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Abstract 

In the presented work we consider the dynamics of the mechanical system under internal force with a damper taking into account the hysteretic 
nature of the damper. As a mathematical model of this hysteretic damper we consider the Bouc-Wen model. The obtained numerical results in 

the form of the force transfer function demonstrates the efficiency of the hysteretic damper in comparison with the nonlinear viscous damper. 
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1. Introduction 

The dampers and damping processes have a long history and especially relevant (both from the fundamental and applied 

points of view) in the present days due to development of the modern impact-vibrational systems (see, e.g., [1]). The damper is a 

device used for damping the mechanical, electrical and other modes of vibration arising in the machines and mechanical systems 

during its operation. Damping is an important task that has a wide range of applications. In general the damping is a process 

whereby the energy is taken from the vibrating system and is being absorbed by the surroundings. The examples of damping 

include: 

 internal forces of a spring; 

 viscous force in a fluid; 

 electromagnetic damping in galvanometers; 

 shock absorber in a car; 

 anti seismic damping devices in buildings etc. 

In the same time it should be noted that the damping devices are widely used in modern avionics (damper of aero-elastic 

vibrations, which is the electronic system for automatic cancelation of short-aircraft vibrations that inevitably arise when the 

flight modes change). 

In the case of oscillations of mechanical systems the model of linear viscous damping (which is based on the energy 

dissipation due to viscous friction) is widely used. However, this type of damping has a significant drawback, namely the low 

efficiency outside the region of resonance of the system. One way to solve this problem is to use a nonlinear viscous damper 

[2,3,4,5,6,7] or a damper with hysteretic properties [8,9]. 

Main purpose of this work is to study the dynamics of a mechanical system under various external affections (forced 

oscillations) in the case of presence of a damping block. Especial interest in this case has a damper with the hysteretic properties. 

As a mathematical model of such a hysteretic damper we consider the Bouc-Wen phenomenological model [10,11,12]. 

2. Physical system 

Let us consider a mechanical system under external affection and in the presence of the damping part fd(t) as is shown in Fig. 

1. The system is presented as a cylinder with mass M under external affection f(t) of harmonic nature. In the cylinder there is a 

car of mass m (moving without friction in the horizontal plane) connected to the border by a spring with stiffness k. For 

simplicity we assume that the system is one-dimensional.  

 

Fig. 1.  The considered physical system. 

Suppose that the affection force f(t) is described by the following relation: 

2
( ) sin( ),f t Y t     (1) 
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where Yω2 is an amplitude and ω is a frequency of the affection force. The equation of motion for considered system is 
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Here overdot determines the time derivative and z(t) is a relative displacement. 

3. Linear and nonlinear viscous damping 

Let us consider the case of viscous damping. In general case the viscous friction can be described as follows: 

1 ( )( ) , 0 ,z t
n

f t c z n
d

   …    (3) 

where c is a damping coefficient. In the case n=0 we have a linear viscous friction. For n>0 the nonlinear viscous friction takes 

place [4,7].  

The equation of motion for relative displacement z(t) becomes 
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It is more suitable to introduce the dimensionless variables 
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After such notations the final equation of motion has the form: 

2
d d 2
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4. Bouc-Wen model 

Bouc-Wen model has been widely used to describe nonlinear hysteretic systems and this nonlinear differential equation 

model reflects local history dependence through introducing an extra state variable. Through appropriate choices of parameters 

in the model, it can represent a wide variety of softening or hardening smoothly varying or nearly bilinear hysteretic behavior. 

This model has also been generalized to include hysteresis pinching and stiffness/strength degradation.  

The Bouc-Wen model can be described by the following equation 

  ( ) ( ) ( ) ( ) ( ) ,
p

g t u t B sign g t u t g t       (7) 

where B, β>0, γ and p are dimensionless quantities controlling the behaviour of the model (p=∞ retrieves the elastoplastic 

hysteresis).  

For small values of the positive exponential parameter p the transition from elastic to the post-elastic branch is smooth, while 

for large values that transition is abrupt. Parameters B, β and γ control the size and shape of the hysteretic loop. 

Wen assumed integer values for p; however, all real positive values of p are admissible. The parameter β is positive by 

assumption, while the admissible values for γ, that is γ=[-β,β], can be derived from a thermodynamical analysis [13]. 

Now we consider the hysteretic damper based on the Bouc-Wen phenomenological model. In this case (using the notations 

introduced above) the damping force can be presented as: 
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In this case the equation of motion for the considered system becomes: 
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5. Main characteristics 

Let us consider the main characteristics reflecting the efficiency of the damper in the resonance system and beyond. Such 

characteristics are force transmission function and “force-displacement” transmission function. 

The force transmission function is determined by the ratio of the force applied to the cylinder M and the force applied to the 

car m (Fig. 1). This function reflects the efficiency of suppression of the external affection by the force transmission from an 

external source to the load. This characteristic is expressed as follows: 
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The “force-displacement” transmission function is determined by the relation of the motion of car m relative to the cylinder M 

and the force applied to the cylinder. This quantity reflects the efficiency of vibration absorption by the ability of the damper to 

reduce the relative motion of the car under influence of external forces. This characteristic is expressed as 
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During the following simulations we use these quantities for comparison of the linear viscous, nonlinear viscous and 

hysteretic dampers based on Bouc-Wen model. 

6. Numerical results 

We make the numerical simulations. In order to compare the viscous damper and hysteretic damper we present the numerical 

results for two characteristics of the system, namely, the force transmission function and “force-displacement” transmission 

function. For the nonlinear viscous damper we use the following set n={0,2,4}. 

For the hysteretic damper we use the parameters kb=100, B=1, β=0.7, γ=0.3, p=6 (It was shown experimentally that such 

characteristics correspond to the optimum operation of the hysteresis model). The characteristics of the mechanical system (per 

dimensionless units): M=1, m=1, ζ=0.8, ω0=10; the external affection with parameters A=1, ω=0,…,30 (with a step 0.2); 

parameters of the difference scheme: time step hτ=0.0167, simulation period T=10000. 

The simulation results are shown in Fig 2. As it can be seen from these figures the linear viscous damper has a high efficiency 

in the resonance region of the system, however outside the resonance region the damping properties sharply decrease. At the 

same time the nonlinear viscous damper has a wide range of effective use, but loses in efficiency to linear damper in the 

resonance region of the system. 

The hysteretic damper based on Bouc-Wen model has a high efficiency both in the resonance region and beyond. The 

disadvantage of the hysteretic damper is in decreasing of the ability to reduce the relative movement of car under external forces 

outside the resonance region of the system. 

Let us consider also the phase portraits for the system both for the cases of viscous damper and for hysteretic damper. As the 

origin of the phase plane we use the instantaneous values of the car's coordinate inside the cylinder x(τ) and its relative speed 

  .x   The phase portraits of the system under consideration (with various kinds of dampers) are presented in the figures 3-6. 

Figures show the phase portraits of the system both in the case of viscous (linear and nonlinear) damping and the hysteretic 

damping. The left panels show the phase portraits in the resonance region, the right panels show the far frequency domain. From 

the figures it is clear that the hysteretic damper has a greater efficiency (in comparison with the linear and nonlinear viscous 

dampers) in the resonance region, and beyond. Previously, based on the analysis of transmission functions Tff and Tfd we have 

made some conclusions on the efficiency of hysteretic damper in comparison with the viscous damper. In this way the presented 

phase portraits are proved our conclusions. 
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Fig. 2.  Force (left panel) and “Force-displacement” (right panel) transmision function. 

 

Fig. 3.  Phase portraits of the system in the case of linear viscous damper n=0 at Ω=3 (left panel) and Ω =30 (right panel). 

 

 

Fig. 4.  Phase portraits of the system in the case of nonlinear viscous damper n=2 at Ω=3 (left panel) and Ω =30 (right panel). 

 

 

Fig. 5.  Phase portraits of the system in the case of nonlinear viscous damper n=4 at Ω=3 (left panel) and Ω =30 (right panel). 

7. Conclusion 

This work is considered the various kinds of damping processes that occur in the oscillations of real mechanical systems with 

damping blocks. Namely we consider the peculiarities of the linear and nonlinear viscous damping as well as the fractional 

damping, which can be considered as an effective model for the viscoelastic medium. Especial attention in this work we are paid 

to the hysteretic damper, which constructive model is based on the phenomenological Bouc-Wen model. We presented the 

numerical results for the observable characteristics of the system under consideration such as force transmission function and 
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"force-displacement" transmission function both for the cases of hysteretic and viscous (linear and nonlinear) dampers. The 

phase portraits of the system with various kinds of damping are plotted and analyzed. The obtained results allow to compare the 

various types of viscous dampers (linear and nonlinear) and hysteretic damper. Based on the obtained numerical results we can 

formulate the following concluding notes: 

 Linear viscous damper has a high efficiency in the resonance region of the system, however, outside the resonance 

region the damping properties sharply decrease. 

 Nonlinear viscous damping has a wide range of effective use, but loses in efficiency to linear damper in the 

resonance region of the system. 

 Hysteretic damper based on the Bouc-Wen model has a high efficiency both in the resonance region and beyond. 

The disadvantage of the hysteretic damper is in decreasing of the ability to reduce the relative movement of the car 

under external forces outside the resonance region of the system. 

 

Fig. 6.  Phase portraits of the system in the case of hysteretic damper at Ω=3 (left panel) and Ω =30 (right panel). 
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