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A bstract Wedefine and study wave-front sets for weighted Fourier-Lebesgue spaces
when the weights are moderate with respect to associated functions for general sequences
{M,} which satisfy Komatsu’s conditions (M.1) — (M.3)". In particular, when {M,} is the
Gevrey sequence (M, = p!®, s > 1) we recover some previously observed results. Further-
more, we consider wave-front sets for modulation spaces in the same setting, and prove the
invariance property related to the Fourier-Lebesgue type wave-front sets.

AMS Mathematics Subject Classification (2000): 35A18, 46F05.
Key Words: Wave-front sets, weighted Fourier-Lebesgue spaces, Gelfand-Shilov spaces,
ultradistributions.

1. Introduction

Wave front sets in the context of Fourier-Lebesgue spaces, together with the study
of corresponding pseudodifferential operatros, were first considered in [35], see also
[36, 37, 38]. They are recently used in [7] for a mathematical explanation of phe-
nomena related to the interferences in the Born-Jordan distribution. The conic neigh-
borhoods in the definition of such wave-front sets are replaced in [14] by a filter of



82 N. Teofanov

neighborhoods for the study of propagation of singularities of Fourier-Lebesgue type
for partial (pseudo)differential equations, whose symbol satisfies generalized elliptic
properties. We refer to [10, 21, 24] for discrete characterization of the wave front sets.
An important extension of investigations from [36, 37] to general weighted Fourier
Banach spaces is given in [2, 3].

The above mentioned results are performed in the framework of weights of poly-
nomial growth and, consequently, within the realm of tempered distributions. Spaces
of ultradistributions in the context of weighted Fourier-Lebesgue type spaces were
first observed in [22], see also [23]. The sequences of the form M, = p!®, s > 1,
are used there to define the corresponding test function spaces. This in turn leads to
the analysis of weighted Fourier-Lebesgue spaces such that the growth of the weight
function at infinity is bounded by e*I1"* | for some & > 0.

In this paper we extend the results from [22] to a more general context when the
spaces of test functions are given by the means of {M,} sequences which satisfy
Komatsu’s conditions (M.1) — (M.3)’, see Section 2. Note that this allows “fine
tuning” between the two Gevrey type sequences, see Remark 2.1.

The paper is organized as follows. We end introduction with the basic nota-
tion and a brief account on weight functions. Section 2. contains a discussion on
sequences and corresponding associate functions, which are the basic notions in
our analysis. We proceed with an exposition of Gelfand-Shilov spaces and other
test function spaces, and their dual spaces of ultradistributions. Section 3. con-
tains the definition of wave-front sets for weighted Fourier-Lebesgue spaces when
the weights are submultiplicative with respect to the associated function of a given
non-quasianalytic sequence {M,,}. We study its basic properties, convolution rela-
tions, and discuss its relation to some other types of wave-front sets. In Section 4. we
first study the short-time Fourier transform in the context of test function spaces and
their duals from Section 2., and then define modulation spaces and recall their basic
properties. Finally, in Section 5. we introduce wave-front sets for modulation spaces
and show that they coincide with appropriate wave-front sets from Section 3.. Since
we consider general non-quasianalytic sequences {1, }, we recover the main results
from [22, 23] where the particular case M,, = p!*, s > 1, is observed.

1.1. Basic notation

Weput N = {0,1,2,...}, (z) = (1 + |z>)/2, 2 € R%, 2y = z - y denotes the
scalar product on R¢ and

(z,w))* = (2)* = 1+ 22 +w?)*?, 2= (z,w) eR¥ seR

The partial derivative of a vector = (z1, . ..,24) € R? with respect to x; 1s denoted
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by 0; = 8@ Given a multi-index p = (p1,...,pq) > 0, i.e., p € Nd and p; > 0,

T
we write P = O - 9% and P = (1, ...,x4) PP =[], 2P, Similarly,
h-Jz]V/e = S | hylai|V/*. Moreover, for p € N and a € RY, we set (p!)* =
(p)*t ... (pg!)?. In the sequel, a real number » € R, may play the role of the
vector with constant components 7; = r, so for o € Ri, by writing o > r we mean
aj >rforall j =1,...,d. By X we denote an open set in R? and K € X means
that K is compact subset in X.
The Fourier transform is normalized to be

flw) = F1w) = [ et

We use the brackets (f,g) to denote the extension of the inner product (f,g) =
[ f(t)g(t)dt on L?(RY) to the dual pairing between a test function space A and its
dual A”: (-,-) = 4(-,7).4. We use the standard notation for usual spaces of func-
tions and distributions, e.g. LP(R%), L (Q), 1 < p < oo, denote Lebesgue spaces
and their local versions respectively, S(R?) denotes the Schwartz space of rapidly
decreasing test functions, etc.

Translation and modulation operators, 17" and M respectively, when acting on

f € L?(R?) are defined by
Tf()=f(-—2) and Mcf()=eTf(), veR™ (L)
Then for f, g € L?(R?) the following relations hold:
M,T, = ™ YT, My, (Toff=M_of, (Myfy=T.f, zyecR%.

These operators are extended to other spaces of functions and distributions in a natu-
ral way.

Throughout the paper, A < B denotes A < ¢B for a suitable constant ¢ > 0,
whereas A = B means that c A < B < ¢A for some ¢ > 1. The symbol B; —
B> denotes the continuous and dense embedding of the topological vector space B,
into Bs.

1.2. Weights

In general, a weight function is a non-negative function in L7 .

Definition 1.1. Let w, v be weight functions. Then

1. v is called submultiplicative if

v(z+y) <v(z)ly), Vr,yeR%L
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2. wis called v-moderate if

w(z+y) Sv@@)w(y), Vao,yeRL

For a given submultiplicative weight v the set of all v-moderate weights will be de-
noted by M,,.

Ifvisevenand w € M, then 1/v S w < v, w # 0 everywhere and 1/w € M,,.
In the sequel we assume that v is an even submultiplicative function. Submulti-
plicativity implies that v is dominated by an exponential function, i.e.

v < Ce*l'l for some C.k>0.

For example, every weight of the form
v(z) = eI (14 ||2]))* log" (e + [12]))

for parameters a, 7, s > 0,0 < b < 1 satisfies the above conditions.

Lets > 1. By My (R%) we denote the set of all weights which are moderate
with respect to a weight v which satisfies v < Ce*l" "”* for some positive constants
C and k. The weight v satisfy the Beurling-Domar non-quasi-analyticity condition

which takes the form

> logv(nz)

Shlogolnn) _ g
n

n=0

We refer to [17] for a detailed account on weights in time-frequency analysis.

2. Spaces of test functions and their duals

Let (M,)pen, be a sequence of positive numbers monotonically increasing to
infinity which satisfies:
(M.1) M7 <M, 1My, peN;
(M.2) There exist positive constants A, H such that

Mp < AHP? min qugpMp_qu, D, q € Ny,
or, equivalently, there exist positive constants A, H such that
Mpyq < AHp+quMq7 p,q € No;

(M3) Y2, My_1/M, < oo.

We assume that My = 1, and that MI} /7 is bounded below by a positive constant.
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The condition (M.3)" provides the existence of nontrivial compactly supported
smooth functions (and therefore partitions of unity) in the corresponding spaces of
test functions. It is therefore known as the non-quasianalyticity condition.

The Gevrey sequences M, = p!*, p € N, s > 1, are basic examples of sequences
which satisfy (M.1) — (M.3)".

Let (M))pen, and (Ng)q4en, be sequences which satisfy (M.1). We write M,, C
Ny (Mp) < (Ng), respectively) if there are constants H,C' > 0 (for any H > 0
there is a constant C' > 0, respectively) such that M,, < CHPN,, p € Ny. Also,
(Mp)pen, and (Ng)qen, are said to be equivalent if M,, C N, and N, C M, hold.

Remark 2.1. The conditions (M.1) and (M.2) can be described as follows. Let
(sp)pen, be a sequence of positive numbers monotonically increasing to infinity
(sp /" 00) so that for every p, ¢ € Ny there exist A, H > 0 such that

q q
H8p+j :sp+1-~sp+q§AHp31---sq:AHpH3j. 2.1
j=1 J=1

Then the sequence (.Sp)pen, given by S, = ]_[?:1 s, So = 1, satisfies (M.1) and
(M.2).

Conversely, if (Sp)pen, givenby S, = [[/_; sj. 5; > 0,7 € N, S = 1, satisfies
(M.1) then the sequence (sp)pen, increases to infinity. If, in addition, it satisfies
(M.2) then (2.1) holds.

Furthermore, if (M,),cn, and (Ng)qen, are given by

P q
M, = p!% H I = p!%Lp, p €Ny, Ny:= q!% H L = q!%Rq, q € Ny,
k=0 k=0
where (7)pen, and (I,)pen, are sequences of positive numbers monotonically in-
creasing to infinity such that (2.1) holds with the letter s replaced by r and [ respec-
tively, and which satisfy: Forevery a € (0, 1] andevery k > 1sothatkp € N,p € N,

Tk 2 lk 2
max <—p> , <—p> <k% peN.
Tp Iy
Then p! < M, N, and the sequences (R,)pen, and (Ly)pen, (Rp =71+ 7p, Ly =
li---lp,p e NRy =1, and Ly = 1) satisfy (M.1) and (M.2). Moreover,
max{ Ry, L,} < p!a/2,p €N,

for every a € (0,1]. (For p,q,k € Ng we have Ly, = Hlklﬁlp\ ljk|, and Ry =
H| k|<lql T|q/-) Such sequences are used in the study of localization operators in the
context of quasianalytic spaces in [9].
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The associated function for a given sequence (M),) is defined by

M,
M(p) = supln; &

“ < p <
M M
peN lwp

where Iny ¢ := max{In¢,0}, ¢ > 0. It is a non-negative monotonically increasing
function which vanishes for sufficiently small p, and tends to infinity faster than In p?,
as p — 00. Moreover, if (M),) satisfies (M.1) and (M.3)', then kPp!/M, — 0 as
p — 00.

For example, the associated function for the Gevrey sequence M, = p!®, p € Ny,
s > 1, behaves at infinity as | - |1/ 5, cf. [30]. In fact, the interplay between the
defining sequence and its associated function plays an important role in the theory of
ultradistributions.

The following result will be intensively used in this paper. We refer to [1] for its
proof.

Lemma 2.1. Let there be given sequence (M,) which satisfies (M.1). Then

k=1

k=1

If, in addition, (M,,) satisfies (M .2), then
2M(p) < M(Hp) +1In+(4), p>0,

where A and H are the constants in (M.2). Furthermore, if L > 1, then there is a
constant C > 0 such that

3
M(Lp) < 5LM(p) +C, p>0,
and there is a constant B > 0 and a constant K1, > 0 which depends on L, such that
LM(p) < M(B*'p)+ Kz, p>0.

Remark 2.2. By Lemma 2.1, it follows that estimates of the form |f(:)| <
) for some/every b > 0 and |f(-)] < €MD for some/every k > 0 are
equivalent. This observation will be often used in proofs.

eM(

2.1. Gelfand-Shilov spaces

We give here only the basic properties and refer to [15, 29] for a more detailed
discussion and applications in partial differential equations.
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Definition 2.1. Let there be given sequences of positive numbers (M),),en, and
(Ng)gen, which satisfy (M.1) and (M.2). Let Sy} (R?) be defined by

Sy ARY) = {f € CRY) | [2°0° || < CA*Mio B Nig|, Vo, € NE},

for some positive constant C and A = (Al, ...,Aq),B=(Bi1,...,Bq),A,B > 0.
Gelfand-Shilov spaces Z (Rd) and S (]Rd ) are projective and inductive limits

of (Fréchet) spaces S M';: A(Rd) with respect to A and B:

N, d d Ng (md ‘ Ng,B (pd
Xof (RY) = 1 R (R d 1 D7 (R?).
' (RY) == PTOJ 0> OSM,,, (RY); Sy (RY) :=in >(1)’H§>OSMP,A( )

The corresponding dual spaces of EN ' (R ) and S (Rd) are the spaces of ultra-
distributions of Beurling and Roumieu type respectlvely

. N,,B
(23) (RY) =ind  Tim  (Sy) (RY);

dy ._ gD\ rmyd
(Syr)' (R?) := proj ol (S V) (RY).

Gelfand-Shilov spaces are closed under translation, dilation, multiplication with
x € RY, and differentiation. Moreover, they are closed under the action of certain
differential operators of infinite order (ultradifferentiable operators in the terminology
of Komatsu).

Whenever nontrivial, Gelfand-Shilov spaces contain “enough functions” in the
following sense. A test function space ® is rich enough” if

/f(ac)go(x)dx =0, YVoe®= f(z)=0 (a.e.).

The following theorem enlightens the fundamental properties of Gelfand-Shilov
spaces implicitly contained in their deﬁnition Among other things, it states that the
decay and regularity estimates of f € S (]Rd) can be studied separately.

Theorem 2.1. Let there be given sequences of positive numbers (M,)ycn, and
(Ng)qgen, which satisfy (M.1), (M.2) and p! C M,N, (p! < M,N,, respectively).
Moreover, let M(-) and N(-) denote the associated functions for (Mp)pen, and
(Ng)qen, respectively. Then the following conditions are equivalent:

1. fe SNq (Rd) (f € Z (Rd) respectively).
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2. There exist constants A,B € R%, A, B > 0 (for every A,B € R, A,B >0
respectively), and there exist C' > 0 such that

M40 f(2) 1 < CBNig, p,q € NG,

3. There exist constants A, B € R%, A, B > 0 (for every A,B € R%, A,B > 0,
respectively), and there exist C > 0 such that

|22 f(x)|[pee < CAPM ), and  ||09f(z)||L> < OBIN)y, Vp,q€ Ng.

4. There exist constants A, B € R? A, B > 0 (for every A,B € R, A, B > 0,
respectively), and there exist C > 0 such that

|2? f(z)]| poe < C’APMM and quf(w)HLoo < C’Bqu, Vp,q € Ng.

5. There exist constants A, B € R%, A, B > 0 (for every A,B € R%, A,B > 0,
respectively), such that

Hf(m)eM(‘A‘”‘) |pee < 00 and Hf(w) eN(‘Bwl)HLoo < 00.

Theorem 2.1 is proved in [5] and reinvented many times afterwards, see e.g. [8,
19, 25, 29, 33, 45].

By the above characterization .7:8]\]\4[‘; (RY) = S]]\\;{Ip (R%). When M, = N, we
put S%E (RY) = StMp}(R?), and E%Z (RY) = SMp)(R). Moreover, the Fourier
transform F extends to a homeomorphism on (S1M7})(R%) and on (S(Mr))’(R%) in
a usual way.

Next we discuss the important case when (M,,),en, and (Ng)qen, are chosen to
be the Gevrey sequences M,, = p!", p € Ng and N, = ¢!*, ¢ € Ny, for some r, s > 0,
then we use the notation

N, dy _ os/md N d\ __ ss/mpd
SM‘;(R ) =S (R*) and EM‘;(R ) = X5(RY).
If, in addition, s = r, then we put
SEHRY) = S3(RY) and 2)(RY) = £3(RY).

The choice of Gevrey sequences is the most often used choice in the literature
since it serves well in different contexts. For example, when discussing nontriviality
of Gelfand-Shilov spaces we have the following:



Wave-front sets in non-quasianalytic setting for Fourier-Lebesgue and modulation spaces 89

1. the space S¢(IRY) is nontrivial if and only if s4+7 > 1, 0r s+ = 1 and sr > 0,

2. ifs+7r>1ands < 1, thenevery f € S(R%) can be extended to the complex
domain as an entire function,

3. if s+7 > land s = 1, thenevery f € S¢(IR%) can be extended to the complex
domain as a holomorphic function in a strip {z + iy € C¢ : |y| < T} some
T>0

4. the space ¥¢(RY) is nontrivial if and only if s +7 > 1, or, if s + r = 1 and
sr>0and (s,7) # (1/2,1/2).

We refer to [15] or [29] for the proof in the case of S; (Rd), and to [31] for the
spaces X5 (R?), see also [46].

The discussion here above shows that Gelfand-Shilov classes S2(R?) consist of
quasi-analytic functions when s € (0, 1). This is in a sharp contrast with e.g. Gevrey
classes G*(R?), s > 1, another family of functions commonly used in regularity the-
ory of partial differential equations, whose elements are always non-quasi-analytic.
Recall, for 1 < s < oo and an open set X € R the Gevrey class G*(X) is given by

G3(X) = {p € C®(X) | (VK € X)(3C > 0)(3h > 0)

sup [0%¢(z)| < Ch|a||a\!s}.
reK

We refer to [39] for microlocal analysis in Gervey classes and note that
G§(RY) — S5(RY) — G*(RY), s> 1.
When the spaces are nontrivial we have the inclusions:
DH(RY) o SHRY) = S(RY),
and S(R?) can be revealed as the limiting case of spaces S (R9), i.e.
SR = ST(RY) = lim_SHRY),

when the passage to the limit when s and r tend to infinity is interpreted correctly,
see [15, page 169].

Remark 2.3. Note that X/ 2(]Rd) = {0} and ¥(R%) is dense in the Schwartz

1/2
space whenever s > 1/2. One may consider a “fine tuning”, that is the spaces

Ny (mod
S, (R%) such that

N, N, s
{0} = 25 (RY) = T (RY) < Syt (RY) — B3(RY), s> 1/2,

see also Remark 2.1.
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We refer to [47] where it is shown how to overcome the minimality condition

(Eig(Rd) = 0) by transferring the estimates for [|z%0” f|| 1 into the estimates of

the form | HY f|| 1 < AV (N1)25, for some (for every ) h > 0, where H = |z|> — A
is the harmonic oscillator.

We also mention that the Gelfand-Shilov space of analytic functions S) (RY) :=
¥1(R9) plays a prominent role in the theory since it is isomorphic to the Sato test
function space for the space of Fourier hyperfunctions. More precisely, if f €
SM(RY) then it can be extended to a holomorphic function f(x + iy) in the strip
{x +iy e C? : |y| < T} for some T > 0. According to Theorem 2.1, we have

fe S(l)(Rd) <= sup ‘f(ar)eh"x” < oo and sup ‘f(w)eh“w” < 00,
reRd weR?

for every h > 0. This representation is used to establish an isomorphism between its
dual space (SM))’(R%) and the space of Fourier hyperfunctions, see [4] for details.

Already in [15] it is shown that the Fourier transform is a topological isomor-
phism between S2(R%) and S7(R%) (F(S) = S7), which extends to a continuous
linear transform from (S2)’(R?) onto (S7)'(R?). In particular, if s = r and s > 1/2
then F(S%)(R%) = S3(R?), and 811 //22 (R?) is the smallest non-empty Gelfand-Shilov
space invariant under the Fourier transform, cf. [45, Remark 1.2]. Similar assertions
hold for ¥5(R%).

2.2. Test function spaces on open sets

Since we are interested in non-quasianalytic classes, we restrict our intention to
the sequences which satisfy (M.1) — (M.3)’, and refer to [26] for a more general
setting.

Definition 2.2. Let there be given a sequence (M,), p € N? which satisfies
(M.1) — (M.3)" and let X be an open set in R%. For a given compact set K C X
and a constant A > 0 we denote by 512/1% (X) the space of all ¢ € C°°(X) such that
the norm 7

Alpl ®)
Il 1,4,k = sup sup ﬁ\@p (z)] < o0 (2.2)
pENG zeK p

Note that || - ||az,,4,x is a norm in E%%(X).
The space of functions ¢ € C°°(X) such that (2.2) holds and suppy C K is
denoted by D%” (K).
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Let (K,), be a sequence of compact sets such that K,, CC K41 and | K,, =
X. Then

(M) _ < 1 <o My
EX(X) = proj lim (proj lim £, % )(X),

{M} _ - . . M,
EVIPI(X) = proj nh_)m (1nd11‘1£)n[)8A7K7l)(X),

o0
(M) _ . s M,
DWW (X) 1ndn11_>ngo(pr03 AII—{I;ODA (Kp))

—ind T (Mp)
= ind nlggo(DKn ),

DM} (X) = ind lim (ind lim D2 (K,,))
A—0

n—oo

= ind lim (D).

n—oo

Obviously, D) (X)) (DM} (X)) resp.) is the subspace of (M) (X)) (of E1Mr} (X))
resp.) whose elements are compactly supported.

Remark 2.4. Let * denote (M),) or {M,}. Then D*, S* and £* correspond to
C5°, S and C*°, respectively, and

D*C(Cg°?, S*CS and & CC™.

The spaces of linear functionals over D(*»)(X) and DMr}(X), denoted by
(DMp)Y (X)) and (DIMr})!(X) respectively, are called the spaces of ultradistribu-
tions of Beurling and Roumieu type respectively, while the spaces of linear func-
tionals over £M»)(X) and £{M»}(X), denoted by (£(M»))(X) and (£1Mr})(X),
respectively are called the spaces of ultradistributions of compact support of Beurl-
ing and Roumieu type respectively. Clearly,

(0B (X) € (€M), (EMW)(X) € (€MY(®R?) and
(EDRIY(X) C (PRI (RY).
Moreover,

eV (®Y) € (1) (RY) C (DI (RY)

and

() (RY) € (SUY(RY) € (DO)) (RY),
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Any ultra-distribution with compact support can be viewed as an element of
(SM)(R%). More generally, by using similar reasoning as in the case of distri-
butions (see [20]), it follows that £* are exactly those elements in S* or D* with
compact support.

The following fact follows from the Paley-Wiener type theorems which can be
found e.g. in [26].

Theorem 2.2. Let there be given a sequence (M), p € N% which satisfies
(M.1) — (M.3)" and let K be a compact convex set in R%. Then ¢ € D%VI”) (p €

DE(MP} resp.) if and only if for every h > 0 there is a constant C > 0 (there are
constants h > 0 and C' > 0 resp.) such that

5(6)] < Ce™MMUEN ¢ e R

3. Wave-front sets in weighted Fourier-Lebesgue spaces

Although in principle both Beurling and Roumieu cases could be treated simul-
taneously (as we did in Section 2.), in order to simplify the exposition, from now on
we will treat the Beurling case only. See also [23] for a discussion related to a slight
difference between the cases.

Throughout the section {),} will always denote a sequence satisfies (M.1) —
(M.3)" and M (p) denotes its associated function. For the notational convenience,
the set of weights w moderated with respect to the weight e’ (P) will be denoted by
M) (R9) (instead of a more cumbersome notation M () (R9)).

Let g € [1,00] and letw € M y;(,) (R?). The (weighted) Fourier Lebesgue space
F L‘(]w) (R9) is the inverse Fourier image of L? \(R%),i.e. FL?  (R?) consists of all

(w) (w)
f € (SWY(R?) such that
Hf”]—'LZ’w) = ||f'w||Lq.

is finite. If w = 1, then the notation F LY is used instead of F L‘(]w). We note that if

w(§) = (€)®, then F L‘(Iw) is the Fourier image of the Bessel potential space HY.

Remark 3.1. We may permit an x dependency for the weight w in the definition

of Fourier Lebesgue spaces. More precisely, for eachw € My, (R%%) we let F L(qw)

be the set of all ultradistributions f such that
1 lrz, = IFw(e, s

is finite. Since w is e™(¥)-moderate it follows that different choices of z give rise to
equivalent norms, hence || f|| ~ L, <00 is independent of =. Therefore, a F L’(Iw) (R%)

is independent of x although || - ||~ L2, might depend on z.
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Next we introduce local Fourier-Lebesgue spaces of ultradistributions related to
the given sequence {M,}. Let X be an open set in R? and let w € M M(p) (RY). The
local Fourier Lebesgue space JF L((]w),loc(X ) consists of all f € (S())/(RY) such that

pof eF L?w) (R%) for each ¢ € DMp)(X). It is a Fréchet space under the topology
given by the family of seminorms f +— ||<pf||;Lz<z . where ¢ € DMp)(X), and the
following simple properties hold.

Lemma 3.1. Let there be given a sequence {M,} with the associate function
M(p), p > 0. Let X be an open set in R% and w € M (p) (RY). Then

FL!

(w)(Rd)gqu (RY C FLL .. (X). (3.1)

(w),loc (w),loc
Furthermore, let g1, qa € [1,00] and w1, wz € My, (RY). Then

FL?

("Jl ) ;loc

(X)C FL? (X), when ¢1 < q2 and wo < wy. (3.2)

(WQ):IOC

PROOF. If f € FL! )(]Rd) and if ¢ € DMp)(X), then Young’s inequality gives

(w

lefllres, = IF(ef) @l = @m) 2@« F)wls

SIEeMO« | fwllie S IFwllze = 1 flrre,
if || e ()| ;1 is finite. Since ¢ € DMp)(X), from Theorem 2.2 and Remark 2.2 it
follows that for every N > 0 we have

15(£)eM©)] < e=(NHNM(E)M(E) — o=NM(&), (3.3)

Therefore, ||GeMO)||1» < oo for every p € [1, 00|, and (3.1) is proved.
It remains to prove (3.2). The inclusion in (3.2) is clear when ¢; = g2 and

w2 S wi. It remains to show that F L((]w) loc InCreases with respect to g. Assume,

without any loss of generality, that f € (£Mr))/(X), and that ¢ € DMp)(RY)
is such that ¢ = 1 in the neighborhood of supp f. Choose p € [1, 00| such that
1/q1 +1/p = 1/qo + 1. Then, for a ¢M()-moderate weight w, it follows from
Young’s inequality that

£z, S 1@ Pl 18Ol Fell i = Cllf Iz

for some constant C, and the result follows.
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Next we extend the definition of wave-front sets of Fourier-Lebesgue type given
in [22, 35, 36].

Let {M,} satisfy (M.1) — (M.3)" and let M (p) denote its associated function.
Furthermore, let ¢ € [1, 00], and I' € R%\ 0 be an open cone. If f € (SM)/(R) and
w € Mgy (R24), then we define

ey =lrggr = ( [ 1F©t@ o) (34)

(with obvious interpretation when ¢ = co). We note that | - defines a semi-

715
norm on (S™M)/(R4) which might attain the value +oo. Since w is e (?)-moderate

it follows that different z € R? gives rise to equivalent semi-norms |f| Fpol » see
(W)@

Remark 3.1. Furthermore, if ' = Rd\O, fe fL((]w) (Rd) and g < oo, then me‘(’F)

agrees with the Fourier Lebesgue norm || f|| FLY, of f.
For the sake of notational convenience we set

B=FL{,=FL{, (R, and |- |sm)=]"|pper - (3.5)

(W),

We let O5(f) = @]:Lc(z )(f) be the set of all £ € R?\ 0 such that | flBr) < oo, for

some open conical neighborhood I' = T'¢ of £&. We also let ¥5( f) be the complement
of ©5(f) in R?\ 0. Then ©5(f) and X5(f) are open respectively closed subsets in
R?\ 0, which are independent of the choice of z € R in (3.4).

Definition 3.1. Let there be given a sequence {M),} which satisfies (M.1) —
(M.3)" and let M (p) be its associated function. Furthermore, let g € [1, 0c], B be as
in (3.5), and let X be an open subset of R%. If w € M M(p) (R24), then the wave-front
setof f € (D*)(X), WFg(f) = WF;L?M (f) with respect to B consists of all pairs

(z0,&) in X x (R%\ 0) such that & € Y5(¢f) holds for each ¢ € DMr)(X) such
that p(z¢) # 0.

The set WF(f) is a closed set in R? x (R \ 0), since it is obvious that its
complement is open. We also note that if € R? is fixed and w (&) = w(z, £), then
WF3(f) = WF;Lq )(f) since X3 is independent of x.

The following theorem shows that wave-front sets with respect to F L( ) satisfy
appropriate micro-local properties. It also shows that such wave-front sets are de-
creasing with respect to the parameter ¢, and increasing with respect to the weight w.

Theorem 3.1. Let there be given a sequence { M, } which satisfy (M.1) — (M.3)’
and let M (p) be its associated function. Furthermore, let q,r € [1, 0], X be an open
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setin R and w, 9 € My, (R*®) be such that
r<gq, and w(r,§) S I(z,§).

Also let B be as in (3.5) and put By = F L, RY. If f € (DM)Y(X) and ¢ €
DMp) (X)) then
WFg(¢ f) € WFg,(f).

PROOF. When M,, = p!®, s > 1, we recover [22, Theorem 2.1]. In fact, the more
general situation when {1, } is an arbitrary sequence which satisfies (M.1) — (M.3)’
can be proved by using the idea of the proof of [22, Theorem 2.1] as follows.

By the definition it is sufficient to prove

EB(QDf) - ZBO(f)

when ¢ € DMr)(X), ¥ = wand f € (EM»))(RY), since the statement only
involves local assertions. For the same reasons we may assume that w(z,§) = w(§)
is independent of 2. We prove the assertion for € [1, 00), and leave the case r = co
to the reader.

By using the idea of the proof of [39, Theorem 1.6.1] we conclude that if f €
(£(Mp))’(RY) then there exists Ny > 0 such that | f(&)w(&)| < elNoM D,

Choose open cones I'; and I'; in R4 such that Ty C T'y. Itis enough to prove that
for every N > 0, there exist C'y > 0 such that

el < On (I flsory) + sup (IF©w(©le D)) 3.6)
EER?

whenT's C T'y. R

Since w € M) (R?) by letting F(€) = | f(§)w(€)| and (&) = |5(&)[eM (<D
we have

efley = ( [ 1Fen@uera)”

N

(] ( Rdw(f—n)F(n)dn>qd€)l/q§J1+J2,

where

= ([ ([ vte=mroman) )™

= ([ ([ vte-wrman)a)”
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Let go be chosen such that 1/ro+1/r = 141/q, and let xr, be the characteristic
function of I'y. Then Young’s inequality gives

ne ([ ([ we=nraan)a)”

= 1Y% (xr, F)llza < (|19l o Ixry Fllzr = Cyl flBy )

where Cw = ”'lb”qu < 0.
To estimate .Jo, we note that since € D(Mr) (X), then by Theorem 2.2 it follows
that for every N > 0 there exist Cy > 0 such that

»(€) = |p(6)] M) < Opne WADMED MED < O peNMUED, (3.7)
Furthermore, 'y C T'; implies that
€ = nl > 2cmax([¢], [n])
> c([&] + [nl); €Ty, n¢ly (3.8)

holds for some constant ¢ > 0, since this is true when 1 = || > |n|. Now, a
combination of Lemma 2.1, (3.7) and (3.8) (together with the monotone increasing
property of M(p)) implies that for every N7 > 0 we have

Y(E—1n) < C«€—2N1(1\4(|§|)+1\4(\77|))7

which gives

r 1/r
Jy < ( / ( / ¢~ 2M QI (ED+M(1nD) oy dn) dg)
Iy Cry
<( / ( / ¢~ 2N (ED+M (1) N1 M (i) (=N M () F(n»dn)rdg)”’"
~ Iy CTy

< sup e MM P ().
nER4

This implies (3.6) and the proof is finished.

3.1. Comparisons to other types of wave-front sets

Let w € M,(R??) be moderated with respect to the weight v of a polynomial
growth at infinity, and let f € D’(X). Then the wave frpont set WF FLY, (f) in Def-
inition 3.1 agrees with the wave-front set introduced in [36, Definition 3.1]. There-
fore, the information on regularity in the background of wave-front sets of Fourier-
Lebesgue type in Definition 3.1 might be compared to the information obtained from
the classical wave-front sets, cf. Example 4.9 in [36].



Wave-front sets in non-quasianalytic setting for Fourier-Lebesgue and modulation spaces 97

Next we compare the wave-front sets introduced in Definition 3.1 to the wave-
front sets in spaces of ultradistributions given in [20, 32, 39].

Let s > 1 and let X be an open subset of R?. The ultradistribution f €
(DY (X) (f € (DI})(X)) is (s)-micro-regular ({s}-micro-regular) at (zg, &)
if there exists ¢ € D®)(X) (¢ € DI}H(X)) such that () = 1 in a neighborhood
of zg and an open cone I' which contains &j such that

IF(pf)(©)| S e N ger,

for each N > 0 (for some N > 0). The (s)-wave-front set ({ s }-wave-front set) of f,
WE () (f) (WF 3 (f)) is defined as the complement in X x RY\ 0 of the set of all
(x0,&0) where f is (s)-micro-regular ({s}-micro-regular), cf. [39, Definition 1.7.1].

The {s}-wave-front set WF4,(f) can be found in [32] and it coincides with
certain wave-front set WF 1 ( f) introduced in [20, Chapter 8.4].

Next we modify the definitions from [36, 22].

Let there be given a sequence { M, } which satisfy (A.1) — (A/.3)" and let M (p)
be its associated function. Furthermore, let w; € M () (R%), g; € [1,00] when j
belongs to some index set .J, and let B be the array of spaces, given by

(B;) = (Bj)jes, where B;=FLY =FLY (RY), jeJ (3.9)

i
(wj) (wj)
If f € (D)) (R?), and (B;) is given by (3.9), then we let @?g%(f) be the set

J
of all ¢ € R?\ 0 such that for some I' = I'¢ and each j € J it holds | flB,(r) < oo
We also let @i(rgj)(f) be the set of all ¢ € R?\ 0 such that for some I' = I'¢ and

some j € J it holds |f|s,r) < oco. Finally we let Z?g?)(f) and Ei(%fj)(f) be the
S

complements in R¢ \ 0 of © (‘ll;) (f) and G)i(rgj) (f) respectively.
J
Definition 3.2. Let there be given a sequence { M), } which satisfy (M.1)—(M.3)’
and let M (p) be its associated function. Furthermore, let J be an index set, ¢; €
[1,00], wj € My, (R*) when j € J, (B;) be as in (3.9), and let X be an open
subset of RY.

1. The wave-front set of f € (DM»))(X), of sup-type with respect to (1),

WF(SE;’)(f), consists of all pairs (zg,&) in X x (R?\ 0) such that & €

E?gj})(@f) holds for each ¢ € DM»)(X) such that p(zg) # 0;

2. The wave-front set of f € (DWM»)Y(X), of inf-type with respect to (Bj),

WF(‘gi)(f) consists of all pairs (zg,&) in X x (RY\ 0) such that & €

Zi(%fv)(@f) holds for each ¢ € D(MP)(X) such that ¢(x) # 0.
J
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Now we are ready to rewrite the classical Gevrey wave-front sets WF,(f) and
WF () (f) in terms of wave-front sets introduced in Definition 3.2.

Proposition 3.1. [22] Let s > 1, and let B; be the same as in (3.9) with q; €
[1,00] and w;(§) = eI Then the following is true:

1. if f € (DY (RY), then

WFBE (F) = (| WFg,(f) = WF3(f) € WF((f):
7>0

2. if f € (DW)(RY), then
()= {J WFs,(f) € WF " ().

3>0

Remark 3.2. We recall that if f € D'(R?), and w;(z, &) = (¢)I forj € J =N,
then it follows that WF (S gp) (f) in Definition 3.2 is equal to the standard wave front
J

set WE(f) in Chapter VIII in [20].

3.2. Convolution

We finish the section by recalling that the convolution properties, valid for stan-
dard wave-front sets of Héormander type, also hold for the wave-front sets of Fourier
Lebesgue types, see [37, 38] for related results in the framework of tempered distri-
butions. More generally, the following convolution result holds true.

Theorem 3.2. Let there be given a sequence { M,,} which satisfy (M.1) — (M.3)’
and let M (p) be its associated function. Furthermore, let q,q1,q2 € [1,00] and let
w, w1, w2 € My (RY) satisfy

1 1 1

—+—=- and w(§) Swi(§w(§).

S = w(©) Swr(©eal®)
Then the convolution map (f1, f2) — f1 * fa from SO (R?) x SW(RY) ro SM(R?)
extends to a continuous mapping from F L((ILIu )(Rd) x F L‘(ZZQ)(]Rd) to F L((Iw) (R9).
This extension is unique if q1 < 00 or q2 < o0.

Iffi € fLQI loc( 4, fy € (DMp))(R?) and f or fo have compact supports,
then

WEFrLs, (frxfo) S{(z+y.8); @ € supp fiand (y,€) € WF]—"L‘(]52)(f2) }-
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The proof is omitted, since the arguments for the first part of Theorem are the
same as in the proof of [37, Lemma 2.1], taking into account that S (1) is dense in
F qu when ¢ < oco. The second part of Theorem 3.2 can be proved in the same way
as [23, Theorem 2.2].

4. Modulation Spaces

In this section we first recall the action of the short-time Fourier transform on
Gelfand-Shilov spaces and their dual spaces, and then proceed with modulation spaces
and their properties. Since the short-time Fourier transform gives a phase-space de-
scription of a function or distribution, we first extend Definition 2.1.

Definition 4.1. Let there be given sequences of positive numbers (Mp)pen,.

(Ng)geNo» (Mp)penys (Ng)gen, which satisfy (M.1) and (M.2).

We define Sﬁq’%’i(]}%m) to be the set of smooth functions f € C°°(R??) such
y 28 P
that

212001002 fl| oo < CAITO2IM | Moy B HP2IN g N gy,

valv 042,,61,/32 S Ng}7

and for some A, B, C' > 0. Gelfand-Shilov spaces are projective and inductive limits

N(17N(17B 2d\.
ofSMvava(R )

ENqJ(]fI

2d Y Ng,Ng,B (152d
Mp,Mp(R )::prOJAhm T (R=Y);

>0,B>0 MP’MZNA

Ng,Ng mv2d . . Ng,Ng,B rmy2d
SR :=ind lim S 7 (R*Y).
Mvap( ) A>0,B>0 ]V[vamA( )

Clearly, the corresponding dual spaces are given by

Ng,Ng \1 (mp2d o : Ng.Ng,B \1 /mp2d .
(ZMp,Mp) (R*) := mdA>lé’%>0(SMp,Mp,A) (R*);

Ng,Ng \1/p2d . . Ng,Ng,B \/ /mp2d
sl y(R2d) = lim (ST y(R2),
(Syiz,) (R PTOJA>(1)%>O( ait4) (B)

quNfz (R2d)

By Theorem 2.1, the Fourier transform is a homeomorphism from > Mo
PP

to ZAA{F ’]é\,/[” (R24) and, if F f denotes the partial Fourier transform of f(z,w) with
q»trq

respect to the x variable, and if F» f denotes the partial Fourier transform of f(z,w)
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with respect to the w variable, then 7 and F5 are homeomorphisms from 5 Na:Na (RQd)

Py P
to VoM (R24) and EN"’M” (R2d) respectively. Similar facts hold when 52 NaNa (R24)
Pqu MZHMP
is replaced by S/ Na, ]\[‘1 (RQd) (EJA\;IJJ\\% ) (R2%) or (SA]Z‘J ]J\\[j ) (R24),
When M, = M and Ny = N we use usual abbreviated notation: S (]R2d)
S NNy (R24) and similarly for other spaces.
My, M,

4.1. Short-time Fourier transform

Let (M,)pen, satisfy (M.1) and (M.2). For any given f,g € 8 (Rd) (f,g €

Z%Z (R9), respectively) the short-time Fourier transform (STFT) of f w1th respect to
the window g is given by

fla,€) = / ) 90y —2) 2N dy = (f, McTag),

where the translations T}, and modulations My are given by (1.1).

The following theorem (and its variations) is a folklore, in particular in the frame-
work of the duality between S(R2?) and S'(R2%). For Gelfand-Shilov spaces we
refer to e.g. [19, 42, 44, 46].

Theorem 4.1. Let there be given sequences (Mp)pen, and (Ng)qen, which sat-
isfy (M.1), (M.2) and

(N1}: (3H >0)(34>0) p!'/2 < AHPM,, p e Ny.

Iff,g € S (Rd) then Vyf € SNq’M” (Red) and extends uniquely to a continuous
map from (S Y (RY) % (Sy (R) into (Syne ) (R2).

Conversely, if Vo f € SNq’M” (Rd) then f, g € S ( 4,

Next, assume that (M, )pENo and (Ng)qen, satisfy (M 1), (M.2) and

(N.1): (VH > 0)(34 > 0) p!'/2 < AHM,, p e Ny.

Iff,g € E (Rd) then Vy f € ZNq’ p(]Rd) and extends uniquely to a continu-
ous map from (z 1) (RY) x (Sp7) (Rd) into (SN ) (R24).
Conversely, if Vy f € ENq’M” (Rdd) then f,g € Z]]\\}p (R9).
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The conditions {/N.1} and (NN.1) are taken from [28] where they are called non-
triviality conditions for the spaces S]]\\i’: (R%) and Z%ﬁ (R%) respectively, see also [27].

We will also need the following proposition when proving that the wave-front
sets of Fourier-Lebesgue and modulation space types are the same. The first part is
an extension of [8, Proposition 4.2].

Proposition 4.1. Let { M)} satisfies (M.1) — (M.3) and let M (p) denotes its
associated function. Then the following is true:

1. iffe (S(Mp))/(Rd) and ¢ € S(Mp) (Rd), then
Vi f (x, €)| S e hM D =MD
for some € > 0 and for every h > 0;

2. if f € (DM)Y(R?) and ¢ € DMe) (R \ 0, then f € (EMp)Y(RY), if and
only if supp Vy f € K X R? for some compact set K, and then

Vi f(a,&)] S eMIED,
for some € > 0.

PROOF. We only prove (1) and (3). The other statements follow by similar argu-
ments and are left for the reader. As before, we will use Remark 2.2 in our calcula-
tions. Recall, f € (£(M»))(R?) implies that

1F(6)] S esMUeD,

for some € > 0, cf. [39, Theorem 1.6.1].
For ¢ € SM»)(R?) and ¢y € DM»)(R?) such that ©) = 1 in supp f by Theorem
4.1, Lemma 2.1 and Remark 2.2 it follows that

[Vy(a, €)] S e MDD,

for every h, k > 0. Now straight-forward calculations give

Vo (2, )] = [(Va() (@, )| S (Vuo(, )|+ [ F)(€)
- / V(s € — )| Fn)ldn < / oMM ()220 () M () g

< o~ hM(ja]) / ¢~ 2eM (In)+2eM(€])+2M (nl) gy, < —hM () +22M((€])
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and (1) follows.

Next we prove (3). First assume that ¢ € DMe)(R?)\ 0 and f € (£M»))(R?).
Since both ¢ and f have compact support, it follows that supp(Vsf) € K x R
Furthermore, by slightly modifying the proof of [46, Theorem 2.5] we conclude thay

Vi f (2, )] S s M UD+MAED)

for some € > 0, see also [22, Proposition 3.2]. Since Vj f(x, £) has compact support
in the x-variable, it follows that

Vo f (2,6)] S MU,

For the opposite direction, assume that supp V, f € K X RY, for some compact
set I{. Assume that supp ¢ C K and choose ¢ € D) (R%) such that supp pN2K =
(. Then

(f,9) = (I6ll2) 2 (Vs f, Vo) = 0,
which implies that f has compact support. Here the first equality is the Moyal’s

identity (cf. [16]). This implies that f has compact support and the condition f €
(DMe)Y (R4) now gives f € (EMp))(RY).

4.2. Modulation spaces and their basic properties

The modulation space norms traditionally measure the joint time-frequency dis-
tribution of f € &', we refer, for instance, to [11], [16, Ch. 11-13] and the original
literature quoted there for various properties and applications. It is usually sufficient
to observe modulation spaces with weights which admit at most polynomial growth
at infinity. However the study of ultra-distributions requires a more general approach
that includes the weights of exponential or even superexponential growth, cf. [8, 47].
Note that the general approach introduced already in [11] includes the weights of
sub-exponential growth. We refer to [12, 13] for related but even more general con-
structions, based on the general theory of coorbit spaces.

Depending on the growth of the weight function m, different Gelfand-Shilov
classes may be chosen as fitting test function spaces for modulation spaces, see [8,
42, 47]. The widest class of weights allowing to define modulation spaces is the
weight class V. A weight function m on R¢ belongs to N if it is a continuous,
positive function such that

m(z) = o(eczz), for |z| = 00, Ve >0,

with z € RY. For instance, every function m(z) = es|z‘b, withs > 0and 0 < b < 2,
is in V. Thus, the weight m may grow faster than exponentially at infinity. For ex-
ample, the choice m € N\ U, M,, when the weights v satisfy the Beurling-Domar
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condition from Introduction, is related to the spaces of quasianalytic functions, [9].
We notice that there is a limit in enlarging the weight class for modulation spaces,
imposed by Hardy’s theorem: if m(z) > Ce®*", for some ¢ > /2, then the corre-
sponding modulation spaces are trivial [18].

2
11//2 (R9). For

1 < p,q < oo the modulation space Mp;*(R?) consists of all f € (811 //22 )'(R?) such

that V, f € Lh?(R??) (weighted mixed-norm spaces). The norm on M%7 is

a/p la
1z = WVafloge = ( [ ([ wierm.op i) dw)

(with obvious changes if either p = oo or ¢ = o0). If p,q¢ < oo, the modulation
1/2
1/2

in the weak™ topology.

Definition 4.2. Let m € N, and g a non-zero window function in S

space M}, is the norm completion of S,/ in the M};?-norm. If p = oo or ¢ = oo,

1/2

then M7, is the completion of S} 72

When f,g € S(R?), the above integral is convergent thanks to Theorem 4.1.
Namely, for a given m € M, there exist [ > 0 such that m(z,w) < Cell@<) and

therefore
q/p
L (L waropmteer i) a
R4 R4

a/p
/Rd (/Rd |V, f (2, w)PePll@)] dx) dw

since by Theorems 4.1 and Theorem 2.1 we have |V, f(z,w)| < Cesl@wll for
every s > 0. This implies S ¢ ME?.

In particular, when m is a polynomial weight of the form m(z,w) = (z){w)?
we will use the notation Mﬁ A (R%) for the modulation spaces which consists of all
f € S'(R?) such that

| Fllazrg = (/R (/R ]V¢f(x,w)<q;)t<w>s‘lldx)q/iv dw) o

(with obvious interpretation of the integrals when p = oo or ¢ = 00).
If p = q, we write M}, instead of M5, and if m(z) = 1 on R??, then we write
MP? and MP for ME? and MEP, and so on.

<C

< o0
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In the next proposition we show that M/%;?(R?) are Banach spaces whose defini-
tion is independent of the choice of the window g € M, \ {0}. In order to do so, we
need the adjoint of the short-time Fourier transform.

For given window g € S() and a function F(z,¢) € L5 (R??) we (formally)
define V" F" by

(VIF, f) = (F.Vyf).

Proposition 4.2. Let v be a submultiplicative weight. Fix m € M, and g,v €
SW with (g,4) # 0. Then

1. Vg LR(R) — MEY(RY), and
Vg Fllage < ClIVagllLy 1F |z

2. The inversion formula holds: Iypa = (g, Q,Z)>_1Vg*V¢, where Iypa stands for
the identity operator.

3. MK q(Rd) are Banach spaces whose definition is independent on the choice of
g€ SW\ {o}.
4. The space of admissible windows can be extended from S to M}

PROOF. We refer to [8] for the proof which is based on the proof of [16, Propo-
sition 11.3.2.]. Note that in (4) the density of S in M%? is essential. This fact is
not obvious, and we refer to [6] for the proof. Then we may proceed by using the
standard arguments, cf. [16, Theorem 11.3.7].

The following theorem lists some basic properties of modulation spaces. We refer
to [11, 16, 19, 33, 34, 43, 46] for the proof.

Theorem 4.2. Letp? q,DPj,495 € [1’ OO] and S, t, S5, tj € R, ] = ]., 2. Then:
1. M 5 ’tq(Rd) are Banach spaces, independent of the choice of ¢ € S (]Rd) \ O;
2. ifp1 <p2, @1 < qo, 52 < spandty < ty, then

S(Rd> Mpl#]l (Rd) MPZJ]Q (Rd) C S/(Rd)

s1,t1 s2,t2

3. ms,tngf(Rd) = S(RY), us,tngf(Rd) = S'(RY);

4. Let1 < p,q < 00, and let wy(x,w) = es@E9 1w e RY. Then

SiRY) =SsORY) = (| MEARY), (S)'RY) = J M7, (R?
5>0 5>0
SI(RY) = sTRY) = [ MEIRY), (8D (RY) = (1) MPS, (R?

s>0 s>0
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5. Forp,q € [1,00), the dual of M7 (R?) is Mfls’?it(]Rd), where ]lj—l—l% = %4—%
=1.

Remark 4.1. In the context of quasianalytic Gelfand-Shilov spaces, we recall (a
special case of) [46, Theorem 3.9]: Let s,¢ > 1/2 and set

wp(z,w) = eh(|m‘l/t+|w|l/s), h>0, z,w € R

Then
SjRY) = () MEIRY), (2R = ML, (RY),
h>0 h>0
S (RY = | MBA®R?), (S) = () M}, (R
h>0 h>0

Modulation spaces include the following well-know function spaces:
1. M?(R?) = L*(R?), and M7, (R?) = LF(RY);

2. The Feichtinger algebra: M*(R%) = Sy (R%);

3. Sobolev spaces: M&S(Rd) = H2RY) = {f | f(w){w)® € L2(RY};

4. Shubin spaces: M2(R?) = L2(RY) N H2(R?) = Q4(RY), cf. [41].

5. The invariance property of Wave-front sets

Next we define wave-front sets with respect to modulation spaces and show that
they agree with corresponding wave-front sets of Fourier Lebesgue types. More pre-
cisely, we prove that [36, Theorem 6.1] holds if the weights of polynomial growth
are replaced by more general submultiplicative weights.

Let there be given a sequence { M), } which satisfies (M.1)— (M.3)" and let M (p)
denote its associated function. Furthermore, let p,q € [1,00], and ' € R%\ 0 be an
open cone. If f € (SM)'(R?) and w € M) (R?), then we define

ey = oo = ([ ([, Weste ot p o)™ ag) ™

when B=M{= M{%(}Rd) (5.1)

We note that | f|r)y = | fllape when T' = R?\ 0 and ¢ € S®)(R?), and that
|f \B(¢,r) might attain +oo.
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Furthermore, when B = Mﬁfj” the sets Op(f), X(f) and WFg(f) with respect
to the modulation space B are defined in the same way as in Section 3., after replacing
the semi-norms of Fourier Lebesgue types in (3.4) with the semi-norms in (5.1).

Proposition 5.1. Let there be given a sequence of positive numbers (M,)pen,
which satisfies (M.1) — (M.3)', and let M (p), p > 0, be its associated function. If
f € (DMp))(RY) then WFM% (f) is independent of p and ¢ € SMr)(R) \ 0 in
6.1).

PROOF. We may assume that f € (£(Mr))(R?) and that w(z, &) = w(&) since
the statements only concern local assertions.

We follow the idea of the proof of [22, Theorem 3,1], and in order to prove
that WFM&(; (f) is independent of ¢ € SMr)(R?) \ 0, we assume that ¢, ¢; €

SMp)(RY)\ 0 and let | - |c, () be the semi-norm in (5.1) after ¢ has been replaced by

¢1. LetI'; and I'; be open cones in R% such that Ty C T'y. The asserted independency
of ¢ follows if we prove that

| fles) < C(fley @y + 1), (5.2)
for some positive constant C'. Let
O ={(2,6); €€} CR¥ and Oy =C(0; C R,
with characteristic functions y and 2 respectively, and set

Fk(l‘,f) = |V¢1f(xa§)|w(£)Xk(x7€)a k= 1a2a

and G = |Vyo(x, §)eM(‘§|)|. Since w is v-moderate, it follows from [16, Lemma
11.3.3] that

Ve f (2, 8)w(z, )| S ((F1 + F2) * G)(z,€),

which implies that
| flews) S J1+ Jo,

where

T = (/F (/Rd|(Fk*G)(x,g)]pdm>q/pd§>l/q, k=1,2.

By Young’s inequality

J1 <|[F1+ Gllppa < |Gl Frl[ppe = Clfley ),
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where C = ||G|| 11 = || Vo1 (z, €)eMUED|| 11 < oo, in view of Proposition 4.1.

Next we consider Jo. For ¢ € I'y fixed and integrating over € CI'y, it follows
from Propositon 4.1 and Lemma 2.1 that for some € > 0 and every N, h > 0 we have
that |(F» * G)(z,&)| is bounded by

c / / =N M (1) =M (1) g =h(M (=3 )+ M(I6=nD)) M (E=11) gy
R2d '
for some constant C' > 0. Therefore, there exist a constant ¢ > 0 such that

|(Fy * G) (2, €)]|

< / / &= NM(lyl) o= M (1nf) = hM (ja—y1) —he(M (E1)+M (1n])) o (MUED+M (D) gy i
R2d

< (= N+h)M([z]) ,(1-he)M(l€]) / / =M (y) (=R M () gy
R2d
< =N+ M () (1=he)M(E]) < o

since N > 0 and h can be chosen arbitrarily. Therefore

Jo = (/F ( (Fy % G)(x, §)|de)q/pd5)l/q

S (/1“2 (/Rd (e(‘N+h)M(Ir\)6(1—hc)M(|5|)) )Q/p df) 1/q

This proves that (5.2), and hence WF¢(f) is independent of ¢ € S*)(R9) \ 0.

The main result of this section, Theorem 5.1, now follows from Proposition 5.1
and calculations given in the proof of [22, Theorem 3.1]. For that reason we omit the
proof.

Theorem 5.1. Let there be given a sequence of positive numbers (Mp)pen, which
satisfies (M.1) — (M.3)', and let M (p), p > 0 be its associated function. Let p,q €
[1,00] and w € My, (R2d) If f € (DM2)Y(RY) then

WEFLs (f) = WEypa ().

Finally, note that for a given sequence of positive numbers (M,,),cn, Which sat-
isfies (M.1) — (M.3)’, and its associated function M (p), p > 0, when p, g € [1, 0],
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w € My, (R%4) and f € (£Mp)Y(R?), then it follows from the definition of
wave-front sets that then

feB < WFg(f) =0,

when B is equal to FL? | or M (p ‘i. In particular, by Theorem 5.1 we obtain

(w) oj)

FLY, 0 (M) (RY) = MES 0 (EMP)Y (RY),

and we recover Corollary 6.2 in [36], Theorem 2.1 and Remark 4.6 in [40].
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