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Abstract

This paper studies the optimal provision mechanism for multiple excludable public goods
when agents’ valuations are private information. For a parametric class of problems with bi-
nary valuations, we characterize the optimal mechanism, and show that it involves bundling.
Bundling alleviates the free riding problem in large economies in two ways: first, it can increase
the asymptotic provision probability of socially efficient public goods from zero to one; second,

it decreases the extent of use exclusions.
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1 Introduction

This paper studies the optimal provision mechanism for multiple excludable public goods, and
shows that bundling is an important feature of the constrained efficient mechanism.

“Bundling” refers to the practice to sell several goods together as a package deal, as opposed
to providing each good separately. This is a common selling strategy, and there is a quite large
literature on the topic, which almost exclusively focuses on private goods.! If the technology exhibits
constant or decreasing returns to scale, bundling of private goods can be rationalized as a scheme
to improve the extraction of surplus from consumers by a seller with market power. However,
regardless of whether preferences are private information or not, the normative recommendation in
such an environment, simple marginal cost pricing, does not involve bundling.

To motivate the importance of a better understanding of bundling of non-rival goods, we note
that many goods that are provided in bundles are close to fully non-rival. A striking example is
access to electronic libraries, for which the typical contractual arrangement is a site license that
allows access to every issue of every journal in the electronic library. Another obvious example
is cable TV. Technologically, it would be feasible to allow customers to choose whatever channels
they are willing to pay for without constraints. In practice, the basic pricing scheme consists of a
limited number of available packages. While some programming is available on a per channel or
pay-per-view basis, the bundled channels are simply not available in any other way than through
their respective bundles. Other examples include computer software and digital music files. All
these examples have in common that the pros and cons of bundling for the consumer have been
frequently debated by the media, legal scholars, and in the courtroom. Still, there are virtually
no attempts in the academic economics literature to build a normative benchmark that explicitly
considers the public nature of these goods.?

We consider a model with m excludable public goods: the goods are fully non-rival, but con-
sumers can be excluded from usage. Each consumer is characterized by a valuation for each good,
and the willingness to pay for a subset of goods is the sum of the individual good valuations. The
cost of provision for each good is independent of which other goods are provided. Under these
separability assumptions, the first best benchmark is to provide good j if and only if the sum
of valuations for good j exceeds the provision cost and exclude no consumer from usage. Under
perfect information there is thus no role for either bundling or use exclusions.

In this paper we assume that preferences are private information to the individuals. Consumers
must therefore be given incentives to truthfully reveal their willingness to pay. We also assume
that consumers may decide not to participate, and that the provision mechanism must be self-
financing. Finally, we assume that the preference parameters are stochastically independent across

individuals. Together, these assumptions make it impossible to implement the (non-bundling)

! An exception is Bakos and Brynjolfsson [6].
*However, see Bergstrom and Bergstrom [7] who discuss site licenses for academic journals.



perfect information social optimum.?

The first part of the paper considers a relatively general setup, and characterizes the form of
optimal provision mechanisms in symmetric environments. We then exploit these results for a
special case where we obtain an exact characterization of the constrained efficient mechanism. This
special case is when there are two public goods, valuations for each good are binary, and the goods
are symmetric both with respects to costs of provision and joint valuation distributions. While this
is obviously a very special case, the results are suggestive, and the methodology may be useful for
more general (symmetric) multidimensional screening problems.

There is an element of bundling in the constrained efficient mechanism whenever valuations
are not too positively correlated. The best intuition for this probably comes from considering
results in McAfee et al [18] together with the more recent literature on efficient provision of (a
single-dimensional) excludable public good. We know from McAfee et al [18] that introducing
the bundling instrument increases the profits for a monopolist that is restricted to fixed-price
mechanisms. By results in Hellwig [14] and Norman [21] we also know that, in the case with a
single good, the constrained welfare problem has a Lagrangian characterization. This problem may
be interpreted as maximizing a weighted average of social welfare and profits, where the relative
weights come from the Lagrange multiplier on a “zero profit constraint.” Given these links between
constrained efficiency and a standard monopoly problem it seems highly plausible that the logic in
McAfee et al [18] should carry over to our problem.

Concretely, bundling works as follows in the optimal mechanism. All agents get access to any
good for which he or she has a high valuation. If valuations of the two goods are not too positively
correlated, a “mixed type” is always more likely to get access to his or her low-valuation good
than is an agent with low valuations for both goods. In some cases, this differential treatment
leads to a drastic improvement compared to the best that can be achieved without bundling. For
many parametrizations, the probability of provision tends to zero if bundling is not used, whereas
bundling makes it possible to provide with probability one. Moreover, even when the goods may
be provided without bundling, the proportion of agents that get access to the goods is higher under
the optimal bundle mechanism.

It is important to note that, while the existing literature on bundling (of private goods) focuses
on how bundling relaxes the informational constraints and improves sellers’ revenue, we derive a
constrained efficient mechanism that involves bundling in the public good setting. In the models
used in the existing literature, the profit maximizing bundling mechanism is dominated by marginal
cost pricing in terms of social efficiency, and could be trivially implemented.

The remainder of the paper is structured as follows. Section 2 presents the model and some

3All these restrictions are essential. Removing either the voluntary participation or the self-financing constraint
makes it possible to construct pivot-mechanisms that implement the first-best. If we allow correlation in valuations,

a version of the analysis in Cremer and McLean [10] can be used to implement the efficient outcome.



characterization results. Section 3 introduces the special case when valuations are binary and
demonstrates by example that a (pure) bundling mechanism may improve efficiency. Section 4
characterizes the optimal mechanism for this special case, and compares our characterization with

existing results in the literature, and Section 5 concludes. Proofs are collected in the Appendices.

2 The Model

This section lays out a fairly general model (Section 2.1). The set of randomized direct mech-
anisms is represented in a somewhat nonstandard, but useful, way (Section 2.2), before setting up
the mechanism design problem (Section 2.3). We then gradually show, sometimes with additional
restrictions on the environment, that it is without loss of generality to consider a smaller and more
tractable class of simple, anonymous and symmetric mechanisms (Sections 2.4 and 2.5). The main
results of this section are Propositions 1 and 2, which are used in later Sections to reduce the

dimensionality of the design problem.

2.1 The Environment

There are m excludable public goods, labeled by j € J ={1,...,m} and n consumers, indexed
by i € Z = {1,...,n}. Each public good is indivisible, and the cost of providing good j, denoted
C7 (n), is independent of which of the other goods are provided. Since n is the size of the economy
and not the number of users, all goods are fully non-rival. The rationale for indexing cost by n is
to be able to analyze large economies without making the public goods a free lunch in the limit.
We therefore allow for the existence of ¢/ > 0 such that lim,, .o, C/ (n) /n = ¢/ > 0. There is no
need to give this assumption any economic interpretation. It is best viewed as a way to ensure that

2

the provision problem remains “significant” with a large number of agents.
Consumer 1 is described by a vector 6; = (9%, ey 9’1”) € © C R™, where 0{ is interpreted as s

valuation for good j. Agent ¢ has preferences represented by the utility function,

> el —t, (1)
JjeJ
where Ig is a dummy variable taking value 1 when ¢ consumes good j and 0 otherwise, and t; is
the quantity of the numeraire good transferred from ¢ to the mechanism designer. Preferences over
lotteries are of expected utility form. One could imagine more general utility functions than (1),
but the linear formulation (also used by Adams and Yellen [1], McAfee et al [18], and Manelli and
Vincent [17]) has the advantage of ruling out bundling due to complementarities in preferences.
The preference vector 6; is private information to the agent, and preferences are independently
and identically distributed across agents. We denote by F' the joint cumulative distribution over

0;. Valuations across goods may be correlated for the individual agent. For brevity of notation,



we let 6 = (04, ...,0,) € ©", which will be referred to as a type profile. In the usual fashion, we let
0_; = (01,..,0;_1,0;11,...0,) and, with some abuse of notation, we write F () = II;czF (0;) and

F (0_;) = leq; F (0r) as the joint distribution of € and 6_; respectively.

2.2 Randomized Direct Mechanisms

In general, the outcome of any mechanism must determine: (1). Which goods, if any, should be
provided; (2). Who are to be given access to the goods that are provided; and (3). How to share

the costs. The set of feasible pure outcomes is thus

_ m mxn n
A= {01} x {0,1} x R" . (2)
“ ”
provision/no provision inclusion/no inclusion taxes
for each goods j for each agent i and good j

By the revelation principle, we restrict attention to direct mechanisms for which truth-telling is
a Bayesian Nash equilibrium. A pure direct mechanism is a map from ©" to A. We represent a
randomized mechanism in analogy with the representation of mixed strategies in Aumann [5]. That
is, let = = [0, 1], and think of ¢ € = as the outcome of a fictitious lottery, where, without loss of
generality, ¥ is uniformly distributed and independent of 6. A random direct mechanism is then a
measurable mapping G : ©" x= — A. A conceptual advantage of this representation is that it allows
for a useful decomposition. That is, we may write G as a (2m + 1)-tuple, G = ({¢’ }jej , {wj}jej ,T)
where,

Provision Rule: ¢ 0" xZ2—{0,1}
Inclusion Rule:  w’/ :0" x Z— {0,1}" (3)
Cost-sharing Rule: T :0" - R"

We refer to ¢/ as the provision rule for good j, and interpret E=¢’ (6,9) as the probability of

J

provision given announcements 6. The rule w/ = (w]l, ey W ) is the inclusion rule for good j, and

ngg (0,7) is interpreted as the probability that agent i gets access to good j when announcements
are 0, conditional on good j being provided. Finally, 7 = (71, ..., 7y,) is the cost-sharing rule, where
7; (0) is the transfer from agent ¢ to the mechanism designer given announced valuations 6. In
principle, transfers could also be random, but the pure cost-sharing rule in (3) is without loss of

generality due to risk neutrality.



2.3 The Design Problem

Let E_; denote the expectation operator with respect to (0_;,¥). A mechanism is incentive

compatible if truth-telling is a Bayesian Nash equilibrium in the revelation game induced by G,

By | Y ¢(0,9)w](0,9)0] — 73(0) | > By | Y ¢F(0:,0—5,0)w] (05, 0—5,9)07 — 7:(0;,0-3) | ,
JjeT JjeT
VieI, 00" 0;c0. (IC)
We also require that the project be self-financing. For simplicity, this is imposed as an ex ante

balanced-budget constraint:*

E(D 7(0) =) ¢ (6,9)C (n) ] 0. (BB)

i€l JjeT
Finally, we require that a voluntary participation, or individual rationality, condition is satisfied.
Agents are assumed to know their own type, but not the realized types of the other agents, when

deciding on whether to participate. Individual rationality is thus imposed at the interim stage as,

E_i [ Y 0,9 (0,90 —7:(0)| >0, VieI0 €0, (IR)

JjeT
A mechanism is incentive feasible if it satisfies (IC), (BB) and (IR). Utility is transferable, implying
that constrained efficient allocations may be characterized by solving a utilitarian planning problem,
where a fictitious social planner seeks to maximize total surplus in the economy, subject to the

constraints (IC), (BB) and (IR). A mechanism is thus constrained efficient if it maximizes

Y B©0,9) | >_wi(0,9)0] — 7 (n)] (4)
JjeTJ i€T
over all incentive feasible mechanisms.?

It is ex post efficient to provide good j if and only if >, ; 0{ > (7 (n), and to never exclude
any agent from usage, which is the same rule as the first best rule for a single public good. This is
implementable if and only if a non-excludable public good can be efficiently provided under (IC),
(BB) and (IR). But, this is only possible in trivial cases (Mailath and Postlewaite [16]). Our setup

is thus a second best problem.

“The ex ante constraint (BB) is literally relevant only when the designer can access fair insurance market against
budget deficits. However, adapting standard arguments (see Mailath and Postlewaite [16] and Cramton et al [9]), one
can show that any allocation implementable with transfers satisfying (BB) is also implementable with a transfer rule
that satisfies the ex post balanced-budget constraint (i.e. feasibility for every realization of #). The idea is simply

that, since agents are risk-neutral, the insurance against budget deficits can be provided by the agents.
5 All these constraints are noncontroversial if the design problem is interpreted as a private bargaining agreement.

If the goods are government provided, the participation constraints (IR) may seem questionable. One defense in this
context is that the participation constraint is a reduced form of an environment where agents may vote with their

feet. Another defense is to view this as a reduced form for inequality aversion of the planner. See Hellwig [13].



2.4 Simple Anonymous Mechanisms

To simplify the analysis, we first exploit the symmetry and linearity of the constraints and the

objective function. This allows us to reduce the dimensionality of the problem:

Definition 1 A mechanism is called a simple mechanism if it can be expressed as (2m + 1)-tuple
g= ({pj}jej 7 {nj}jej ,t) where for each j € J,

Provision Rule: pe" —0,1]
Inclusion Rule: 70 —[0,1] (5)
Cost-sharing Rule: t:0 —R,

o’ is the provision rule for good j, 1/ is the inclusion rule for good j (same for all agents), and t

is the transfer rule (also same for all agents).

There are a number of simplifications in (5) relative to (3). First, inclusion and transfer rules
are the same for all agents; second, conditional on 6, the provision probability p’ () is stochasti-
cally independent from all other provision probabilities, and all inclusion probabilities; third, the
inclusion and transfer rules for any agent ¢ are independent of the realization of 6_;; and fourth,
all agents are treated symmetrically in terms of the transfer and inclusion rules.

Symmetry in inclusion and transfer rules is built into the notion of a simple mechanism, but
(5) allows provision rules to treat agents asymmetrically. We therefore need a definition to express

what it means for the index of the agent to be irrelevant:

Definition 2 A simple mechanism is called anonymous if p/ (0) = p’ (9’) for every j € J, every
0 € ©", and every 0 € O" that can be obtained from 0 by permuting the indices of the agents.

We now show that focusing on simple anonymous mechanisms is without loss of generality:

Proposition 1 For any incentive feasible mechanism G of the form (3), there exists an anonymous

simple incentive feasible mechanism g of the form (5) that generates the same social surplus.

Consequently, the remainder of this paper only considers simple anonymous mechanisms. The
idea is roughly that risk neutral agents care only about the perceived probability of consuming each
good and the expected transfer. Therefore, there is nothing to gain from conditioning transfers
and inclusion probabilities on 6_;, or by making inclusion and provision rules conditionally depen-
dent. Mechanisms of the form (5) are therefore sufficient. Moreover, given an incentive feasible
mechanism, permuting the roles of the agents leaves the surplus unchanged and all constraints sat-
isfied. An anonymous incentive feasible mechanism that generates the same surplus as the initial

mechanism can therefore be obtained by averaging over the n! permuted mechanisms.’

5The actual proof is a bit more complex than simply randomizing with equal probabilities over the n! permutations.

The reason is that inclusion and provision probabilities are potentially correlated.



2.5 Symmetric Treatment of the Goods

Our next result, on which we rely heavily in Sections 3 and 4, identifies conditions under which
it is without loss of generality to treat goods symmetrically. Obviously, the underlying environment
must be symmetric, and we formalize this by assuming that 6; = (0}, e ,le) is an exchangeable
random variable, that is F' (6;) = F (6;) whenever 6] is a permutation of 6;; and that there exists
C (n) such that C7 (n) = C (n) for all j.

Given valuation profile 8 and a one-to-one permutation mapping P : J — J of the set of goods,
let GZP denote the permutation of agent i’s type by changing the role of the goods in accordance to
P : that is, HZP = (Hf_l(l), 05)_1(2)..., 9;3-1(,@) , where P~1 denote the inverse of P. For simplicity,
write #7 = (9{3 s e 95 ) as the valuation profile obtained when the role of the goods is changed in

accordance to P for every ¢ € 7.

Definition 3 Mechanism g is symmetric if for every 0 and every permutation P : J — J :
1. pP7 @ (GP) = p? (0) for every j € J;
2. nPil(j) (0{-3) =1’ (0;) for every j € J;
3. t(0F) =t (0;).

In defining a symmetric mechanism, the same permutation of goods must be applied for all
agents. As an example, suppose that there are two agents and two goods, and that the valuation
for each good is either h or [. In this case © = {(h,h), (h,l),(l,h),(l,1)}. Consider the type profile
0 = (61,02) = ((h,1),(I,h)) € ©2. Applying the only non-identity permutation of the goods, i.e.,
P(1) = 2 and P(2) = 1, to all agents generates a type profile 67 = (9{3,6’5) = ((l,h),(h,1)).
Definition 3 requires that the allocations for type profile ((I,h), (h,1)) is the same as the allocation
for ((h,1), (I, h)) with goods relabeled, and that transfers are unchanged.” The result is:

Proposition 2 Suppose that 0; is an exchangeable random variable and that there exists C (n) such
that C7 (n) = C (n) for all j € J. Then, for any simple anonymous incentive feasible mechanism
g, there exists a simple anonymous and symmetric incentive feasible mechanism that generates the

same SUTPZUS as g.

The idea is similar to that of Proposition 1, except that it is the role of the goods that are
permuted. Consider the case with two goods, and suppose that the two goods are treated asym-

metrically. Reversing the role of the goods, an alternative mechanism that generates the same

"If we were to apply different permutations for the two agents, e.g., applying the identity permutation for agent
1 and the non-identiy permutation for agent 2, then we would obtain a profile ((h,1), (h,1)), which is a qualitatively
different from either ((h,1), (I, h)) or ((I,h), (h,1)). In the profile ((h,l), (h,l)), both agents have low valuations for
good 2 and high valuations for good 1, whereas, in the profiles ((h,1), (I, h)) or ((I,h), (h,1)), one and only one agent
has high valuation for both goods.



surplus is obtained. Averaging over the original and the reversed mechanism creates a symmetric
mechanism where surplus is unchanged.® Incentive feasibility of the new mechanism follows from in-
centive feasibility of the original mechanism. Proposition 2 generalizes this procedure by permuting

the goods (m! possibilities) and creating a symmetric mechanism by averaging over these.

3 The Model with Binary Valuations

Assume that there are two public goods, and that the valuation for good j can either be “high”
(93 = h) or “low” (95 = [). For notational brevity we henceforth write the typespace for an
individual as © = {hh,hl,lh,ll}, and assume that 6; is independently drawn from an identical
joint distribution over © according to probability distribution pu = (apn, apr, aqn, ) € A% To
apply Proposition 2, we assume that the goods are symmetric, so that ap; = i = ., and
C!(n) = C? (n) = cn.? For future reference, let o = apy + @, be the marginal probability that
an agent’s valuation for a public good is h. To keep the problem non-trivial, we also assume that
l<ec<h.

Appealing to Propositions 1 and 2, we only consider simple anonymous mechanisms that treat
the two public goods symmetrically. For each 6 € ©™ = {hh, hi,lh,l1}", let x = (Tph, Th, Tin, T11)

denote the number of agents announcing different types, and let
X, = {l’E {0,...,n}4 L Tph + TR+ Tp + Xy :n}. (6)

be the set of possible values of x in an economy with n agents. Anonymity means that the provision
rule depends only on the number of agents who announce different valuation combinations. With

some notational abuse, it is thus without loss of generality to consider mechanisms of the form

M = (:017/027777t) (7)

where p/ : X, — [0,1] for 5 = 1,2, = (nup, 0l 1k my) € [0,1)* and t = (Eun, i, ) € R, That is,
Proposition 1 states that inclusion probabilities without loss can be independent of types of other
agents. Because of symmetric treatment of the goods (Proposition 2), it is sufficient with a single
inclusion probability n;;,, which is the probability of access to both goods for type hh. For the same
reason it is enough with a single inclusion probability for type Il. For types hl and lh, n!, is the
probability for access to the high valuation good, and 7', is the probability for access to the low
valuation good, where again the symmetric treatment comes from Proposition 2. The argument
for the cost-sharing follows the same lines, only a bit simpler.

Symmetric treatment of the goods also has implications on how p! relates to p? which are used

in Section 4.1 to simplify the incentive constraints.

8Provision probabilities and taxes are given by straightforward averaging, but since inclusion and provision prob-

abilities may be correlated the procedure is somewhat more involved for the inclusion rules.
9Keeping the per capita costs constant simplifies notation, but is not necessary.



3.1 Optimal Separate Provision Mechanisms

As a benchmark, this section derives the asymptotic provision probabilities of the two public
goods when the provision problem for each public good is considered in isolation. Proposition 1
applies also to the case with a single good, which for the binary case means that the provision
rule may be taken to depend only on the number of agents who announce a high valuation. To
emphasize that the solution depends on the size of the economy, we denote a separate provision
mechanism for good j in an economy of size n as a triple (p%,?ﬂl,t%), where p% {1,..,n} —[0,1]
and pﬁl (k) denotes the probability of provision if k agents announce a high valuation for good j;
nl, € [0,1] is the inclusion probability for type I and t}, = (t},(h),#}(1)) are the transfers.!0

To find the best provision mechanism where goods are provided separately is formally the same
problem as finding the best provision mechanism when there is only a single good. Maximizing
social surplus subject to the single-good analogues of (IC), (BB) and (IR) in Section 2.3 one obtains

the following characterization of the constrained optimal separate provision mechanism:

Proposition 3 Consider a sequence of economies of size {n} - | . Then,

(1) if ah < c, nh_)rgoEpﬁl (k) = 0 for any sequence of feasible separate provision mechanisms {p%, s t%};

(2) if ah > ¢, lim Epflj (k) = 1 for any sequence of constrained optimal separate provision mecha-
n—oo

nisms { PO } . Moreover, any sequence of constrained optimal mechanisms satisfies

 ah— , h—
lim 7)) = PTE im () = ar—ce

n—oo ah —1" nSoo  ah—1 n—oo

; ah —c ah —c
lim ¢7(h) = |1 — + .
I, and lim t;7(h) { A l] h A ll

The result is a two-type analogue to Propositions 2 and 3 in Norman [21], and we only provide

a heuristic explanation.'! The key idea is that the incentive constraint for the high type
B0 () 167 = h| B = 67 (h) = B [0} () 07 = 1] i — 67 0), (8)
may be replaced by
Ep;? (k) h — ;7 (h) > Ep)Y () ni7h — 57 (1), (9)

since the probability that agent ¢ is pivotal for the provision decision is negligible in a large economy.
Moreover, the participation constraint for the low type binds, implying that o ()= E,o;}j (k) n;klj l.

Because (8) binds in the optimal mechanism, budget balance requires that, approximately,

Epf/ (k)e = atif(h)+ (1 —a) (1) = a [t (1) + Ep (k) h (1 —n)] + (1 — o)t (1)
= (1) +aEp}/ (k) h (1—n)) =Ep}/ (k) [/l + ah (1 —n})]. (10)

Y Exclusions of type h agents are also feasible, but never occur in an optimal mechanism, since excluding type h

tightens the downwards incentive constraint for h.
"Details available on request from the authors.



Hence, ;) & (ah — ¢) / (ah — 1) follows from (10). Inspecting (10), it follows that lim, .. Ep;? (k) =
0 if ah < ¢ (since the bracketed expression is maximized at either [ or ah and [ < ¢ by assump-
tion). Otherwise the budget balance constraint must be violated for large n. On the other hand, if
ah > ¢, it is feasible to provide for sure (for any n) with the transfers specified in Proposition 3,
and inclusion probability 1%, = (ah —¢) / (ah — 1) . Conditional on this inclusion probability, the
ex post efficient rule is to provide public good j whenever *h + *—%nZ [ > c. An application of
Chebyshev’s inequality guarantees that

ah —c

(L ll>ah>c.

n an —

plim <Kh + nzol) =ah+(1-a)
n

Thus, the ex post efficient provision rule conditional on the given inclusion probability converges
towards “always provide.” Hence lim,, o Epflj (k) = 1 in the optimal mechanism. The limits for
the transfers can then be obtained by substituting lim,, s Epflj (k) = 1 back into the incentive and
participation constraints.

The optimal separate provision mechanism characterized in Proposition 3 is bounded away from
first best efficiency. First of all, the asymptotic provision probability is zero when ah < ¢ while
efficiency requires provision whenever ah 4+ (1 — «)l > ¢. Moreover, when ah > ¢, there is still a

distortion due to positive probability of exclusion of low valuation agents.

3.2 Efficiency Gains From Bundling

Before deriving the constrained optimal mechanism, we consider an example that shows that
bundling can lead to provision for sure, even though the best separate provision mechanism has an
asymptotic provision probability equal to zero.

Suppose that ah 4+ (1 —«a)l > ¢, so that provision is desirable in a large economy with a

probability near one. Consider mechanism

thh = tm=h+1l, andt; =0
Mhh = T ="y =1, and 7y =0 (11)
pl(z) = p*(x)=1forallz € X,.

That is, agents of type hh, hl and [h are taxed the willingness to pay of a mixed type and consume
both goods for sure. Type-ll pays nothing, but is excluded from usage from both goods. All
incentive and participation constraints are trivially satisfied by mechanism (11). The only question

is thus whether the feasibility constraint (BB) is satisfied, that is, if
Pr [{hh, hl, 1hY] (h + 1) = (@, + 20m) (A + 1) > 2¢, (12)
holds. It is easy to show that:

Claim 1 For any ¢ > 0, and (ahn, Qm, Qi ) € A* such that oy, > appoy/ (1 — ay), there exist
pairs (h,1) with h > ¢ > 1 such that (12) is satisfied, and at the same time (apn + am) h < c.

10



Rla

ah =c

b

ah+(1—-a)l=c -

Figure 1: The Bundling Mechanism Outperforms Optimal Non-bundling Mechanism in the Shaded Region.

The set of the values of h and [ for which (11) outperforms the best separate provision mechanism
are depicted as the shaded region in Figure 1. It is easy to see that the shaded region will be non-
empty as long as the line ah = ¢ is above point C in Figure 1. Point C has a coordinate of
(h,1) = (2¢/ (apn + 2a,) — ¢,1) . Thus ah — ¢ evaluated at point C is

2 (ahh -+ am)
app + 200,

(0] (8]
_ c(hhﬂ_am><o,
1— oy

where the inequality follows from the assumption that o, > appaq/ (1 — ay). The inequality,

Qhh

————— — (app + @
app + 200, (hh m)

ah-c = ¢ ~(amn +am) - 1] =c|

which requires that the valuations for the two goods are not too positively correlated, is needed
because the revenue effect from bundling depends on a trade-off between price and the number of
agents willing to pay the price. If the valuations are strongly positively correlated, there are too
few mixed types for the increased sales to make up for the reduction in price.

The expected utility in the best separate provision mechanism approaches zero for all agents
when provisions go to zero, whereas type-hh enjoys utility level h — [ > 0 under mechanism (11).
The proposed bundling mechanism therefore improves efficiency. Hence, we’ve shown that a feasible
bundling mechanism can improve the efficiency over the optimal separate provision mechanisms.

This is akin in spirit to McAfee et al [18] who used local analysis showing that bundling improves the
2

)

profits for a monopolist. Also notice that if valuations are independent, ay, = o2, oy = (1 — )

11



and oy, = a (1 — a), and the inequality in Claim 1 is satisfied. Thus, just like in McAfee et al [18],

the argument applies also to the case when valuations across goods are stochastically independent.

4 The Constrained Optimal Mechanism

In this section, we proceed a step further and characterize the constrained optimal mechanism

for the binary version of the model described in the previous section.

4.1 The Constraints

There are 12 incentive constraints, but the payoff for type hh or Il from pretending to be hl is
the same as the payoff from pretending to be [h. Symmetrically, the payoff for type hl is the same
as the payoff for type [h regardless of whether the true type hh or Il is announced (announcing the
other mixed type affects the payoff). Due to the symmetry, 5 constraints can thus be immediately
discarded. Using that p' (zan, Thi, Zin, Tu) = p* (Thn, Tin, Thi, vy) (Proposition 2) we express the 7

remaining incentive compatibility constraints purely in the provision rule for good 1 as,

B [p" () [Bh] 2h =ty > i E [p! (2) [B] b+, E [p" (2) [Ih] b — t,(13)

B [p" () |hb] 2k — tw, > myE [p () |11] 2k — 1y (14)

B [pt (z) [hl] b+ 0l E [p* (z) [Ih] 1 —tm > npaE [p (2) [RR] (A +1) — tp (15)
mE [p! () [hl] h+nbE [p' () [IR] 1 > nlE [p" (z) ] L+ n\,E [p" (x) |Ih] A (16)
nE [pt (2) [Bl) B+ 0L, E [pt (2) [Ih] L=t > myuE [p" (@) |11] (h+1) — ty (17)
mE [pt (@) U] 20—ty > nhE[p* (x) [h] 1+ 0hE [p! (2) [Ih] 1 -t (18)

miE [p! (@) 1] 20—ty > 0B [p (2) |hh] 20 — ty,. (19)

Since all other types can always mimic type [, the only relevant participation constraint is
miE [p" () 11] 20 — ty > 0. (20)

Finally, the feasibility constraint (BB) can be simplified due to the simple transfer schemes and the
constant per capita costs. Again appealing to the symmetric treatment of the goods (Proposition

2) we can express (BB) in per capita form as
annthn + 20mtm + oty — 2cEp! (z) > 0. (21)

4.2 Relaxed Problem: The Main Case

The most involved part of the design problem is the provision rule. This is difficult because p’ (z)

is weighted by the ex ante probability that x occurs in the objective function, while the relevant

12



probabilities in the constraints are conditional probabilities. To be able to link the unconditional
and conditional probabilities we need to be explicit about the (multinomial) probability distribution
of z. Given n agents, we denote the probability of outcome x € X, by a, (x), which follows a
multinomial with parameters (n, app, Qm, Qm, Q) A2

Due to the symmetry, types are naturally ordered as hh being the “highest type”, hl and lh
being “middle types” and [l being the “lowest type”. Appealing to intuition from single-dimensional
problems, we conjecture that only adjacent downwards incentive constraints are relevant and will
therefore ignore the upwards constraints, (15),(18) and (19), as well as (16), the constraints between
type hl and [h, and the downward constraint between hh and I, (14).!> Expressing the two

remaining constraints ((13) and (17)) explicitly in terms of the multinomial probabilities, we get

M Y 8n1 (@) p" (Thn + 1, p, Tin, ) 20—t (22)
re€Xn—1
> ot Y an1 (@) p @n o + L, w)h+nby Y an-1 () pH(@hn, wa xin + 1 xn)h —
TEAn—1 rEXn 1 :PQ(Ih,h,I;:zr-i-l,xzhﬂfzz)
Mo > an-1(@)p' (@hns 2 + Lo s)h+ 1, Y an—1 (@) p (@hns T zin + 1, 20)l — tm
TEAn—1 rEXn 1 :PQ(xh,hyx;lr'i‘Lﬂ?lh,»afll)
>y Z an—1 () p (T, Thiy Tin, i + 1) (B + 1) — ty, (23)

reX, 1
where (22) states that type-hh agents do not have incentives to mimic type hl; and (23) states that

mixed type agents do not have incentives to mis-report as type ll. The participation constraint (20)

and the feasibility constraint (21) written explicitly in terms of the multinomial distribution are

MY a1 (@) p (Thn, T Ty o+ 12—ty > 0 (24)
IeXn—l
apptnn + 20mt, + apty — 2¢ Z a, (.T) pl (x) > 0. (25)
TEX,

Again appealing to Proposition 2, good 2 can be eliminated from the objective function. Expressing

social surplus in per capita form, the relaxed programming problem is:'*

() (Manzhn + 0l an) b+ (nhzm + nyzu) 1 iy

max 2 a, (z)p (26)
{ptmty =% n

s.t. (22),(23), (24), and (25),
nel0,1]*, pt (z) > 0,1 — p' (z) > 0 for each = € A, (27)

Lemma 1 There exists at least one optimal solution to (26).

12 . . _ . ! Thh Th Tlh T
13Exphcr.cly, a, (x) —.an (l'hh7whl,wlh,ll'll.) = mahz’ aﬁllai,{’ O‘lzl.l' )
In Section 4.6 we will check the conditions for when this procedure is valid. It turns out that the only potential

problem is ignoring the downward constraint between hh and II.
" The multiplicative constant 2 in the objective function is redundant, but it aids interpretations by keeping the

units in the objective function and the constraints comparable.
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The proof is standard by first compactifying the constraint set and then applying Weierstrass
Theorem. Slater’s condition for constraint qualification holds, so the Kuhn-Tucker conditions are
necessary for an optimum. Since a solution to (26) exists, these conditions characterize an optimal

mechanism, provided that the constraints that have been ignored are satisfied.

4.3 Linking the Multipliers

Taxes enter linearly into all constraints and are not constrained by boundaries. It is therefore

convenient to begin the analysis from the first order conditions with respect to t = (tpn, tm, tu),

(W.I‘.t. thh) —Mnn + Aoy, =0
(W.I‘.t. tm) Ak — Am + 2Aa,, =0 . (28)
(w.r.t. ty) Am — Ay +Aay =0

Here, A\, and Ay, are the multipliers associated with (incentive compatibility) constraints (22) and
(23), Ay is the multiplier for the (participation) constraint (24), and A is the multiplier for the

(resource) constraint (25). It is immediate from (28) that:

Lemma 2 In any solution to (26), the multipliers (App, Am, Nit, A) satisfy: A\pp = app\y A =
(apn +2am) A, and Ny = A.

In all its simplicity, Lemma 2 is a key step in the solution of (26). Its role is similar to the
characterization of incentive feasibility in terms of a single integral constraint in single-dimensional
mechanism design problem (i.e., the approach in Myerson [19] and others). In multidimensional
problems, it is impossible to collapse all constraints into a single constraint. Instead, Lemma 2

allows us to indirectly relate all optimality conditions to a single constraint.

4.4 Inclusion Rules

We now characterize the optimal inclusion rules 7. To ease the statement of the result, we define
two linear functions G : [0,1] — R and H : [0,1] — R as

200m
G(®) = (1—(1))21+<I><Owl—ahhh), (29)
(0779 Qm
2 aph + 200y,
H(@®) = (1-®)2+ [l—(thl)} :
gl aql

which allow us to express the optimal inclusion rules in terms of the multiplier on (25) as:

Lemma 3 Let M = (p', p%,n,t) be a symmetric solution to (26) and let ® = A/ (1 + A), where A
is the associated multiplier on the resource constraint (25). Also, suppose that E[pj (x) |01] >0 for
all 0; € © and j = 1,2. Then,
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1 if G(®) >0 1 if H(®) >0
() =0, =1; (i) nh, = ye0,1]] fG@) =0 ;@) =% yel0,1] ifH(@®) =0
0 if G (®) < 0; 0 if H(®) < 0.

Multiplying both sides of G (®) by «a;,,, we see that G (®) > 0 if and only if

Term 1 Term 2
~N
@[(Oxhh + 20,) 1 — Ozhhh] +(1—=®) 20,0 > 0, (30)

where & = A/ (1+A) € [0,1]. To understand Term 1 in expression (30), consider two candidate
inclusion rules. The first candidate is 1!, = n; = 0, and 7, = n?, = 1. That is, an agent is given
access to good j if and only if her announced valuation for good j is h. Since high valuation agents
are willing to pay h for access to a good, the expected revenue from such an inclusion rule is at most
2 (app, + o) b from each agent. The second candidate inclusion rule is 7!, = n,, = 7" = 1 and
n; = 0. That is, an agent is given access to both goods as long as one of her announced valuation
is high. Under this inclusion rule, all agent types except [l could be charged h + [ for access to
both goods. This results in an expected revenue per agent of (aypp + 2, ) (b + 1) . The change in

revenue from increasing 7!, from 0 to 1 is thus
(ahh + 2am) (h + l) -2 (ozhh + am) h = (ahh + QOzm) [ — apph,

which is Term 1 in (30). Term 1 thus captures the expected gain or loss in revenue from increasing
nk, from 0 to 1. Term 2 in expression (30), 2a,,[, on the other hand, is simply the increase in the
expected per capita social surplus from increasing nin from 0 to 1. In sum, this means that G (®)
is a weighted average of the optimality conditions for an unconstrained social planner and a profit
maximizing provider, where the weight on Term 1 — the effect on revenue — is higher when the
shadow price of revenue, namely, A, is higher. If (app + 2au,) [ — apph is positive, the mixed types
will get access to both goods for sure, whereas it otherwise depends on the shadow price on the
resource constraint.

Analogously, H (®) > 0 if and only if
D2 — (app + 2a0,) (R + 1]+ (1 — @) 201 > 0.

The term 20 — (apn + 2a,) (h 4 1) is the revenue effect (which could be positive or negative) when
71y is increased from 0 to 1; and the term 24l reflects the gain in social surplus from such a change.
Thus, H (®) is again a weighted average of the optimality conditions for an unconstrained social
planner and a profit maximizing provider. If 21 — (app + 2auy,) (R +1) > 0, then H (®) > 0 for sure
and n; = 1 is optimal. Otherwise, the access decision for type Il will depend on the shadow price

on the resource constraint.
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4.5 Provision Rules

To discuss the optimal provision rules { p7 () }jzl ,» it is convenient to first define
Q' (2.0) = Tung o oy o max{0,G(®)} | zpmax {0, H (®)} (31)
n n n 2 n 2
0,G(® 0.H (P
Q* (%) = Thny Ty amax {0,G ()} o A0 H(®)}

These functions can also be interpreted as maximizing a weighted average of surplus and revenue.
To see this, first consider ® = 0, in which case [see definitions in (29)] G (0) = H (0) = 2l. The
value of Q7 (x/n,0) is thus simply the social surplus generated if good j is provided and nobody
is excluded. Similarly, as discussed in the previous section, G (1) is the gain or loss in revenue if
mixed types are allowed to consume their low valuation good.'® The constrained optimal provision

rule can be described in terms of Q' and @Q? as:

Lemma 4 Let M be an optimal solution to (26) and ® = A/ (1+ A) where A is the multi-
plier associated with the constraint (25) at the optimal solution. Then, (1) p? (x) = 1 whenever
Q7 (z/n,®) > 0; and (2) p/ (z) = 0 whenever @’ (x/n,®) < 0.

To summarize, we have characterized the optimal inclusion and provision rules for any given
value of the Lagrange multiplier A associated with the feasibility constraint. Such characterization
provides some partial information regarding the asymptotic provision probability in the optimal
mechanism with bundling. For example, the above characterization tells us that ah > c is a
sufficient but not necessary condition for the provision probability to converge to one.' To see
this, note that © converges in probability to 4 = (ann, am, m, aqr) . By continuity of Q7 we therefore

have that @7 (%, CI)n) converges in probability to

max {0, G ($,,)} N max {0, H (®,,)}

5 o 5 —c, (32)

Q (1, ®n) = (ann + ) h+ am
which is strictly positive if (apn + ap) h = ah > ¢, which by Lemma 4 guarantees provision with
probability 1 in the limit.

4.6 Checking the Remaining Constraints

While the value of the multiplier ® is still unknown, we now know enough about the solution

to the relaxed program (26) to check when the constraints we have ignored are indeed satisfied:

" The same is true about H (®), but given the non-triviality assumptions on the problem, giving access to type Il

always reduces revenue.
16Recall that the bundling mechanism in Section 3.2 achieves provision with probability one for some cases despite

ah < c. In contrast, in the model without bundling, ah > ¢ is necessary and sufficient for asymptotic provision with

probability one.
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Lemma 5 Suppose that constraints (13) and (17), or equivalently constraints (22) and (23) in the
relazed program (26), bind. Moreover suppose that n,E [p* (z) |hl] > nl,E [p* () |Ih] = nyE [p* () |U]
and np,E [p! (z) [hh] > 0\, E [p! (z) |Ih] . Then, all the remaining incentive compatibility constraints

are satisfied.

Algebra on the difference between G (®) and H (®) shows that it is positive if and only if the
inequality in Claim 1 is satisfied. That is,

Lemma 6 If «,, > %@‘Z?, then G (®) > H (®) for any ® > 0. The inequality is strict whenever
> P and © > 0. Conversely, ap, < L and @ > 0, then G (®) < H (®).

Letting x € &,—1 denote a realized numbers of agents of the four different types other than

i (which follows a multinomial with parameters (n — 1, app, Qm, @m, aq)) we have that, if o, >

appay/ (1 —ay),

n n n n n n n n
1
jG@y <l > Q (WW,"’%* ,x”,cb)
n n n n

fG@)2 (@) > QT I L ),
for any = € X,,_;. It follows that, if a,, > appay/ (1 — ay),
E [0 (@) |hh] = E [p" (@) |hl] = E [o! () ih] > E [p" (2) 1] . (33)
Moreover, Lemmas 3 and 6 imply:
Lemma 7 In the solution to the relazed problem (26), 0, =1k, =1 and

1. if apy > %o?;lll; then exactly one of the following is true: nl, = n; = 0; 0 < gt < 1 and

77”:0777571:1 and0§n11<1; Ornin:nllzl'

; — -
2. Zf Qm = O{h_#(jllll; then NMm = M-

3. if < 2RO then exactly one of the following is true: nl, = n,; = 0; 0 < n; < 1 and

1—ay

nin:();nllzland()gn5n<1; 07"77571:77”:1-

Together with (33) and the fact that the incentive constraints (22) and (23) in the relaxed
program (26) bind implies that Lemma 5 applies in the case when a,, > appay/ (1 — ay).tT We

conclude:

'"One way to see that the constraints (22) and (23) in the relaxed program (26) must bind is that, otherwise, the

solution is ex post optimal, a contradiction to Proposition 3.
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Lemma 8 If a,, > %jfllf then any solution to (26) satisfies all disregarded incentive constraints.

The problem when a,, < appay/ (1 — ay) is that if (13) and (17) bind and nl,E [p! (z) |Ih] <
nuE [p* (z) U], then the solution to the relaxed problem violates the constraint (14) that type-
hh does not have incentive to mis-report as type-ll. From Lemma 6, we know that if «;, <
anpnog/ (1 —ay), then H (®) > G (®), which implies that 7, may be higher than n!,. In a large
economy with many agents, E [p! (z) |lh] is approximately equal to E [p' (z)|il] (see Lemma Al
in Appendix A). Therefore, as long as the provision probability is bounded away from zero, the
constraint (14) will be violated. The intuition for this is that, if the incentive constraint between
hh and 1l is ignored and there are few mixed types (when ay, is small), it creates an incentive to
put the [l types first in line for the low valuation good. But, then it will be more appealing for
type hh to mimic Il than to mimic the mixed type. We will therefore treat this case separately (see
Section 4.7).

4.7 The Optimal Mechanism in a Large Economy

In this section, we provide a full characterization of the asymptotic properties of a sequence
of optimal mechanisms. As a first step we will check when it is even possible to provide a non-
negligible level of the public goods in a large economy. This is easier than characterizing the
fully optimal mechanism first and then checking what the asymptotic provision probability is in
the optimal mechanism. The result below thus saves the trouble of characterizing the optimal
mechanism for parameter configurations when it is asymptotically impossible to provide the public

good at all. We denote a mechanism in economy of size n as M, = (p}, p2,n(n),t(n)), where

n(n) =y, ()0t (n), 1L, (n),n; (n)) and t (n) = (tp, (n),tm (n),t; (n)). The result is:

Lemma 9 Suppose that max {2ah, (app, + 204,) (h+ 1)} < 2¢ and let {M,},> | be any sequence of

incentive feasible mechanisms. Then, lim,_oo Epl () =0 forj=1,2.

The argument relies on that the probability that an agent is pivotal for the provision decision
converges to zero as the number of agents goes out of bounds. The question of whether the feasibility
constraint can be satisfied at a non-zero asymptotic provision probability can therefore be analyzed
as if the goods are provided for sure. Making use of the downwards incentive constraints and the
participation constraint, one shows that the maximal revenue from each type converge towards the
revenue that could be collected if the goods are provided for sure. This is a monopoly pricing
problem, and the revenue maximizing selling strategy is either to only sell to only the high types
and collect 2ah, give both goods to everyone except type Il and collect (app + 2a4y,) (b +1), or to
give access to everyone and collect 2l. By assumption, neither 2ah, (app + 2auy,) (R +1), or 21 is

enough.'®

18Recall the nontriviality assumption I < ¢ < h. If [ > ¢, first best, always providing and never excluding anyone,

is implementable by charging 2¢ from each agent.
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In the main case, when the valuations are not too positive correlated, the asymptotic properties

of an optimal mechanism can be summarized as follows:

Proposition 4 Assume that oy, > O{%{Z? Let {My};2, be a sequence of optimal mechanism.
Then, the following holds:

1. if max {2ah, (app + 200m) (B + 1)} > 2¢, then lim, oo Epl (z) — 1 for j = 1,2;
2. if max {2ah, (ap, + 200m) (R4 1)} < 2¢, then limy, oo Epl () — 0 for j = 1,2;

3. if (ann + 2au) (h 4+ 1) > 2¢, then there exists N < oo such that nl, (n) = n', (n) =1 for every

n > N, and
_ «  (apn +2am) (h+1) —2¢
1 = = 0,1).
Jim 7y (n) = Wm+%mﬂh+0—%e(’)
4. If 2ah > 2¢ > (app + 2auy,) (b + 1) ,then there exists N < oo such that ny; (n) = 0 for all
n > N and )
2ah — 2c¢
lim n}, (n) =l = 1).
A 0 (0) =1 = 5 e e © O

In this case, allowing for bundling leads to strict gains in terms of economic efficiency. As we
already know from the example in Section 3.2, there are cases when it is asymptotically infeasible
to provide the public goods at all in the absence of bundling, but where bundling leads to almost
sure implementation. In addition, the optimal bundling mechanism leads to strict efficiency gains
relative the non-bundling regime because the probability of inclusion for low-valuation agents is
increased, even in cases when the goods can be provided without bundling. To see this, suppose
that ah > ¢ so that both public goods will be asymptotically provided with probability one with or
without bundling. From Proposition 3, we know that under the best separate provision mechanism,
the probability for access to a low valuation agent is (ah — ¢) / (ah —[) . In contrast, Proposition
4 implies that the ex ante probability for access conditional on a low valuation for the case where

2¢ > (apy + 2am,) (R +1) is

Qam, 2cch — 2¢
. (34)
am + oy 2ah — (app + 2a0,) (B +1)
——
prob of mixed type nkx

given low valuation

Some algebra shows that (34) is larger than (ah — ¢) / (ah — [) whenever a,, > appoy/ (1 — aqp),
which is precisely the condition under which Proposition 4 is applicable. Fewer consumers are
thus excluded in the optimal bundling mechanism. A similar calculation applies to the case where
2¢ < (app + 200,) (h+1).

Next, we consider the case when the valuations are sufficiently strongly correlated so that
Proposition 4 does not apply. In this case it turns out that there are three binding incentive

compatibility constraints at the optimum: the two constraints in program (26) and the downward
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incentive constraint between hh and [l. The asymptotic characterization for this case is given by

the following proposition.

Proposition 5 Assume that oy, < % Let {M,};2, be a sequence of optimal mechanism.
Then, the following holds:

1. if ah < ¢, then limy, oo Epl, () = 0 for j=1,2;
2. if ah > ¢, then lim, o0 Eg, (z) — 1 for j = 1,2, ny;, (n) = 0, (n) = 1 and 1}, (n) = ny (n)

for all n, where
ah —c

lim 7, (n) = €(0,1).

n—o0 ah —1

Hence, in this case the solution is asymptotically identical to the solution for the surplus max-
imization problem when bundling is not allowed (i.e. Proposition 3).

To understand why the bundling option does not change anything in this case, recall that
asymptotic provision or non-provision is related to whether the maximal revenue for a monopolistic
provider of the goods — if provided — exceeds the costs.!” The revenue maximizing selling strategy
for a monopolist, if both public goods are provided, is either to sell goods separately at price h
(receiving an expected revenue of 2ah), or sell the goods as a bundle at price h + [ (receiving
an expected revenue of (app + 2a4,) (h+ 1)), or to charge [ for each good (receiving an expected
revenue of 2[). Tt is still possible that the revenue maximizing selling strategy is to charge h 41 for
the bundle in the current case where a,,, < appay/ (1 — ay). However, whenever ah < ¢, we can

show using the non-triviality assumption that [ < ¢, that

(anp +2am) (h+1) < (apn + 204,) (h+c)

1
< (app +2am,) <a + 1) c

_ [2 L Om (1—oy)— Oéhhoéu} .

Aph + Qo

which is less than 2¢ when «,;, < appay/ (1 — aqp) . Thus, if it is impossible to balance the budget
when the goods are provided separately, and if a,, < appay/ (1 — «y), it it also impossible to
balance the budget if the goods are bundled. Finally, if (apnp + 2a4y,) (b + 1) > 2ah > 2¢, the public
goods can be provided with probability one asymptotically both under the separate provision
mechanisms (described in part 2 of Proposition 5), or under the bundling mechanism (described in
part 3 of Proposition 4). However, the calculations immediately following Proposition 4 show that

if (app + 2a0m) (h + 1) < 2¢, the social surplus is actually smaller using the bundling mechanism.?"

9Tf both goods are provided for sure, it does not matter whether the goods are private or public. The relevant
revenue maximization problem that provides the condition for asymptotic provision versus non-provision is thus the

same as in Armstrong and Rochet [4] and Bolton and Dewatripont [8].
2Bolton and Dewatripont [8] consider a setup that only differs from ours in that goods are rival and that they

study revenue maximization. They conclude that (pure) bundling is optimal under a condition slightly different from
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Bundling\ Exclusion No Exclusion Exclusion

. E‘*—>O,ifozh<c
Eplf— 0 o

No Bundling Epzl*—> 1,if ah > ¢
(Mailath and Postlewaite [16]) ~ 21))
orman

. Eplf— 0, if max {2ah, (apn+2am) (h+1)} < 2¢;
Epl'— 0

Bundling Allowed Eplf— 1, if max {2ah, (app+2am,) (h+1)} > 2¢
(Mailath and Postlewaite [16]) fn { (ann m) ( )}
(This Paper)

Table 1: The Asymptotic Provision Probability under Different Bundling and Exclusion Possibilities.

Table 1 summarizes the asymptotic provision probabilities under different bundling and exclu-

sion possibilities, and contrasts the results proved in this paper with those in the literature.?!

5 Discussion

The anti-trust legislation on bundling is somewhat vague both in the US and elsewhere; bundling
may be or may not be considered an illegal anti-competitive practice depending on the details of
the case. Our simple model shows that bundling by a benevolent provider in general is desirable.
Obviously, a for-profit monopoly provider may use the bundling instrument in a way that reduces
the welfare of the consumers even when there is bundling in the solution to the welfare optimization
problem. However, in the cases when the constrained optimum in the absence of bundling leads to
asymptotic non-provision and bundling leads to provision, it follows immediately that requiring a
for-profit monopolist to unbundle the goods would force the firm out of business and unambiguously
make the consumers worse off. Indeed, this line of reasoning was an important part of the motivation
in the decision by the Office of Fair Trading [22] in the UK on alleged anti-competitive mixed
bundling by the British Sky Broadcasting Limited. In general, the spirit of our analysis should
carry over to “natural monopoly” environments with falling average costs, where the concern raised
by the results in our paper is that, even if goods are provided by a profit maximizer, bundling may
actually make some products viable that would not be available in the absence of bundling.

We also note that it does not seem crucial for the analysis that all goods are non-rival. This
suggests that an extension of the model that have both public and private goods may be interesting
from a public finance perspective. Public provision of private goods is typically viewed as an ineffi-

cient instrument to achieve some redistributive objective in the public finance literature. However,

our condition, but, like in our analysis, the condition rules out too strong positive correlation. The reason for the

difference is that we look at constrained efficiency.
*'Mailath and Postlewaite [16] considers a single-dimensional problem without use exclusion. However, the proba-

bilities of provision in a multidimensional setting can be bounded from above by a single-dimensional problem, where

the valuation is the maximum of the individual good valuations.
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the logic of our results suggests that it is entirely possible that some private goods are included in

the government bundle in order to alleviate the free-riding problem in public good provision.
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A Appendix A: Proofs of Results in Section 4.

Proof of Lemma 1.
Proof. For each x € X,,j = 1,2,0; € © we have that p’ () € [0,1] ,ngi € [0,1]. Next, we note

that if ¢;; < 0 and all constraints are satisfied, then a deviation where taxes are changed from ¢ to
t'" = (thn, tm,0) and where inclusion and provision rules are unchanged will satisfy all constraints

in the relaxed program (26). Similarly, if all constraints hold and ¢,, < —I — h the deviation
t, = (thha tm, - — h, max (0, tll))

satisfies all constraints (in the relaxed program). A symmetric argument restricts ¢, > —h — [.

Finally, if £, < —3h — [, then a deviation to
t' = (=3h — l,max (t,,, —l — h) ,max (0, ;))

will leave all constraints satisfied. We conclude that there is a lower bound £ > —oo such that for
any mechanism where ¢y, < t for some 0;, there exists an alternative mechanism that supports the
same allocation (and therefore generates the same surplus) where tg, > t. Also, if ¢y, > ¢ = 2h for
some 0; then at least one constraint in (26) must be violated. We therefore conclude that there is no
loss in generality to restrict tg, to be a number in [L, f] . All constraints and the objective function
are linear in the choice variables and therefore continuous, so we conclude that the optimization
problem has a compact feasible set and a continuous objective. It is easy to check that the feasible

set is non-empty, which proves the claim by appeal to the Weierstrass Theorem. [

Proof of Lemma 3.
Notation for optimality conditions to program (26). The proofs that follow make direct use of the

Kuhn-Tucker conditions to the optimization problem (26). For easy reference, Table 2 summarizes

our notation for the multipliers associated with each constraint.

Constraint Multiplier

(22) Type hh IC Abh

(23) Type hl (Ih) 1C A

(24) Type Il IR Al

(25) Feasibility A

Mt Ty Mo Ty, > 0 Vihs Vo Vs Vit
L=, L=, L=k, 1= > 0 | dppy, Gy D b
pl(x)>0 7 (2)
1—p'(z)>0 ¢ (z)

Table 2: Notation of multipliers.
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Proof. [Step 1] The Kuhn-Tucker optimality conditions for 7, are given by

Trnh
2> a,(z)p () o 2 > a1 (2) p (@nn + 1,2, i, Tu)h + Yap — Sy = 0
reX, reEX, 1
YarThh = 0, Spn (L = 0pp) = 0,745 > 0, ¢pp, > 0. (A1)

All terms except vp,;, — ¢p,;, in the first order condition are strictly positive. Hence, ¢;; > 0, which
requires that n;,;, = 1 for the complementary slackness constraint to be fulfilled.

[Step 2] The first order condition with respect to 1/, reads

0=2 erxn an () Pl (z) % — Ahh erXTH a, 1 () Pl (Thn, T + 1m0, 20) B

(A2)
FAm Y wer,, A1 () p* (@pns Tpt + L win, z) b+ — o,

One checks that a, (z) = 2aman—1 (Tph, T — 1, 2, ) holds for any x such that xp > 1 by

Thi

using the functional form of the multinomial. Hence

Thi n Thi
> an(x)p () h=" = > —oman 1 (zhnan — 1z, ) pt (x) k=
n Thi n
reX, T€Xn Ty >1
= amh Z an—1 (@nn, T — 1, i, xu) p* (2)
TEX 1y >1
= amh > an1(x)p" (@n, T + L Tin, 7). (A3)
TEX, 1
Let
Tm = 5 e Tz
m an— ’ +1, ’
- cex,_, an—1(= Zl:nxhh Thi+1an,20 (A4)

Om = Yeex, , an—1(@)p' @nn,Thi+1,200,T0)

Substituting (A3) into (A2) and using Lemma 2, we obtain the condition

~ ~h ~ ~h
20mh — Apph + Anh + 30 — 6 = 2amh — appAh + (apy, + 200) Ah + 30 — 6,
~ ~h
= 2ah+ 20, Ah +3" — 6, = 0.
The “rescaled multipliers” are well-defined, weakly positive, and equal to zero if and only if the
~h
“original multiplier” is equal to zero. Since 2ay,h + 2a,;, Ah > 0, we conclude that ¢,, > 0. Hence

nh =1 by the complementarity slackness condition.

Step 3] The first order condition for n!_is
[Step M

0=2%cx, an () p" (2) 221 = Mop Y pere,, An—1(x)p" (Thn, Tho, 2o + 1, 20)h

(A5)
Fhm Y, An—1(2)p" (@hns Tt T + L xu)l + 4k, — o,
A calculation following the same steps as (A3) shows that
Yovex, an () ph (2) 221 =l Y e An1 (@) p!(Thn, Tht, 2o + 1, 200). (A6)
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Substituting (A6) into (A5) and simplifying one obtains

0 = 2aml— Anh 4+ Al 435 — G = 20l — apphA + (ann + 2am) A+ 7L — G
~1

app 420, Qpp Vo — 0
= ap,(1+AN)[Q1-®)20+P | ——FI— —h —m M
o (L+A) |( )20+ < Om Om >+(1+A)am
~l ~l
= am(1+A) G(¢)+M (A7)
" (L+A)ayy,

~ ~l I . . ~l
where 7! and ¢,, are defined like in (A4). We conclude that G (®) > 0 implies that ¢,, > 0 and,
by complementary slackness, !, = 1. Symmetrically, G (®) < 0 implies that ?ﬁn >0and n', =0.
~1
If G (®) =0, then 7%, = ¢,, = 0, imposing no restrictions on n’,,.

[Step 4] The first order condition for 7 is

0= QerXn:ac”Zl a, () ,01 () % — Am erXnA an_l(ﬁ)pl(l“hh,xhl,l‘lh,ﬂfll +1)(h+1)
MY e,y An—1(2)p" (Thns Thi, T, i + 1)20+ vy — ¢y

Using the multinomial identity a, (z) = xi”ozuan,l (Thh, Thi, T, ¢y — 1) and following the same

steps as in Step 3, we can rewrite the first order condition as

0 = aup2l+A [2[ — (ahh + 2am) (h + l)] + :Y\ll - all

1 A 2 200 )
Oézz(1+A){ I+ [ Z—W(h+l)]+m}

2 -
1+A 1+A | oy o Oéll(l—l—A)
= (14 A) [H (@) L0
(a1} (1 + A)
where 7;; and ?13” are defined like in (A4). Arguing as in Step 3 completes the proof. |

Proof of Lemma 4.
Proof. The first order condition with respect to p! (x) is

9a, (m) |:(nhhxhh+77¢n,xhl)}:L+(77£nxlh+771lmll)l

- C] + Ao 20ppan—1 (@pn — 1, 2pt, 21w, ) B

— Ak [Mp@n—1 (@hns Tht — L xin, z0) h — njhan—1 (Thn, T, oo, — 1, z) b

A [ an—1 (@pns 2n — 1, i, 2u) b+ nhyan—1 (hn, T, Tn — 1, 2) 1]

—Am Muan—1 (@hhs Thi, Tips 2y — 1) (b + 0] + \i2njan—1 (Thn, This Tin, Ty — 1)1
—Aay, (z)2c+ v (z) — ¢ (z) =0,

where the convention is that a,—1 (xpp — 1, 2, 2ip, xy) = 0 if 2, = 0, and so on. Using the

following identities between multinomials,

an\T) x

an—1(Thn — 1, Tty Tin, T0) = %}Eh)fzh’, an—1 (Thh, Thy — 1, Tin, o) = ~5 50 (A9)
an(T) x anlT) x

an—1 (Thh, Thi, Tin — 1, 20) = %fn)#h, an—1 (Thh, This Tin, Ty — 1) = 735: ) T
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exploiting the relationships between multipliers in Lemma 2, and substituting 7n,, = 7, = 1 due

to Lemma 3, we can simplify (A8) to

n

9 |:(whh+"Ehl)h+(77'lmxlh+mlmll)l B c:| (1 — )

app M am n
(i + 200m) [%thmiml — g T (Bt 1)
+@2h L] — pgc+ 1Ll — o,

o x)

+ahh<1>[ S-fanp — L2y gl L mh] (A10)

where ® = A/ (1+ A). This condition can be interpreted as a weighted average of surplus (the
term multiplied by 1 — ®) and profit maximization (the terms multiplied by ®). Collecting terms
in (A10) and simplifying we get

G(2)

z x sl Qpp + 200, Qpp
L)y 4 9Ty ey Uyl (1 — §)2Y 4 § | TR T ZDmy Thhy

Qm, Qm,

H(®) (A11)
2 app + 20, (z)—¢(z)
Zu 1-®)204+® | —1— h+1 X
+ n 7711{( ) + |:04ll ay ( + ) + an(ac

/(31) [ =2Q (5, @) + 19 =0,
where the equality uses the fact (from Lemma 3) that i, = 0 if G (®) < 0 and 5, = 0 if H (®) < 0.
The result follows. ]
Proof of Lemma 5.
Proof. Define Ap, = ny,E [pt (z) |hh], AL, = nlE [p! (z) |l], A nt,E [p! (z)[Ih] and Ay =
nuE [p* (%) [ll]. The hypothesis that (13) and (17) bind can then be restated as

App2h —tpy, = Afnh + Almh —tm (A12)
Arp ALt = Ay(h+1) —ty. (A13)

Constraint (14): if hh announces ll, the payoff is

Ap2h —ty = Ay (h + l) —ty + Ay (h — l) /(Al?))/ = A?nh + Ainl —tm + Apy (h — l)
—_——
hh announces [l
= Alh AL~y + (A” - Ain) (h — l)/A” < Al /
< Alh4 AL h—t, ) (A12)/ = App2h — thy, . (A14)
—_————

truth-telling

Constraint (15): if [h or hl announces hh, the payoff is

App, (h + l) —thh = App2h — tpn + App, (l — h) /(Al?)/ = Ath + Ainh —tm + Apn (l — h)

vV
mixed type announces hh

= Ath ALT—t, + (Afn—Ahh) (h—z)/Aﬁn gAhh/ < Ab b+ AL —t.

truth-telling
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Constraint (16): follows trivially since A" > Al .

Constraint (18): if Il announces [h or hl, the payoff is

Al i+ ALl —t, = APh4+ ALl —t, —(h—1) Al J(A13)) = Ay (h+1) —ty — (h—1) AL

[l announces mixed type

= Ag2l—ty+ (h—1) (A” - Afn) /A” < Ain/ < Ap2l — . (A15)

truth-telling

Constraint (19): if [/ announces hh, the payoff is

Anp2l —th, = App2h —tpy — App2(h—1) /(A12)/ = AP b+ AL b —t,, — App2 (h—1)
1 s hh

= Al ALl —t, + AL (h—1) — A2 (h —1) /(A13)/
= Ay (h+1) —ty+ AL, (h—1) — A2 (h = 1) (A16)
= Ap2l -ty + (Ain + Ay — 2Ahh> (h=1) < Ap2l —ty.

N—_——

truth-telling

[
Proof of Lemma 6.
Proof. If ® =0, then G (®) = H (®). For ® > 0, G (®) — H (®) has the same sign as
200, 2 2am,
A = QhhT2Qm,  Qhhg [Z—W(h—kl)}
(677 Qm aq aq
2 1-—
= Yy [l—(a”)(thl)]
A aq Qaqp
1-— 2 1-—
/am > O‘h"o‘”/ > J=ow) g [1— (Om)(thl)]
I —ay ay ay a
1 1-—
— 9 (1—+( a”)> =0,
aq aq
where the inequality on the third line is strict if o, > appay/ (1 — ayp) . [

Proof of Lemma 9.

The proof of Lemma 9 uses the following fact:

Lemma A1l For every € > 0, there exists N such that ’Ep,ll (z) — E [p} (z) |01H <€ forallf; € ©
and n > N.

The proof of this result, which is a restatement of the paradox of voting, is omitted (see Fang and
Norman [12] for details). The implication is that, if n is large, the perceived provision probability
is almost independent of her announcement. We use this below in order to be able to separate the

maximal revenue that can be raised per “unit of probability of provision” from the provision rule.

Proof of Lemma 9 (Continued):
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For contradiction (taking a subsequence if necessary) suppose that lim, ... Ep. () = p* > 0.
Let § = 2¢ — max{2ah, (apn + 2am,) (h+1),2l} > 0 (recall that I < ¢ < h). Denote the in-
clusion probabilities in mechanism M, by n = (n,, (n), 0% (n), 1, (n),my (n)) and let A(n) =
(Apn (n), AL, (n), Al (n), Ay (n)) be defined as in Lemma 5. Rearrange (13), (14), (17), and (24
as

thh < tm + App () 20 — Al (n) h — AL, (n) h
thi < tu + Apnp (n) 2h — Ay (n) 2h

(A17)
tm < tll—l—A%(n)h—%—Alm(n)l—All(n) (h—i—l)

tll S All (n) 2l
Purely for expositional simplicity, define two functions B : [0, 1]4 — Rand T : [0, 1]3 — R as
follows:
B (z1,29,23,24) = 2lz4+ (app + 2auy) [22h + 230 — 24 (R + 1)] + app [221h — 22h — z3h],
T (thhstmstu) = @nntph + 20mt;m + agty. (A18)

Combining all but the second of the inequalities in (A17), one shows that 7' (¢t (n)) < B(A(n)),
and from all but the first inequality it follows that

T(t(n) < Au(n)2l+4 20, [AZ@ (n) b+ AL, (n)l— Au(n) (h+ l)} + ann [Apn (n) 2h — Ay (n) 2h]
= B(A(M) +am [Ab (1) = Au(n)] (b= 1) (A19)

Let e = % > 0. From Lemma A1 and the hypothesis that lim,, .., Ep. () = p* > 0, we know that

there exists N such that Ep}, (z) > $p*, Ap, (n) = E [pl, (@) [hh] nyy, (n) < [Eph () + €] npy (n),

Al (n) = E [py, () [h] nfy, (n) < [Epy, (z) + €] i, (n) , AL, (n) = E [py, (z) |IR] 0}, (n)< [Epy, (2) + €] i, ()
and Ay (n) = E [p}, (z)|il] ny (n) < [Ep), () + €] ny (n) for every n > N. Hence, there exists N

such that

T (t(n)) < [Bph (@) + <] min { B (n(n), B (n(m) + an [0 (n) = mu(m)| (h =1} (A20)
Define

V= max min {B ), B ) +am (nhy—m) (h=1)}. (A21)

Note that B (n) and B (n) + anp (1}, —ny) (b — 1) ny,, are both increasing in 7y, and n, so the
solution to the maximization problem in (A21) must have 7,, = n" = 1. The only question is thus
the inclusion probabilities 1!, and 7y

Possibility 1: Suppose that 7!, > 7, in a solution to (A21). Since B is linear in 7 it follows
that we may assume that 7, = 0 and that 7}, = 1 solves max, i cioq)2 B (1, 1,n,, 77”) and that
V =B(1,1,1,0) = (app + 2am,) (A +1)

Possibility 2: Suppose 7., = 7, solves (A21). Then, 1\, = n, € argmax,cp,1) B (1,1, 7, ).
Evaluating, we see that B (1,1,2,z) = 22l + 2 (o, + am) h (1 — ). Hence, either n;; = nl, = 0
and V = 2ah, or n; = nl, = 1 with V = 2I.
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Possibility 3: Suppose that 7!, < 7, in a solution to (A21). We can then without loss assume
that !, = 0 and that n; = 1 solves max,, 7,2l + 20y, [h — 0y (h + 1)] + app 0520 — 1y2k]. The
associated value of the maximand is then 2/ (1 — a,;,) < 2I, therefore this could not be a solution
to the problem.

To summarize, V = max {2ah, (any + 20u,) (R +1),2l} which is equal to 2¢ — §. Combining
with (A20), it follows that

T (t(n)) —2BEpt ()¢ = anntun (n) + 200mty (n) + ayty (n) — 2Epl (z) ¢ (A22)
< [Ep,l1 (z) +¢] (2c—6) — 2Epl (z) ¢ = —Epl (2) 6 + £ (2¢ — 0)
< = 5 + 2ce =0,
implying that the (25) is violated when n is sufficiently large. Hence, lim,, .o, Epl (x) = 0. ]

Proof of Proposition 4.

The next Lemma is used in the proof of Proposition 4:

Lemma A2 For any ¢ > 0 there exists N such that Pr (}Ql (%,CI)”) - Q! (M,CI‘,L)} > e) < € for
every n > N.

Proof. We notice that Q* (%, ‘I>n) =3, w, where y; (0;; ®,,) is given by

n

h—c if 0; € {hh, hi}
Yi (0i;®p) = ¢ max{0,G (®,)} —c  if6; =1h (A23)
max{0,H (®,)} —c if 0; = 1l.

Since y; (0;; ®,,) has bounded support, there exists 02 < oo such that the variance of Y; (6;; ®,,) is
less than o2 for any ®,, € [0,1]. Moreover, {Y (0;; ®,,)}; is a sequence of i.i.d. random variables

and Eg,y; (0;; ®,,) = Q! (4, ®,,). Hence, Chebyshev’s inequality is applicable, which implies that for

any € > 0,
Pr(|@ (2.00) = Q' (@) 2 ) = Pr(|n, w0 — oy, (050.)] > )
Var [Y; (0;; ®,,)] i
- ne2 = nez’ (A24)
Hence, Pr (}Ql (%,@n) - Q' (u, Q)n)} > e) <eforalln >N =o?%/e3 < 0. ]

Proof of Proposition 4 (Continued).
(PART 1) From (32), Q' (i, ®,) > (ann +am)h — c = ah — ¢ for any @, € [0,1] (recall

@ = app + am), hence limy, o Q! (1, ®,) > ah — c. If ah > ¢, part 1 is therefore immediate from
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Lemmas 4 and A2. Suppose instead that (app, + 2auy,) (R + 1) > 2¢ > 2ah. Then, for any ®,, € [0, 1]

Ql (M7 (I)n) = Oéh+ Oémmax {072G ((bn)} + allmaX{O’éH ((I)n)} —c Z ah —c+ a’m‘i(@n)
= (1—-®,)[ah+anl—d+, [(ahh+20;m) (h+1) .
200
(apn + 042 )(h—H)_C} >0,

where the first inequality comes from the fact that ah+a,l > w By Lemma A2 (let ¢ =
Q' (1, ®,,) and note that Pr [Ql < ()] <Pr HQl — EQl‘ < EQl]), it follows that lim,, ., Pr [Ql (%, <I>”) < ()] =
0. Appealing to Lemma 4 completes the proof.

(PART 2) Immediate from Lemma 9.

(PART 3) Consider the sequence of mechanisms{ﬁ/l\n}, where for each n

’/3711 (x) = lforalzxeX,
R o g R . (at+am)(h+1)—2c
e = = 1 - =
Mhn (1) i () = T (1) = 170 () = i (a@+am)(h+1) -2
?hh (n) = %\m (n)=(h+1)— 77?1 (h=1)
tu(n) = mnj2l.

It is easy to check that (22),(23), (24), and (25) are all satisfied with equality. Moreover, Lemma
5 applies, so all other incentive constraints are also satisfied. Hence, M\n is incentive feasible for
any n. The associated expected per capita surplus is s (/\//\ln> = 2 (ah + apl + aynj; — ¢) . Now,
suppose for contradiction that there does not exist N such that 7', (n) = 1 for all n > N. Then
(taking a subsequence if necessary) 7., (n) < 1 for all n, which (Lemma 7) implies that 7, (n) = 0
for all n (in the subsequence). The per capita surplus generated by the optimal mechanism M,, in
the n'* economy in the sequence, denoted s (M,,), is then

_ 2Bpy, () [(@nn + xm) h+ (1 (n) @) L — en]

s (My) < 2(ah + anl) — 2Ep). (z) ¢

Since Epl () — 1 as n — oo (Part 1) it follows that for every e > 0 there exists N such that
s(Mp) <2(ah+apl—c)+e < s (//\/\ln> for ¢ sufficiently small. Hence we have arrived at a
contradiction, implying that there does exist N such that ﬁﬁn (n) = 1 for all n > N. It remains
to be shown that 1, (n) — 7j; for any sequence of optimal mechanisms. First assume that there
is a subsequence such that 7, (n) — 7’ < n};. Arguing just like above one shows that for every
e > 0, there exists N < oo such that s (M,) < 2(ah+ anl+ ayn'l —c¢) + €. Hence, for ¢ =
ay (n; —n') 1 > 0 we have that

(M)~ 5 (Ma) > 200 3 )1~ = o Gy ) £ 0,

again contradicting the optimality sequence {M,,} for n is sufficiently large. Finally, suppose there

is a subsequence such that n; (n) — ' > n;;. We will now show that this implies that, for some
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sufficiently large n, the mechanisms in the sequence are not incentive feasible. Define

(ann + 20m) (R +1) (n" —np)

0
2 @ht1)c

Applying (A20), it follows that there exists N; such that the per capita revenue in mechanism M,,
satisfies

T (t(n) < [Epy, (z) +2h] B (1,1, 1,1, (n)) < (1+¢2h) B(1,1,1,m (n))

for all n > N, where, after some algebra

B(1,1,1,my(n)) =ny (n) 2l + (1 —ny (n)) (ann + 2am) (b +1).

Moreover, since | < ¢ < WH%M

Let 0' =7’ —n}; > 0 and &% = WH‘;M — 1> 0. Given that 7y (n) — 1’ > nj; there exists N
such that n; (n) > nj; + %, implying that

,we also have that B (1,1,1,n; (n)) is decreasing in n; (n) .

(51
BULLm) < B(11 L0+ (A25)
200m) (R +1
_ 77;;21+(1—n;)(ahh+2am)(h+Z)+5l<z—(ah” o) (0t )>
=B(1,1,1v,nl*l):2c _ g2 §

and since Epl, (z) — 1 we have that there exists N3 such that the expected per capita costs satisfies

2EpL (x) ¢ > (2 — ¢€) c. Hence, for any n > max { N1, Na, N3} it follows that

T (t(n)) = Epy () = anptun (n) + 2mtn (n) + auty (n) — Epy, (z) ¢ (A26)
< (1+¢e2h)[2c—6'0%] - (2—¢)c
= —6'0% +e[(4h+1)c—2h8'%
< =%+ el(4h+1)(
_ [ (amn+20m) (D] (0 —mj) e
2 (4h+1)c

We conclude that the feasibility constraint (25) is violated for n large enough, contradicting the
hypothesis that there is a subsequence such that 7; (n) — 7' > n};. Since there must be some
convergent subsequence and since no subsequence can converge to anything else than 7}; we conclude
that 7, (n) — nj; as n goes out of bounds.

(PART 4) The proof of this proceeds along the same steps as in Part 3 and is omitted. The
only difference is that one in this case begins by arguing that if there is no N such that n; (n) = 0 for

all n > N then the mechanism eventually violates incentive feasibility. To establish that 1!, (n) —

2ah—2c¢
2ah—(app+200m) (h+1)

mechanisms {M }Where both goods are provided for sure and where 7 nm (n) =

proceeds along the same lines as in Part 3. One checks that a sequence of

2ah—2c
2ah—(app+20m) (h+1)

and 7);; (n) = 0 for each n is incentive feasible. Then, one argues that any sequence of mechanisms
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2ah—2c
2ah—(app+20m)(h+1)

and that any sequence of mechanisms where 7%, (n) is bounded away from

from below is eventually dominated by ./\//\ln,

2ah—2c
2ah—(app+2am)(h+l1)

above is eventually violating the feasibility constraint. [

where 7!, (n) is bounded away from

from

Proof of Proposition 5.

To prove Proposition 5, we need to add the constraint (14) to the relaxed program. In terms

of the binomial probability distribution a,,_1, (14) reads,

20, D an1 (@) P (@nn 1, @t i wuA D h—tn > 20 Y an1 () 0 (@, Thts Tin, xut1)h—ty.

r€X,—1 TE€EXp 1

(A27)
The relevant programming problem is to thus to solve,
+nhan) b+ (nhom + !

max 2 a, (x) pl () (nhhxhh 77m$hl) (ﬁmxlh Wllxll) —c (A28)

{otmty 3 n

s.t. (22), (23), (24), (25) and (A27),

nel0,1]*, o' (z) > 0,1 —p' () > 0 for each x € X,,. (A29)

We let 1);,;, denote the multiplier on the new constraint (A27) and keep the rest of the notation

same as before. The first order conditions with respect to ¢ are now

(w.r.t. thn) —Anh = Yy + Aan, =0,
(W.I‘.t. tm) Ak — Am + 2Aq,, =0, (A30)
(w.r.t. ty) Am + Upn — A+ Aoy = 0.

which immediately implies that:

Lemma A3 In the solution to problem (A28), there are three possibilities:

(i). Only constraints (22) and (23) bind, in which case App, = Aanp, Am = A (apn + 2a,) and
A=A

(ii). Only constraints (A27) and (23) bind, in which case ¥y, = Aapp, A, = 2Aauy, and Ay = A;

(i3). All constraints (22), (A27) and (23) bind, in which case App, + VY, = Aapn, Am =
2Aau, + A € [2Aam, A (app, + 200y)], and Ay = A.

We now consider these possibilities in turn:

Lemma A4 Suppose that o, < % and ah > c. Then it cannot be an optimal solution to (A28)
if only constraints (22) and (23) bind.

Proof. In this case, the solution to (A28) must solve (26). But when a,, < appay/ (1 —ay),
we have from Lemma 6 that H (®) > G (®) for any ®, which by Lemma 7 implies that A; =
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Ep! (x|ll)n,; > Ep' (z|lh)n., = AL, in the solution to the relaxed problem. Moreover, by the same
calculation as those when we check constraint (14) in the proof of Lemma 5, we have
Au2h —ty = App2h — thy + (Azz - A%) (h=1) = App2h — tpp,
—_——— —_————
hh announces [l truth-telling

which contradicts the hypothesis (A27) does not bind. ]

Lemma A5 Suppose that o, < %{Zél and ah > c. Then it cannot be an optimal solution to (A28)
if only constraints (A27) and (23) bind.

Proof. In this case, one can first show from the first order conditions that 7, = 1, = 1. Next, the
first order condition with respect to 7!, is
1 Lih 1 ! !
2% an(2)p (x) ==+ Am > an 1@z zm — Lan)p (@) + 4L, — ¢h, =0.
TEX, rEXy xp>1
Since all terms except the non-negativity multipliers are strictly positive, it must be that ngn = 1.

The first order condition with respect to p' (z) reads

2a,, (LE) |: (Tihhwhh-%ﬁfbnxhz)Z+(n£nwlh+nllggll)l

- C} + Ynn 20pnan—1 (Tan — 1, 2pt, i, 200) B

~Upn2ny@n—1 (Thhs This Tin, Ty — 1) h
A [ an—1 (@hns Th — 1, 2in, 2u) B+ nhyan—1 (@an, o, i — 1, 2y) 1] , (A31)
—Am [Myan—1 (Thns This Tins 2 — 1) (B + D] + Au2nyan—1 (Thn, Tht, Tin, vy — 1)1
—Aa, (z)2c+vy(z) — ¢ (z) =0.
where, just like in (A8), the convention is that a, 1 (z) = 0 if 29, = 0. Using that n,, = 7, =
nt = 1,¢,, = Aapp, Am = 2Aaq,, and Ay = A and the multinomial identities in (A9), we can
simplify (A31) to
0—9 [(fEhh +xp) h+ (@ + )l C] o, [2ahhh + 2am (h + l)] V() — ¢ (z)
n n ay (I+A)a, (z)

Define

Q\(w7q)777ll) =2 |:(

Thh + a:hl) h + (a:lh + mlazu) l el = (I)@ 2aph + 20, (h + l)
n n Nu ayl )

we may write the optimal provision rule in terms of the normalized multiplier and the (still un-
known) inclusion probability for type Il as

pl ({17) _ { 1 9(13‘1),7711) >0

0 Q (:1:7(1)77711) <0

It is easy to check that for any = € X,,_; and ® > 0, we have that

~

Q (zhn + Lon, zin, v, @,my) = Q (@pns T + 1, 2, 2, @,1y)
> Q(xph, Thy, xin + 1,20, ®,0y)
Q

(@hhs This T, 2y + 1, 2, my)



implying that E [p! (z)|lh] > E [p* (z) |l] . Hence, letting App,, A%, A" and A" be defined as in

Lemma 5, we have

2Apnh — tpn /(A27) binds/ = 2Aph —ty =24 (h+1) —ty+ Ay (h —1)
/(23) binds/ = AR+ ALl —t, + Ay (h—1)
= AthyALh—t, + (A” _ Aﬁn) (h—1)

payoff from announcing hl

But, n; < nl, = 1 and E [p* (2)|ll] < E[p' (2)|lh] imply that Ay < AL,. Thus 2Ap,h — tyy, <
Al b+ AL h —t,,, contradicting the hypothesis that there is slack in (22). ]

Lemma A6 Suppose that ou, < G20 and ah > c. Then there exists N such that 0 <y (n) <1
and 0 < 1!, (n) <1 in the solution to (A28)

Proof. (Sketch) Lemmas A4 and A5 imply that (22), (A27) and (23) all bind, which can only
happen when A; = Al . Hence, if n; (n) = 0, then 5}, (n) = 0 and vice versa. But if 5, (n) =
nk, (n) = 0, one can construct an alternative sequence of incentive feasible mechanisms with 7, (n) =

ﬁlm (n) = 32:? for every n and provide the good with probability 1 that will eventually outperforms

the assumed optimal solution. Moreover, if there is a subsequence such that n; (n) = 1 for all n,
then (since the pivot probability is eventually negligible and Ep,, (z) — p* > 0) 5!, (n) — 1 along
the same subsequence and vice versa since otherwise Ay (n) = AL (n) cannot hold for every n.
Arguing as in the proof of Part 3 of Proposition 4, one can show that the mechanism must be
infeasible when n is sufficiently large (the idea is that the per capita revenue is approximately p*2I

and the per capita cost is p*2c). ]
Proof of Proposition 5 (Continued):

From Lemma A6, we know that when n is sufficiently large, 0 < 1%, (n) < 1and 0 < n!, (n) < 1.
The optimality condition for 7, (n) is the same as that for program (26); and the only change for
the optimality condition of 7, (n) is that a term —tp;, > c v 2y >1 n—1(Thhs This Tin, Ty — 1)pt(z)2h
is added to the first order condition. Hence, for 0 < 1!, (n) < 1 and 0 < 1}, (n) < 1, to satisfy the

optimality conditions it must be that

0 = 2,0 — Apph + A,

(A32)
0 =2aul — A\ (h + l) — Ypn2h + A2l
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The first order condition with respect to p! (z) is

(Mpnenn+nt )bt (nh, zin+ny o)l —c
n

2a,, () + (Avn + Upn) Manan—1 (xny — 1, i, i, 1) 20)

—Anh [Mpan—1 (Thh, Tht — L @in, 20) h — nhyan—1 (Thn, T, 2, — 1, 20) b

~Unp [Man—1 (Thh, This Tip, wu — 1) 2h]

FAm [Mpan—1 (Tph, T — 1, @p, 20) b+ b an—1 (Thn, The 2n — 1)

A [Muan—1 (@nns Tty iyt — 1) (h+ D] + Mi2ngan—1 (@hn, Thi, T, ©n — 1)1
—Aa, (z)2c+ v (z) — ¢ (x) =0,

(A33)
which, by using that 7, = 7", = 1, may be rearranged as
= |20 4 it + nn) 5 20] + 5 |24 o = M) b
+xlh (200 + 2 (O . Ahhh } e [277”1 2 (20— 2B = Ao ()] (A34)
—20(1+A)+7( )= ¢ (x) =
But,
"m ()\ I — Apph) = —m am2l + Al — Aunh — a2l | = —2nk.1,
=0 by (A32)
lell (A2l — Ypp2h — A (R +1)] = ZTZZZZ 2al — A (h 4+ 1) — Ypp2h + Ni20 — 20l | = =2,

—0 by (A32)
(Ann =+ Upp) =2 o2k = 2Ah (Lemma A3),
(Am — Ahh) — = 2A (Lemma A3).

Hence, the optimal provision rule is to provide if and only if

Thh Thi
(2 4+ ) 201+ A) = 26(1+ 4) >0

This provision rule for good 1 depends only on the number of high valuation agents for good 1.
Hence, E [p} () |lh] = E [p}, (x) [ll] , which implies that 7, (n) = !, (n) and thus A, (n) = A%, (n).
We conclude that the solution to the problem must coincide with the solution for the problem where
goods 1 and 2 are treated separately. The asymptotic provision and inclusion probabilities can thus

be taken from Proposition 3, which completes the proof. ]
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B Appendix B: Proofs for Results in Section 2.

Proof of Proposition 1.

Claim B1 For any incentive feasible mechanism G of the form (3), there exist an incentive feasible

mechanism
G = ((P],Ujp 777%) 9 (ti)iez> ) (B35)

that generates the same social surplus, where p! : O™ — [0,1] is the provision rule for good j,

JjeT

17{ : © — [0,1] is the inclusion rule for agent i and good j,and t; : © — R is the transfer rule for

agent 1.

Proof. Consider an incentive feasible mechanism G. Pick k € [0, 1] arbitrarily and define,

1
PO = E=C(0.0)= [ 0,09 (B36)
0
) . 1 5 J .
E_,CI(0,0) (0,0) Jon Jo €7 (0:9)w] (0,0)d9dF (9i) . .
’)”‘Z (91) _ E_icj(gﬂg) - f@”_ll fol Cj(97'l9)d'l9dF(67i) lf j‘@’lz fo C (07'19) d’l?dF (9—7,) > 0
k it fon [ ¢ (0,9) d9dF (0—;) =0

60) = Bar0)= [ r@)dF0-).

for each # € ©",5 € J and 7 € Z. This is a mechanism of the form in (B35), and we will call it
G. Use of the law of iterated expectations on p’ () and t; (6;) shows that (BB) is unaffected when
switching from G to G. It remains to show that the surplus is unchanged, and that (IC) and (IR)
continue to hold under G. The utility of agent ¢ of type 6; € © who announces 0; €O is

E_; [Zjej < <éz, 0_;, 19) wg (éz, 0_;, 19) 0; — T (91, H_i)} in mechanism G (B37)
E_; [Z P (0 e,i) 0! (9) 0; — t; (9)} in mechanism G. (B38)
If f91’i fol ¢ (@“ 0_i, 19) dY¥dF (0_;) = 0, we trivially have that the payoffs in (B37) and (B38) are
identical, whereas if f@li fol ¢J <@Z, 0_;, 19) dydF (6_;) > 0, we have that
B! (03,0-5,9) 7 (05,0-1,0)
E ¢ (9 0, 19)
= BE_w! (9 9_,-,19) ¢ (9 0, 19) 0;.

Trivially, E_;t; (0;) = t; (6;) = E_;7 (0), which combined with (B39) implies that the payoffs in
(B37) and (B38) are identical. Since the equality between (B37) and (B38) were established for
any i, 0; and 6;, it follows that all incentive and participation constraints (IC) and (IR) hold for

E_;p <éi70—i> 7] (91) 0; = E_;{’ (91‘79—1‘,19) (B39)

mechanism G given that they are satisfied in mechanism G. Moreover, [again by (B39)]
B [Sieq P O)] 0)6:] =B [Sic 0 (0.9) ¢ (0,0)61], (B40)
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so it follows by integration over © and summation over ¢ that

B(Sier Xjeq P O)0 (00 6:] = E[Yicr ¥jes & 0.0)] 0,0)60,] . (B4Y)

By construction, we also have that p/ () = E=¢? (0,9) for every 6. Thus E [p/ (0) CJ (n)] =
E [¢7 (0,9) C7 (n)] , implying that

> Epl (6 [an )0 —C7 (n)| = B (6,9) [Zw 0,9)0; —C’ (n)| . (B42)
€T €T jeT 1€
Hence, G and G generate the same social surplus. [

Claim B2 For every incentive feasible mechanism of the form (B35), there exists an anonymous

simple incentive feasible mechanism g of the form (5) that generates the same surplus.

Proof. Consider an incentive feasible simple mechanism G on form (B35). For k € {1,....,n!},
let P, : 7 — 7 denote the k-th permutation of the set of agents Z. Note that Plgl (1) gives the
index of the agent who takes agent 4’s position in permutation Py. Moreover, for any given § € O™,

let 67K = (Hpk_l(l), . 0Pk_1(n)> € O" denote the corresponding k-th permutation of 6.2 For each

Ee{l,..,nl}, let G = ((pi,nil, ...,nin)j_l , S tE1, ...,tkn> be given by

)

P (0) = Pj (9P’“) voeo" jed, (B43)
ki (91) = —1(1)(90 Vo,€0,ic 7,

and let g = ((p7 771, ,’ﬁ%) 12,51,...,%) be given by
]:7
70 ):n'Zk 1Pk( ) Veeo" jeJg

N _ T B[, (0)]ng, (0) . . ,
ni (0;) = ZZ' : j[pk(a)] V0, €0,i€l, jeJ (B44)

E (01) = % k:l tri (91) v 01 c @,i cT.

We now note that: (1) for each j € J, % (0) =7’ (¢) if ¢’ is a permutation of 6. This is immediate
. . n! . | . n! . !

since the sets {pfg (9)}k:1 = {p’ (P (0))}:11 and {p?g (9')}k:1 ={p (Px (9'))};::1 are the same;
(2) for j € J and each pair 4,4’ € Z,77] () = 77, (-). That is, the inclusion rules are the same
for all agents. To see this, consider agent ¢ and 4/, and suppose that 6; = ;. We then have

] n!

that {E,i [pg; (9)} . (ei)}:'zl and {E_Z [ (9)} . (0 )}k'zl are identical and that B_; [/ (6)] =

2Ty illustrate, suppose n = 3,
2

m = 2,0 = (01,02,03) = ((1,2),(3,2),(2,1)). Consider, for example, pur-
mutation k given by Py (1) = 2,Px(2) = 1,P:(3) = 3. Then P;'(1) = 2,P,'(2) = 1,P,*(3) = 3 and

9Fr = (0]3}:1(1)79P51(2)76P}:1(3)) = (02701793) = ((372) ) (1v2) ) (27 1)) .



E_y [ (0)]; and (3) for each pair 4,i’ € Z,%; (-) = £ (), which is obvious since the sets {t); (6;) n
and {ty; (67) }Z':l are identical. Together, (1), (2) and (3) establishes that g is anonymous and
simple.

Now we show that ¢ is incentive feasible and generates the same expected surplus as GG. First,

since G and G}, are identical except for the permutation of the agents, we have, for k =1, ..., n!

> E {p?; (0) [Z m,; (6 7 (n) } =Y'E {pj ) [anf (6:) 67 — C7 (n)

)

} . (B45)

jeT €L JjeT 1€
Hence,
Z E { |: J (0 )az _o (n) } _ Z E {1' S |:Z Zk 1 n’—lpk (9) 771@1 (6:) 91" _l (n):| }
jeg i€T jeg = i€l 1 B zpk (0)
= ZZE&{ .ZE ol (0) ) ( >9}E[§, ﬁi(e)} ¢’ (n)
JET €T T k=1
- 25 elho[shmn-coll-selio[Sier-c o]l (B0
k=1jeJ i€z jeg i€T

where the last equality follows from (B45). Hence the surplus generated by g is identical to that
by original mechanism G. To show that g is incentive feasible we first note that Epi, (0) = Ep’ (0)
and E) 7tk (0;) = ED ;7 ti (0;) for all k, since the agents’ valuations are drawn from identical

distributions and Gy, and G only differ in the index of the agents. Thus

Ezieza‘ (0:) — Zjej Eﬁj 0)C7 (n) = EZzeI nl Zk 1tk (0:) — Z]ejEnl Zk 17y, (0) C7 (n)
= E} erti(6i) - Zjej Ep’ (6) C7 (n) . (B47)

so g satisfies (BB) if G does. Second, (IC) holds for any permuted mechanism, that is,
E_ Z]GJpgc ) (0:) 07 — tri(6:) > B i jeg Pk(‘gw 0 )77?;1-(51794)‘93 — 11105, 0_;) (B48)

for all ¢ € 7, and Qi,/éi € O. Hence,

! 1 !

L& i1 E=i [o4 ()] mii (6) S
E—l Z P t(e ) = E—i |: Zpi: (9) " ln' ; < 03 - Ztkz (91)

jeg jeg ! k=1 ke B [pic (9)] : k=1

n!

1 ; oo . .

= Z E_i > pl (), (6:)6] — tis (Qi)} 2 [EiZPé(%@i)nii(&'y@i)@ —tki(ezv@i)]
j€eT k=1 JjET

- E, Z Zpk 0:,0_)n,(0:,0_)0% — i' 1-(91-,,9_7;) =S E_ip (0:,0-:)7) (52-) 0/ —7(0:), (B49)

JGJ T k=1 jeT
where the inequality follows from (B48). Hence g is satisfies (IC). Finally, ¢ also satisfies the (IR)
because (see the second line in (B49)) all the permuted mechanisms satisfy participation constraints.

Proposition 1 follows by combining Claims B1 and B2. [

Proof of Proposition 2.




Notation: This proof requires us to be explicit about the coordinates of the vector # when
permuting J. We therefore need some extra notation for this proof (only). We write Gl-_j =

(011, e 9{71, HgH, o 9;”) for a type vector where good j has been removed. Analogously, 77/ =

(0? ,...,ng ) stands for the type profile with good j coordinate removed for all agents and

¢ = (0{, ...,9%) is the vector collecting the valuations for good j for all agents. Furthermore,
9:{ = (9;j, ...,0;}1,0;{1, ...,G;j) and Gj_i = (0{, ...,9{_1,91+1...,9%> are used for the vectors ob-

tained respectively from 6~/ and 6’ by removing agent i. These conventions are used also on the
distributions, so, for example, F:g denotes the cumulative distribution of 0:{. Conditional distri-
butions are denoted in the natural way: for example F:g <| 05 ) denotes the joint distribution of
9:{ conditional on 0{ . Since no integrals are taken over subsets of the range of integration, we also
conserve space and write [, h () dF () rather than [, o, h(0) dF () when integrating a function
h over # and similarly for integrals over various components of 6.

Proof. Consider a simple anonymous incentive feasible mechanism g. For k € {1,...,m!} let

—1 -1
P, : J — J be the k-th permutation of J and 0?’“ = <01.D’“ (1),...,9?“ (m)> € O be the per-

)

mutation of §; when the goods are permuted according to Py. Let 67 = <9fk,...,95’“) ISk

denote the corresponding permutation of 6.2 For each k € {1,....,m!} define mechanism g, =
J , J ,tr), where for every 6 € O";
({pk}jej {nk}jej k) Yy

1 Pi (0) = pP,jl(J') (apk) for every j € J;*
9 Ui (0;) = 771’;§1(j) (efk) for every j € J;%

3. tr(0;) =t <9fk>.

By construction, each g is simple. Each gj is also anonymous by the anonymity of g. Using
the definition of g; and manipulating the result by observing that the labeling of the variables is
irrelevant, we get:26
Bl @@ = [ ol @@ @) factof gif = [ g0 (67 g O (o1 ol )

0

fcon

[ U @y ) v (o) e

Lo | [ 0 @0 w0 Dar | (07
oFr (@) (9—_7‘)Pk

2 To illustrate, suppose n = 2,m = 3, and 6 = (01,02) = ((1,2,0),(3,2,1)). Consider, for example, pur-
mutation k given by Py (1) = 2,P,(2) = 1,P.(3) = 3. Then P;'(1) = 2,P;'(2) = 1,P,"(3) = 3 and
o7 — Of’f_l“’,ef’:l‘”,ef’:l“)) _ (2,1,0), 0% — (05,;1(1)795;1(2)’95,;1(3)) _ (2,3,1),07% — (0?,05’6) _
((2,1,0),(2,3,1)).

24This implies that pkp’“_l(j) (HP") = p? (6) for every j € J.

25 This implies that nkp’zl(j) (0?’“) =17 (6;) for every j € J.

20Tt is important to point out that, in reaching the fourth equality in (B50), we can relabel the integrating varibles

ef) (B50)

(
)Pk’ Pt) )]dFj (67"

j-th argument

/relabel/

(since they are dummies) but not the integrating functions.



where we recall,

(0" = (epk’l(l), PG PTG 0P1$1<”>) . (B51)

By exchangeability, we have

9P () (B52)
N——

j-th (vector) argument

= dF7J (legl(l), s 0Pk71(j71), Qplzl(j+1), s prgl(")]j—th (vector) argument = Gplzl(j)>

dF=i | (679)™

= dF (0_j|j—th (vector) argument = Gplsl(j))

— JFF0) (H_Plgl(j”Pk_l (7)-th (vector) argument = Qplgl(j)) ;

and
dF (aP,: 1<J'>) _ gt (91’:5 10)) . (B53)

Using (B50), (B52) and (B53), we have that

Epf, (0) m(6:)6" (B54)

_ PG PIYGY (g pPr L) i “N\PE gt o) i (P G)
a /oP;Zl(J‘) /(g—j)Pkp © Oy 00 ¥ ((6 ) L — dF (6 * )

j-th argument

PRI gy P D) (9,05 D ap-Fi O | g P @) Pt O) D (g )
- PP O (9 nFe O 9,y 0 s D ap=Fr O [ g BTG P dF (ekJ)
PrNE) (6-3)Fr ! —

Pk_l(j)-th argument

- / o7 (@) 0" D (00 DR (0) = Bp" D) (0) " D (0.0,
7

Moreover, exchangeability implies that Ety (0;) = Et (Qf k ) = Et (6;) . The ex ante utility,

m . . . m _1,. _1,. p-1(;
E[ Sy o1, (0) . (0:)07 — t, (92.)} = [ > EpTs ) () nFs (J)(gi)eik (J):| —Et(6))
Same elements in J and

et 0T [ w00 w9

is thus unchanged when changing from g to gx. The same steps as in (B50) through (B54) (only
somewhat simpler) establishes that Ep,7g (0) = Epfx '0) for every j, implying that
Bl S, Al 0)CT ()~ 5, (8] = [CIE X0, pL0)— %, Bt (6:)] (B56)
= [CME T, 7 0)- ¥, Bt0)] = B[ T8, 2 OCm) - T, t0)],
so the feasibility constraint is unaffected when changing from g to gx. Next, write Write U (6;, 65; g)

and U (0;,0’; gr) for the expected utility from announcing #; when the true type is 6; in mechanisms

g and gy respectively. Next, by a calculation in the same spirit as (B50) through (B54):



E_ip} (0-1,07) =

cﬁ

P (0-1,0}) dF_ (0_.) /def of gi/ = / PO ((0-4,00) ") dF i (0-0)
0_;

—1i

— / |:/ p P 1) ((971',6’;)})1") dF:z (0:1
07 07
) N\ P
_ NO) o'k J AN
/relabel/ = /9 k 1 [ oy 1, P Py (0 i, 0; )dF ((9_1)
o N P15 P ) - )
/exchangeablhty/ = /epk,_l(“ |: " 1 P k (0,1,01. k) dF_ik G_ik

/ o P() (9 5 Q’Pk> dF_; (0-;) = Efipp’gl(j) (9—1,9;&)

0_;

eji)] aF’, (62,) (B57)
g k (J)):| dFj_. (91_3];1(1'))

That is, the perceived probability of getting j when announcing 6} in mechanism g, is the same as

the perceived probability of getting good P, ( /) when announcing (9 )Pk , so that

U(0:,0;9c) = B Y00, ok (0-3,07) mi (0967 — tx (05) (B58)

= Z;n 1 nkk (J)((Hé)Pk)ggE_ipPgl(j) <9_i’0;Pk> ¢t <(9;)Pk) ’

whereas
U0:,059) = Y _ nl(0)0IE _ip] (0-5,0;) —t (0}) = (B59)
j=1
U009y g = S5 ((0) )07 OB (0-00%) =1 ((0)")

1Py

9’ =0,
s O )M ol (000 e ()™ U0,

which establishes that type 6; who announces 6 in mechanism g gets the same utility as type Hf) k

Py

who announces (0;) in mechanism ¢g. Hence incentive compatibility and individual rationality

of g follows from incentive compatibility and individual rationality of g. Now, construct a new

mechanism ¢ = ({ﬁ] }jej , {'ﬁ] }jej ,1) by letting

’ﬁj (9) - m' Zk 1P k( ) = ml Zk 1p ') (GP’“) (BGO)
W (0) = 2 ke 177k( DE_ip, (0) _ St @) (epk)E P 0) (0P

o % Ein (0) m B _ph ) ()

£0;) = Lt (ei) — Ly (@)

let P:J — J be an arbitrary perturbation of the set of goods. Then,

PO (07) = S O (09)7) = S o0 (07 =7 @) (Bo)



since the sets {pPkfl(Pil(j)) ((HP)Pk) }::'1 and {ppk_l(j) (QP’“)}m! are identical. Furthermore

. 1) pt (P70
ﬁP_l(j) (QP) Zis 1nk ( : )((0P)P )E‘Zpkk ( ' )<(0P)Pk)
i m! P (PLG)) Py
) Pk:lE ’pk (( ) ) (B62)
m7' P (5) L E_; (J) 0P .
e U Lo k):'ﬁJ(Qi)

m Rtk O (07

for the same reason. It is obvious that Z(Gf) = £(6;), which together with (B61) and (B62)
establishes that ¢ is symmetric. To complete the proof we need to show that g is incentive feasible

and generates the same surplus as g. We note that

E7 (0)7F (6:)0] = 14 Syt B (0) S gk
k=1 —zpk(e)
_ 1 m! o Zk 177k(0 JE— zpk(e) _ j J J
= 1B, Die [Ezpic( B0 (0) 0] ] [Zk 1 1% (03) py, (0) 0%i| (B63)

= B, [P OF 06 —1(0)] = 5 T, {zj L7, (05) 7} (0) 6 — 1 (6]
/(B54) & (B55)/ =B |7, (6:) 61 (6) 60 —(6))]

which establishes that the ex ante utility from g and g are the same for all agents. Moreover,

B[S7 7 (0) €7 (n) = S0, E(600)] = B C () Sy 4 S o (0) = 00y SOy et (00)]

= ST E |C () X7 0 (0) = Xy 1 (62)] / (B56)/
= LS B[S 2 0)C () = S t(0)] = B[S 4 (0)CY (n) — St 03)]
(B64)
so the budget balance constraint is unaffected. All incentive compatibility constraints hold since,
U0:,059) = > i (0)6IEip (0-4,60;) — £ (6)) (B65)
j=1

Zm' ( ) i j(e_iﬁfé)
- : 1nk zpi(gk_iﬁ;‘) E_ |: ; k 1 Pk (9*170;)] B m' k? 1tk (0/)

= m' Ek 1 [nk( ) *ipi (H*iveg) —tk (‘9;)}
/ (B58)/ = LS U(6;,6059:) </IC for each k/

LS U0 9 ) =U(6:9).

1

By the same calculation, U(#;g) = -5 > /= 1 U(6; gx) > 0, since all participation constraints hold

for each k. This completes the proof. [
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