can write ]
K(2) = ()30 (a = 1)z (2)* - ()22 Ro (%),

Observe that (z)219(a — 1)z is a bounded operator from L? to L2 since (z)5t2+9(q — 1) € L™,
()2 is bounded from Y* to L? by (2.3), and (2)~279Ry(z) is compact on Y* because of (2.5)
and (2.14). Summing up, K(2) : Y* — L? is compact and due to the embedding L? < Y* it is
also compact on L2.

The final claim is a consequence of the representation R(22) = Rg(22)(I + K(z))~! and of the
bijectivity of I + K(z) on L? for the above values of s. O

Note that writing AR(2)f = f — azR(z) f, Proposition 2.3 also yields
IAR) flly < Iflly +[2ICEIflly- < Cr(2)Iflly-
where we used the inequality || f]ly < || f]lv=, cf. (2.3). This gives the complete estimate
IR fllx + 12R(*) flly + IVR(*) flly + IAR() flly < C)IIfly-- (2.15)
Finally we consider the case of the full operator
L(z) = A+ a(z)2* + b(z, 9).
In the following, we actually treat a more general matriz operator
L(z) = A + Iza(z)2* + b(x, ).

Here I3 is the 3 x 3 identity matrix so that the principal part is a diagonal Laplacian operator.
Moreover, b(z, 9) is a 3 x 3 matrix first-order operator subject to conditions as in the scalar case.
It will be clear from the proofs that in our setting no change is required in the matrix case.

In order to perform the usual injectivity step, we shall make the following spectral assumption
saying that L(z) has no resonances or eigenvalues. See Remark 2.5 and Propositions 2.6, 2.7,
and 2.8 below for a closer examination of these conditions. There we show that these conditions
only lead to mild extra conditions when establishing our main results on the Strichartz estimates
for the Maxwell system. Actually, these extra conditions are only needed to exclude a resonance
at z = 0, see Proposition 2.8.

Spectral assumption (S). Let Sz > 0. Then L(z)u = 0 implies v = 0, provided

(1) either z ¢ R and u € H? (no eigenvalues)
(2) or z € R and u = Ry(22)f for some (z)2T f € L? (no embedded resonances).
Note that u € Ry(2?)Y* satisfies Vu, Au € Y, and v € X (and u € Y if 2 # 0) by Lemma 2.2.

We briefly discuss condition (2) for z = 0 (no resonances at 0). It is necessary since the
presence of resonances competes with dispersion, a well studied effect since [22]. If (z)2 17 f € L2
then u = A~Lf satisfies (z)~27 u € L? for all ¢/ > 0, thus our non-resonance assumption is
slightly weaker than the usual one.

Moreover, the non-resonance assumption is generic in the following sense. We take a parameter
w € R\ 0 and consider the modified operator A + wb. Under the previous assumptions on € and
1, then the set of values w such that A 4 wb has a resonance at 0 is discrete. Indeed, one easily
checks that 0 is a resonance for A + wb if and only if —w™! is an eigenvalue for the compact
operator b(z,d)A~! on the weighted L2 space with weight (z)2 7.

Proposition 2.4. Let L(z) = I3A + I3a(z)z? + b(z, 0) with |z|*(z)%(a — 1) € L™ and b(z,0) a
first-order matrix differential operator satisfying
b, 0)v < Cy((a)™ o] + (&)~ V) (216)
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for some Cy,d > 0. Assume L(z) satisfies the spectral assumption (S). Then for Sz > 0 we have
lullx + llzully + [IVully +[[Auly < C(2)[[(2)2 " L(z)ul| 2 (2.17)

Proof. As before we write
L) = T+ KA +a2),  K(2) = bz, O)R(=2), (2.18)

where R(z) = (A + az?)~! is the operator constructed in Proposition 2.3. Estimates (2.4) and
(2.15) and the assumptions on the coefficients imply the compactness of K(z) as an operator on

Lf/ﬂ and the continuity of the map z — K (z) in the operator norm.

To prove injectivity of I+ K (z), assume f+ K (z)f = 0 for some f € L%/2+' Let u = R(2%)f so
that u solves L(z)u = 0. Note that by the final claim of Proposition 2.3 we also have u = Ry(2?)g

for some g € L? If z € R, assumption (S) yields u = 0 and hence f = (A + az?)u = 0. If

1/2+°
2z € R, since Y* C L? and R(2?%) : L? — H?, we see that u is actually an eigenfunction of L(z),
and again by (S) we deduce u = 0. The rest of the proof is similar to the previous ones. O

Remark 2.5. Assumption (S) is satisfied for z sufficiently large with respect to the coefficients.
This is a consequence of estimate (4.6) in the next section.

The spectral assumption (S) is satisfied if a and b have some additional structure that is
present in our main goal, the Maxwell system in the second-order form (1.11). We first consider
part (1) of (S) and exclude eigenvalues in the next result. Observe that the assumptions (2.19)
and (2.25) imply condition (2.16) from Proposition 2.4, cf. (1.10). This fact is used below several
times.

Proposition 2.6. Assume that the coefficients in Proposition 2.4 have the form

a(z) = e(x)u(x), b(xz,0)u =V x V xu—e(@)u(z)V x (ﬁv X ﬁu), (2.19)

where € and p are bounded and uniformly strictly positive. Then property (1) in the spectral
assumption (S) is satisfied.
Proof. In the present case the equation L(z)u = 0 can be rewritten as
22epu+ Au+V x V xu—euV x (%V x Lu)y=0

or equivalently

Pu+ LV(V-u) =V x (V% qu) = 0. (2.20)
Assume that z ¢ R and u € H? is a solution of (2.20). By taking the divergence of the equation,
we see that the function ¢ = V - u satisfies

2o+ V- (iV(b) =0.

As z ¢ R, this equation implies ¢ = 0 (i.e., u is divergence free) since the operator V - (G—MV(b)
is selfadjoint and non negative as soon as the (real valued) coefficient eu is bounded and strictly
positive. Thus the equation L(z)u = 0 reduces to

2?u =V x (iVx Lu), V-u=0, u € H (2.21)

It is now convenient to set

E = u/e, H=—(ipz)"'V x E, (2.22)
so that (E,H) are H! solutions of the stationary Maxwell system
iezE=V xH, iuzH=-VxE, V-.(E)=V.(uH)=0. (2.23)

We integrate the identity
ZxEP?+H?-|Z2xE+H?=-2R%Z-E x H)
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over a sphere |z| = R. The divergence theorem then yields

Jioj=rllZ < E? + H]? — |2 x E + H|?|dS = —2% [ - (E x H)dz.

z|<R
Writing

V- (ExH)=H-(VxE)-E-(VxH)=—izu[H> 4+ ize|E|?,
we deduce

Jioj=gll® x B> + [H[JdS + 232 [, p[e[EP* + p[H[!Jdzw = [, _, 7 x E+H[?dS.  (2.24)

z|=

If we integrate in R from 0 to +oo, the RHS gives a finite contribution since E,H € L?. As a
consequence the second integral on the LHS must be 0 (recall that Sz > 0). We have proved
that E = H = 0 and in particular v = 0. O

We next treat resonances at z? > 0 which requires more sophisticated tools.

Proposition 2.7. Assume that the coefficients in Proposition 2.4 have the form (2.19) and
satisfy €, u > 0 as well as

(@)?F (e = 1] + | = 1] + | D?e| + [D?u]) + (2) (| Vel +[Vul) € L. (2.25)
Then also property (2) in the spectral assumption (S) is satisfied if z € R\ {0}.
Proof. Let z € R\ {0} so that A = 22 > 0. We take a solution u of L(z)u = 0 of the form
u = Ro(\)f for some f € L?,, < Y*. In particular, from (2.15) with a = 1 we know that

u, Vu, Au € Y.
Proceeding as in the previous proposition, we see that ¢ =V - u € Y satisfies

A+ V- (LVg) =0

1/24

which can be written as
(A+XN)p—VB-Vo+ Aeu—1)¢ =0, B =1In(ep).
Setting ¢ = /eu1p, this equation is transformed into
(A+ Ny +c(x)y =0, c(z) = 1AB — 1|VBI> + A(epn — 1). (2.26)
)

Condition (2.25) for some &’ > § implies that |z|*(z)%c(x) € 1 L> and ¢y € Y*. Lemma 3.3 in

[11] thus yields ¥ = 0 and hence ¢ = 0.

We next show some decay of u. Since u is divergence free, as in Proposition 2.6 the equation
L(z)u = 0 is reduced to (2.21) with 22 = X. Defining (E, H) as in (2.22), with v/ in place of z,
we see that (E, H) satisfy the Maxwell system (2.23) with z = v/A > 0. Since 3z = 0, equations
(2.24) and (2.22) imply

= fm:R |N\ﬂ|—2|v xE — W\/XEE\ > E|2dS,

Multiplying both sides by the (radial) function (x)*~! and integrating in the radial variable, we
arrive at

[(2)* ' x Bl 22 + [[(z)* " H| 12 < C(m)A"?|[(2)* " (V x B — inV/AZ x B)|| .
Now the radiation estimate (2.7) with s = + yields
[2)" 54 (V — i@V RoN) |2 < Cll{) 5 £ e (2:27)
By means of E = u/e, we write

VXE—Z';J,\/XEXE:(V)XU—FMF( — )T X u+ LV xu—ivVAZT x ). (2.28)
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We know that u = Ro()\)f for some f € Y*, so that u € X and v u € Y by (2.5). Condition
(2.25) and (2.4) then imply that the first two terms on the RHS of (x)~ =% times (2.28) are
bounded by |[(z)2F f||.>. Using also (2.27), we derive

()3 % x Bll2 + [ (2)"*TH] 2 < Cle, V| {@)# fl|2 < oo.
This proves that <x>_%+H and hence (x)_%“‘v x E are contained in L2. On the other hand,
E = ¢ 'Ro(\)f satisfies (z)~'/2~E € L? by (2.4). The condition V - (¢E) = 0 and the decay of
Ve thus give (z)" 2TV -E € L2 Tt follows that (z)~2TVE is an element of L2, which leads to
(z)~2+Vu € L? and the estimate
)™+ Vull 2 < Cle i W) () 3 |2z < oo,
Recalling the original equation satisfied by u, we have
(A+Nu=—g

with ¢ = Ma — 1)u + b(z,0)u and a = eu. Since u, Vu € Y, the decay assumption (2.25) and
(2.4) yield (z)2*g € L2. By the radiation estimate (2.7) for Ry()), we obtain that (z)~2+(Vu —
iv/AZu) € L? and in conclusion (z)~2+u € L2. Note that also |z|~2+u belongs to L2.

To prove that u = 0, we use a Carleman estimate from Proposition 5 of [24] for the special
case of the operator A + A and of a function with |z|~*/2*u € L2. There it is shown that

|z|wp

lwpullez + | rap Vullee S llw(@)p™ (A + Xl 2

where w(z) = eh(n 1))

’ ’ P 1/4
W) =i+ (re/? = )i, pllal) = (MR (14 MmEn))
The estimate is uniform in 7 > 7 for some 7 > 1. We further set ¢(r) = h(Inr) and note

p(r) =r=3(¢'(r) + ¢/ (r)*)7.

, €,71 > 0 are small but fixed, and

We can write
lwp™ (A + Null L2 S [lwp™ (Z;A + Nul L2 + Mlwp™ (ep — )ul| 2
and also
—iAu =V x /%V X %u +LOT =X u+L.OT.

Here the lower order terms are bounded by (x)~27°|u| + (z)~'~%|Vu| due to (1.10) and (2.25).
We obtain

lwpull 2 + || el Vall e S lwp™ (L.0.T.) |2 + Allwp™ (epr — 1)ul| 2.

To absorb the RHS by the left, we have to prove that the functions m; = p~2(x)~27° and
my = p~2(1 + ¢'){x)~17? are smaller than a certain constant 7 > 0 uniformly in = for a fixed
large 7. This will yield v = 0 and thus the result. Let r = |x|. We first observe that

_ W(nr) 7° + mer?

!
’r. - )
#r) r 7203 4 er
mi(z) < (2) 720 (1) + ¢ (1)) 77 < (2)TE0 ()72 < () TR0 () 7,
-1 1+¢'(r) _ —1-5 -1 -1 TT4+E%T% _
mo(x) < (x) 27" ———F—~—F = ()" 2 r)7: < (Czx) 25—+ =m(z
2(a) < (o) 3 B () hig () < Oy il o)
Let r > rg for some ry > 1 to be fixed below. We compute
_1_5 1 1_5
m(a:)g r 41 I 527“41 i 57-_%—1—7“0_6.
T2 (me)2re
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uniformly for 7 > 1 and r > ro. We can fix 7o > 1 and 79 > 7 such that m(z) < n for all 7 > 7
and |x| > rg. Let now |z| = r < rg. In similar way we estimate

11 _3 1 3
m(x)S—HST 2rg + T 2eRrg
T2 + (T€)27ra
Fixing a large 7 > 79, we conclude that m(xz) < n and hence mq(z), ma(z) < n for all z. O

It is possible to exclude also a resonance at z2 = 0, provided the derivatives of the coeflicients
decay at a somewhat faster rate. We now use that the space dimension is n = 3 which did not
play a role so far.

Proposition 2.8. Assume the real-valued coefficients €, u > 0 satisfy (2.19) and
le =1+ | = 1 + Ve[ + [Vul +[D?p| S (@) 7270, D% S (a)7°° (2.29)
for some § € (0,1). Let L(0)u = 0 for some w = A™'f and f € L? Then u = 0, so that

12
spectral assumption (S) is true in view of Propositions 2.6 and 2.7.
Proof. 1) We have Au = f € L1/2+ s Y* and hence D?u € L?. Moreover, Lemma 2.2 yields

Vu € Y and u € X. As before, we first consider the function ¢ = V - u which now fulfills the
equation

1/2+"

V- (iw) =0, ie, A¢p=Vj Vo, B = In(ep).
Starting from V¢ € L?, we get A¢ € L? and then V¢ € H2 , so that ¢ € Ct. By (2.29),

loc?

o 2 2
g=Vp3-V¢ satisfies gEL%_5/2, VgEL%H.

Note that this implies <x>%+5g € LS because of
3 3 1 3
1(2)2 gl e SUV2)29)ll12 S (@)= gllrz + [[(2) 2T Vgl 12 < oo
Since ¢ = A’lg, we can estimate
3_ _
o) < [ 28y S 10202l o ([ rttemm) ' S lal 742
using the standard inequality
fRn W < |x‘nfa7b
for a,b € (0,n) with a + b > n. In a similar way we obtain
3 d 1
Vo(z)| S f lg;g(z)‘Ldl/ S ||<$>2+69||L6(f (y)(3+25)3/g‘m_y|12/5)5/6 S |z =9,
Together we have proved the decay
()| S (2) 72 V()| S ()70 (2.30)

Let x be a radial cut-off function equal to 1 on B(0, 1) and with support in B(0,2). Set xg(z) =
X(R7'z) for R > 1 and ¢ = Yrp. We compute

V(aVer) =2aVxgr - V¢ + Va - Vxro + apAxg, a=(ep)~".
Multiply by ¢r and integrate by parts. The above estimates then imply
fIxISR a|V¢R\2 5 fR§|x\§2R(R_1<w>_2_6/2 + <m>_1_6R_1<x>_2+5 + <m>_2+5R_2)
(we used again (2.29)) and we deduce that for R — oo
f|m|§Ra|v¢R|2 SR2 0. (2.31)
We conclude that V¢ = 0 and by the decay of ¢ we have V- u = ¢ = 0.
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2) Using V - u = 0, as in Proposition 2.6 the equation L(0)u = 0 is reduced to

V x (%V xLu)y=0 or equivalently Au = —b(x,0)u =: F. (2.32)

We can write
F| = [bul S (IVul? + |[Vel® + D) ul + (IVe| + [V u]) |Vl (2.33)
We have Vu € Y C L271/27’ ue X C L273/27 (see (2.4)), and by assumption Au € Lf/%.

Condition (2.29) then yields that F' € L§/2+5/2. Moreover we have

3
2

3,98 _1_ _1_3
(@2 2P| < ()2 2 ul + (@) "2 72| Vul.

The second term at the right belongs to L° since ||Vul|zs < ||Aul|z2 and Au € L§/2+. For the

first term we have
1)~ 5l e S V(@) 2 2u) |2 S (@) "2 3ul| e + [[(2) 25 V|12 < o

since v € X and Vu € Y. We infer that <x>%+%F € LS. Thus we can repeat the argument in
Step 1) and we obtain

[u(@)] S ()74 V()] S @)~ 02 (2.34)

For xr as above, the map ur = yxgu satisfies
V X (;V % cup) =V x (;Vxr X u) + ; VX % (V X cu)

because of (2.32). Similar to (2.31), we conclude that
/ IV x Lupl?Llde < R4
z|<R .

and hence V x %u = 0. The Helmholtz decomposition thus yields %u = V¢ with the potential
e=A"'V -1y =AY (V1. y),
where we employed again V -« = 0. Estimates (2.29) and (2.34) imply
dy —14 dy —2+4
<Pw§/_7§$ ; Vo) S | 70— S el
NS | e B VADIS | e ¥

On the other hand, we have 0 = V - u = V - (V) which leads to

/ €|Vp|dz = ‘/ T - wds‘ < RPRMFRT2 < RIF
ja|<R ol =R

for R > 1. As R — oo, we infer that u = eV = 0. ]

3. HIGH FREQUENCIES

In the high frequency regime |z| > 1 we can prove more precise estimates, with the correct
dependence on z of the constants. This will require a splitting of space variables in two domains:
for large x we can use a Morawetz type estimate since lower order terms are small there, while
for bounded = a modified Carleman estimate is sufficient. This kind of splitting has been used
by several authors (see e.g. [0]).
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3.1. Morawetz estimate. Assume a(x) > 0 and let
f=Av+ 2%a(2)v, 22 = \+in. (3.1)

Here we may assume 71 > 0 since the case n < 0 is reduced to the first one by conjugating the
equation. Then for all real valued ¢ and 1 we have the well known identities

RV - {Q + P} = —LA(AY + ¢)|v|? + 20,;00;0100 — Aa(2)¢|v|? + AVY - Va|v|?
+¢|Vol? + 2na(z) [0V - Vo] + R([A, ] + ¢)5f],
V- P =¢|Vol> — 22a(z)|v]*¢ + fop — A¢|v|? +iS(TVV - Vo) (3.3)

for the functions

(3.2)

Q = Vo [A ] - sVAP|o|* = VY |Vol? + Via(a)Alv]?,
P =Vu¢v — %V¢|v|2.

The quick way to check these identities is by expanding the derivatives of P and @Q at the left
hand side. In these computations we assume that the functions are sufficiently regular, and below
we also need some integrability; these technical assumptions can be removed by approximation
arguments. We rewrite (3.2) in the form

RV{Q+ P} + 1+ 1 = Iy, + 1, (3.4
where
Ivw = 20,0 (9,008) T + 6V0l, I, = —LA(AG + G)uf? — Aa(@)olo]? + AV - Valol?,
Ip = —-R(fIA YT+ fU9), I, = —2na(z)3(v V) - Vo).

1) We first deduce from (3.3) some easy estimates, where we now work in three space dimen-
sions for simplicity. We take the imaginary part in (3.3) and integrate on R®. It follows

n [a(@)|v)?¢=S [ fop+S [vVv- V. (3.5)
Choosing ¢ = 1, we infer
nllat2ol? = f f5. (3.6)
Similarly, the real part of (3.3) yields
S OIVul2 = A [ alo26 — R [ f56 + & [ Aglol? (3.7)
and with ¢ =1
Vo] = Ala/20[|* =R [ fo. (3:8)

In order to estimate the term I, in (3.4), we use (3.6) and (3.8) to deduce
J Iy < 2nllla’?Vy| e [lal 2ol 12V ol| 2 < Cll 2 (f [fo) Y2 (M@ 20l 72 + [ | £2))1/?
with C' = 2[|a’/?V1||~. Equation (3.6) then leads to
J Iy < CUIF) 2N [ 1£o] + Il [ 1 £9)Y2,
and we arrive at the estimate
J Iy < 21|a" 2Vl (AL + )2 foll o (3.9)
2) In (3.5) we choose ¢ as
o(x) =1 if|z] <R, ¢(x)=2- if R<|z|<2R, o(z)=0 if|z[>2R  (3.10)
We compute
ul \[\IISR alv]* < f|a;|§2R |fol + % ngmng v[ [V

_ (3.11)
S f|x|§23 |fol + R”U”XHVWHY
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Note that we used the homogeneous norms (2.2). Dividing by R and taking the supremum over
R > 0, we obtain the estimate
[nllla*2ol3 < lllel = foll70 + ol + Vol (3.12)
Next, take ¢ = \wlﬁ and note that
Agp = *%5@\:1&{-
For this ¢, equation (3.7) implies

Vol2—\ 2 T 1 p—
JIE2A gy 4 Ly [ g 0l?dS < f L <[] £ (3.13)

To proceed, we have to distinguish three cases for A. First, let A < 0. We deduce
£ Joj<r VO +alMv?)de + 55z [, _p WPdS < |ll2] = |1,
and thus, taking the supremum over R > 0,
IVoll3 + Allla2oll3 + oll% < 2]~ follre-
Combined with (3.12), this relation shows
Vol + llza'2ollF + llol% S lllel 7' folle for A <o (3.14)
If A > 0, with a similar computation, from (3.13) we infer the inequality
IV0ll3 + lloll% < Co(lll«] ™ follr + [Alla*/?0l3)  for A>0

for a suitable constant Cy > 0. Let now A < (2Cp)~t|n|. As |- |ly > | - |lv, the above estimate,
(3.12) and (3.14) imply

IVoll + [lza'2ol3 + [Jol% < lllel " follze for A< Ciln| (3.15)

where C; = (2C,) L.

Recall now that f = (A + z%a)v. In the desired result we also have a first-order operator
b = b(x, ) satisfying (3.27) below, with a sufficiently small constant o. To include this term, we
write f = (A + z%2a + b)v — bv. We can control the new term with bv via

2|~ 00 (x, B)vllrs S olllz|~1/2(z) =17 20l|7s + ol (x) =2V 2| () " 22| | e
so that (a variant of) (2.4) shows
2|~ wb(z, 0)vll s < ollv]% + ol Vo3

These terms can be absorbed at the left if o > 0 is small enough. Inserting f = (A+22a+b)v—bv
in (3.15), we conclude

IVoll3 + llza'?ol3 + ol% < 2]~ B(A + 2%a+ b)v[r for A< Cily. (3.16)
Observe that

=1~ gvllze < llglly=llel" vlly < lgllylvllx-

again by a variant of (2.4). Absorbing a ||v||§( term, we arrive at

Y *

IVolly +[lza'2olly + [[vllx S (A + 2%a + b)o]

v+ for A< Cyn). (3.17)

3) It remains to consider the case 0 < Cy|n| < A, for which we need (3.4). For arbitrary R > 0,
we now employ the functions

R2 + |x|? 1
= T"lmgpz +[2[1)2)> R ¢ =—=15<k- (3.18)

v R
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One calculates
|| 1

W = ) ¢// = *1\m|§R7
|x|2YR R (3.19)
Ay +¢= m7 A(AY + ¢) = *%5\x|=R~
We assume
0<a<alz) <M, l{z)a" a=t||p o Si.
Using these relations and the inequality
J V- Valol? = —lla o2l = ~2la 2ol ()aa e,
cf. (2.3), we obtain
suppso [ Lo = [[v]% + lla'/?0ll5. (3.20)
(Recall (2.2).) Since 9 is radial, we can write
20,0 (9;00) Fyv = 20" |- Vol + 28 [IVol? = [ Vol | = E 1<l Vol?,
so that
suppso [ Ive 2 VO[3 (3.21)
Integrating (3.4), the lower bounds (3.20) and (3.21) show
||v||?X + AMa'/20||2 + | Vol|2 < supgso [ If +supgso [ 1 (3.22)
In view of |AY + ¢| < 2/|z| and |Vy| < 1, we have
J1p <22l fll + 21| £V o
Because of 0 < Cy|n| < A, estimate (3.9) for the above ¢ yields
J Iy S (MY £5]| 1. (3.23)

for every R > 0. We thus arrive at
1% + Mla'2oll3 + [IVoll3 < lllzl = follpr + [1f VT + (MN)V2[ foln - for X > Cilnl.
We now use the inequalities
2|~ folles < IIF]
as well as |n| < %A and a > «, to obtain
1
[oll% + 20l + [Voll§ < CM, )l £17-- (3.24)

Recall that f = (A + 22a(z))v. As in (3.16), in (3.24) one can now add and subtract the
term bv on the right hand side and absorb error terms for a small ¢ > 0 (w.r.t. & and M). We
conclude that

vellvllx, I/l < flly-llvlly

[v]l% + 2013 + Vol < cla, M)[I(A + 2%a + b3 (3.25)
Putting the pieces together, (3.17) and (3.25) we have proved the following uniform resolvent
estimate under a smallness condition on the coefficients of b(x, 9).

Proposition 3.1. Let z € C with 3z > 0. Assume that for some M,a > 0
a<alz) <M, [(z)a=ta  |[ppe < 1, (3.26)
while the first-order operator b(x,d) satisfies for some o,0 > 0
[b(z, 9)v| < o({a)">~°fv] + (x) =1~ Vu)). (3.27)
Let o be sufficiently small with respect to o and M. We then have
vl + lzvlly + [|[Volly < c(a, M, 0,8)[[(A+ 22%a+ b)v|y=. (3.28)
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We now localize estimate (3.28) to a region |z| > S, where S > 1 is fixed but arbitrary. We
shall assume that condition (3.27) is satisfied only in this region:

b(x, 0)v| < o({x) 20| + (x)~17%|Vu|) for |z| > S. (3.29)

Let xo be a real valued radial cutoff equal to 0 for |z| < 1 and equal to 1 for |z| > 2, with a non
negative radial derivative x( > 0. Set x(z) = xo(x/S) with the parameter S > 1. Note that

VXIS 5 e, IAXI S 57 1 es
where |x| ~ S is a shorteut for S < |z| < 2S5. We consider w = xv, L = A +az? +b, 2% = A +1in,
and
f=Lv, g=Lw=xf+[LxJv, [Lx]v=2Vx-Vv+Axv+I[b x]v.
Assumption (3.29) yields
[b(z, 9), x]v| < [olo(z)™ °|Vx| S 0572 o[L s,

where we can assume w.l.o.g. ¢ < 1. We thus obtain

I[L,X]ol < eSTH(ol + Vo) 1j)ns (3.30)
for some constant ¢ = ¢(o, M). We now prove a version of (3.28) for vg = xv.

1) It is sufficient to consider n > 0 as the case n < 0 follows by conjugation. First, let
—00 < A < C1n < +oo. We can here apply estimate (3.16) with w in place of v, i.e.,

IVwly + llzwll§ + wl% < elllz|~@Lw|L:

(Since w = 0 for |z| < S, it is sufficient to assume the localized condition (3.29) on the lower
order terms.) Writing Lw = xLv + [L, x]v and using the estimate (3.30), we infer

|~ wxLwl g < [l @xLollps + eSTHI(Jo] + VoDl p ages)

for some ¢ = c(o, M). The space £*°L>L? was introduced after (2.3). Analogously, we define
'L'L? and control its norm by
2j+1

1 ) 1
lullerzize == Z/ (/ [u?as) " ar < ZQ%(/ uffdz)” < Jul
j>07% |z|=r >0 A,

employing (2.3) in the last step. By means of a variant of (2.3), we thus obtain

Y*,

x|~ wxLollpr < [z wlleepoo 2 X Lol prLe S llwll ¢ IxLolly-,
We conclude

IVwlly + llzwly + lwl% < cllxLv|

v+ eSTH(ol + [Vo))vl 1 (j2)~s) (3.31)
for —oco < A < C1np < 4o0.

2) Let now A > Cyn > 0. For this case we resort to (3.22) with w = v in place of v and
h = (A + z%a(z))w in place of f which gives

lwll% + Mwll} + IVwl} S suppso [ In +supgso [ I (3.32)
where ¢ and ¢ are given by (3.18) as well as
I = —R(2VY - Vo + AYw + gw)h), I, = —2na(z)3(@ Vi - Vw).
By (3.19) we have |V¢| <1 and hence
J I, < 2Mp|wVw| S 2Mp|[@Vol|r + 2MnS~H[[vf2[| 1 (ja)~s) (3.33)
for all R > 0. Next, identities (3.6) and (3.8) imply the estimates
ol < e Yol Vol < MAJol* + [1£7]] 1
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where || - || = || - ||r2. Taking into account S > 1 and A > Cyn, we infer
1S~ M| Ljajms0l® < @7 £ 11,
[TVl < A2 o)+ A7 2 VolP < T IAYE ) foll s+ MpA 2 o)+ 0AT 2 fT)
< (o7 + Ma™t + CTOAY| f3 .
So (3.33) leads to
J I, < Cla, M)A+ N 2|| o 1 < Cla, M, p)|| Lo]

Yo o1+ N)vlF (3.34)
for all p > 0. On the other hand, I, can be written as
I, = —§R((2Xl//m +2X''0 + (AY + )W) - (2x vr + Axv + xLv — xb(z, 8)11))
=N+I+I1I+1IT+1V
for the summands
N =~y o[,
I=—R2xV'0+ (AY + ¢)w) - 2 v,
II = —R((2VY - VU + (A¢ + ¢)w)Axv),
IIT = —R((2VY - Vo + (AY + ¢)w)xLv),
IV =R((2VY - VI + (A¢ + ¢)w) (b(, d)w — [b, X]v)).

The term N is negative and can be dropped. For the remaining terms, we recall from (3.19) that
V| <1 and |AY + ¢| < 2/(z) on the support of x, independently of R > 0. Moreover, the
definition of x yields

X < cS_llmws <cfx)t and |Ax| < cS_2l|x|Ns < clx) 2
for S > 1. We thus obtain
I+ 115872 |(IVo] + [u])1ja)vs,
HI S [xLo|(IVwl + ()~ Hwl),

_ 1
1T < XLl + 75 162) " wlly + 5V elly-

=l
10
Note that ||(z) twlly < ||w|x, cf. (2.4). For IV we use (3.29) and get

IV < (| V| + ()7 fwl)o ((2) 7' |Vwl + () 72 w] + ST [u[Lj)ns)

< co(z) (V| + (@) Hw))? + coS o1 as,
estimating [b, x| as in (3.30). Invoking (2.4), it follows
1VIlz: S ollwll + oVl + o872l L1 o))

Thus if ¢ is small enough we derive

JIn < elxLolle + eS72I(Vol + [oDvllprares) + 5llwll + 51Vl

Plugging this estimate and (3.34) in (3.32) and absorbing some terms at the LHS, we arrive at
[wli% + AMlwl§ + IVwl§ < ClILvlR. + CS™H (o] + [Vo)vll ei~s) + 02 (1 + A0l (3.35)

By the condition 0 < 7 < C;\ we can replace A by |\ +in| = |2|? on the LHS of the inequal-
ity. Combining (3.31) and (3.35), we have proved the following uniform resolvent estimate for
functions localized outside a ball, provided that the lower order coefficients are small in that
region.
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Proposition 3.2. Let M,«,0,0 > 0 and S > 1. Assume that a(z) satisfies (3.26), while the
first-order operator b(x,0) satisfies
|b(x, )| < o({x) 20| + (x) 10 |Vu|)  for all |z| > S. (3.36)
Let 0 > 0 be sufficiently small with respect to o and M. Then for all z € C the function
vs = vl >25 satisfies
loslix + lzvslly + [Voslly < ClLLolly- + S0l + [Vol)vll AT sy + o0+ 220y (337)
for all p >0, where A = Rz2, L(2) = A + 2%a(x) + b(z,0) and C = C(a, M, 0,6, p).

3.2. Carleman estimate. We shall combine estimate (3.37) with a Carleman estimate in a
compact subset of R?, in order to handle coefficients which may be large on a bounded subset of
R3. Our goal is an estimate for (large) frequencies 22 = X + in belonging to a suitable parabolic
region, which is needed for our later investigations. In the following computations we consider
functions u € H? which decay fast enough, actually the result will be applied to functions with
compact support.

First, let 22 = A < 0. Integration by parts yields

JIVo|2 = R22 [a(z)|v]* = =R [((Av + z2av)D), 322 [a(x)|v]* = S [((Av + 2%av)D).
These identities lead to
IVoll72 + [Allla*/?0]7

IN

180 + 22av] L2 |v] 22 < llAv + 22av]32 + B[l /203

1/2

N

A
nllla/2v)2: < &1 Av + 22av|32 + G203

Using a < a(x), we obtain the elliptic estimate

C(a
IVol2: + ll20032 < [IVol32 + Lllza'/?0]3. < SEHI(A + 22a)oll3,

For any first-order operator b(z,d) with bounded coefficients, the above inequality implies
IVol|72 + [[2v]l72 < Cla, Mo)[(A + 2%a + b(a, 0)

) |L27
[ol[% + [Volly + [20]13 < Cle, M) I(A + 2%a + b(x, 9))vll5
)

(3.38)

for all R2% < —\g(a,b), where \g(a,b) > 0 depends only on « = inf a(x) and the supremum of
the coefficients of b(x, d). In the second line we employ (3.18) from [5] and (2.3).
We thus focus on the case A > 0, starting with the main part A 4 az2. We use the notations

r= |z, == o =7V, Q=1rV —z0,, O=0-27.

]
As above, we denote the radial derivative of a radially symmetric function with an apex, ie.,
¢'(r) = 0r¢. The vector fields Q and ) satisfy the relations
7-0=0, [,QfdS=0
and we have
0?2 = Age, A=0%+ 28 + 102, |Vol2 = |0,v] + T2|Qv\2.

Fix two radially symmetric, real valued functions ¢ and . We introduce the transformed
operator
Q =re?(A+ 22a(x))e ?r 7, 22 =X+in, \neR,
or more explicitly

Q=07+ z0 + %a(z) + ¢ — ¢" — 2¢/0,.
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It is straighforward to check
O {7 Ao} + Q- {120} = 29 RIQu- 7] + 2yma()(v - ;) +
+ (Y + 4¢P = (F) 1w + [(Aa(z) + ¢ — ")) v]?,
where A = R22, n = 322 and
Ag = |0pv]? = H|Qu* + (Aa(z) + ¢"* — ¢")|v]?, Zo = 2R(r2Qu - 7).
Lemma 3.3. Assume a(x) satisfies

0<a(z) <M, (v+r)a_ <2a—v,

(3.39)

(3.40)

or some M > 0 and v € (0,1]. Let A = Rz2, n = 322, v\ > 202, and 7 > M? + 4. Then we
n n

have the estimate
e?(x)~Y2Vul2, + (Rz? + 72) | e?ul|2, < 100477 |e? (v + ) (A + za)ul?
where ¢(r) = 7(r? + 7).
Proof. Identity (3.39) implies
O {1 Ao} + Q- {720} + 7 19|Quf?

(3.41)

> (7 + (49 = 1)y = M2y 3o = ()| + [(Aa(2) + ¢ — ")) ol — 0?2 o]

‘We make the choices
V) =(+r)? ) =7(r*+71)
with the parameters 7 > M? + 4 and v € (0,1]. We obtain

0= 8, {7y Ao} + Q- {720} + 7 |Qu? > 27(r + V)yfu,|? + 2|02
+ (Aay) + 72 (v + 1) = PyE) ]

Condition (3.40) yields (ay)’ > vy'/2, and vA —n? > v\ follows from the assumption on z. We

can thus continue the previous inequality as
0> 20 (r + Dylo, > + 25002 + (AvA(v +7) + 72 (v + )3 o]
Now we integrate over the cylinder IT = [0, +00) x S? and use the notation
+
vl = 0 OofSZ |v|2dSdr.
So the above lower bound leads to
Tllvr I + 5572l + vl + 272 (v + r)ollf < 207072 [(v + 1) Qullf.
Setting v = re®u, we have
||UHH = ||e¢u||L2(R3)7 ||T73/2QU||H = HT73/26¢QU”L2(R3),
[(v+7)Qulln = [le? (v + 1) (A + 2%a(x))ul| L2 ws),
which implies the first partial estimate
¢
TlloelIf + 1557 QullF2 + AMle?ullzz + 272 (v + 7)e?ul|72
<227 e? (v + ) (A + 2Pa(x))ul|2e.
In order to handle the v, term, we first define v = rw, i.e., w = e®u. Observe that

2 —
ol = [ |we + 22dz = [(Jw]? + 2 + 2Rw, D) dz,

r2

[ 2R, Tdo = [ 13- Vjulde =~ [ 0PV (D)do =~ [ 1 do,

(3.42)
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and hence
e[l = lwrll 2y = lle®(ur + Pu)llr2@ay,  ¢'(r) =7(2r +1).
We deduce
le?url|Fems) < 2llvelify + 8v7272(le? (v + r)ull L (gs)-
So estimate (3.42) gives
lefurll2: + 1557 QulZe + A+ ) llePull2s < 10074771 [le? (v 4 7)(A + 22a)ul3..
Inserting |Vul? = |u,|* + % [Qu|?, the assertion (3.41) follows. O
We now take a first-order operator b(z,d) and let L = A + z%a + b. Note that
le? (v +7)(A + 22a)ull 2 < [l (v + r)Lul g2 + |e? (v + r)bul| 2.
Assume that u has support in the ball |z| < K for some K > 1 and that b(z, J) satisfies
[b(z,0)v] < N(Jv] + (z)~/2|V]). (3.43)
We can then estimate
le? (v +r)bullzs < 2N*(K + 1)*(e?ul72 + [le? (z) /2 Vul 7).

Taking a large parameter 7 > 1, the lower order terms on the RHS of (3.41) can be absorbed
yielding our Carleman estimate.

Proposition 3.4. Assume a(x) satisfies (3.40) and b(x,0) satisfies (3.43). Take z € C with
A=R22, n=S22 and v\ > 2%, Let ¢(r) = 7(r? + 1), u € H? have support in |z| < K for
some K > 1, and 7 > max{4 + M?,80v=*N?(K 4 1)?}. Then the following estimate holds

le® ()Y 2Vul2, + (Rz? + 72) | e?ul|2, < 4004771 |e? Lul|2,. (3.44)
Since (z)~! > (2K)~! on the support of u, choosing 7 sufficiently large we deduce from (3.44)
the estimate
lullx + lzully + [Vully < (K, M, N,v)[(A + 2%a(z) + b)ully- (3.45)
provided u is supported in |z| < K and 22 = X + in lies in the parabolic region v\ > 2n?.

4. THE COMPLETE RESOLVENT ESTIMATE

We are ready to patch the previous estimates and deduce a global one valid for all frequencies
22 = XA+ in in a region of the form

Q=0 ) ={A< =\ /2U{N + 02 < ATTU{vA > 297} (4.1)
for suitable v, A\; > 0. Recall that

o if 22 < —)\¢ for a sufficiently large Ao > 0, we can use the elliptic estimate (3.38);

e if 22 belongs to an arbitrarily large (but fixed) ball |22| < )1, we can use Proposition 2.4.
Thus to cover the entire region (v, \;) it remains to consider frequencies 22 = X + in in the
parabolic region given by A > X)) and v\ > 2n? for a sufficiently large A, > 0.

To this aim, we combine estimates (3.37) and (3.44) for functions vanishing inside, resp.
outside, balls. The assumptions on a(x) are

0<a<a(x) <M, {z)a=ta |lppe < 3, (v+r)a. <2a-—v (4.2)
for some v € (0,1]. For b(x,d) we require
[b(, d)v] < Co((2) =2 Jo] + ()~ 7°| Vo) (4.3)

for some C}, § > 0, which is the same as (2.16) in Proposition 2.4. Note that (4.2) contains both
(3.26) and (3.40), and (4.3) implies (3.43) (after possibly increasing N). On the other hand, if
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we take Sy > 1 sufficiently large (and possibly decrease §), we see that (4.3) implies (3.36) for
|x| > S for any S > Sy. From now on, Sy is fixed. Thus the assumptions of both Propositions
3.2 and 3.4 are verified.

Fix a radial cutoff function xo such that xg = 0 for |z|] < 1 and xo = 1 for |z| > 2. Set
S =28, and x(z) = x0(S~'z). We then decompose

llullx + |zully + |[Vully <IT+1I1 (4.4)
with
I = |Ixullx + lIxzully + [IV(xw)lly,
IT = [|(1 = x)ullx + (1 = x)zully +[[V((1 = x)u)lly-

Writing L = L(2) = A+2z%a+b, we can apply (3.45) to I since (1 — x)u is compactly supported
in |z| < 25, obtaining

ITS LA = x)u)lly= S Lully« + [llul + [Vulll 2 (s< a1 <2s)

The last term at the right is supported in |z| > 2S;. It can thus be estimated via (3.37) in
Proposition 3.2 with Sy instead of S, and hence

2
11 < | Lully- + p(L + =) ully + Cll(ful + [Val)ul Y2, 6.,

where p > 0 is arbitrarily small and C = C(«, M, 7,4, p, Sp). We next treat I again using (3.37)
with Sy instead of S (recall that we have S = 25;), which yields

I <C| Luj

1/2
ve 4+ o+ [2Dlully + Cli(ul + [Vulul Y2, -
Summing up, we get
1/2
I+ 11 < Cl|Lully- +p(L+ 2 lully +Cll(jul + [Vulul /2, s,
For every p > 0, the last summand is bounded by
1/2
(lul + [Vl Y2 1, o) < IVully + C(So o) luly (4.5)
leading to
ullx + lzully + [IVully < CllLully- + p(llzully +[[Vully) + Cllully.

Here p > 0 is arbitrary and C' = C(«a, M, 0,6, p,Sp). Taking p = 1/2 and absorbing two terms
by the LHS, we infer

[ullx + llzully + [IVuly < CfLully- + Clluly-
If we assume |z| > 2C', we can also absorb the last summand and we obtain
[ullx + llzully + [IVully < Cf|Lully-

for all z in the region |z| > 2C(a, M, 0,6, Sp) such that v\ > 2n%. We now choose a sufficiently
large A1 > 0 in the definition (4.1) of Q and employ (3.38) and Proposition 2.4 as indicated after
(4.1). In this way, the following main resolvent estimate is proved.

Proposition 4.1. Assume a(x) and b(z,0) satisfy (4.2), (4.3), |z|*(z)°(a — 1) € L™, and the
spectral assumption (S). Then we can find Ay > 0 such that for all 2> = A +in € C in the region
Q= Q(v, \1) defined in (4.1), the operator L(z) = A + z%a(z) + b(z, ) satisfies the estimate

[ullx + [[zully + [[Vully S [[L(z)ully- (4.6)
with a constant uniform in z.

The same proof applies to a matrix operator of the special form
L(z) = A + Iza(z)2* + b(x, ).
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Remark 4.2. The last condition in (4.2) is implied by

al_ 1
— <
a v+r

(provided v is small enough). Thus we see that the following assumption
o (z) < voa(z){z) 1! (4.7)

implies the last two conditions in (4.2), provided vg is small enough.

5. SMOOTHING ESTIMATES

We shall now convert estimate (4.6) into a smoothing estimate for the wave equation. First,
we repackage (4.6) in a weaker form in terms of weighted L? norms, in order to apply the Laplace
transform. Recall from Propositions 2.6-2.8 that hypothesis (S) is valid for our Maxwell system,
under mild extra decay conditions.

Corollary 5.1. Let L(z) = I3A + Iza(z)z? + b(z,0) be a matriz operator such that
(1) a=infa(z) >0, (x)>T9(a—1) € L*, and ' < 1(1 —27°)"ta(z) 177,
(2) 1b(z,0)v] < (&)~ °lo] + (2) =1 °| Vo],
(3) the spectral assumption (S) holds
for some 6 > 0. Then there exists \1 > 0 such that for any z with 2> € Q(1 A a, \1) we have

ol +llzvllez, , + Vol S IL()v] L2 (5.1)

/2 /2 1/24

where we use the notation ||ulpz = [[(z)*ul|L2(®s)-
Proof. Tt is easy to check that assumption (1) implies (4.2), with v = 1 A a. In view of (2.4),
estimate (4.6) implies (5.1). O

Let u : Ry x R2 — C3 be a function with u(t,z) = 0 for ¢ < 0 and such that the maps
OFu : R — H?7*(R3) are continuous and grow sub-exponentially for & = 0,1,2. For z = o + i3
in the upper half plane Iz > 0, then the ‘damped’ Fourier transform

vz, ) = [T et )dt
is defined in L?(R3). It satisfies
—220(z,) = [T ¢ Ru(t )dt, (At bu(z, ) = [T e (A + bt )dt

so that
(A +az? +b)v(z,z) = fj;o e (A + b — ad?)u(t, z)dt

for a.e. x € R3. Plancherel’s formula thus yields
JIA+ (a+iB)%a+ bv(a+iB,2)|?da = 271 [ e 2P (A + b — ad?)u(t, z)|dt.
We multiply by the weight (z)2¢ and integrate also in x, obtaining
-+1i8)%a V|| L2(da) L2(R3) ~ [|€ — a0y )u|| L2 (dt) L2 (R3)
I(A + (- +iB)2a + b)o] le=P(A + b — ad?)u

for any s € R, though the norms could be infinite. In a similar way we deduce

lv(- +iB) 22 (da)r2 (m3) = He_ﬂtu||L2(dt)L§(R3)7

u(-+14 L2(de)L2(R3) ~ ||€ U L2(dt)L2(R3)>

IVo(- +iB)|| 2 lle™ 7 Vul|

2llv(- + iB8)l| L2 (da) 22y = lle™ P Opull 2 ary 2 (me) -
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Note that if z = a4+ i with 8 > 0 sufficiently small, then 22 = X +1n lies in the parabolic region
Q. We assume that G = (A + b — ad?)u belongs to L2L§/2+. Estimate (5.1) thus implies that
_+ Heiﬁtatu”Lz(dt)L?_l/z_ + Heiﬁtvu”Lz(dt)Lil/z_

Slle (A +b- a0} Yull p2(anr

||676tu||L2(dt)L2_3/2

(5.2)
2 .
1/2+4
for sufficiently small § > 0. (In particular, the involved norms are finite.) Here the implicit
constant does not depend on (3, so that one can let 5 — 0 by Fatou’s lemma. As usual, no
modification is necessary in the matrix case.

We apply (5.2) to a solution of the problem

(a0} — A —b(x,0))U = G(t,z), U(0,2) =0,U(0,z) =0. (5.3)

Proposition 5.2. Let U(t,z) : Ry xR3 — C3 be a solution of the Cauchy problem (5.3) subject to
the above growth conditions, where a(z) and b(x,d) are as in Corollary 5.1 and (x)*/**G € L?L?.
Then the following estimate holds:

HUHL?L%3 _+ ||3tU||L2L§1 _+ HVUHLZLEI/% SIG 22 (5.4)

/2 /2 124"

Proof. Assume G = 0 for t < 0, so that U = 0 for ¢t < 0 and we can apply (5.2). Letting 8 ] 0
we obtain (5.4). The same estimate is valid if G = 0 for ¢ > 0 (just by time reversal t — —t).
By linearity, estimate (5.4) holds for arbitrary G. O

We next focus on the actual Maxwell equations
RE+LIVXLIVXE=0, V-(E)=0,
or equivalently (with D = €E)
FD+V x .V x D=0, V-D=0.
Let 3 be the Hilbert space

H={uecL*R*C?: V- -u=0} (5.5)
endowed with the scalar product (u,v)sc = [ € 'u-vdz and the corresponding norm |jul|s =
(u, u)%Q, and let H = H(x,0) be the operator

H(z,0)U =V x iV x iU (5.6)
which is selfadjoint and non negative on H. The spectral theorem implies that the flow etVH ig

well defined, bounded and continuous on H. Let U(t, x) be the solution to
02U + HU = F(t,x), U(0,x) =0, 0.U(0,z) =0, (5.7)
where F' is H—valued and hence
V.-F=0.
By Duhamel’s formula U is given by
Ult,x) = [ H/?sin((t — s)V/H)F(s)ds.

We thus have

VHU = [Jsin((t — s)VH)F(s)ds, 8U = [y cos((t — s)VH)F(s)ds. (5.8)
Note that also U is divergence free and hence HU is given by

HU = =AU +V x 1V x (U~ 2V xV xU.

Therefore problem (5.7) can be written in the form (5.3) with the choices

a = ep, b(x,0)U =V x V x U —epV x 4V x LU, G = aF. (5.9)
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We collect in the next lemma some basic estimates involving v H and H. Observe that a map
u € H? satisfies Vu € L8 and |u| < (z)'/2. Hence, H : H?> — L? is bounded if

Vel +|Vul S (@)% D% S (2)7>7°. (5.10)

Lemma 5.3. Let H be the operator in (5.6) and ¢,d > 0. Assume that the coefficients €, ;1 and
their first and second derivatives are bounded and that €, 1 > c. We take divergence free functions
f from HY in (i) and (ii), from H? in (iii), and from H? in (iv). Then the following estimates
hold.

(i) If [Ve| < ()71, then

IVH |22 S IV fllLe. (5.11)
(i3) If |Ve| < (x)727% and |D?%¢| < (x) 7372, then
IVHF| 12 = IV £l e (5.12)
(i3) We have
)20 Af | e S ey 20 H fll e + (1) =20 f e, (5.13)
)20 H fll e S @) "2 A e + (@) 7270 | e (5.14)
(i) If [Ve| 4+ |Vu| < (x)=%/%7% and |D?%| < (x)~7/279, then for o € (0,0)
z) =277V fllze S @)~ 2 VEHSfllz2, @) 2 Aflre S @) 2 "Hf|g2.  (5.15)

Proof. PROOF OF (5.11). Integrating by parts we have
IVHf72 = IVHF|3e = (Hf, Psc = [ £V x LfPde S|V x fl3: + Ve x fl3.  (5.16)
SUIVAZ: + @) 0 f 12 SIVAZ + 1 F7s S IVFIZe-
This computation is valid for f € H2 N K, and extends to f € H' N H by approximation.
PROOF OF (5.12). The converse inequality is proved by contradiction. Suppose it does not
hold, so that there are divergence free f,, € H' with |V f,|/z: = 1 and VHf, — 0 in L?. Note
that [|[V x f,|[r2 = 1. By (5.16), the functions V x 1 f, also tend to 0 in L?. Moreover, (f,) is

bounded in LS due to Sobolev’s embedding. We can thus find a subsequence, which we denote
again by f,, and a map f € H' — L° such that

o fu— finL?

loc?

e Vx1if,—0inL?
e Vf, = Vf weakly in L?.
It follows V x %szandV-f:().
We now show that f # 0. Indeed, we can write

1= [l1<r IV X fal? + [ s r |V X £fal?

< i< |V X Sal? +C [s g IV X Lfal? + C [0 (@) 772 f?

< i< IV X fulP +CIIV x L full72 + CR°.
Fixing R sufficiently large, we obtain

S|V X a2 2 1= CIV x L2
Since the last term tends to 0 as n — oo, we see that V x f,, 4 0 in L?(Jz| < R). The identity
VX fr=eVxif,+3Xxf,

then yields that f,, /4 0 in L?(Jz| < R) and so f # 0.
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We next prove that f = 0, yielding a contradiction. Consider the vector potential
v=—-ATIVx f=-A"Ye Ve x f) = A7lg

Because Ve x f € H}  the function v is contained H} ., and hence v and Vv are locally bounded.

Since (x)~'~ f and Vf belong to L?, we infer from the decay assumption in (i) that (z)'*%/2g
belongs to L? and ()?79/2g to LS. Thus we can argue as in (2.30) providing the decay

o)

(@) S (2)7275, Vo) S (2) 725
Observe that v satisfies V-v =0, V x v = f, and thus V x %V x v =0.
Let xr(z) = x(R™'z) for a smooth function x being 1 on B(0,1) and having support in
B(0,2). We set vg = xrv and compute
VX 1iVXxug=Vxrx1iVxv+Vx(Vygxiv)=G.
The above estimates yield |Gug| < (2) 73 7°1z<|s/<2r so that
LV xvgl*de < [|Guglde S R™°

and V xvg tends to 0 in L? as R — oco. This means that f = V x v = 0, which is a contradiction.
PROOF OF (5.13) AND (5.14). Integration by parts yields (all norms are L?)

@)= VA < @)~ A @)= + 2]l @)V A (@)
for every s > 0. By the Cauchy—Schwartz inequality and absorbing one term at the right, we
obtain

[(2) =V II? < 2l ) T AFKx) 72 I + 287 [[{a) = £1?
and then, for arbitrary p > 0,
{z) ="V < pllx) Al + Clp, s)[[(z) > fII.
Since V - f =0, we can write H f in the form
euHf =Af+b1(z) - Vf+by(zx)f
for suitable bounded matrices b;. Taking p small in the previous estimate, we deduce
[{2) " H fll2 2 [{2) " *Afllrz — [[2) "V fllze — [{2) 7" fl 22
2 @) Afllr: = Cll{@) " fll 2.

The proof of (5.14) is similar.

PROOF OF (5.15). Assume again by contradiction the existence of a sequence (f,,) such that
Vo fo=0, ()27 Af,|lz2 = 1 and |[(z)" Y2 Hf,||p> — 0. (We may assume that f, is a
Schwartz function vanishing at 0 together with its derivatives.) By compact embedding we can
extract a subsequence (again denoted by f,,) which converges in H, lloc to a limit function f such
that V- f =0, |[(2) Y27 7Af|lz> < 1 and ||(z) "2 Hf||> = 0.

We first prove that f # 0. Note that for this step it is enough to assume (5.10). Recalling
(2.33), for a sufficiently regular v we have

IV x V x| S [Ho| + [b(z,0)0l, [b(z,d)v] S (IVul* +|Vel* + [D2e|)|v] + (|Ve| + [V u])[Vol.
The decay of the coefficients thus implies (all norms are L?)
(z)=°V x ¥ x ol S (@)~ Holl + [[(2) Vol + [[{z) =72 0|].
for s = % + 0. As in the proof of (5.13), we integrate by parts and get
() =10 W0l? < [[(2) =0 Awl|[{2) 720l + C (s, 8)[| () > Vo[ [[{2) 2.
Cauchy—Schwartz allows us to absorb a term at the left and hence
()=~ 0V0|| < pli{a) =2 Al + C(p)|(z) >~ 0|
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where p > 0 can be taken arbitrarily small. In conclusion we obtain
[(2) =V x V x vl < pl[{a) >~ Av|| + C|[ ) " Hol| + C|[{x) > 0]

Now take xr(x) = x(z/R) as above and suppose v = (1 — xr)w, with w divergence free. Then
we have

1{z) A1 = xr)w)|| S [{2) 7V x V x (1 = xr)w)|| + [[[w] + [VwlllL2(r<|e|<2r)-

We combine this inequality with the previous one. For sufficiently small p we can absorb a term
at the left and derive, for v = (1 — xg)w with V- w =0,

[(z)=* Avll S Cll{a) = Holl + Cl[{x) =" 0| + [[[w] + |Vwll| 12 (r< e <2R)- (5.17)
Now we split
1= [[{z)*Afull < (2) " Alxrfa)ll + 1(2) AL = X&) fo)ll-
For the first term we write
(@) " Alxrfu)ll < @)™ H(xrfo)ll + () bz, 0) (xr.fo)|
S @) Hfull + 110l + 1V fulll 2o <2r)-
For the second one we use (5.17) with w = f,,. Summing up, we infer
LS @) H foll + 11 £l + IV falll c2ai<2ry + B7°N(2) 772 (1 = X&) fall-
We recall the Allegretto—Rellich inequality
|~ 2ull e < M|~ Aull e, (5.18)

if infren, |4k(k + 1) — (2a + 3)(2a + 1)| > 0 which can be applied to functions vanishing in a
neighborhood of 0 (see Theorem 6.4.1 and Remark 6.4.2 in [2]). Then the last term can be
estimated by

CR™°|(2) > A((1 = xr) f) L2 € B°@) " Afallrz + RO fal + |V fulll2(a <2r)-
Using ||(z) " *Af,||zz = 1 and fixing a large R, we arrive at
LS @) H full + 11 fal + [V fulll 22z <2r) + R,
LS [Ka) ™ H full + Ifnl + [V ulllL2(21<2m)-
Since ||{(z)"*H f,|| — 0 and f,, — f in H}  asn — oo, we conclude that f # 0.

loc

We finally prove that f = 0 and so deduce the required contradiction. Indeed, since V- f =0
and Hf =0 we have Af = —b(x,0)f =: F and
1B < (@) 27|+ () 0V £ (5.19)
just employing (5.10). By construction Af belongs to L2_1/2_0. An application of (5.18) to
1—x1)f yvields f € L?,,, ,andso Vf € L?.,,  due to interpolation. This gives
5/2—0o 3/2—c

Fe L271/270+6 = L31/2+w

with v = 6 — o > 0. We then derive f € L2_5/2+7 and Vf € L2_3/2+7, again using (5.18) and
interpolation. We now bootstrap, and in a finite number of steps we reach F' € L? resulting in
f € L%, and Vf € L?,. Note that (5.19) then yields F € L%, however this decay is still too

weak for our purposes. Here is the only step where we need the additional decay
Vel + Vil S (2)7227°, D% S (a) 77277

Thus we have
|F| S (@) 270 |+ (2) 520V f|
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Because of f € L?, and Vf € L%, the function F belongs to L§/2+5. Moreover, Af = F € L?
implies Vf € LS and from the estimate |V({x)72f)| < (z)73|f| + (z) 2|V f| € L? we infer
(r)=2f € L®. Summing up, we have shown

(@) T0IF| S (@) 2| fl + (@) MV f| € LS.

Since F' € L3, ; and (z)3/?49F € L5, the argument used in Proposition 2.8 leads to f = 0.
So the second part of (5.15) is proved. The first one then follows by interpolation. O

We are now in position to apply Corollary 5.1, combined with Propositions 2.6-2.8 concerning
hypothesis (S).

Proposition 5.4. Let e,y : R — R and b(x,0) as in (5.9). For a § > 0 assume that
(1) infep >0 and (ep) < $(1—279)Lep(z) =172,

(2) Vel + |Vu| S ()77 and e = 1| + | — 1| + |D%¢[ + [ D?p| S (2)727,
(3) either 0 is not a resonance (i.e., if (A +byu =0 with u = A"Lf for some (x)2T0f ¢ L2

then uw = 0) or we strengthen (2) by

Vel + [Vl S (2)727°, D% S ()72 (5.20)

Then for any divergence free forcing term F € L2Lf/2+ we have
() =5 [y cos((t — s)VH)F(s)ds]| 2anyz> S [(@)/*FF|2p2, (5.21)
[(z)=2 [, cos((t — s)VH)F(s)ds| 2z S [|{2)*FF| p2re. (5.22)

Proof. We check the hypotheses in Corollary 5.1 on the coefficients. Assumption (1) in the
corollary follows from conditions (1) and (2) here, and assumption (2) in the corollary is an easy
consequence of (2) here (compare with (2.25)). The spectral assumption (S) reduces to (3) here
in view of Propositions 2.6-2.8.

We can approximate F in L?L? 2

1/2+ 1/2+
support in time. The corresponding solutions U, to (5.7) then satisfy the conditions of Proposi-
tion 5.2. By density we can thus assume that U has the required regularity and growth. Since
for divergence free solutions the wave equations eulUy = (A +b)U + epuF and Uy = HU + F

coincide, we can apply estimate (5.4). Hence the solution U of problem (5.7) satisfies
s 1 1 1
(@) 2" Ullpape + {2) "2 VU p2pe + [[{2) 278U | p2r2 < (@) 2 T Fll e e
Because of (5.8), we obtain
I(@)=2~ Jy cos((t — s)VH)F(s)dsl| 212 S [[(2) 3+ F| 2 2

i.e., (5.21). By time translation invariance, we can replace the integral fg with f:ﬁ for an arbitrary

by divergence free functions F,, € C'L with compact

T < 0, where the implicit constant does not dependent of T', and hence with ffoo by letting
T — —oo. By time reversal, the estimate is then valid also with the integral fioo replaced by

ft+°°. Summing the two, we arrive at (5.22). O

By a modification of the standard TT* method we obtain the corresponding homogeneous
estimates.

Proposition 5.5. Under the assumptions of Proposition 5./ we have for any divergence free
data f in the respective spaces

@)~ Y2= ™ £l oane S I flles 1@ Y278 fllzanze S IF g (5.23)
@)~V e fllaanre Sy 1) "2~ 2™ £l 2ane S | fllae- (5.24)
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Proof. 1) By the change of variable s — —s, estimate (5.22) implies
[[(a) =12~ [y cos((t + s)VH)F(s)ds| 2(anyze S (@) /> Fl| 22
Summing the two inequalities, we get
x)~1/2- Iz cos(tvH) COS(S\/E)F(s)dsHLz(dt)Lz < @)Y F| | pape. (5.25)

By subtraction we obtain this estimate with sin(tv/H ) sin(sv/H) instead of cos(tv/H) cos(sv/H).
To exploit the above bounds, we consider the duality

G)) = [(F(t),G(t)scdt = [ [pa F (t,z)e Ldt
and the weighted space Z* of divergence free F' with ﬁmte norm
7o = {@)V* F| e e,

Define (T'f)(t) = cos(tV'H)f for f € H and t € R, as well as T*F = [, cos(sVH)F(s)ds € ¥ at
first for F' € Z* with compact support in time. (Recall H is selfadjoint for the e-product.) We
obtain
TT*F = [ cos(tv'H) cos(sv'H)F(s)ds

aswellas (F,Tf)) = (T*F, f)scand (TT*F,G)) = (T*F,T*GQ)g¢ for such f, F and G. Estimate
(5.25) yields

((T"F,T°G))| = |(((2) "> TT*F. (2) 7 @) S | F)
Taking F' = G we deduce

Z*

IT*Fl3 SIFIZ- = 1) /2T F1Za e
By density, the operator T : Z* — JH is bounded. Duality implies
ITfllz = I1(x) "> T fllpzr2 = |[(2) />~ cos(tVH) f 212 (5.26)
= sup [(B\Tf))= sup (T7F, flac S fllsc (5.27)
17l z- <1 17z« <1

where the suprema are taken over F' with compact support in time. A similar argument gives
) ™27 sin(tVH) fl| 212 < | £ll3c.

Combining the two estimates we get the first of (5.23). By the estimate already proved and
(5.11) we have

(@) =270 fl| e = ) 2V IVE 202 S IVE |2 S IV 22
and this concludes the proof of (5.23).
2) Applying (5.13) to u = e“*/ﬁf and using the first inequality in (5.23) we have
()12~ Aul g2 2 SI@) 2 Hull 22 + [[(2) ™2 | 22
=[[(@) =2 VI H fl 2 + [l() 2™V ]| pae
SIH fllze + 11 fllze

and by (5.14) we obtain the second part of (5.24). The first estimate in (5.24) then follows by
complex interpolation of weighted Sobolev spaces with the first estimate in (5.23). O

Under more restrictive decay conditions on the coefficients, we can prove a variant of (5.24)
in homogeneous norms which is needed below.

Proposition 5.6. Let €, i1 : R?’ — R and b(x,0) as in (5.9). For some 6 > 0 assume that

(1) infep >0 and (en)_ (1—2 ) Yep(z)=172,
(2) |e—1|+|u—1|+|D2u|5<> O Vel + |Vl S (2)7527° and |D%| < (x)~7/>70.
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Let f be divergence free. Then in addition to (5.23) and (5.24), we have the estimates
)2V fll e SIVFllze, @) ™2 A H fl 2z S IH Nz, (5.28)

Proof. Note that under these assumptions, the spectral condition (S) is satisfied due to Propo-
sitions 2.6-2.8. By (5.15) in Lemma 5.3 combined with (5.23) we have

1 7 _1_ 3

)~ 3" A H flpage S )2 He M fllgare = ()5 €™V HH | 22 S |Hf 2.

This proves the second estimate in (5.28). Complex interpolation with (5.23) then yields
()2 Ve fl e S VES| 22,

and recalling (5.11) we obtain also the first estimate. U

6. STRICHARTZ ESTIMATES
We first deduce from the results in [28] a conditional Strichartz estimate for the wave equation
(ad? — A — b(x,0))U = F, U(0,-) = U, oU(0,) = Uy. (6.1)
Recall that a couple (p, q) € [2,00]? is wave admissible in dimension n = 3 if
f—&-f—% p € [2,00], q € [2,00).
1

We often use that multiplication by €, e !, u or p~! is continuous on the Strichartz spaces, as
shown in the next lemma.

Lemma 6.1. Let m € W1 be positive with % € L and |[Vm| < (2)71 and let (p,q) be
wave admissible. Then the operator f — mf is bounded on spaces Hs,/p, Hq_Q/p and H;_Q/p. In
addition, assume that |D*m| < (x)=2~. Then f + mf is also bounded on H;,H/p.

Proof. Observe that ||D]?/Pm| < (2)~2/P~ by interpolation so that |D|*Pm belongs to L3P/2,

Let % = % — 35 € [2, L. Sobolev’s inequality yields H 2/P <y 5. We thus obtain

I IDIQ/”(mf)HLq' S llmlze 1D fll o + WDl gsorz 1 s S IF N o -

Duality then implies the boundedness on H_Q/p. We further have ||D|*=2/Pm| < (x)=2/9-

and H;_Q/p L39. As above, one now shows that f — mf is continuous on H1 2/p

For the last claim, let f € H;/+2/p' The first step allows us to bound |D|*?(mV f) in LY. For

the term |D|?/P(Vmf), we note that H1+2/p — L3 since 1—|—2 - é = 1 and that |D|*/?Vm €
L34/2 gince 1+ )3q = 3. Hence |D|2/”me belongs to Lq by Holders mequahty. The
remaining summand Vrm|D|*? f is contained in L? because Vm € L3 and H;, S LT3, O

Proposition 6.2. Assume that the coefficients a(x) > 0 and b(xz,d) satisfy
(1) (x)**°|D%a| + (x)'*°|Da| + (2)°|a — 1| € L™,
(2) b(z,0)v| S ()7 °Jv] + (z) 77| Vo|
for some § > 0. Let (p,q) and (r,s) be wave admissible. Then there exists Ry > 0 such that, for
any R > Ry and any solution U of problem (6.1), we have the estimate
I1DI™% DeoUl|ore < 1Deal (0|2 + DI Fl o por + 1D alUll 22 ()< m1) (6.2)

with an tmplicit constant depending on R.
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Proof. Let R be a large parameter to be chosen below and x(x) = xg(x) be a smooth cutoff
equal to 1 on a ball B(0, R) and vanishing outside B(0, R + 1), whose derivatives are bounded
independently of R. We decompose U = v + w with v = xU and w = (1 — x)U. Let (p,¢) and
(r,s) be wave admissible.
1) The piece w is supported in |z| > R and solves the problem
(a0} — A —b(x,0))w =G+ (1 — x)F, w(0,-) = (1 — x)Up, we(0,-) = (1 — x)Uq,

where G is the commutator G = [x, A 4+ bJU. Note that G is supported in R < |z| < R+ 1 and
satisfies, for some constant depending on the coefficients,

G| < C(|U|+ |D2U)1r<|2|< Rt 1- (6.3)

Moreover, by choosing R large enough, we see that in the region |z| > R the coefficients fulfill
assumptions (8), (9) and (10) of [28] (modified as in Remark 1 of that paper) with a constant
€ > 0 which can be made arbitrarily small as R — oo.

We want to apply Theorem 2 of [28] with s = 0 for R > Ry and some sufficiently large
Ry > 2. However this theorem does directly apply to zero-order terms in our situation. So we
use it with the modified inhomogeneity G + (1 — x)F + bow, where bw = by - Vw + byw. We
combine Theorem 2 with estimates (12) and (16) of [28], all for s = 0. These estimates allow to
bound the X° and Y norms of [28] from below and above, respectively, by weighted L?-based
norms. Using also Lemma 6.1, it follows

_1
up [[(z) "2 Vw| p2r2(a;) + || D]7 Dy gwl|Lera
JZir

1
S IDew(0) 22 + [1D1P (L= ) F)l o por + Y (@)% (G + bow)| L2124,
J2iRr
1 .
SIDeaw(O)llze + [1DIPF| oo + (@) Gllzaze + D [(2) ™ Pwllaraa),
J2ir
where R = 2/r o = —%, p=2and A; = {2071 < |z| < 27}. Holder’s and Sobolev’s inequalities
imply
_3_ _ i
Z [{z) > 6wHL2L2(Aj) S Z 2 j(1/2+6)”w”L2L6(Aj) S Z 2 J(1/2+5)”vw”L2L2(AJ-)
J2Jr J2Jr J2JR
- 1
S Ry sup ||(x) 2Vwl|p2r2(a;)-
J2iR
Taking a large Ry, we infer
1
I1DI° Dy gwlpora S 1|Deow(0)[L2 + |IDIPF || o + [{2)2 T Gl 22
Since G is compactly supported in R < |z| < R+ 1, we can bound
1
[{2)2* Gl r212 S G llz222
with an implicit constant ~ R'/2*, and Sobolev’s embedding further yields
[ Dt,zw(0)]| L2 < C(R)|[De,U(0)[| 2,
Recalling the definition of G, the previous estimate can thus be simplified to
D] Dt gwl|Lora S [[1De2U0)|[L2 + DI Fll g Lo + U] + [DaUlll 222 (R<joi<rr1)- (6:4)
2) Next we consider the remaining piece v supported in |z| < R+ 1, which solves
(ad? — A —b(x,0))v = -G + xF, v(0,x) = xU, o(0,z) = xUy.

In the region |z| < R + 1 the coeflicients satisfy assumptions (8), (9) and (10) of [28] (again
modified as in Remark 1 of the paper) but with a possibly large constant e. We want to apply
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Theorem 3 of this paper. As above, we have to generalize this result to the case of potentials.
Moreover, in this theorem only treats inhomogenities in Y% and not in LT,HS_,W "4+Y9 as needed
by us.

We first extend this result to a forcing term of the form f 4 ¢ € L"/HQ,Q/T + LQL%/zJr using
the parametrix K from Theorem 3 of [28]. (We note that L?L,, < Y by (16) of this paper).
Let P = ad? — A — b - V. We consider a function u with Pu = f +g. Set & = u — Kf so
that Pt = (I — PK)f + g. (See the proof of Lemma 9 in [28].) We restrict the time interval to
t € [0, 7] for some 7 € (0,2] and let L? = L:?o,r)' Estimates (24) and (25) of Theorem 3 in [28]
then yield

I1DI™? Dy gullrrs + ([ DI Deaull e Lo

< DI DewtllLrrs + 1D DeaK fllrre + 11D Deottl| Lz pa + [[[D17 Deo K fll g Lo
S IDra(u—= Kf)llperz + (I = PE)f + gllyo + DI fll o

S IDeaullpepz + 1D fll g por + llgllyo-

Here we also used the fact that, on a bounded time interval, the X° norm (modified as in Remark
1 of [28]) is controlled by the L°°L? norm. The implicit constant is uniform in 7 € (0,2], but
depends on R.

Let t € [0, 7] and Dy ,u(0) = 0. A standard energy estimate yields

t
IDysu(t)2e < / / (1] + gl + V)| O] e dis
0 3

||DI™*0yul

t
S PP fll e e rrre +19llcaee (|0 Lo 2 +/ 1Dt gu(s)|72ds.
0

By means of Gronwall’s inquality we infer
Dt attllLerz < |Deau(0)|z2 + &l DI Opull Ly Le + Kl Opul| oo 2
+ () (1D fll o por + [(2) gl L2 2).

We can absorb the second and third term on the right choosing a small £ > 0 so that

I1DI7 Dy gull Lz o S 1Decw(O)l| 2 + (D17 fll g o + 1) gl 2 12 (6.5)
3) We put the term —bov to the RHS as before, now applying (6.5) with f = xF and
g = bpv — G. To deal with the zero-order part, we also involve the trivial Strichartz pair

(00,2), obtaining

IVollpee 2 + D17 Dy avllpzra S 1Deav(0)l L2 + ([ DI (X F)

1
Lr'Ls + [(x)2* G| 2 2
_3_
+ [{z) "2 vl 2 g2

Employing Holder’s and Sobolev’s inequalities as in step 1), we control the last summand by

1(2) =20l 22 S IVoll g2z < 73|Vl oo go

For a fixed small 7 > 0 we can absorb this term by the LHS. As before we then simplify the
estimate to
[1DI° Dy 2l prpa S [|1De2v(0)[ 22 + [ DI°F]

This inequality is invariant under time translations. By a finite iteration, we conclude
1D Deollzg, , ro S WDeav Ol + NIDIFll s o + Gl 1o (6.6)

Lr'Ls t IGllz2 L2

[0,2

controlling the initial values by means of the Strichartz pair (co,2). Observe that this estimate
is valid on any time interval of length 2.
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We now use a reduction which (to our knowledge) originates in [4]. Let J be the sequence of
intervals I = [k, k 4 2] for k € Z and {¢;}1c5 be a smooth partition of unity adapted to J. The
cutoffed function vy = ¢;(t)v(t, z) solves

(a8} — A = b(x,0))vr = Fr + G, vi(k,z) = Oy (k,z) =0,

where Fy = x¢F and G = a[0?, ¢1]v — ¢1G are supported in {|z| < R+ 1,t € I}. We have
|G1(t,x)] < C(|U| + Dt 2U|)1 g < pg1 () 11(2). (6.7)
Estimate (6.6) on the time interval I yields
D" Dt avrllzpra S NPIPF1l g + [1G1llp222-
We now raise both sides to the power p > 2 and sum over I € J, obtaining
DI Deavllzore S 3p D1 Dewviliy e S 2 PP ELN,0 o+ 22 NG ILs Lo

Since 3" cb < (3 ¢§)P/* for k € [1,p], we deduce

D17 Diavllzpra S Q2 D1 Fil

TL}-'LSI )P+ (>r HG1||2L§L2)17/2.
Inquality (6.7) then leads to

DI Degvllzere S D (XE) g g + U]+ [DeaUlll L2 21| < rt1)-
We also use Sobolev’s inequality to estimate U by D, U with a constant depending on R. Together
with Lemma 6.1 and (6.4), the assertion follows. O

Using estimate (19) of [28] one checks easily that the results in this paper, and hence Propo-

sition 6.2, are valid more generally for the system of wave equations

(al30? — I3A — b(x,0))U = F, U(0,-) = U, oU(0,-) = Uy, (6.8)

with diagonal principal part, where b(z, d) is a matrix first-order operator which satisfies decay
assumptions as in Proposition 6.2. We now apply (6.2) to the Maxwell system

#D+Vx VxD=F, D(0,-) =Dy, ;D(0,-)=D;, V:-Dg=V-D;=V-F=0. (6.9)

Recall that the solution to the above problem is given by
t
D(t) = cos(tvV’H)Dg + sin(tvVH)H ~'/?Dy + H~/? / sin((t — s)VH)F(s)ds. (6.10)
0

We denote by D" the solution to the problem with F' = 0 and by D? that one with Dy = D; = 0.

For F' = 0, the conditional Strichartz estimate in Proposition 6.2 and the smoothing estimates
in Propositions 5.5 and 5.6 easily yield the Strichartz inequality for D”. The usual T7* argument
then allows us to bound §;D* and vHD? in LP H, 2/P To replace here the square root by V, one

needs a variant of Lemma 5.3 in Hq_ /P hich should require a substantial effort. We by-pass this
difficulty by means of a modified 77 argument that also uses ideas from Proposition 5.5. This
is possible since we only have to control an error term in L2L? 12— arising from Proposition 6.2.

Here it turns out to be enough to estimate VH /2 in L271/27 just using Lemma 5.3.

Theorem 6.3. Under the assumptions of Proposition 5.6, the solution D(t, ) to problem (6.9)
satisfies for any wave admissible (p,q) and (r,s) the estimate

_2
IIDI™% Dt Lors S VDollzz + 1Dy 2 + || DI*" F

Lot Lo (6.11)
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Proof. As in the proof of Proposition 5.4 we can recast (6.9) in the form (6.8). Since the
conditions in Proposition 6.2 are satisfied, estimate (6.2) yields

_z2 .
I1DI™% DtoDl|zrzs < |VDollz2 + D12 + |[[ D/ F

s’ HDMDHL2L2(|MSRO+1)~
for some fixed radius Ry > 1. The last term is bounded by a constant times

Dy, D"|| 1212 + ||6tDi||L2Li + ||\/ﬁDiHL2L31 o

—1/2— 1/2—
where we have used (5.15). In view of (6.10), Propositions 5.5 and 5.6 and (5.12) yield
1D D[22, < IVDollz2 + [Dall e

We thus have shown (6.11) for F' = 0.
Consider now the case F' # 0. To complete the proof it is sufficient to prove the estimate

t
HDW / H 261 0=9VH p(g)ds
0 Z

where F' is divergence free and F, Z are the Banach spaces
E=L"H*",  Z=LL%,, .

First of all, we notice that by the Christ—Kiselev Lemma this estimate follows from the analogous

unretarded estimate (since r > 2)

‘Dt,z /Hil/zei(tfs)\/ﬁF(s)ds < C||F|lg=-
z

Next, we split Dy, Hil/zfei(t’s)‘/ﬁF( )ds = Dy pe™HH1/2 [ e=isVH [(5)ds and we recall
from Propositions 5.5 and 5.6 the estimates

1 fllz S fllzes V™ F Fllz SNV S e
This gives
HDM fH‘l/Qei(t_s)\/ﬁF(s)dsHZ < Hf e_"s‘/ﬁF(s)dSHL2 + HVH‘l/2 fe_“\/ﬁF(s)dsHL2
which by (5.12) is equivalent to

~ Hf cos(svVH)F dsH + Hf sin(svH)F dsH (6.12)
The first part of the proof yields the estimates
1Dee ™2 sin(tVH) flle S I fle2s  1Dew cos@VH) flle S IV £z
Considering only Dy, the first inequality implies
leos(tVE) fllz S /]2

while the second one gives
Isin(@tVH) flle S I1H V2V fll2 = || fr2

using again (5.12). Applying the dual estimates we see that both terms in (6.12) can be estimated
by || F|| =, and this concludes the proof.

O

The above theorem now easily implies our main result.
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Proof of Theorem 1.1. In view of (1.6), the main results for D is an immediate consequence of
the above theorem. The magnetic field B solves (1.7) which is of the same form as equation (1.6)
for D except that € and p are interchanged. So Theorem 6.3 is true with B instead of D if we
replace the condition on second derivatives in (2) of Proposition 5.6 by

D% S (@)% 1Dl S ()P0

Theorem 1.1 for B again follows easily taking into account (1.7) and Lemma 6.1.
By Lemma 6.1 we can replace D by E in Theorem 1.1, with the divergence conditions V -
(eEg) = V- (€E1) = 0. One can pass from B to H in same way as from D to E. O

REFERENCES

[1] G. Artbazar and K. Yajima. The LP-continuity of wave operators for one dimensional Schrédinger operators.
J. Math. Sci. Univ. Tokyo, 7(2):221-240, 2000.

[2] A. A. Balinsky, W. D. Evans, and R. T. Lewis. The analysis and geometry of Hardy’s inequality. Universitext.
Springer, Cham, 2015.

[3] J. A. Barcel, L. Vega, and M. Zubeldia. The forward problem for the electromagnetic Helmholtz equation
with critical singularities. Adv. Math., 240:636—671, 2013.

[4] N. Burq. Global Strichartz estimates for nontrapping geometries: about an article by H. F. Smith and C. D.
Sogge. Comm. Partial Differential Equations, 28(9-10):1675-1683, 2003.

[5] F. Cacciafesta, P. D’Ancona, and R. Luca. Helmholtz and dispersive equations with variable coefficients on
exterior domains. SIAM J. Math. Anal., 48(3):1798-1832, 2016.

[6] F. Cardoso, C. Cuevas, and G. Vodev. High frequency resolvent estimates for perturbations by large long-
range magnetic potentials and applications to dispersive estimates. Ann. Henri Poincaré, 14(1):95-117, 2013.

[7] B. Cassano and P. D’Ancona. Scattering in the energy space for the NLS with variable coefficients. Math.
Ann., pages 1-65, 2015. arXiv:1502.00937.

[8] M. Cessenat. Mathematical methods in electromagnetism, volume 41 of Series on Advances in Mathematics
for Applied Sciences. World Scientific Publishing Co., Inc., River Edge, NJ, 1996.

[9] S. Cuccagna. On the wave equation with a potential. Comm. Partial Differential Equations, 25(7-8):1549—
1565, 2000.

[10] P. D’Ancona. Kato smoothing and strichartz estimates for wave equations with magnetic potentials. Comm.
Math. Phys., 335:1-16, 2015. arXiv:1403.2537.

[11] P. D’Ancona. On large potential perturbations of the schrédinger, wave and Klein—Gordon equations. Com-
mun. Pure Appl. Anal., 19:609-640, 2020.

[12] P. D’Ancona and L. Fanelli. LP-boundedness of the wave operator for the one dimensional Schrodinger
operator. Comm. Math. Phys., 268(2):415-438, 2006.

[13] P. D’Ancona and L. Fanelli. Strichartz and smoothing estimates of dispersive equations with magnetic po-
tentials. Comm. Partial Differential Equations, 33(4-6):1082-1112, 2008.

[14] P. D’Ancona and V. Pierfelice. On the wave equation with a large rough potential. J. Funct. Anal., 227(1):30—
77, 2005.

[15] E. Dumas and F. Sueur. Cauchy problem and quasi-stationary limit for the Maxwell-Landau-Lifschitz and
Maxwell-Bloch equations. Ann. Sc. Norm. Super. Pisa Cl. Sci. (5), 11(3):503-543, 2012.

[16] M. B. Erdogan, M. Goldberg, and W. Schlag. Strichartz and smoothing estimates for Schrédinger operators
with almost critical magnetic potentials in three and higher dimensions. Forum Mathematicum, 21:687-722,
2009.

[17] M. Fabrizio and A. Morro. Electromagnetism of continuous media. Oxford Science Publications. Oxford
University Press, Oxford, 2003.

[18] V. Georgiev and N. Visciglia. Decay estimates for the wave equation with potential. Comm. Partial Differ-
ential Equations, 2003.

[19] J. Ginibre and G. Velo. Generalized Strichartz inequalities for the wave equation. J. Funct. Anal., 133(1):50—
68, 1995.

[20] M. Goldberg. Dispersive estimates for the three-dimensional schrédinger equation with rough potential. 2004.

[21] M. Goldberg and W. Schlag. Dispersive estimates for Schrodinger operators in dimensions one and three.
Comm. Math. Phys., 251(1):157-178, 2004.

[22] A. Jensen and T. Kato. Spectral properties of Schrédinger operators and time-decay of the wave functions.
Duke Math. J., 46(3):583-611, 1979.

[23] M. Keel and T. Tao. Endpoint Strichartz estimates. Amer. J. Math., 120(5):955-980, 1998.



36

P. DPANCONA AND R. SCHNAUBELT

[24] H. Koch and D. Tataru. Carleman estimates and absence of embedded eigenvalues. Comm. Math. Phys.,

267(2):419-449, 2006.

[25] O. Liess. Decay estimates for the solutions of the system of crystal optics. Asymptotic Anal., 4(1):61-95,

1991.

[26] S. Lucente and G. Ziliotti. Global existence for a quasilinear Maxwell system. Rend. Istit. Mat. Univ. Trieste,

31(suppl. 2):169-187, 2000.

[27] J. Metcalfe and D. Tataru. Decay estimates for variable coefficient wave equations in exterior domains. In

Advances in phase space analysis of partial differential equations, volume 78 of Progr. Nonlinear Differential
Equations Appl., pages 201-216. Birkhauser Boston Inc., 2009.

[28] J. Metcalfe and D. Tataru. Global parametrices and dispersive estimates for variable coefficient wave equa-

tions. Math. Ann., 353(4):1183-1237, 2012.

[29] M. Reed and B. Simon. Methods of modern mathematical physics. 1. Functional analysis. Academic Press,

New York-London, 1972.

[30] I. Rodnianski and W. Schlag. Time decay for solutions of Schrodinger equations with rough and time-

dependent potentials. Invent. Math., 155(3):451-513, 2004.

[31] W. Schlag. Dispersive estimates for Schrodinger operators in dimension two. Comm. Math. Phys., 257(1):87—

117, 2005.

[32] C. D. Sogge and C. Wang. Concerning the wave equation on asymptotically Euclidean manifolds. J. Anal.

Math., 112:1-32, 2010.

[33] D. Tataru. Parametrices and dispersive estimates for Schrodinger operators with variable coefficients. Amer.

J. Math., 130(3):571-634, 2008.

[34] K. Yajima. The W¥-P-continuity of wave operators for Schrédinger operators. J. Math. Soc. Japan, 47(3):551—

581, 1995.

[35] K. Yajima. The WkP_continuity of wave operators for schrodinger operators. iii. even-dimensional cases

m > 4. J. Math. Sci. Univ. Tokyo, 2(2):311-346, 1995.

[36] K. Yajima. LP-boundedness of wave operators for two-dimensional Schrédinger operators. Comm. Math.

Phys., 208(1):125-152, 1999.

PIERO D’ANCONA: DIPARTIMENTO DI MATEMATICA, SAPIENZA UNIVERSITA DI ROMA, P1AzzZALE A. MORO 2,

00185 Roma, ITALY

E-mail address: dancona®mat.uniromal.it

ROLAND SCHNAUBELT: KARLSRUHE INSTITUTE OF TECHNOLOGY, DEPARTMENT OF MATHEMATICS 76128 KARL-

SRUHE, GERMANY

E-mail address: schnaubelt@kit.edu



	1. Introduction
	2. Low frequencies
	3. High frequencies
	3.1. Morawetz estimate
	3.2. Carleman estimate

	4. The complete resolvent estimate
	5. Smoothing estimates
	6. Strichartz estimates
	References

