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Decomposition of PD-regulators design problem for
systems with slow and fast modes
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Abstract. The PD-regulators design problem for the singularly perturbed control
system is considered in the paper. It is shown that this problem can be reduced to the
P-regulators design problems for two subsystems of lower dimension.

1. Introduction
We consider the PD-regulators design problem for the singularly perturbed control system

ei + M(t)i + N(t)z = B(t)u, 1)

x € R", t € R, ¢ is a small positive parameter. From the formal mathematical viewpoint it
necessary to construct a control law (PD-regulator) of form

u = Qr+ Rz,
for which the system
ex + M(t)x + N(t)r = B(t)(Qxr + Rt) (2)

is asymptotically stable. To simplify the solution of this problem we will use the method
of decomposition the system under consideration into two independent subsystems using the
splitting transformation.

2. Splitting transformation
Consider the differential system
T = A11x+A12y+f1, (3)

ey = Anz + A2y + fo, (4)
Ajj = A;j(t,e) — wherez € R™, y € R", t € R.

We will use a transformation which can reduces (3)-(4) to the form

v = Ai(t,e)v+ f(t,e),
ez = At e)z. (5)

We assume that the eigenvalues \;(t) of the matrix Aas(t,0) have the property Rel;(t) <
—2y < 0in ¢ € R and that the matrix- and vector-functions A;;, Ay (¢,0) and f; are continuous
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and bounded as well as their partial derivatives with respect to the arguments t € R, e € [0, &¢].
These imply than the following asymptotic representations

Z c A(l) k—l—ljéll(;fi-i-l)(t7 e),

k
_ Z €lfi(l) (t) + 5k+1fi(k‘+1)(t7 €)
=0

take place.
Introduce new variables v, z by formulae

r=v+ePz, y=z+Lzx+h

where L = L(t,e), P = P(t,e) are bounded matrix-functions and h = h(t,¢)) is bounded
vector-function such that v z satisfy (5), where

Ay = A + ApL, Ag = Ay — LAy, f=fi+ Ah.
Here L, P and h are bounded for t € R solutions of equations
eL +eL(A11 + A1aL) = Ay + ApL,

EP + PAy = A1 P + Aq9,
eh+eLfi = Ash + fo.

The hyperplane y = Lx 4+ h plays a role of slow integral manifold of (3)-(4). Note that the
following representations are true

L=>Y 0@, P=) ePO@®), h=> enl()

1>0 1>0 1>0

with .
00— (48) " A9,

0)) ! 1 1 . 0
L0 — — (4Q) " [AD + AQLO - 1O - 1040],

i 0\ L, i i) 1 (i—3
Lo — _ <A§2)> [Aél) + ZA%)L( i) _
=1

where A% = A% 4+ 52 AV LG9 i =T F, and
§=0
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i1
Pl — [A%) + ZAgﬂ)p(i—j—l) _
=0

pli-1) _ Zp(i*j)Agj)] (Agg))_l, i>1,

, -1 . i . . .. izl . .
W =~ (Ag;)) 37+ + 57 AR D ST O piY >
Jj=1 j=0

i—1
AP = 4D -3 10 AQ)
j=0

3. PD-regulators
It is possible to rewrite (2) of form (3)-(4) with

A1 =0, Aip=1, Ay =-N+BQ, Ap=-M+BR, fi=0, f=0.

Suppose that it is possible to choose matrix R in such a way that matrix —M 4+ BR
Re)i(t) < —2v < 0in t € R. This means that subsystem

ez = As(t,e)z

is asymptotically stable and the PD-regulators design problem for the original system (1) reduces
to the subsystem of low dimension. It is sufficient now to choose matrix R in such a way that
subsystem

0= Aq(t, e)v

becomes asymptotically stable.
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