View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by Yale University

Supplement to

NONPARAMETRIC INFERENCE BASED ON
CONDITIONAL MOMENT INEQUALITIES

By

Donald W. K. Andrews and Xiaoxia Shi

December 2011
Revised February 2013

COWLESFOUNDATION DISCUSSION PAPER NO. 1840R

56
o' b
ey

—

COWLESFOUNDATION FOR RESEARCH IN ECONOMICS
YALE UNIVERSITY
Box 208281
New Haven, Connecticut 06520-8281

http://cowles.econ.yale.edu/



https://core.ac.uk/display/346446589?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

This Appendix is not to be published. It will be made available on the web.

Appendix
to

Nonparametric Inference
Based on
Conditional Moment Inequalities

Donald W. K. Andrews
Cowles Foundation for Research in Economics
Yale University

Xiaoxia Shi

Department of Economics
University of Wisconsin, Madison

June 2010
Revised: February 2013



5 Outline

This Appendix provides proofs of Theorems N1 and N2 of Andrews and Shi (2013a)
“Nonparametric inference based on conditional moment inequalities,” referred to here-
after as ASN. In fact, the results given here cover a much broader class of test statistics
than is considered in ASN.

This Appendix is organized as follows. Section [6] defines the class of Cramér-von
Mises (CvM) test statistics that are considered. This class includes the statistics that
are considered in ASN. Section [7] introduces generalized moment selection (GMS) and
plug-in asymptotic (PA) critical values, confidence sets (CS’s), and tests. Section
establishes the correct asymptotic size of GMS and PA CS’s. Theorem N1 of ASN is a
corollary to Theorem AN1, which is given in Section[8] Section [9] establishes that GMS
and PA CS’s contain fixed parameter values outside the identified set with probability
that goes to zero. Equivalently, the tests upon which the CS’s are constructed are shown
to be consistent tests. Theorem N2 of ASN is a corollary to Theorem AN2, which is
given in Section [9] Section shows that GMS and PA tests have nontrivial power
against some, but not all, (nb%)'/2-local alternatives. Section derives local power
results for the KS and CvM tests that cover the case where the DGP does not depend
on n and the moment inequalities are binding only on a measure-zero set of X;. It uses
these results to compare the asymptotic power of the KS and CvM tests (in terms of
rates of convergence) with that of the CLR test in a simple moment inequality model.

Section [12] provides proofs of the results given in this Appendix. Section [13| provides
some additional simulation results to those given in that paper.

We let AS1 and AS2 abbreviate Andrews and Shi (2013b) and Andrews and Shi
(2013c), respectively.

6 General Form of the Test Statistic

6.1 Test Statistic

Here we define the general form of the test statistic 7),(0) that is used to construct
a CS. We transform the conditional moment inequalities/equalities given X; and Z; =
2o into equivalent conditional moment inequalities/equalities given only Z; = zy by

choosing appropriate weighting functions of X, i.e., X;-instruments. Then, we construct



a test statistic based on kernel averages of the instrumented moment conditions over Z;
values that lie in a neighborhood of z.

The instrumented conditional moment conditions given Z; = 2, are of the form:

EFO(mj (WZ,H()) g; (Xz) |Zz = Zo) Z 0 for j = 1, ey P and (61)
Eg,(m; (W;,00) g (Xi)|Zi =20) =0for j=p+1,...,k, for g =(g1,...,9x) €3G,

where g = (g1, ..., gr) are instruments that depend on the conditioning variables X; and
G is a collection of instruments. Typically G contains an infinite number of elements.
The identified set O, (G) of the model defined by (6.1)) is

Or(G)={0e€6: holds with 6 in place of 6 }. (6.2)

The collection G is chosen so that ©p, (G) = Op,, where O, is the identified set based
on the conditional moment inequalities and equalities defined in of ASN. Section
provides conditions for this equality and shows that the instruments defined in ({3.6))
of ASN satisfy the conditions. Additional sets G are given in AS1 and AS2.

We construct test statistics based on (6.1)). The sample moment functions are

n

mn(0,g) = n* Zm(ﬂfi,ﬁ,g,b) for g € G, where

=1

m(Wi, 0, g,b) = b2 K,(Z;)m(W;, 0, g),

i (%)

(I/Vz? 9)91

W6
m(Wo0.g) = | "™ m” for g € G, (6.3)

mk(Wu@)gk(Xz')

b > 0 is a scalar bandwidth parameter for which b — 0 as n — oo, and K(x) is a kernel
function. The definition of 7, (0, g) in is the same as the definition of 7, (0, g) in
AS1 except for the multiplicand b~%/2K,(Z;) in m(W;, 0, g,b).

For notational simplicity, we omit the dependence of ,(6,g) (and various other
quantities below) on b.

Note that the normalization b~%/2 that appears in m(W;, 0, g, b) yields m(W;, 0, g, b)



to have a variance matrix that is O(1), but not o(1). In fact, under the conditions
given below, Varg(m(W;,0,g,b)) — Varp(m(W;,0,9)|Z; = z0)f(2) as n — oo under
0,F) e F.

If the sample average M, (6, g) is divided by the scalar n=t > | b=%/2K(Z;) it be-
comes the Nadaraya-Watson nonparametric kernel estimator of E(m(W;, 0, g)|Z; = zo).
We omit this divisor because doing so simplifies the statistic and has no effect on the
test defined below ]

We assume the bandwidth b and kernel function K(z) satisfy:

Assumption B. (a) b = o(n™"/#+%)) and (b) nb% — oo as n — oo.

Assumption K. (a) [ K(z)dz =1, (b) [2K(z)dz = 04, (c) K(2) =0Vz ¢ [—1,1]%,
(d) K(z) > 0Vz € R%, and (e) sup,cpa. K(2) < co.

Assumptions B and K are standard assumptions in the nonparametric density and
regression literature. When Assumption B is applied to a nonparametric regression or
density estimator, part (a) implies that the bias of the estimator goes to zero faster than
the variance (and is the weakest condition for which this holds) and part (b) implies that
the estimator is asymptotically normal (because it implies that b goes to zero sufficiently
slowly that a Lindeberg condition holds).

The sample variance-covariance matrix of n'/?m,, (6, g) is

n

Sa(0,9) =07t Y (m(Wi,0,9,b) =M, (0, 9)) (m(Wi,0,9,0) =M, (0,9)) . (6.4)

=1

The matrix 3, (0, g) may be singular or nearly singular with non-negligible probability for
some g € G. This is undesirable because the inverse of in(e, g) needs to be consistent
for its population counterpart uniformly over g € G for the test statistics considered
below. In consequence, we employ a modification of EA}n(Q, g), denoted ¥,(6, g), such

that det(X,(0,¢g)) is bounded away from zero:
50(0.9) = (0, 9) + & - Diag(E,(0,1;)) for g € G (6.5)

for some fixed ¢ > 0. In the simulations in Section {4 of ASN, we use ¢ = 5/100. By

design, X,,(6,g) is a linear combination of two scale equivariant functions and hence

23This holds because division by n=* Y7 | b=9=/2K,(Z;) rescales the test statistic and critical value
identically and in consequence the rescaling cancels out.



is scale equivariant”] This yields a test statistic that is invariant to rescaling of the
moment functions m(W;, #), which is an important property.

The test statistic 7,,(6) is either a Cramér-von-Mises-type (CvM) or Kolmogorov-
Smirnov-type (KS) statistic. The CvM statistic is

1,0) = [ S (6.9),%,(6.9)dQs), (6.6)

where S is a non-negative function, ) is a weight function (i.e., probability measure) on
G, and the integral is over G. The functions S and ) are discussed in Sections and
below, respectively.

The Kolmogorov-Smirnov-type (KS) statistic is

T.,(0) = sup S(n*?m,(0, g), (6, g)). (6.7)

geg
For brevity, the discussion in this Appendix focusses on CvM statistics and all results
stated, except those in Section [11], concern CvM statistics. Similar results hold for KS

statistics. Such results can be established by extending the results given in Section 13.1

of Appendix B of AS2 and proved in Section 15.1 of Appendix D of AS2.

6.2 S Function Assumptions

Let m; = (mq, ...,my,)" and my; = (Mp+1, ..., mi)". Let A be the set of k X k positive-
definite diagonal matrices. Let W be the set of k x k positive-definite matrices. Let
S={mX):meR, ;xR  TeW} Let Ry ={r € R:2 >0},

We consider functions S that satisfy the following conditions.

Assumption S1. V(m,X) € S,
(a) S (Dm, DED) = S (m,%) VD € A,
(b) S (my, myr, %) is non-increasing in each element of my,
(©) S (m,%) 20,
(d) S is continuous, and
(e) S(m, X+ %) < S (m,%) for all £ x k positive semi-definite matrices ¥;.

24 That is, multlplymg the moment functions m(Wj, #) by a diagonal matrix, D, changes %,,(#, g) into
DX, (0, 9)D



Note that Assumption S1(d) requires S to be continuous in m at all points m in the

P

100 X 1", mot only for points in RPTY,

extended vector space R

Assumption S2. S(m,Y) is uniformly continuous in the sense that, for all my € R*

and all pd X, sup,,c e (o3 [S(m + 1, X) — S(mo + 1, Xo)| — 0 as (m, X) — (m, Eo)ﬁ
The following two assumptions are used only to establish the power properties of

tests.

Assumption S3. S(m,X) > 0 if and only if m; < 0 for some j = 1,...,p or m; # 0 for

some j =p+1,.... k, where m = (my,...,my) and ¥ € W.

Assumption S4. For some x > 0, S(am,X) = aXS(m, X) for all scalars a > 0, m € RF,
and X € W.

The functions S, Sz, and S5 in (3.9) of ASN satisfy Assumptions S1-S4 by Lemma
1 of ASI.

6.3 X-Instruments

The collection of instruments G needs to satisfy the following condition in order for
the conditional moments {Er(m(W;,0,9)|Z; = z) : ¢ € G} to incorporate the same
information as the conditional moments { Er(m(W;,0)|X; =z, Z; = ) : * € R%}.

For any 0 € © and any distribution F' with Ep(||m(W;, 0)|| |Z; = z0) < oo, let

Xp(0) = {x € R% : Ep(m; (Wi,0)|X; = 2, Z; = z) < 0 for some j < p or
Ep(m; (W;,0)|X; =2,Z; = z) # 0 for some j =p+1,....,k}. (6.8)

Assumption NCI. For any 6 € © and distribution F' for which Er(||m(W;,0)|| |Z; =
2p) < o0 and Pp(X; € Xr(0)|Z; = 2z9) > 0, there exists some g € G such that

EF(mj(Wiae)gj(Xi)lzi = Zo) < 0 for some j < p or
EF(mj(Wia‘g)gj(XiﬂZi = Zo) # (0 for some j =p+1,..., k.

Note that NCI abbreviates “nonparametrically conditionally identified.” The following

Lemma indicates the importance of Assumption NCI.

25 Assumption S2 is equivalent to the same condition with u vectors whose elements exceed —n, for
some 7; < oo. This is used in the proofs below.



Lemma AN1. Assumption NCI implies that Op(G) = Op for all F with supyeg
Er(|lm(Wi, 0)|] | Zi = 20) < o0.

Collections G that satisfy Assumption NCI contain non-negative functions whose
supports are cubes, boxes, or other sets whose supports are arbitrarily small.

The collection G also must satisfy the following “manageability” condition. This
condition regulates the complexity of G. It ensures that {n'/?(m,(0, g) — Er,mn,(0, g)) :
g € G} satisfies a functional central limit theorem (FCLT) under drifting sequences of
distributions {F,, : n > 1}. The latter is utilized in the proof of the uniform coverage
probability results for the CS’s. The manageability condition is from Pollard (1990) and
is defined and explained in Appendix E of AS2.

Assumption NM. (a) 0 < g;(z) < G Vx € R% Vj < k,Vg € G, for some constant
G < o0, and

(b) the processes {g;(X,;) : ¢ € G, i < n,n > 1} are manageable with respect to
the constant function G for j = 1,...,k, where {X,,; : i <n,n > 1} is a row-wise i.i.d.
triangular array with X, ; ~ Fx, and Fx, is the distribution of X, ; under F,, for some

(0, F,) € Fy forn > 1@@

Lemma 3 of AS1 establishes Assumptions NCI and NM for G, cupe defined in (3.6) of
ASNF

6.4 Weight Function Q

The weight function () can be any probability measure on G whose support is G. This
support condition is needed to ensure that no functions g € G, which might have set-
identifying power, are “ignored” by the test statistic 7;,(6). Without such a condition, a
CS based on T, () would not necessarily shrink to the identified set as n — oo. Section [9
below introduces the support condition formally and shows that the probability measure
() considered here satisfies it.

We now give an example of a weight function Q) on G, .ype.

26The set of distributions F, is defined just prior to of ASN.

2TThe asymptotic results given in the paper hold with Assumption NM replaced by any alternative
assumption that is sufficient to obtain the requisite empirical process results given in Lemma AN4
below.

28Lemma 3 of AS1 and Lemma B2 of AS2 also establish Assumptions NCI and NM of this Appendix
for the collections Gyor, GB—splines Gbow,dd, and G./q defined there. The proof is the same as in AS2 for
Assumptions CI and M with conditioning on Z; = 2y added throughout.



Weight Function Q for G..... There is a one-to-one mapping Il.cupe : Gecuve —
AR ={(a,r):a €{1,...,2r}% and r = rg,rg+1,...}. Let Qr be a probability measure
on AR. One can take Q = I}

veure@Ar- A natural choice of measure QQ4r is uniform

on a € {1,...,2r}% conditional on r combined with a distribution for r that has some

probability mass function {w(r) : r = ro,ro + 1, ...}. This yields the test statistic

L) = wr) > @) S W0, gur), S0, gar), (6.9)
r=rQ a€{l,...2r}dz

where g,,(x) = 1(x € Cyy) - 1i for Cyr € Cecupe-
The weight function Qar with w(r) = (r? +100)~" is used in the test statistics in

ASN, see (3.7)).

6.5 Computation of Sums, Integrals, and Suprema

The test statistic 7,,(0) given in involves an infinite sum. A collection G with an
uncountable number of functions ¢ yields a test statistic 7},(f) that is an integral with
respect to (). This infinite sum or integral can be approximated by truncation, simula-
tion, or quasi-Monte Carlo (QMC) methods. If G is countable, let {gi, ..., g5, } denote
the first s,, functions g that appear in the infinite sum that defines 7,,(0). Alternatively,
let {g1, ..., gs, } be s, i.i.d. functions drawn from G according to the distribution Q. Or,
let {g1, ..., gs, } be the first s, terms in a QMC approximation of the integral with respect
to (wrt) @. Then, an approximate test statistic obtained by truncation, simulation, or
QMC methods is

Tn,sn(e) = Zme(é)S(nl/an(@, 9¢0), Zn(0, 90)), (6.10)
=1
where wg,(¢) = Q({g/}) when an infinite sum is truncated, wg,(¢) = s, when

{91, .-, gs, } are i.i.d. draws from G according to @), and wg,(¢) is a suitable weight
when a QMC method is used. For example, in , the outer sum can be truncated
at r1,, in which case, s, = > /" (2r)% and w,(¢) = w(r)(2r)~% for £ such that g,
corresponds to g, , for some a. The test statistics in of ASN are of this form when
T, < 00.

It can shown that truncation at s,, simulation based on s, simulation repetitions,

or QMC approximation based on s, terms, where s, — 0o as n — o0, is sufficient to

7



maintain the asymptotic validity of the tests and CS’s as well as the asymptotic power
results under fixed alternatives and most of the results under (certain) (nb%)~'/2-local
alternatives. For brevity we do so here only for the truncated statistics defined in ASN
and for the results stated in Theorems N1 and N2 of ASN, see the discussion following
the proofs of Theorems AN1 and AN4 in Section and Comment 2 following The-
orem AN2 in Section[9] For other approximate statistics and for power under (certain)
(nbdZ)_l/ 2_local alternatives, the method of proof is analogous to that used in Section
15.1 of Appendix D of AS2 to prove such results stated in Section 13.1 of Appendix B
of AS2 for the tests considered in AS1 and AS2.

The KS form of the test statistic requires the computation of a supremum over g € G.
For computational ease, this can be replaced by a supremum over g € G,,, where G,, T G
as n — 00, in the test statistic and in the definition of the critical value (defined below).
The same asymptotic results for KS tests hold with G, in place of G (although some
asymptotic local power results require G,, T G at a sufficiently fast rate). For results of
this sort for the tests considered in AS1 and AS2, see Section 13.1 of Appendix B of
AS2 and Section 15.1 of Appendix D of AS2.

7 GMS and Plug-in Asymptotic Confidence Sets

7.1 GMS Critical Values

In this section, we define GMS critical values and CS’s.

It is shown in Theorem AN4 in Section [[2.2.2] that when @ is in the identified set
the “uniform asymptotic distribution” of T,,(0) is the distribution of 7'(h,), where h,, =
(h1n, h2), hin(-) is a function from G to RY, ; x {0}" that depends on the slackness of
the moment inequalities and on n, where R o) = RU {+oc}, and ha(-,-) is a k x k-

matrix-valued covariance kernel on G x G. For h = (hy, hs), define

T(h) = / Sy (9) + h1(g), ha(g. 9) + 1)dQ(g). (7.1)

where
{vn(9) g € G} (7.2)

is a mean zero R*-valued Gaussian process with covariance kernel hy(-,-) on G X G, hy(*)



is a function from G to RY, _, x {0}", and ¢ is as in the definition of ¥,(6, g) in D

[+o00]
The definition of 7'(h) in ([7.1]) applies to CvM test statistics. For the KS test statistic,

one replaces [ ... dQ(g) by sup,cg ... -
We are interested in tests of nominal level @ and CS’s of nominal level 1 — «. Let

co(h,1 —a) (= co(h1, hay 1 — @) (7.3)

denote the 1 —a quantile of T'(h). If h,, = (hy ,, ho) was known, we would use ¢y (hy,, 1 — )
as the critical value for the test statistic 7,,(f). However, h, is not known and hj,
cannot be consistently estimated. In consequence, we replace hs in ¢o(hypn, ho, 1 — )
by a uniformly consistent estimator /ﬁ27n(9) (= /}22771(9, -,-)) of the covariance kernel hy
and we replace hy, by a data-dependent GMS function ¢,,(6) (= ¢,,(¢,-)) on G that is
constructed to be less than or equal to hy,(g) for all g € G with probability that goes
to one as n — oco. Because S(m, X) is non-increasing in m; by Assumption S1(b), where
m = (m’,m);)’, the latter property yields a test whose asymptotic level is less than or
equal to the nominal level a. (It is arbitrarily close to « for certain (6, F) € F.) The
quantities /ﬁg,n(G) and ¢, (0) are defined below.

The nominal 1 — o« GMS critical value is defined to be

~ ~

c(2,(0), hon(0),1 — @) = co(,(0), hon(0),1 —a+n) +n, (7.4)

where > 0 is an arbitrarily small positive constant, e.g., 1075, A nominal 1 — o GMS
CS is given by
CS,={0€0:T,00) <crni-alf)}. (7.5)

with the critical value ¢, ;_,(6) equal to C(Qﬁn<0),/hj27n<9), 1—a)p
Next, we define the asymptotic covariance kernel, {hyr(6,9,9%) : g,9* € G}, of

29The sample paths of v, () are concentrated on the set U,’j' (G) of bounded uniformly p-continuous
RF-valued functions on G, where p is defined in Appendix A of AS2.

30The constant 7 is an infinitesimal uniformity factor (IUF) that is employed to circumvent problems
that arise due to the presence of the infinite-dimensional nuisance parameter h;, that affects the
distribution of the test statistic in both small and large samples. The IUF obviates the need for
complicated and difficult-to-verify uniform continuity and strict monotonicity conditions on the large
sample distribution functions of the test statistic.



n'/2m, (0, g) after normalization via a diagonal matrix D;"(6, z). Deﬁn

ha,r(0,9,9") = D;W(e,zo)zF(e,g,g*,zo) 2(6, z), where

Dp(0,2) = Diag(Ep(0, 15, 15, 2)) (= Dwg(EF(m(Wz’a@)m(Wi, 0)|Zi = 2)f(2)))-

Correspondingly, the sample covariance kernel EM(Q) (= /ﬁg’n<0, -,+)), which is an

estimator of he p(0, g, g*), is defined by:

/};2,71(9,9,9*) 1/2(9) n(0,9, g*)ﬁ_l/Q(H), where
(9 g, g Z VVMG g? mn(eag)) (m(WZ?evg*7b) _mn<97g*))/ and
B.(0) = Diag(3,(6,16,10). (7.7)

Note that in(ﬁ,g), defined in { , equals i\]n(é,g,g) and i\]n(ﬁ, g, 1x) is the sample
variance-covariance matrix of {m(W;,0) : n > 1}.
The quantity ¢,,(0) is defined in Section |7.4] below.

7.2 GMS Critical Values for Approximate Test Statistics

When the test statistic is approximated via a truncated sum, simulated integral, or
QMC quantity, as discussed in Section , the statistic 7'(h) in Section is replaced
by

T Z wQn(0)S(Vhy (9¢) + ha(ge), ha(ge, ge) + €1i), (7.8)

where {gy: ¢ =1, ..., s, } are the same functions {g¢i, ..., g5, } that appear in the approxi-
mate statistic T,,.,, (). We call the critical value obtained using T, (h) an approximate
GMS (A-GMS) critical value.

Let co, (h,1 — @) denote the 1 — a quantile of T, (h) for fixed {gi,...,gs, }. The

#Note that Dr (0, 2) = Diag(c% (0, 2), ..., 0% ,.(0, 2)), where 0%, (0, 2) = Ep(m3(W;,0)|Z; = 2) f(2).
Also note that the means, Epm(W;,0,g), Epm(W;,0,g*), and Epm(W;,0), are not subtracted off in
the definitions of X (6, g, 9", z) and Dg(0, z). The reason is that the population means of the sample-
size n quantities based on m(W;, 8, g, b) are smaller than the second moments by an order of magnitude
and, hence, are asymptotically negligible. See Lemmas AN6 and AN7 below.

10



A-GMS critical value is defined to be

~ ~

Cs, (¢n(0)7 h2,n(9>7 1— a) = Co,s,, (¢n<6)7 h2,n<9)7 l-—a+ 77) + 1. (79)

This critical value is a quantile that can be computed by simulation as follows. Let
{Ts, () : T =1,...,Treps} be Tyeps i.i.d. random variables each with the same distri-
bution as T, (k) and each with the same functions {gi, ..., gs, }, where h = (hy, ho) is
evaluated at (SOTL(Q),/};Z”(H)). Then, the A-GMS critical value, c;, (gpn(e),ﬁm(e), 1—a),
is the 1 — a+n sample quantile of {Tw(@n(e),ﬁm(a)) 1T =1, ..., Treps } Plus n for very

small n > 0 and large 7,.ps.

7.3 Bootstrap GMS Critical Values

Bootstrap versions of the GMS critical value in ((7.4)) and the A-GMS critical value
in (7.9 can be employed. The bootstrap GMS critical value is

(0, (0),15,,(0),1 — @) = €5(0,(0), B, (0),1 — a + 1) + 1, (7.10)

where ¢f(h,1 — «) is the 1 — a quantile of T*(h) and T*(h) is defined as in but
with {vp,(g) : g € G} and 22771(9) replaced by the bootstrap empirical process {v%(g) :
g € G} and the bootstrap covariance kernel /f;;yn(é’), respectively. By definition, v} (g) =
n~25" (m(Wr,0,9,b) —m,(0,9)), where {W; : i < n} is an i.i.d. bootstrap sample
drawn from the empirical distribution of {W; : i < n}. Also, %7”(9,9,9*), S50, 9, 9%),
and ﬁ;(@) are defined as in with W} in place of W;. Note that E;yn(ﬁ, g,g*) only
enters c(,(6), h;,(0), 1 — ) via functions (g, g*) such that g = g*.

When the test statistic, T, (f), is a truncated sum, simulated integral, or a QMC
quantity, a bootstrap A-GMS critical value can be employed. It is defined analogously
to the bootstrap GMS critical value but with 7*(h) replaced by T; (h), where T (h)
has the same definition as 7*(h) except that a truncated sum, simulated integral, or
QMC quantity appears in place of the integral with respect to @, as in Section[7.2] The
same functions {gi, ..., gs, } are used in all bootstrap critical value calculations as in the
test statistic T, (6).

11



7.4 Definition of ¢, (6)

Next, we define ¢, (0). As discussed above, ¢, () is constructed such that ¢, (0, g) <
hi,(g9) Vg € G with probability that goes to one as n — oo uniformly over (0, F) € F.
Let

£.(0,9) = k"0 2D 20, )i, (0, g), where D,(6, g) = Diag(S.(0,g)),  (7.11)

3,(0,9) is defined in , and {k, : n > 1} is a sequence of constants that diverges to
infinity as n — oo. The jth element of £, (6, g), denoted &, ;(0, g), measures the slackness
of the moment inequality Epm;(W;,0,9) > 0 for j =1,...,p.

Define ¢, (0, 9) = (¢,1(0,9), -, ¢,,(0,9),0,...,0)" € RF via, for j < p,

(pn,j(eag) = E2,n7j(07g)l/anl(gn,j(evg) > 1)7
Ran(8,9) = Dy YV2(0)S,(8, g) Dy 2(8), and ha (8, g) = [han(8, )]s (7.12)

We assume:

Assumption GMS1. (a) ¢,(0,g) satisfies (7.12), where {B, : n > 1} is a non-
decreasing sequence of positive constants, and

(b) for some ¢ > 1, k, — (B,, — 00 as n — 0.

The constants {B,, : n > 1} in Assumption GMS1 need not diverge to infinity for
the GMS CS to have asymptotic size greater than or equal to 1 — a. However, for the
GMS CS not to be asymptotically conservative, B,, must diverge to oo, see Assumption
GMS2(b) below. In ASN, we use k,, = (0.31n(n))*? and B, = (0.41n(n)/Inln(n))¥?,
which satisfy Assumption GMSI.

The multiplicand ks, ;(0, g)'/? in (7.12) is an “c-adjusted” standard deviation esti-
mator for the jth normalized sample moment based on g. It provides a suitable scaling
for ¢, (6, 9).

The following assumption is not needed for GMS CS’s to have uniform asymptotic
coverage probability greater than or equal to 1 — a. It is used, however, to show that
GMS CS’s are not asymptotically conservative. For (0, F) € F and j = 1, ..., k, define
"o r(0) = {h1,00r(8,9) : g € G} to have jth element equal to oo if Erpmp;(0, X;, 29)
xg;(X;) > 0 and j < p and 0 otherwise, where mp (6, z, z) denotes the jth element of
mp(0,z,2). Let hoo 7(0) = (h1,00,7(0), hor(0)), where ho p(0) = {h2r(0,9,9%) : (9,9") €
G xG}.
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Assumption GMS2. (a) For some (., F,.) € F, the distribution function of T(hs r.(6.))
is continuous and strictly increasing at its 1 — « quantile plus 0, viz., ¢o(hoo . (6.),1 —
a) + 0, for all § > 0 sufficiently small and 6 = 0,

(b) B, — o0 as n — 00, and

(c) (nb?)2 /K, — oo as n — oo.

Assumption GMS2(a) is not restrictive. For example, it holds for typical choices of S
and @, such as S; and S3 and @ as in ASN, for any (6., F.) for which Q({g € G :
M o.r.(0c,9) = 0}) > 0. This is established in Lemma B3 in Section 13.3 of AS2.
Assumption GMS2(c) is satisfied by typical choices of k,, such as x, = (0.3Inn)'/2,
because the bandwidth b should always be taken such that b% > cn='*° for some
c,d > 0.

7.5 “Plug-in Asymptotic” Confidence Sets

Next, for comparative purposes, we define plug-in asymptotic (PA) critical values.
Subsampling critical values also can be considered, see Appendix B of AS2 for details.
We strongly recommend GMS critical values over PA and subsampling critical values
for the same reasons as given in AS1 plus the fact that the finite-sample simulations in
Section [] show better performance by GMS critical values than PA and subsampling
critical values.

PA critical values are obtained from the asymptotic null distribution that arises when

all conditional moment inequalities hold as equalities a.s. The PA critical value is
c(0g, han(0),1 — @) = co(0g, han(6),1 — a + 1) + 1, (7.13)

where Og denotes the R*-valued function on G that is identically (0,...,0)" € R*, and
Egm(é’) is defined in |) The nominal 1 — « PA CS is given by with the critical
value ¢, 1-4(0) equal to C(Og,ﬁZn 0),1—a).

Bootstrap PA, A-PA, and bootstrap A-PA critical values are defined analogously to
their GMS counterparts in Sections [7.2) and [7.3]
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8 Asymptotic Size

In this section, we show that GMS and PA CS’s have correct uniform asymptotic
coverage probabilities, i.e., correct asymptotic size.

For simplicity, let hy (0) abbreviate the asymptotic covariance kernel {hs ¢ (0, g, ¢*) :
9,9 € G} defined in (7.6). Define

Ho = {hor(0) : (0, F) € F}. (8.1)

On the space of k£ x k-matrix-valued covariance kernels on G x G, which is a superset of

'H,, we use the uniform metric d defined by

d(h$Y h$) = sup (| (g, 9%) — b8 (9, 97)]]. (8.2)

9,9%€G

The following Theorem gives uniform asymptotic coverage probability results for
GMS and PA CS’s.

Theorem AN1. Suppose Assumptions B, K, NM, S1, and S2 hold and Assumption
GMS1 also holds when considering GMS CS’s. Then, for every compact subset Ha cpi 0f
Ho, GMS and PA confidence sets C'S,, satisfy

(a) iminf  inf  Pp(f € CS,)>1—a and

n—oo (g FYeF:
h2¢F(a)€H2,cpt

(b) if Assumption GMS2 also holds and hsep,(0.) € Haep (for (0., F.) € F as in
Assumption GMS2), then the GMS confidence set satisfies

lim liminf  inf Pr(0 € CS,)=1—-a,
n—0 n—oo  (0,F)EF:
hQ,F(e)EHZ,cpt

where 1 is as in the definition of c(h,1 — «).

Comments. 1. Theorem AN1(a) shows that GMS and PA CS’s have correct uniform
asymptotic size over compact sets of covariance kernels. Theorem AN1(b) shows that
GMS CS’s are at most infinitesimally conservative asymptotically (i.e., their asymptotic
size is infinitessimally close to their nominal size). The uniformity results hold whether
the moment conditions involve “weak” or “strong” instrumental variables Xj;.

2. As in AS1, an analogue of Theorem AN1(b) holds for PA CS’s if Assumption
GMS2(a) holds and Ep, (m;(W;,0.)|X;, Z; = z9) = 0 a.s. for j < p (i.e., if the conditional

14



moment inequalities hold as equalities a.s.) under some (0., F.) € F. However, the latter
condition is restrictive—it fails in many applications.

3. Theorem N1 of ASN for the case r;, = oo is proved by verifying the conditions of
Theorem AN1 (that is, by showing that Assumptions B, K, NM, S1, S2, and GMS1 hold
for b, K, and S defined as in ASN)@ Assumption B holds by the definition of b following
of ASN. Assumption K holds for the Epanechnikov kernel K (z) = 0.75 max{1 —
72,0} employed in of ASN. The functions 57, S and S3 in of ASN satisfy
Assumptions S1-S4 by Lemma 1 of AS1. Lemma 3 of AS1 establishes Assumptions NCI
and NM for G, defined in of ASN. Assumption GMS1 holds immediately for «,,
and B,, defined in and of ASN, respectively. Assumptions GMS2(b) and
(c) hold by the definitions of b, x,, and B,, of ASN. Assumption GMS2(a) holds for the
functions S; and S3 by Lemma B3 given in Section 13.3 in Appendix B of AS2. For the
function Sy, part (b) of Theorem N1 is stated to hold in Comment 2 following Theorem
N1 only if Assumption GMS2(a) is assumed to hold. (That is, we do not have a proof
that this Assumption GMS2(a) necessarily holds with the function S;. But, it seems
that it should hold in most models.)

4. Theorem N1 of ASN holds for 7, such that r;, < oo and r;,, — 0o as n — oo
by minor alterations to the proofs of Theorems AN1 and AN4 (where Theorem AN4
given in Section [12.2)is used in the proof of Theorem AN1), for details see Section
following the proofs of Theorems AN1 and AN4.

9 Power Against Fixed Alternatives

We now show that the power of GMS and PA tests converges to one as n — oo for
all fixed alternatives (for which the moment functions have 4+ § moments finite). Thus,
both tests are consistent tests. This implies that for any fixed distribution F{ and any
parameter value 0, not in the identified set Op,, the GMS and PA CS’s do not include
0, with probability approaching one. In this sense, GMS and PA CS’s based on T,,(0)
fully exploit the conditional moment inequalities and equalities. CS’s based on a finite

number of unconditional moment inequalities and equalities do not have this property.

32The quantity rq, is the test statistic truncation value that appears in 1’ of ANS. It satisfies
either ry, = oo for alln > 1 or 71, < 00 and ry, — 00 as n — o0.
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The null hypothesis is

Hy : Eg,(mj(W;,0,)|X:, Z; = 20) > 0 as. [Fxp] for j =1,...,p and

EFO(mj(Wi,G*ﬂXi, Zz = ZO) =0 a.s. [FX,O] for j =p+ ]_, cery k’, (91)

where 6, denotes the null parameter value and Fy denotes the fixed true distribution of
the data. The alternative hypothesis is H; : Hy does not hold. The following assumption
specifies the properties of fixed alternatives (FA).

Let F, denote all (6, F) that satisfy Assumptions PS1-PS3 that define F except
Assumptions PS1(c) and PS1(d) (which impose the conditional moment inequalities
and equalities). As defined, F C F,. Note that F, includes (0, F') pairs for which 6 lies

outside of the identified set O as well as all values in the identified set.

Assumption NFA. The value 0, € © and the true distribution Fj satisfy: (a) Pg,(X; €
X, (04)|Z; = 20) > 0, where Xg,(0,) is defined in (6.8), and (b) (6., Fy) € F..

Assumption NFA(a) states that violations of the conditional moment inequalities or
equalities occur for the null parameter 6, for X; values in some set with positive condi-
tional probability given Z; = zo under Fy. Thus, under Assumption NFA(a), the moment
conditions specified in do not hold.

For g € G, define

m;(g9) = Er,(m;(Wi, 0.)9;(Xi)|Zi = 20) f(20) /0 Ry 50+, 20) and
6(9) - max{_mi(g)v aT _m;<g)7 |m;+1(g)|, 3T |mlt(g>|} (92)

Under Assumptions NFA (a) and NCI, 5(go) > 0 for some gy € G.

For a test based on T,,(f) to have power against all fixed alternatives, the weight-
ing function ) cannot “ignore” any elements g € G, because such elements may have
identifying power for the identified set. This requirement is captured in the following
assumption.

Let Fx denote the distribution of X; under Fj. Define the pseudo-metric pyx on G
by

px(9:9%) = (Bry o llg(X) — g"(X:)|[P)"/? for g, 9" € G. (9.3)

Let B,,(g,0) denote an open py-ball in G centered at g with radius 0.

Assumption Q. The support of () under the pseudo-metric py is G. That is, for all
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6 >0,Q(B,,(g,0)) >0 forall gcg.
Assumption Q holds for Q 4z and G, ... defined above and in ASN because G, cupe 1S

countable and ()4 has a probability mass function that is positive at each element in
Gecuve- Appendix B of AS2 verifies Assumption Q for four other choices of () and G.
The following Theorem shows that GMS and PA tests are consistent against all fixed

alternatives.

Theorem AN2. Suppose Assumptions B, K, NFA, NCI, Q, S1, S3, and S4 hold and
Assumption NM holds with Fy in place of F,, in Assumption NM(b). Then,

(8) limy oo Pry (Tn(05) > c(0,,(05), han(6:),1 — a)) =1 and

(b) limy oo Pry (T0(6,) > c(0g, han(6y),1 — @) = 1.

Comments. 1. Theorem N2 of ASN for the case r;, = oo is proved by verifying that
the conditions of Theorem AN2 (except Assumption NFA) hold for b, K, S, and G, cupe
defined as in ASN. By Comment 3 to Theorem AN1, Assumptions B, K, S1, S3, and S4
hold. Assumption NCI holds for G.. ... as defined in of ASN by Lemma 3 of ASI.
As noted above, Assumption @ holds for G. ... and Qar. Assumption NM holds for
Gecube With Fy in place of F, in part (b) because C..cupe is a Vapnik-Cervonenkis class
of sets. (For more details, see Lemma 3 of AS1 for the verification of Assumption NM
under F,.)

2. Theorem N2 of ASN holds for r; , such that r, < oo and 7,, — 00 as n — oo
by making some alterations to the proof of Theorem AN2. The alterations required are
the same as those described for A-CvM tests in the proof of Theorem B2 in Appendix
D of AS2F7

10 Power Against (nb%)~'/2-Local Alternatives

In this section, we show that GMS and PA tests have power against certain, but not
all, (nb%)~1/2-local alternatives.

We show that a GMS test has asymptotic power that is greater than or equal to
that of a PA test (based on the same test statistic) under all alternatives with strict

inequality in certain scenarios.

33The proof of Theorem B2 describes alterations to the proof of Theorem 3 of AS1, which is given
in Appendix C of AS2, to accommodate A-CvM tests based on truncation, simulation, or quasi-Monte
Carlo computation and KS tests. Theorem 3 of AS1 establishes that the tests in AS1 have asymptotic
power equal to one for fixed alternative distributions.
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For given 0,, . € © for n > 1, we consider tests of

HO . EFn(mj(Wi,Hn,*ﬂZi = Zo) 2 0 fOI‘ ] = 1, P,
EFn<mj(WZ7 8n,*)|Zz - ZO) - 0 fOI' .] =P + 1) R3] k7 (101)

and (0, F,,) € F, where F,, denotes the true distribution of the data. The null values
0, are allowed to drift with n or be fixed for all n. Drifting 0, , values are of interest
because they allow one to consider the case of a fixed identified set, say O, and to derive
the asymptotic probability that parameter values 0, , that are not in the identified set,
but drift toward it at rate n='/2, are excluded from a GMS or PA CS. In this scenario,
the sequence of true distributions are ones that yield ©¢ to be the identified set, i.e.,
F, e Fo={F:0r =06}

The true parameters and distributions are denoted (6,,, F},). We consider the Kolmog-
orov-Smirnov metric on the space of distributions F.

Let f,(z) denote the density of Z; wrt u;,, under F,.

The (nb%)~'/2%local alternatives are defined as follows.

Assumption NLA1. The true parameters and distributions {(6,, F,,) € F : n > 1}
and the null parameters {6, , : n > 1} satisfy:

(a) Onw = O, + A(nb%)"2(1 + o(1)) for some A\ € R%. 0, € O, 0, — 0, and
F,, — Fy for some (6, Fy) € F,

(b) (b2 Ep, (3 (Wi, 00, 0)1Zs = 20) Fa(20) /5 (0 20) — T 5(9) Tor some ()
€ERyforj=1,..,pandall geg,

(c) d(hg,p,(0r), b2k, (00)) — 0 and d(hg g, (0n.x), ho,r (fo)) — 0 as n — oo (where d
is defined in (8.2))), and

(d) (0n, F,) € Fy for all n > 1.

Assumption NLA2. The k x d matrix (6, g) = (0/00')[D3""*(8, 20) Ex(m(W;, 6, g)
|Z; = 20)f(20)] exists and is continuous in (0, F') for all (0, F') in a neighborhood of
(0o, Fp) for all g € G.

For notational simplicity, we let hy abbreviate hg g, (fg) throughout this section.
Assumption NLA1(a) states that the true values {f, : n > 1} are (nb%)~'/%local to
the null values {6,,. : n > 1}. Assumption NLA1(b) specifies the asymptotic behavior
of the (normalized) moment inequality functions when evaluated at the true values

{0, : n > 1}. Under the true values, these (normalized) moment inequality functions are
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non-negative. Assumption NLA1(c) specifies the asymptotic behavior of the covariance
kernels {ho g, (0, -) : n > 1} and {hap, (0ns -,-) : n > 1}. Assumption NLA2 is a
smoothness condition on the normalized expected conditional moment functions given
Z; = zy. Given the smoothing properties of the expectation operator, this condition is
not restrictive.

Under Assumptions NLA1 and NLA2, we show that the moment inequality functions
evaluated at the null values {6, . : n > 1} satisfy:

lim 02D (0, ) B, m(Wi, 00, 9.b) = ha(g) + Io(g)A € R¥, where

hl(g) = (hl,l(g)a ) th(g),O, "'70), € Rk? HO(Q) = HF0<9079)7 and
De(6.) = Diag(Varp(b-*Ky(Z)m(W,.6)). (102)

If hy(g) = oo, then by definition hy;(g) + y = oo for any y € R. We have hy(g) +
dg-vector for j =1, ..., k.
The null hypothesis, defined in (10.1]), does not hold (at least for n large) when the

following assumption holds.

x RY. Let Ilp;(g) denote the jth row of Ilj(g) written as a column

Assumption LA3. For some g € G, hy;(g) + Iy ;(g)’A < 0 for some j = 1,....p or
o ;(g)'A # 0 for some j =p+1,.... k.

Under the following assumption, if A = 3\ for some 3 > 0 and some \g € R%, then
the power of GMS and PA tests against the perturbation A is arbitrarily close to one
for 8 arbitrarily large:

Assumption LA3'. Q({g € G : h1(g9) < oo and Il ;(g)' Ao < 0 for some j = 1,...,p
or Ty j(g)' Ao # 0 for some j =p+1,...,k}) > 0.

Assumption LA3’ requires that either (i) the moment equalities detect violations of the
null hypothesis for a set of ¢ functions with positive ) measure or (i) the moment
inequalities are not too far from being binding, i.e., hy ;(g) < oo, and the perturbation
Ao occurs in a direction that yields moment inequality violations for a set of g functions
with positive () measure.

Assumption LA3 is employed with the KS test. It is weaker than Assumption LA3’,
which is employed for the CvM test. If Assumption LA3 holds with A = S\; (and
some other assumptions), then the power of KS-GMS and KS-PA tests against the

perturbation A is arbitrarily close to one for § arbitrarily large. For brevity, we do
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not prove this here. The proof is analogous to the proof of such results for the KS
tests considered in AS1 and AS2, see Section 13.1 of Appendix B and Section 15.1 of
Appendix D of AS2.

Assumptions LA3 and LA3’ can fail to hold even when the null hypothesis is violated.
This typically happens if the true parameter/true distribution is fixed, i.e., (0, F,) =
(0o, Fp) € F for all n in Assumption NLA1(a), the null hypothesis parameter 6,, , drifts
with n as in Assumption NLA1(a), and Pg,(X; € X.ero|Zi = 20) = 0, where X,.., =
{x € R% : Er,(m(W;,00)|X; = z,Z; = 20) = 0}. In such cases, typically h; ;(g) = oo
Vg € G (because the conditional moment inequalities are non-binding with probability
one), Assumptions LA3 and LA3’ fail, and Theorem AN3 below shows that GMS and
PA tests have trivial asymptotic power against these (nb%)~'/2-local alternatives. See
Section [11] for local power results that apply when Assumption LA3 or LA3’ fail to hold.

The asymptotic distribution of T},(#,,.) under (nb%)~/2-local alternatives is shown
to be Jj x. By definition, Jj » is the distribution of

T(hy + A, hy) = /S<th (9) + hi(g) + o(g) A, ha(g) + eli)dQ(g), (10.3)

where h = (hy, he), Iy denotes Ily(+), and vp,(-) is a mean zero Gaussian process with
covariance kernel hy = hy g, (6o). For notational simplicity, the dependence of Jj, , on Iy
is suppressed.

Next, we introduce two assumptions, viz., Assumptions NLA4 and LA5, that are
used only for GMS tests in the context of local alternatives. The asymptotic analogues

of 3,,(6, g) and its diagonal matrix are

EF(ng; ZO) = ZF(07 9,9, ZO) + 62}7‘(07 ]-kv 1k7 ZO) and BF<07 g, ZO) = D’LCLQ(EF(Q, g, ZO))7
(10.4)
where ¥ r(0, g, g, z0) is defined in (7.6)).

Assumption NLA4. ;' (nb%)Y2D, %0, g, 20) Er, (m(Wi, 00, 9)|Z; = 20)f(z0) —

m1(g), where m1(g) = (m1.1(9), .., m1x(g)), for some 71 (g) € Ry for j = 1,....p,
m1;(g) =0for j=p+1,.. .k, and all g € G.

In Assumption NLA4 the functions are evaluated at the true value 0,,, not at the null
value 0, ., and (0, F,,) € F. In consequence, the moment functions in Assumption NLA4

satisfy the moment inequalities and 7 j(g) > 0 for all j =1,...,p and g € G. Note that
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0 <m,(9) < hy;(g) forall j =1,...,pand all g € G (by Assumption NLA1(b) and
Kp — 00.)

Let co(¢(m1), ha, 1 — @) denote the 1 — a quantile of

T(o(m1), ha) = / S(Wia(g) + @(m1(9)), halg) + £1)dQ(g), where

o(m1(9)) = (@(m11(9)), -, e(m1,(9)),0,...,0)" € R* and
p(x) =0if 2 <1 and p(z) =00 if z > 1. (10.5)

Let (1) denote p(m1(+)). The probability limit of the GMS critical value c(gpn(Q),/l\zz,n(ﬁ),
1 — @) is shown below to be ¢(p(m1), ha, 1 — a) = co(p(m1), he, 1 —a+n) + 1.

Assumption LA5. (a) Q(G,) =1, where G, = {g € G : m;(g9) # 1 for j = 1,..., p},
and

(b) the distribution function (df) of T'(¢(m1), he) is continuous and strictly increasing
at © = c(p(m), he, 1 — a), where hy = hy g, (0o).

The value 1 that appears in G, in Assumption LA5(a) is the discontinuity point of .
Assumption LA5(a) implies that the (nb%)~'/2-local power formulae given below do not
apply to certain “discontinuity vectors” my(-), but this is not particularly restrictive@
Assumption LA5(b) typically holds because of the absolute continuity of the Gaussian
random variables vy, (g) that enter T(¢(m1), ha) ]

The following assumption is used only for PA tests.

Assumption LA6. The df of T'(0g, hy) is continuous and strictly increasing at x =
c(0g, he,1 — ), where hy = hy g, (00)-

The probability limit of the PA critical value is shown to be ¢(0g, ho, 1 — ) =

co(0g, ha2, 1 — a+n) 41, where c(0g, he, 1 — ) denotes the 1 — a quantile of Jg )

70d9 °

Theorem AN3. Under Assumptions B, K, NM, S1, S2, and NLA1-NLA2,

34 Assumption LA5(a) is not particularly restrictive because in cases where it fails, one can obtain
lower and upper bounds on the local asymptotic power of GMS tests by replacing ¢(¢(71), ha, 1 —a) by
c(p(mi—), ha, 1—a) and c(p(m14), ha, 1 — ), respectively, in Theorem AN3(a). By definition, ¢(m—) =
o(m1(-)—) and p(m1(g)—) is the limit from the left of p(z) at z = m1(g). Likewise ¢(m1+) = ¢(m1(-)+)
and ¢(m1(g)+) is the limit from the right of p(z) at z = m1(g).

351f Assumption LA5(b) fails, one can obtain lower and upper bounds on the local asymptotic power
of GMS tests by replacing Jj, x(c(¢(m1), he,1 — «)) by Jux(c(p(m1), he,1 — a)+) and Jj x(c(p(m1),
h2,1 — a)—), respectively, in Theorem AN3(a), where the latter are the limits from the left and right,
respectively, of Jp A (2) at © = c(¢(71), he, 1 — ).
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() 1t oe Py (Ta(01) > (62 (0ne), B (Oe), 1= ) = 1= Ja(cl(m), B, 1—02))
provided Assumptions GMS1, NLA4, and LA5 also hold,

(b) limy, oo Pr, (Tn(0r) > ¢(0g, han(0n.0), 1—)) = 1= J,1(c(Og, ha, 1 —a)) provided
Assumption LA6 also holds, and

(€) img_ o[l — Jhgre (c((m1), B2, 1 — @))] = limg_o0[1 — Jao (¢(0g, ho, 1 — )] =1
provided Assumptions LA3’, S3, and S4 hold.

Comments. 1. Theorems AN3(a) and AN3(b) provide the (nb%)~'/2local alternative
power functions of the GMS and PA tests, respectively. Theorem AN3(c) shows that the

—1/2_Jpcal

asymptotic power of GMS and PA tests is arbitrarily close to one if the (nb?)
alternative parameter A = 5\, is sufficiently large in the sense that its scale 3 is large.

2. We have c¢(p(m1), ha, 1 — @) < ¢(0g, ha, 1 — @) (because p(m1(g)) > 0forall g € G
and S(m,Y) is non-increasing in m; by Assumption S1(b), where m = (m}, m/;)’).
Hence, the asymptotic local power of a GMS test is greater than or equal to that of a PA
test. Strict inequality holds whenever 71 (-) is such that Q({g € G : p(71(g)) > 0}) > 0.
The latter typically occurs whenever the conditional moment inequality Ep, (m;(W;, 0,,..)
| X, Z; = zo) for some j = 1,...,p is bounded away from zero as n — oo with positive
X; probability.

3. The results of Theorem AN3 hold under the null hypothesis as well as under the
alternative. The results under the null quantify the degree of asymptotic non-similarity
of the GMS and PA tests.

4. Suppose the assumptions of Theorem AN3 hold and each distribution F;, generates
the same identified set, call it ©y = ©p, Vn > 1. Then, Theorem AN3(a) implies that the
asymptotic probability that a GMS CS includes, 0,,.., which lies within O((nb%)~'/2) of
the identified set, is Jj, x(c(¢(m1), ha, 1 —a)). If A = B¢ and Assumptions LA3’, S3, and
S4 also hold, then 6, . is not in O (at least for § large) and the asymptotic probability
that a GMS or PA CS includes 8, . is arbitrarily close to zero for 3 arbitrarily large by
Theorem AN3(c). Analogous results hold for PA CS’s.

11 Asymptotic Local Power and Comparisons
with the CLR Test

In this Section, we derive local power results for the KS and CvM tests that cover

the case where the DGP does not depend on n and the moment inequalities are binding
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only on a measure-zero set of X;. The results of this section only yield the rates of
convergence (of the null hypothesis parameter values to the true parameter value) for
which the tests have non-trivial asymptotic power. In contrast, the results of Section
yield asymptotic distributions from which actual power approximations can be obtained.

Next, we compare the asymptotic power of the KS and CvM tests (in terms of rates
of convergence) with that of the CLR test in a simple moment inequality model. We
find that the KS and CvM tests have higher power than the CLR test for more flat
conditional moment functions and lower power for more curved conditional moment

functions.

11.1 Power Against a,-Local Alternatives

Here we study the asymptotic local power of the KS and CvM tests under condi-
tions that allow for a fixed true DGP’s with non-flat conditional moment functions, as
well as DGP’s that depend on n. The results are stated under high-level assumptions
(specifically, Assumptions NLA7 and NLA7 below). These assumptions are verified for
a simple moment inequality model in Section below.

For a sequence of positive constants {a,, : n > 1} such that a,, — 0, define a sequence

of a,-local alternatives suitable for the KS test as follows.

Assumption NLA7. The true parameters and distributions {(0,, F,,) € F : n > 1}
and the null parameters {0, . : n > 1} satisty (0,,., F,,) € F, and

(a) O0p. =0, + ay, 0, — 0y, and F,, — Fy for some (6y, Fp) € F,

(b) d(ha.r,(0nx), h2.r(00)) — 0, and

(c) for some sequence {g, € G : n > 1}, we have limnﬂoo(nbdz)1/2D}nl/2(0n,*,zo)
X Ep,mp, (0n.«, Xi, 20)90(X;) — hy € [—00,00], where h; ; = —oo for some j < p or

|hy j| = oo for some j > p and hy ; denotes the jth element of h;.

In Assumption NLA7, F, is defined in the paragraph following . In Assumption
NLA7(b), d is the uniform metric defined in (8.2).

The following assumption defines the sequence of a,-local alternatives suitable for
the CvM test.
Assumption NLA7'. The true parameters and distributions {(0,, F},) € F : n > 1}
and the null parameters {6, ., : n > 1} satisty (6, ., F,,) € F;, Assumptions NLAT7(a)
and NLA7(b) hold and

23



(c) for some sequence {G, C G : n > 1} Q(G,)YX(nb%)Y?min,cq,
B (Onx, g) — o0, where B (0,4, g) is defined as 3(g) is defined in (9.2)) with Fy and 6,
replaced by F,, and 0, . respectively, and x is the degree of homogeneity in Assumption

S4.

The following theorem shows that the KS and CvM tests have power that approaches
one under the sequences defined in Assumptions NLA7 and NLAT7, respectively.

Theorem AN4. Suppose Assumptions B, K, NM, and S1-S4 hold. In addition, suppose
Assumption NLAT holds when the KS statistic (defined in (6.6)) is used and Assumption
NLAT holds when the CvM statistic (defined in (6.7)) is used. Then,

(a) lim,, .o Prg, (15,(0,+) > B) =1 for any constant B > 0,

(b) lim,_.c Prs, (Tn<en7*) > ¢(0g, han(Onn), 1 — a)> —1, and

() lim oo P, (Ta(0n0) > e, (0n), o (00), 1 = @) ) = 1.

Comments. 1. Theorem AN4(a) shows that the test statistic 7,,(6,.) diverges to
infinity in probability under the sequence of local alternatives. Theorem AN4(b) and
AN4(c) show that the tests employing the PA and GMS critical values, respectively,
reject the null hypothesis with probability that goes to one as n — oc.

2. The proof of Theorem AN4 is given in Section below.

11.2 A Non-flat Bound Example

Now we verify Assumptions NLA7 and NLA7 for a simple moment inequality ex-
ample. To maximize clarity, we consider a fixed true parameter: (0, F,,) = (0o, Fp) for

all n.

Example. We consider the following moment inequality model with £ = p = 1 and
d, =d, =1:
EFO(}/i - 90|Xz =, Zz = Zg) 2 O, a.s. [FX70], (116)

where 2y = 0. The identified set for 6 is (—o0, 8], where § = min, Er, (Y;|X; =z, Z; = 0).

We consider the fixed distribution Fy under which X;, Z; ~Unif([-1/2,1/2]), X; and
Z; are independent, Er, (Y;|X; = x,Z; = 0) is uniquely minimized at = = 0, E(Y;|X; =
x,Z; = zp) = c|x|™ for some ¢, 7 > 0 and z in a neighborhood of 0, and inf, Var(Y;|X; =

x, Z; =0) > 0. For this Fy, 0 = 0, mg,(0,x, z0) = c|z|™ — 0, and infy Dg, (0, z9) > 0. We

consider the true parameter 6, = 6 = 0.
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To be consistent with the rest of the paper, we consider an S function with y = 2,
G = Ge_cube, and Q as defined in Section [6.4] with w(r) = (r? 4+ 100)~*.

For this example, the following Theorem, combined with Theorem AN4, characterizes
the sequences of null parameters that the KS and CvM tests reject with probability

approaching one as n — oo.

Theorem ANS5. (a) Assumption NLAT is satisfied for the example in (11.6) with null

hypothesis parameter values 0,, . = 0y + a,, if
Ay (nb)™ ™2 o0, (11.7)

(b) Assumption NLAT is satisfied for the example in (11.6|) with null hypothesis para-

meter values 0,, . = 0y + a,, if
Ay (n)™ 375) 5 o, (11.8)

Proof of Theorem AN5. We verify only part (¢) of Assumptions NLA7 and NLA7
because parts (a) and (b) of these assumptions are straightforward to verify.

To verify Assumption NLA7(c), let 7 be the smallest integer such that (2r})~! <
(0,,../c)/™. For n large enough, we have (2r%)~' > (0,./c)"/"/2 (because otherwise
2(rr = 1)) < (Onn/c)™). Let go(x) = 1(z € (0, (2r%)~Y]). Then, g, € G._cupe and

n

(2ry) "
EFomFo (Qn,m X, ZO)gn<Xi) = / (C x” - 0”7*)dx
0

O/ /2 2"(r+1) — 1
< 2" =0, )dy = -2 L/ mplal/w 11.9
<[ (e+a" e =~ T e O (119)

where the first inequality holds because ¢ - 2™ — 0,,, < 0 on the integral range and
the second equality holds by direct calculation. Given and , additional
elementary algebra shows that Assumption NLA7(c) holds.

To verify Assumption NLA7'(c), consider G,, = {g,,} with g, defined as in the KS

case above. Then,

Q(Gy) = (2r;) 7" - () +100) 7"
One /)Y (O /)2 +100) 7!
0/C)* ™ (1 + o(1)). (11.10)

I
—_
—~
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Thus, Q(G,)?(nb) 2B (Ons, gn) > C - (1 + 0(1))(nb)1/29;27:+5)/(2”) for some constant
C > 0 (because B, (0n., Gn) = By, (O, X, 20)gn(X) > TEL Um0 U™ in the
present case). This, (11.8), and some additional elementary algebra show Assumption

NLAT7'(c) holds. O

11.3 Power Comparisons with the CLR Test

In this subsection, we continue the example above and compare the local power
properties of the KS and CvM tests to that of the CLR test.

The CLR test is based on nonparametric estimation of E(Y | X = z, X = z;). Suppose
that the uniform convergence rate of the nonparametric estimator of this conditional
expectation is v,,, where 7, — o0o. Then, by Theorems 1-3 of CLR, the CLR test has

power approaching one as n — oo if 6, . — 6 converges to zero slower than 7, ', that is,
Y (Ons — Op) — 0. (11.11)

The relative power properties of KS, CvM, and CLR tests is obtained by comparing
(11.7), and (11.11). Specifically, the KS tests have better asymptotic local power
than the CLR test if (nb)~™/?7+2)~ — 0. The opposite is true if v, (nb)™ +2) — 0,
The CvM test has better asymptotic local power than the CLR test if (nb) =™/ %)y
0. The opposite is true if v, (nb)™ 75 — 0.

The conditions above translate into thresholds for 7, above which the KS and CvM
tests have better asymptotic local power than the CLR test, and below which the oppo-
site is true. For the KS test versus the CLR test, the 7 threshold implied by the above

conditions is
. 2log~y,

"= lognb — 2log~y,,’

(11.12)

which solves (nb)~™/(?7"+2)y = 1. For the CvM test versus the CLR test, the 7 thresh-
old is
. 5log~,

= . 11.13
" lognb — 2log,, ( )

By design, 7 controls the flatness of the curve E(Y;|X; = x, Z; = zy) at its bottom,
with a larger 7 yielding a flatter curve. The above analysis shows that the KS and
CvM tests have higher asymptotic local power than the CLR test for flatter (but not

necessarily completely flat) bound curves, while the CLR test has higher power for more
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curved bound curves.

Next, we calculate the threshold for 7 for the b chosen in this paper and the +,, implied
by the recommended tuning parameters in CLR. In this paper, we choose b ~ n~%/7 and
thus nb ~ n®7, where ¢, ~ d, means ¢, = O(d,) and d,, = O(c,). In CLR, for the
local linear version of their test, the recommended bandwidth is h ~ n=1/6p1/10n=1/7 =
n~*/219 This implies a pointwise convergence rate for the local linear bound estimator of
n'/2h a2 n/2p—44/210 = p61/210 The uniform convergence rate should be slightly slower,
giving v,, = o(n5'/21%). Thus, the 7 threshold for the KS test versus the CLR test is

61/210 61 .
5/14 —61/210 14

44, (11.14)

The 7 threshold for the CvM test versus the CLR test is

5 x 61/210 305
=22 2109, 11.15
5/7—2x61/210 28 (11.15)

Finally, we note that the analysis in this section only compares the asymptotic local
power of the tests under a fixed true (6o, Fp). It does not necessarily have a direct
implication for the relative power of the tests for any given finite sample size n when the
bound curve is not completely flat. In fact, the Monte Carlo experiments in this paper
and in AS1 show that the CvM tests have higher finite-sample power than the CLR
test for bound curves that are not as flat as c|x|'°. Such finite-sample behavior can be
explained by the asymptotic local power results under drifting sequences of true DGP’s
given in Section [I0] We believe these provide better finite-sample approximations than

the results of this section.

12 Proofs

12.1 Proof of Lemma AN1

Proof of Lemma AN1. We have: § ¢ ©p(G) implies that Ep(m;(W;,0)9;(X;)|Z; =
29) < 0 for some j < p or Ep(m;(W;,0)g;(X;)|Z; = 20) # 0 for some j =p+1,..., k. By
the law of iterated expectations and g;(z) > 0 for all z € R% and j < p, this implies
that Pp(X; € Xr(0)|Z; = 29) > 0 and, hence, 0 ¢ Op.

On the other hand, 0 ¢ O implies that Pr(X; € Xr(0)|Z; = 29) > 0 and the latter
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implies that 0 ¢ ©r(G) by Assumption NCI. [J

12.2 Proof of Theorem AN1

In this section, we prove Theorem AN1. We start by introducing some notation.
Next, we establish Theorem AN4, which is used in the proof of Theorem ANI1. To
prove Theorem AN4 we use Lemmas AN2-AN4. The proofs of the latter use Lemmas
AN5-ANT.

12.2.1 Notation

First, we define sample-size n population analogues of the asymptotic covariance
kernels that are defined in ((7.6). We make their dependence on b = b,, explicit. Le@

har(0,9,9%,0) = D"*(8,0)Sr(6, g, g%, ) Dy"*(6,b)
= Coup (DE*(6,6)m(W,0, 9,b), Dy (6, b)m(W;, 0. 4",0))
Yr(0,9,9%,b) = Covp(m(W;,0,g,b), m(W;,0,g",b)), and (12.1)

Dp(0,b) = Diag(Sp(0, 1, 14, b)) (= Diag(Vare(b=%/2K,(Z:)m(W;,0)))).

Let hy (6, b) abbreviate the sample-size n covariance kernel {hs ¢(0, g, g*,b) : g, g* € G}
of n*/?m,, (0, g), which depends on n through b.
Next, define

hinr(0,9,0) = 02D 20, b) Epm(W;, 0, g, b),
hl 2(0,9.5) = (nb™) 2D 2(0,0) Er(mp(0, Xi, 20) © g(X5)),
hh p(0,9,9%b) = (bl p(0.9,b),hap(0,9,9%,D)),
o r(0,9,9°,b) = DR 2(0,0)5,(0, 9, ") D*(0,b),
h2,n,F<eaga ) - thF(e g, g7b)+€h2nF(6 1k71k7b)
1/2(9 D)S,(0,9)D5?(6,b), and (12.2)
Vn,F(eagab) = n_l/QZD;1/2<97b)[m(mfiaeagvb) - EFm(VVia 9,9, b)]?

=1

36For simplicity, there is some abuse of notation in the definitions in {j because ha, 7 (0, g,9*,b)
has a different definition than hs (6, g, g*, 20) in (7.6)), but the only difference in the notation is b versus
20. The same is true for Xz (0, g,g*,b) and Dg(0,b) versus X g (0, g, g*, 20) and Dg(6, z0).
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where mz(0, z, 2), m(W;,0,g,b), £,(0, g), and in(ﬁ,g,g*) are defined in of ASN,
(6.3), (6.5), and (7.7), respectively, and A ® B denotes the direct (i.e., element by ele-
ment) product of two matrices or vectors, A and B, with the same dimensions. Below we
write T),(f) as a function of the quantities in (12.2)). As defined, (i) k1 (0, g, b) is the k-
vector of normalized means of the moment functions D;l/ 2(9, bym(W;,0,¢9,b) for g € G,
which measure the slackness of the population moment conditions under (6, F), (ii)
h;n’ (6, g,0) is an approximation to hy ,, (6, g, b) that has the very useful feature that it
is non-negative when (0, F') € F because mp(0, X;, z9) > 0 a.s. by of ASN and As-
sumptions PS1(c) and (d) stated in ASN, (ii) hj% r(0,9,9%,b) contains the approximation
to the normalized means of D;UZ(G, bym(W;, 0, ¢g,b) and the covariances of D;UQ(G, b)
m(W;,6,¢9,b) and D;1/2(¢9, bym(W;, 0, g*,b), (iii) /ﬁgvn’F(Q,g,g*,b) and hy,, (6, g,b) are
hybrid quantities—part population, part sample—based on in(Q, g,9%) and %,(0, g),
respectively, and (iv) v, #(0, g,b) is the sample average of D;l/ %(0,b)ym(W;,0, g, b) nor-
malized to have mean zero and variance that is O(1) but not o(1). Note that v, ¢(6,-,b)
is an empirical process indexed by g € G with covariance kernel given by hy (6, g, g*, b).

1/2

The normalized sample moments n'/*m,, (6, g) can be written as

n'?71,(0, ) = Di*(0,0) (vn#(0, 9,b) + h1n 1 (0, 9,D)). (12:3)

The test statistic T,,(f), defined in ([6.6)), can be written as

T.(0) = /S(ymF(Q,g,b) + h1nr(0,9,0), honr(0,g,0))dQ(g). (12.4)

Note the close resemblance between T7,(6) and T'(h) (defined in (7.1))).

Let H; denote the set of all functions from G to Rf Lo X {0}

For notational simplicity, for any function of the form rg(6,g,b) for g € G, let
rr(0,0) denote the function rg(f,-,b) on G. Correspondingly, for any function of the
form rp(0, g, g*,b) for g, g* € G, let r(0, ) denote the function rp(0, -, -, b) on G2

12.2.2 Theorem AN4

The following Theorem provides a uniform asymptotic distributional result for the
test statistic 7,,(f). It is an analogue of Theorem 1 of AS1. It used in the proof of
Theorem ANT.

Theorem AN4. Suppose Assumptions B, K, NM, S1, and S2 hold. Then, for every
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compact subset Ha pr of Ha, all constants L0b) € R that may depend on (0, F) and
n through hL7F(9, b), and all 6 > 0, we have

(a) limsup  sup [PF(TR(H) > thF(&b)) - P(T(hL,F(Q7 b)) +0 > Tyt F(G,b))] <0,
nTmee (0, F)eF: ’ '
hQ,F(6)6H2,cpt

() limint it [PF(TH(Q) >3 ony) = PO, o(0,6) = 6 > mhL,Fw,b))] >0,
h27F(79)€H2‘,cpt

where T(h) = /S(Vh2 (9) + hi(g), ha(g) + elix)dQ(g), viy(-) is the Gaussian process

defined in (7.2), and hf (0,b) = b 1(0,-,-,b) is defined in (12.2).

Comments. 1. Theorem AN4 gives a uniform asymptotic approximation to the dis-
tribution function of 7,,(#). Uniformity holds without any restrictions on the true nor-
malized mean (i.e., moment inequality slackness) functions {hy . g, (0,,b) : n > 1}. In
particular, Theorem AN4 does not require {hy ,, r, (6,,b) : n > 1} to converge as n — oo
or to belong to a compact set. The Theorem does not require that 7,,(#) has a unique
asymptotic distribution under any sequence {(0,, F;,) € F : n > 1}.

2. The supremum and infimum in Theorem AN4 are over compact sets of asymptotic
covariance kernels Hj ., rather than the parameter spaces Hs of covariance kernels. This
is not particularly problematic because the potential asymptotic size problems that arise
in moment inequality models are due to the pointwise discontinuity of the asymptotic
distribution of the test statistic as a function of the means of the moment inequality

functions, not as a function of the covariances between different moment inequalities.

12.2.3 Lemmas AN2-AN4

The proof of Theorem AN4 uses the following three Lemmas. The first Lemma is a
key result that establishes that the finite-sample covariance kernel hs (6, b) converges to

the asymptotic covariance kernel hs #(6) in the sup norm d uniformly over (6, F) € F,.
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Lemma AN2. Suppose Assumptions B, K, and NM hold. Then,

(a) sup sup HZF<6,g,g*,b) _EF(evgvg*azO)H _>07
(97F)e]:+ g7g*€g

(b) sup ||Dz'(8,20)Dp(0,b) — x| — 0, and
(6,F)eF+

(C) sup d(hg,p(e, b), h27F(€)) — 0.
(6,F)eF4+

Comment. Lemma AN2 is a key ingredient in the proof of Lemma AN4, which in turn
is used in the proofs of Theorems AN4 and AN1. See Comment 3 to Lemma AN4 for a

description of how Lemma AN2 is employed.

The next Lemma shows that the bias due to taking averages over values z (# zp)
for which the conditional moment inequalities in (2.1)) of ASN do not hold is negligible
asymptotically.

Lemma AN3. Suppose Assumptions B, K, and NM hold. Then,

lim sup sup sup th,n,F(ev 9, b) - h‘{ n F<97 g, b)“ — 0.
n—oco  (0,F)EF geG o

Comment. For Lemma AN3 to hold, a key feature of the definition of hlm r(0,9,0),
given in 1) is that the normalization is by D;l/ *(6,b) (not D;l/ %, 2)), which is

the same normalization as in hy, #(0, g, b).

The next Lemma is analogous to Lemma Al of AS2. It is used in the proofs of
Theorems AN4 and AN1-AN3. It establishes a functional CLT and uniform LLN for
certain independent non-identically distributed empirical processes as well as uniform
convergence of the estimator of the covariance kernel.

Let Hy + = {hor(0) : (0, F) € F.}. By definition, Ha,  is a set of k x k-matrix-valued
covariance kernels on G x G that includes Hs.

Definition SubSeq(hy). For hy € Hy 1, SubSeq(hs) is the set of subsequences {(f,,,
F,) € Fy:n > 1}, where {a, : n > 1} is some subsequence of {n}, for which

n

(i) lim sup ||hgr,, (ba,,9,9") — ha(g,9")|| =0

and (ii) {W; : ¢ > 1} are i.i.d. under F, .
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Note that the definition of SubSeq(hs) here differs from the definition of SubSeq(hs)
in AS2 because (i) the summands of the sample averages are m(W;, 0, g, b) = b=%/2K,(Z;)
m(W;, 0, g), rather than m(W;, 0, g), and {m((W;,0,g,b)m(W;,0,¢9*,b) : n > 1} is not
uniformly integrable, which complicates the proof of Lemma AN4(b) below, (ii) SubSeq
(he) requires (0,,,F,,) € Fi, and (iii) SubSeq(hy) does not impose any conditions
related to Assumption NM. The latter are imposed separately in the results below.

The sample paths of the Gaussian process v, (+), which is defined in and appears
in the following Lemma, are bounded and uniformly p-continuous a.s. The pseudo-metric

p on G is a pseudo-metric commonly used in the empirical process literature:

p*(9,9") =tr (ha(g,9) — ha(g, ") — ha(g*, 9) + ha(g*, g%)) - (12.5)

For hy(-,+) = hap(6,-,-), where (0, F') € F, this metric can be written equivalently as

p2(9,9%) = Er||Dp"*(0)[m(Wi, 6, g) — m(W;, 0, g")]||?, where

Lemma AN4. Suppose Assumptions B and NM hold. For any subsequence {(0,,, F,,) :
n > 1} € SubSeq(hsy) with hy € Hs 4,
(a) Van,Fu, (Oans s ba,) = Vi, (+) as n — 0o (as processes indexed by g € G), and

(b) Supgvg*eg ||h27an7Fan (ean’g’g*7ban) - h2(g’g*)|| _)p O as n — Q.

Comments. 1. To obtain uniform asymptotic coverage probability results for CS’s,
Lemma AN4 is applied with (0, , F,, ) € F for all n > 1 and hy € H,. To obtain power
results under fixed and local alternatives, Lemma AN4 is applied with (6, , F,,) € F.\F
for all n > 1 and hy € Ho .

2. Assumption PS3(d) stated in ASN only needs to hold with an exponent 2 4 §
for some 0 > 0, rather than 4, for Lemma AN4(a) to hold. For Lemma AN4(b), which
gives consistency of the estimator of the covariance kernel, the exponent 4 is needed to
control the variance of the covariance estimator.

3. The proof of Lemma AN4(a) is an extension of the proof of Lemma Al of
AS2 (which is given in Appendix E of AS2). The proof of Lemma AN4(b) is different
from that of Lemma A1 of AS2 because the summands m(W;, 0, g,b) are not uniformly
integrable, so a standard uniform law of large numbers cannot be employed. Rather, an

empirical process maximal inequality is utilized.
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4. To prove Theorem AN4, we adjust the proof of Theorem 1 of AS1. The
proof of Theorem 1 of AS1 uses a subsequence argument to reduce a uniform result
over (0,F) € F for which he p(0) € Hapt as n — oo to a result for a subsequence
{(Oa,, F,,) € F : n > 1} for which the covariance kernels {hy r, (0a,,9,9%) : n > 1}
satisfy d(he r,, (0a,), hoo) — O for some limit hy o € Ho.

In AS1 and AS2, the covariance kernel hs p(0) of v,(0,-) is a normalized sum of
terms m(W;, 0, g) and does not depend on n. Hence, the sample-size n and the asymp-
totic covariance kernels are the same. In contrast, in this paper, the covariance kernel
ha #(6,b) of v, p(6,-,b) is a normalized sum of terms m(WW;, 6, g,b) and it depends on n
through b. Here, the subsequence of covariance kernels {hy r, (0a,,9,9%) : n > 1} (that
arises from the subsequence argument in AS2) is a subsequence of asymptotic kernels.
We use Lemma AN2(c) to show that if d(ho r,, (04, ), hoo) — 0, then the sample-size a,,
covariance kernel ho , (0,,,0bq,) satisfies d(ho p, (0a,;ba,), hoo) — 0 as n — oo. This

holds because

d(ha,r,, (0a,, b, ), h2,0)
S d(h’27Fan (Qan7 blln)’ h2uFan (Han)) + d(h/27Fan (Qan)7 h270)

< sup d(hgr(0,ba,), hor(0)) + d(har,, (0a,), hao)
(6,F)eF

— 0, (12.7)

where the first inequality holds by the triangle inequality and the convergence holds
by Lemma AN2(c). The convergence result in (12.7) is the condition that is needed
to obtain the weak convergence of the empirical process v, r, (0a,";ba,) in Lemma

AN4(a).

12.2.4 Proofs of Theorems AN4 and AN1

Proof of Theorem AN4. We alter the proof of Theorem 1 of AS1 to prove Theorem
AN4. The statements of Theorem 1 of AS1 and Theorem AN4 differ because h,, (6)
appears in the former result, whereas hi} #(0,b) appears in the latter. The proof of
Theorem 1 of AS1 is given in AS2. Throughout this proof, x5, r, (.,,) is replaced by
Lyl B (0a, ba,)- BY Lemma AN3, for the sequence {(0a,, Fu,) : n > 1} that appears in
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the proof in AS2, we have

Sup ||h1,an,Fan, (earﬂ 97 ban) - hLan;Fan (ean’ g? ban) H - 0 (12'8)

geg

We define fan as in (12.5) of AS2, but change the definition of Tvamo to

Tovo = [ S (30(0) + bl (0u,9:12,). iol9)) dQU0) (12.9)

By construction, Tvamo has the same distribution as T(hlm £, (04,5 04,)) for all n > 1.

With this change in the definition of 7, un,0, We need to show that (12.7) of AS2 holds.

The rest of the proof of Theorem 1 given in AS2 goes through without any changes.
We change the proof of (12.7) by replacing 7,, (g)(w) by

Dan (g) ((A)) + hJ{,a",Fan (ean’ g’ ban) - hlaanyFan (QG/’IL7 g7 ban) (]‘210)

in (12.10), (12.12), and (12.13) of AS2. The quantity in converges to 7y(g)(w)
for all w € O using above. Given the (12.10]) replacement, (12.11) of AS2 holds
with hya,. 7., (0a,s 9:ba,) replaced by hJ{,am #., (0., 9,0q,) in the first summand on the
lhs. In addition, hi, r,, (04,9 ba,) is replaced by h;am Fa, (04, ,9,b4,) in the second
summand on the lhs of (12.11) due to the new definition of T}, o given in . With the
above changes, the first line of (12.14) of AS2 holds with 7,,(9)(w) + h1,4,,F., (0an: 9, bay)
replaced by 7., (9)(w) + h;am Fo, (0a,, 9. 0q,). In consequence, the second inequality of
(12.14) of AS2 holds because h-lli;an:Fun (0a,,9,ba,) > 0 (since mp(0, X;,20) > 0 a.s. by
of ASN and Assumption PS1(c) and (d) of ASN). The remainder of the proof of
(12.7) of AS2 goes through without any changes. [

Proof of Theorem AN1. We adjust the proof of Theorem 2(a) in AS1 to prove part
(a) of Theorem AN1. The proof of Theorem 2(a) of AS1 is given by the combination of
Lemmas A2-A5 stated in Appendix A of AS2. Hence, we need to establish analogues of
these Lemmas that hold in the context of this paper.

In the analogue of Lemma A2, the quantity co(h, (6), 1 —a) is replaced by Co(hL, (0,
b), 1 —a) because the latter is the 1 —« quantile of the distribution of T(hjl? 7(6,b)), which
depends on hj% (6,b), not h, (). Given this change, the proof of Lemma A2 of AS2
goes through making use of Theorem AN4 in place of Theorem 1 of AS1. Note that the
quantity xy, .(9) that appears in Theorem 1 of AS1 and in the proof of Lemma A2 of AS2
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is changed to Thi L (00) in Theorem AN4 because we take Tpi (o) = co(hLF(H, b),1—a)+d
in the proof of the analogue of Lemma A2.

In the statement of the analogue of Lemma A3 of AS2, c(th’F(H),ﬁg,n(H), 1—a)
is replaced by c(hImF(G,b),/sz,n(G), 1 — a). To prove the analogue of Lemma A3 of
AS2; we use the property of the sequence {(0,,, F,,) : n > 1} constructed there (that
d(ha,a,.F,, (a,), h2p) — 0) and Lemma AN2(c) to show that {(0,,,F,,) : n > 1} €
SubSeq(hs). In the rest of the proof, we make the following changes: h1,, 5, (6, ) is re-
placed by hian,Fan (04, bq,) in (12.16) and (12.17), but not in (12.22), and hy 4, 7, i (@a,,
g, b, ) is replaced by hi,an,Fan ;(0a,, g, ba,) in the first three lines of (12.23), and in the sec-
ond appearance of hy 4, 7, j(0a,; g, ba,) in the fourth, fifth, and seventh lines of (12.23).
In addition, the empirical process and other finite-sample quantities depend on b,, in the
proof. The second equality of (12.23) holds because h;am Fo i (ans 95ba,) > 0 (because
mp(0, X, z0) > 0 a.s. by of ASN and Assumptions PS1(c) and (d) of ASN). The
equality in (12.23) holds by the argument given plus the result of Lemma AN3, which
implies that hlanyFan i(0an, 9, a,) = h1a, £y, j(0a,s 9, ba,) + o(1) uniformly over g € G.

In the statement of the analogue of Lemma A4 of AS2, hy, r(f) is replaced by
hln’ 7(6,b) twice. In the proof of the analogue of Lemma A4 of AS2, we use Lemma
AN2(c) to show that the sequence {(0,,,, F,) : n > 1} constructed there is in SubSeq(hs)
(as in the proof of the analogue of Lemma A3). The rest of the proof of the analogue
of Lemma A4 goes through with the only changes being that hi 4, 7, (0a,,9) is replaced
by h;am #, (0a,: 9, ba,) throughout and ha r, (6., 9) depends on b,

The proof of the analogue of Lemma A5 of AS2 goes through without any changes.

Given that the analogues of Lemmas A1-A5 of AS2 hold, the proof of Theorem
AN1(a) is complete.

Next, we prove part (b) of Theorem AN1. To do so, we adjust the proof of Theorem
2(b) of AS1, which is given in Appendix C of AS2. The proof of Theorem 2(b) in AS2
goes through as is with the following two changes. First, Lemma AN4 is used in place
of Lemma A1l of AS2. Second, (14.16) of AS2 is replaced by the following:

Kglhl,n,Fc(emg) = Hglh];,n,Fc(em.g) + O(K;Ll)
= (nb®)2k D320, 0) Ep(mp(0, X;, 20) © g(X3)) + o(k; )
— h100,7.(0c, 9), (12.11)

where the first equality holds by Lemma AN3, the second equality holds by the definition
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of hJ{,m 70 g) in , and the convergence holds because (i) the diagonal elements
of the diagonal matrix D;l/ ?(0,b) are bounded away from zero by Lemma AN2(b) and
Assumption PS3(a) of ASN, (ii) (nb%)"2k;' — oo by Assumption GMS2(c), (i) by
the definition of Ay 5, (0., 9) (given just before Assumption GMS2 in Section [7.4)),
the jth element of hy o 5. (0., 9) equals 0 if Epmpg;(0, X;, 20)g;(X;) = 0 and equals oo if
Ermp (0, X;,20)9;(X;) > 0, and (iv) x,' — 0 by Assumption GMS1(b). This completes
the proof of Theorem AN1(b). O

Theorem N1 of ASN holds for ry, such that r;, < oo and r;, — 0o as n — oo by
minor alterations to the proofs of Theorems AN1 and AN4 (where Theorem AN4 given
in Section is used in the proof of Theorem ANl)E] The alterations to the proof of
Theorem AN4 (given above) involve changing the definition of famg in so that its
integrand (which is just a summand in the present case because G is countable, @) is a
measure on G, and the integral reduces to a sum for the test statistic in of ASN) is
non-zero only for r < r; ,. The definition of Tan needs to be changed likewise. With these
changes the bounded convergence theorem argument, as in the proof of Theorem 1 of
AS1 given in Appendix A of AS2, goes through[®| Lemmas AN2-AN4, which are used in
the proof of Theorem AN4, do not require any changes. The proof of Theorem AN1(a)
is based on analogues of Lemmas A2-A4 in Appendix A of AS2 (as well as Theorem
AN4). Again one only needs to truncate the integrals (which reduce to sums because G
is countable) to terms with r < r;,, wherever the integrals appear in the proofs. The
proof of Theorem AN1(b) is based on the proof of Theorem 2(b) given in Appendix C
of AS2. In this case as well, one only needs to truncate the integrals (which reduce to
sums because G is countable) to terms with » < ry,, wherever the integrals appear in the
proofs—specifically, in (14.11), (14.14), (14.20), and (14.23). The bounded convergence
theorem argument given in the proof of Theorem 2(b) to obtain (14.20) and (14.23) goes
through with these changes”]

3TNote that the truncated test statistic in ANS is of the form in of Section

38The alterations needed here are simpler than those in the proof of Thm. B1 in Appendix B of AS2,
which considers approximate CvM tests, because ANS deals only with CvM tests based on a countable
set Ge.cupe and in consequence the bounded convergence argument goes through.

39Note that Comment 2 to Theorem B1 in Appendix B of AS2 which says “Theorem 2(b) is not given
here because the proof of Theorem 2(b) does not go through with KS or A-CvM test statistics” only
applies to simulated and quasi-Monte Carlo A-CvM test statistics. With truncated sums, as in ASN,
the proof does go through.
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12.2.5 Lemmas AN5-AN7 and Proofs of Lemmas AN2-AN4

The proof of Lemma AN2 uses the following three Lemmas.
Let A ® B denote the direct (i.e., element-by-element) product of two matrices A

and B with the same dimensions.

Lemma ANS5. Suppose Assumption NM holds. Then, for all g, g* € G and (0, F) € F.,
Yk(0, 9,9, 20) = ErXp(0, Xi, 20) © (9(X:)g"(Xi)"),

where Xp(0,x,2) and Xr(0, g, g%, 2) are defined in (2.15)) of ASN and (7.6)), respectively.
Lemma ANG6. Suppose Assumptions B, K, and NM hold. Then,

sup sup |[b- =2 EpKy(Z,)m(W;, 0, g)|| = O(b™/?) = o(1).
(9,F)€f+ 9€g

Lemma ANTY. Suppose Assumptions B, K, and NM hold. Then,

sup sup ||b=%EpKZ(Z)m(W;, 0, )m(W;, 0, g*)

(0,F)eFy 9,9%€G
_EFEF<9>Xia Zo) © (Q(Xi)g*(Xi)/)H — 0.

Proof of Lemma ANZ2. Using the definitions in ((7.6)) and (12.1]), part (a) is established

as follows. We have

Sr(0,9,9%,0) = Covp (b~ Ky(Z)m(Wi, 0, 9), b~ Ky(Z)m(W;, 0, g*))
= b~ Ep K (Z)m(W;, 0, g)m(W;, 0, g*)'
—b =P ERKy(Z)ym(Wi, 0, g) - b2 Ep Ky(Zi)m(W;, 0, g7)'
= Ep[Xr(0, Xi, 20) © (9(X3)g™(X;)")] 4 o(1)
= Yr(0,9,9%, z0) + o(1), (12.12)

where the o(1) term holds uniformly over g, ¢g* € G and (0, F') € F, the third equality
holds by Lemmas AN6 and AN7, and the fourth equality holds by Lemma ANb.
Part (b) follows from part (a) by taking g = g* = 1) because Dg(6,b) = Diag(Xr(0,
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1, 1x,0)), Dr(0,20) = Diag(Xp(0, 1, 1k, 20)), and sup per, |DF' (0, 20)|| < o0 by
Assumption PS3(a) of ASN.
Part (c) follows from parts (a) and (b) because
haop(0,9,97,0) = [D_1/2(9 b)Dl/Q(H,ZO)] [D;l/z(H,ZO)ZF(Q,g,g*,b)D;l/Q(Q, zo)]
x | D0, 20) D (0,0
har(0,9.9, %) = Da'?(0, 20)Sr(6, g, g%, %) D5 (6, 20), (12.13)

and sup g myer, D;l/z(ﬁ,zo)H < o0. U

Proof of Lemma AN3. For notational simplicity, suppose mg(0,z,z) (defined in
(2.15) of ASN to equal Er(m(W;,0)|X; = x,Z; = z) f(z|x)) is a scalar. This is without
loss of generality (wlog) because we could argue element by element. By a two-term

Taylor expansion of mp (0, x, zg + bz*) around z* = 0, we have

sup /K (mp(0,z, 20+ b2%) —mp(0, x, 20)]dz"
0F 6.7'-+
*/ * 8 * 7%
= sup |b [ 2K (2")dz"—mp(0,z,2) + K(z (0,2,2)2"dz
(0,F)F 0z

82
<V sup |K(2)|- sup sup ||m—=—mp(f,z,2)| - ‘/ M2z
z€[—1,1]d= (8,F)eF z€20 020z [—1,1]2=
= b*L,,(z)C (12.14)

for some C' < oo, where the Taylor expansion is valid by Assumption PS3(b) of ASN,
Z is some intermediate point that is in Z, for b sufficiently small, the inequality uses
Assumption K(c), the last equality uses Assumptions K(d) and K(e), and L,,(z) is
defined in Assumption PS3(b) of ASN.
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Using ((12.14)), we have: for all (0, F') € F and g € G,

|Epm(W;,0,9,b) — b= Epmp(6, X;, 20)9(X;)]
— b2 Ep K (Z)m(W;, 0)g(X:) — b2 Epmp(0, X, 20)9(X;)|
B ‘/ (/ b ( _bzo) (6,2, 2)dz — b-mp(9, 3, zo>) 9(2) £ (2)du ()

_ bdz/2

/ (/ (K (%) mp(0,2, 20 +b27) = K (%) mp(0, 2, 20)] czz*) 9(2) f(2)dpx ()

< bt/ / DLy (2)CGf (2)diy ()
< V120G 0,, (12.15)

where CGCy < o0, the first equality holds by the definition of m(W;, 6, g,b), the second
equality uses iterated expectations with conditioning on (X;, Z;) and the definition of
mp(0,x, z), the third equality holds by change of variables with z* = (z — zy) /b, the first
inequality holds by and Assumption NM(a), and the second inequality holds by
Assumption PS3(b) of ASN.

By Assumption B(a), n'/20(b**%:/2) = o(1). This and (12.15) give

sup sup [n*2Epm(W;,0,9,b) — (nb™) V2 Epmp(0, Xi, 20)9(X;)| = o(1).  (12.16)
(6,F)eF gcg

Equations - also hold with D;l/ 2(6’, b) multiplying each quantity inside
the absolute values (using Lemma AN2(b) and Assumption PS3(a) of ASN). Equation
(12.16]) (with the multiplicand D;l/ ?(0,b) added inside the absolute values) and the
definitions of h; , r(6, g,b) and hln,F(Q, g,b) give

Sup sup ’hl,n,F(97 9, b) - hJ{,n,F<97 g, b)’
(0,F)eF geg

= sup Sup|n1/2D;1/2(€,b)EFm(m,Q,g,b)
(0,F)eF geg

—(nb*™)2 D20, 0) Epmp (6, X;, 20)9( X))
= o(1). (12.17)

This completes the proof of Lemma AN3. [J

Proof of Lemma AN4. The proof of part (a) follows the same argument as used to
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prove Lemma Al(a) of AS2 using Lemmas E1-E3 in Appendix E of AS2. Lemmas E1
and E2 hold without change.

The results of Lemma E3 of AS2 hold for SubSeq(hs) as defined here with hy €
Hy+ and with m(W, ;(w),8,,9) and D;jm(ﬁn) replaced by m(W,;(w),6,,g,b) and
D;j/ 2(6n, b), respectively, in (16.4) of AS2. Lemma E3 of AS2 is proved by verifying
conditions (i)-(v) of Theorem 10.6 of Pollard (1990). The proof in the present context
requires some adjustments.

In the verification of (i), m(W,(w),0,,9) and o, ;(0,) are replaced by m(W,
(w), 0, 9,b) and the (j,j) element of D}f(ﬁn,b) in (16.35)-(16.36) of AS2.

In the verification of (ii), Dg,(6,) and Xg, (0,, g,9*) are replaced by Dg, (6,,b) and
Yg,(0n,g,9%,b)in (16.37) of AS2. Then, condition (i) of SubSeq(hz) plus Lemma AN2(c)
deliver the desired convergence. Lemma AN2(c) is required in the proof in the current
case, but not in AS2, because the finite-sample covariance kernel of the empirical process
depends on b in the present case.

In the verification of (iii), one can ignore the O';ij(en) and G(X;) multiplicands in
(16.38) of AS2 because Lemma AN2(b) and Assumption PS3(a) of ASN imply that
a;i7j(9n) is uniformly bounded over (0, F) € F,; and n > 1 and Assumption NM(a)
implies that G(X;) = G < co. Then, Lemma AN2(a) gives the desired result.

Condition (iv) is the Lindeberg condition. In the verification of (iv), one can ignore
the o' (#,) and G(X;) multiplicands in (16.39) of AS2 for the same reasons as above.
The required condition reduces to: for all £ > 0, some d > 0, and all j < k,

An =Y Egmp (Wi, 0, b)1(Jmy ; (Wi, 0,,0)] > €) — 0, where
=1

My (Wi, 0,0) = n= 20~ K (Z;)m; (W5, 6). (12.18)
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We have

Ay < nEp,[my (Wi, 0,,0) 77 /€°
— n—5/2b—5dz/2 (b_dzEFan+5(ZZ)|m]<m, 9n)|2+5/§6)

= 0 (0 e (2550 B (0930, P12 = ) ()€
= (nb%)0/? ( / K2P (2 Ep, (Imj(Ws, 0,)12T°| Zi = 20 + bz") fn(z0+bz*)dz*/§5)

< (nb%)~%/2 (C; / K2+5(z*)dz*/§5>
0 (12.19)

for some constant C'¥ < oo, where the first inequality holds using identical distributions,
the first equality holds by algebra, the second equality holds by iterated expectations,
the third equality holds by change of variables with z* = (z—z;) /b, the second inequality
holds for b sufficiently small that zo + bz* € Zy by Assumption PS3(e) of ASN, and the
convergence holds by Assumptions B(b), K(c), and K(e).

In the verification of (v), D, (6,) and m(W;, 60, g) are replaced by Dg, (6,,b) and
m(W;,0,,g9,b) in (16.40) of Section 16.6 in Appendix E of AS2 and the convergence
holds by condition (i) of SubSeq(hs) plus Lemma AN2(c). This completes the changes
needed in the proof of Lemma E3 of AS2.

Given that the results of Lemma E3 of AS2 hold for SubSeq(hs) as defined here, the
proof of Lemma Al(a) in AS2 establishes Lemma AN4(a) with only minor changes. In
particular, Dpg, (6,) is replaced by Dp, (6,,b) in (16.8) of AS2 and the second and last
equalities in (16.8) of AS2 hold by (16.40) of AS2 with the changes described in the
previous paragraph. This completes the proof of part (a) of Lemma AN4.

Now, we prove part (b) of the Lemma. The multiplicand D;l/ 2(6’, b), which appears
in /ﬁgmf(&,g,g*,b), equals D;l/z(é’, 29) + o(1) uniformly over (0, F) € F by Lemma
AN2(b) and supg e r HD;lﬂ(H, 29)|| < oo by Assumption PS3(a) of ASN. Hence, one
can ignore the D;l/ 2(0, b) multiplicand when verifying part (b) of the Lemma. Doing
so transforms iAzQ,n,F(H, g,g*,b) into in(H, g,9%).

Part of the proof of part (b) is similar to the proof of Lemma Al(b) of AS2. As in
AS2, for notational simplicity, we establish results for the sequence {n}, rather than the
subsequence {a, : n > 1}. Two terms appear in the rhs of (16.16) of AS2. The second

term can be shown to be 0,(1). The argument is as follows. The second term (ignoring
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the D;l/ 2(0, b) multiplicand) is the following quantity multiplied by its transpose:

n n

n”! Z m(W;,0,9,b) =n"" Z b*dz/sz(Zi)mj(Wi, 0)9(X;)- (12.20)

i=1 =1

This quantity has mean that is 0,(1) by Lemma ANG6. The difference between this quan-
tity and its mean is 0,(1) by Lemma E2 of AS2. The conditions of Lemma E2 are verified
by the argument given in (16.18)-(16.22) of AS2 with (16.21), which verifies an L'*"-
boundedness condition, replaced by L?-boundedness of b~%/2K,(Z;)m;(W;, 0,,)9(X;),
which holds by Lemma ANT7.

The first term appearing in (16.16) of AS2 (ignoring the D;l/ 2(9, b) multiplicand) is

Qulg.g") =n"">_ m(W;,0,9,b)m(W;,0,g%,b). (12.21)

=1

To complete the proof of part (b), we need to show that the supremum over (g, g*) € G*
of @, (g, ¢*) minus its expectation is o,(1) under {(6,,, F;,) : n > 1}. This cannot be done
using the uniform law of large numbers given in Lemma E2 of AS2, as is done in the proof
of Lemma Al(b) in AS2, because the summands do not satisfy an L'*7-boundedness
condition when m (W, 0, g) is replaced by m(W;, 6, g,b).

In fact, the summands of Q,(g,¢*) do not even satisfy a uniform integrability con-
dition, as the following calculations show. For simplicity, suppose m(W;, 0) is a scalar
and is independent of Z;. Let m,,;(b) and m,,; denote m(W;,6,,g,b) and m(W;,0,.g),
respectively. We have: for L < oo,

Ep,my, (b)1(m;, ;(b) > L)
= B b K (Z)m? (b K (Z)m?, > L)
= Bp, - B, (07" K (Zi)my 10~ K3 (Z)ms,; > L)\|Z;)

= /bdZK2 (Z —bzo) Eg, (mfml (bde2 (z%bzo) ml; > L> |Z; = z) fu(2)dz

_ / K2 (%) Bp, (m2 1(K3(2)m2,, > LW\ Z, = 20 + b2*) fulzo + b2")dz", (12.22)

where the second equality holds by iterated expectations and the fourth equality holds
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by change of variables with z* = (2 — 20)/b. The limsup,,_, ., of the rhs in ((12.22)) is not
small for L large because b% — 0. Hence, uniform integrability fails.

Instead, we show that

sup |Qn(9,9") — Er,Qn(9,9")] —5 0 (12.23)
9,9*€G
under {(6,, F},) : n > 1} by using the maximal inequality (7.10) of Pollard (1990, p. 38)
for manageable processes, which is applicable by Assumption NM(b) and Lemma E1 of
AS2. For notational simplicity, suppose m(W;, 0, g,b) is a scalar. (This is wlog because

we can argue element by element.) The maximal inequality says that

9,9*€G

where C' is some finite constant and F;* (using Pollard’s notation) is an n-vector of
envelope functions that satisfies Fjy = (F;y, ..., F ), [|[Fx][> = Y00, F3, and

n,.’

Fr ="Ky (Z)[lm(Wi, 0,)|PG* = sup_||m(Wi, 0,, g, b)m(Wi, 0, 9%, 0)]|.  (12.25)

9,9* €9

We have

n~ (B, || Fy]1)'?
— n—l/Q(EFnF*2 )1/2

n,1

= 0 V2GR (Bp, b 2 K (Z:) | [m(Wi, 0,)][ )2

_ 1/2
= (nbd=)"12G2 (/ b=d= K4 (z bZO) Er. ([[m(W;, 0,)[]*Z: = z)fn(z)dz)

1/2
= (nbdz)_l/QG2 (/ K4(z*)EFn(||m(Wi, Gn)||4|Zi = 20+ b2") fu (20 + bz*)dz*)

1/2
< (nb*)"2G? ( / K4(=)d=" sup  sup Ep(||m(W, 0)][ 2 = Z)f(Z))

(0,F)eF, €20
— 0, (12.26)

where the first equality holds by identical distributions for ¢ = 1,...,n under F;,, the
second equality holds using Assumption NM(a), the third equality holds by iterated
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expectations, the fourth equality holds by change of variables with z* = (2 — 2y)/b,
the inequality holds for b sufficiently small using Assumption K(c), and the convergence
holds by Assumptions B(b) and K(c)-(e) and Assumption PS3(e) of ASN. This completes
the proof of part (b) of the Lemma. [

12.2.6 Proofs of Lemmas AN5-ANT7

Proof of Lemma ANS5. Using Assumptions PS2(a)-(d) of ASN (which hold for
(0, F) € Fy), we have

Sr(0,9,9%,2) = Ep(m(W;, 0, 9)m(Wi,0,¢%) | Z; = 2) f(2)
- / / m(y, . 2,0, g)mly, x, 2,0, g £ (g, 712 dpy (y)dux (2) £ (2)

= [ [mizz0.90mlp.0,2.0.6°) 102 )iy (o). (12:27)
In addition, we have

Ep[Xr(0, X, 2) © (9(Xi)g" (X3)")]
- / Sp(0, 7, 2) © (g(2)g" (2))) £ (2) i ()

- / { / m(y, 2, 2, 0)m(y, v, 2,8) f(y)z, 2)dpuy (9) f (2)2) @ (gl(2)g" (2)) | £(2)dpx ()
- / / m(y,, 2,0, 9)m(y, v, 2,0, 9°) £ (4, 7, 2)dy (v)dpix (), (12.28)

where the last equality uses m(w, 0, g) = m(w,0) ® g(z) for w = (y,x,z). O

Proof of Lemma ANG6. Define

mp(0,9,2) = Ep(m(W;,0,9)|Z; = 2) f(2). (12.29)
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We have

sup sup ||b"%?Er Ky(Z)m(W;, 0, g)||

(9,F)€F+ geg

= swp_suplp [ Kif2)mr(0,9.2)ds
(9,F)€f+ 9g€g

< b—dz/Z/K(z_bzo)( sup SupHmF((gagaz)HdZ

9,F)€f+ g€g

— bdz/Z/K(z*) sup sup ||mp(0,g, 20 + b2")||dz"
(0,F)eFy geG

< pd=/2 sup sup SU.pHmF(ng?Z)”
(0,F)eFy z€20 ge§G

— 0, (12.30)

where the first equality holds by iterated expectations conditioning on Z; using Assump-
tion PS2(a) of ASN, the second equality holds by change of variables with z* = (z—2z) /b,
the second inequality holds using Assumption K(a), and the convergence holds by As-

sumption B(a) and the result:

sup [lmr(0,g,2)|| < oc. (12.31)
(0,F)eF+,2€20,9€G

Equation (12.31)) is established as follows. We have
mp(0,9,2) = Ep[Ep(m(W;,0,9)|X;, Z; = 2)]f(2)
= [ Brn (W)X, = 2.2 = 2)g(0) el ier ()12

= [ me(6.2,209(a) (2. g z). (12.32)
where the second equality uses Assumption PS2(e) of ASN. Hence, we obtain

sup SupsupHmF(@,gaz)H
(0,F)eF4 z€20 g€G

<G sup sup/Hmp(@,x,z)Hf(x,z)duX(ac) < 00, (12.33)

(0,F)eFy 2€20

where the first inequality holds by Assumption NM(a) and the second inequality holds
by Assumption PS3(c). O
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Proof of Lemma ANY. For notational simplicity, we suppose m(W;, 0, g) is a scalar.

(This is wlog because we could argue element by element.) For all g, g* € G, we have

Jo(9:97)
= o b= Er Ky (Zi)m(W;, 0, 9)m(Wi, 0, 9%) — Er[Sr(0, Xi, 20) © (9(Xi)g"(X3))]]
= 21)1& b~ %= Ep K (Z)m* (Wi, 0)g(X:)g*(Xi) — EpXp(0, Xi, 20)9(Xi)g* (X5)]
= (g,i})lgﬂ /(/ b_de2( 7 )EF(H,x,z)dz - ZF(Q,x,ZO)) g(x)g"(x) f(z)dpy (x)
= (0;})15& / (/ [K? (") Zp(0,2, 20 + b2") — K? (2*) Sp(0, 2, 20)] dz*)
xg(2)g" (x) f(x)dpx ()| (12.34)

where the first equality defines J,(g, g*), the second equality holds by the definition of
m(W;,0,g), the third equality uses iterated expectations with conditioning on (X;, Z;)
and Assumptions PS2(b) and (c) of ASN, and the fourth equality holds by change of

variables with z* = (z — z)/b.

Using ((12.34]), we have

ow h0.g) <G sw | ( / K?(z*)Lz<x>br|z*||dz*) F @)y ()

9,9*€G (0,F)eF+

<4GC suwp [ Ls(o)f(@)dux (o)

(6,F)eF+
0, (12.35)

where the first inequality holds by Assumption PS3(d) of ASN and Assumption NM(a),
the second inequality holds for some C' < oo by Assumptions K(c) and K(e), and the
convergence holds by Assumptions B(a) and PS3(d) of ASN. [

12.3 Proofs of Theorems AN2-AN4

Proof of Theorem AN2. Theorem AN2 is analogous to Theorem 3 of AS1. The proof
of Theorem 3 of AS1 that is given in Section 14.2 in Appendix C of AS2 goes through
with a few changes in the present context. First, Er,(-) is replaced by Eg, (:|Z; = 2p) in
m*(g) and elsewhere. Second, n'/23(go) is replaced throughout by (nb%)'/23(gy). Third,
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Assumption NFA(a) is used in place of Assumption FA(a) to obtain the inequality in
(14.28) of AS2. Fourth, the proof uses Lemma AN4, which employs Assumptions NFA (b)
and NFA(c), in place of Lemma A1l of AS2.

Fifth, the second equality of (14.33) of AS2 does not hold. It relies on n=Y/2hy ,, 1, (6., )
= m*(g), which in the present context is replaced by (nb%)~Y2hy ,, (0., g,b) = m*(g),

which does not hold. However, we have

(nb%)"V2hy 1y (B, 9,b) = D *(0.,0)b7 %2 Egym(W;. 0., g,b)
= D% (0., 20) Erym (8., Xi, 20)9(Xi) + O(b?)
= Dp* (0., 20) Ery (m(W;, 0., 9)| Zi = 20)  (20) + O(0?)
=m*(g) + o(1), (12.36)

where the second equality holds by Lemma AN2(b) and (which holds for (0., Fy) €
F,), the third equality holds by the same argument as in the proof of Lemma ANH
with m(y, z, 2,0, g)m(y, z, z, 0, g*)' replaced by m(y, x, z, 0, g) throughout, and the fourth
equality holds by the definition of m*(g) and Assumption B(a).

Using (12.36]), the second equality of (14.33) of AS2 holds with m*(g)/3(go) replaced

by m*(g)/B(g0) + o(1).
These are the only changes needed to the proof of Theorem 3 of AS1. [J

Proof of Theorem AN3. Theorem AN3 is analogous to Theorem 4 of AS1. First, we
give an analogue of (14.37) in the proof of Theorem 4 of AS1 given in Section 14.3 of
Appendix C in AS2. We have

hy .5, (Onss g, )
= 02D, 20,0, b) En,m(W;, 0., g,b)
= (nb™) (I, + 0(1)) Dy (O, 20) B, 10, X, 20)9(X:) + 0(1) (12.37)
= (nb%)2 (I, + 0(1)) Dy (B s 20) B, (m(Wi, 01, 9)| Zi = 20) fu(20) + 0(1),

—~~

where the first equality holds by (12.2]), the second equality holds by Lemma AN2(b)
and (12.15) because n'/2p**4:/2 — 0 if b = o(n~/(**4=)) and the third equality holds by

the same argument as in the proof of Lemma ANb5 above.
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Next, by element-by-element mean-value expansions about 6,,, we have

DEJ/Q(QTL,M ZO)EFn (m<Wza en,*y g)|Zz == Zo)fn(Zo)
= D00, 20) Er, (m(W;, 0,1, 9)| Zi = #0) ful20)
+g, (en,gy g) (Qn,* - Qn); (12.38)

using Assumption NLA2, where 6, , may differ across rows of Ilg,(0,4,9), 0ny lies

between 0, , and 0, and 0, , — 0.

Combining (12.37)) and ((12.38)) gives the analogue of (14.37) of AS2:

hinF, (en,*; g, b)
= (nb%) (I + 0(1)) Dy * (B, 20) Er, (m(Wi, 0, 9)| Zi = 20) f(20)
+ (I + o())g, (On.g, 9)(nb*) /(0,00 — 0,,)
— hi(g) +o(g)A, (12.39)

where hi(g) and Ilp(g) are defined in and the convergence uses Assumptions
NLA1(a), NLA1(b), and NLA2.

Now, the proof of Theorem AN3 is similar to the proof of Theorem 4 of AS1 given
in AS2 with the following changes:

(i) {(On, Fr) € F :n > 1} € SubSeq(hy), where hy = hy g, (60) € Ha 4 by Assump-
tions NLA1(a) and NLA1(c)-(e),

(ii) part (i) and Assumptions B and MN imply that the results of Lemma AN4 hold
under {(6,, ., Fy,) € F : n > 1} and these results are used in place of Lemma A1l of AS2,

(iii) equation (14.38) of AS2 is replaced by

ko D> s 9, D) DY (Ore D)1 1 (B 9. 1)
= Ut o), <nbdz>1/20‘”2<emg,20>E (Wi, 00, 9)| Z; = 20) ful20)
1, Dy (B0, 9, 20) D1 (8o, 20) (L + o(L)ILE, (B, 9) (™) /2(B,. — 6,)
= m(g) + o(1), (12.40)

where the first equality holds by the equality in and Lemma AN2(b) and the
second equality holds because (a) the first term on the rhs of the first equality is 71 (g) +
o(1) by Assumption NLA4 and (b) the second term on the rhs of the first equality is
o(1) by the convergence of the second term in plus x,1 — 0, and
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(iv) in the verification of (14.23) in part (ix) of the proof of Theorem 4 of AS1 given
in Section 14.3 of Appendix C in AS2, (12.39)) is used in place of (14.37) of AS2. This
completes the proof. [

Proof of Theorem AN4. First we establish part (a) of the Theorem for the KS
statistic. For the KS statistic defined in , we have

Tn(en,*) 2 S<n1/2mn (9717*7 gn)v in(en,*a gn))
= S (Vn,Fn (9n,*7 Gn,» b) + hl,n,Fn (en,*a Gn; b), EQ,n,Fn (Qn,*y 9n, b))
> SWn.r, (Ons, Gn, 0) + h1n g, (Onss Gny ), C - Ii) w.p.a.l. (12.41)

for some constant C' sufficiently large, where g, is as in Assumption NLAT7(c) and
“w.p.a.1.” abbreviates “with probability that approaches one as n — 00.” The second
inequality holds w.p.a.1 using Assumption S1(e) because ||ha . £, (Fnss Gn, b) — (ho.r, (O,
Gn, Gn) +€li)|| —p 0 (by and Lemma AN2(c)) and C- Iy, — (ha.r, (0«5 Gy Gn) +€1x)
is positive definite w.p.a.1 (as required in Assumption S1(e)) because the largest eigen-
value of hy g, (04, gn, gn) is bounded (because it is a correlation matrix divided by a
diagonal matrix with diagonal elements that are bounded away from zero).
By Lemmas AN2(c) and AN4(a) and Assumption NLA7(b),

Vi, B, (Ones Gy D) = Op(1). (12.42)

Also observe that

hl,n,Fn (911,*, In; b)
= 02 (L 4+ 0(1) Dy (0n0s 20) Ery (Wi, 05, G, b)
—1/2

= (I + o)) D O e, 20) () By, (0, X 20)90(X5) + 0(1)

where the first equality holds by Lemma AN2(b), the second equality holds by
(with F in (12.16) and replaced by F., which does not invalidate either), and
the convergence holds by Assumption NLA7(c).

Equations — along with Assumptions S3 and S4 imply part (a) for the
KS statistic.

Now we establish part (a) of the Theorem for the CvM statistic. For the CvM
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statistic defined in , by similar arguments as those for (12.41)), we have

Tn(0n) > / Sk, (Onsy 9, 0) + hin i, (Ons, g,b),C - It)dQ(g). (12.44)
By Lemmas AN2(c) and AN4(a) and Assumption NLA7(b), sup,g,
|vn.p, (O, ,0)|| = Op(1). Then, for any § > 0, there exists C5 € (0,00) large enough
such that
liminf Pr g, (Sup |vnp, (Ons, g,b)]] < C'(;) >1-—4. (12.45)
n—oo gEGTL

Thus, for any 6 > 0,

1—9

< liminf Pr g, (Tn(ﬁn,*) > Q(Gp) inf inf S(v+hinr, (Onsg,b),C - Ik))
n—00 lv||<Cs 9€Grn

= liminf Pr g, (T5,(6,,.) > Q(G,)S (v, + h1np, (0nss Gns 0), C - 1) +0(1)) ,

(12.46)

where the equality holds for some v, € [~Cjs,Cs]* and g, € G, that approximately

achieves the infima. Next, we have

Q(Gn)s(yn + hl,n,Fn (Qn,*y 9n, b)a - Ik)

— d2\Xx/2 QX Vp + th,Fn (Qm*,gn, b) '
QG5 03 (i o0

— 00, (12.47)

where the equality holds by Assumption S4 and the convergence holds because Q(G,)
x (nb®)¥28% (04,9,) — oo (by Assumption NLA7(c)) and the quantity

S <(”;bjf)1i;g’;"(9(’;* g”gb) C- Ik> is bounded away from zero. The latter holds using As-
Fp Un n
Un+thin, mp (On,x,9n,b)

sumption S3 and the fact that at least one element of the vector bT) 3B (Bergr) 15
bounded away from the corresponding elements of the vectors in the set [O oolP x 0V
(which holds by v,,/(nb%)'28 (6,..,g,) — 0, the first three lines of (12.43), and the
definition of (0, g)).
Combining and , for any § > 0 and any B < oo, we have liminf,_,
Prg, (T,,(0,.) > B) > 1 — 4. This completes the proof of part (a) for the CvM statistic.
Part (b) is implied by part (a) and C(Og,ﬁgyn(en’*), 1 —a) = O,(1) (which holds by
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an argument that is analogous to that used to prove (14.34) of AS2).
Part (c) is implied by part (b) and c(¢, (0n.), han(0ns), 1 — @) < ¢(0g, hon (),
1—a). O

13 Additional Simulation Results

In this section, we provide some additional simulation results. Tables A1l and A2
report the robustness results for the CvM/Max and KS/Max test statistics in the kinked
and the peaked bound cases, respectively, for the quantile selection model. As in Tables
I-1II, the results in Tables Al and A2 are for the lower endpoints of the identified
intervals. Tables A3 and A4 report the robustness results for the CvM and KS test
statistics in the kinked and tilted bound cases, respectively, for the conditional treatment
effect model.

Both Tables A1 and A2 show that there is little sensitivity to r1, €, the GMS tuning
parameters, and the kernel bandwidth in terms of coverage probabilities. There is some
sensitivity in terms of the FCP’s. The FCP decreases (gets better) with the sample size
for the KS/MAX-GMS/Asy pair and is stable for the CvM/Max-GMS/Asy pair. The
FCP is smaller (better) with (k,, B,,) halved and bigger with (x,,, B,,) doubled.

There is quite a bit sensitivity to the kernel bandwidth. With both the kinked
and the peaked bound, doubling the bandwidth reduces the FCP’s for tests with the
KS/Max statistics. The same is true with the kinked bound and the CvM/Max statistic.
However, with the peaked bound, both doubling and halving the bandwidth increases
the FCP’s.

Tables A1 and A2 show that 0.50 CI’s cover the true value with probability noticeably
higher than 0.50. This indicates that the lower boundary point of the 0.50 CI as an
estimator for the lower end point of the identified set is not median unbiased, but does

not have an inward bias which has been a concern in the literature.
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Table Al. Nonparametric Quantile Selection Model with Kinked Bound: Variations on the

Base Case
(a) Coverage Probabilities (b) False Cov Probs (CPcor)
Statistic: CvM/Max KS/Max CvM/Max KS/Max
Case Crit Val: GMS/Asy  GMS/Asy GMS/Asy GMS/Asy
Base Case: (n = 250,71 = 3, .989 987 .49 57
e =0.05,b = t"n"%7)
n = 100 988 991 A48 .59
n = 500 989 991 45 .b4
Ty =2 .988 987 .50 .53
r =4 .990 .989 A48 .60
(Kny By) = 1/2(Knpes Buse) 991 987 49 55
(Kns Bu) = 2(Fnpes Brse) 993 991 56 61
e =1/100 .989 987 AT 57
b=0.50"n"2/"7 986 987 .69 77
b=2b"n"2/" 997 995 35 45
a=.5 771 739 .05 .06
a=.5&n=>500 187 793 .05 .06
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Table A2. Nonparametric Quantile Selection Model with Peaked Bound: Variations on the

Base Case
(a) Coverage Probabilities (b) False Cov Probs (CPcor)
Statistic: CvM/Max  KS/Max CvM/Max KS/Max
Case Crit Val: GMS/Asy  GMS/Asy GMS/Asy GMS/Asy
Base Case: (n = 250,71 = 3, 991 991 .49 .53
e =0.05,b = t"n"%7)
n = 100 989 990 .56 .65
n = 500 994 995 .50 45
Ty =2 .990 .990 51 .50
ry =4 992 991 A48 .58
(Kny By) = 1/2(Knpes Buse) 992 990 A7 52
(Kns Bu) = 2(Fnpes Brse) 994 994 54 56
e =1/100 991 991 AT .53
b=0.50"n"2/"7 988 989 62 70
b=2b"n"2/" 997 996 53 A7
a=.5 .803 761 .04 .05
a=.5&n=>500 .836 795 .04 .04

Tables A3 and A4 show the sensitivity results for the nonparametric conditional
treatment effect model with kinked bound and tilted bound, respectively.

Table A3 shows that, with the kinked bound, the test has NRP’s smaller than 0.05 for
all the test configurations and sample sizes that we experimented with. This is expected
because with the kinked bound, the conditional moment inequality is only binding at
a measure-zero set of the instrumental variable and Assumption GMS2 is not likely to
hold. The ARP’s are relatively stable as we vary 7, decrease ¢ or decrease (k,, By).
Doubling (&, B,) makes the ARP’s smaller (worse). Both doubling and halving the
kernel bandwidth reduces ARP’s noticeably.
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Table A3. Nonparametric Conditional Treatment Effect Model with Kinked Bound:

Variations on the Base Case

(a) Null Rejection (b) Rej Probs under H,
Probabilities (NRP-corrected)
Statistic: CvM KS CvM KS

Case Crit Val: GMS/Asy GMS/Asy GMS/Asy  GMS/Asy
Base Case: (n = 250, = 3, .000 .000 .52 .49

£ =0.05b=bn"27)

n =100 .000 .000 .65 .55
n = 500 .000 .000 .33 40
ry=2 .000 .000 .52 .53
r =4 .000 .000 .01 45
(Kns By) = 1/2(Kn.pes Buse) 000 000 52 52
(Kn, Bn) = 2(Kn.pes Brpe) .000 .000 44 42
e =1/100 .000 .000 .02 44
b= 0.50n"2/7 .000 .000 .38 30
b= 202/ .000 .000 34 43

Table A4 shows a new aspect of the sensitivity analysis. The NRP for the CvM test
in the base case is somewhat bigger than 0.05. Halving the bandwidth reduces NRP’s
to below 0.05. while doubling the bandwidth increases the NRP’s to disastrous level.
This is expected because with the tilted bound the unconditional moment formed using
the kernel functions has negative expectation for any fixed bandwidth. The negative
expectation converges to zero as the bandwidth converges to zero. Thus, letting b
converge to zero is central to the theoretical validity of our method. Using a large b
deviates from the asymptotic theory.

The ARP’s in Table A4 are reasonably stable across different configurations and

sample sizes, except that they are somewhat sensitive to the kernel bandwidth.

o4



Table A4. Nonparametric Conditional Treatment Effect Model with Tilted Bound:

Variations on the Base Case

(a) Null Rejection (b) Rej Probs under H,
Probabilities (NRP-corrected)
Statistic: CvM KS CvM KS

Case Crit Val: GMS/Asy GMS/Asy GMS/Asy  GMS/Asy
Base Case: (n = 250, = 3, 072 .047 .53 .36

£ =0.05b=bn"27)

n = 100 .085 .042 .49 .34
n = 500 072 .050 .53 40
ry =2 074 .099 .52 38
ry =4 .069 .036 .53 32
(Kns By) = 1/2(Kn.pes Buse) 081 054 50 35
(Kn, Bn) = 2(Kn.pes Brpe) .066 .045 .53 .36
e =1/100 071 .040 .02 31
b= 0.50"n"2/"7 044 023 29 14
b=2"n"2/" 467 313 .69 57
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