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ABSTRACT

We show that if G is a group of type F Pfil that is coarsely separated into three essential,

coarse disjoint, coarse complementary components by a coarse PDZ2 space W, then W is at finite
Hausdorff distance from a subgroup H of G; moreover, G splits over a subgroup commensurable to
a subgroup of H. We use this to deduce that splittings of the form G = A xy B, where G is of type
FPf?H and H is a coarse PDZ%? group such that both |Comm(H) : H| and |Commp(H) : H|
are greater than two, are invariant under quasi-isometry.

1. Introduction

One of the aims of geometric group theory is to understand the connection between the
algebraic and large-scale geometric properties of finitely generated groups. We say that a group
G splits over a subgroup H if either G = A xyg B where H is a proper subgroup of A and B, or

We show that group splittings can often be detected from the large-scale geometry of a group.
The most celebrated result along these lines is the following theorem of Stallings, providing a
correspondence between the number of ends of a group — a large-scale geometric property, and
whether a group splits over a finite subgroup — an algebraic property.

THEOREM ([43], [42]). A finitely generated group splits over a finite subgroup if and only
if it has more than one end.

Along with a theorem of Dunwoody [15], Stallings’ theorem allows us to decompose groups
into ‘smaller’ pieces via graph of groups decompositions. A result of Papasoglu and Whyte
[35] classifies finitely presented groups up to quasi-isometry in terms of their one-ended vertex
groups. Papasoglu [32] gives a geometric characterisation of splittings over two-ended groups,
generalising Stallings’ theorem. Using Papaoslgu’s theorem, recent progress has been made by
Cashen and Martin [10] towards a classification of one-ended groups up to quasi-isometry in
terms of their JSJ decompositions (a graph of groups decomposition that encodes all splittings
over two-ended groups). Generalising Stallings’ theorem and Papasolgu’s theorem to splittings
over more complicated groups allows us to better understand the structure of groups up to
quasi-isometry.

Consider the Cayley graph I' of a group G with respect to some finite generating set. We say
that C' C G is a coarse complementary component of W C G if for some R > 0, C\Ng (W) is the
vertex set of a union of components of I'\Ng(W). The motivation behind this definition is that
quasi-isometries preserve unions of complementary components, but do not necessarily preserve
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a single complementary component. Thus the notion of ‘coarse complementary components’ is
a natural one when working with quasi-isometries.

A coarse complementary component is said to be deep if it is not contained in Nz (W) for any
R > 0; otherwise it is said to be shallow. A collection of deep coarse complementary components
of W is said to be coarse disjoint if the intersection of any pair is shallow. We say that W
coarsely n-separates G if there exist n deep, coarse disjoint, coarse complementary components
of W. We say that W coarsely separates G if W coarsely 2-separates G. Coarse n-separation is a
quasi-isometry invariant. The following proposition relates coarse separation to group splittings.

PROPOSITION ([34, Lemma 2.2]). If a finitely generated group G splits over a finitely
generated subgroup H, then H coarsely separates G.

A group has more than one end if and only if it is coarsely separated by a point. Consequently,
Stallings’ theorem may be rephrased as follows:

THEOREM. A finitely generated group splits over a finite subgroup if and only if it is coarsely
separated by a point.

We prove a partial generalisation of Stallings’ theorem, giving a large-scale geometric criterion
that guarantees the existence of a group splitting. We use this to show that group splittings are
often invariant under quasi-isometry. Triangle groups provide examples of groups which don’t
split, but have finite index subgroups that do split over two-ended subgroups; hence admitting
a splitting over a two-ended group is not invariant under quasi-isometry. However, there is a
theorem by Papasoglu which partially generalises Stallings’ theorem. In the following theorem,
a line is defined to be a coarsely embedded copy of R.

THEOREM ([32]). Let G be a finitely presented one-ended group which is not virtually a
surface group. A line coarsely separates G if and only if G splits over a two-ended subgroup.

This is known to be false if one drops the condition that G is finitely presented. In [34],
Papasoglu constructs a line that coarsely separates the lamplighter group — a finitely generated
group that is not finitely presented and doesn’t split over a two-ended subgroup.

To construct a splitting using the geometry of a group, we first construct a subgroup which
coarsely separates the group, and then show that the group splits over a subgroup commensurable
to it. Much work has already been done on the second step, for example see [17].

Before stating our results, we need to define a few terms. For a ring R, a group G is said to
be of type F P if it admits a partial projective resolution

P,—-P_1— - —=>F—>R—=>0

of the trivial RG-module R, such that each P; is finitely generated as an RG-module. A group
is of type F), if it has a classifying space with finite n-skeleton. If G is of type Fy,, it is of type
FPE for any R. These are examples of finiteness properties, generalising the notions of being
finitely generated and finitely presented.

We will work with groups of type F'PZ2. The use of Zy coefficients is fairly natural in the
context of group splittings and coarse separation. For example, the number of ends can be
detected using cohomology with Zo coefficients [41] and Dunwoody’s accessibility theorem holds
for groups of type F' PQZ2 [15]. We remark that a group of type F'PZ (often simply denoted as
FP,) is necessarily of type F P2,

Stallings’ theorem holds for finitely generated groups, which are necessarily of type F P1Z2,
whereas Papasoglu’s theorem only holds for finitely presented groups, which are necessarily of
type FPQZQ. This motivates the principle that when examining splittings over groups that are
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more complicated than finite and two-ended groups, we assume the ambient group has higher
finiteness properties.

Coarse PD%2 gpaces are defined in [26]. They are spaces which have the same large-scale
homological properties as R". For example, the universal cover of a closed aspherical n-
dimensional manifold is a coarse PD%2 space. To construct a splitting, we make the assumption
that a coarse PD%2 space coarsely separates a group of type F Pfjl.

When dealing with the case of a line coarsely separating a group as in Papasoglu’s theorem
(as well as similar results such as [4]), one needs a geometric criterion for recognizing virtually
surface groups. In doing this, one uses the Tukia, Gabai and Casson-Jungreis theorem on
convergence groups acting on the circle ([44], [20] and [11]). Since this theorem has no analogue
in higher dimensions, we cannot rule out generalisations of triangle groups; we therefore make
the assumption that a coarse PDZ2 space coarsely 3-separates a group. Unfortunately, even
this assumption is not sufficient for our purposes. Therefore, rather than working with deep
components, we use what we call essential components. This is a generalisation of the essential
components found in [32].

FIGURE 1. FIGURE 2.

Essential components are necessarily deep and are invariant under quasi-isometry. An example
is that of a coarse PDZ2 space which coarsely separates a coarse PD%?H space into two ‘coarse
PDZ;?H half-spaces’ (see the coarse Jordan separation theorem of [26]). One can think of a copy
of R™ (or H") coarsely separating R" ™! (or H"*!) into two half-spaces. Each coarse PD%Z+1
half-space is essential. More generally, any coarse complementary component that contains such
a half-space is necessarily essential. The definition of essential components is rather technical,
so we do not define it here. However, we do give some examples of essential and non-essential
components.

In Figure 1, a line coarsely separates the space into two deep components. In Figure 2, a plane
coarsely separates the space into two deep components. In both cases, the bottom component
is essential and the top component is not. These examples illustrate the only ways in which a
coarse complementary component fails to be essential. In Figure 1, the boundary of the top
component is not the entire line, but only half the line. It will be shown in Proposition 6.8 that
this cannot occur for essential components. In Figure 2, the boundary of the top component is
the entire plane, so the component fails to be essential in a more subtle way. It is not essential
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because it contains a non-trivial 1-cycle at infinity — a ‘hole’ that cannot be filled as we move
away from the plane.

We are now in a position to state our main theorem; all the hypotheses of the theorem are
invariant under quasi-isometry.

THEOREM 1.1. Let G be a group of type FPff“H and let W C G be a coarse PDZ2 subspace.
Suppose G contains three essential, coarse disjoint, coarse complementary components of W.
Then there exists a subgroup H < G, contained in Ng(W) for some R > 0, such that G splits
over H.

We now discuss some consequences of Theorem 1.1 to demonstrate its applicability to
situations in which its rather technical hypotheses are not a priori known to hold.

In deciding whether a group splits over a certain class of subgroups (e.g. virtually Z™
subgroups), it simplifies the argument if we make the natural assumption that it does not
split over a ‘smaller’ class of subgroups (e.g. virtually Z" subgroups for < n). For instance in
Papasoglu’s theorem, which determines if a group splits over a two-ended group, we assume
that the ambient group is one-ended; therefore, Stallings’ theorem says it cannot split over a
finite subgroup.

We want to find a higher dimensional analogue of a space being one-ended that rules out
splittings over certain classes of subgroups. The right generalisation of one-endedness is acyclicity
at infinity over Zso, which will be defined in Section 3.5. If a group is of type F Pfil and is
(n — 1)-acyclic at infinity over Zs, then it cannot split over a virtually Z" subgroup for any
r <n.

A finitely generated group G has one end if and only if it is O0-acyclic at infinity over Z,. If G
is the fundamental group of a closed aspherical n-manifold, or more generally is a coarse PD%2
space, then it is (n — 2)-acyclic at infinity over Zs.

We say W C G is essentially embedded if every deep coarse complementary component of
W is essential. A group is a coarse PD%2 group if, when equipped with the word metric with
respect to some finite generating set, it is a coarse PDZ2 space. We prove the following criterion
which determines when a coarse PD%2 subgroup is essentially embedded.

PROPOSITION 1.2. Let G be a group of type FPff“H that is (n — 1)-acyclic at infinity over
Zsy and let H < G be a coarse PD%2 group. Then H is essentially embedded if and only if no
infinite index subgroup of H coarsely separates G.

Combining this with Theorem 1.1 and the observation that the hypotheses of Theorem 1.1
are invariant under quasi-isometry, we deduce the following:

THEOREM 1.3. Let G be a group of type FPf}rl that is (n — 1)-acyclic at infinity over
Zs. Suppose H < G is a coarse PD%2 group that coarsely 3-separates G, and no infinite index
subgroup of H coarsely separates G. Then for any quasi-isometry f : G — G’ there is a subgroup
H' < G, at finite Hausdorff distance from f(H), such that G’ splits over H'.

It is shown in [9] that if G is the fundamental group of a finite graph of groups whose vertex
and edge groups satisfy appropriate finiteness and acyclicity at infinity conditions, then so does
G. We therefore deduce the following:
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COROLLARY 1.4. Suppose G = Axg B (or G = Axy) is a splitting, where H is a coarse
PDZ2 group, A and B are of type FPfj_l and are (n — 1)-acyclic over infinity over Zs, H
coarsely 3-separates GG, and no infinite index subgroup of H coarsely separates G. Then for any
quasi-isometry f : G — G’ there is a subgroup H' < G', at finite Hausdorff distance from f(H),
such that G’ splits over H'.

This corollary is particularly useful when combined with Theorem 8.7 of [45], which gives an
algebraic characterisation of when the 3-separating hypothesis of Corollary 1.4 holds.

There are several examples of groups that are acyclic at infinity. Say G is the extension of
N by @, where N and @) are groups of type F, 11 that are r and s-acyclic at infinity over Zo
respectively. Then Theorem 17.3.6 in [21] tells us that G is min(n, s + r + 2)-acyclic at infinity
over Zsy. For example, if N and @ are finitely presented one-ended groups, then G is 1-acyclic
at infinity over Zs. Results from [6] and [12] give conditions for Coxeter and right-angled Artin
groups to be acyclic at infinity. These results allow us to apply Theorem 1.3 and Corollary 1.4.

Theorem 1.3 can be simplified if H is a virtually polycyclic group and thus necessarily a
coarse PD%Z2 group. In this case, one can drop the condition that no infinite index subgroup of
H coarsely separates G, since it is implied by G being (n — 1)-acyclic at infinity.

COROLLARY 1.5. Let G be a group of type FPfil that is (n — 1)-acyclic at infinity over Zs.
Suppose H < G is a virtually polycyclic subgroup of Hirsch length n that coarsely 3-separates
G. Then for any quasi-isometry [ : G — G’, there is a subgroup H' < G’, at finite Hausdorff
distance from f(H), such that G’ splits over H'.

Corollary 1.5 may be coupled with the quasi-isometric rigidity of virtually Z™ groups. If a
group G is of type F Pfj_l, is (n — 1)-acyclic at infinity over Zy and is coarsely 3-separated by a
virtually Z™ group, then any group quasi-isometric to G splits over a virtually Z" subgroup. A
similar statement holds for virtually nilpotent groups.

Two subgroups H, K < G are commensurable if H N K has finite index in both H and K.
The commensurator of H is the subgroup

Commg(H) :={g € G| H and g~ *Hg are commensurable}.

We deduce the following from Theorem 1.1:

THEOREM 1.6. Let G be a group of type FP%}FI that is the fundamental group of a
finite graph of groups G. Suppose G contains an edge e with associated edge monomorphisms
i : Ge = G, and 11 : Go — G, such that the following holds: G, is a coarse PD%2 group and
|Commg, (i0(Ge)) : i0(G.)| and |Commg,, (i1(G.)) : i1(Ge)| are both greater than one and not
both equal to two. If f : G — G’ is a quasi-isometry, then f(G.) has finite Hausdorff distance
from some subgroup H' < G’, and G’ splits over a subgroup commensurable to a subgroup of

H'.

Let G be a group with Cayley graph I" with respect to some finite generating set. For a
subgroup H < G, we let 'y denote the quotient of I' by the left action of H. We say that H
is a codimension one subgroup if 'y has more than one end. If G splits over H, then H is a
codimension one subgroup, but the converse is not true in general.

We prove two results which don’t have a 3-separating hypothesis. In the case where G =
Comme (H) we obtain the following:
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THEOREM 1.7. Let G be a group of type FPfj’_l and suppose G splits over a coarse PDZ%z
subgroup H and that Commg(H) = G. Let f : G — G’ be a quasi-isometry. Then either:
(i) G’ is a coarse PD%?,_1 group;
(ii) f(H) has finite Hausdorfl distance from some H' < G, and G’ splits over H'.

This is a coarse geometric generalisation of a result from [16], in which it is shown that if
G = Commg(H) and H is a codimension one subgroup of G, then G splits over a subgroup
commensurable to H.

A construction by Sageev [38] shows that the existence of a codimension one subgroup
is equivalent to an essential action on a CAT(0) cube complex (as defined in [38]). As a
consequence, it can be shown that any group which has a codimension one subgroup cannot
have property (T).

Under suitable hypotheses, we show that having a codimension one subgroup is a quasi-
isometry invariant. To state our result, we define the following:

DEFINITION. A group G is a coarse n-manifold group if it is of type FP%z and H"(G,Z2G)
has a non-zero, finite dimensional, GG-invariant subspace.

The class of coarse n-manifold groups is closed under quasi-isometry and contains the
fundamental group of every n-manifold and every coarse PDZ%2 group. It is shown in [27] that
coarse 2-manifold groups are virtually surface groups (see also [5]).

THEOREM 1.8. Let G be a group of type FPffrl and let H < G be a coarse PD%2 group.
Suppose G contains two essential, coarse disjoint, coarse complementary components of H and
f: G — @' is a quasi-isometry. Then either:

(i) G is a coarse (n + 1)-manifold group;
(ii) G’ contains a codimension one subgroup.

We remark that the dichotomy in Theorems 1.7 and 1.8 loosely resembles the dichotomy in
the Algebraic Torus Theorem [17] which states that if H < G is a virtually polycyclic subgroup
of Hirsch length n (so is necessarily coarse PD%2) and H is a codimension one subgroup of
G, then either G is a coarse PD%Q+1 group or G splits over a virtually polycyclic subgroup of
Hirsch length n.

Our work builds on results by Vavrichek [45], Mosher—Sageev—Whyte in [29] and [30] and
Papasoglu in [33]. We remark that one of the conditions Vavrichek uses is the non-crossing
condition, which is not known to be invariant under quasi-isometry. Under our hypotheses, we
obtain the non-crossing condition automatically (see Lemma 6.13).

This paper is organized as follows. In Section 2, we develop coarse geometric preliminaries.
In Section 3, we review a notion of cohomology which is invariant under coarse isometries. For
finitely generated groups, this agrees with cohomology with group ring coefficients. There is
a more general notion of coarse cohomology due to Roe (see [37]). However, our approach to
coarse cohomology is more amenable to the quantitative methods essential in our work. Our
approach to coarse cohomology makes use of the theory of metric complexes as defined in the
appendix of [26]. In our exposition, metric complexes can be replaced with bounded geometry
CW complexes as defined in [29], with the caveat that this weakens our results from groups of
type FPZ2 to groups of type Fy,.

In Section 4, we discuss the notion of coarse PDZ2 spaces as defined in [26]. We also prove
a lemma about coarse PD%2 spaces that is needed to deduce Theorem 1.3. In Section 5, we
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introduce coarse complementary components and describe the coarse Mayer—Vietoris sequence
in coarse cohomology.

Section 6 is the heart of this paper. In it, we define essential components and obtain the
above results. We make use of the notion of a mobility set due to Kleiner and contained in an
unpublished manuscript [27]. We give a self-contained exposition of the parts of [27] that we
use.

I would like to thank my supervisor Panos Papasoglu for his advice and encouragement, and
Bruce Kleiner for allowing me to use results contained in his unpublished manuscript.

2. Coarse Geometric Preliminaries

Let (X, d) be a metric space. For x € X and ) # A C X, we let d(z, A) := inf{d(a,z) | a € A}.
We define NX(A) := {x € X | d(x, A) < r}. For each x € X, we let NX(z) := NX({z}), which
is just the closed r ball around z. When unambiguous, we denote N;X by N,. If A, B C X are
non-empty, we define the Hausdorff distance to be

diaus(A, B) :=inf{r >0| A C N,(B) and B C N,.(4)}.

A t-chain of length n from x to y consists of a sequence x = xg,x1,...,x, =y such that
d(a:i,xiﬂ) S t.

2.1. Coarse Embeddings

The material here is fairly standard, see [37] for more details. A function ¢ : R>¢g — Rx>g is
proper if the inverse images of compact sets are compact.

DEFINITION 2.1. Let (X, dx) and (Y, dy) be metric spaces and 1, ¢ : R>g — R>( be proper
non-decreasing functions. We say a map f: X — Y is an (1, ¢)-coarse embedding if for all
z,y € X,

nldx (z,y)) < dy (f(2), f(y)) < oldx(2,y)).

We say that f is a coarse embedding if there exist proper non-decreasing functions n and ¢
such that f is an (1, ¢)-coarse embedding. We say that n (resp. ¢) is the lower (resp. upper)
distortion function of f.

In the literature, coarse embeddings are also known as uniform embeddings or uniformly
proper embeddings, sometimes with the additional assumption that the upper distortion function
is affine.

REMARK 2.2. For each proper non-decreasing function 1 : R>y — R>(, we define another
proper non-decreasing function 7j : R>g — R>q by 7(R) := sup(n~1([0 ,R])) We observe that
whenever n(S) < R, then S < 7j(R). Conversely, if R < n(S), then 77(R) < S

DEFINITION 2.3. A map f:X — Y is B-dense if N} (f(X)) =Y. We say that f is
coarsely surjective if it is B-dense for some B. Two maps f,g: X — Y are r-close if
sup,exdy (f(x),g(z)) < r. We say that f and g are close if they are r-close for some 7.

Using Remark 2.2, we verify that a coarse embedding f : X — Y is coarsely surjective if and
only if there exists a coarse embedding g : Y — X such that fg and gf are close to idy and idx
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respectively. We then say that g is a coarse inverse to f and that f is a coarse isometry. We say
f: X =Y is an (n, ¢, B)-coarse isometry if it is an (n, ¢)-coarse embedding and is B-dense.

If the distortion functions of a coarse embedding f are affine, then we say f is a quasi-isometric
embedding. A coarsely surjective quasi-isometric embedding is known as a quasi-isometry. We
will see examples of coarse isometries and quasi-isometries in the context of group theory in
Section 2.2.

A metric space is said to be coarse geodesic (resp. quasi-geodesic) if it is coarsely isometric
(resp. quasi-isometric) to a geodesic metric space. If f: X — Y is a coarse embedding and
X is a quasi-geodesic metric space, then the upper distortion function of f can always be
assumed to be affine. Consequently, a coarse isometry between quasi-geodesic metric spaces is a
quasi-isometry.

We now show that if a space is coarse geodesic, one can approximate it by a simplicial
complex known as the Rips complex.

DEFINITION 2.4. Let (X,d) be a metric space. For each r > 0, we define the Rips complex
P.(X) to be the simplicial complex with vertex set X, where {x,...,x,} C X spans an
n-simplex if for all i, j

d(zi,xj) <.

We define the Rips graph P!(X) to be the 1-skeleton of P,.(X).

If P}(X) is connected, it can be endowed with the path metric in which edges have length 1.
The following proposition shows that if X is coarse geodesic and r is sufficiently large, X and
P}(X) are coarsely isometric.

PROPOSITION 2.5. Let (X,d) be a metric space. The following are equivalent:
(i) X is coarse geodesic;
(ii) there exists a t > 0 and a proper non-decreasing function n such that for all x,y € X,
there is a t-chain from x to y of length at most n(d(x,y));
(ili) there exists a t > 0 such that for all r > t, the Rips graph P!(X) is connected and the
inclusion X — P}(X) is a coarse isometry.

Proof. (i) = (ii): There exists a geodesic metric space X’ and an (7, ¢, B)-coarse isometry
f: X' — X. For all z,y € X, there are a’,y’ € X such that dx(f(2),z),dx(f(y'),y) < B.
Letting d := dx/(a',y"), there is a geodesic p : [0,d] — X’ from z’ to y’. We choose n € N such
that n — 1 <d<n. Let z_y =x, z; = f(p(i)) for 0 <i < n, z, = f(¢) and z,41 = y. Letting
t := max(B, ¢(1)), we see _1,...,Tn41 IS & t-chain of length n + 2 from z to y. By Remark
2.2, we see that n 4+ 2 < dx/(2',y") + 3 < (dx(z,y) + 2B) + 3.

(ii) == (iii): Suppose there exist 1 and ¢ such that (ii) holds, and let » > ¢. Any two points
of X can be joined by a t-chain; hence P!(X) is connected. Let d, be the induced path metric
on P}(X). Any x,y € X can be joined by a t-chain of length n with n < n(d(z,y)). Such a
t-chain corresponds to an edge path of length n in P}(X), so d,.(z,y) < n. As (P}(X),d,) is a
geodesic metric space, x and y can be joined by an r-chain of length d,.(x,y). By the triangle
inequality, we see that d(x,y) < d,(x,y)r. This implies that

d(z,y)

< dr(z,y) < nld(z,y)),

verifying that the inclusion X — P}(X) is a coarse isometry.
(ili) = (i): This is clear, since P}!(X) is a geodesic metric space. O
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2.2. Finitely Generated Groups as Geometric Objects

DEFINITION 2.6. Let (X, d) be a metric space. For z,y € X, a 1-geodesic between x and y
is a 1-chain ¢ = xg,21,...,2, =y such that d(x;,x;) = |i — j| for each i,j. We say that X is
1-geodesic if every pair of points can be joined by a 1-geodesic.

Let G be a group with finite generating set S. We equip G with the word metric dg with
respect to S. This metric is unique up to quasi-isometry — if S’ is another finite generating set
then the identity map idg : (G,ds) — (G, dg/) is a quasi-isometry. Unless otherwise stated, we
always assume that finitely generated groups are equipped with the word metric with respect
to some finite generating set. All finitely generated groups equipped with the word metric are
1-geodesic.

If H < @ is a finitely generated subgroup equipped with the word metric, then the inclusion
t: H — G is a coarse embedding, but not necessarily a quasi-isometric embedding (see Corollary
1.19 and Remark 1.20 of [37]). Thus the intrinsic geometry of H (H equipped with the word
metric) and the extrinsic geometry of H (H considered as a subspace of G, where G is itself
equipped with the word metric) are the same up to coarse isometry.

In the case where H is a distorted subgroup, i.e. ¢ is not a quasi-isometric embedding, then ¢
is a coarse isometry onto its image, but not a quasi-isometry onto its image. This explains why
coarse isometries are necessary in this paper, and the notion of quasi-isometry is not sufficient.

DEFINITION 2.7. Let G be a group and H < G be a subgroup. We say A C G is H-finite if
there is a finite R C G such that A C HR.

REMARK 2.8. If H < K <, then K is H-finite if and only if H has finite index in K.

LEMMA 2.9. Let G be a finitely generated group and H be a subgroup. Then K C G is
H-finite if and only if it is contained in N,.(H) for some r > 0. In particular, if H < K < G,
then H has finite index in K if and only if K C N,.(H) for some r > 0.

Proof. 1If X C N,(H), then every x € X can be written as ht, where h € H and t € G is a
word of length at most r. Hence X C HT, where T contains all the finitely many words in G of
length at most r. Conversely, if X C HT for some finite ' C G, we let r := max({length(¢) |
t €T}). Then for all € X, we can write © = ht for some h € H and t € T, showing that
x € N.(H). O

LEMMA 2.10 (See Lemma 2.2 of [30]). Let G be a finitely generated group and let H, K < G
be subgroups. Then for every r,s > 0, K N H has finite Hausdorff distance from N, (K) N N4(H).

Proof. For every g € N,.(K) N N4(H), we choose k; € K and hy € H such that g € N,.(kg) N
N (hyg); therefore d(e, k; 'hy) <7+ s. As the set A := {k;'hy | g € N,(K) N Ny(H)} is finite,
we choose g1,...,9n € Np(K) N Ny(H) such that A := {k_ 'hg,,... .k hy,}.

We pick R > 0 large enough so that |J;_, (N, (kg,) N Ng(hg,)) € Ng(e). We now claim that
KN H C N,(K)N Ny(H) = Np(K 1 H). Indeed, if g € N,(K) N N,(H), then k; by = k7 hy,
for some 1 < i < n. Therefore, as kgkg_il = hghg_i1 € KN H, we see that

g€ Nr(kg) n Ns(hg) = kgk;,il(Nr(kgi) N Ns(hgi)) c NR(kgk;il) c ]\[R([(m H)
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DEFINITION 2.11. Two subgroups K, H < G are said to be commensurable if K N H has
finite index in both K and H.

PRrROPOSITION 2.12. Let G be a finitely generated group and H, K < G be subgroups. Then:
(i) H C N,.(K) for some r > 0 if and only if H is commensurable to a subgroup of K;
(i) dpaus(K, H) is finite if and only if H and K are commensurable.

Proof. We observe that H is commensurable to a subgroup of K if and only if H N K
has finite index in H. Suppose there exists an r > 0 such that H C N,.(K). By Lemma 2.10,
H = HN N,(K) has finite Hausdorff distance from H N K; hence by Lemma 2.9, H N K has
finite index in H. Conversely, Lemma 2.9 says that if H N K has finite index in H, then there
exists an r > 0 such that H C N,.(H N K) C N,(K). This proves (i); (ii) follows from (i). [

2.3. Coarse Uniform Acyclicity

Let R be a commutative ring with unity.

DEFINITION 2.13. Let A:R>g = R>g and p: R>9 X R>g =+ R be functions such that
A(@) > ¢ and p(i,r) > r for all i,r € R>g. We say that a metric space X is (A, u)-coarsely
uniformly n-acyclic over R if for every k <n, x € X and ¢, € R>¢, the map

Hi(Py(Ny(2)); R) = Hy(Pay(Nugin (2); R),

induced by inclusion, is zero. We say that X is coarsely uniformly n-acyclic over R if it is
(A, p)-coarsely uniformly n-acyclic over R for some suitable A and p. If X is coarsely uniformly
n-acyclic over R for every n, then we say it is coarsely uniformly acyclic over R.

ExXAMPLE 2.14. If G is a hyperbolic group, then P;(G) is contractible for i sufficiently
large. Thus for all n € N there exists a p such that for all ¥ >0, Hy(Pi(N.(e));R) —
ﬁk(Pi(NM(Z—’T) (e)); R) is zero for all k <n. As G acts cocompactly on P;(G), we thus see
that G is coarsely uniformly n-acyclic over R. Hence G is coarsely uniformly acyclic over R.

PROPOSITION 2.15. IfY is (A, u)-coarsely uniformly n-acyclic over R and f: X — Y is an
(n, ¢, B)-coarse isometry, then X is (X, p')-coarsely uniformly n-acyclic over R, where X' and
w1’ depend only on \, u, 7, ¢ and B.

Proof. We choose g, a coarse inverse to f, such that gf is A-close to idx and both f
and g have upper distortion function . One can choose 1 and A depending only on 7, ¢
and B. For i,7 € R>o and z € X, we let i1 := (i) and 71 :=¢(r). Then f induces a map
Ji - Co(PiNX (2))) = Cu( o, (N (£(2))) given by [z, 2] = [ (0), .-, f(n)] on cach
oriented n-simplex of P;(N;X(z)).

We define iy := A(i1), rg := p(iy,71) and let Co(P;, (N} (f(2)))) T, Co(Pi, (NY (f(2)))) be
the inclusion. Then for k < n, the map Hy(P;, (NY (f(2)))) = Hy (P, (NY (f(x)))), induced by
T4, is zero. Letting i3 := ¢ (i2) + A and 73 := ¢(r2) + A, we see that g induces the chain map
Py (NE(/()) 7 CaPy(N() v Y ) o (0090 We lserve
that

Q#T#f#([$(], cee xn]) = [gf(x())» cee gf(xn)]

for every oriented n-simplex of P;(NX(z)).



QI INVARIANCE OF SPLITTINGS OVER COARSE PD,, GROUPS Page 11 of 52

We define the chain homotopy hy : Co(P;(NX(2))) = Ces1(Pi (N (2))) by

T T3

[To, ... Tn] = Z(—l)"[mm iy gf (25), .. g f (x0)]
i=0

on each oriented n-simplex. We note that 0hy + hp0 = 9474 f4 — L4, where 14 is the inclusion
Co(P;(N;X(2))) = Co(Piy (N:X(2))). Thus ¢y = g,7s f« = 0 on the level of reduced homology for
k <n. O

DEFINITION 2.16. A metric space (X, d) has bounded geometry if for any r > 0, there is a
K, € N such that |[{y € X | d(z,y) <r}| < K, forallz € X.

EXAMPLE 2.17. A non-trivial finitely generated group G, equipped with the word metric
with respect to some finite generating set S, is a bounded geometry metric space. However, the
Cayley graph of G with the respect to S is not a bounded geometry metric space.

ProprosITION 2.18. A bounded geometry metric space is coarsely uniformly 0-acyclic over
R if and only if it is coarse geodesic.

Proof. Let X be a bounded geometry metric space which is (A, u)-coarsely uniformly 0-acyclic
over R. Without loss of generality, we can choose u such that r — p(0,7) is non-decreasing.
For all z € X and r > 0, the map fIO(PO(NT(x)); R) — fIO(P,\(O)(N“(O’T) (2)); R), induced by
inclusion, is zero; thus N,.(x) is contained in a single connected component of Py gy (N0, (7))
Therefore, for all z,y € X, there exists a A(0)-chain in N, d(zy)) () from z to y of length
Ng. We may assume n,, is minimal, so that no element of the A(0)-chain is repeated, hence
Ng,y is bounded by the size of N, (0,d(z,y))(2). Since X has bounded geometry, the function
n(r) :== sup,cx | Ny, (2)| is proper and non-decreasing. Thus ng,, < n(d(z,y)), so Proposition
2.5 tells us that X is coarse geodesic.

For the converse, we observe that whenever X is a geodesic metric space, every N, (x) is
connected; therefore, X is coarsely uniformly 0O-acyclic. By Proposition 2.15, we see that every
coarse geodesic space is also coarsely uniformly 0-acyclic. |

3. Metric Complexes and Coarse Cohomology

In this section, we define a notion of cohomology that is invariant under coarse isometry. The
cohomology we use here is defined only for bounded geometry metric spaces that are coarsely
uniformly (n — 1)-acyclic, and only then in dimensions at most n. Our coarse cohomology is a
special case of a more general notion due to Roe (see Appendix B and [37] for more details).
However, our approach is more amenable to quantitative methods than the approach taken by
Roe.

We make heavy use of technology from [26] in the next two sections. In particular, we use
metric complexes as defined in the appendix of [26]. Before diving straight into the theory of
metric complexes, we first give a brief explanation of how metric complexes naturally arise
when working with homological finiteness properties of groups.

DEFINITION 3.1. A group is said to be of type F,, if it acts freely, cocompactly and cellularly
on an (n — 1)-connected CW complex. For a ring R, a group G is said to be of type F PR if it
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admits a partial projective resolution
P,—-P_1— - —>F—>R—=0

of the trivial RG-module R, such that each P; is finitely generated as an RG-module.

It is easily seen that a group of type F, is of type F P! for any R. A group of type FPZ is
of type FPF for any commutative ring R. It is shown in [1] that for n > 2, there exist groups
of type FPE that are not of type F,.

In [14], Drutu and Kapovich define a condition known as coarse n-connectedness. Under the
presence of a cocompact group action, this is analogous to our definition of coarse uniform
n-acyclicity, using homotopy groups instead of reduced homology groups. The following theorem
characterises groups of type F,, and F P in terms of their coarse geometry.

THEOREM 3.2 ([26],[14]). If G is a finitely generated group, then:
(i) G is of type F, if and only if it is coarsely (n — 1)-connected;
(ii) G is of type FPE if and only if it is coarsely uniformly (n — 1)-acyclic over R.

We give an outline of how to construct an (n — 1)-connected CW complex needed to prove
(i). We proceed by induction. Suppose G is coarsely (n — 1)-connected and one has already
constructed an (n — 1)-dimensional, (n — 2)-connected CW complex X, admitting a free, cellular
and cocompact G-action. The coarse (n — 1)-connected condition ensures that one need only
attach finitely many orbits of n-cells to X to obtain an (n — 1)-connected CW complex X’. In
doing this, we use the Hurewicz theorem — as X is (n — 2)-connected, H,,_1(X) = m,—1(X)
can be generated by finitely many orbits of spherical (n — 1)-cycles. We equivariantly attach
n-cells to these spherical cycles to kill off m,_1(X) and obtain a suitable (n — 1)-connected
complex admitting a free cocompact G-action.

To prove (ii), we would like to replicate the above argument, replacing homotopy groups
with reduced homology groups and thus building a CW complex that is (n — 1)-acyclic over R
and admits a free, cellular, cocompact G-action — this would certainly show that G is of type
FPE. However, if one tries to replicate the above inductive argument, one runs into problems.

Indeed, suppose a group is coarsely uniformly (n — 1)-acyclic and one has constructed an
appropriate (n — 1)-dimensional, (n — 2)-acyclic CW complex X. Since X is not necessarily
(n — 2)-connected, we cannot assume that H,_1(X) is generated by spherical cycles. Thus we
cannot necessarily kill H,_;(X) by attaching n-cells. However, there are only finitely many
orbits of (possibly non-spherical) cycles that generate H,,_1(X). Thus we can equivariantly
attach finitely many orbits of what we temporarily call pseudo-cells and obtain some ‘complex’
X’ that is (n — 1)-acyclic and admits a free cocompact G-action. This complex is an example
of a metric complex introduced by Kapovich and Kleiner in [26].

The complex X’ isn’t necessarily a CW complex since the pseudo-cells defined above may
not have spherical boundary. Consequently, it may not have a topological realisation. However,
it does have a well-defined (n — 1)-acyclic chain complex

F2 0, 1(X)—...Co(X) =0

which extends the cellular chain complex of X. Here, F' is a free R-module with R-basis the
pseudo-cells described above. The boundary map F 9, Cr—1(X) takes each pseudo-cell to the
(n — 1)-cycle it is ‘attached’ to. This shows us that G is of type FPE.

We now proceed to formally define metric complexes. For those uncomfortable with metric
complexes, we remark that much of this paper still works if one replaces metric complexes with
CW complexes. More specifically, one needs to use bounded geometry CW complexes as defined
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n [29]. Doing this weakens the hypothesis of our results from groups of type F Pfil to groups
of type Fj,+1, but the argument is otherwise virtually unchanged.

3.1. Metric Complexes

Let X be a bounded geometry metric space. We fix a commutative ring R with unity. A free
R-module over X consists of a triple (M, 3, p), where M is a free R-module, ¥ is a basis of M
and p is a map p : X — X. We say that X is the control space, %, is the standard basis and p is
the projection map.

For convenience, we will often denote a free module over X simply as M, where the choice of
¥ and p are implicit. We say that a free module over X has finite type if [p~!(x)| is uniformly
bounded. For each o =), _y. ryb € M, we define the support of o to be supp(c) := {p(b) | r, #
0} C X. We define diam(o) to be the diameter of supp(c).

Say X' is also a bounded geometry metric space and that (M,X,p) and (M’ Y/ p') are free
R-modules over X and X' respectively. If there exists an r > 0, an R-module homomorphism
f:M — M and amap f: X — X’ such that

supp(f (o)) € N.(f(p(o)))
for every o € X, then we say that f has displacement at most r over f. If there exists such an
r, then we say that f has finite displacement over f. When X = X’  we say that f has finite
displacement when it has finite displacement over idx.

LeEMmMA 3.3. Let (M, X, p), (M', %' p) and (M",%X",p") be free modules over X, X' and X"
respectively. Say f : X — X' is an arbitrary map and g : X' — X" is an (), ¢)-coarse embedding.
If f : M — M’ has displacement at most r over f and ¢ : M’ — M’ has displacement at most
s over g, then §f has displacement at most s + o(r) over gf.

Proof. For every o € X, we can write f(0) = > ey Tob. Iy # 0, then p'(b) € supp(f(0)) C
N, (f(p(0))). Therefore dx(g(p' (b)), (g o f)(p(c))) < ¢(r), so that

supp(§(b)) € Ns(g(p' (b)) € Neto(r) (g0 £)(p(0)))-
Thus supp(§.f()) € Net () (90 F)(p(0)))- U

DEFINITION 3.4. An R-metric complex consists of the tuple (X, Ce, X, ps), where X is a
bounded geometry metric space and C, is a chain complex such that:
(i) each (C;, X, p;) is a free R-module over X of finite type and each boundary map 0; has
finite displacement;
(ii) the composition € o 9 : C1 — R is zero, where € : Cy — R is the standard augmentation
given by o+ 1g for each o € Yg;
(iii) the projection map pg : X9 — X is onto.

When unambiguous, we will denote an R-metric complex (X, C,, X, pe) by (X, C,), or even
just by C. We will also often refer to R-metric complexes simply as metric complexes, where
the choice of ring R is implicit.

EXAMPLE 3.5. If X is a bounded geometry metric space, then every (X, Ce(P;(X); R)) is
an R-metric complex, where Co(P;(X); R) is the simplicial chain complex of the Rips complex
P;(X). The standard basis ¥y of Cy(P;(X); R) is the set of k-simplicies of P;(X) and the
projection map can be given by any map py : ¥ — X such that py(o) € o for each o € .
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EXAMPLE 3.6. A CW (or simplicial) complex with bounded geometry, as defined in [29],
[26] and [14], is a special case of a metric complex.

DEFINITION 3.7. Let [C,],, denote the n-truncation of C,, i.e. the chain complex
=020, > Chy = - = Cop— 0.

We call [Cl],, the n-skeleton of Cs. We define the dimension of (X, Cs) to besup{n € N | C,, # 0},
which may be finite or infinite.

We say that a metric complex (X, C,) has n-displacement at most r if for each i < n, the
boundary map 9; has displacement at most r. Given metric complexes (X, C,), (Y, D,) and a
map f : X — Y, we say that a chain map fx : Co — D, (resp. chain homotopy hy : Co — Dey1)
has n-displacement at most r over f if for each i < n, f; (resp. h;) has displacement at most r
over f.

Given a topological space (or CW complex) X and a subspace (or subcomplex) K, one can
define the subchain complex Co(K) C Co(X). Things aren’t so simple with metric complexes,
since the displacement of the boundary maps means that it is possible that p,(c) € K, but
supp(9do) is not contained in K. This motivates the following definition:

DEFINITION 3.8. Let (X,C,,%e,ps) be a metric complex. We say a metric complex
(K,C,,%,,p,) is a subcomplex of (X,C,,Xe,pe) if K C X, C} is subchain complex of C,
and for each i, ¥; C ¥; and p; = pj|x;. For any K C X, we define the subcomplex generated by
K to be the largest metric complex (K, Co[K], X, pl) that is a subcomplex of (X, Ce, s, pe)-
We let Co[K],, denote the n-skeleton of C[K].

REMARK 3.9. The subcomplex (K, Co[K],X,,p,) can be described explicitly as follows. We
let 3 = p~}(K), with Co[K] the free module generated by X,. We inductively define

Y1 = {0 € Bpq1 | 0o € Cy[K] and py11(0) € K}

and let Cy41[K] be the free module generated by ¥j ;.

LEMMA 3.10. Let (X, C,, X4, ps) be a metric complex and suppose supp(p) C K for some
p € C,. If Cy has n-displacement at most r, then p € Cp,[Np(K)].

Proof. We prove this by induction. The case n =0 is clear, since each o € ¥y lies
in Co.[K] precisely when po(o) € K. Let k <n. We assume for all L C X and p € Xy,
that if px(p) € L, then p € Co[Ng-(L)]. Suppose pirii1(c) € K for some o € ¥j11. Since
Or+1 has displacement at most r, supp(Og+10) C N,.(K). Therefore dxy10 is contained in
Co[Nir(Nr(K))] € Co[N(j41)r(K)]. By Remark 3.9, we see that 0 € Ce[N(y1),(K)]. Hence if
supp(p) € K for some p € Cyy1, then p € Cry1[Niy1)r(K)]. O

COROLLARY 3.11. Suppose (X, C,) and (Y, D,) are metric complexes and fg : Co — D,
has finite n-displacement over f: X — Y. Then there exists an r > 0, depending on the
n-displacement of f4 and D, such that fu([Ce]n) C De[NY (f(X))].
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DEFINITION 3.12.  We define the cochain complex C*[K] := Homp(Cs[K], R) and let §* :
CF[K] — C**'[K] denote the coboundary map dual to the boundary map O.,. For every
a € C*[K], we define its support to be supp(a) := {px(0) | ¢ € X1 and a(o) # 0}.

As X has bounded geometry and each 0, has finite displacement, we see that §* preserves
cochains of finite support. We thus define C2[K] to be the subcochain complex of C*[K]
consisting of cochains with finite support.

We let Hy(C[K]), H*(C4[K]) and H}(C.[K]) denote the k™ homology/cohomology of
C.[K], C*[K] and C?[K] respectively. We can also take the reduced homology Hy(Cl[K]),
which is the k*" homology of the augmented chain complex - -- — Cy[K] — Co[K] = R.

DEFINITION 3.13. Given a metric complex (X,C,) and K C X, we define
HE(CW[K]) = ker(HE(C[K]) > H(CL[K])),

where the map (* is induced by the inclusion C*[K] % C*[K]. We call H* the modified
cohomology with compact supports.

It will often be convenient to denote Hy(Co[K]), H*(C4[K]), H*(CW[K]) and HY(C,[K]) by
H[K], H*[K], H*[K] and H¥[K] respectively. This notation implicitly assumes the choice of
some metric complex (X, C,), but can be used when there is no ambiguity.

For K C X, we define Co[X, K] = Co[X]/Ce[K]. Then there is a long exact sequence

<o —= Ho[X, K| — H{[K]| — H{[X] — H1[X, K] — Ho[K] — Ho[X] — Ho[X,K| =0

and similar such sequences for cohomology and cohomology with compact supports.

DEFINITION 3.14. Let (X,C,) and (Y, D,) be metric complexes. We say a chain map
fu : Co = D (resp. chain homotopy hy : Ce — Dey1) is proper if there is a coarse embedding
f:X — Y such that for every k, f4 (resp. hy) has finite k-displacement over f.

The following proposition shows that proper chain maps between metric complexes induce
maps in cohomology with compact supports.

PROPOSITION 3.15. Let (X, C,, Xe,pe) and (Y, D,) be metric complexes.
(1) A proper chain map fg : [Ce], — [De]y induces maps f* HE(Dy) — H¥(C,) for k < n.
(ii) If proper chain maps fg, g4 : [Celn — [De]n are chain homotopic via a proper chain
homotopy hy : [Celpn—1 — [Det1]n—1, then f* = g* for k < n.

Proof. (i): The chain map fx induces a dual map f# given by « +— afy. As fy is proper,
it has n-displacement at most r over some coarse embedding f: X — Y. We claim that for
k <nand a € DE, f(supp(f#a)) C NY (supp(c)). Indeed, suppose x € supp(f#a); then there
exists a A € p; ' (v) such that a(fzA) = (f#a)(A) # 0. Thus supp(a) intersects supp(fzA) C
NY (f(x)), so f(z) € NY (supp(«)), proving the claim.

Since f is a coarse embedding, the above claim demonstrates that f# preserves cochains of
finite support. Suppose k < n and a € D¥ is a cocycle such that a = 63 for some 3 € D*~1;
then f#a = 6f#3 where f#3 ¢ C*¥~1. It is straightforward to verify that [a] — [f7a] is a
well-defined map in modified cohomology with compact supports.
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(ii): A proper chain homotopy hy : [Celn—1 — [Det1]n—1 induces a dual map h# such that
Sh# 4+ h#§ = g — f# in dimensions at most n — 1. The above argument shows that h#
preserves cochains of finite support. Suppose k¥ < n and a € D¥ is a cocycle such that o = §3
for some 8 € D*~1. Then (g% — f#)a = 6(g% — f#)B = 6(6h# + h#6)8 = 6h# . Thus f* = §*
for k < n. |

REMARK 3.16. Using ordinary (not modified) cohomology with compact supports, an
analogue of Proposition 3.15 holds for k < n. This is our motivation for introducing modified
cohomology with compact supports, as it gives us an invariant one dimension higher than we
would otherwise have.

DEFINITION 3.17. A group action of G on (X, C,, X, pe) consists of a pair (p, p), where p :
G~ X and p: G ~ C4 are group actions by isometries and chain automorphisms respectively,
such that for each i and g € G, p(g)(2;) = X; and p; is G-equivariant. This action is free (resp.
cocompact) if the action p : G ~ X is free (resp. cocompact).

Whenever a metric complex (G,C,) admits a G-action, it will always be assumed that
p: G ~ G is the action by left multiplication.

ExaMPLE 3.18. Our conditions for a metric complex to admit a G-action are reasonably
restrictive. For instance, if a group G has torsion, then for sufficiently large r, G cannot act on
(G, P.(Q)) despite the fact that G has a natural simplicial action on P.(G). This is because
some g € G\{e} fixes a simplex of P,.(G), so the projections maps can never be G-equivariant.
If G is torsion-free, then projection maps can be chosen so that G acts freely on (G, P,.(G)).

3.2. Uniformly Acyclic Complexes

DEFINITION 3.19 (cf. Definition 2.13). Let p1 : R>¢g — R be a function such that p(r) > r
for each r. An R-metric complex (X, C,) is said to be p-uniformly n-acyclic if for every z € X,
r € R>o and k < n, the map

Hi[Br (2)] = Hy[ By (@),

induced by inclusion, is zero. We say (X, C,) is uniformly n-acyclic if it is p-uniformly n-acyclic
for some . We say that (X, C,) is uniformly acyclic if it is uniformly n-acyclic for all n.

As in Example 2.14, if G is a hyperbolic group, then Co(P;(G)) is uniformly acyclic for 4
sufficiently large. Unfortunately, for a general coarsely uniformly (n — 1)-acyclic metric space
X, Co(P;(X)) is not necessarily uniformly (n — 1)-acyclic for large i.

The following proposition allows us to construct a uniformly acyclic metric complex for
any coarsely uniformly acyclic metric space, formalizing the construction discussed in the
introduction to this section.

PROPOSITION 3.20 (See Lemma 5.10 and Proposition 11.4 of [26]). Let X be a bounded
geometry metric space.
(i) If X is (A, p)-coarsely uniformly (n — 1)-acyclic over R, then it is the control space of
a p/-uniformly (n — 1)-acyclic R-metric complex (X, C,) of n-displacement at most d,
where d and p/ depend only on \ and p.
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(ii) Suppose that for each n, X is (An, pn)-coarsely uniformly (n — 1)-acyclic over R. Then
X is the control space of a uniformly acyclic R-metric complex (X, C,) such that for each
n, (X, C,) is uh,-uniformly (n — 1)-acyclic and has n-displacement at most d,,, where d,,
and !, depend only on \; and pu; for i < n.

(iii) Suppose a group G acts freely on X. Then (i) and (ii) hold, and the resulting metric
complex (X, C,) can be chosen so that it admits a free G-action.

Coupled with the preceding theorem, the following lemma is essential in allowing us to define
coarse cohomology. It is a metric complex version of Proposition 6.47 and Corollary 6.49 of [14].

LEMMA 3.21.  Suppose (X, Ce, X, pe) and (Y, Do, 2, pl,) are R-metric complexes, (Y, D) is
p-uniformly (n — 1)-acyclic and Cy and D, have n-displacement at most dy and dy respectively.
Then:

(i) every (n,¢)-coarse embedding f: X — Y induces a chain map fg :[Cel, — De of
n-displacement at most M = M (u, ¢, dy,ds) over f;

(ii) for every (n,¢)-coarse embedding f: X — Y and every pair of chain maps fu,g# :
[Ce]n, — Do of n-displacement at most r over f, there exists a chain homotopy h :
[Celn—1 — Des1 between fu and gu which has (n — 1)-displacement at most N =
N(u,¢,dy,da,r) over f.

We also need the following Lemma, used in the proof of Proposition 3.20. It is similar to
Lemma 3.21, replacing the metric complex (Y, D,) by suitable Rips complexes.

LEMMA 3.22. Suppose X and Y are bounded geometry metric spaces, (X, Ce, X, De)
is an R-metric complex with n-displacement at most d and Y is (A, u)-coarsely uniformly
(n — 1)-acyclic over R.

(i) There exists an ¢ = i(\) such that any (n, ¢)-coarse embedding f : X — Y induces a
chain map

[y 2 [Coln = Co(Pi(Y); R)

of n-displacement at most M = M(\, p, ¢,d) over f.

(ii) For i > 0, suppose fu,g# : [Celn — Co(FP;(Y); R) are chain maps of n-displacement at
most r over an (1, ¢)-coarse embedding f : X — Y. Then there exists a j = j(i, ) and
a chain homotopy

h# : [C.]n,1 — C.+1(Pj(Y);R),

of (n — 1)-displacement at most N = N (i, \, 1, ¢, 1) over f, between 14 fu and 49,
where 14 : Co(P;(Y); R) = Co(P;(Y); R) is the inclusion.

Proposition 3.20 and Lemmas 3.21 and 3.22 can be proved by applying techniques found in
[26] and [14]. For the reader’s convenience, we include these proofs in Appendix A.

3.3. Coarse Cohomology

Suppose (X, C,) and (X, C}) are two uniformly (n — 1)-acyclic R-metric complexes. Applying
Lemma 3.21 to idyx, we define proper chain maps fz : [Ce], — [CL], and g4 : [Cl]n — [Celn
of finite n-displacement over the identity. By Lemma 3.3, both g4 fx and fxgsx have finite
n-displacement over the identity, thus Lemma 3.21 says they are chain homotopic to idjc,],_,
and id¢; respectively. By Proposition 3.15, fx and g4 induce maps f* ﬁf(C’:) — ﬁf (C,)

]nfl
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and §* : H¥(C,) — H*(C}) for k < n. Proposition 3.15 also tells us that each of f*§* and j* f*
is the identity, thus f* is an isomorphism.

Moreover, any two chain maps fx, f%& : [Coln — [CL]n of finite displacement over idx are
properly chain homotopic by Lemma 3.21. Thus by Proposition 3.15, f* doesn’t depend on
the choice of fi. Consequently, for £ < n the isomorphism fr ﬁf(C‘) — H’f(C.) is canonical,
so H k(Cy) is effectively an invariant of X, independent of the choice of C,. This discussion
demonstrates that the following is well-defined:

DEFINITION 3.23. Let X be a bounded geometry metric space which is coarsely uniformly
(n — 1)-acyclic over R. Let (X,C,) be a uniformly (n — 1)-acyclic R-metric complex, whose
existence is guaranteed by Proposition 3.20. For k < n, we define the coarse cohomology of X
to be H* _(X:R) := H*(C,).

coarse

REMARK 3.24. It follows easily from the definition of modified cohomology with compact
supports that H2(C4) = 0 for every metric complex (X, C,). Thus for every bounded geometry
metric space, H, .. (X;R) = 0.

coarse

The subsequent lemma demonstrates that it is only necessary to use modified cohomology
with compact supports to define H?_ ..(X; R) when X is coarsely uniformly (n — 1)-acyclic
over R and not coarsely uniformly n-acyclic over R. Otherwise, we can just take ordinary (not
modified) cohomology with compact supports of a suitable metric complex.

LEMMA 3.25.  Suppose X is an infinite metric space, n > 0 and (X, C4, X4, pe) is a uniformly
(n — 1)-acyclic R-metric complex. Then for k < n, H*(Cy) = HF(C,).

Proof. Since C, is (n — 1)-acyclic, H*(C,) = 0 for 0 < k <n and H°(C,) = R. This can
be seen using the universal coefficients theorem foE cohomology, or can be calculated directly.
Therefore, for 0 < k < n, H¥(C,) = ker(H*(C,) ~+ H*(C,)) = HF(C,).

Suppose a € C? is a cocycle and A € . For any A’ € ¥y, A — A’ is a reduced 0-cycle, hence
there is a 1-chain p € Cy such that 9p = A — A’. Therefore a(A) — a(A’) = a(dp) = da(p) = 0.
Since X is infinite and « has finite support, we see that a(A) = 0. As A was arbitrary, a = 0;
hence H?(C,) = 0. Therefore H?(C,) = H%(C,) = 0. O

PRrOPOSITION 3.26. Let X and Y be bounded geometry metric spaces that are coarsely
uniformly (n — 1)-acyclic over R. Then a coarse embedding f : X — Y induces a homomorphism
o HE, (YR — HE (X;R) for all k < n. Moreover, for any bounded geometry metric
spaces X, Y and Z that are coarsely uniformly (n — 1)-acyclic over R, then:

(1) (idx)* = idHfoarsc(X;R);
(ii) if f,g: X =Y are close coarse embeddings, then f* = g*;

(iii) if f: X =Y and g: Y — Z are coarse embeddings, then (gf)* = f*g*.

In particular, if f: X — Y is a coarse isometry, then f* is an isomorphism.
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Proof. Let (X,C,), (X,C.), (Y,D.) and (Y, D,) be uniformly (n — 1)-acyclic R-metric
complexes, which necessarily exist by Proposition 3.20.

axoy) — mke)

l(idy)* l(idx)*-

AND.) —— HE(CL)
We now use Lemma 3.21 and Proposition 3.15 to construct the commutative diagram shown
above. Therefore, in view of the discussion preceding Definition 3.23, f does indeed induce a
map f*: HE (Vs R) — HE, .. (X;R), independent of the choice of Cy and D,. Parts (i)—(ii)

follow from Lemmas 3.3 and 3.21. ]

REMARK 3.27. Let X and Y be bounded geometry metric spaces that are (A, u)-coarsely
uniformly (n — 1)-acyclic over R, and suppose f: X — Y is an (n, ¢)-coarse embedding. Using
Proposition 3.20, we can construct p'-uniformly (n — 1)-acyclic R-metric complexes (X, C,)
and (Y, D) of n-displacement at most d, where 1’ and d depend only on A and u. Therefore,
by Lemma 3.21, we can construct a map fg : [Celn, — Do of n-displacement at most D =
D(\, u,m,¢) over f. Thus there is some quantitative information associated to the induced map
f*HE  (Y;R) — HE _ (X;R). This idea will be developed fully in Section 5.4.

coarse

There is a more general notion of coarse cohomology due to Roe that doesn’t require coarse
uniform acyclicity (see [37]). When defined, H, ... is naturally isomorphic to Roe’s coarse
cohomology. However, working with anti-Cech approximations & la Roe, we lose the quantitative
information (e.g. Remark 3.27) that we have when working with metric complexes. As Kapovich
and Kleiner say in [26], “one inevitably loses quantitative information which is essential in
many applications of coarse topology to quasi-isometries and geometric group theory”. We shall

give an account of Roe’s coarse cohomology in Appendix B.

3.4. Finiteness Properties of Groups and Group Cohomology

We recall that a finitely generated group G can be thought of as a bounded geometry metric
space by endowing it with the word metric with respect to some finite generating set. Consider
a free RG-module M with RG-basis B, so that G - B is an R-basis of M. We can define a
projection p: G- B — G so that for each gb € G- B, p(gb) =¢g. Then (M,G - B,p) has the
structure of a free R-module over G. Moreover, M is finitely generated as an RG-module if
and only if it is of finite type. If f: M — N is an RG-module homomorphism between free
RG-modules and M is finitely generated as an RG-module, then f has finite displacement over
idg.

A group is of type FPZE if the trivial RG-module R has a partial projective resolution of
length n consisting of finitely generated RG-modules. Such a partial projective resolution is in
fact an n-dimensional, uniformly (n — 1)-acyclic metric complex with control space G.

Conversely, suppose one has an n-dimensional uniformly (n — 1)-acyclic metric complex
(G, C,) with control space G, admitting a G-action. This is a partial projective resolution of
the trivial RG-module R of length n, consisting of finitely generated RG-modules. By applying
Brown’s lemma [8], it is straightforward to see that a group is of type FP if and only if it is
coarsely uniformly (n — 1)-acyclic over R, proving Part (ii) of Theorem 3.2.

ProprosITION 3.28 ([7],[23],[37]). Let G be a group of type FPE. Then for i <n,
HY(G,RG) = H!,, ..(G;R) as right RG-modules.
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This follows easily by applying [7, VIII Lemma 7.4] which states that if M is an RG-module,
there is a natural isomorphism Hompgg (M, RG) = Hom.(M, R). Here, Hom.(M, R) consists of
all R-module homomorphisms f : M — R such that for every m € M, f(gm) = 0 for all but
finitely many g € G. A little more care is required in the i = n case, in which one has to use
modified cohomology with compact supports; this is done using an argument identical to one
found in [23]. Alternatively, one can use Appendix B and [37, Example 5.21], which shows that
Roe’s coarse cohomology is isomorphic to group cohomology with group ring coefficients.

3.5. Topology at Infinity

To discuss the topology at infinity of spaces, we assume familiarity with inverse and direct
limits; the necessary background can be found in [26]. We set R = Z3 and assume all homology
and cohomology is taken with coefficients in Zy. We give a characterisation of coarse cohomology
in terms of topology at infinity. We use an argument from [22], although it is considerably
simpler when working over Z.

Let X be a bounded geometry space which is coarsely uniformly n-acyclic over Z, and let
(X, C,) be a uniformly n-acyclic Zo-metric complex. A finite filtration of X is a nested sequence
K, C Ky C K5 C ... of finite subsets of X such that U; K; = X. The k*" reduced homology at
infinity of X is defined to be the inverse limit lim, H[X\K;], where the bonds of this inverse
system are the maps induced by inclusion. We séy that X is r-acyclic at infinity over Zg if
lim, H,.[X\K;] vanishes for k < . These notions are independent of the choice of finite filtration
and metric complex.

PROPOSITION 3.29 ([21],[22]). Let (X,Cs,%s,ps) be a uniformly n-acyclic Zy-metric
complex, where n > 0 and X is infinite. For k <n and d € N, m, Hj, [X\K;] is d-dimensional
precisely when HFH1 (X;Z9) is. In particular for r < n, X is r-acyclic at infinity over Zsy if

and only if HE | (X;79) =0 fork <r+1.

Proof. We first show that Hy[X\K;] is finitely generated for every i € N and every k < n. Let
J > i be large enough so that for k& < n, every element of Xy, lies in either C4[Kj],, or Co[ X\ K;],.
This can be done using Lemma 3.10. A standard argument produces the Mayer—Vietoris sequence

As K; and K;\K, are finite, H,[K;\K;] and Hy[K}] are finitely dimensional. Since H[X] is
zero, we see Hy[X\K;] is a finite dimensional vector space of dimension d¥.
For each K; we have a long exact sequence

HO[X] — H[X\K;] — H'[X,X\K,] = H'[X] = --- — H"P[X].

It is easy to see that there is an isomorphism lim C*[X, X\ K;] = C2[X], and that coho-
mology commutes with direct limits. Since (X,C,) is uniformly n-acyclic, we obtain the
isomorphisms ligiﬁk[X\Ki] ~ H*1[X] = ker(H*1[X] — HFT1[X]) for k < n, showing that
lim H*[X\ K] = HELLo (X Zs) for k < n.

Since we are working over Zy and each Hj, [X\K;] is finite dimensional, there are natural
isomorphisms E[k[X\Ki] = Homy, (ﬁk [X\K;],Z2) and ﬁk[X\Ki] =~ Homy, (f[k [X\K;], Z2).
Thus either lim, Hy[X\K;] and lim, H*[X\K;] are both finite dimensional, in which case
there is an isomorphism

ling 774\ K] = Homz, (lim 4 [X\K,], Z2),

or both are infinite dimensional. The result now follows from Remark 3.24, which says that
HY . (X;Zs) = 0. |

coarse
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If X is an unbounded coarse geodesic metric space, then Proposition 2.5 says that there is a
j such that the inclusion X — P;(X) is a coarse isometry. We define the number of ends of X
to be equal to the number of ends of P;(X). Then the above argument shows that the number
of ends of X is equal to dim(H} ,,..(X;Z2)) + 1. In particular, X is one-ended precisely when
HL, (X;Zs) = 0. We think of r-acyclicity at infinity over Z, as a higher dimensional analogue
of being one-ended.

These ideas are well illustrated in the case of a hyperbolic group G, where the ‘topology at
infinity’ can be interpreted as the topology of the Gromov boundary 0G. Bestvina and Mess
show in [2] that when G is hyperbolic, there is an isomorphism H F(G,RG) = H kfl(aG) where
H*=1(0G) is the reduced Cech cohomology of the boundary. Since H*(G, RG) = G;R),

this gives a very concrete interpretation of coarse cohomology.

coarse (

4. Coarse Poincaré Duality

4.1. Coarse Poincaré Duality Spaces

We introduce the notion of coarse PDE spaces, which roughly speaking, are spaces which
have the same coarse cohomological properties as R™. The definition we use is found in the
appendix of [26].

Let X be a bounded geometry metric space. An R-chain complex over X is a chain complex
C.,, such that each C; is a free R-module over X and each boundary map 0 : C; — C;_1 has
finite displacement. We note that C4 is an R-chain complex over X for every R-metric complex
(X, C,). We extend the notion of finite displacement chain maps and homotopies from R-metric
complexes to R-chain complexes over a metric space.

If (X, C,, X, pe) is a metric complex, then each C* is a finite type free module over X with
standard basis 2 dual to Xi. Each coboundary map Ck — C**1 has finite displacement. Thus
for any n, C'~* is an R-chain complex over X.

We recall that an R-metric complex (X,C,) admits an augmentation ¢ : Cy — R such
that e(A) = 15 for each A € Xy. We thus define reduced homology groups Hy(C,) of this
augmented chain complex. Suppose we are given a homomorphism « : C7' — R that is zero on
all coboundaries, which we also call an augmentation of C'~*. We then define an augmented
cochain complex - - — C9 — --- — C? % R — 0 and calculate the reduced cohomology of this
cochain complex, which we denote by H¥(C,).

There is an ambiguity here, since H ¥(C,) may also refer to the cohomology of the cochain
complex obtained by dualizing the augmented chain complex - -- — Cy = R and restricting to
cochains of finite support. We do not use this form of reduced cohomology in this section —
we always assume that reduced cohomology refers to the former notion, where the choice of a
suitable augmentation o : C7 — R is implicit.

DEFINITION 4.1. A coarse PDE complex consists of a uniformly acyclic R-metric complex
(X, C,), equipped with finite displacement chain maps

cr=* 2y ¢y and ¢y Ly oo

over idx and finite displacement chain homotopies P o P ~ 2 1an «and PoP~ 2 ide, overidy.
We call P and P the duality maps. We say that X is a coarse PDE space if it is the control
space of some coarse PD complex.

We say that a group G acts on a coarse PD[ complex if it acts on the underlying metric
complex (X, C,), and the maps P, P, ® and ® are all G-equivariant.
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REMARK 4.2. If (X,C,) is a coarse PDE complex, then the cochain complex admits
an augmentation o : C' — R given by the composition C7 Ei Co = R. With respect to this
augmentation, the maps P and P are augmentation preserving, i.e. ¢(Po) = a(o) for all 0 € O
and £(y) = a(P~) for all v € Cy. We note that o induces an isomorphism H™(Cy) = Zs.

PROPOSITION 4.3.  Suppose X is a coarse PDE space, (Y, D,) is a uniformly acyclic R-metric
complex and f : X — Y is a coarse isometry. Then (Y, D) is a coarse PD complex.

Proof. There exists a coarse PDE’ complex (X, C,) endowed with chain maps and homotopies
P, P, ® and ® as above . Since f is a coarse isometry, it has coarse inverse g. By Lemma 3.21,
we can construct finite displacement chain maps fu : C¢ — D, over f and g4 : Dy — C, over
g, as well as finite displacement chain homotopies g4 f# ~ id¢c, and fxgy ~ idp, over idx and
idy respectively. By the proof of Proposition 3.15, f4 and gx induce maps on cochains with
compact supports. Lemma 3.3 now tells us that

fuoPof# g#oPogy
= %

D D, and D, D

are finite displacement chain maps over idy. Furthermore, there are finite displacement chain
homotopies

fuoPoffoghoPogy~idp, andg#opog#of#oPof#EidDgfo

over idy, which can be explicitly written down in terms of existing homotopies and chain maps.
O

REMARK 4.4. If X is a coarse PDI space and f : X — Y is a coarse isometry, then by
Propositions 2.15 and 3.20, there necessarily exists a uniformly acyclic (Y, Do). Thus Proposition
4.3 tells us that being a coarse PDI space is invariant under coarse isometries.

DEFINITION 4.5. A coarse PDE group is a finitely generated group that, when equipped
with a word metric with respect to a finite generating set, is a coarse PD} space.

4.2. Poincaré Duality Groups

For the convenience of the reader, we briefly define PDZ groups and relate them to coarse
PDZE groups. Although knowledge of PDE groups are not needed for our results, PDZ groups
provide a source of examples of coarse PDT? groups.

DEFINITION 4.6. A group G is a PDE group if:
(i) it has a finite length projective resolution of the trivial RG-module R in which each

module is finitely generated;
(i) H(G,RG) =0 for i # n, and H"(G, RG) = R.

A PDZ group G is called orientable if the action of G on H"(G,ZG) = Z is trivial. For PD%2
groups, we no longer have to worry about orientation. A PDZ group is automatically a PDE
group for any commutative ring R with unity, as shown in Proposition V.3.7 of [13].

PROPOSITION 4.7 ([26, Section 11.2]). A group G acts freely and cocompactly on a coarse
PD! complex if and only if G is a PDE group.
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ExAMPLE 4.8 ([7, VIII Example 10.1]). The fundamental group of a closed aspherical

n-manifold is a PDZ group.

EXAMPLE 4.9 (Page 166, Example 1 in [3]). If G is a torsion-free polycyclic group of Hirsch
length n, then G is a PDZ group.

Every virtually polycyclic has a finite index subgroup that is a torsion-free polycyclic group.
Hence every virtually polycyclic group is a coarse PD% group. The following example shows
that there are coarse PDE groups that are not PDE groups.

EXAMPLE 4.10. The infinite cyclic group Z is easily seen to be a PD% group. It is quasi-
isometric to H := Zy * Zy, which is known not to be a PD¥ group since it has torsion (see [7]).
Proposition 2.15 and Proposition 3.20 allow us to construct a uniformly acyclic metric complex
(H,D,) that admits a free H-action. By Proposition 4.3, (H, D,) is a coarse PD% complex
and hence H is a coarse PD% group. However, even though H acts freely and cocompactly
on (H, D,) as a metric complex, Proposition 4.7 tells us it cannot act freely and cocompactly
on (H,D,) as a PD? complex. In other words, the duality maps and homotopies cannot be
H-equivariant.

4.3. A Technical Lemma

The rest of this section will be devoted to a proof of the following Lemma, which plays an
important role in the proof of Theorem 1.3.

LEMMA 4.11. Let Y be a bounded geometry metric space which is coarsely uniformly
n-acyclic over Zy for some n > 0. Let X CY be a subspace which is a PD% space, and let
f: X =Y be the inclusion map. Suppose G is a finitely generated group acting freely on Y
such that GX = X and the action of G restricted to X is cocompact. If for k < n, the maps
froHE, (Y Zo) — HE (X;Zy), induced by f, are isomorphisms, then Y = N,(X) for
some r < 0.

Proof. We first restrict to the case where Y is 1-geodesic. Since Y is coarsely uniformly
0-acyclic, Proposition 2.18 tells us it is coarse geodesic. Hence Proposition 2.5 says that for
some s large enough, P!(Y) is connected and the inclusion Y — P}(Y) is a coarse isometry.
We thus remetrise Y by identifying it with the 0-skeleton of Pl(Y'), endowed with the subspace
metric. This procedure doesn’t alter our hypotheses.

We use Proposition 3.20 to construct Zs-metric complexes (X, Ce, Yo, pe) and (Y, Do, X0, pl)
that are uniformly acyclic and uniformly n-acyclic respectively and admit a G-action. Without
loss of generality, we may assume that C, is (n + 1)-dimensional. By Proposition 4.3, we observe
that (X, C,) is a PD%2 complex with (not necessarily G-equivariant) duality maps P and P
and homotopies ® and ®. By Lemma 3.21, there exists a chain map fg : Co — D, that has
finite (n + 1)-displacement over f. This induces a cochain map f# : D"~* — Cn—*.

We fix some & € X and define K;* := N;*(Z) and K} := N} (&) for each i € N. For every
g >, we let i) 1 Co[X\K[] = Co[X\K;¥] and ij :De[Y,K)] — D2[Y, K] be the maps
induced by inclusion. For each i, there exists a short exact sequence

# #
1= D[y, KY] L5 Dprey] &5 Dre[K)] > 1, (4.1)
where pf is the map induced by inclusion. We note that ql# Lf;- = qf for all ¢ < j.
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We let € and « be the augmentations defined in Remark 4.2. We define an augmentation

B8 by D? ﬁ: C" % Zy, and observe that 3 induces an isomorphism H?(D,) = Z,. For each
1 €N, fo qz# : DY, KY] — Z defines an augmentation, allowing us to define the reduced
cohomology ﬁf (D.]Y,K}%)).

By Lemma 4.12, there is an augmentation preserving chain map gx : Co — D7~ ° of finite
displacement over f. By Lemma 4.13, there is a D € N such that for every R € N, g4 and
hy =P f# induce augmentation preserving maps

9P L CUX\KE, p) = DY, K] (4.2)

BEED DI Y, K p) - Cal XK. (4.3)

Moreover, Lemma 4.13 also tells us that the maps induced on reduced homology and cohomology
by (4.2) and (4.3) give the commutative diagram shown in Figure 3, whose horizontal maps are
induced by inclusion.

R 2D,R R R+2D

<— H,_ 1(0.[X\KX}) <— Hy 1(C.[X\KR+2D]) — ..

R—D R+D
b ha R42D
9l 9
R ‘R—D,R+D . R+2D ‘R4 D,R+3D
im(g") im(gx )
FIGURE 3.

Since D, is uniformly O-acyclic, there is an Ry such that for all y € Y, the map
Ho(Do[NY (y)]) — Ho(Ds [N% (y)]), induced by inclusion, is zero. By Corollary 3.11, there
is some Ry such that g4 (Ce[X]n) € D27*[N} (X)]. As H'(C,) = Zs, Proposition 3.29 tells us
(H,,—1(Co[X\KX]))2, has inverse limit Zy. Hence there is an ig > 0 such that for all i > iy, there
is a non-trivial reduced cycle \; € Cr_1[X\K;X ] such that for all j > i, LH_D’J_'_D[)\J] = [\i].

We let 0; = g”D)\ € DLy, KY]. 1t follows from the way g”D is defined in Lemma 4.13 that
supp(ql 0;) C NRl( NKY. We deduce from Figure 3 that Lw[ oj] = [oy] for all j > i > ip. Let
i1 := 19+ 2D. For ¢ > i1, as

[LiiJrD’i_Dh;aQ;;D)\i] = [L;OaJrD’HD)\i] = [Xip] #0,

we see that [0;] = [g i+D/\ i] # 0.
We choose 7 > i 1arge enough SO GKX X, and let j =i+ 2Ry + R1 + 1. There is an

w € CoY] such that dw = q] o;. This is because H}(Do) = 0 and, since g# P is augmentation
preserving, q] o; is a reduced cocycle. We let Ry := diam(w).

We clalm that w(A) = 1 for every A € pj~ ' (KY). If p#w =0, then by the exactness of (4.1),
w = ¢7 (w;) for some w; € DO[Y, K. Thus Lf]a] = 5%, which cannot happen as [Af’éj o;] = loi]
is non-trivial. Thus p?*w # 0, so we can pick Ag € py " (K)) such that w(Ay) = 1.

Let A € pf~ "(KY). Then there exists a 1-chain p)(Ag) = 2o, Z1, . . ., Zn = ph(A) in KY . This
is because Y is 1-geodesic and K} = NY (Z). For 1 < k < n, we pick some Ay € (pj)~*(zx)
and let A, = A. BEach Ay — Ak is a reduced O-cycle in D[Ny (z1)], hence there is some

pr € Dl[Ngo(:ck)] Cc D [KJY] such that dpr, = Agi1 — Ag. Letting p := Zk 0Pk € C’l[ Y], we
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see dp = A — Ay, and so

w(A) —w(Ao) = w(dp) = (4] ;)(p) = 0.

Thus w(A) = w(Ag) = 1, proving the claim.

We define a function @ : X — R U oo which measures the distance from a point of X to the
furthest point of Y that isn’t closer to any other point of X. More precisely, for each y € Y, we
define height(y) := dy (y, X) = inf{dy (z,y) | + € X}. For x € X, we define

Q(x) := sup, ¢y {height(y) | height(y) = dy (2, )}

Suppose sup, ¢y Q(z) < r < oo and y € Y. Then there exists an € X such that height(y) =
dy (z,y). Indeed, for any 2’ € X, the set {z € X | dy(y,x) < dy(y,2')} is non-empty and finite.
Hence there exists an « € X such that dy (z,y) < dy(z”,y) for all " € X, so height(y) =
dy (z,y). Since dy (z,y) < Q(z) < r, we see that y € NY (X). This holds for each y € Y, so
Y = NY(X). As G acts on Y by isometries, @ is G-equivariant. Since GK;X = X, it is sufficient
to show that @ is bounded on KiX .

Let x € K;X; we claim that Q(z) < Ry. Suppose for contradiction that there is some y € Y such
that height(y) = dy (y,z) > Rs. We choose a 1-geodesic © = wq, w1, ..., w, =y, and pick Ay €
p(’)_l(wk). For each 0 < k < n, there exists a uy € Dl[N}gU (wg)] such that dur = Agy1 — Ag.

As € KX C K, we know that w(Ag) = 1. Since d(x,y) > Ry = diam(w), we see that
w(Ay) = 0. Therefore, (qfaj)(zz;é k) = w(A,) —w(Ag) = 1. Hence there exists some 0 <
t < n such that (q;#aj)(ut) = 1. Since supp(qfaj) C Ny, (X\K) and p; € Di[N} (wy)], wy ¢
KJY_RO and there is some z € X such that d(z,w;) < Ro + Ry. As wg = x € K;¥ it follows that
t = d(wo,wt) > (j — Ro) —i = Ro + Ry + 1. Hence

d(z,y) < d(z,w;) +d(wg,w,) < (Ro+R1)+(n—1t) <n—1<d(z,vy),
which contradicts height(y) = d(x, y). Thus Q(z) < Ry for every x € KX. O

The following two lemmas freely use notation from the preceding proof.

LEMMA 4.12. There is an augmentation preserving chain map g4 : Co — D}™° of finite
displacement over f, such that P f# g Is chain homotopic to the identity via a finite displacement
chain homotopy A.

Proof. Since G acts cocompactly on (X, Ce, X, pe), Xk has only finitely many G-orbits; we
thus let z¥,...,z} De a set of representatives for the G-orbits of X;. We define g4 on each z¥
and extend equivariantly. The finite displacement of g4 then follows readily from G-equivariance.
Indeed, one can choose Dy, large enough so that supp(g4(2F)) C N}Sk (f(pr(zk))) for each z¥.
Thus for each h € G and z¥, we see

supp (g4 (hat)) € AND, (f(pr(af))) = N, (f (px(hat))),

showing that g4 does indeed have finite displacement over f.

As the augmentation 8 : D' — Z, induces an isomorphism H(D,) — Zs, we may choose an
n-cycle o € D7 such that 5(o) = 1. Each h € G preserves cocycles and coboundaries, so preserves
the unique non-trivial cohomology class in H(D,); thus [ho] = [o], so S(ho) = (o) = 1.

For each z¥, we define g4 (z?) = o and extend equivariantly. We note that g, is augmentation
preserving, since for each h € G,

Bg#(hay)) = Blhgx(2))) = B(ho) = 1 = e(has).
For each z!

1 we see that dgx(0z}) =0 and B(gx0x)) = e(dz}) = 0. Therefore, as 3 induces
an isomorphism H[ (D) 2 Zs, there exists an w} € D"~! such that dw} = gx(dz}). We define
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g#(x%) := w} for each z} and extend equivariantly. We continue similarly for higher dimensions,
using the fact H¥(D,) = 0 for k < n.

We now claim that f#gy : Cy — C?~* is a chain map of finite displacement over idx. If the
claim is true, then by Lemma 3.3, Pf# gy also has finite displacement over idy. By Lemma 3.21,
we thus see that Pf# gy is chain homotopic to the identity chain map via a finite displacement
chain homotopy A.

To prove the claim, we suppose = € supp(f#g#hxf). Then there exists a A € ¥,,_j, such that
Pr_k(A) =z and f#gyuhaf(A) # 0; thus gy (haF)(fxA) # 0. We see that supp(gy(hat)) C
NP (f(pe(hxf))) and supp(f#A) € N (pn—k(A)), where fu has n-displacement at most R
over f. Therefore, as f is the inclusion map

dx (x, pr(ha})) = dy (f(pa—s(A)), f(pr(ha}))) < R+ Dy.
Hence supp(f#gghat) C NngDk (pr.(hzk)), so f#g4 has finite displacement over idx. O

LEMMA 4.13. Let hy = Pf# . Dn=* — C,. There is a D € N, such that for every R € N,
g4 and hy induce maps gR+D and hR+D as in (4.2) and (4.3). These maps then induce the
commutative diagram as shown in Fi 1gure 3.

Proof. 'We use similar methods to those used in Section 6 of [26]. We pick Dy € N such that
g4 and fg have n-displacement at most Dg over f, while P, A and the boundary maps of C,
and D, all have n-displacement at most Dy over the identity; we now define D = 2(n + 1)Dy.
For each i € N we define ql# and pfﬁ as in (4.1), and let T‘;E : Co[X\K7X] — C, be the inclusion
map.

Let k < n.If 0 € Cx[X\Kf, p), then supp(r ﬁJ“D ) € X\KR, ps s0

Supp(g#rﬁ+DU) C Ng@ (X\KR+D) - Y\K§+D—Do c Y\K}é

Therefore pﬁg#rm'Da = 0, so by the exactness of (4.1) there exists an w, € D?~*[Y, K}] such
that q?;fw,, = g#rR+D o. As qﬁ is injective, we can define an augmentation preserving chain
map gﬁJrD : Co[X\KR, pln — D2~°[Y, K};] such that qﬁgfﬂj =gy rfrD.

Similarly, we define K" : DE=*[Y, K} )], — Co[X\KZ] so that rZhfTP = Pf#q) .
Indeed, suppose p € DF[Y, Ky, p] for k <n.If A € (p},) " (K}, p_np,)s then by Lemma 3.10,
A€ Di[KY, p_pposnp,] € DelKY, pl, so that g, (p)(A) = 0. Therefore, supp(qp;, pp) C
Y\K} p_np, and so supp(Pf#qﬁJer) C X\K})%(JFD_(WFQ)D0 = X\KR%,,p,- By another appli-
cation of Lemma 3.10, we see that Pf#qﬁ;Dp = rﬁ’yp for some 7, € Co[X\ K7 ]; this allows
us to define hR+D

By a snmlar argument, A induces a map AT+20 CA >)KR+2D — Cot1[X\KR] such that
Ar5F2P = pBART2D: it follows that kTP gl 7P — ONFH2D L AR+2DH This proves
the existence of the commutative dlagram shown in Flgure 3. ]

5. Coarse Separation

5.1. Coarse Complementary Components

We introduce the notion of coarse complementary components, generalising the notion of an
almost invariant set (see Proposition 5.14). It should be remarked that a coarse complementary
component C' is not necessarily coarsely connected, i.e. P.(C) may not be connected for any 7.
Lemmas 5.3 and 5.5 provide some motivation for the term ‘coarse complementary components’.
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DEFINITION 5.1. Let X be a 1-geodesic metric space, C C X and r > 0. We define the
coarse r-boundary of C' to be

0,C :={x e X\C|d(z,C) <r}.

IfWCX,r>1and A >0, we say that C C X is an (r, A)-coarse complementary component
of W if

0r(C\Na(W)) C Na(W).

We say that C is a coarse complementary component of W if it is an (r, A)-coarse complementary
component of W for somer > 1 and A > 0.

REMARK 5.2. If0,.(C) C Ny(W), then C is an (r, A)-coarse complementary component of
W. Conversely, if C' is an (r, A)-coarse complementary component of W, then 0,.(C') C N4 1,(W).

LEMMA 5.3. Let X be a 1-geodesic metric space and W C X. Then C C X is an (r, A)-
coarse complementary component of W if and only if C\N4 (W) is the vertex set of a union of
components of P.(X)\P,(Na(W)).

Proof. Assume C' is an (r, A)-coarse complementary component of W. For = € C' and
y € X, suppose x and y lie in the same component of P,.(X)\P-(Na(W)). Then there exists
an r-chain © = xg,z1,...,2, =y in X\N4(W). If some z; € C and x,11 € C, then z;41 €
O (C\NA(W)) C No(W) which contradicts z;11 € X\Na(W). Therefore y € C.

Now suppose C\N 4 (W) is the vertex set of a union of components of P,.(X)\P.(Na(W)).
If x € 0,(C\N4(W)), then there is some y € C\N4(W) such that d(z,y) <r. If x & Na(W),
then 2 and y lie in the same component of P,.(X)\P.(Na(W)), so x € C\N4 (W), which is a
contradiction. Therefore & € N4 (W), showing that 9,(C\Na(W)) C Na(W) and hence C is
an (r, A)-coarse complementary component of W. |

COROLLARY 5.4. The complement, union, intersection or symmetric difference of (r, A)-
coarse complementary components of W is itself an (r, A)-coarse complementary component of
w.

LEMMA 5.5. Let X and Y be l-geodesic metric spaces with W C X. Suppose C' C X
is an (r, A)-coarse complementary component of W and f:X —Y is an (n, ¢, B)-coarse
isometry. Then for each s > 1, there exists an A’ = A’(A,n, ¢, B, s) such that Ng(f(W)) is an
(s, A")-coarse complementary component of f(W).

Proof. Let Z := f(W) and Q := Np(f(C)). Setting A" := ¢(A + 7j(s + 2B)) + B, we claim
that @ is an (s, A”) coarse complementary component of Z, where 7} is as defined in Remark
2.2. We need to show 0s(Q\Na/(Z)) C Na/(Z).

Let y € 0,(Q\Na/(Z)); there exists an x € X such that dy(f(z),y) < B. If z € C, then
y€Q so y € Nag(Z) and we are done. If © ¢ C, then there exists a ¢y € Q\Na/(Z) such
that dy (y,y') < s. We thus pick 2’ € C such that dy (f(2'),y’) < B. Since A’ > ¢(A) + B and
y & Na/(Z), it follows that 2’ € C\Na(W). As dy (y,y') < s, we see that dx (z,z") < (s + 2B).

We now observe that ' and z can be joined by a 1-geodesic 2’ = xg, ..., z, = x such that
n=dx(z,2") <17(s+ 2B). We pick the minimal ¢ such that z; ¢ C\N4(W) and note that

dx(xz,zs) =n—1t <7(s+2B).
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By the minimality of ¢, x; € 0,(C\Na(W)) C No(W), so there exists a w € W such that
dx (w,z:) < A. Therefore

dy (f(w),y) < dy(f(w), f(z)) + B < ¢(A+ij(s +2B)) + B = A,
showing that y € Na/(Z). O

We say that C' is an irreducible (r, A)-coarse complementary component whenever C\ N4 (W)
is the vertex set of a single component of P,.(X)\P,.(N4(W)). However, unlike (general) coarse
complementary components, irreducible coarse complementary components are not preserved
under coarse isometries.

COROLLARY 5.6. For any finite collection {C;};cs of coarse complementary components of
W and any r > 1, there exists an A > 0 such that every C; is an (r, A)-coarse complementary
component of W.

Proof. 1f C is an (r, A)-coarse complementary component of W, then it is an (r, A")-coarse
complementary component of W for any A’ > A. Applying Lemma 5.5 with f = idx, we see that
every C; is an (r, A;) coarse complementary component for some A;. Letting A := max;er(A4;),
we see that each C; is an (r, A)-coarse complementary component of W. O

Since every coarse complementary component is a (1, A)-coarse complementary component
for some A > 0, one might think that the ‘r’ parameter in Definition 5.1 is redundant. The
following Lemma, which plays a crucial role in the proofs of Propositions 5.8 and 5.19, motivates
the need for two parameters in Definition 5.1.

LEMMA 5.7. Let C C X be an (r, A)-coarse complementary component of W. Then every
simplex of P.(X) lies in either P.(No(W)UC) or P.(NA(W) U (X\C)).

Proof. Let A ={zg,...,z,} be a simplex of P.(X). If each z; € Ngy(W), then A is a
simplex of both P.(N4(W)UC) and P.(N4(W)U (X\C)). We therefore assume x; ¢ Na(W)
for some z; € A. Interchanging C' and X\C' if necessary, we may assume x; € C\N4(W). For
each z; € A, either x; € C\Ns(W) or z; € 0,(C\Na(W)) C Na(W). Thus A is a simplex of
P.(NA4(W)U ). O

We now show that if C' is a coarse complementary component of W and both X and W are
coarsely uniformly (n — 1)-acyclic, then W U C is also coarsely uniformly (n — 1)-acyclic. This
allows us to define the coarse cohomology of W U C.

ProrosITION 5.8. Let X be a 1-geodesic metric space with W C X, such that both X and
W are (A, p)-coarsely uniformly (n — 1)-acyclic over R for some n > 0. If C' is a (1, A)-coarse
complementary component of W, then W U C' is (N, u')-coarsely uniformly (n — 1)-acyclic over
R, where X' and ' depend only on A, X and p.

To prove this, we use the following lemma.

LEMMA 5.9. Let X be a bounded geometry metric space with A C B C X. Suppose there
exists some t > 0 such that B C N(A). If fu : Co(P;(A); R) = Co(P;(B); R) is the inclusion of
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chain complexes, then there is a chain map
Py Co(Fi(B); R) = Co(Pit2:(A); R)
such that px fu is the inclusion Co(P;(A); R) = Co(Pit2:(A); R) and
p#(Co(Pi(NF (2)); R)) € Co(Piyar(N4(2); )

for every x € X.

Proof. We choose a closest point projection p: B — A, noting that for each b€ B,
d(b,p(b)) <t. Then p induces the chain map py : Co(Pi(B); R) = Co(Pi12:(A); R) given by
[%0, ... 2n] = [p(x0),...,p(z,)] on each oriented simplex [z, ... Zy]. Since p|a = ida, pafe is
just the inclusion of chain complexes. O

Proof of Proposition 5.8. Without loss of generality, we may assume A(¢) > 1 for every i.
For any k <n,i>0,r>0and x € X, let 0 € Cx(P;(NF“W (2)); R) be a reduced cycle. There
exists a (k + 1)-chain w € Ck+1(PA(z')(Ni((i,r)($>)§ R) such that dw = 0.

By Corollary 5.6, there is an A’ = A’(A(z), A) > 0 such that C'is a (A(4), A’)-coarse complemen-
tary component of W. By Lemma 5.7, each simplex of Py ;) (X) lies in either P/\(l)((fo, (W)HyucC)
or Py (N2, (W) U (X\C)). Therefore, w = wy + wg, where wy € Ck+1(PA(i)(N/i\E?;()W)UC(x)); R)

X

and wy € CkH(P,\(i)(Nﬁﬁ;()W)U(X\C) (2)); R). As Jwy = 0w — 0wy = 0 — Qwy, we see that
2 :
Owy € Cy, (P,\(i)(Nﬁ?;ﬁ()W) (z)); R) is a reduced k-cycle. The inclusion W — N (W) is an
(idgrs,,idg.,, A’)-coarse isometry. Consequently, Proposition 2.15 tells us that NE (W) is
(N, 1) coarsely uniformly (n— 1)}—(acyclic, where A\ and p' depend only on A, A\ and pu.
Hence there is a v € Cyy1(Py (NﬁA/(W)(a:)); R) such that 9y = Ows, where ' = X (A(7)) and
= p (A@), pi, 7).

Let fy be the inclusion Co(Py(CUW); R) — Co(Py(CUNZ (W)); R). As CUNZ (W) C
N (CUW), Lemma 5.9 tells us there is a chain map py : Co(Pir(CUNZ,(W)); R) —
Co(Py124/(CUW); R) such that py fx is the inclusion. We see that

pu(wr +7) € Cry1(Pryoar (NS (2)); R)

and Opxg (w1 + ) = pgfu(o) = 0. Therefore, C UW is coarsely uniformly (n — 1)-acyclic over
R, and the uniform acyclicity functions depend only on A, A and p. |

5.2. Coarse Separation

We now describe a generalisation of the notion of coarse separation, originally due to Farb
and Schwartz [19] and further developed by Kapovich and Kleiner [26].

A coarse complementary component C' of W is said to be shallow if C C Nr(W) for some
R > 0. A coarse complementary component that is not shallow is called deep. A collection
{C;}ier of coarse complementary components of W is said to be coarse disjoint if for every
i # 1 €I, C;NCy is shallow. Similarly, we say that a component of P,.(X)\P,(N4(W)) is deep
(resp. shallow) if its vertex set is deep (resp. shallow).

We say that W coarsely n-separates X if X has at least n deep, coarse disjoint, coarse
complementary components of W. We say that W coarsely separates X if W coarsely 2-separates
X.
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LEMMA 5.10. Let X be a I-geodesic metric space and suppose C is an (r, A)-coarse
complementary component of W for some r > 1 and A > 0. Then for all R > 0,

Nr(C) CCUNy  gr(W).

Proof. Suppose x € Ng(C)\C. There exists an zo € C with d(xg,z) < R. Hence there is a 1-
geodesic x, . .., 2, = x with n = d(zg, ) < R. We pick the minimal ¢ such that z; ¢ C\Ns (W)
and claim z; € Na(W). If t =0, then because zg € C, zg € Ny(W). If t >0, then z; €
O (C\NA(W)) C Nao(W). As d(z,2¢) =n —t < R, we see that x € Ng(Na(W)) C Ngyr(W).

O

PROPOSITION 5.11.  Suppose X and Y are 1-geodesic and f : X — Y is an (n, ¢, B)-coarse
isometry. If W C X coarsely n-separates X, then f(W) coarsely n-separates Y.

Proof. Since W coarsely n-separates X, there exist m deep, coarse disjoint, coarse
complementary components of W, which we denote C4,...,C,. By Lemma 5.5, we need only
show that Ng(f(Ch)),...,Ng(f(Cy)) are deep and coarse disjoint. If N} (f(Ci)) C NE (f(W))
for some R > 0, then C; C NﬁR)(W). Consequently, as each C; is deep, so is each Np(f(C})).

For each 1 <¢ < j <n, we choose R > 0 such that C; N C; C Ngr(W). There is some r > 1
and A > 0 such that C; is an (r, A)-coarse complementary component of W. Suppose y €
Np(f(Cy)) N Np(f(C))). We pick ¢; € C; and ¢; € C; such that dy (f(c;),y),dy (f(c;),y) < B;
hence dx(c¢;, ¢;) < 7(2B). By Lemma 5.10

¢ €C;N Nﬁ(gB)(Cj) cC;n (C] U NA_;,_;](QB)(W)) - NA/(W),

where A’ := max(R, A+ 7(2B)). Hence y € Nyan+5(f(W)), so Np(f(C;)) and Np(f(Cj))
are coarse disjoint. O

There is another notion of coarse separation, defined in terms of actual complementary
components rather than coarse complementary components: if I' is the Cayley graph of a group
G with respect to some finite generating set, we say that W coarsely separates G if for some
R >0, T\Ngr(W) has at least two deep components, i.e. two components not contained in
Ng(W) for any S > 0. This is the definition used in [26].

The two notions of coarse separation are not necessarily equivalent. To see why, we observe
that if C is an (r, A)-coarse complementary component of W, then C is a union U;¢;C; of
irreducible (r, A)-coarse complementary components. It is possible for C to be deep and for
each C; to be shallow. The following lemma rules out this behaviour when W is a subgroup
of a finitely generated group. More generally, whenever W satisfies the shallow condition as
defined in [45], then the two notions of coarse separation are equivalent.

LEMMA 5.12 ([45, Lemma 7.1]). Let G be a finitely generated group and let H < G be
a subgroup. Then for all r > 1 and A > 0, there exists an R > A such that every shallow
(r, A)-coarse complementary component of H is contained in Nr(H).

Proof. Using Lemma 5.3, it is enough to show there is an R > 0 such that every shallow
component of P.(G)\P.(N(H)) is contained in P,(Ngr(H)). We observe that P,.(G)\P-(Na(H))
has finitely many components that intersect the ball N .(e). Hence there is an R > 0 such
that every shallow component of P,.(G)\P.(N4(H)) that intersects Nay,(e) is contained in
P.(Ng(H)). As P.(G) is connected, an arbitrary shallow component C' of P,(G)\P,.(Na(H))
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intersects the ball Na.(h) for some h € H. Since h~1C intersects Na,(e), it is contained in
P.(Ng(H)); therefore C C hP.(Ngr(H)) = P-(Nr(H)). O

5.3. Relative Ends of Groups

Suppose G is a finitely generated group and P(G) is the powerset of G. Then P(G) is a
vector space over Zs in which the addition operation is the symmetric difference of two subsets.
If H is a subgroup of G, let F(G) be the subspace of all H-finite subsets of G.

DEFINITION 5.13. We say that C C G is H-almost invariant (or H-a.i.) if for all g € G,
C + Cg is H-finite. An H-a.i. subset C is proper if neither C nor G\C' is H-finite.

In other words, C' is H-almost invariant precisely when it projects to an element in the fixed
set (P(G)/Fu(G))¢. The following proposition gives a geometric interpretation of H-a.i. sets
in terms of coarse complementary components of W.

PROPOSITION 5.14. Let G be a group equipped with the word metric with respect a finite
generating set S, and suppose H < G is a subgroup. A subset C' C G is H-a.i. if and only if it
is a coarse complementary component of H.

Proof. Say C C G is H-almost invariant. By Lemma 2.9, we see that for every g € G there
exists an 7, > 0 such that Cg + C C N, (H). We choose A large enough so that for all s € SEL
Cs+ C C N4(H). We claim that C is a (1, A)-coarse complementary component of H. Let
g € 01(C\Ny(H)).If g € C, then as g ¢ C\N4(H), g € Ny(H) and we are done. If g ¢ C, then
there exists an h € C such that g = hs for some s € S*!, and so g € Cs +C C Na(H).

Conversely, suppose C' is a coarse complementary component of H. Corollary 5.6 ensures
C is a (1, A)-coarse complementary component of H for some A. For any g € G, we write
g ' =s1...5,, where each s; or its inverse is contained in S. If b € C' 4 Cg, then exactly one
of bor bsy ...s, lies in C. Therefore, there exists a 1 < ¢ < n such that b’ := bsy,...s; € 91(C).
By Remark 5.2, b/ € Na41(H) and so b € Najp41(H). Thus C + Cg is H-finite. O

Kropholler and Roller [28] define the number of relative ends of a pair of groups to be
é(G, H) == dimg, (P(G)/Fu(G))°.

This can be characterised geometrically as follows:

PROPOSITION 5.15 ([45, Lemma 7.5]). Let G be a finitely generated group and let H < G.
Then H coarsely n-separates G if and only if é€(G, H) > n.

Proof. If H coarsely n-separates G, then there exist n deep, coarse disjoint, coarse
complementary components of H, which we label Cy,...,C,. By Proposition 5.14, these
correspond to elements of (P(G)/Fu(G))E. Since they are coarse disjoint, they are linearly
independent, so é(G, H) > n.

Now suppose é(G, H) > n. Then there exist n deep, coarse complementary components
Ci,...,C, of H which represent linearly independent elements of (P(G)/Fx(G))¢. We explain
how to modify these coarse complementary components pairwise so that they are coarse disjoint.

We set A := C1\Cq, B:=C1NCy and C = C,\C, observing that C; = A+ B and Cy =
B + C. By the linear independence of C1,...,C,, at least two of A, B and C, say A and B,
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aren’t contained in the span of C3,...,C,. Then A, B,Cj3,...,C, are linearly independent and
A and B are coarse disjoint. Applying this procedure to all pairs, we obtain n deep, coarse
disjoint, coarse complementary components of H, showing that H coarsely n-separates G. []

There is another notion of relative ends of groups due to Haughton [25] and Scott [39]. They
define another notion of relative ends,

e(G, H) := dimg, (P(H\G)/F(H\G))®,

where P(H\G) is the powerset of the coset space H\G, and F(H\G) consists of finite subsets
of H\G. The following is an analogue of Proposition 5.15 and can be proved in the same way.

PROPOSITION 5.16 ([39, Lemma 1.6]). Let G be finitely generated and H < G. Then
e(G, H) > n if and only if there exist n deep, coarse disjoint, coarse complementary components
of H, denoted C1,...,Cy, such that HC; = C; for each C;.

It follows from Proposition 5.15 and 5.16 that e(G, H) < é(G, H) for all H < G. We say
that H < G is a codimension one subgroup of G if e(G,H) > 1. If G splits over H, then
é(G,H) > e(G,H) > 1.

If we know that G is coarsely separated by a subgroup H, the following lemma allows us to
construct a codimension one subgroup H' < H of G.

LEMMA 5.17. Let G be a finitely generated group and H be a subgroup. Let C be a
deep, irreducible (1, A)-coarse complementary component of H and suppose G\C' is deep. If
H' := Staby (C\Na(H)), then e(G,H') > 1.

Proof. 'We use an argument from the proof of [45, Lemma 7.6]. We first claim that H' and
01(C\N4(H)) are finite Hausdorff distance from one another. Since H’ stabilizes C\N(H), it
stabilizes 01 (C\Na(H)). We let r1 := d(e,01(C\N4(H))). Then for each h € H’, we see that

d(h, 01(C\Na(H))) = d(e, "' 01(C\Na(H))) = d(e, 01 (C\Na(H))) = r1,

so H C N, (0:(C\N4(H))).

As C is an irreducible (1, A)-coarse complementary component of H, C\N4(H) is the vertex
set of a component C' of Py(G)\Pi(Na(H)). As G has bounded geometry, there are only
finitely many components {hC}pep of Py(G)\PL(Na(H)) that intersect Nayi(e). We label
these components hiC, ..., h,,C and set o := A + maxi <k<m lengthg(hy).

Suppose z € 01 (C\N4(H)) C Na(H); we choose h € H such that d(h,z) < A. There exists a
y € C\N4(H) such that d(z,y) < 1. As d(h,y) < A+ 1, we see that h~'C intersects Nay1(e),
hence h~1C = h,C for some r. Thus C = hh,C, so hh, € H'. Hence z € N,,(H') and so
O1(C\NA(H)) € N,, (H').

Letting C' := C\N4(H), Remark 5.2 tells us that ¢’ is a (1,73)-coarse complementary
component of H'. Since C and G\C' are deep as coarse complementary components of H, C’
and G\C’ are also deep as coarse complementary components of H. As H' < H, C' and G\C’
are deep as coarse complementary components of H'. Since H'C’ = C’ and H'(G\C") = (G\C"),

Proposition 5.16 tells us that e(G, H') > 1. O

COROLLARY 5.18. Let G, H, C and H' be as above, and suppose that é(G, K) =1 for all
infinite index subgroups K < H. Then [H : H'] is finite.
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5.4. A Coarse Mayer—Vietoris Sequence

Throughout this section, we fix a commutative ring R with unity and assume all cohomology
is taken with coefficients in R.

In [24], Higson, Roe and Yu describe a coarse Mayer—Vietoris sequence for coarse cohomology.
We suppose C; and Cs are disjoint, coarse complementary components of W such that G =
C1UCy and W = C1 N Cy. Lemma 5.10 tells us that for all B > 0, there is a B’ > 0 such that
Np(C1) N Np(C2) C Np/(W). Thus Cy and Cy are coarsely excisive in the sense of [24]. Using
Roe’s coarse cohomology as described in Appendix B, it follows from Theorem 1 of [24] that
there is an exact sequence
(Couw) Zs 1O, (W) S HL (X)L

coarse coarse

(X) % HO  (CLUW) @ HD

coarse coarse

0— H°

coarse

gL (C UW) @ HECL (CoUW) B B (W) S |

coarse coarse coarse coarse

We derive this Mayer—Vietoris sequence using metric complexes. This preserves quantitative
information that cannot be deduced using [24].

PrOPOSITION 5.19. Let X be a 1-geodesic, bounded geometry metric space with W C X.
Suppose both X and W are coarsely uniformly (n — 1)-acyclic over R. Let Cy be a (1, A)-coarse
complementary component of W and let Cy := X\C1. Then there exist uniformly (n — 1)-acyclic
R-metric complexes (W, D, ), (C1 UW, A,), (Co UW, B,) and (X, C,), and an exact sequence

0= HY(CY) L5 HO(AL) @ H(BJ) 25 HO(D.) % HA(CW) L5 -
T BN A @ B YBY) XS BHY(DG) S B (CL).

Let p. : AS — D2, pf. : BS — D2, qf. : C2 — A2 and ¢}, : C2 — B2 be maps which have
finite displacement over the respective inclusions. The above maps in cohomology are induced
by the cochain maps p* (o, 7) = pgla + péT and q¥()\) = (qé)\7 —qé A). Moreover, for r < n:

(i) there is an R = R(X,W, A) > 0 such that whenever o € D, is a cocycle supported in
K C W, then 6[o] can be represented by a cocycle in C"+1 supported in Nf{(K);

(ii) there exists an sg = so(X,W, A) such that for any s> so the following holds: a
cohomology class [w] € HT'(C,) is contained in the image of the boundary map if
and only if [w] can be represented by two modified cocycles a, 3 € CT™1 supported in
C1\Ns(W) and C3\Ns(W) respectively.

The difficulty in deriving the above exact sequence when compared to the singular or simplicial
Mayer—Vietoris sequence, lies in the fact that maps which we want to be injective or surjective
may not be. For example, although W is a subspace of Cy UW, D, isn’t a subcomplex of A,,
so the map Dy — A,, induced by inclusion, may not be injective.

The proof is similar to that found in [24], except that as spaces are coarsely uniformly
(n — 1)-acyclic, one doesn’t need to pass to inverse limits. We make use of the following lemma,
which relates coarse cohomology to the cohomology of successive Rips complexes.

LEMMA 5.20. Let X be a 1-geodesic, bounded geometry metric space with W C X . Suppose
both X and W are coarsely uniformly (n — 1)-acyclic over R. For every A > 0, there exist i < j <
k and A <n; <n; < ny such that the following holds: for every (1, A)-coarse complementary
component C' of W, there exists a uniformly (n — 1)-acyclic R-metric complex (C' U W, C,) and
proper chain maps

[Caln 25 [Ca(Bi(C)]n 5 [ColPH(Ci)n 2 [ColPe(Ch)ln 2% [Cl (5.1)
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where:
(i) C;:=NXW)UC, Cj := N%(W) UC and Cy := N (W)U C;

(ii) every (1, A)-coarse complementary component of W is also an (i,n;), (j,n;) and (k, ng)-
coarse complementary component of W';

(iii) the maps ¢1 and vy are inclusions;

(iv) the map ac has displacement at most ro, = ro(X, W, A) over the inclusion W — Cj;

(v) the map B¢ has displacement at most rg = rz(X, W, A) over a coarse inverse to the
inclusion W — Cj;

(vi) on the level of modified cohomology with compact supports in dimensions at most n,
the following identities hold:

aglis B =id (5.2)
s Beagty =0 (5.3)
BBEOEG = i (5.4)

Moreover, (5.1) is natural in the following sense: for every pair of (1, A)-coarse complementary
components C' C D of W, there are proper chain maps

[Caln =2 [CoB(COn —2 [Ca(B(C)n —2 [Co(PeCi)ln — 2 [Cln

|1 | s s s
[Daln —22= [Da(P(Di)]n —2— [Da(Pj(D))ln —2— [Do(Pe(Di))ln —2 [Du]n
where:
(i) each row is an instance of (5.1) applied to C and D respectively;
(ii) the maps f;, f; and fy, are inclusions of chain complexes;
(iii) the chain map f : [Ce]n, — [De]n has finite displacement over the inclusion C UW —
DUW;
(iv) on the level of modified cohomology with compact supports in dimensions at most n,
the following identities hold:

Bof”™ = feBp (5.5)

acfin = frapi. (5.6)

Proof. By Proposition 5.8, there exist A’ and p’, depending only on X, W and A, such
that for every (1, A)-coarse complementary component C, C'UW is (X, p')-coarsely uniformly
(n — 1)-acyclic. Using Proposition 3.20, we construct a f-uniformly (n — 1)-acyclic metric
complex (C'UW, C,) such that i and the n-displacement of Cy depend only on X, W and A.

We proceed by repeated applications of Lemmas 3.21 and 3.22. Using the notation of
Lemma 3.22 we set ¢ = i()\'), and using Lemma 5.5 we pick n; such that every (1, A)-coarse
complementary component of W is also an (i, n;)-coarse complementary component of W. By
Lemma 3.22 and our choice of i, for every (1, A)-coarse complementary component C' of W,
there exists a finite displacement chain map [C,],, = Co(FP;(W U C)). We postcompose this
map with the inclusion to get the required map ac.

By Proposition 2.15, C; is (A", u”)-coarsely uniformly (n — 1)-acyclic for some X’ and u”,
depending only on A, u and n;. Using the notation of Lemma 3.22, we set j = j(i, \"). We
define suitable n;, k and ny, similarly. We choose a map Cj, — W U C which is a coarse inverse
to the inclusion, and by Lemma 3.21, we can define a suitable S¢.

By Lemma 3.3, Bctot1ac has finite displacement over the identity, so Lemma 3.21 tells us it is
properly chain homotopic to the identity chain map. Thus af¢]e5 85 = id. Similarly, we see that
acBeotaty has finite displacement over the identity. By our choice of j, we see that t1acBcotaty
is properly chain homotopic to ¢1, hence ¢j¢3 85 o) = of. We deduce (5.4) similarly.
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To show naturality, we use Lemma 3.21 to define an f:[C,], — [De]n that has finite
displacement over the inclusion C' C D. We then deduce (5.5) and (5.6) using Lemmas 3.21 and
3.22 respectively. |

REMARK 5.21. In the proof of Lemma 5.20, one can choose ny, arbitrarily large whilst fixing
(X,C,), 1, j, k,n;,n; and ac. However, as we vary ny we lose the bound rg on the displacement

of ﬂc,

In the proof of Proposition 5.19, we also use the following easy lemma:

LEMMA 5.22. Let X be a bounded geometry metric space and let (X, C,) be an R-metric
complex. Suppose that for some k andn, 8 : [Ce(Pr(X))]n — Cl is a chain map of n-displacement
at most rg. Let L C X and suppose gy : Co(Py(L)) — Co(Px(X)) is the inclusion of chain
complexes. If supp(a) N Nr}g (L) = 0 for some o € C", then ¢ 3% a = 0.

Proof. Tt is enough to show that ¢# 3%« vanishes on every n-simplex of Py(L). Let A be an
n-simplex of Py (L). Then supp(gxA) C L, so supp(BuguA) C Nr)g (L); therefore 7 7 a(A) =
Oé(,B#Q#A) =0. |

Proof of 5.19. We note that W and X are themselves (1, A)-coarse complementary
components of W. We use Lemma 5.20 to produce the proper chain maps in Figure 4: the ‘p
maps’ are sums of maps induced by the inclusions W — W U C; and W — W U C5 and the ‘g
maps’ are differences of the maps induced by the inclusions WU Cy — X and W U Cy — X.
We let W, = NT)L((W), A; = CLUW;, By = Cy UW;, and similarly for Wj, A; etc.

[W.]n — [A.]n @ [B.}n e [Co]n

I |- I

[Co(Pi(Wi))ln —— [Co(Pi(A)ln ® [Co(Pi(Bi))ln —— [Co(Pi(X))]n

I+ I+ I+

[Co(Py(Wi))]ln ——— [Ca(Pj(A))]n @ [Co(P;(Bj)]n —— [Ca(P;(X))]n

I I I

[Co(Pe(Wi)ln —— [Ca(Pr(Ak)]n @ [Co(Pr(Bi))ln —— [Co(Px(X))]n

s s e

[W.]n # [Ao]n @ [B.}n — [Co]n

FIGURE 4.

By Lemma 5.7, each simplex of P;(X) is contained in either P;(A;) or P;(B;). This means
that the second row of Figure 4 is a short exact sequence, so the Mayer—Vietoris sequence in
simplicial cohomology with compact supports gives us:

o I B (BN, (W) S P (P(X) D e (5.7)
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We obtain similar Mayer—Vietoris sequences in the third and forth rows, and by naturality of
the simplicial Mayer—Vietoris sequence, the boundary map § commutes with the maps ¢5 and
.

For k <n—1, we define the required boundary map ¢ := a*ﬂ{@gﬂ* = a*L’{&EB*. As
H"=Y(W,) = 0, we see that on the level of ordinary cohomology, i.e. cohomology possibly without
compact supports, the boundary map ¢ is zero. Therefore, § defines a map § : H?~1(W,) —
H (C,). In lower dimensions, Lemma 3.25 tells us that modified cohomology with compact
supports and cohomology with compact supports are equal.

It is easy to verify exactness using the identities from Lemma 5.20. We shall show exactness at
H!(W,) for r < n. Let x € HL(W,). Using (5.5), we see that f* and p* commute. If x = p*(z'),
then as (5.7) is exact, we see that

8(x) = a* 5508 p* (') = a*uusop* ¥ (a') = 0.
We now suppose d(z) = 0. Using (5.4), we see
056" (x) = 1568% (x) = 56 a1 i1508% (x) = 158%0(x) =0
By the exactness of (5.7), p*(y) = ¢55*(z) for some y € H.(P;(A;)) ® H.(P;(B;)). Let z =
a*1i(y) € HI (As) ® H.(B,). Then
p'(2) = p a™ii(y) = a'p ii(y) = a"p’(y) = a"ieafi(z) = 2,
using (5.6) and the fact that p* and ¢§ commute. Thus ker(d) = im(p*), so we have exactness
at H (W,).

(i): Let < n. Given an r-cycle o € Z7(Py(W4)), we extend o to p, € CL(Py(Ag)) by setting
po to be zero outside of Py(W}). We extend 6p(, € CIY(Py(Ay)) to w, € CITH(Py(X)) by
setting wy to be zero outside Pr(Ay). Since p# (py,0) = 0 and ¢# (wo) = (6ps, 0), we see that
d[o] = [we]. Tt follows that if v € D¥ is a cocycle supported in K € W, then Oz##béﬁw!g#w is a
cocycle representing 0[] and supported in N X (K), where R depends only on k, r, and 74.

(if): We first fix a cocycle v € D7 and some s 2 0. We will show that 0[] can be represented by
two cocycles supported in C1\Ns(W) and Cy\Ny(W) respectively. Defining wg#., as above, we
see that qZ"}Zwﬁ#7 = 0, where qé : C2(Pp(X)) = C2(Pr(Ny,, (W) U Cy)) is the restriction map.
Thus if wg#. (A) # 0 for some (r 4- 1)-simplex A € Cy41(Pr(X)), then A intersects C1\ Ny, (W).
Hence by Lemma 5.10, wg#., is supported in N (C1\Ny, (W)) € (C1 U Ny a(W))\ Ny, —(W).

As in Remark 5.21, we can choose ny, arbitrarily large while keeping k and « fixed. Since
supp(wg#,) € (C1 U Ny a(W))\ Ny, —1(W) and a#Lf&waﬁ#,y is a cocycle representing 6[y], we
can choose ny large enough so that a#ﬁfaz#wﬁ#,y is supported in C7\Ns(W). Reversing the
roles of C7 and Cy, we see that 6[y] can be represented by a cocycle supported in Co\ Ng(W).

For the converse, we keep ny, fixed and choose sy = rg + ny. By Lemma 5.10, we see A (C; U
Np,, (W) C C; UN,, (W) for i = 1,2. Let s > sg. By Lemma 5.22 and our choice of s, we see
that for any p,v € C7* supported in C;\Ns(W) and Co\ Ns(W) respectively, then
at. B*v = qf, % 1= pk qf B =0.

Suppose there exist modified cocycles p, v € O supported in C;\N,(W) and Co\N4(W)
respectively, each representing w] € H71[C,). Then there is a 7 € C such that 07 = p — v.
We see that p#(qéﬂ#ﬁ 0) = pg, ai, # B#r and

8(qd. B#7,0) = (a2, B* (1 — v),0) = (., B* 1, —qf, 8% 11) = ¢* B* p.

Since 5pc qc 5#7'—17 qclﬂ#( —-v) =0, pc1 5#7' is a cocycle with §[pc, qc p#r] =
[B# ] = B*[w ] We therefore see that

(e i [pf qf B T)) = a*ijouy Bt iy p af, BT T]
= a*bszé[Pﬁlqclﬁ# ] = ™38 w] = [w].
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[Do]n+1 a—#> [Ao]n+1

p#l Q#J

a’

[Dylnt1 —2— [Ablnta

FIGURE 5.

6. Constructing a Splitting

6.1. Essential Components

Throughout this section, we assume that X is a 1-geodesic, bounded geometry metric space
that is coarsely uniformly n-acyclic over Zo, and that W C X is a coarse PD%2 space. We
assume all metric complexes are Zs-metric complexes and that cohomology is taken with
coefficients in Zs.

The following definition makes sense in light of Proposition 5.8 which shows that if C' is a
coarse complementary component of W, then C'U W is coarsely uniformly n-acyclic; hence we
can define the coarse cohomology HE _ (CUW) for k <n+ 1.

DEFINITION 6.1. A coarse complementary component C C X of W is said to be essential if
the map HZ, ..(CUW) — HZ (W), induced by the inclusion W — C U W, is zero.

coarse

The following proposition shows that essential coarse complementary components are
preserved under coarse isometries.

PROPOSITION 6.2. Suppose C' C X is an essential coarse complementary component of
W and f: X — Y is a coarse isometry with N} (f(X)) =Y. Then N5 (f(C)) is an essential
coarse complementary component of f(W).

Proof. Tt follows from Lemma 5.5 that N} (f(C)) is a coarse complementary component
of f(W), so we need only show that it is essential. Let (W, D,), (f(W), D,), (CUW, A,) and
(NE(f(C)) U f(W), AL) be uniformly n-acyclic metric complexes. Using Lemma 3.21, we define
proper chain maps shown in Figure 5. We require ax and a:# have finite displacement over
the inclusions W — C UW and f(W) — N%(f(C)) U f(W) respectively, and py and g4 have
finite displacement over f|w and f|cuw respectively.

By Lemma 3.21, we see that gxay is properly chain homotopic to a/,p4. Since C' is essential,
the map a* : H'(As) — H(D,) is zero, therefore a*q* = p*(a’)* : H}(A,) — H(D,) is also
zero. As flw : W — f(W) is a coarse isometry, p* is an isomorphism and so (a’)* is zero; hence
Np(f(C)) is essential. O

PROPOSITION 6.3. Suppose C' is a subspace of X such that C UW is coarsely uniformly
n-acyclic and HY: .. .(CUW) — HZ (W), induced by inclusion, is zero. Then:

(i) for every R >0, C is not contained in N (W);
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(ii) if D is a coarse complementary component of W and C C D, then D is essential;
(iii) if there exist coarse complementary components C7 and Cy of W such that Cy U Cy = C,
then at least one of C7 or Cy is essential.

Proof. (i): If C C N (W) for some R >0, then the inclusion W — C UW is a coarse
isometry, so induces an isomorphism H? _ (CUW) — HZ (W) 2 Z,.
(ii): Let f: W - CUW and g¢: C’ UW — DUW be inclusions. Then the composition

HY . . «(DUW) AN H . (CUW) EAR H . (W) is zero, since f* is zero. Therefore (gf)* =
f*g" =0, so D is essential.

(iii): For i = 1,2, let a; : W — W UC; and b; : WU C; — W U C be inclusions. The relevant
terms in the coarse Mayer—Vietoris sequence from Proposition 5.19 are
(Co UW) =049 g ()

coarse

(Ccuw) T g (¢ W) @ HE

coarse coarse

- — H™

coarse

If both af and aj are non-zero, then as H? . (W) = Zy, there exist z,y such that af(x) =
a3(y) =1. As a*(z,—y) = aj(z) —a’(y) =0, there exists a z € HY,...(C UW) such that
b*(z) = (b5(2), =b3(2)) = (z, —y). Therefore (blal) (z) = ajbi(z) = aj(z) = 1, contradicting

our hypothesis on C. ]

REMARK 6.4. If CUW is (n — 1)-acyclic at infinity over Zo, then Theorem 3.29 tells us
that HZ.,...(C UW) =0, and so the conclusions of Proposition 6.3 hold.

DEFINITION 6.5. Let C be a bounded geometry metric space and W C C be a coarse PDZz
space. We say that (C, W) is a coarse PDn?|r1 half-space if there exists a coarse PDn °.1 space
Y with C CY, such that C and Y\C' are both deep coarse complementary components of W
inY.

The coarse Jordan separation theorem [26, Corollary 7.8] states that if f : W — Y is a coarse
embedding of a coarse PD%2 space into a coarse PDn ’.1 space, then Y contains two disjoint
coarse complementary components of f(W) that are coarse PD,%?H half-spaces.

PROPOSITION 6 6. Let W C C C X and suppose (C,W) is a coarse PDn?H half-space.
Then the map H, Cuw)— H2, ..(W), induced by inclusion, is zero.

Coarse ( coarse

Proof. Since (C,W) is a coarse PD%?,_1 half-space, there exists a coarse PD%? %1 space Y
with C CY, such that C' and C’ :=Y\C are deep, coarse disjoint, coarse complementary
components of W. Proposition 5.19 then tells us that there is an exact sequence

= H: (CUW)® H

coarse coarse

(C'"UW) — H

coarse

(W) - Hglo:%be(Y) —

We pick a metric complex (Y, D,) such that Proposition 5.19 holds; by Proposition 4.3, (Y, D, )
is a coarse PD%?H complex. Using the duality map, we observe that there is a number R
such that for each y € Y, the non-trivial class [o] of H?*1(D,) = Zs can be represented by a
cocycle supported in N} (y). Thus we can represent [o] by cocycles supported in C\NY (W)
and C'\NY (W) for any s > 0. Then Part (ii) of Proposition 5.19 tells us that HZ, (W) —
HHL (V) is non-zero, hence an isomorphism. Therefore the map HZ,,..(CUW) — HZ (W),
induced by inclusion, is zero.
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COROLLARY 6.7. Suppose D C X is a coarse complementary component of W and there
exists a coarse PDfirl half-space (C, W) such that C' C D. Then D is essential.

Proof. We apply Proposition 6.6, followed by Part (ii) of Proposition 6.3 . |

The following proposition shows that an essential coarse complementary component of W is
‘uniformly close’ to every point of W.

PROPOSITION 6.8. For every A > 0, there is a number B = B(X, W, A) such that whenever
C C X is an essential (1, A)-coarse complementary component of W, then W C Ng(C\Na(W)).

Proof. By Lemma 5.20, there exists a uniformly acyclic metric complex (W, D, ), and numbers
Jj <k and A <nj; <ny depending only on X, W and A such that the following holds: there
exists a proper chain map S : [Ce(Px(Nyp, (W)))]n+1 — De such that if o5 : H? (P (N, (W))) —
H7 (Pj(Ny,;(W))) is the restriction map, then (53" is injective. As C' is essential, Lemma 5.20
also tells us that t5pf is zero, where pg 1 C2(Pe(N,,, (W)U C)) = C2(Pr(Nyp, (W))) is the
restriction map.

By Proposition 4.3, (W, D,) is a coarse PD%2 complex, hence there is a duality map P :
Do — DI™*. For each x € W, we pick o, € py*(z) C Xg. Each cocycle P(0,) € D? represents
the non-trivial element of H(D,) & Zs.

Since 8 and P have finite displacement, there exists a D > 0 depending only on X, W
and A such that for every x € W, 8# Po, is supported in Np(z). We extend 3% Po, to a
cochain w, € C?(Py(N,, (W)UC)) by setting w, to be zero outside Py(N,, (W)). We note
that pﬁwm = B#Po,.

We suppose for contradiction that w, is a cocycle. Then 55*[Po,] = t5p&|ws] = 0. This
contradicts the fact that ¢58* is injective. Thus w, is not a cocycle. It follows that there is some
(n + 1)-simplex A of Py(N,, (W)U C), not contained in Py(N,, (W)), such that (dw,)(A) =
wz(OA) # 0. Thus there exists some y, € C\N,,, (W) C C\N4(W) with d(z,y,) < k+D. O

A coarse complementary component C'is said to be almost essential if it satisfies the conclusion
of Proposition 6.8, i.e. for every A > 0 there is a number B > 0 such that W C Ng(C\N4(W)).
The top component of Figure 2 in the introduction gives an almost essential component which
is not essential.

QUESTION 6.9. Does there exist a group G of type FPfj_l containing a coarse PDZ:
subgroup H < G and a coarse complementary component C' of H that is almost essential but
not essential?

We would expect the answer to this to be positive, but have been unable to find such a group.

DEFINITION 6.10. We say that W C X is essentially embedded if every deep, coarse
complementary component of W is essential. We say that W C G is almost essentially embedded
if for every A > 0, there exists a B = B(X, W, A) > 0 such that W C N(C\N4(W)) for every
deep (1, A)-coarse complementary component C' of W.
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The almost essentially embedded condition is a reformulation of the deep condition of [45].
Using Proposition 5.15, we see a subgroup K coarsely separates G if and only if é(G, K) > 1.
We can therefore deduce the following from Lemmas 7.6 and 8.12 of [45].

PROPOSITION 6.11 ([45, Lemmas 7.6 and 8.12]). Let G be a finitely generated group and
H < G be a subgroup. Then H is almost essentially embedded if and only if no infinite index
subgroup K of H coarsely separates G.

Tt is also shown in [45] that being almost essentially embedded is a quasi-isometry invariant
in the following sense:

PROPOSITION 6.12 ([45, Lemma 2.10]). Let G and G’ be finitely generated groups with
subgroups H < G and H' < G. Suppose there is a quasi-isometry f:G — G’ such that
dpaus(f(H),H') < co. Then H is almost essentially embedded if and only if H' is almost
essentially embedded.

We are now ready to prove Proposition 1.2, which generalises Proposition 6.11 to give an
algebraic characterisation of essentially embedded subsets.

Proof of Proposition 1.2. If H is essentially embedded, then Proposition 6.8 says it is almost
essentially embedded. Thus Proposition 6.11 tells us that no infinite index subgroup K of H
coarsely separates G.

Now suppose that no infinite index subgroup K of H coarsely separates G. Let C be a deep
coarse complementary component of H. We will show that C is essential. We explain how to
reduce to the case where HC' = C. As C is deep, Lemma 5.12 tells us that for some A > 0, C
contains a deep, irreducible (1, A)-coarse complementary component C C C. By Corollary 5.18,
there is a finite index subgroup H’ < H such that H'(C'\N(H)) = C'\N4(H). Proposition
6.3 then tells that if C"\NN4(H) is essential as a coarse complementary component of H’', then
C is essential as a coarse complementary component of H. Thus we may assume that HC' = C.

Since G is (n — 1)-acyclic at infinity, Proposition 3.29 says that HY . (G) =0 for k < n. We
now apply the coarse Mayer—Vietoris sequence to the coarse complementary components C and
G\C. This gives the exact sequence

0 = Hfoarsc(G) _> H(IZCOB.YSC (H U C) EB H(IZCOB.YSC (H U (G\C)) _> HanI‘SC(H)

for each k < n. If C is not essential, then the maps H: _ (HUC) — HE_ (H), induced by
inclusion, are isomorphisms for each & < n. Thus by Lemma 4.11, C must be shallow; this

contradicts our choice of C, so C' is essential. ]

LEMMA 6.13 (Non-Crossing Lemma). Let Cq, Cy and C3 be deep, disjoint, (1, A)-coarse
complementary components of W in X, and suppose C3 is essential. Then there exists an
so = so(X, W, A) and a uniformly n-acyclic metric complex (X, C,) such that whenever |[w] €
H™1(C,) is represented by two cocycles supported in Cy\ N, (W) and Cy\ Ny, (W) respectively,
then [w] = 0.

Proof. Proposition 5.19 says that there exist uniformly n-acyclic metric complexes (C; U
W, A.), (Co UC3UW, B,) and (W, D,) and a Mayer—Vietoris sequence

T HP (AL @ HI(B.) 2 HI (D) & HIV(C).
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We also choose i, j, k,n;,nj,ng and 8 : Co[Py(X)]n — Ce as in Lemma 5.20.

The proof proceeds in a similar fashion to the proof of (ii) in Proposition 5.19, except we
have three components rather than two. As in Proposition 5.19, we set so := rg + n, which
depends only on X, W and A. We consider the restriction maps

gt - C2(Pe(X)) = C2(Py(Nn, (W)U Cy)) for i =1,2,3
e+ C2(Pu(Np, (W)U C)) — C2(P(Np, (W))) for i = 1,2,3,

noting that pﬁl qé = pé qé is the restriction map C? (P (X)) = C2(Pi(Nyp, (W))).

Suppose there exist cocycles p,v € C, supported in C1\Ny, (W) and Cy\Ny, (W)
respectively, each representing [w]. Then there is a 7 € C? such that 67 = u —v. Let § be
the boundary map associated to the Mayer—Vietoris sequence of Rips complexes. As in the
proof of Proposition 5.19, we see that 5[péqé’iﬁ#7] = [p#u] = B*[w]. By Lemma 5.22 and
our choice of sg, we see that qé,B#(ST = qé B%#(p — v) = 0. Therefore q}iﬁ#T is a cocycle and
09, lad, B¥7) = I, of, 5% 7) = " [w].

As Cj is essential, Lemma 5.20 tells us that the map t3pg, : H (Pi(Np, (W)U C3)) —
HZ(Pj(Ny,(W))) is zero. As noted in the proof of Proposition 5.19, the boundary map B

commutes with the restriction map ¢5, so [w] = a*1j156*[w] = oz*[{&épés [qéﬁ#r] =0. O

6.2. Kleiner’s Mobility Sets

We now outline a method from an unpublished manuscript of Kleiner. For each coarse
cohomology class [o] € HE  _ (G), Kleiner produces a subset Mob([o]) C G which is the support
of all possible cocycles of uniformly bounded diameter representing [o]. All the results in this
subsection are contained in [27].

Suppose G is a finitely generated group and (G, C,) is a metric complex admitting a free

G-action. We let Z¥ < C* be the set of k-cocycles with compact support. For D > 0, we define
Z¥(D) :={a € Z¥ | diam(a) < D}.

If a group G acts cocompactly on (X, C,), then G acts on Z¥(D) via the right action (ag)(c) =
a(go). Note that supp(a) = gsupp(ag) for all g € G. We define Stab([ag]) < G to be the
subgroup of G which preserves the cohomology class [ap]. For each ag € ZF, let Z([ap], D) :=
{a € ZF(D) | [a] = [a]}. We now define the mobility set to be

Mob([a], D) = U supp(a).
a€Z([ao],D)

LEMMA 6.14. Let G be a finitely generated group and suppose (G, C,) is a metric complex
admitting free G-action. For all D > 0 and k € N, suppose oy € Z¥(D) is a nonzero cocycle.
Then there exists an R > 0 such that daus(Stab([ag])supp(ag), Mob([a], D)) < R.

Proof. We fix some «g € Z¥(D) and consider the set
Q:={ag|a€ Z(ap],D),g € G and supp(ag) C Np(e)}.

As there are only finitely many cocycles supported in Np(e), the set @ is finite. Therefore we
can write Q = {a1g1,...,@ngn}, where a; € Z([ag], D) and g; € G for each i.

We now choose R,, sufficiently large such that supp(a;) C Ng, (supp(ao)) for each «;.
We claim that dpaus(Stab([ao])supp(ao), Mob([aw], D)) < R4,- Indeed, we see gsupp(ap) =
supp(apg™t) € Mob([ag], D) for each g € Stab([ag]). Conversely, suppose g € Mob([ag], D).
Then there exists an « € Z([ag], D) such that g € supp(«). Since supp(ag) € Q, ag = a;g;
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for some i. Hence g € supp(a;gig~*t) C gg;lNRa0 (supp(ayp)). This proves the claim, since
g9; " € Stab([ag)).

We let R := max{R, | « € Z""(D) and supp(a) C Np(e)}. Suppose a € ZH1(D) and g €
supp(«@). As supp(ag) C Np(e), diaus(Stab([ag])supp(ag), Mob([ag], D)) < R. Since

Stab([ag])supp(ag) = g~ Stab([a])supp(a)
and Mob([ag], D) = g~ Mob([a], D), it follows that dgaus(Stab([a])supp(a), Mob([a], D)) < R.
|
The following corollary shows that the mobility set of a coarse cohomology class has finite

Hausdorff distance from the subgroup which stabilizes that class. This provides a connection
between geometry and algebra that allows us to construct a splitting.

COROLLARY 6.15. For any D >0 such that Mob([ao], D) # 0, Stab([aw]) has finite
Hausdorff distance from Mob([a], D).

Proof. By Lemma 6.14, we see that dpa.s(Mob([ao], D), Stab([ag])) < R + d(e, supp(ap)).
O

PROPOSITION 6.16. Suppose (G, Cs) and (G, D,) are uniformly (n — 1)-acyclic R-metric
complexes. Say f : G — G’ is a coarse isometry and 0 # [ag] € H?(D,). Then if for any D, D’
sufficiently large,

ditaus (f (Mob(f*[ao], D)), Mob([ay], D)) < 0.

Proof. Suppose Cy and D, have n-displacement at most d. Lemma 3.21 tells us that f
induces a chain map fy : [Ce]n, — [Ds]n of n-displacement at most M over f. We assume D’ is
large enough so that Mob([ag], D) is nonempty. Let o € Z([a], D’). The proof of Proposition
3.15 then shows that f(supp(f#a)) € N (supp(a)). In particular, there is a D sufficiently
large such that diam(f#a) < D for all a € Z([a], D’).

Since as f is a coarse isometry, f# induces an isomorphism in modified cohomology; therefore
f#a # 0. Thus supp(a) € Nasopr(f(supp(f#a))). Therefore

Mob([ao], D) € Nar+pr (f (Mob(f*[a], D))).

Using a coarse inverse g : Y — X to f, the same argument shows that f(Mob(f*[a], D)) C

NR(Mob([ao] D)) for some suitable D" and R. Lemma 6.14 ensures that Mob([ao], D”) and
Mob([ap], D’) have finite Hausdorff distance, hence Mob([cg], D’) and f(Mob(f*[cg], D)) have
finite Hausdorff distance. |

6.3. Proof of Theorem 1.1

LEMMA 6.17. Let G be a finitely generated group with H < G a subgroup. Suppose there
exists a constant A > 0 and a coarse complementary component C of H such both C and G\C
are deep, and for every g € G, either gH C CUN4(H) or gH C (G\C) U N4(H). Then there
exists a proper H-almost invariant set X such that XH = X.

Proof. Let X :={g€ G |gH CCUN4(H)}. It is clear that XH = X, so we need only
show X is a proper H-almost invariant set. Suppose g € C\N(H). Then gH N (C\Na(H)) #
) so gH C CUN4(H); therefore g € X. Conversely, suppose g € X\N4(H). Then because
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g€ gH CCUN4(H), it follows g € C. Thus C and X are equal outside N4(H). In particular,
X and G\X are deep coarse complementary components of H (since C' and G\C are), so
Proposition 5.14 tells us that X is a proper H-almost invariant set. |

The proof of the following Lemma is based on an analogous statement for the n =1 case
found in [27].

LEMMA 6.18. Let G be a group of type FPff"H and let W C G be a coarse PD%2 subspace.
Suppose G contains three essential, coarse disjoint, coarse complementary components of W.
Then there exists a subgroup H < G, at finite Hausdorff distance from W, and a proper
H-almost invariant set X such that XH = X.

Proof. Say Ci, Co and C3 are three essential, coarse disjoint, coarse complementary
components of W. Without loss of generality, we may replace C; with G\(Cy U C3) and
Cy with C3\C3, so that Cy, Cy and Cj are disjoint. Using Corollary 5.6, we may assume C,
Cy and Cj are each (1, A)-coarse complementary components for some A > 0 large enough.

By Proposition 5.19, there exist uniformly (n — 1)-acyclic metric complexes (W, D,), (Cy U
W, Ad), (CoUC3UW, B,) and (G, C,), and an exact sequence

Ly HI(Ad) @ H2(Ba) 25 HI(DW) S HIPY(CL).

As C) and Cy U Oy are essential, the map 6 : H*(D,) — H?1(C,) is injective and has image
containing some non-trivial [oy] € H*+1(C,).

As in the proof of Proposition 6.8, there exists a D > 0 such that for every x € W, there
is a cocycle supported in N}Y (z) representing the non-trivial element of H(D,) = Zy. Thus
Proposition 5.19 tells us that there exists a D' = D'(D, G, W, A) > 0 such that for each x €
W, [a1] € H1(C,) can be represented by a cocycle supported in NG, (z). Therefore W C
ND/ (MOb([Ozﬂ, D/))

Part (ii) of Proposition 5.19 and Lemma 6.13 say that for s sufficiently large, [a;] # 0
can be represented by a cocycle supported in C1\Ns(W), but not in either of Co\ Ng(W) or
C3\Ns(W). Therefore, for any o € Z([ay], D’), supp(o) cannot intersect either Co\ N4y p (W)
or C3\Ngyp/(W). Thus Mob([a], D") C C1 U Neyp (W).

The constants s and D’ depend only on G, W, and A. Thus we can interchange the roles
of C; and Cs to obtain a non-trivial cohomology class [as] € HEL (X) such that W C
Np/(Mob([az], D)) and Mob([ae], D’) C Cy U Ny pr(W).

Let H; = stab([a;]) and F; = Mob([w], D’) for i = 1, 2. Since each F; is non-empty, Corollary
6.15 says that each H; has finite Hausdorfl distance from F;. Thus there is an R > D’ large
enough so that H; C Nr(F;) and F; C Ng(H;) for i =1,2. By Lemma 5.10,

H; € Nr(F;) € Nr(C; UNgyp/(W)) € C; UNsypryayr(W)
for ¢ = 1,2. Hence
Hy N Hy C Nr(F1) N Nr(F2) C© Neyprgayrr(W)
and
W C Np/(Fy) A Nov(Fa) € Naor (i) O Nas o ().

By Lemma 2.10, H := H; N Hy has finite Hausdorff distance from N4 p/(H1) N Nripr(H2).
Therefore, W has finite Hausdorff distance from H := Hy N Hs.
Let g € G. We recall that for each x € W, there exists a cocycle supported in Np(z)

representing [cv;] # 0. Hence for each z € gW, there is a cocycle supported in Np, (x) representing
[1 - g1 # 0; therefore gW C Np,(Mob([a1g~1], D’)).
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By Lemma 6.13 and our choice of s, [a; - g7!] cannot be represented by cocycles supported in
any two of C1\Ns(W) and Co\Ns(W) and C3\N(W). Therefore, either Mob([a1g~ 1], D’) C
C1 U Ngyp/ (W) or Mob([a1g71], D’) € Co UC3U Ngyp/(W). Hence by Lemma 5.10, either
gW - Cl U Ns+D’+A(W) or gW - Cg @] 03 U NS+DI+A(W).

Since H and W are at finite Hausdorff distance, C; is a coarse complementary component
of H. Moreover, both C; and G\C; = C3 U C35 are deep. By a further application of Lemma
5.10, there exists a sufficiently large A’ such that for every g € G, either gH C C; U N/ (H),
or gH C (G\C1) U N4/(H). Thus C satisfies the hypotheses of Lemma 6.17, so there exists a
proper H-almost invariant set X such that XH = X. ]

We recall the Kropholler conjecture, which has been answered affirmatively by Dunwoody.

THEOREM 6.19 ([18]). Let G be a finitely generated group and let H < G be a subgroup.
If G contains a proper H-almost invariant set X such that XH = X, then G admits a splitting
over a subgroup C' which is commensurable with a subgroup of H.

Proof of Theorem 1.1. Under the hypotheses of Theorem 1.1, we deduce from Lemma
6.18 that W is at finite Hausdorff distance from some subgroup H, and there exists a proper
H-almost invariant set X such that X H = X. Theorem 6.19 tells us that G admits a splitting
over a subgroup C which is commensurable with a subgroup of H. It follows from Proposition
2.12 that C is contained in Ng(W) for some R > 0. O

We note that [16] proves Theorem 6.19 under the assumption that H is a polycyclic-by-finite
group. However, the argument of [16] holds for general H under the additional assumption that
é(G, K) =1 for every infinite index subgroup K of H (as stated in [17, Theorem 3.4]). This
weakened version of the Kropholler conjecture also appears in [31] and [40].

THEOREM 6.20 ([16],[17]). Let G be a finitely generated group and let H < G be a subgroup.
Suppose é(G, K) = 1 for every infinite index subgroup K of H. If G contains a proper, H-almost
invariant subset X such that X H = X, then G admits a splitting over a subgroup C' < G that
is commensurable to H.

We recall Proposition 6.11, which says that H is almost essentially embedded if and only if
é(G, K) =1 for every infinite index subgroup K of H. Using the more classical Theorem 6.20
instead of Theorem 6.19, we deduce the following slightly weaker alternative to Theorem 1.1.

THEOREM 6.21. Let G be a group of type FPfjl and let W C G be a coarse PDZ%2 subspace.
Suppose G contains three essential, coarse disjoint, coarse complementary components of W
and that W is almost essentially embedded. Then there exists a subgroup H < G, at finite

Hausdorff distance from W, such that G splits over H.

6.4. Applications

Theorem 1.3 can easily be deduced from Theorem 1.1 and Proposition 1.2. We remark
that Theorem 6.21 is sufficient to prove Theorem 1.3. We note that the subgroups H and H’
in Theorem 1.3 are themselves quasi-isometric. Using [9], we can deduce Corollary 1.4 from
Theorem 1.3.
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For k£ > n, coarse PDZ2 groups are (n — 1)-acyclic at infinity over Zs. Thus Corollary 1.4 has
some overlap with Theorem 1.7 from [30] and Theorem 3.4 from [33], which concern graphs of
groups whose vertices and edges are coarse Poincaré duality groups. However, Corollary 1.4
applies to vertex groups that are (n — 1)-acyclic at infinity which need not be coarse Poincaré
duality groups.

Under the additional assumption that H is virtually polycyclic, we can improve Theorem 1.3
by dropping the hypothesis that no infinite index subgroup coarsely separates.

Proof of Corollary 1.5. Example 4.9 says that a torsion-free polycyclic group of Hirsch
length 7 is a PDZ group, hence it must also be a coarse PDZ%2 group. Every virtually polycyclic
group of Hirsch length r contains a finite index, torsion-free polycyclic subgroup, hence is a
coarse PDZ%2 group.

By Theorem 1.3, it is sufficient to show that é(G, K) =1 for every infinite index K < H.
Let K < H be a subgroup of minimal Hirsch length such that é(G, K) > 1. We suppose for
contradiction that r := h(K) < h(H) = n. As K is itself a coarse PDZ2 group, Proposition 1.2
says that K is essentially embedded. Therefore, there exists essential coarse complementary
components Cq and Cy = G\C; of H. Therefore, there exists a coarse Mayer—Vietoris sequence

= HL, (CLUK)®H!, (CoUK)— H (K)— H'FL (G)— .

coarse coarse coarse coarse

As C; and C5 are essential, the boundary map H?, ..(K) — HIEL (G) is injective. Since G is

coarse coarse

(n — 1)-acyclic at infinity, H&ESB(G) = 0, which is a contradiction. Hence there is no infinite

index subgroup K < H such that (G, K) > 1. O

Unlike Theorem 1.3 and Corollary 1.5, which assume geometric hypotheses, Theorem 1.6
assumes algebraic hypotheses. As stated, Theorem 1.6 relies on the solution to the most general
version of the Kropholler conjecture. However, under the additional assumption that no infinite
subgroup of G, coarsely separates GG, we can deduce the conclusions of Theorem 1.6 using
Theorem 6.20 rather than Theorem 6.19.

Before beginning the proof of Theorem 1.6, we introduce the concept of trees of spaces from
[41]. Consider the splitting G = A xg B. We choose CW complexes K4, K and Ky, each
with finite 1-skeleton, such that m (K4) = A, m1(Kp) = B and m(Kg) = H. We define the
quotient space X by gluing K x [0,1] to K4 and Kp as follows: we attach Kpg x {0} to K4
(resp. Kp x {1} to Kp) so that the inclusion of subspaces induces the subgroup inclusion
H < A (resp. H — B) on the level of fundamental groups. By the van Kampen theorem, we
see m(X) =G = A%y B.

The universal cover X is equipped with an equivariant projection map p : X > T, where T
is the Bass-Serre tree associated to the splitting G = A xy B. To each edge e and vertex v of
T, we associate the edge space X, := p~!(e) and vertex space X, := p~*(v) respectively. The
1-skeleton of X, equipped with the path metric in which edges have length 1, is quasi-isometric
to G. Moreover, the 1-skeleton of each edge space is quasi-isometric to H, and the 1-skeleton of
each vertex space is quasi-isometric to either A or B. For subspaces U,V C X, we say that U
is coarsely contained in V if for some r > 0, U C N,.(V). Each edge space is coarsely contained
in its adjacent vertex spaces. We apply such a procedure for a general graph of groups G to
obtain a tree of spaces.

Proof of Theorem 1.6. Let A=G,, B= G, and H = G.. We choose a € Comm 4 (H)\H
and b € Commp(H)\H. Thus aH and bH have finite Hausdorff distance from H. Let X be a
tree of spaces associated to the graph of groups G and let p : X — T be an equivariant projection
map onto the Bass-Serre tree T. As G acts properly and cocompactly on the 1-skeleton of X,
the Milnor-Svarc lemma tells us there is a quasi-isometry g : X() — G such that g(p~!(e)) has
finite Hausdorff distance from H < G.
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We choose a geodesic L in T with edges ...,babH,baH,bH, H,aH,abH, abaH,.... The edge
spaces associated to any two consecutive edges of L have uniformly finite Hausdorff distance
from one another. We define W := U.crp~'(e), as e ranges over all the edges in the line L.
Then W is a coarse fibration as described by Kapovich and Kleiner in Section 11.5 of [26].

This is similar to Example 11.11 in [26], except we don’t require H to have finite index in A
and B. We take the line L dual to the geodesic L in the graph of groups; each vertex of Lis an
edge of L, and two vertices in L are joined by an edge if the corresponding edges in L share a
vertex. To each vertex of L we associate the corresponding edge space X., which is a coarse
PDZ2 gpace. We thus see that W is a coarse fibration whose base is L and whose fibres are
edge spaces. It follows from Theorem 11.13 of [26] that TV is a coarse PD%?H space.

An edge e of L separates T into two components T+ and T~. Thus C; :=p~}(T") and
Cy := p~}(T ™) are two deep, coarse disjoint, coarse complementary components of X, in X. As
C1 and Cy contain the coarse PD2% half-spaces (p~'(T7) N W, X,) and (p~1(T") N W, X,)
respectively, Corollary 6.7 tells us that C7 and C5 are essential.

As either |Commu(H) : H| or |Commp(H) : H| is at least three, we can choose another
geodesic L' in T that contains the edge e and intersects L in a finite subtree of T. A slight
modification of the above argument shows that there are three essential, coarse disjoint, coarse
complementary components of X,. Since g : X(!) — G is a quasi-isometry and g(X,) has finite
Hausdorff distance from H, Proposition 6.2 tells us that there exist three essential, coarse
disjoint, coarse complementary components of H < G. We therefore apply Theorem 1.1.  []

We remark that if |G, : ig(G.)| and |G, : i1(G.)| are finite, then Commg, (i9(G.)) = G, and
Commg,, (i1(Ge)) = Gy. Therefore, if G is the fundamental group of a finite graph of groups
G in which all edge and vertex groups are coarse PD%2 groups (for some fixed n), our result
overlaps with Theorem 2 of [29] and Theorem 3.1 of [33]. However, Theorem 1.6 applies in
situation in which edge groups don’t necessarily have finite index in adjacent vertex groups.

Under an even stronger algebraic condition, namely that the subgroup over which the group
splits commensurises the group, we deduce Theorem 1.7.

Proof of Theorem 1.7.  'We consider the tree of spaces X associated to the splitting of G over
H, and let p : X — T be the equivariant projection to the Bass-Serre tree. As Commg(H) = H,
any two edge spaces have finite Hausdorff distance from one another. Therefore, either T is a
line or H coarsely 3-separates G. In the former case, the argument in the proof of Theorem 1.6
tells us that G is coarse fibration whose base is a line and whose fibres are coarse PDZ% groups.
Thus Theorem 11.13 of [26] tells us that G is a coarse PD22 | group. Therefore G’ is a coarse
PD%%H group.

In the case where H coarsely 3-separates G, we see that for every coarse complementary
component C' of H, p(C) contains a ray in the Bass-Serre tree in which consecutive edge spaces
have uniformly bounded Hausdorff distance from one another. Thus the argument in the proof
of Theorem 1.6 tell us that C' contains a coarse PD,ZLf|r1 half-space, so must be essential. Thus H
is essentially embedded. Since H is essentially embedded and coarsely 3-separates GG, Theorem
6.21 tells us G’ splits over a subgroup at finite Hausdorff distance from f(H). |

6.5. Quasi-Isometry Invariance of Codimension One Subgroups

Rather than considering when a group admits a splitting, suppose we now consider the weaker
condition that a group has a codimension one subgroup. Doing this allows us to obtain a result
that doesn’t require coarse 3-separation. To state our results we need the following definition:
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DEFINITION 6.22. A group G is a coarse n-manifold group if it is of type FP%2 and
H™(G,Z>G) has a non-zero, finite dimensional, G-invariant subspace.

It is shown in [27] that a group G is coarse 2-manifold group if and only if it is virtually a
surface group (see also [5]). The following lemma shows that we may think of coarse n-manifold
groups as a generalisation of coarse PDZ%2 groups.

LEMMA 6.23. Let G be a group of type FP%2 and let (G, C,) be a uniformly (n — 1)-acyclic
R-metric complex admitting a G-action. Then G is a coarse n-manifold group if and only if there
exists a nonzero [ap] € H*(Cy) and a D > 0 such that G = Np(Mob(|ag], D)). In particular, if
G is a coarse PDZ2 group, then it is a coarse n-manifold group.

Proof. Suppose that G is a coarse n-manifold group and that F < H"(G, Z2G) is a non-
zero, finite dimensional, G-invariant subspace. Since F' is finite dimensional, there is a nonzero
[ag] € F such that Stab([ap]) has finite index in G. By Proposition 3.28, we identify [cp]
with an element of f[gl (C,). Tt follows from Lemma 6.14 that for some D sufficiently large,
G = Np(Mob([a], D)). R

Now suppose G = Np(Mob([ao], D)) for some non-zero [ag] € H?(C,). Then Lemma 6.14
tells us that Stab([ap]) has finite index in G. Hence [ag]G can be identified with a finite
dimensional subspace of H"(G, Z2G) by Proposition 3.28. O

Proposition 6.16 and Lemma 6.23 imply that if G is a coarse n-manifold group and G’ is
quasi-isometric to G, then G’ is also a coarse n-manifold group. We say a space X is a coarse
n-manifold space if there exists an (n — 1)-acyclic R-metric complex (X, C,), an [ag] € H™(C,)
and a D > 0 such that X = Np(Mob([ao], D)). Clearly G is a coarse n-manifold group if and
only if it is a coarse n-manifold space.

The following Theorem allows one to detect codimension one subgroups from the coarse
geometry of a group. The Sageev construction [38] shows that a group has a codimension one
subgroup if and only if it acts essentially on a CAT(0) cube complex; in particular such a group
cannot have property (T).

Proof of Theorem 1.8. 'We suppose that G (and hence G’) is not a coarse (n + 1)-manifold
group. Let C; and C5 be two essential, coarse disjoint, coarse complementary components
of W. Without loss of generality, we may replace Cy with G\C;. We thus obtain the coarse
Mayer-Vietoris sequence

coarse

(CLUK) @ H"

coarse

(CQUK) — H"

coarse

(K) — H¥'L (G) — -

coarse

(K) — HZEL (@) is injective so has image containing some

As €y and O are essential, H? ..
0 7é [Ozo].

Let T := stab([ay]). The proof of Lemma 6.18 then tells us that H C Nr(Mob([ag], R)) for
some R > 0. Therefore, by Lemma 6.14 we see that H is commensurable to subgroup of T, so
H':= HNT has finite index in H. If [G : T| < oo, then Lemma 6.14 ensures that there is some
D sufficiently large such that G = Np(Mob([ag], D)); this contradicts our hypothesis that G is
not a coarse (n + 1)-manifold group. Therefore [G : T| = oco.

Since (G, H) > 1 and [H, H'] < oo, it follows from Lemma 2.4 (v) of [28] that é(G, H') =
é(G,H) > 1. Since |G : T| = oo, Lemma 2.4 (vi) of [28] tells us that é(G,T) > é(G, H) > 1.
Corollary 6.15 and Proposition 6.16 now tell us that if f: G’ — G is a quasi-isometry, then
f(T") has finite Hausdorff distance from T, where T" := stab(f*[ao]). Thus, é(G’,T") > 1. By
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applying Lemma 5.17 to some irreducible coarse complementary component of T”, we see that
e(G',H') > 1 for some subgroup H' <T". O

REMARK 6.24. Theorem 1.1 still holds if W is only required to only be a coarse n-manifold
space. Similarly, Theorem 1.8 still holds if H is only required to be a coarse n-manifold group.
In this more general context, we can weaken our definition of essential components as follows:
suppose W is a coarse n-manifold space and C' is a coarse complementary component of W.
Then we say that C' is essential if

[avo] ¢ im(H

coarse

(CUW) = Hoarse (W),

where [a] is a coarse cohomology class such that W = Np(Mob([ag], D)) for some D > 0.
Theorem 1.1 and Theorem 1.8 hold under this generalised notion of essential components.

Appendix A. Uniformly Acyclic Metric Complexes

REMARK A.1. Using the metric complex structure of the Rips complex P;(X) from Example
3.5, we see that if o € Cy,(P;(X); R) and supp(c) C K, then o € Co(P;(N;X(K)); R).

Proof of Lemma 3.22. We define ya := f(p;(A)) € Y for every A € %;.

(i): We proceed by induction. For the base case, we extend the map fopg: 3o — Y to an
augmentation preserving map fy : Co — Co(Py(Y); R), which has displacement zero over f.

Let k < n. We assume that there exists some i, =14x(\) and a chain map fu : [Celr —
Co(P;, (Y); R) of k-displacement at most My, = My (A, i, ¢, d) over f. By Lemma 3.3, we see
that supp(frOk+14) C N;J/dHMk (ya) for every A € ¥y ;. Furthermore, by Remark A.1, we see
that fuOk1A € Cr(Pi, (N (a4 n, 14, (¥a)); R). Letting ixy1 := A(ix) and My = p(ix, ¢(d) +
M, + iy), there exists an wa € Ck+1(Pik+1(N1\12k+1(yA))§ R) such that Ox11wa = frOk+1A. We
define fr41(A) = wa for each A € ¥y, thus defining a chain map

fi 0 [Colit1 = Co(Piy, (Y)i R)

of (k + 1)-displacement at most M1 over f.

(ii): We also proceed by induction. If A € X, supp(fo(A) — go(A)) € NY (ya) thus by
Remark A.1, fo(A) — go(A) € Co(Pi(NY ;(ya)); R). Since fy and g4 are both augmentation
preserving, fo(A) — go(A) is a reduced 0-cycle. Thus there is an wa € C1(Py) (Nl’[(iﬁ,ﬂ)(yA)))
such that dwa = fo(A) — go(A). Letting ho(A) = wa for each A € Xy, we define a chain
homotopy h : [Celo = C1(Px;)(Y); R) that has 0-displacement pu(i,r + i) over f such that
Ohy + hy 0 = gy — fy.

Let k < n — 1. We assume there is a ji = jx(i, A) and a proper chain homotopy h : [Celr —
Cot1(P}, (Y); R) such that Ohy + hy0 = g — f4 and hy has k-displacement at most Ny =
Ni(i, A\, 1, ¢,d) over f. Lemma 3.3 and Remark A.1 tell us that for each A € ¥y,

hy(08) = g4(A) + f4(A) € Crya (P, (NE, (ya)); B),

where Ry, := max(¢(d) + Ni + ik, 7 + ik ). Thus there is an wa € C]@JFQ(P)\(Z']C)(N;/(ik’Rk)(yA)); R)
such that Jypowa = hy(0A) — gu(A) + fu(A). We therefore define hgy1(A) = wa for each
A 6 Ek-‘rl' D

Proof of Lemma 3.21. 'The proof is very similar to the proof of Lemma 3.22, so we will only
outline where the proofs differ. For the base case of (i), we use the fact that p} is surjective to
find a A’ € 3, such that p{(A") = f(po(A)) for each A € ¥y. We thus define fy(A) = A’ for
each A € 3 and then extend linearly.
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For the inductive step, we use the displacement of [D,],. Defining ya as in the proof of
Lemma 3.22, Lemma 3.3 says that for each A € ¥yy1, supp(frOk+14) C N<f§/(d1)+Mk (ya). Thus
by applying Lemma 3.10, we see that fp0r1 1A € Dy [N;;(dl)JerHm2 (ya)].- We extend fu by
setting fry1(A) = wa for some wa € Dk+1[N;/w(leMﬁkdz)(yA)] such that dwa = frOri1A.

Part (ii) is proved analogously, also making use of Lemma 3.10. O

Making minor modifications to the above proofs, we deduce the following:

LEmMMA A.2. Let (X,C,, %, pes) and (Y, D,) be R-metric complexes such that (Y, D,) is
p-uniformly (n — 1)-acyclic and Cy and Do have n-displacement at most dy and dy respectively.
Suppose also there is a subcomplex (X, C,, %, pl) of (X, C,), and a chain map f;'# :[Clln — De

of n-displacement at most M’ over an (1, ¢)-coarse embedding f : X — Y. Then f} extends to
a chain map fy : [C,]n, — Do of n-displacement at most M = M (p, ¢,dq1,ds, M') over f.

Proof. Fori<mnand o € ¥; C%;, we define fg(0) = fy(0). For o € ¥;\X}, we proceed as
in Lemma 3.21. U

Proof of Proposition 3.20. (i): We proceed by induction on n. For each z € X and r > 0,
we see that the map Ho(Py(N,(z)); R) — ﬁO(P,\(O)(NM(O,T) (z)); R), induced by inclusion, is
zero. This means N,.(r) is contained in a single connected component of Py ) (N0, (2)), s0
Hy [Pxo)(Nr(2))] — Hy [Px0) (N u(0,r)(2))], also induced by inclusion, is zero. Let ju1(r) := (0, 7).
Therefore Cq(Py(0)(X); R) is p1-uniformly O-acyclic and has displacement at most A(0).

Let 0 < k < n. For our inductive hypothesis, we assume there is a k-dimensional R-metric
complex (X, Cs, s, ps) that is pp-uniformly (k — 1)-acyclic with k-displacement at most d,
where py and di depend only on A and p. By Lemma 3.22; there is an i, = ix(\) such that
the identity idx : X — X induces the chain map fyu : Co — Co(F;, (X); R) of k-displacement
at most My = My (A, i) over idx. Let 14 : Co(P;, (X); R) = Co(Pyi,,)(X); R) be the inclusion.

We now consider the algebraic mapping cylinder D, of 14 f4, defined by D; :=C; & Cj_1 ®
Cj(Px(iy) (X)) with boundary maps d(a, b, c) = (0a + b, =0b, Oc — 14 f4b). Each Dj is the direct
sum of finite type free R-modules over X, so inherits the structure of a finite type free R-module
over X. Since C,, Co(Py(i,)(X)) and t4 f4 have (k 4 1)-displacements at most d, A(ix) and
M, respectively, we see that (X, D,) is an R-metric complex of (k + 1)-displacement at most
dk+1 = max(dk, )\(Zk), Mk>

We note that (X, C,) can be considered a subcomplex of (X, D,) via the inclusion map 74
given by a — (a,0,0). Thus Lemma A.2 allows us to define a chain map 74 : [De]r; — Co of
k-displacement at most Py = Py (g, drt1) over idx such that ryry = id[C.jp

We define the boundary map 0 : D41 — C}, to be the composition 74 o 0. We now consider
the R-metric complex

Dk+13>0k—>~-~—>00—>0, (Al)

which has (k + 1)-displacement at most diy1 + Px over the identity. For = € X, let o €
Ci[N,(2)] be a reduced cycle. As fu has k-displacement at most M}, over idx, supp(fxo) C
N,y (z); thus by Remark A.1, fuo € Cr(Pi, (Nr+my+i, (2)); R). Hence there is an w, €
Cra1(Pagin) (Npu(ig,r+My+ir) (7)); R) such that Ow, = 14 fgo. Letting A := (0,0,ws) € Dyy1, we
see O\ = (0,0,0) = 740. Therefore O\ = r4740 = 0. Since A € D1 [Ny 4 My+in) (2)], We
see that (A.1) is g/-uniformly k-acyclic, where p'(r) := p(ig, r + Mg + ix).

(ii): We apply the method used to prove (i) in each dimension.

(iil): We inductively modify the chain complex produced in the proof of (i) so that it admits
a G-action. The base case is trivial since G acts freely on the zero skeleton of every Rips



Page 50 of 52 A.J. MARGOLIS

complex. For the inductive hypothesis, we assume the metric complex Cy, — --- — Cy — 0
admits a free G-action, is p-uniformly (k — 1)-acyclic and has k-displacement at most d.
As in the proof of (i), we then construct a finite type free R-module (Dg41, Xg+1, Pr+1) Over
X such that Djyq 9, Cx — -+ — Cy — 0 is a p/-uniformly k-acyclic R-metric complex with
(k 4+ 1)-displacement at most dy11 + Py. Let S := p/(dk+1 + P + kdg).

We choose T'C X such that each G-orbit in X contains precisely one element of T'. Let
Yir1 =1(g:t,p) € G XT X Zpy1 | p € Dea1[Ns(t)]} and let Dy, be the free R-module with
R-basis ¥ ;. Then (D} ,,%},,P),,) is a finite type free R-module over X, where the
projection map is defined by pj_ ,(g,t, p) := gt. We define the boundary map 0’ : D;_,; — C},
by (g,t,p) = g0p. As D), admits a G-action given by ¢'(g,t, p) = (9'g,t, p), we see that

;+1a—/>0k—>~-~—>00—>0 (A.2)

is a metric complex that admits a G-action and has (k + 1)-displacement at most S.

We claim that for every A € 341, there exists a Ae Dj., such that d'A = OA. Indeed,
since 0 has displacement at most dy11 + Pj over the identity, supp(aA) C Ny, +p. (Pr+1(A)).
Lemma 3.10 then tells us that 0A € Cy[Ny, ., ,+p,+kd, (Pr+1(A))]. There exists a unique g €
G and t € T such that pyi1(A) = gt; thus g7 OA € Cy[Nay .\ +pPo+ka, (t)]. As g7rOA is a
reduced k-cycle, there exists a yao € Dyy1[Ng(t)] such that Oya = g 1A, We can write ya =
Zf 1 7i%i, where 7, € R and y; € g1 N Dy41[Ng(t)] for each . Let A= ZZ 1739, t, i) €
D, - Then A = Yo rigdyi = g0y i rivi = g0ya = OA. As supp(A) = {prs1(A)} and
O0A € Cy[Ng,,,+Pitkd, (Pr+1(A))] € Ck[Ns(pr4+1(4A))], it follows from Remark 3.9 that A €
Dy 1 [Ns(pri1(A))]-

Let o € Cix[Ny(z)] be a reduced k- cycle Then there exists an w € Dg11[N, ()] such
that dw = 0. We can write w = Zl 1rzwz, where w; € p41 and 7} € R for each ¢. Thus
'Y i = 0w =0 and Y. riw; € Dj [Ny (ry+s(x)]. Letting ( )=/ (r) + S, we thus
see that A.2) is p”-uniformly k-acyclic. O

Appendix B. Roe’s Coarse Cohomology

We will use the technology of coarse cohomology as defined in [36] and [37]. We fix some
commutative ring R with unity.

DEFINITION B.1. Let (Y, d) be a bounded geometry metric space. An open cover U is called
good if it is locally finite and the closure of each U € U is compact. A sequence Uy, Us, . .. of
good covers of Y is said to be an anti-Cech approximation if there exists a sequence of real
numbers R,, — oo such that for all n:

(i) every U € U,, has diameter at most R ;

(ii) Up41 has Lebesgue number at least R, i.e. every set of diameter at most R,, is contained

in some U € Up41.

The nerve |U| of an open cover U of Y is a simplicial complex with vertex set U such that
{Uo,...,U,} CU span an n-simplex if and only if NI U; # 0. If Uy, Us, ... is an anti-Cech
approximation, then for every n, U,, is a refinement of U,, 11, i.e. every U € U,, is contained in
some element of U,,1; this shows the existence of simplicial inclusion maps |U,| — Uy, | for
every n < m.

We thus see that {C2(|Uy,|; R)}nen is an inverse system whose bonds are induced by the
inclusion. Let C'* be the inverse limit of this inverse system. We define HX*(Y; R) to be
the cohomology of this inverse system. Roe shows that HX*(Y; R) is independent of the
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choice of anti-Cech approximation, and that a coarse embedding f : X — Y induces a map
f*+HX*(Y;R) - HX*(X; R). The full details in this are found in [36] and [37].

We can now pick an anti-Cech approximation where for each n, U, := {B,(y) | y € Y}. The
nerve |U,| is simply the Rips complex P, (Y). Thus HX*(Y’; R) is the cohomology of the inverse
limit C* = @CC'(P” (Y); R). By Theorem 3.5.8 of [46], there is a short exact sequence

0= Lim'HY (P (Y); R) = HX*(Y; R) — lim HE (P, (Y); R) — 0, (B.1)

where the lim' term is known as the derived limit and will not be discussed here. This makes it
hard to calculate coarse cohomology in general.

However, things are simpler if Y is coarsely uniformly acyclic over R. In such a situation,
the T&anf_l(Pn(Y); R) term vanishes and @Hf(Pn(Y); R) is isomorphic to the image of
the map H¥(P;(Y); R) — H¥(Pi(Y); R), induced by inclusion, for some j > i > 0. This can
be seen by applying Lemma 3.22 in a similar way to proof of Lemma 5.20. Moreover, Lemma
5.20 shows that the image of the map H*(P;(Y); R) — H(P;(Y); R) is naturally isomorphic
to HE ...(Y). This is also evident from Theorem 5.28 of [37]. Thus the condition that Y is

coarse
uniformly acyclic means that we can calculate HX*(Y'; R) without using inverse limits.
By not passing to the inverse limit and simply using Rips complexes with sufficiently
large parameters, we preserve quantitative information e.g. the diameter of cocycles and the
displacement of maps. We use the notation HE __(Y; R) rather than HX*(Y; R) to emphasise

coarse
this point. We remark that if Y is only coarsely uniformly (n — 1)-acyclic over R, the preceding

discussion still holds in dimensions at most n, taking modified cohomology with compact
supports in the top dimension.
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