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A Note on Least Squares Bias in chsehdld
Expenditure Analysis

1, The Method of Least Squares is a classical approach to the
problem of estimating the coefficients of a regression equation;

If, however, the equation is a member of a set of simltaneous equations,
Least Squares applied equation by equation may lead to biased estimates,
Attention has been devoted to such biases arising in models describing
the aggregate economy and in models describing individual industries,
This note examines a bias arising from a recent unjustified use of

Least Squares in an analysis of household behavior,

2., A British survey of 22,000 working-class households in 1937-1939
produced a wealth of information about household expenditures of all sorts ,
classified by household composition and a numbez; of other variables, Un-
fortunately, the households were not asked for their inéomes: In a recent
Engel curve analysis of the data of the survey by 5,J, Prais and H,S,

Houthakker,#* total expenditure for each household was used as a proxy for

# S, J. Prais and H,S, Houthakker, The Analysis of Family Budgets, (1955)
Also see AM, Henderson, "The Cost of a Family,” Review of Econoric Studies,
Vol, 17, (1949-1950) pp. 127-1L8,

income in an attempt to remedy this deficiency., Iegression coefficients
were estimated by Least Squares for the relationships between particular
kinds of expenditure and total expenditure., Then these coefficients were

adjusted so that they would be relevant to the relationship between the
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particular kinds of expenditure and income, The adjustments were based
upon estimates of coefficients of the relationship between total ex-
p-enditure and income that were derived from an independent set of data,
B'i In estimating the parameters of Engel curves, the assumption
is made universally that a household's expenditures on the goods and
services in its budget depend upon its income (and possibly other
variables), but that its income does not depend upon its expenditures,
The basic assumption of the Least Squares theorem is complied with only
if there is no Y“feed-back" bebtween the various expenditures and income,
Perhaps there are some households which decide upon the amount of
effort they will expend in order to earn income on the basis of how
mich they wish to spend, In the absence of empirical evidence that
such households are common, however, it is not unreasonable to assume
for statistical purposes that income does not depend up‘on expenditures,
It is clear, however, that the assumption that there is no "feed-back"
between expenditures on individual items and total expenditure is not
acceptable, The biases resulting from estimating regression coefficients
by Least Squares when the independent variable is not truly independent
of the stochastic term in the regression equation =~ which is what the
presence of "feed-back" amounts to =~ were minimized by Prais and Houthakker,
They state that "So long as the item of expenditure is a small proportion

of the budget it is not to be expected that serious biases will result et

® Prais and Houthakker, op., cite. p. 63
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ly, In order to examine the bias, the simultaneous equation character
of the model underlying the analysis must be specified, A simple linear

 version of the model consiéting of mH2 equations is givén by (l).

By ™ Gpi¥p t Qo t Vg 1= lyeessn
(1) E = alYk+o:o+ w k=1,.0e4n
B - 7

Ek is total expenditure of the ktth household; i is expenditure of
the k'th household on the itth commodity; Y. is any speeific function
of income of the ktth household; the (vi)'s are random variables which
are independent of income, which have zero means, and which have a
distribution, f(vl,.;.,vm), with a covariance matrix [Gij_?; and
u is a random variable, independent of income, with a‘ zero mean and
variance oﬁ o

The first m equations of (1) are the ones of substantive interest
in an investigation of expenditure patterns for particular commodities,
The (m*1l)st equation is included only because it enters into the statistical
estimation process used by Prais and Houthakker, The last equation defines
total expenditure, From this definition it follows that the (m+l)st
equation is a linear combination of the first m egquations so = IV
o = i a); s and o = f o . o If income data were available, the
parameters of the first m equations could be estimated directly by

Teast Squares appiied to each equation individually, For brevity, this
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procedure will be called Single Equation Least Squares,

Before computing expected values to investigate the bias resulting
from estimating the regression coefficients using an "independent"
variable which is correlated with the stochastic term, it is worthwhile
recasting (1) into a different form in order to show from a similtaneous
equations estimation point of view what gives rise to the bias, We
obtain (2) from (1) by replacing Y, in the first m equations by

k
its value in terms of Ek as determined by the (m*1)st equation

ik~ Blj_Ek “Boi T Vi 1= 1yeeeym
B~ BB - k= 1yueepn
f elk - Ek =0
where By, = ;;Ei s PBoy = 9u- Zi% as By = 05 BT Gy Wy T Vi a1

and gz, = u

It is easy to verify that the parameters of (2) are all just-identifiable,
Estimates of the parameters of (2) would provide a basis for estimating the
parameters of (1), the numbers that are really of interest, (Notice that
(1) is a system of equations already in reduced form, In this topsy~-turvy
way of looking at the problem, reduced form coefficients which are munobtainable
because of a data deficiency are wanted and structural coefficients are egs=
timated in order to get them, Prais and Houthakker estimated the (ali)'s

from Single Equation Least Squares estimates of the corresponding (Bli)'s
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and from a.l . Since the (ﬁli)’s should have been estimated by a method
that took into account the whole simmltaneous equation system, it is clear
that the estimates are biased, Conseguently ,the estimates of the (a.]i)'s
will also be biased, The point can be made in a slightly different way.,
Since (2) is a recursive sjstem, the parameters of each equation can be
estimated without bias by Single Equation Least Squares, provided that
in the first m equations a Ycorrected" version of E obtained from
the (m+l)st equation is used rather than the observed value, If the
correction is not made the estimates will be biased., Prais and Houthakker
did not make the correction ~- for the very good reason tha.t they did
not have the income of each household == so their estimates are biased,

5. Now the size of the bias will be investigated, The Single
Equation Least Squares estimates of a parameter, say B, will be
designated P » The Prais-Houthakker estimate of a,, designated &,

is given by (3).

— ~ . v
Since Bl was estimated from an independent set of data, and it can

be assumed that there is ne "feed-back" between total expenditure and

ir.come,

where 8 stands far "expected value," The expected value of \ﬁh is



easily evaluated, since
() " - E (eik— ei)(Fk-

P13
2
IR
and
o~ fc: [—t::.:u_(lfk - T) + vikJ[al(ka- Y) + uk—7
(6) ﬁl‘l B = .

l:i[al(xk - Y) 4+ uk,_72
Since v and u are independent of income,

04,02 + G
(7) E'y 11‘11 v.u

1

ayoy + I

u

where cv-u is the covariance of vi and u, Therefore,
i

22 4
8 ga, - 1%y vy

i
224 R )
*
0.1 Y 1
In this model uk-' Evlk s 8O oviu = Ecr?i, whgre Gy 18 the

covariance of v, and v, . Therefore,

- "“"1012!+ % %%
@ Lt Taa
‘ 17X 1]

In the special case where the stochastic elements of the various

expenditure equations are mutually independent, (9) simplifies to
— u‘_jka 02 * aj.ouz
(10) £, = = ;; 2 =
' Q%% %

The ratio of the first term in the numerator to the first term in the
denominator on the right side of (10) is equal to «y;. Then the bias
stems from the fact that the expected value of 311 is equal to a

c a.
term of the foarm .._f}}_ modified by the addition of an expression in
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the numerator and another one in the denominator, The expected value

would be equal to ey only if the ratio of these two expressions

were equal to ayy 3 that is, if

11 1 i =
or i f

B

= .

ay %
2 o

Thus the Prais-Houthakker estimate of a,; is biased if the ratio
of the variance of residuals around the (ei,Y) regression curve to the
variance of residuals around the (E,Y) regression curve is not the
same as the ratioc of the slope coefficient of the (ei,Y) regression
curve to the slope coefficient of the (E,Y) regression’ curve, (It

should be remembered that Y is eny function of income rather than

merely income itself,) More specifically, if _di_ » _21i , Eh
2
u

“1
will be biased upward; and if 1. < :11 , & will e biased
. ‘ i 1
downward,

6. By writing (10) in a slightly different form, it will be
possible to see if the Prais-Houthakker claim is justified that the
bias is not serious if the item of expenditure is small relative to

the whéle budget,

- o - oy
(13) 8“]:1 aj; * > 1

g +
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The second member of the right side of (13) is the size of the bias,

If the relative bias in estimating o, is called B,, we have

2 - a
() B, = 9% 11
EEZ T / "
from which it follows that

oi_

(15) B, =

e hf

Y} o2
'U-,
"‘li‘:'tL"ir+ (5 )°121

The item of expenditure will be small relative to the whole budget

if 21 and __;_9_1_ are both small, By expressing B; as in (15), it
becomes clear cht the relative bias is not merely a function of the
relative importance of the item of expenditure,

"(‘: The foregoing conclusion was reached on the assumption of a
simple linear model where the only generality present was that the
independent variable of (1) could be any specific function of income,

As a consequence, in (2), the other way of writing the model, & is a
linear function of total expenditure, Prais and Houthakker found, however,
that in the British survey the beste=fitting relationship between e; and
E seemed to be either semi-logarithmic or double-logarithmic, depending
upon the item of expenditure, This implies that the basic model is

composed of equations like those of (1t),

e = oYt oy ¥ Vi 1= lyeeesm
e ™ a3M ¥ % T ik IEmt lyeeem
(1)
In Ek= a.lYk oo, ¥ w k=1,,.040
ok T By

i
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The first ml equations of (1') concern the items of expenditure
related to E in a semi-logarithmic way; the next (m—ml) equations
concern the items related to E in a double-logarithmic way, In

this model, however, u, is not equal to Z vy, and hence o,
- . i

does not rednce simply to Oi « It can easily be shown that now

the expression for the relative bias for any of the m ap5's is
given by (1L1) and (15!),

o2

(1ht) B = alq‘fj_u = G u

Ak
27

| oy
| Y g =S
(151) B, = vy 5 2

o (ZHe

Though a simple expression for cv.u is not available, under the
i :
assumption that the stochastic terms in the various expenditure

equations are mutually independent, it is clear that Oy = O
: i

The condition that the estimate of a,; Wwill be unbiased, given
in (121), is directly analogous with the condition for the linear

model, but it has no simple interpretation,

——

(12v)  _WR o ay
% et

As in the case of the linear model, one must expect that the estimate

of g will be biased even if the item of expenditure is small relative
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to the whole budget,

8, A remaining comment should be made, The variables Prais and
Houthakker de.alt m.th were deflated to allow for differences in house-
hold size and composition, In the simplest case, where Ithe expenditure
equations are as given in (1) with e;5 E, and Y =all expressed in
per-housechold-member terms, (1L) and (15) still give the relative bias,
Even when dealing with the linear equations, however, if one household~
composition scale is used for deflating Y and E, ‘but different ones
are used for deflating each of the ei's; no more can be said about the
bias than that it is given by (14') and (15!),

9. Conclusion, The estimating procedure used in a recent analysis
of household behavior has been examined, In this analysis, Fngel curve
coefficients were estimated, but becanse of a data deficiency, the
estimates were derived from two different sets of data, Of necessity,
the ILeast Squares _estimting method was used, It has been shown that
this approach is equivalent to applying Least Squares equation by
' equation to a system of simultaneous equations, The resulting bias
has been shown to be dependent upon more than just the relative size

of the item of expenditure in the total budget,
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