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Abstract

The goal of this paper is to develop techniques to simplify semiparametric inference.

We do this by deriving a number of numerical equivalence results. These illustrate that

in many cases, one can obtain estimates of semiparametric variances using standard for-
mulas derived in the already-well-known parametric literature. This means that for com-
putational purposes, an empirical researcher can ignore the semiparametric nature of the

problem and do all calculations “as if” it were a parametric situation. We hope that this

simplicity will promote the use of semiparametric procedures.

EconLit Subject Descriptor: C140

1 Introduction

Many recently introduced empirical methodologies utilize two-step semiparametric estimation
approaches. In the first step, certain functions are estimated nonparametrically. In the second
step, structural /causal parameters are estimated parametrically, using the nonparametric es-
timates from the first stage as inputs. Such estimators have been used both in the treatment
effect literature to estimate average treatment effects (e.g. Hahn (1998), and Hirano, Imbens,
and Ridder (2003)) and in the Labor and IO literatures to estimate rich, often dynamic, struc-
tural models (Hotz and Miller (1993, 1994), Olley and Pakes (1995), Aguirregabiria and Mira

*Thanks to Victor Aguirregabiria, Lanier Benkard, Richard Blundell, Jeremy Fox, Bryan Graham, Phil
Haile, Jim Heckman, Guido Imbens, Pat Kline, Pedro Mira, Whitney Newey, Jim Powell, Geert Ridder, and

Jeff Wooldridge for helpful comments. All remaining errors are our own.
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(2002, 2007), Jofre-Bonet and Pesendorfer (2003), Bajari, Benkard, and Levin (2007), Pakes,
Ostrovsky, and Berry (2007), Pesendorfer and Schmidt-Dengler (2007), Bajari, Hong, Krainer,
and Nekipelov (2008), and Bajari, Chernozhukov, Hong, and Nekipelov (2010)). These two-step
semiparametric estimators are often have significant computational advantages over one-step
estimators.

These methods often rely crucially on being nonparametric in the first step. For example, in
the approach of Hotz and Miller (1993), the first step involves estimating reduced form policy
functions that arise from the equilibrium of the underlying structural model. From a practical
perspective, there is a sense in which the nonparametric first step estimation is parametric -
since one needs to choose, e.g. the number of terms in a series approximation or the flexibility
of a sieve. But naive parametric specification of these reduced form policy functions is likely to
contradict the underlying structural model.! So, researchers have to take seriously the “non-
parametric promise” of increasing the flexibility of the first-step specification as the number
of observations increases. This requires one to explicitly consider the problem’s semipara-
metric nature when estimating the variances of the estimated finite-dimensional (structural)
parameters.

There is a long line of theoretical literature that derives expressions for semiparametric
asymptotic variances of two-step estimators (Newey (1994), Andrews (1994), Newey and Mc-
Fadden (1994), Ai and Chen (2007), Chen, Linton and van Keilegom (2003), Ichimura and
Lee (2010), to name a few). Some of these papers also show how to consistently estimate
the asymptotic variances. While these theoretical results are useful, their implementation is
typically not straightforward in practice. These limitations have often lead applied researchers
to use the bootstrap to estimate asymptotic variances (e.g., Ryan (2006), Ellickson and Misra
(2008), Macieira (2008)), but this can be computationally demanding and may also be difficult
to justify theoretically.?

The purpose of this paper is to show that in a large class of models, one can greatly
simplify the estimation of semiparametric asymptotic variances. The core point of our paper
is a numerical equivalence result. To describe this, consider researcher A, who estimates the
model with a parametric first step. Also consider researcher B, who estimates the model semi-
parametrically, using the method of sieves as the nonparametric first step. Since sieves are
just “sufficiently flexible” parameterized functions, let us assume that researcher B’s sieve is
identical to researcher A’s parameterized function for the first step.

Given this choice of sieve, it is clear that researcher A and researcher B will obtain identical

point estimates of the structural parameters. On the other hand, the asymptotic variances of the



two estimators will be different, as researcher A is in a parametric world where the total number
of unknown parameters is constant (and finite), while researcher B is in a semiparametric world
where the total number of unknown parameters is increasing to infinity.

Our results concern the estimated asymptotic variance of the structural parameters. We
show, perhaps surprisingly, that in a large class of models, the estimate of the semiparametric
asymptotic variance using the methods of Newey (1994) or Ai and Chen (2007) is numerically
1dentical to the estimate of parametric asymptotic variance using standard two-step parametric
results (described in Section 2, see, e.g. Murphy and Topel (1985), or Newey and McFadden
(1994)). In other words, researcher A and researcher B will obtain numerically identical variance
estimates (for the structural parameters). This is true even though they are estimating different
objects asymptotically — the true asymptotic parametric variance vs. the true asymptotic
semiparametric variance of the finite dimensional structural parameters of interest. To the
best of our knowledge, Newey (1994, Section 6) was the first to recognize this equivalence®
in a simple example involving one infinite-dimensional parameter, which is estimated by least
squares using a series approximation in the first step.* We go one step further and generalize his
insight to other classes of two step semiparametric estimators, including models with multiple
nonpametric components, models characterized by likelihoods, and models where the second
step moments depend on the first step infinite-dimensional parameter in a more complicated
way. These equivalence results are useful for applied researchers, since they imply that one
can obtain estimates of standard errors for the finite dimensional structural parameters using
well-known and simple formulas from the parametric literature.®> We hope that this simplicity
will promote the use of asymptotic semiparametric variance estimates and lessen the need for
computationally burdensome bootstrapping.®

We start with a quick review of the standard two-step parametric approach in Section
2. Section 3 presents equivalence results for models where the first-stage sieve nonparametric
estimation is based on conditional moment restrictions. Section 4 considers the case where
first-stage sieve nonparametric estimation is based on a maximum-likelihood like criterion.
Section 5 considers various extensions of the result, e.g. to situations where the second stage is
overidentified, and gives explicit examples of applications of our approach to the 10 and Labor

literatures discussed above. Section 6 concludes.



2 Review: Standard Errors in Two-Step Parametric M-

Estimators

In this section, we provide a brief review of how to estimate the asymptotic variance of two-step
parametric M-estimators. We assume that a researcher estimates a finite dimensional parameter
vector 6 using a first-step M-estimator (e.g. OLS, NLLS, MLE, method of moments). This
estimate is then plugged into a second-step M-estimator which is used to estimate another finite
dimensional parameter vector S. The question is whether and how the estimation error of the
first-step M-estimator 9 affects the asymptotic variance of the second-step M-estimator B\ . To
the best of our knowledge, Pagan (1984), Newey (1984), and Murphy and Topel (1985) were
among the first to investigate this issue. These methods of adjusting the asymptotic variance
of B are now so well-understood that they can even be found in standard textbooks such as
Wooldridge (2002, Chapter 12.4).

Suppose that in the first step, a researcher estimates 6 with the 0 that solves
! zn: ( 5) 0 (1)
- Ziy =
e ’

In the case where 8 solves some optimization problem, such as OLS, NLLS, or MLE, ¢ is the
first order condition of the optimization problem. In the second step, the researcher estimates

[ by solving
1 « PR
5;7#(22‘,5,@ =0 (2)

Note that the second step M-estimator 3 will in general be different from the 5 that solves
% S (zi, E, 9*> = 0, where 0, denotes the true value of 6 satisfying E[p (z;, 6,)] = 0. There-

fore, the asymptotic variance of \/n (B\ — 5*> is in general different from that of \/n <§ — &),

due to the estimation error in 6.

In order to assess the asymptotic variance of v/n (B\ — B*) that correctly reflects the estima-

tion error of , a researcher can consider the two-step estimator as a component of a one-step

$20(w80) =0 3)

M-estimator’

where

g(%ﬁﬁ)Z[ #(0) ]

¢ (217670)



Note that (3) is equivalent to = 37 | ¢ (z:l-, 5) =0and = >°7" ¢ <zi, B, (/9\> = 0. Therefore, the
§ and j3 that solve (3) are numerically identical to § and 3 that solve (1) and (2). Letting
a = (8,60 and recognizing that a = (B\’ , 5’), is an M-estimator, we can then use standard
arguments® to compute the asymptotic variance of /n (@ — «.) i.e. a consistent estimator of

the asymptotic variance of \/n (@ — «) is given by

n n

-1 -1
1 ag (Zia Z)é\) 1 . ~ ~\/ 1 ag/ (Ziv a)
(ﬁ;T Eizlg@ma)g(zzaa) ﬁlzla—a .
The asymptotic variance of \/n (3 — 6*> is simply the upper left block of the asymptotic vari-
ance matrix of v/n (@ — «.). This one-step interpretation is a device that facilitates our theoret-

ical discussion. In practice, two-step estimation techniques are often adopted for computational

convenience.

3 Estimator of Asymptotic Variance of Two-Step Semi-

parametric Estimators

We present our first main result in this section. We consider semiparametric two-step esti-
mation, where a researcher estimates certain functions with a nonparametric estimator in the
first-step. In the second-step, she plugs the nonparametric estimators into a parametric mo-
ment equation to compute an estimator B\ of some finite dimensional parameter vector. We
assume that the first-step nonparametric estimation is implemented by the method of sieves,
e.g. a series approximation. Note that the first-step requires computation of a finite dimen-
sional parameter in practice. For example, if the first-step involves nonparametric estimation of
a conditional expectation implemented with a series approximation, then the first step amounts
to OLS in practice.

Now assume that there are two researchers. Researcher A makes an incorrect assumption
that the first-step is in fact parametric, therefore believing that the number of terms in the
series approximation remains constant as the sample size grows to infinity. Because she believes
the first step to be a parametric procedure (and because the second step is truly parametric),
Researcher A would estimate the asymptotic variance of B using the formula discussed in Section
2.

Researcher B, on the other hand, makes the correct nonparametric assumption that the

number of terms in the series approximation increases to infinity as an appropriate function



of the sample size. Therefore, Researcher B would like to compute a consistent estimator of
the asymptotic variance of B using a formula that correctly reflects B ’s semiparametric nature.
Because the two researchers are considering different asymptotic sequences, Researcher A’s
asymptotic variance formula (i.e., the theoretical formula expressed in population expectations)
will generally be different from Researcher B’s. In other words, Researcher A is trying to
estimate a different theoretical variance object than Researcher B.? Despite this difference, this
section proves that the estimator of the asymptotic variance that Researcher A implements will
be numerically equivalent to the estimator of the asymptotic variance that Researcher B uses.

We consider two separate cases. In the first case, the second stage moment equation depends
on the non-parametric function only through its value evaluated at the particular observation.
In the second case, the second stage moment equation depends on the entire functional form of

the non-parametric function.

3.1 Dependence of Second-Stage on the Non-Parametric Function

Consider a model given by the following moment restrictions

E [3/11' — his (1'11)’ iUu] =0,

Elyri — hps (xni)| 2] =0,
=0.

Em (2, Bs, b1 (213) - -, hiw (214))] (4)

The hy (+), ..., hr (+) functions are the nonparametric components in the model. § is the finite-
dimensional component of the model. Note that the conditioning variables xy;,...,z; are
allowed to differ from each other. We also allow the dimensions of z;, ...,z ; to differ. Unlike
the second case discussed in this section, the second stage moment equation m depends on the
nonparametric components only through their values hy (xy;), ..., hr (zL;).

The practitioner nonparametrically estimates hy. (x1;), ..., hr« (xr;) with the estimators
ﬁl (x1i) ;... ,EL (z1;), and then estimates 3, with the E that solves

%Zm <Z¢,B,ﬁ1 (z1), ..., hr, (;cLZ)> —0.
i—1

Ai and Chen (2007) show that [/3\ is y/n-consistent and asymptotically normal under certain
regularity conditions, and propose a consistent estimator V of the asymptotic variance. (See

Appendix A for details.) Aiand Chen assume that nonparametric estimation is implemented by



the “sieve” approach, where each h;(x;) is approximated by a polynomial function p; 1 (2;) 61y +

e + plzKl,n (I‘l) 9(”7](1,71,'

A Naive practitioner’s estimator We now consider how the semiparametric estimators
B\ and V relate to what one obtains if the estimation problem is approached from a purely
parametric perspective (i.e. Researcher A). First, note that a parametric estimator based on
the parametric specification hy(x;) = pi1 (21) Oy + -+ + ik, (1) Opy.x, = I (xl, 9(”) (where
K, = K, is a function of n although it is perceived to be fixed for our fictitious Researcher
A) will result in an estimate of 5 that is numerically equivalent to B\ . This means that for the
purpose of computing 3 , it is harmless to “pretend” that the h;’s are parametrically specified.
We now show that the same idea holds for the estimated variance.

Our parametric Researcher A perceives B to be a simple M-estimator solving the moment
equation E [g (2, B«, 0+)] = 0, where

pi (21,0) (ylz‘ — (xlia 9(1)))

g (Zi7 O[) = | |
e (era) (Yo = he (w00, 0r)))

i m (%5; hy ($1z‘, 9(1)) N (xLz', Q(L))) |

!/
where a = (3,0, § = (9(1), o ,egL)) cand for [ = 1,..., L, hy (. 00) = pi(21,)'0) with
() = (pia (20) o Dx, (214))'. Here both 3 and 6 are finite dimensional parameters
such that dim (¢) = dim (8) + dim (#). A consistent estimator of variance matrix of all the

parameters is given by the usual formula

(12%) (%Zg(zi,a)g(zi,a)j (12%_>> .

and like in Section 2 an estimator ‘7;, of the parametric asymptotic variance of 3 can be obtained

from the upper left corner of (5).

Numerical equivalence Note that ‘7;, is obtained from a completely different perspective
than the one underlying V. In fact, the idea that led to ‘A/p is wrong! However, Appendix C
shows that ‘71, is numerically identical to V. While subtle, this has a profound consequence for
semiparametric statistical inference. Researchers wanting (or needing) to do semiparametric

inference need not explicitly consider the semiparametric nature of the problem in estimation.



After specifying the flexible series approximation, they can proceed as if the problem is com-
pletely parametric for the purpose of inference on 3. Obviously, this does not necessarily mean

that the same is true for inference on the nonparametric components of the problem.

3.2 Extension: Dependence of Second-Stage on Full Non-Parametric

Function
Consider a model where

Ey; — hy (z;)| 23] = 0,
Em (2, By, hy)] = 0.

Note the important difference between this model and the previous model. In this model, the
moment equation m (z;, s, h.) depends not only on h, through its value at x; but through its
values at all support points of x;. Does this change our conclusion? For simplicity of notation,
we will assume that y; is a scalar and h, is a scalar-valued function.

Now assume that a practitioner takes a parametric perspective with hy (-) = py () 01+ - - +
Pk (+) Ok, where K = K, is a function of n although it is perceived to be fixed for our fictitious
practitioner. His moment equation is then F [g (z;, Bx, 6i)] = 0 where

o (e B.6) = [ P& (@) (i — o () ]

m (zi, 3, ho)
with
99 (2, 8,0) 0 —p" () p" ()’
0.0 [ omieihe) (2, ,0) ] ’
where m (z;, @) = [m; (z;,a), ..., mg (z,0)], and for k=1, ..., K,
my (z;, ) = W [pr] -

Here, the pathwise derivatives are defined as

dm (zz-,g, (1-— 7')/}; + Th)
dr

om (z;, Q) ~

om iz, @) h] _

o |
7=0

As before, the numerical equivalence goes through. (See Appendix C.) Thus we can conclude

the upper-left (dim (5) x dim (/3)) block of the parametric variance estimator

1 - 99 (2, Q) - 1 & R o 1 - 99 (z,a) -
<EZW> (ﬁéﬂ%@ﬂ%@)(ﬁl W)

i=1 =1
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is numerically identical to a valid consistent estimator of the asymptotic semiparametric vari-

ance.

4 Estimator of Asymptotic Variance of Sieve MLE

In this section, we consider consistent estimation of the asymptotic variances of sieve maxi-
mum likelihood estimators (MLE). We assume that an econometric model is characterized by
a probability density with two kinds of parameters: finite dimensional parameters 5 and some
unknown functions h(-). We estimate (5, h) by sieve maximum likelihood in which A is ap-
proximated by finite dimensional flexible parametric families. This implies that the estimator
of (B, h) is in fact identical to the maximizer of a (potentially) misspecified parametric likeli-
hood. As in Section 3, we show that the estimator of the asymptotic variance of the parametric
component can be given a parametric interpretation.

Assume that we observe z; for each individual. We further assume that z; are inde-
pendent and identically distributed.’® The log likelihood of the data {z;};_, is given by
%Z?:I 0 (2, B,h(+)), where 8 € B is a vector of finite-dimensional parameter of interest and
h € H is a vector of L real-valued unknown functions (i.e., h(-) = (h1(:),...,hr(-)) and each
h; () could depend on different argument z; for [ = 1, ..., L). We take h (-) to be the nonparamet-
ric nuisance functions. Denote o« = (f,h) € B x H. We assume that the true parameter value
@, = (B, he) € B x 'H uniquely solves the population problem sup g jyepxn £ [€ (2i, 8,7 (+))]-
The sieve MLE B of 5 is a sample counterpart. In Appendix D, we propose a consistent
estimator ‘//\;mle of the asymptotic variance of 23\ A

We now discuss the practical implications. Consider a fictitious practitioner who assumes
that h can be parametrically specified. In terms of estimating (3, h), this fictitious practitioner’s
estimator would be numerically identical to ours. After all, he will solve the same maximization
problem. Would his standard error for B be identical to ours?

As in the previous section, the practitioner would write

ha(x1) = pua () Oya + -+ pu, (20) Oy, = P (@) 0y for 0y = (B, - Oy)

with lel(xl) = (pi1(z1), .y prk, (1)), where K; = K, is a function of n although it is
!/
perceived to be fixed for our fictitious practitioner. Denote 6 = (9{1), e ,9@) which is

a K x 1—vector with K = K; + -+ K;. The parametric practitioner would estimate



(B, 0.) = argmaxg 4 E[{ (2, 3,0)] via parametric MLE, and obtain:

AUz 50 00) Atz o) [d250.02) db(zf0)] ] T

-~ ~ ! dB dB’ dB o
vn (6 — P60 - 6*) - N0 db(z,B.0.) dl(z,B..0.) db(z,B.,0.) dO(2,B.0.) ’

b do dp’ E do do’

and the asymptotic variance for B , Vp, is simply the upper-left block of the above variance and
covariance matrix, which can be computed by the partitioned inverse formula.
If the practitioner uses the outer-product based estimator of the information matrix, then the

o~ N\
asymptotic variance matrix for <6 , 9) can be consistently estimated by the following matrix:

-1

! (zf B.) de(=.898) 1 (Zzﬂ ) dt(=,5.0)

n £ai=1 ap’ n Z do’

L dé(zl,,B 0) de(z.50) (zz,ﬁ 0) de(=i,8,0) ’
n ap’ n Z do’

and the asymptotic variance for B\ can be consistently estimated by the upper-left block ‘A/p of
the above matrix, which can be computed by the partitioned inverse formula.

It turns out that the variance estimator ‘A/p obtained from the pretension that the model is
parametrically specified is exactly identical to the sieve variance estimator ‘//\;mle obtained under
the correct assumption that the model is semiparametrically specified. (See Appendix D.) We
conclude that, as long as outer-product is used for calculation of information, “parametric”

inference for J is numerically identical to semiparametric inference.

5 Extensions and Examples

In the first three subsections of this section, we present three simple extensions to cover models
that are commonly seen in applied microeconometrics. In the last two subsections, we discuss

some specific examples that are commonly seen in labor and IO applications.

5.1 First Step with Restriction

As another extension, we can consider a model where

Ey1i — ha (1) 214] =0,

Elyri — ha (zri)| 214 =0,
FE [m (Zz'7 ﬁ*, h* (Il,i) gos ey h* (ZEL’z))] 0,
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where the dimensions of xy;, ..., x; are restricted to be identical, and for simplicity we assume
h. (+) is a scalar-valued function.

We now assume that a practitioner adopts a parametric specification h (z) = p™ (z)" 0, where
K = K, is a function of n although it is perceived to be fixed for our fictitious practitioner. A

natural estimator would minimize

2
1 n
—Z yii— h(21)" 4+ = Z yLi — h(vL:)° + (Ezmm,ﬁ,h(m),...,h<a:L,Z->>>

The practitioner’s moment condition is then F [g (z;, s, 0.)] = 0, where

(2, 5,0) = P (1) (g1 — h (215, 0)) + -+ + D™ (21,) (yoi — h (21, 0)) ]

m(zi,ﬁ,h(xli,ﬁ) AP .,h(ILi,Q))

where h (25, 0) = p™ (2;;)" 0. Tt follows that the practitioner’s estimator of asymptotic variance
is (5).

Again, it turns out that the numerical equivalence continues to hold, and we obtain the
practical conclusion that researchers wanting to do semiparametric inference need not explicitly

consider the semiparametric nature of the problem in estimation. (See Appendix E for a proof.)

5.2 Nonparametric Sieve M-Estimation As First Step

Next consider semiparametric two-step estimation where the first-step involves nonparametric
sieve, maximum-likelihood-like, M-estimation in the first step. Again, these nonparametric
estimators are plugged into a parametric moment equation to compute an estimator B of some
finite dimensional parameter in the second step. Note that the first step sieve M-estimation
requires computation of a finite dimensional parameter in practice.

Suppose that the true structural parameters 3, and the unknown functions h, (-) are iden-
tified by the following model:

he = argmax B[£(z, h ()], Elm (2 B, b ()] = 0,

where ¢ (z;,h) is any criterion function and h = (hy,...,hr) is a vector of L unknown real-
valued functions, each h;(-) potentially depending on different arguments.'?> We propose a sieve
estimator B\ , the characterization of the asymptotic variance V' of \/n (B — @k), as well as a
consistent estimator V of V in Appendix F.

As before, we note that the B is numerically equivalent to the parametric estimator based

on the parametric specification h(-) = p1 ()61 + - -+ + pi (+) Ok, where K = K, is a function
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of n although it is perceived to be fixed for our fictitious practitioner. For the purpose of
computing E, it is harmless to pretend that h is parametrically specified. As before, it can be
shown that the sieve estimator V of the asymptotic variance of B\ is numerically identical to
the well-known Murphy and Topel’s (1985) formula. (See Appendix F.) We again obtain the
practical conclusion that researchers wanting to do semiparametric inference need not explicitly

consider the semiparametric nature of the problem in estimation.

5.3 Overidentified Second Step

So far, we have implicitly assumed that the second step is exactly identified, i.e., dim (m) =
dim (). We now discuss the extension to the case where dim (m) > dim (). For simplicity of
presentation, we will assume that the nonparametric component estimated in the first step is
scalar-valued, and is identified from the moment restriction E [y — ho (z)| 2] = 0. In the second
step, we estimate  based on the moment restriction F [m (z, By, ho)] = 0. Because hg is not
known, we estimate [y by making the sample analog %Z?:1 m (z,;, I} ,ﬁ) as close to zero as

possible. This is usually done by

n

1 N\ A (1 -
min (5;771 (zﬁh)) a-! (E;m <z5h))
for some appropriate “weight matrix” ﬁ_l, i.e., GMM. If we choose the probability limit 2 of
Q to be equal to the asymptotic variance matrix of %ZLI m (zi, Bofz), then we can easily
infer’® that the asymtotic variance of the resultant estimator is equal to (M'Q~'M )_1, where
M = E[0m (z;, o, ho)/ 0'] can be consistently estimated by M = %Z?:l om (zl-, B, ﬁ)/@ﬁ’
given any arbitrary consistent estimator 5 of By.

Therefore, for two step estimation, the only thing that matters is consistent estimation of
) because the rest is taken care of by the usual GMM formula. For this purpose, we write

= %E?:1 m <zi, ﬁo,ﬁ>, and understand 2 to be the asymptotic variance of u. If (5, were

4

known, we could estimate {2 using the Murphy-Topel formula applied to the “parameter” g in

the moment restrictions

Ely —ho (2)]z] =
E[m (2, o, ho) — po] =

Thus, to derive a feasible estimator of 2 (and then /), we propose the following algorithm:

1. Estimate h as before, i.e., by the sieve method as discussed at the end of Section 3.1.

12



2. Using an arbitrary weight matrix W, minimize the sample moment
R /
<% Yorm (zi, B, h)) 1% (% dom <zz, B, h)) over (3 to obtain a preliminary estimator
B of By.

3. Pretend that 5 = ;. “Estimate” 7i by setting the sample moment % Yo (m (zi, B, ﬁ) -

equal to zero (this estimation problem is exactly identified (and trivial))

4. Again consider B to be fixed. Apply Murphy-Topel, i.e., the naive practitioner’s esti-
mator of the asymptotic variance discussed in Section 3.1, to the moment conditions

corresponding to Steps 1 and 3, i.e.

Ely = ho (z)| 2]

0
E [m (ZZ', B, ho) } 0
to obtain an estimate of the asymptotic variance matrix of . Call this Q.

5. Solve the minimization problem

Call the solution 3 .

6. Compute
-1

iAo (15 )

3If—‘

S|
||M:

=1

for a consistent estimator of the asymptotic variance of B . (Note that Step 6 does not
require applying Murphy-Topel a second time. This is because in this approach, the effect

of the variance in A on ﬁ is summarized in the € obtained from using Murphy-Topel on
<h,u) in Step 4.)

This algorithm is the procedure of a naive practitioner, who equates the sieve estimation
of ho () with parametric estimation. Yet at the same time, () is a consistent estimator of the
asymptotic variance matrix of % Z:.L:l m (zl-, Bo, ﬁ) , where his interpreted to be nonparametric,
so the algorithm produces a correct semiparametric method of inference. As such, the result in

this section can be understood to be a natural extension of the previous equivalence results.
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5.4 Example: Estimation of Average Treatment Effects

There is a large body of literature on estimation of average treatment effects. We discuss two
estimators that fit into our framework. Consider the effect of a treatment on some outcome
variable of interest. Let d; denote the dummy variable such that d; = 1 when treatment is
given to the ¢th individual, and d; = 0 otherwise. Let yq; and y;; denote the potential outcomes
when d; = 0 and d; = 1, respectively. We can then say that the treatment causes the outcome
variable of the ith individual to increase by y1; — y0;- Thus, y1; — yo; can be called the treatment
effect for the ith individual. See, e.g., Rubin (1974). Individual treatment effect cannot be
observed, though, because the econometrician only observes d; and y; = d;y1; + (1 — d;) yo;- On
the other hand, the average treatment effect 5 = F [y1; — yo;] can be identified and consistently
estimated when d; is assigned independent of (yo;, y1;). Extending this idea, Hahn (1998) and
Hirano, Imbens, and Ridder (2003) proposed estimators of the average treatment effect when
the treatment d; is assigned independent of (yo;, y1;) given the observed covariates x;.
Hahn’s (1998) estimator is

and Hirano, Imbens, and Ridder’s (2003) estimator is

- n G )

=1

where hy (z;), ha (z;), and p(z;) are nonparametric estimators of E [dyy:| z:], E[(1 — d;) yi| 2],
and E [d;] z;]. We can easily recognize that they fit into our framework discussed in Section 3.

Hirano, Imbens, and Ridder (2003) also consider an estimator where the propensity score
p(z;) = E[d;| z;] is estimated by nonparametric maximum likelihood estimation with a Logit
specification. This alternative estimator fits into our framework in Section 5.2. We note that
our result there can in principle accommodate the case where the propensity score is specified
as a Probit model, which has some minor theoretical significance because the proof in Hirano,
Imbens and Ridder (2003) can address only a Logit specification.

Note that implementation of Murphy-Topel would require writing down moments. As for

14



Hahn’s (1998) estimator, the moments are

Edy; — hy (2;)] x]
E[(1—di)y; — ha ()| 2]
Eld; — p(x;)] 2]

e L

0
0
0

and as for Hirano, Imbens, and Ridder’s (2003) estimator, they are

e[ 2 =0

Replacing hy (x;), he (z;), and p(z;) by parametric models, and applying Murphy-Topel, we

can obtain the asymptotic variance consistently.

5.5 Example: 2-Step Estimation of Dynamic Models

There is a large recent literature on two-step semiparametric estimation of single agent dynamic
programming problems and dynamic games, including Hotz and Miller (1993, 1994), Aguirre-
gabiria and Mira (2002, 2007), Jofre-Bonet and Pesendorfer (2003), Bajari, Benkard, and Levin
(2007), Pakes, Ostrovsky, and Berry (2007), Pesendorfer and Schmidt-Dengler (2008), and Ba-
jari, Chernozhukov, Hong, and Nekipelov (2010). The basic idea behind these estimators is that
“reduced form” policy functions describing optimal agent behavior can be non-parametrically
estimated in a first stage.'> These estimated policy functions can then be used as an input into
in a second stage objective function that can be used to estimate a finite dimensional structural
parameter. Calculating this second stage objective function typically does not require solving
agent(s)’ dynamic programming problems, hence reducing computational burden relative to
one step estimation. In the following we give a simple example.to illustrate how our results
might be applied in some of these contexts.

Suppose a single agent makes a binary discrete choice a, € {0, 1} in each period ¢t. The state
z; € R7 evolves according to distribution F, (2;.1] ¢, as; Br). Single period utility is given by
U(xy, as; Bu) + €a,t, where €, are i.i.d. Type 1 Extreme Value utility shocks associated with
each choice. Sr and [y are finite vectors of structural parameters.

The Bellman equation for this problem is

V (z¢,€;8) = max {U (w4, as; Bu) + €apt + 5//V (@41, €415 0) Fe (deryr) Fr (dwgiq] xt,at;ﬁF)}

atE{O,l}
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Following Rust (1987), define the alternative-specific value function

V (ﬂft,at;ﬁ) = U(fUt,at;@U) + 5//V($t+1,€t+1;5) F, (d€t+1) F, (d-’Bt+1| $t,at§5F)

= U(xy, as; By) + 5// max {V (Teg1, apg15 8) + eat,t} Fo(depsr) Fy (dwggq| 2, ag; Br)

at+16{0,1}
= U (v, a4 By) + 5/ [0.5772 +1In <€V(”+1’O;B) + ev(xt“’l;ﬁ))] Fy (dziga| e, as; Br)
(6)

and assume a renewal model in which U (zy,0; fy) and F, (241 24, 0; 5r) do not depend on x;
(i.e. action a; = 0 “renews” the model). This allows us to normalize V (z;,0; 3) = 0 at all ;.
The Hotz-Miller (1993) inversion implies that

V(2,1;8) =V (2,0, 8) =V (24,1; 8) = In (

Pr(atzllmt;ﬂ) ) (7)

1 —Pr(a; = 1]z 3)
Now, consider (6) evaluated at a;, = 1, i.e.

V(2,15 8) = U (2,15 Br) + 5/ [0‘5772 + In (ev(xt“’w) + GV(““’I;B))} Fy (dwiga| 24, 15 Br)

Substituting in (7) on both sides, using the normalization V (z;,0;3) = 0, and rearranging

results in:

exp (U (2:,1; Bur) + 6 / [0.5772 +1n (1 + I_P;Q‘g;fi'ﬁ;ﬁ;))] Fy (A 2, 1; 5F))

Pr(a; = 1|z 8) =

1 + exp <U (20,15 By) + 0 / 05772+ 1n (14 Zeea=tees® | B (Ao, 1; ﬁp)>
(8)

Equation (8) implies that

exp (U (2, 1; Bu) + 6/ [0.5772 +In (1 + %)} F, (dz| z,, 1;5F))
E ay —

T = O,
1+ exp (U (a1, 1; By) + 5/ 05772 +1n (14 =t | P (a2 20, 1 5F))

which can be used as a basis of second step estimation for the structural parameters [y in
Uz, 1; By) (and the discount factor § if desired),!® as long as we have a first stage nonpara-
metric estimator of Pr(a = 1| z) and parametric estimator of [p.

Note that this moment condition depends on the non-parametric function Pr(a = 1| z) at
all values of x, not only at the realized value of the conditioning variable z;. Thus, this fits into
the model of Section 3.2. Since x is a continuous variable, Pr (a = 1| z) can be estimated non-

parametrically either with a linear series approximation, or, following our results in Section 5.2,
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in other (sufficiently flexible) ways, e.g. a sieve Logit or sieve Probit. So in sum, one can obtain
semi-parametric standard errors of the structural parameters in U (x, 1; fyy) by simply treating
the chosen sieves as parametric functions and applying the well-known parametric methodology

of Section 2.

6 Concluding Remarks

In this paper, we established the numerical equivalence between two estimators of asymptotic
variance for two-step semiparametric estimators when the first-step nonparametric estimation is
implemented by the method of sieves. Because the method of sieves is equivalent to a parametric
model in a given finite sample, it is useful to examine the properties of the “parametric”
estimator of the asymptotic variance. We show that this “parametric” estimator is numerically
equivalent to a consistent sieve estimator of the semiparametric asymptotic variance. This
numerical equivalence is significant because it means that practitioners can simply implement
the well-known parametric formulas of Newey (1984) or Murphy and Topel (1985) without the
need to understand and apply results in the semiparametric literature.

We derived the numerical equivalence for two classes of semiparametric two-step estimators:
the first class involves first-stage sieve nonparametric estimation based on conditional moment
restrictions;!” the second class involves first-stage sieve nonparametric estimation based on a
maximum-likelihood like criterion.'® One could extend the numerical equivalence results to
more general semiparametric models, including the misspecified semiparametric models consid-
ered in Ai and Chen (2007) and Ichimura and Lee (2010). Nevertheless, we believe that the
numerical equivalence results in our current paper already cover a very wide range of practical
applications of two-step semiparametric estimation.

Lastly, note that our result is predicated on the assumption that the asymptotic variance
of the semiparametric estimator is finite. Practitioners should be careful not to implement
the procedure for models where the asymptotic variance is infinite, which happens if the finite
dimensional parameter is unidentified or if the semiparametric information bound is zero, as
was discussed in Chamberlain (1985) or Hahn (1994). In practice, the latter may be more
important because two-step semiparametric estimation tends to be employed only when the
finite dimensional parameter of interest is identified. It is not clear whether it would be easy

to establish such an information bound in complicated structural models.
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Appendix

A Some Details for Section 3

Model in Section 3.1 We show that the two-step estimator considered in Section 3.1 is nu-
merically identical to Ai and Chen’s (2007) modified SMD estimator as long as Iy (1) 5. - iy (xr:)
are approximated using the method of sieves.!® The modified SMD estimator solves the mini-
mization problem

n 2

1 1 &
—Z yu—fn 3311 : +—Z_1: yri — hr xLz)) ﬁzm(ziaﬁahl (xli)w--ahL (xLz))

i=1

n

over (f,h1,...,hy) € B X Hyy X -+ X Hp,, where ||a|| denotes a vector norm such that
|a|| = a’a. Assuming that B is a compact subset of B¢, and for [ = 1,..., L, the sieve spaces

H,., are given by:

n={h (@) = pua (@) Opya + - + ok, (@) Ok, =l (2,00) } ) (9)

we can see that the modified SMD is numerically equivalent to the following multi-step estima-

tor:

n

: 1 2
b= argmin —3 (i — (pa (20) Opa + - + oo, (@) ) L=100, L,
Owy1Ow.x,, T

1 & ~ ~ ~
0=— m(zi, Jh (:cl-,e >,...,h (mi,e ))
- ; B, h | 214,01 o (i 0y
Ai and Chen (2007) show that B is y/n-consistent and asymptotically normal under certain
regularity conditions. They also provide a consistent estimator of the semiparametric asymp-

totic variance (V') of /n <B — b’*), which we now describe. For simplicity of notation, we will

write
Y1; — his (iUlz)
7 (2, ) = : (10)
Yri — hrs (iCLz)
where o, = (B4, h«), and h is an abbreviation of (hq,...,hr). We adopt a similar convention

for h. Denote @ = (B\, ﬁ) Assuming the sieve space ‘H,, = Hi,, X -+ X Hp, with H;,, given by
(9) for I =1, ..., L, Ai and Chen’s estimator V of the asymptotic variance of B can be computed

using the following algorithm:
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1. Compute wW* = (w7, ..., w}) that solves for j =1, ..., d,

n Or(zi,a) L or(z,a), ] or(z;,a) L or(z,a), )
1 ( op; 2wi=1 o Wil (21,1) op; 2ui=1" on,_ Wil (21,)
w} = argmin — E ‘ om(er.d) L om(ed) 2
n “ 1 n m(zi, o) m(z;,a ) )
wEHn i=1 + n Zizl < 35; =1 8hll Wi (l‘l,z)) H
2. Compute

puhazzlrw“a ],

m(z;, Q)

or(zi,8) or(2:,8)
lL—l L 0 - ZlL—l L a(aﬁd)
Ag (2:) . — 2l r(a;f;mwil (214) T Za=1 Tasz - wdl (21,1)
w* (%) = om(z;,a) 8m(zz a)
L5~ 9p1 P 9B )
n =1 L 0m(2i,@) ~x n =1 L 0Om(z;,@) ~x
( — 214 a(hl )wll($ll) ) < =D B(hl )w 1 (1)
and
~ 1 - / ~
O == (Be-(2) p(20,8) p(20,8) Bse (22)
i3
3. Compute
1 n -1 1 n -1
~ ~ I ~ ~ !
V= (ﬁ S (A@* (zi)> Ag- (zi)> Q (g 3 (AVAV* (zi)> Ay (Zi)) ,
i=1 i—

Model in Section 3.2 This model still fits into the framework of Ai and Chen (2007).
According to their asymptotic variance formula for their modified SMD estimator 3 , to consider
this model we simply have to replace the term amé’jﬁ’o‘) w; (z;) in Section 3 by 2™ Z’ D [w; (-)]. Let

the sieve space be H,, = {h: h(-) = b1p1 (-) + - + Ok, pxk, (-)}. Ai and Chen’s sieve estimator

V of the asymptotic variance of B can then be computed by the following algorithm:

1. Compute wW* = (w0, ...,w}) for j =1,...,d as

2
P 1l 1 [ Om(2,Q) Om(zi,&)
w; = argmin — g (—wj (z;)) (E 2 < 5, 5 [u@]))

'LUEH’!L n i=1

2. Compute
~ yi —h ('IZ)
P (Zi> a) = ~ )
m <Zi7 ﬂ; h>
Ao (o ~@i(x) - ~ ()
wr \<i) = n om(z;,a om(z;,@) [ ~x n om(z;,a om(z;,@) [ ~x
%Zi:l ( a(gl ) — éh )[w1]> %Zi:l ( a(gd L éh )[wdD
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and

3. Compute

- (%i (Bs- (zﬂ)lﬁw* (zi)>_ 0 (% 4n (Bs- (zi)>/£v¢,* (zi)>_ .

B A Useful Lemma

Our proofs of numerical equivalence are based on the following auxiliary result:

Lemma 1 Suppose that A and B are (dy + da) X dy and (dy + dg) x dy matrices such that [A, B]
is nonsingular. Also suppose that F is a (dy 4+ d2) X (dy + d2) symmetric positive semidefinite

matrix. Then the upper-left di x dy block of the matriz
A
[A,B]'F

where A and B are (dy + d2) X dy and (dy + da) X dy matriz and , can be computed by the
following algorithm:
Step 1: For the jth column of A, solve

min (A; — Be) T (A; — Be)

for some symmetric positive definite matriz Y. Let ¢; denote the solution, and let ¢* =

[,

Step2: Compute

1

[(A —Be") T 1A - Bc*)] ! [(A —Bc*) TIFY ! (A — IB%C*)} [(A —Be") T 1A - IB%C*)] -
Proof. The first step is a least squares problem, and the solution is given by
¢ = (BY'B) BT A,

Now note that [A — Bc*,B] is such that B'Y~! (A — Bc¢*) = 0 by construction, which implies
that
A
B’

AYL(A—Be*) A'TIB
BY!(A—Be) BT !B

(A —Bc*) T (A —-Be*) ()BT 'B

T_l [A — BC*, B] = 0 E/T—lIB
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and
A/
B/
(A=Be)T'(A-Bc")  —((A—Bc") T (A—-Bc))
0 (B'Y'B)""

-1
T 1A - IB%c*,IB%])

(

Now, we have

1 1

() )

A

BI

[A,B]'F

= (Y7'[A,B)) T (TTIFYY) ( A

B
(43

Using (11), it can be shown that the upper left block of (12) is equal to

-1
w)

(A — Be*)'
IB/

A/
B/

(A — Be*)’

-1
B T'[A - Bc, ]B%])

T-IFY (A — Bc?, B]) (

(12)

1

(A=Bc") T (A - Bc*))_l [(A=Bc*) T'FT " (A —Bc)] (A—Bc*) T™'(A—Bc"))

which proves the validity of the algorithm. m

C Proof of Numerical Equivalence Result in Section 3

We now prove the first main numerical equivalence result stated in Section 3.1. We assume that
the practitioner adopts the parametric specification A, (37l,i> 9(1)) = lel (z1) Oqy, forl =1.,,,.L,
and hence, ﬁl (21;) = lel (z1) 67@), where K; = K, is a function of n although it is perceived
to be fixed from the practitioner’s view. The practitioner’s estimator of asymptotic variance is
(5) with

!
L 0 —pfl (1,4) (p{ﬁ (1311))
09 (2,5.9) _
(8,0 B 0 —pr (L) (pr (:ELJ-))/
om(z;,a om(z;,a om(z;,a) K
i % %pf(l (Iu)/ e %p,—f (IL,i), |
o _pp
)
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and

i P (314) (yu — M ($1z‘, 79\(1)))
! (Zi’ ’ 0> N pr (xLz) (yLz‘ —hy, (iLz‘, /9\(L)>>
m <Zz‘;B, hy (Ili, é\(1)> ooy hr (xLi, é’\(L)>)
[ P 0 Yi — h
N 0 Iy [ m; ]
where
Pt (1) 0
j .
0 prt (wrs)
i = om (z;, @)
i —8[5”
Q) = | Iyl (g, ) . Omad L (g
Y1 — ha (CCM, 5(1))
yi — h; = :

Yri — hr (Iu, 9(L))
m; =m (Zz‘, B, <£L’1z'7 9(1)) N ) <xLi7 9(L)>> .
We now apply Lemma 1 to characterize the upper-left block of the estimated variance matrix.

For this purpose, we let

i=1 | %
B:%i —1;;1%'_ _ [ —%Z%IR-P;
F = —Zn:g (zl-ﬁ@ g (%B;gy

i=1

and .
SR NC >N
0 1,

In the minimization problem of the first step, we see that the objective function is
A —Be) T (A —Be) = ¢ [ 1 n PP 7.3, —23.Q c+ QQ 13
(A; — Bc) (A; —Bc) =c 52 By e+ 750, — 2q;Q ¢+ CQQ ¢ (13)
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N N
Therefore, we can see that ¢} = ((% oo PP ) + QQI> Qg or
1 -
* - RP/ Vavay =/
c <<n§ ) +QQ> Qg
Also, we have

(A—Bc') T7L (A —BE) = () (% ; BP{) ¢+ (7-Q¢) (1-Q¢) =4,
and
(A - BC*)/ Tilg (21'7 57 9)

P 0

i _ 15 PzPZ/ -1
“[@yesLpr) 7-@)Q] [("Zlﬂ C ol N

0 1y

yi — h;
my;

= ()P 7~ (C*),@} [yi_hi ]

and

(A —Bc)' T'FY ! (A — Be")

_ %i <(Kx _ 1@3@*)'1@%) ((Kx _ I@?)/ng)/

0,
The practitioner’s estimator ‘A/p for the asymptotic variance of 3 is then equal to
V,=1,9, (&)
Now, we note that Ai and Chen’s first step minimization problem solves for ¢} that minimizes

n

n 2 n
LS (Ple) (Ple) + <% > - Q’ﬂ) ¢ (% 2 BH[) c+ 75— 20,Qc+QQ e (14)
=1 =1

i=1
We can see that the same ¢* as above solves the practitioner’s problem (13). Ai and Chen’s

estimator then requires calculating
P
7-qQe
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and
0= % an (B (20)) 0 (20,8) p (20,6) B ()
- @) (% > R h (=) PJ) o+ (a-07) (% me> (:-77)
Note that _ _
% .n = (ZZ-))'AVAV* (z) = A,

It follows that the practitioner’s estimator of the asymptotic variance is numerically equal to
Ai and Chen’s.
As for the proof of the result in Section 3.2, all we need to do is to note that the same

argument goes through writing

09 (2:5.0) [ 0 = @@ ] [o -pe]
0@ e) | M) (o 50) | [qg a
and < R ) )
e (v e (2 Poo [y
g (2.5.9) - m (21,5, 0 I, [ymi |
with B = p&(x), ¢/ = m(za; he), Q; = (%B, 5) Ly —hi = y; — hg(x;), and m; =

m <Zi7 B\a /}29) .
D Estimator of Asymptotic Variance of Sieve MLE

The log likelihood of the data {z}; , is given by £ >" ¢(z,5,h(-)), where § € B is a
vector of finite-dimensional parameter of interest and h € H is a vector of L real-valued
unknown functions (i.e., h(-) = (hy (-),...,hr (-)) and each h;(-) could depend on different
argument z; for [ = 1,..., L). We take h () to be the nonparametric nuisance functions. Denote

a = (B,h) € B x H. We assume that the true parameter value o, = (S, hy) € B x H uniquely
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solves the population problem sup g )epxn £ [€ (2i, 5, (-))]. The sieve MLE is a sample coun-
terpart, except that the function parameter space H = H; X --- x H, is replaced by a sieve
parameter space H,, = Hy, X - -+ X Hr . In other words, the sieve MLE (B\ , ﬁ) is the solution
to max(spesx, = 2oy £ (2, 6,7 (+)). Shen’s result (1997) implies that B is \/n-consistent,
asymptotically normal and semiparametrically efficient (under regularity conditions).

In the rest of this section, we will recall the asymptotic variance of the sieve MLE B\ , present
the estimator ‘/}smle of the asymptotic variance of B\ , and then argue that ‘zmle is consistent.

Below is an argument leading to the characterization of the asymptotic variance. We follow
Chen and Shen’s (1998) notation. For any ao = (8,h) € A =B x H, let o (., 7) € A is a path

in 7 connecting a, and « such that « (ay,0) = o, and «a (a,, 1) = a. Let

dl (2, a.)

(8-8)+52

[h_ h*]?

gla [Z,Oé - a*] = lim 6(2704 (Oé*,T)) — K(Zaa*) dé (Z Oé*)
* 7—0 T d/B

where when h() = (hy, ..., hy) we have

e (z,a* dl (z, ay)
T o= g e

For any a,@ € A, denote ¢, [z, — @] =1 [2,a — o] — {,, [2,@ — a,], and define the metric

Il as

oo~ = [ (6 1~ )]

which defines the Hilbert space on the closure of the linear span of A — {a.} with the inner
product
<’U7ﬂ> =L [gla* [Z,'U] ’ gfx* [Zvﬁ” :

For each component 3; of 3, let w} denote the solution to

<d€(z,a*) dl(z,a.) [w]ﬂ for j=1,...d.

N )
wr = arg inf F
J gweH

B; dh
Denote o) o)
dl(z,0ux dl(z,0ux
ag, dh [wl]
Az, ) = : :
df(z,0)  db(z,ax)
dzgj - flha [wd]
and

I=FE[A(z,0)A(z, )]
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Consider the smooth functional f (o) = N3 for some A € R? with A # 0. Also let w* =

(w, ..., wj) and v* = (vj, v}) with
= (E[A(z ) A(z,a)]) A= (@) N, v = —w" x ).

We then have

(0 vi) @ =)

(2l M) ) (M) ) e )

— £ |80 65) (8o (- 8+ TEE e - g+ EESD )

= (v3) B [A (5 00) A(z,0.)] (8- 8.)
:)‘/(ﬁ_ﬂ*) :f(a)_f(a*)

By Chen and Shen (1998, Theorem 2), we obtain that
\/’E)\/ <B_B*) - ZEI Zza +0P (1)

where
O (207 = A (2 ) 05 = A (2, 00) (B [A (2 a0) A (z1,00)]) A

In other words, we have
Vi (B=5) = N (0.1, withT=E[A(s,00) A (z0.)7],

which provides an intuitive reason why the sieve estimator ‘Afsmle given in (15) below is a plausible

estimator of Z~ 1.

We now present the estimator ‘A/smle of the asymptotic variance of B\ :

1. Compute a consistent estimator w} of w}, j=1,...,d:

_ [w] ] .

W' = argmin
J Z; ( dg; dh

wEHn =

2. Compute
dl(z,Q) dl(z,Q) 1~
dg, = dh [wl]

dl(z,Q) dl(z,8) [+
dg, =~ dh [wd]
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3. Compute

)

smle—( ZA zi) A (2 )_ . (15)

Below, we provide a proof for the consistency of (15). In the following we let [-||, de-
note a metric (e.g., the supreme norm or the mean squared metric) on A = © x H. Denote

M ={acA:|la—al,=01)} and W, = {w e H, : |w|, < const. <oo}. Also denote

db(z,0)  dl(z,2)
dp; o wl.

We impose the following assumptions:

gj (z,0,w) =

Assumption A.1 (1) [[v*|]> = XTI\ < oo; (2) There is a v} = (v5, —whv}) with w}, =
(wi wyy), wy; € My, for all j =1,...,d, such that |[v; —v*[| = o(1).

nly: >

Assumption A.2 For all j =1,....d, (1) E [Supuens wew, |9 (z,a,w)ﬂ < const. < 003 (2)
there is a finite constant x > 0 such that |g; (z, o, w) — g5 (2, au, w)| < U (z,w) X ||a — ]|’ for

some E [sup,ep, |U(z,w)|2] < const. < 0.

Lemma 2 Let a = (B\?ﬁ) be the sieve MLE such that ||&0 — ayl|, = op (1). Suppose that {z;}
is i.i.d. and assumptions A.1-A.2 hold. If K,, — oo, K,,/n — 0, then: \A/Smle =T '+o0p(1).

2
Proof. Assumption A.2 implies that forall j =1, ..., d, {(dg;’ja) — % [w]) ca e Ng,w e Wn}

is a Glivenko-Cantelli class. Thus, uniformly over w € H,,,

1 Z (cw dz/;], dr (;; Q) [w])2 5 (dz (;gja*) e (fzif;a*) [w]>2

(deg;;a) o (;Z Q) [w])2 (de (zi,0)  dl (2, 00) [w]>2

ds; dh
. \/E ({dﬁi;;;&) e (;h a) [w]} j {d€ (;;ja*) } dﬁ(;i};a*) [w]})2

dl (z, o) dl(z;, )
2F S - w
<aefoem a5; "

= O0p (1) s

= Ezi - Ezi +0p (1)

X
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where the last equality also follows from assumption A.2. Here, E,, denotes the expectation

taken only respect to z; regarding & as a nonstochastic constant. Thus,

I (dl(z,@)  dl(z,a@) . T At (z,00)  dl(z,00) . )\’
Jfé%?n;( B, an W) -mmE g, an )t
. Al (zi, o) dl (2, ) 2
= nf B < a3, W) o (D)

where the second equation follows from assumption A.1. The lemma now follows immediately.
]
We now argue that \A/p is exactly identical to ‘A/Smle. We recall that the practitioner’s asymp-

totic variance for B\ , Vp, is simply the upper-left block of the above variance and covariance

matrix .
dg(ZVﬁ*ze*) dZ(z,ﬁ*,G*) df(z,,B*,G*) d@(z,ﬁ*ﬁ*) a
B dpB dp’ E dpB o’
dg(z76*79*) de(zi/B*’O*) dz(z75*79*) dﬁ(zng*’g*)
E d 4B’ E d 46"

The partitioned inverse formula on the other hand, has another interpretation as the inverse of

Z’B*ye*) on dl(z,ﬁ*ﬁ*)'

the variance of the least squares projection residual of di( 7 o

-1

Vp = (E [Ap (2i) A, (Zz)/]) )

where
A0z Be0s) _ db(zBes)
b1 o 1
Ay (2) = :
d0(zBu0s) _ db(zPabs) x
B do “d
and ,
. ) dl(z, B, 0.)  dl(z, P, 0y) .
¢; = acrjgerélll(nE < a5, — 7 c; for y=1,...,d.

If the practitioner uses the outer-product based estimator of the information matrix, then the

o~ N\
asymptotic variance matrix for <6 , 9) can be consistently estimated by the following matrix:

1y de(=i,8.0) de(z:,89) s de(zi,B.0) de(z:,8.9) -1
nZui=1" dB__ dp’__ niwi=1_ 4 do’__

1y de(2i,5.0) dt(z.5.0) s d(z:,8,0) de(=:,8,0) ’
n Zui=1" df g’ n Lai=1" do 0"

and the asymptotic variance for B\ can be consistently estimated by the upper-left block of
the above matrix, which can be computed by the partitioned inverse formula, which also has

another interpretation that can be characterized by the following algorithm:
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1. Compute the solution ¢; to

o (e (2.5.8) e (=.5.0) i

min — C.
c;ERK i dﬂj do’ /
2. Compute
d@(;i,ﬁ,e) _ de(zi,,e,e),gk
B1 o’ 1
Ay (zi) = :
dz(ziﬁﬁ) _ dl(ziﬁ,é\)/c\k
Ba ay’ d
3. Compute

<%Z£ 2i) E z,)>_.

We argue that ‘A/p is in fact numerically identical to XA/Smle, since ﬁ (z;) is numerically identical
o~ /
to A (z). For this purpose, it suffices to note that with h;(x;) = lel( )"0y, 0 = ((9 (1) EL)>

!/
and ¢ = (c’(l), o c’(L)) , we have:

dﬁ(zi,Bﬁ) L de( Bﬁ) .
—a b

Therefore, the minimization problem over ¢ € R¥ is in fact identical to the minimization prob-
lem over all linear combinations wgy = p;' (-)’ ¢y, which in turn is identical to the minimization
over w = (w(l),. L)) € Hy, = Hip X -+ X Hp,, with H,;,, given by (9) for | = 1,..., L.
It follows that the variance estimator \A/p obtained from the pretension that the model is para-
metrically specified is exactly identical to the sieve variance estimator ‘Zmle obtained under the

correct assumption that the model is semiparametrically specified.

E Proof for Section 5.1 on Restricted First Step

We first describe Ai and Chen’s sieve estimator of the semiparametric asymptotic variance of

B\ for this restricted case. For simplicity of notation, we will write

Y1i — I (11311,)

(2 Q) =

yri — ha (1)
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Assuming that H,, = {h: h(z) = p1 (z) 1 + - - - + px, (2) Ok, }, Ai and Chen’s estimator V of

the asymptotic variance of B can be computed by the following algorithm:

1. Compute w* = (w5, ...,w}) for j =1,...,d as

/
Or(z;,Q) L 0r(z,Q) Or(z;,Q) L 0r(z,Q)
n orzi,a) OrZi,&) 0. . orzi,a) OrZi,&) o). .
. 1 < o8, =1 om w5 () o8, 1 om Wi ()
w; = argmin — g D) L oming) 9
H, T ° iNn omizi,a) OMAZi, Q) s .
we i=1 + (n Zi:l < a3, =1~ on, Wy (l‘l,z)))

(We write h, (z1;) = hi. (x;) for ease of accounting.)

2. Compute

or(zi,@) Brizi8)
L 981 e YO N
~ =1 ZL Or(21,8) i~ (212) =1 L M@* (z1.)
Ag+ (z) = < TN = omis Z

om(z;,a) om(z;,a)
op R B Y B
L am(z:,&) A~ n Zi:l L am(zf,a)
- lel on,  Wj (xZZ) T 2u=1 " an, w (le)

and .
Q= % 2 (ﬁw* (zl)>,p (2:,8) p (21, 8) Agor (2)
3. Compute
n R -1 N n N r -1
V= (%Z (Ba- (2)) A (zi)> 9 (%Z (Bs- (2)) B (zi)> .
i=1 i=1

Next, we assume that the practitioner adopts the parametric specification h(x;;,0) =
pX (21)" 0, where pX(z) = (p1(z),....,px (z)), where K = K, is a function of n although
it is perceived to be fixed for our fictitious practitioner. Note that the practitioner’s estimator

is identical to the modified SMD estimator. The practitioner’s moment condition is then

[ P (@1) (i — h(213,0) + -+ + pX (21) (yri — b (21:,0)) ]
m (Zi,ﬁ, h (Ili, 9) gy h (IELZ‘, 9))

where h (1;;,6) = p¥ (21,;) 0. (For ease of accounting, we sometimes write h (zy;, 0) = hy (z1;,0).)

g(zivﬁa(g) =

It follows that the practitioner’s estimator of asymptotic variance is (5) with

dg (%,5,9) _ [ 0 —pK (z14) ( (21, )) R (z1;) (pK (JTL,i))I ]
D(F.0) | fmaS mm (g .y S (g
_[o -rP
4 @
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and

o P (1) <y1z’ —h (mli, @)) oo pE (2p) (yLi —h <xu, 5))
g(%wﬁ,@) _ 1 m(ziﬁg’h(x”’é\) ,,,,I:h(ib’Lné\))

- [ P 0 yi — hi
B i 0 [d m;
where
[ [ D (371 'L) pK (xL7i) :|
r_ am (Ziv Oé)
q; = 85/
, Om(z;, ) , om (z;, &) ,
y1i — h (xuw 5
Yi — hz =
Yyri —h (371;1‘7 é\

m; = m (%,@h (:(;11-,5) s h (ZEL“@\))

We now apply Lemma 1 to characterize the upper-left block of the estimated variance matrix.

For this purpose, we let

R [0
A==> 1 1= _,]
i=1 | @ | 4
L~ [ -RP| _[ i S PR
B:_Z ) — nz—71
e | Q; i Q
Fe LSy (2.5.0) 0 (5.5.0)
_ﬁ;g(zi7ﬁ7 )g(zi7ﬁ7>

and .
Tfl — (% Z?:l P’LPZI) 0
0 1,

In the minimization problem of the first step, we see that the objective function is

1 — _ _
(A; —Be) TH(A; —Be) =¢ (5 Z Pd%’) c+q;q; — 2@@'6 +7QQ¢ (16)

i=1
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N1
Therefore, we can see that ¢ = ((% S P pzf) + QQ) (g, or
—1
¢ = (( ZPP’) +QQ> Q7

(A —Be) YL (A —BE) = (") (%iﬂP{) ¢+ (@-q¢) (a-9¢) =4,

Also, we have

and

(A - BC*)/ T_lg (Zi7 67 0)

LS BP0

' 0 P,
| (@) (X PF) T —(c)'Q } [ E 0 Iy 0

0 Iy

Yi — h;
m;

= (@)P 7~ ()Q | [y“hi]

and

(A —Bc)' T'FY ! (A — Bc¥)

:% < Fgl) ((&—@?)’ng),

Q,

The practitioner’s parametric estimator 1719 for the parametric asymptotic variance of B\ is then
equal to
V,=4,'9, (K,')
Finally, we note that Ai and Chen’s first step minimization problem solves for ¢} that

minimizes

n n 2 n
S (Pl (Plo) + ( I Qéc)) = (% > B-PJ) ¢+ 75— 20,Q ¢+ dQQe. (17)
i=1 i=1

=1
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We can see that the same ¢* as above solves the practitioner’s problem (13). Ai and Chen’s

estimator then requires calculating

and
0= 53 (Bo- () (2080208 B (2
=@ (% S P b i b P) o+ (a-@7) (% > m@-m2> (a-a@%).
Note that - h

It follows that the practitioner’s estimator of the parametric asymptotic variance is numerically

equal to Ai and Chen’s sieve estimator of the semi-parametric asymptotic variance.

F Proof for Section 5.2 on First Step Sieve M-Estimation

We propose the following sieve estimator:

n

=S (e .1 ()

i=1

o 1 < 1
B, h) = argmin ¢ —— Uz h)+ =
( (B.h)eBxH, | T Z:; Fo )3

which is equivalent to the following two-step semiparametric estimator:

heH, T =

~ 1 < 1< ~
h = argmax — Uz, h(:), 0=-— m(zi, ,h‘>.

g S0 h () 0= 23 (50
It can be shown that [/3\ is \/n-consistent and asymptotically normal under certain regularity
conditions. In order to simplify presentation we assume that J is a scalar (i.e., dim (3) = 1)
and h is a scalar function of x. Then, under standard regularity conditions, we show that
B is y/n-consistent and asymptotically normal, and solve its asymptotic variance analytically.

Below we provide two ways to characterize the asymptotic variance of B\ .
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Explicit characterization of the influence function Asymptotic variance can be obtained

by explicitly characterizing the influence function of

Z m (2, BB (21))

Define the functional f : H — R as f (h) = E[m (z;, B, h (x;))]. Using Chen and Shen (1998),

we then have

flo—a)=E [am Collhe (D) (2 — i, <xi>>]
5 [ae (zi,ai;; (z:)) . () ol (zi,af;: () (h (1) — (xi))]

for

w=F

X

. [am (26, e, b (1))

(ag (zi,af;: (gc,-)))2 =

fla—a] =@ a—a)

We can write

where
v* = I(:pi)fl My, (x;) ,

and

EM ) h* i 2 626 79 h* )
T(x;)=E (%) '771] _ g { <Zah2 () l’z} 7
a 79 *7h* 7 a 79 *’h* 7
It follows that the influence function is
or (Z@,af;: (x;)) '] = ol <Z“a};: (xz))l_ (%)71 M, (z;)

It follows that, as long as stochastic equicontinuity is satisfied, \/n (3 — ﬁ*> — N (0,V), where

E Rm (26, Ber h (7)) + 2D T (32) 71 D, (xn)j

2
Mg

V:
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Ai and Chen (2007) style asymptotic variance characterization If we adopt the ap-

proach of Ai and Chen (2007), we have \/n (3— 5*) — N (0, UEQUB) where
om (o) V]
m(z;, O *
A

e ([P« (o o2
and
Q) = Var <% fw*] + (E [8m (;ﬁ o) _ dm ((;h o) [w*]D m (2, a*)) ,
and w* solves
G E e s )

Equivalence of these two asymptotic variance characterizations For the simple case
of scalar h() function of x, the optimization problem (18) can be solved in closed form. Note

that
020 (2, hy) om (z;, ) Om (2, au) 2
| (o) = ([P - 25 wi )
= E [T (z;)w (:)"] + (Mg — E [M,, (x,) w (,)])”
has a solution equal to
ot (2 = | 2y — 27 CEE\ M) My @) _ M My (x)
! 1+ E [J‘/Izh((j))g} I(ZL‘Z) 1+ F |:Mh(ff) ] I($2) = I(IL‘,)
so that
_ - 2
_ M2 Mh (LE)Q Mﬁ Mh (.1')2
(v3) = 2 + | Mg — -
(Lre[eer]) LFW ep ] LT
_ My @] M M3
a N | T @1\ E
(re[s]) L (e p[4])
N h
ote that ol (2, hy) w*] = Ol (23, he) Mg My, ()
Oh  0h = T(xy)
and
om (zi, ) Om(z;, ) B 1| My, (z;)° Mg
E{ T on [w]}_MBG_E T (z:) D_?

op



Then,

oh 95 oh

Mg ((% (zi, h) My, (x;)
Oh T (z;)

ACUN ( . {&n (2,0)  Om (2,0) [w*]D m (2, )

—_
—
—

#m (a0

and

Q — Var <a£ zi, h ( {8m zi0n)  Om(z, ) [W*]D m(zi,a*)>

oh
:]\E/[—f\/a (86(22}; 2) M, (;; (zz,a*))

from which we obtain

Var (2603080 1 (2, 0.))

UEQU; = Mﬁz =V

Consistent Estimator of the Asymptotic Variance We now suggest a consistent estima-

tor of the asymptotic variance of v/n <B — ﬁ*) . In the following to simplify presentation we as-

sume that 5 and h are scalars. Letting the sieve space be H,, = {h: h(-) =p1 (1) 01 + - - - + pxk, (*) 0K, },

a sieve estimator V' of the asymptotic variance V' can be computed by the following algorithm:

1. Compute a consistent estimator w*:

w* = aige%in%i: { (% [w (), w ) + <% Y (8m % 8) amé,zi,&) [w ()])) } .

and

*

o
I
3
)
>
)
>

. n
i =1
2. Compute
O(2:,8) T ~x
m(z;, Q)
Ao (3) 1
w* (%) = n m(z;,0 m(z; Q) [~ ’
i (3 éﬁ b2 <(9h )[w ()D
and
R 1 <& /o~ / , -~
Q== (Ba () p(z0,8) p(,8) Bae (1)
i=1
3. Compute

S £ Y i SO +<1i(am(§;i’a)—67”221”@)[@*(-)]))
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Numerical equivalence Suppose that a researcher perceives the first-step sieve nonpara-
metric estimation to be a parametric estimation. The researcher would perceive [ to be a

simple parametric M-estimator solving the moment equation E [g (2;, fs,0+)] = 0, where

Ol h(wih) K(.)]

) *’9* - g ’
9 (2, B, 6:) [ m (2, B, h(-,0))

and h (-,0) = p () 0. Here, both 3 and @ are finite dimensional parameters such that dim (g) =
o~ ~\/
dim () + dim (6). A consistent estimator of & = (6 0 ) is given by the usual formula (which

is (5)):
(%Z%> (%nga)g(%,a)') <%Zag<§_;a>) |

i=1 =1
The estimator ‘A/p of the asymptotic variance of B is then obtained from the upper left corner
of the above formula.
We now apply Lemma 1 to characterize the upper-left block of the estimated variance
matrix. For this purpose, we assume that the practitioner adopts the parametric specification
h(z,0) = pX (z)' 0, with p¥ (x) = (p1 (z) , ..., px (z))’, where K = K,, is a function of n although

it is perceived to be fixed for our fictitious practitioner. Then:

1§09 0) 15 0 —PUHEID K (1) p () ]
n = d(6,0") n ‘= 3m(zivgg(%9)) 8m(zi»%:(xi79))pK (z:)'
|0 R
17 @

and
on P

ERCHICRD P )
m (z;, B, h (x;,0))

g(zi,ﬁ,e) = [

Using the notation in Lemma 1, we let

and




In the minimization problem of the first step in the lemma, we see that the objective function

is

(A — BC)/ (A — Be)
= Re+q*—2qQ c+QQ ¢

_ —Z ( d? (l;h?;;l a) (v (xi)’c)Q) + (%Zil <3mé,z,&) B 8m§;,a)p}( (m)'c))z

which is identical to the minimization in our algorithm. We therefore obtain

5= (=BT (A= B) = () R+ (7-Q) (7-Q¢) = @)
We also have
(A - BC*)/ Tilg (Zia ﬂ? 9)

_MK.%
= - 6—<C*>’@][ s )]

m(zi,ﬁ,h(%,@))
= = (0 (1) ) + (@ () Q) m(ai, )

and

Q, = (A—Bc) T'FY~ (A — Bc)

! Z ((g ~5e) rlgi> ((1& ~8e) Tlg,.)'

n

L3 (2o o )+ (7 (Y @8 02 )

n“
=1

QO

By Lemma 1, the practitioner’s estimator 1//\;, for the asymptotic variance of 3 is then equal to
‘A/p = @Jﬁp@\p

Because v, = vj; and Q, = Q, we get the desired conclusion that V = V.
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Notes

Tmposing the structure of the underlying model on the reduced form policy functions would

necessitate solving for the equilibrium, which is exactly what these methods are trying to avoid.

2Bootstrap validity is typically established for confidence region construction. Even for
parametric linear regressions, one needs additional regularity conditions to justify bootstrap

validity for standard errors (see, e.g., Gongalves and White (2005) for a recent discussion).

3The “equivalence” throughout the paper refers to the equivalence between Newey (1994)/Ai
and Chen (2007) variance estimators and Murphy and Topel (1985)/Newey and McFadden
(1994) variance estimators. There are obviously other consistent estimators of the relevant

asymptotic variances.
“Tmbens and Wooldridge (2005) conjectured an equivalence in propensity score estimation.

>Our numerical equivalence results are established for the two-step semiparametric estima-
tors only when sieve (or series) methods are used in the first-step. We doubt such a numerical
equivalence result might still hold for other nonparametric first-steps such as kernel, local linear
regression, or nearest neighbor methods. On the other hand, the semiparametric formula in
principle addresses nonparametric first step sieve estimation with potentially data dependent

choice of the number of terms used in approximation.

5We do not address the question of improving existing procedures for semiparametric models.
Our numerical equivalence results may make some readers feel uncomfortable about existing
semiparametric procedures. Some readers may feel that the choice of sieves and the number of
terms to be used in the approximation, which have been buried in a list of regularity conditions,
should be explicitly addressed. Readers may also feel that the existing estimators of variance
in semiparametric models may have room for improvement given our equivalence result. These
are questions that can be potentially addressed within the context of higher order analysis,

which we leave to future research.

"This formulation assumes exact identification, i.e., dim(¢) = dim () and dim (¢)) =

dim (). We consider an overidentified situation in Section 5.3.
8See Wooldridge (2002, Chapter 12.3).

9Researcher A is trying to estimate a theoretical object that is not the true asymptotic
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variance, since she believes that the number of terms in the series will remain constant in her
asymptotics. In fact, Researcher A’s estimator B in the second step will be inconsistent in

general because her first step estimator will not converge to the true nonparametric object.
19Tn other words, we do not need to worry about the dependence as in Chen and Shen (1998).

U'We provide a proof of the consistency of Vimie along with regularity conditions in Appendix
D because we are not aware of any published papers that establish the consistency of YA/smle,
albeit such an estimator has been used in the literature without proofs; see, e.g., Chen (2007,
remark 4.2), Chen, Fan and Tsyrennikov (2006). For most other results in this paper, we do

not provide any rigorous asymptotic theory, which is already done in the existing literature.

12This problem does not fit into the framework of Ai and Chen (2007). To our knowledge,

the result below is new to the literature.
13See Chen, Linton and van Keilegom (2003).

14Given the flexibility of h(z;), it is not clear from a practical perspective why one would

prefer a Probit over a Logit specification.

15 Aguirregabiria (1999), Ryan (2006), Collard-Wexler (2006), Dunne, Klimek, Roberts, and
Xu (2006), Sweeting (2007), Macieira (2008), Ellickson and Misra (2008), Snider (2008), and

Ryan and Tucker (2008) are some examples of empirical applications of these methods.
16Note that this doesn’t identify the structural parameter U (x;,0; 0y ) (since by assumption
U (z4,0;0y) does not depend on z;, this is just a scalar Uy). This parameter satisfies

Pr(a=1|2)
1—Pr(a=1|z2))

Uy = —B/ [0.5772 +1In (1 + )] F, (dz|z,0;0F)

"The first class of semiparametric estimators is a special case of Ai and Chen (2007).

¥The second class does not fit into Ai and Chen (2007). To our knowledge, this result is

new to the literature.

9See their equation (5) or their plug-in estimation equations (6)-(7). In fact, Ai and Chen
(2007) consider a much broader class of models, including misspecified semi/nonparametric
models. Our discussion here is a “translation” of their procedure for the specific model we

consider here.
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A Practical Asymptotic Variance Estimator for Two-Step
Semiparametric Estimators: Supplementary Appendix

DANIEL ACKERBERG, XTIAOHONG CHEN, AND JINYONG HAHN

A Understanding Newey’s (1994) Asymptotic Variance

Formula

Newey’s result We consider a simple model where the true unknown function h, is scalar-
valued and solves F [y; — h, (z;)| ;] = 0, and the true S, solves E[m (z;, Bs, ha (z;))] = 0.

Newey (1994) considers a method of moment estimator B that solves
1 5~
_Zm (Z1767h> =0,
(gt

where h is some nonparametric estimator of h,. Newey (1994) shows that the asymptotic

variance of \/n (B\ — @k) is the asymptotic variance of
— (M)~ (% il{m (26, Bes he) + E[D (2)| @ = m3] (y; — ha (xz))}) (19)

0B
Then a consistent estimator for the semiparametric asymptotic variance is equal to

(31,) - % zn; (m (2B.5) + B[D ()| ] (s - /f;(:pi))>2 (31;) - (20)

1=

where My = B 225528 and D () = 9m (2, B, (2))/ OBl

where ]\/4\5 = % Yo %

(For notational simplicity, we assume that m is scalar-valued.)

and E [D ()| z;] is some nonparametric estimator of E [D (2)| z = z;].

In order to prove (19), it suffices to characterize the asymptotic distribution of \/iﬁ dom (zi, B, /f\L) .

(This is because we have

Vi (B-8.) = - (M) (% > m (s E)) +0, (1)

=1

under regularity conditions.)



Newey (1994) basically writes

%gm (zi,ﬁ*,ﬁ> = Z{m Zis Bay i) + @ (2:) }

and devotes the rest of his paper characterizing the adjustment a (z;) to the influence function.
We follow Newey’s (1994) notation for convenience of readers. From Newey (p. 1360), we can
see that, for D (z,h) = D (2) h(v) with D (z) = Om (2, h(v))/Ohl,_, , we have his equation
(4.1) satisfied. As is discussed on the same page, we now assume that h.(z) = E[y| 2| for some

y and x. Now we follow his equation (4.4), and see if we can find
E[D ()3 ()] = E[§(2)§ (x)) for all 5.

Obviously the answer is given by § (z) = E[D(z)|z]. Then according to Newey’s (1994)
Proposition 4, we can see that a (z) = ¢ (x) (y — E'[y|z]) or

\/_Z <zz,ﬂ*,h> \/_Z m(zi, B, i) + E [ D (2)| @ = ] (y; — ha(x;)) + 0, (1) . (21)

A Naive practitioner’s estimator Now we pose the following question. Let’s assume
that a practitioner fits a “flexible” but finite-dimensional parametric model 4 (z, ) for E [y| z].
In other words, he will believe that h, (z) = E[y|z] = h(z,0.). The practitioner pretends
that his parametric model is a correct one. He will then assume that the population analog
of his parametric strategy is 6, = argming E [(y — h (z, 9))2]. We will further suppose that
h(z,0) = pX (2;)' 0 = p1 (z:) 01 + - - -+ (1) O where p®(x) = (p1 (2), ..., px (z))’, where K
is finite and fixed.

We now argue that a consistent estimator that this practitioner will use is the outer product
of

-1
n

n Om zi,B\,h xi,a - IR ~
(a5 2 C B ) () B ot ] (1)

=1




and P = [p¥ (21),...,pX (2,)]". Because the practitioner believes that 0, = argmin, E [(y — h (z,0))?],

he would believe that the corresponding moment equation is

R )| B

With this in mind, he will conclude that

\/ﬁ@_ 9*) _ <E [ah (z,0.) Oh (x,e*)D_l (L ‘n M(% — h(mi,H*))) + 0, (1)

00 oo’

He will then proceed and conclude that

%gm <Z¢,5*,h (3%5)) = %im(zhﬁ*,h(mi,e*))
(fzam zz,ﬁ*, (21,0 ))8h((;39i;9*)> (§_€*> o)
\/_Zm (zi, Ba, h (x4,04))

< >0 ah;”g,’“)ﬁ(@—e*)wp(n 23

Now, in his mind, he will think that

— {D(zl) TQ)} \/5(5 0, ) +o,(1)
AN [ ) Y T—
) (24)
We now see that, if we regress D (z;) on 2&%:) in the population, the coefficient is equal to
(B s mia,

and the fitted value is equal to

oh (;“”;: 0.) (E {8h gé 0.) Oh (;6,,9*)} > - 5 {ah (;;;, 0.) 5, (z@-)]

5 {D () oh SZ’J 9*)} (E {ah (axé 0.) Oh g;,/e*)D‘l oh (;;, 0,)

(25)
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So, let’s write

Oh (gge )} . {D () 2 (axé/, 9*)] (E {ah (;9, m)%g;,/e*)})l Oh (gg )

where E* denotes the best linear predictor. Combining (24) — (26), we can then see the

B* [D( )

practitioner’s thought process would lead to the expression

ONACRNICD)
SV Z( % Buy (@3 8:)) + B7 [D@-)

We now compare (21) with (27). It is easy to see that, except for E [D (z)|z = z;] in (21)
and E* [D (2:) Oh(zi0x)

o0’

@) 4o, 0

o0

} in (27), the formulae that the practitioner uses for asymptotic variance
Oh(x,04) ]

a0
can be interpreted to be an approximation of F [D (z)|x = z;]. This is easy. Suppose that

h(z;,0) = p¥ (2;) 0. Then

calculation are identical. Obviously, we need to ask the question when E* [D (z:)

oh (1‘279*) K
—ag P

Oh(x:,04)
96

x;), which can be interpreted to be an approximation to F [D (2)| x = z;] as long as K is

so the best linear predictor E* [D (z)
P
large enough.

} is essentially the least squares operation on

A consistent estimator for the “parametric” asymptotic variance is equal to

() 15 (o e o)) 2 0000 ] (o 8)) () 9

1=

Numerical equivalence when I is a sieve estimator When will Newey’s estimator (20)
of the semiparametric asymptotic variance (19) be numerically identical to the practitioner’s
parametric variance estimator (28)7 If we are to use a sieve estimator with basis p™ (z;) to

compute /ﬁ(mz) = Ely|z = z;] and E[D (2)| z;] in Newey’s (20), it can be easily seen that

E[D(2)] ) (yz- ~ Byl =)

=p" () (ZP (:) )(y —p* (z;) (P'P)" (ZPK(%)%», (29)

which is numerically identical to (22). It follows that Newey’s estimator (20) is numerically
identical to (28) when a sieve least squares estimator is used for & and E[D (z)|z;]. (In fact,
Murphy and Topel’s (1985) estimator is identical to (28).)

4



B Discussion of Ai and Chen (2007)

Ai and Chen’s (2007) sieve estimator of the asymptotic variance may appear somewhat mys-
terious. It is in fact a sample counterpart of the population characterization of the asymptotic
variance involving a minimization problem. In order to gain some intuition, we consider the

following simple example model:
Elyi — he (i) 2] =0, E[m (2, B, ha (1)) = 0. (30)

Ai and Chen’ (2007) modified sieve minimum distance (SMD) estimator®® for o, = (S, h.)

boils down to

%Zm(zi,ﬁ,h(xi))

i=1

<:8\, E) = ( argmin = z”: (y; — h () +

n
B,h)eBXHy, —

which amounts to estimating h (z;) by the method of sieves and then estimating 5 in the
moment equation E [m (z;, By, hs (;))] = 0 plugging in the first step nonparametric estimator.
In other words, it is exactly the same setup as that in Newey (1994). Ai and Chen (2007)’s
asymptotic variance V for their B can be characterized by the following algorithm, where we

assume that dim (8) = 1 and scalar-valued h for notational simplicity:

1. Compute w* to solve

inf £

2. Calculate

B (2) "
w* \Zi) = ) X )
E |:3m(8z§a*) . am(;;;a*)w* (xz)i|

and

(zi7 ﬁ*? h* (:CZ))
3. Calculate

-1

V= (B [Aw (2) Aue (20)]) 7 Var (Ay- (21) plzia0)) (B [Aue (2) Ae (20)]) 7. (31)

For this simple example model (30), it can be shown that the solutions in the above Steps
1-3 are

om(z;,0ux)
B |25




4@%g‘
E|D = T

1+ E[(E[D(2)[r=x,))"] [D(z)| x = x]

E%ﬁa)]

1+E[(E[D(z)[a=x:))"]

om(zi,0ux)
B |25

m (2, Ba, I (5 E[D(2)|x = (y; — hy (23))),
T BB D@)e =z oo @)+ ED @] =] (5 = b ()

Ay (2) p (21, ) =

and
_ Var[m (2, B, he (2:)) + E[D (2)| 2 = ] (yi — s (7:))]

2 )
om(zi,0ux)
(2 [25=])

where D (z) = dm (2, B+, h(x))/ Oh|,_, . In particular, we see that Ai and Chen’s asymptotic

Vv

variance V' is identical to Newey’s (1994) asymptotic variance (19) for this example model (30).
We note that analytic characterization of w* (-) hence population asymptotic variance V' is not
always easy for general semiparametric models considered in Ai and Chen (2007). Their sieve
estimator of the asymptotic variance V' simply uses a sample counterpart of the population

minimization problem to bypass such a difficulty.
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