
Yale University Yale University 

EliScholar – A Digital Platform for Scholarly Publishing at Yale EliScholar – A Digital Platform for Scholarly Publishing at Yale 

Cowles Foundation Discussion Papers Cowles Foundation 

9-1-1997 

Regressions for Partially Identified, Cointegrated Simultaneous Regressions for Partially Identified, Cointegrated Simultaneous 

Equations Equations 

In Choi 

Peter C.B. Phillips 

Follow this and additional works at: https://elischolar.library.yale.edu/cowles-discussion-paper-series 

 Part of the Economics Commons 

Recommended Citation Recommended Citation 
Choi, In and Phillips, Peter C.B., "Regressions for Partially Identified, Cointegrated Simultaneous 
Equations" (1997). Cowles Foundation Discussion Papers. 1410. 
https://elischolar.library.yale.edu/cowles-discussion-paper-series/1410 

This Discussion Paper is brought to you for free and open access by the Cowles Foundation at EliScholar – A 
Digital Platform for Scholarly Publishing at Yale. It has been accepted for inclusion in Cowles Foundation 
Discussion Papers by an authorized administrator of EliScholar – A Digital Platform for Scholarly Publishing at 
Yale. For more information, please contact elischolar@yale.edu. 

https://elischolar.library.yale.edu/
https://elischolar.library.yale.edu/cowles-discussion-paper-series
https://elischolar.library.yale.edu/cowles
https://elischolar.library.yale.edu/cowles-discussion-paper-series?utm_source=elischolar.library.yale.edu%2Fcowles-discussion-paper-series%2F1410&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/340?utm_source=elischolar.library.yale.edu%2Fcowles-discussion-paper-series%2F1410&utm_medium=PDF&utm_campaign=PDFCoverPages
https://elischolar.library.yale.edu/cowles-discussion-paper-series/1410?utm_source=elischolar.library.yale.edu%2Fcowles-discussion-paper-series%2F1410&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:elischolar@yale.edu


 
 
 

COWLES FOUNDATION FOR RESEARCH IN ECONOMICS 
AT YALE UNIVERSITY 

 
Box 2125, Yale Station 

New Haven, Connecticut 06520 
 
 
 
 

COWLES FOUNDATION DISCUSSION PAPER NO. 1162 
 
 
 
 

Note: Cowles Foundation Discussion Papers are preliminary materials 
circulated to stimulate discussion and critical comment.  
Requests for single copies of a Paper will be filled by the 
Cowles Foundation within the limits of the supply.  References 
in publications to Discussion Papers (other than mere 
acknowledgment by a writer that he has access to such 
unpublished material) should be cleared with the author to 
protect the tentative character of these papers. 

 
 
 
 
 

REGRESSIONS FOR PARTIALLY IDENTIFIED, COINTEGRATED 
SIMULTANEOUS EQUATIONS 

 
In Choi  and Peter C. B. Phillips 

 
September 1997 



Uhjuhvvlrqv iru Sduwldoo| Lghqwl�hg/
Frlqwhjudwhg Vlpxowdqhrxv Htxdwlrqv�

Lq Fkrl_

Nrrnplq Xqlyhuvlw|/ Nruhd
Shwhu F1 E1 Skloolsv

Frzohv Irxqgdwlrq iru Uhvhdufk lq Hfrqrplfv/ \doh Xqlyhuvlw|/ XVD
)

Xqlyhuvlw| ri Dxfnodqg

Dxjxvw/ 4<<:

Devwudfw

Wklv sdshu vwxglhv uhjuhvvlrqv iru sduwldoo| lghqwl�hg htxdwlrqv lq vlpxowdqh0
rxv htxdwlrqv prghov +VHPv, zkhuh doo wkh yduldeohv duh L+4, dqg frlqwhjudwlqj
uhodwlrqv duh suhvhqw1 Dv|pswrwlf surshuwlhv ri ROV dqg 5VOV hvwlpdwruv xq0
ghu sduwldo lghqwl�fdwlrq duh ghulyhg1 Wkh uhvxowv vkrz wkdw wkh lghqwl�delolw|
frqglwlrq lv lpsruwdqw iru frqvlvwhqf| ri hvwlpdwhv lq qrqvwdwlrqdu| VHPv dv
lw lv iru vwdwlrqdu| VHPv1 Dovr/ ROV dqg 5VOV hvwlpdwruv duh vkrzq wr kdyh
gl�huhqw udwhv ri frqyhujhqfh dqg glyhujhqfh xqghu sduwldo lghqwl�fdwlrq/ wkrxjk
wkh| kdyh wkh vdph udwhv ri frqyhujhqfh dqg glyhujhqfh iru wkh wzr srodu fdvhv
ri ixoo lghqwl�fdwlrq dqg wrwdo odfn ri lghqwl�delolw|1 Hyhq lq wkh fdvh ri ixoo lghq0
wl�fdwlrq/ krzhyhu/ wkh ROV dqg 5VOV hvwlpdwruv kdyh gl�huhqw glvwulexwlrqv lq
wkh olplw1 Ixoo| prgl�hg ROV uhjuhvvlrq dqg ohdgv0dqg0odjv uhjuhvvlrq phwkrgv
duh dovr vwxglhg1 Wkh uhvxowv vkrz wkdw wkhvh wzr hvwlpdwruv kdyh qxlvdqfh sd0
udphwhuv lq wkh olplw xqghu jhqhudo dvvxpswlrqv rq wkh uhjuhvvlrq huuruv dqg duh
qrw vxlwdeoh iru vwuxfwxudo lqihuhqfh1 Wkh sdshu sursrvhv 5VOV yhuvlrqv ri wkhvh
wzr qrqvwdwlrqdu| uhjuhvvlrq hvwlpdwruv wkdw kdyh pl{wxuh qrupdo glvwulexwlrqv
lq wkh olplw xqghu jhqhudo dvvxpswlrqv rq wkh uhjuhvvlrq huuruv/ wkdw duh pruh
h!flhqw wkdq wkh xqprgl�hg hvwlpdwruv/ dqg wkdw duh vxlwhg wr vwdwlvwlfdo lq0
ihuhqfh xvlqj dv|pswrwlf fkl0vtxduhg glvwulexwlrqv1 Vrph vlpxodwlrq uhvxowv duh
dovr uhsruwhg1

WWkh �uvw gudiw ri wklv sdshu zdv suhvhqwhg dw wkh Lqdxjxudo Phhwlqj ri wkh Qhz ]hdodqg Hfrqr0
phwulf Vwxg| Jurxs lq Dxfnodqg/ Iheuxdu| 4<<91 Wkh sdshu zdv w|shg e| wkh dxwkruv lq VZ5181
Skloolsv wkdqnv wkh QVI iru vxssruw xqghu Judqw &VEU <7055<551 Fkrl judwhixoo| dfnqrzohgjhv
�qdqfldo vxssruw iurp wkh Nruhd Uhvhdufk Irxqgdwlrq1

_Dgguhvv fruuhvsrqghqfh wr= Lq Fkrl/ Ghsduwphqw ri Hfrqrplfv/ Nrrnplq
Xqlyhuvlw|/ ;94�4/ Fkrqjqxqj0grqj/ Vrqjexn0jx/ Vhrxo/ 469�:35 NRUHD1 H0pdlo=
lfkrlCnpx1nrrnplq1df1nu



4 Lqwurgxfwlrq

Wkurxjk wkh 4<83*v wr wkh 4<:3*v/ vlpxowdqhrxv htxdwlrqv prghov +VHPv, zhuh rqh
ri wkh pdmru uhvhdufk wkhphv lq hfrqrphwulfv1 Lpsruwdqw uhvxowv lq wkh duhd duh
vxppdul}hg lq Kdxvpdq +4<;6,/ Kvldr +4<;6, dqg Skloolsv +4<;6,1 Krzhyhu/ uhvhdufk
rq wkh VHP kdv dwwudfwhg uhodwlyho| ohvv dwwhqwlrq wkhvh gd|v sduwo| gxh wr d shufhlyhg
idloxuh lq odujh pdfurhfrqrplf prghov dqg sduwo| gxh wr fulwlflvpv ri vlpxowdqhrxv
htxdwlrqv prghoolqj/ iroorzlqj zrun e| Oxfdv +4<:9, dqg Vlpv +4<;3,1

Qrqhwkhohvv/ wkh VHP vwloo vhhpv wr eh lq zlghvsuhdg hpsulfdo xvh iru iruhfdvwlqj
dqg srolf| dqdo|vhv hvshfldoo| lq vxfk qrq0dfdghplf lqvwlwxwlrqv dv sulydwh edqnv dqg
jryhuqphqw hfrqrplfv ghsduwphqwv ^vhh Dgdpv dqg Nohlq +4<<4, iru glvfxvvlrqv ri
ydulrxv vwuxfwxudo prghov lq suhvhqw xvh`1 Vrph zrxog dvfuleh wklv skhqrphqrq wr
vorz glvvhplqdwlrq ri nqrzohgjh1 Exw qhduo| wzr ghfdghv kdyh sdvvhg vlqfh wkh Oxfdv
dqg Vlpv fulwltxhv/ dqg vr wklv grhv qrw vhhp wr eh dq dssursuldwh h{sodqdwlrq1 Wkh
skhqrphqrq pd| dovr eh h{sodlqhg ehfdxvh lw lv kdug wr �qg phwkrgv wkdw zrun
reylrxvo| ehwwhu wkdq wkh VHP iru srolf| dqdo|vlv dqg iruhfdvwlqj1 Dv dq dowhuqdwlyh
wr wkh VHP/ yhfwru dxwruhjuhvvlrqv +YDUv, zhuh lqwurgxfhg e| Vlpv iru hfrqrphwulf
srolf| dqdo|vhv dqg iruhfdvwlqj1 Wkrxjk wklv dssurdfk kdv suryhg xvhixo iru pdq|
uhvhdufk sureohpv/ YDUv duh uhgxfhg irupv wkdw duh qrw gluhfwo| olqnhg wr hfrqrplf
wkhru| dqg hvwlpdwlrq ehfrphv gl!fxow zkhq wkhuh duh d odujh qxpehu ri yduldeohv1
Frpsxwdwlrqv ri jhqhudo htxloleulxp prghov duh riwhq xvhg iru srolf| dqdo|vhv ^fi1/
Vkryhq dqg Zkdooh| +4<;7,/ N|godqg dqg Suhvfrww +4<<8,`/ exw wkh yldelolw| ri wkhvh
phwkrgv ghshqgv rq krz vxfk lvvxhv dv urexvwqhvv dqg prgho vhohfwlrq duh ghdow
zlwk/ vr wkdw uhvhdufkhuv fdq hpsor| wkhvh phwkrgv zlwk frq�ghqfh1 Lq wkh oljkw ri
wkhvh dqg pdq| rwkhu frqvlghudwlrqv/ lw vhhpv olnho| wkdw wkh VHP zloo frqwlqxh wr
eh xvhg lq sudfwlfdo hfrqrphwulf zrun1

Wkh txhvwlrq ri krz wr xvh wkh VHP iru qrqvwdwlrqdu| wlph vhulhv kdv qrw dw0
wudfwhg pxfk dwwhqwlrq iurp uhvhdufkhuv1 Wklv lv xqiruwxqdwh ehfdxvh lw lv qrz zhoo
dffhswhg wkdw pdq| hfrqrplf wlph vhulhv kdyh vwrfkdvwlf wuhqgv dqg fdq eh uhs0
uhvhqwhg lq whupv ri L+4, ru qhdu0L+4, surfhvvhv1 Lq sduwlfxodu/ wkh lghqwl�fdwlrq ri
frh!flhqw sdudphwhuv lq wkh qrqvwdwlrqdu| VHP/ zklfk lv rqh ri wkh prvw edvlf sudf0
wlfdo sureohpv lq frqvwuxfwlqj VHPv/ kdv ehhq olwwoh vwxglhg1 Dq lpsruwdqw h{fhswlrq
lv Kvldr +4<<8,/ zkr jlyhv lghqwl�fdwlrq frqglwlrqv dqg ghulyhv wkh dv|pswrwlf glvwul0
exwlrqv ri wkh ruglqdu| ohdvw vtxduhv +ROV, dqg wkuhh vwdjh ohdvw vtxduhv hvwlpdwruv
iru wkh qrqvwdwlrqdu|/ g|qdplf VHP1 Exw wkh h�hfwv ri lghqwl�fdwlrq idloxuh +l1h1
idloxuh ri wkh udqn frqglwlrq, rq hvwlpdwlrq zhuh qrw vwxglhg wkhuh ru hovhzkhuh1

Wkh �uvw sxusrvh ri wklv sdshu lv wr vwxg| wkh h�hfwv ri lghqwl�fdwlrq idloxuh rq wkh
ROV dqg wzr vwdjh ohdvw vtxduhv +5VOV, hvwlpdwruv lq qrqvwdwlrqdu| VHPv1 Wkhvh
h�hfwv rq wkh lqvwuxphqwdo yduldeohv hvwlpdwru lq vwdwlrqdu| VHPv zhuh dqdo|}hg lq
Fkrl dqg Skloolsv +4<<5,1 Lghqwl�fdwlrq idloxuh lq qrqvwdwlrqdu| VHP lv hvshfldoo| lq0
whuhvwlqj/ ehfdxvh lw lv zhoo nqrzq wkdw ROV lv frqvlvwhqw zkhq wkh uhjuhvvruv duh L+4,
dqg wkh uhjuhvvlrq huuruv duh L+3,/ vr wkdw lw pd| vhhp wkdw wudglwlrqdo lghqwl�fdwlrq
frqglwlrqv duh qrw dv lpsruwdqw iru uhjuhvvlrqv zlwk L+4, uhjuhvvruv1 Exw wkh uhvxowv
lq Vhfwlrq 5 ri wklv sdshu vkrz wkdw wkh lghqwl�fdwlrq frqglwlrq lv lpsruwdqw iru
frqvlvwhqf| ri erwk ROV dqg 5VOV hvwlpdwruv lq qrqvwdwlrqdu| VHPv1 Kvldr +4<<8,
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vkrzv wkdw wkh ROV hvwlpdwru lv qrw frqvlvwhqw iru wkh qrqvwdwlrqdu|/ g|qdplf VHP
hyhq zkhq wkh lghqwl�fdwlrq frqglwlrq krogv1 Klv uhvxowv duh rewdlqhg iru qrqvwdwlrq0
du| VHPv zlwk odjjhg ghshqghqw dqg h{rjhqrxv yduldeohv iru zklfk vwdqgdug

s
W

dv|pswrwlfv dsso| ^fi1/ Sdun dqg Skloolsv +4<;<, dqg Vlpv/ Vwrfn dqg Zdwvrq +4<<3,`
dqg wkhq vhuldo fruuhodwlrq ehwzhhq wkh uhjuhvvruv dqg uhjuhvvlrq huuruv uhvxowv lq lq0
frqvlvwhqw ROV hvwlpdwlrq1 Wkh prgho zh xvh khuh grhv qrw lqyroyh odjjhg yduldeohv/
dqg lqvwhdg wkh vkruw0uxq g|qdplfv lq rxu prgho duh qrqsdudphwulfdoo| lqfrusrudwhg
lqwr wkh uhjuhvvlrq huuruv/ dv lq pdq| duwlfohv lq wkh duhd ri qrqvwdwlrqdu| wlph vhulhv
^h1j1/ Skloolsv dqg Kdqvhq +4<<3,/ Vwrfn dqg Zdwvrq +4<<6,`1

Wkh vhfrqg sxusrvh ri wklv sdshu lv wr vwxg| wkh Skloolsv 0 Kdqvhq +4<<3, ixoo|
prgl�hg ROV hvwlpdwru dqg wkh ohdgv0dqg0odjv hvwlpdwru ^fi1 Skloolsv dqg Oruhwdq
+4<<4,/ Vdlnnrqhq +4<<4, dqg Vwrfn dqg Zdwvrq +4<<6,` dssolhg wr d ixoo| lghqwl�hg
vlqjoh htxdwlrq lq d qrqvwdwlrqdu| VHP1 Wkh uhvxowv iurp wklv vwxg| zloo vkrz wkdw
wkhvh wzr hvwlpdwruv gr qrw kdyh pl{wxuh qrupdo glvwulexwlrqv dqg dvvrfldwhg Zdog
whvwv gr qrw kdyh fkl0vtxduh glvwulexwlrqv lq wkh olplw1 Wr uhphg| wkhvh sureohpv/
wklv sdshu sursrvhv 5VOV yhuvlrqv ri wkh wzr uhjuhvvlrq hvwlpdwruv1 Wkhvh hvwlpdwruv
kdyh pl{wxuh qrupdo glvwulexwlrqv lq wkh olplw xqghu jhqhudo dvvxpswlrqv rq wkh
uhjuhvvlrq huuruv dqg duh pruh h!flhqw wkdq wkh wzr ROV hvwlpdwruv1 Pruhryhu/
Zdog whvwv xvlqj wkh 5VOV yhuvlrqv ri wkh hvwlpdwruv gr kdyh fkl0vtxduh glvwulexwlrqv
lq wkh olplw1

Wkh sodq ri wklv sdshu lv dv iroorzv1 Vhfwlrq 5 lqwurgxfhv wkh prgho dqg dvvxps0
wlrq/ dqg ghulyhv wkh dv|pswrwlf glvwulexwlrqv ri wkh ROV dqg 5VOV hvwlpdwruv iru
sduwldoo| lghqwl�hg frlqwhjudwhg vlpxowdqhrxv htxdwlrqv1 Vhfwlrq 6 ghulyhv wkh dv0
|pswrwlf glvwulexwlrqv ri wkh Skloolsv 0 Kdqvhq ixoo| prgl�hg ROV hvwlpdwru dqg wkh
ohdgv0dqg0odjv hvwlpdwru dssolhg wr d ixoo| lghqwl�hg vlqjoh htxdwlrq lq wkh qrqvwd0
wlrqdu| VHP1 Pruhryhu/ 5VOV yhuvlrqv ri wkh wzr uhjuhvvlrq hvwlpdwruv duh sursrvhg
dqg wkhlu dv|pswrwlf glvwulexwlrqv duh ghulyhg lq wklv vhfwlrq1 Vpdoo0vfdoh vlpxodwlrq
uhvxowv duh dovr uhsruwhg1 Vhfwlrq 7 frqwdlqv d vxppdu| ri wkh sdshu dqg vrph ixuwkhu
uhpdunv1

D ihz zrugv rq rxu qrwdwlrq= doo olplwv duh wdnhq dv W $ 4 xqohvv rwkhuzlvh
vshfl�hg> zhdn frqyhujhqfh dqg frqyhujhqfh lq suredelolw| duh ghqrwhg , dqg

R$/
uhvshfwlyho|> wkh w0wk urz ri wkh pdwul{ D lv ghqrwhg D

|

> i
@@

+�, ghqrwhv wkh vshfwudo
ghqvlw| pdwul{ ri wkh wlph vhulhv id

|

j> S
f

@ [+[ �[,3�[ � dqg T
f

@ L � S
f

> dqg
u+D, lv wkh udqn ri wkh pdwul{ D1

5 Dv|pswrwlf Wkhru| ri Uhjuhvvlrqv iru Sduwldoo|
Lghqwl�hg/ Frlqwhjudwhg Vlpxowdqhrxv Htxdwlrqv

514 Iudphzrun dqg Dvvxpswlrqv

Vxssrvh wkdw d wuxh vwuxfwxudo uhodwlrq lv uhsuhvhqwhg e| wkh uhjuhvvlrq htxdwlrq

|
�
@ \

2
� . ]

�
� . x> +514,
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zkhuh |
�
+W � 4, dqg \

2
+W �q, ghqrwh q.4 hqgrjhqrxv yduldeohv dqg/ ]

�
+W � n

�
,

lv d pdwul{ ri n
�
h{rjhqrxv yduldeohv/ dqg x lv d glvwxuedqfh yhfwru1 Wkh phdqlqj

ri h{rjhqrxv yduldeohv khuh lv gl�huhqw iurp wkdw lq wkh vwdqgdug VHP/ dqg zloo eh
h{sodlqhg vkruwo|1

Wkh uhgxfhg irup ri htxdwlrq +514, lv zulwwhq lq sduwlwlrqhg irup dv
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zkhuh � lv wkh xvxdo edfnzdug gl�huhqfh rshudwru dqg E+u, lv d yhfwru Eurzqldq
prwlrq zlwk d srvlwlyh gh�qlwh fryduldqfh pdwul{ 
1 Wkh iroorzlqj sduwlwlrqv ri E+u,/S

dqg 
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Vhyhudo dvshfwv ri wkhvh dvvxpswlrqv phulw frpphqw1 Iluvw/ Dvvxpswlrq 4 lpsolhv
wkdw wkh rughu frqglwlrq iru wkh lghqwl�fdwlrq ri htxdwlrq +514, lv vdwlv�hg1

Vhfrqg/ Dvvxpswlrq 5 doorzv |
�|
dqg \

2|
wr kdyh qrqvwrfkdvwlf wuhqg frpsrqhqwv/

dv lv xvxdoo| dvvxphg lq wkh frlqwhjudwlrq olwhudwxuh1 Lq sudfwlfh/ lw zloo vx!fh wr
dvvxph hlwkhu s @ 3 ru s @ 41

Wklug/ Dvvxpswlrq 6 lpsolhv wkdw |
�|
/ \

2|
/ ]W|/ ]2| @ L+4, dqg wkdw wkh yhfwru

surfhvv ^|
�|
> \ �

2|
> ] �

W|
`� lv frlqwhjudwhg lq wkh vhqvh ri Hqjoh dqg Judqjhu +4<;:, zlwk

wkh frlqwhjudwlqj yhfwru ^4> ��> ��`�1 Lq sudfwlfh/ wkh revhuyhg yduldeohv ]W| dqg ]
2|

pd| dovr frqwdlq wlph sro|qrpldov1 Lq vxfk d fdvh/ zh pd| uhzulwh htxdwlrq +514, dv
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zkhuh wkh w0wk urz ri wkh pdwul{ � lv ^4> w> ===wR`1 Wkhq/ zkhq wkh rughu s lv juhdwhu
wkdq ru htxdo wr wkh kljkhvw rughu ri wkh wlph sro|qrpldov lq ]W| dqg ]

2|
/ wkh ROV

dqg 5VOV hvwlpdwhv ri � dqg �
~

duh lqyduldqw wr wkh suhvhqfh ri wlph sro|qrpldov
lq ]W| dqg ]

2|
1 Wkhuhiruh/ dvvxplqj wkdw ]W| dqg ]

2|
duh sxuh vwrfkdvwlf surfhvvhv

lv qrw uhvwulfwlyh dw doo dv orqj dv rxu lqwhuhvw olhv lq hvwlpdwlqj wkh frh!flhqwv ri \
2

dqg ]W1
Irxuwk/ wkh olplw frqglwlrqv lq Dvvxpswlrq 6 duh uhtxluhg iru wkh ghyhorsphqw ri

dv|pswrwlf uhvxowv lq odwhu vhfwlrqv1 D ydulhw| ri sulplwlyh frqglwlrqv iru Dvvxpswlrq
6 wr krog duh srvvleoh/ duh zhoo nqrzq/ dqg duh glvfxvvhg lq Skloolsv dqg Vror +4<<5,1

Iliwk/ Dvvxpswlrq 6 dvvxphv wkdw iY
|

j lv d olqhdu surfhvv ri xqnqrzq irup1 Wklv
ihdwxuh frqwudvwv zlwk wkh wudglwlrqdo VHP ^fi1/ Kdxvpdq +4<;6,/ Kvldr +4<;6,/ dqg
Skloolsv +4<;6,` zkhuh wkh glvwxuedqfh whupv iru wkh uhgxfhg irup prgho w|slfdoo|
kdyh qr g|qdplf vwuxfwxuh ru iroorz vrph vlpsoh dxwruhjuhvvlyh irup1

Odvw/ dvvxplqj wkdw wkh orqj0uxq yduldqfh pdwul{ 
 lv srvlwlyh gh�qlwh/ dv lq
Dvvxpswlrq 6/ lpsolhv wkdw wkh yhfwru ^] �

W|
> ]�

2|
`� lv qrw frlqwhjudwhg1 Dv lq Sdun

+4<<3, dqg Vdlnnrqhq +4<<6,/ zh fdoo ]W| dqg ]
2|

h{rjhqrxv yduldeohv lq vxfk d fdvh1
Wkhuhiruh/ wkh h{rjhqrxv yduldeohv khuh fdq eh lqwhusuhwhg dv frpprq wuhqgv wkdw
lqwurgxfh qrqvwdwlrqdulw| lqwr wkh VHP1 Lq sudfwlfh/ wklv dvvxpswlrq fdq eh fkhfnhg
e| xvlqj ydulrxv fodvvlfdo whvwv/ olnh wkrvh lq Mrkdqvhq +4<;;,/ ru prgho ghwhuplqdwlrq
whvwv/ olnh wkrvh lq Skloolsv +4<<9,1 Wklv dvvxpswlrq dovr lpsolhv wkdw wkh yduldeohv
]W| dqg ]

2|
gr qrw kdyh dq| vwuxfwxudo htxloleulxp uhodwlrqv lq wkh orqj0uxq1 Dovr/

qrwh wkdw zh doorz ]W| dqg ]
2|

wr eh vhuldoo| dqg frqwhpsrudqhrxvo| fruuhodwhg zlwk
wkh uhgxfhg irup uhjuhvvlrq huuruv/ xqolnh wkh vwdqgdug VHP1

Wkh lghqwli|lqj uhodwlrqv frqqhfwlqj wkh sdudphwhuv ri htxdwlrqv +514, dqg +515,
duh

�
�
��

�
� @ � +516,

�
2
��

2
� @ 3= +517,

Ehfdxvh htxdwlrq +514, vljql�hv wkh wuxh vwuxfwxudo uhodwlrq/ wkhvh frqglwlrqv duh dv0
vxphg wr krog wuxh1 Whvwv iru uhodwlrq +517, kdyh ehhq fdoohg ryhulghqwl�fdwlrq whvwv
^vhh Dqghuvrq dqg Nxqlwrpr +4<<5, iru d xqli|lqj iudphzrun ri pdq| h{lvwlqj ryhul0
ghqwl�fdwlrq whvwv`1 Zkhq �

2
kdv ixoo froxpq udqn ^l1h1/ u+�

2
, @ q`/ wkh frh!flhqw

yhfwru � lv ixoo| lghqwl�hg ehfdxvh rqfh wkh frh!flhqw pdwulfhv �
2
dqg �

2
+ru wkhlu

frqvlvwhqw hvwlpdwhv, duh nqrzq wkh frh!flhqw yhfwru � lv hvwlpdeoh dv zh fdq vhh
iurp htxdwlrq +517,1 Zkhq �

2
@ 3/ htxdwlrq +517, lqglfdwhv wkdw wkh frh!flhqw

yhfwru � lv wrwdoo| xqlghqwl�hg1 Krzhyhu/ li �
�
@ 3 lq dgglwlrq +wkh fdvh ri i|

2|
j

ehlqj vwdwlrqdu|,/ � @ �
�
iurp htxdwlrq +516, vr wkdw wkh frh!flhqw yhfwru � lv ixoo|

lghqwl�hg lq wklv fdvh1
Lq wklv sdshu/ zh duh lqwhuhvwhg lq wkh jhqhudo fdvh zkhuh �

�
dqg �

2
duh ri

duelwudu| udqnv1 Vshfl�fdoo|/ dvvxph

Dvvxpswlrq 7 u+�
�
, @ n

�2
� n

�
> u+�

2
, @ q

�
� q1

Ehfdxvh vrph frh!flhqwv duh lghqwl�hg dqg vrph duh qrw xqghu wklv dvvxpswlrq/
Dvvxpswlrq 7 lv nqrzq dv wkh sduwldo lghqwl�fdwlrq frqglwlrq ^fi1/ Skloolsv +4<;<,`1
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Iroorzlqj Skloolsv +4<;<, dqg Fkrl dqg Skloolsv +4<<5,/ gh�qh wkh urwdwlrq pdwul{

V @ ^
?�

V
�
>
?2

V
2
` 5 R+q,>

zkhuh R+q, ghqrwhv wkh ruwkrjrqdo jurxs ri q � q pdwulfhv dqg V
2
vsdqv wkh qxoo

vsdfh ri �
2
dqg �

2�
@ �

2
V
�
kdv ixoo froxpq udqn q

�
1 Qrwh wkdw wkh pdwul{ V wkdw

vdwlv�hv wkhvh frqglwlrqv lv qrw xqltxh1 Ixuwkhupruh/ ohw

�
�
@ V �

�
�> �

2
@ V �

2
�

dqg
�
��

@ �
�
V
�
> �

�2
@ �

�
V
2
> �

2�
@ �

2
V
�
> �
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@ �

2
V
2
@ 3=

Wkh sxusrvh ri wklv frruglqdwh urwdwlrq lv wr lvrodwh wkh hvwlpdeoh sduw ri �1 Xqghu
wklv urwdwlrq/ wkh lghqwli|lqj uhodwlrqv +516, dqg +517, ehfrph

�
�
��

��
�
�
��

�2
�
2
@ �> +518,

�
2
��

2�
�
�
@ 3= +519,

Htxdwlrq +519, vkrzv wkdw wkh frh!flhqw yhfwru �
�
lv lghqwl�hg ehfdxvh �

2�
kdv ixoo

froxpq udqn1 Exw/ wkh frh!flhqw yhfwruv �
2
dqg � duh qrw lghqwl�hg/ dv lv uhdglo|

ghgxfhg iurp htxdwlrq +518,1
Wkh hvwlpdeoh sduw ri wkh frh!flhqw yhfwru � fdq eh lvrodwhg e| urwdwlqj wkh

frruglqdwhv lq htxdwlrq +518, lq wkh vdph zd| dv iru htxdwlrq +517,1 Wkdw lv/ gh�qh
dq ruwkrjrqdo pdwul{

U @ ^
&��

U
�
>
&�2

U
2
` 5 R+n

�
,>

zkhuh U �

�
�
�
@ 3/ U �

2
�
�
kdv ixoo froxpq udqn dqg n

��
.n

�2
@ n

�
1 Qrwh wkdw wkh pdwul{

U lv qrw xqltxh1 Pxowlso|lqj U � wr htxdwlrq +518, jlyhv
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�
@ �

�
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2
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2
> +51;,
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�
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�
� dqg �

2
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2
�1 Khuh �

�
lv lghqwl�hg/ exw �

2
lv qrw1 Htxdwlrqv +519,/

+51:,/ dqg +51;, frqvwlwxwh qhz lghqwli|lqj uhodwlrqv xqghu wkh urwdwlrqv xqghuwdnhq
vr idu1

Wkhvh urwdwlrqv surylgh d qhz vwuxfwxudo htxdwlrq

|
�
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2
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�
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dqg ]
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�
> �

�
, duh lghqwl�hg/ exw +�

2
> �

2
, duh qrw1 Dgglwlrqdoo|/ qrwh wkdw

]
��|

> ]
�2|

@ L+4,> gxh wr Dvvxpswlrq 6/ dqg/ ixuwkhu/ \
2�|

> \
22|

@ L+4,> dv zh vhh iurp
htxdwlrqv +5143, dqg +5144, ehorz1 Wkh ruljlqdo frh!flhqwv duh uhfryhuhg iurp wkh
htxdwlrqv

� @ V
�
�
�
. V

2
�
2
> � @ U

�
�
�
.U

2
�
2
=

9



Zh fdq vwxg| wkh h�hfwv ri sduwldo lghqwl�fdwlrq rq wkh dv|pswrwlf surshuwlhv ri
ydulrxv hvwlpdwruv dqg whvwv e| xvlqj wkhvh htxdwlrqv uhodwlqj wkh gl�huhqw frruglqdwh
v|vwhpv1

Wkh uhgxfhg irup prgho +515, fdq vlploduo| eh zulwwhq lq wkh qhz frruglqdwh
v|vwhp dv
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dqg Y
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515 ROV Hvwlpdwlrq

Wklv vxevhfwlrq vwxglhv wkh dv|pswrwlf surshuwlhv ri ROV hvwlpdwhv iru wkh vwuxfwxudo
uhjuhvvlrq htxdwlrq +51<,1 ROV hvwlpdwhv duh nqrzq wr eh lqfrqvlvwhqw lq vwdqgdug
VHPv/ exw duh frqvlvwhqw lq uhjuhvvlrqv lqyroylqj L+4, yduldeohv hyhq zkhq wkh uhjuhv0
vruv dqg huuru whupv duh frqwhpsrudqhrxvo| dqg vhuldoo| fruuhodwhg1 Khuh zh vwxg|
wkh h�hfwv ri sduwldo lghqwl�fdwlrq rq wkhvh hvwlpdwhv1

Wkh ROV hvwlpdwhv ri �
�
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2
/ �

�
dqg �

2
lq htxdwlrq +51<, duh zulwwhq dv
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Vhyhudo uhpdunv duh lq rughu iru wkh uhvxowv uhsruwhg lq Wkhruhp 41 Iluvw/ Wkhr0
uhp 4 vkrzv wkdw wkh ROV hvwlpdwhv iru wkh lghqwl�hg frh!flhqw yhfwruv �

�
dqg �

�

duh frqvlvwhqw/ exw wkdw wkrvh iru wkh xqlghqwl�hg frh!flhqw yhfwruv �
2
dqg �

2
duh

lqfrqvlvwhqw dqg whqg wr udqgrp yduldeohv lq wkh olplw/ xqolnh wkh vwdwlrqdu| fdvh
zkhuh wkh| frqyhujh wr frqvwdqwv1 Ehfdxvh a� @ V

�

a�
�
. V

2

a�
2
dqg a� @ U

�
a�
�
.U

2
a�
2
/

wkhvh lpso| wkdw wkh ROV hvwlpdwhv iru wkh frh!flhqw yhfwruv � dqg � duh lqfrqvlvwhqw
zkhq lghqwl�fdwlrq idloxuh rffxuv1 Wkxv/ hyhq lq uhjuhvvlrqv lqyroylqj L+4, yduldeohv/
ROV hvwlpdwhv duh lqfrqvlvwhqw xqghu lghqwl�fdwlrq idloxuh1

Vhfrqg/ wkh ROV hvwlpdwh iru wkh lghqwl�hg frh!flhqw yhfwru �
�
lv W 0frqvlvwhqw/ dv

lv xvxdo lq frlqwhjudwlqj uhjuhvvlrqv1 Exw zkhq wlph sro|qrpldov olnh wkrvh vshfl�hg lq
Dvvxpswlrq 4 duh suhvhqw lq wkh uhjuhvvru ]

�|
/ wkh ROV hvwlpdwh a�

�
lv
s
W 0frqvlvwhqw

dv vkrz lq sduw +lll, ri Wkhruhp 41 Wkh uhdvrq iru wklv uhgxfwlrq lq wkh frqyhujhqfh
udwh lv wkdw wkh ROV hvwlpdwh iru wkh lqwhufhsw whup lq wkh uhjuhvvlrq htxdwlrq +514,
frqyhujhv prvw vorzo| +dw wkh udwh ri

s
W ,1 Li wkh lqwhufhsw whup lv rplwwhg +wkdw lv/ li

]
�|
@ ^w> ===> w R> ] �

W|
`�, lq wkh uhjuhvvlrq htxdwlrq +514,/ wkrxjk wklv lv txlwh xqfrpprq/

wkh xvxdo udwh W 0dv|pswrwlfv zloo dsso| iru wkh hvwlpdwh a�
�
1 Zkhq wlph sro|qrpldov

duh qrw suhvhqw lq wkh uhjuhvvru ]
�|
/ sduw +ly, vkrzv wkdw wkh ROV hvwlpdwh a�

�
lv

W 0frqvlvwhqw1
Wklug/ wkh ROV hvwlpdwhv a�

2
dqg a�

2
fduu| qr lqirupdwlrq uhjduglqj wkh wuxh

frh!flhqw yhfwruv lq wkh olplw/ zklfk lv ri frxuvh d pdqlihvwdwlrq ri lghqwl�fdwlrq
idloxuh1

Qrz zh frqvlghu vrph vshfldo fdvhv ri Wkhruhp 41 Iluvw/ wkh wrwdoo| xqlghqwl�hg
fdvh �

2
@ 31 Lq wkh iroorzlqj fruroodulhv/ a� dqg a� ghqrwh wkh ROV hvwlpdwhv ri wkh

frh!flhqw yhfwruv � dqg �/ uhvshfwlyho|1

Fruroodu| 4 Vxssrvh wkdw � lv wrwdoo| xqlghqwl�hg1 Wkhq/ xqghu Dvvxpswlrqv 4/ 5/
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Wklv fruroodu| vkrzv wkdw wkh ROV hvwlpdwh a� lv lqfrqvlvwhqw iru � lq wkh wrwdoo|
xqlghqwl�hg fdvh1 Wkh ROV hvwlpdwh a�

2
lv dovr lqfrqvlvwhqw/ gxh wr wkh h�hfw ri a�1

Erwk hvwlpdwhv frqyhujh wr frqvwdqwv/ dv lq wkh vwdwlrqdu| fdvh1 Qrqhwkhohvv/ sduwv
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+ll, dqg +lll, vkrz wkdw wkh hvwlpdwh a�
�
lv frqvlvwhqw1 Ixuwkhupruh/ dv lq Wkhruhp 4/

wkh udwh ri frqyhujhqfh ri a�
�
ghshqgv rq wkh suhvhqfh ri wlph sro|qrpldov1

Qh{w/ frqvlghu wkh fdvh zkhuh �
2
kdv ixoo udqn/ l1h1/ wkh fdvh zkhuh wkh frh!flhqw

yhfwru � lv ixoo| lghqwl�hg1
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Wklv fruroodu| vkrzv wkdw wkh ROV hvwlpdwhv a� dqg a� duh frqvlvwhqw zkhq wkh
frh!flhqw yhfwru � lv ixoo| lghqwl�hg1 Wkh udwh ri frqyhujhqfh iru wkh hvwlpdwh a�
ghshqgv rq zkhwkhu ru qrw ]
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glvwulexwlrq1

Pl{wxuh qrupdolw| uhvxowv lq qrqvwdwlrqdu| uhjuhvvlrqv duh urxwlqho| xvhg wr gh0
yhors d edvlv iru vwdwlvwlfdo lqihuhqfh rq frlqwhjudwlqj yhfwruv ^fi1/ Sdun dqg Skloolsv
+4<;<,/ Skloolsv dqg Kdqvhq +4<<3,/ lqwhu dold`1 Exw lw lv zruwk qrwlqj wkdw wkh pl{0
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h{rjhqrxv1 Wkhvh h{wud uhtxluhphqwv olplw wkh xvhixoqhvv ri ROV lq frlqwhjudwhg
VHPv1

516 5VOV Hvwlpdwlrq

Iru vwdwlrqdu| VHPv/ lw lv frpprq wr xvh hvwlpdwruv olnh 5VOV lq sodfh ri ROV1
Wklv vxevhfwlrq wkhuhiruh frqvlghuv 5VOV hvwlpdwlrq iru wkh uhjuhvvlrq htxdwlrq +51<,1
Li hvwlpdwru frqvlvwhqf| lv wkh vroh frqfhuq/ Fruroodu| 5 vkrzv wkdw xvlqj ROV zloo
vx!fh/ dv orqj dv wkh frh!flhqwv duh lghqwl�hg1 Dv zloo qrz eh vkrzq/ 5VOV hvwlpdwhv
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lghqwl�hg fdvh/ exw dovr vrph xqghvludeoh fkdudfwhulvwlfv lq sduwldoo| lghqwl�hg fdvhv1
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Vhyhudo dvshfwv ri wklv wkhruhpphulw rxu dwwhqwlrq1 Iluvw/ dv lq wkh fdvh ri wkh ROV
hvwlpdwlrq/ wkh 5VOV hvwlpdwh ri �
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zkhq wkh wlph sro|qrpldov vshfl�hg lq Dvvxpswlrq 4 duh suhvhqw1
Vhfrqg/ wkh 5VOV hvwlpdwhv iru wkh xqlghqwl�hg frh!flhqw yhfwruv doo glyhujh lq

suredelolw| dw wkh udwh ri W> xqolnh wkh fruuhvsrqglqj ROV hvwlpdwhv1 Dq lqwxlwlyh
h{sodqdwlrq iru wklv ehkdylru lv wkdw wkh 5VOV hvwlpdwhv ri wkh xqlghqwl�hg vwuxfwxudo
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wkhpvhoyhv1 Lw lv wklv uhgxfwlrq lq uhjuhvvru

h{flwdwlrq wkdw ohdgv wr wkh glyhujhqfh ri wkh 5VOV hvwlpdwhv ri wkh xqlghqwl�hg
vwuxfwxudo frh!flhqwv �
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= Qdwxudoo|/ wkh 5VOV hvwlpdwhv ri wkh frh!flhqwv ri wkh

h{rjhqrxv uhjuhvvruv duh frqwdplqdwhg e| wkhvh srru fkdudfwhulvwlfv ri wkh vwuxfwxudo
hvwlpdwhv1 Wkh h�hfw lv qrw rqo| wkh glyhujhqfh +dw udwh W , ri wkh 5VOV hvwlpdwhv ri
wkh xqlghqwl�hg frh!flhqwv/ �

2
> ri wkh h{rjhqrxv yduldeohv/ exw dovr wkh lqfrqvlvwhqf|
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�
> ri wkh h{rjhqrxv yduldeohv/

qrwhg lq wkh suhylrxv sdudjudsk1
Wklug/ wkh deryh ihdwxuhv ri wkh frh!flhqw hvwlpdwhv lq wkh wudqviruphg prgho

lpso| wkdw wkh 5VOV hvwlpdwhv ri � dqg � glyhujh lq suredelolw| zkhq lghqwl�fdwlrq
idloxuh rffxuv1 Wkhuhiruh/ xqghu lghqwl�fdwlrq idloxuh/ wkh 5VOV hvwlpdwhv pd| h{klelw
pruh huudwlf vpdoo0vdpsoh ehkdylru wkdq wkh fruuhvsrqglqj ROV hvwlpdwhv ehfdxvh
wkh ROV hvwlpdwhv xqghu lghqwl�fdwlrq idloxuh frqyhujh zhdno| wr zhoo0gh�qhg udqgrp
yduldeohv dv vkrzq lq Wkhruhp 41

Wkh iroorzlqj fruroodu| wr Wkhruhp 5 ghdov zlwk wkh wrwdoo| xqlghqwl�hg fdvh1 Lq
Fruroodulhv 6 dqg 7 wkdw iroorz/ wkh 5VOV hvwlpdwhv iru � dqg � duh ghqrwhg dv �� dqg
��/ uhvshfwlyho|1
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Wklv fruroodu| vkrzv wkdw wkh 5VOV hvwlpdwh �� lv lqfrqvlvwhqw dqg frqwdlqv qr
lqirupdwlrq uhjduglqj wkh frh!flhqw yhfwru � lq wkh wrwdoo| xqlghqwl�hg fdvh1 Exw/
xqolnh wkh sduwldoo| lghqwl�hg fdvh vwxglhg lq Wkhruhp 5/ wkh 5VOV hvwlpdwh ��
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lv
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wkh olplwv jlyhq lq wkhvh sduwv ri wkh wkhruhp duh ghjhqhudwh1 Lq wklv zd|/ wkh uhvxowv
ri Wkhruhp 5 fdoleudwh zlwk wkh vshfldol}hg uhvxowv ri wkh fruroodu|/ zklfk vkrz wkh
dssursuldwh olplwv/ diwhu uhqrupdol}dwlrq/ iru wkh fdvh zkhuh � lv wrwdoo| xqlghqwl�hg

Wkh qh{w fruroodu| frqvlghuv wkh fdvh ri ixoo lghqwl�delolw|1 Wkh uhvxowv duh lp0
sruwdqw iru hpslulfdo sudfwlfh/ ehfdxvh vwdwlvwlfdo lqihuhqfh rq wkh frh!flhqw yhfwruv
xqghu ixoo lghqwl�delolw| zloo qdwxudoo| ghshqg rq wkhvh uhvxowv1
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Wklv fruroodu| vkrzv wkdw wkh 5VOV hvwlpdwhv �� dqg �� duh frqvlvwhqw zkhq wkh
frh!flhqw yhfwru � lv ixoo| lghqwl�hg1 Frpsdulqj wkhvh uhvxowv zlwk wkrvh lq Fruroodu|
5/ zh �qg wkdw wkh dv|pswrwlf glvwulexwlrqv ri wkh 5VOV hvwlpdwhv duh qrqvwdqgdug
exw ghshqg rq d ohvvhu qxpehu ri qxlvdqfh sdudphwhuv wkdq wkh ROV hvwlpdwhv +l1h1/S
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wr kdyh d pl{wxuh qrupdo glvwulexwlrq1 Ixuwkhupruh/ lw lv vwudljkwiruzdug wr vkrz
wkdw �� kdv d pl{wxuh qrupdo glvwulexwlrq lq wkh olplw luuhvshfwlyh ri wkh suhvhqfh ri
wlph sro|qrpldov lq ]

�|
1 Wkh pl{wxuh qrupdolw| uhvxowv rewdlqhg xqghu wkh vshfldo

dvvxpswlrqv lpsrvhg fdq sur�wdeo| eh xvhg iru vwdwlvwlfdo lqihuhqfh/ dv zh zloo h{soruh
lq Vhfwlrq 61

6 H!flhqw Hvwlpdwlrq iru d Ixoo| Lghqwl�hg/ Frlqwhjudwhg
Vwuxfwxudo Htxdwlrq

Fruroodulhv 5 dqg 7 lq Vhfwlrq 5 vkrzhg wkdw wkh ROV dqg 5VOV hvwlpdwruv kdyh
qrq0qrupdo glvwulexwlrqv lq wkh olplw dqg ghshqg rq qxlvdqfh sdudphwhuv lq d frp0
solfdwhg pdqqhu hyhq zkhq wkh sdudphwhu yhfwruv duh ixoo| lghqwl�hg1 Xqghu vxfk
flufxpvwdqfhv/ lw lv zhoo nqrzq wkdw Zdog whvwv gr qrw kdyh fkl0vtxduh glvwulexwlrqv lq
wkh olplw1 Wklv ihdwxuh pdnhv lw txlwh gl!fxow wr shuirup whvwv rq frh!flhqw yhfwruv
e| xvlqj ROV dqg 5VOV1

Iru wkh uhgxfhg irup htxdwlrqv +515,/ ydulrxv phwkrgv kdyh ehhq vxjjhvwhg lq wkh
olwhudwxuh iru h!flhqw hvwlpdwlrq dqg vwdqgdug fkl0vtxduh dv|pswrwlfv iru Zdog whvwv
^h1j1/ Skloolsv dqg Kdqvhq +4<<3,/ Skloolsv dqg Oruhwdq +4<<4,/ Sdun +4<<5,/ Vdlnnrqhq
+4<<4,/ Vwrfn dqgZdwvrq +4<<6,`1 Wklv vhfwlrq h{dplqhv vrph ri wkhvh phwkrgv zkhq
wkh| duh dssolhg wr d ixoo| lghqwl�hg vwuxfwxudo htxdwlrq lq wkh frlqwhjudwhg VHP dqg
dgdswv wkh phwkrgv vr wkdw h!flhqw hvwlpdwlrq ri vwuxfwxudo frh!flhqw yhfwruv dqg
vwdqgdug dv|pswrwlfv iru Zdog whvwv ehfrph ihdvleoh1 Dprqj wkh ydulrxv phwkrgv/ zh
zloo h{dplqh Skloolsv dqg Kdqvhq*v ixoo| prgl�hg +IP, uhjuhvvlrq dqg wkh ohdgv0dqg0
odjv +OO, uhjuhvvlrq lqwurgxfhg lq Skloolsv dqg Oruhwdq +4<<4,/ Vdlnnrqhq +4<<4, dqg
Vwrfn dqg Zdwvrq +4<<6,1 Wkhvh phwkrgv duh nqrzq wr surylgh h!flhqw hvwlpdwlrq
iru uhgxfhg irup frlqwhjudwlqj frh!flhqwv1 Lq vwxg|lqj wkhvh phwkrgv/ zh zloo dvvxph
iru vlpsolflw| wkdw wkhuh duh qr wlph sro|qrpldov lq wkh h{rjhqrxv yduldeoh ]
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Sdun +4<<3, dqg Vdlnnrqhq +4<<6, dovr frqvlghuhg hvwlpdwlqj frlqwhjudwhg VHPv1
Sdun vxjjhvwv wudqviruplqj wkh yduldeohv lq wkh prgho e| uxqqlqj Sdun*v +4<<5,
fdqrqlfdo frlqwhjudwlqj uhjuhvvlrqv rq wkh uhgxfhg irup htxdwlrqv dqg wkhq xvlqj
wkhvh wudqviruphg yduldeohv wr hvwlpdwh vwuxfwxudo irup sdudphwhuv1 Vdlnnrqhq sur0
srvhv lqgluhfw ohdvw vtxduhv phwkrgv zklfk hpsor| wkh h!flhqw hvwlpdwhv ri wkh uh0
gxfhg irup sdudphwhuv1 Wkhvh phwkrgv duh vlplodu lq wkdw hvwlpdwlqj wkh uhgxfhg
irup htxdwlrqv duh uhtxluhg/ wkrxjk wkhlu prwlydwlrqv duh gl�huhqw1 Xqolnh wkhvh
phwkrgv/ wkh phwkrgv zh sursrvh khuh gr qrw uhtxluh hvwlpdwlqj uhgxfhg irup htxd0
wlrqv1 Hvwlpdwlrq dqg k|srwkhvlv whvwlqj iru wkh frh!flhqw yhfwruv zloo eh edvhg vroho|
rq vwuxfwxudo irup htxdwlrqv1 Wklv fdq uhvxow lq lpsuryhg �qlwh vdpsoh suhflvlrq lq
hvwlpdwlrq/ ehfdxvh wkh vdpsolqj huuru iurp wkh uhgxfhg irup htxdwlrq hvwlpdwlrq
lv qrw lpsruwhg lqwr vwuxfwxudo irup hvwlpdwlrq1 Krzhyhu/ ixoo v|vwhp hvwlpdwlrq/
zklfk lv fryhuhg lq wkh diruhphqwlrqhg duwlfohv/ zloo qrw eh frqvlghuhg lq wklv sdshu1

614 Skloolsv dqg Kdqvhq*v Ixoo| Prgl�hg +IP, Uhjuhvvlrq

Wklv vxevhfwlrq ghulyhv wkh dv|pswrwlf glvwulexwlrq ri wkh Skloolsv�Kdqvhq IP�ROV
hvwlpdwru dssolhg wr wkh vwuxfwxudo htxdwlrq +514, wkdw lv ixoo| lghqwl�hg/ dqg sursrvhv
wkh ixoo| prgl�hg 5VOV +IP�5VOV, hvwlpdwru1 Wr vhw xs wkh surfhgxuh/ ohw � @
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Wklv wkhruhp vkrzv wkdw wkh zhdn olplw ri wkh IP�ROV hvwlpdwru frqwdlqv d
vhfrqg rughu eldv zklfk dsshduv lq wkh irup ri qxlvdqfh sdudphwhuv1 Wkhuhiruh/
lqdgyhuwhqwo| dsso|lqj wkh IP�ROV wr wkh vwuxfwxudo irup htxdwlrq zloo fdxvh qrq0
vwdqgdug dv|pswrwlfv iru Zdog whvwv1 Ixuwkhupruh/ wklv dovr eulqjv dq h!flhqf| orvv/
dv zloo eh vkrzq odwhu1 Exw rqfh wkh qxlvdqfh sdudphwhuv duh holplqdwhg/ wkh zhdn
olplw lv pl{wxuh qrupdo ehfdxvh G

��2
+u, lv vwdwlvwlfdoo| lqghshqghqw ri G

2
+u,1 Wkxv/

zh pd| ixuwkhu prgli| wkh IP�ROV hvwlpdwru/ vr wkdw wkh qxlvdqfh sdudphwhuv duh
holplqdwhg1 Exw dv zloo eh vkrzq ehorz/ lw lv vlpsohu wr xvh wkh 5VOV hvwlpdwru wr
ryhufrph wklv gl!fxow|1 Odvw/ qrwh wkdw wkh fryduldqfh pdwul{ � lv qrqvlqjxodu gxh
wr wkh dvvxpswlrq ri ixoo lghqwl�delolw|1

Wkh ixoo| prgl�hg 5VOV hvwlpdwru iru wkh vwuxfwxudo irup htxdwlrq lv gh�qhg e|
uhsodflqj [ lq +614, zlwk S

5

[1 Wkdw lv/

a�
6�325w5 @ +[ �S

5

[,3�+[ �S
5

|n
�
� W a�

2
a�,>

zkhuh |n
�
/ a�

2
dqg a� duh gh�qhg lq wkh vdph zd| dv iru +614,1
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8�327u71

Wkhruhp 7 Xqghu wkh vdph dvvxpswlrqv dv iru Wkhruhp 6/
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615 Ohdgv0dqg0Odjv +OO, Uhjuhvvlrq

Wklv vxevhfwlrq frqvlghuv dv|pswrwlf surshuwlhv ri wkh OO uhjuhvvlrq iru wkh vwuxf0
wxudo htxdwlrq +514,1 Ohwwlqj Y
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Wklv wkhruhp vkrzv wkdw wkh zhdn olplw ri a�
ww3�w5 ghshqgv rq qxlvdqfh sdudph0

whuv dqg wkdw a�
ww3�w5 lv vhfrqg0rughu eldvhg1 Frqyhqwlrqdo Zdog whvwv rq frh!flhqw

yhfwruv wkhuhiruh gr qrw kdyh fkl0vtxduh glvwulexwlrqv lq wkh olplw1 Exw ehfdxvh G
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+u, duh vwdwlvwlfdoo| lqghshqghqw/ wkh glvwulexwlrq lv pl{wxuh qrupdo rqfh wkh
qxlvdqfh sdudphwhuv duh holplqdwhg1 Zh pd| sxuvxh ixuwkhu fruuhfwlrqv ri a�

ww3�w5
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Wkhruhp 9 Xqghu wkh vdph dvvxpswlrqv dv iru Wkhruhp 8/
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616 Frpsdulvrq ri IP0ROV dqg IP05VOV

Wklv vxevhfwlrq frpsduhv wkh h!flhqf| ri ROV dqg 5VOV iru d ixoo| lghqwl�hg vwuxf0
wxudo htxdwlrq1 Zh zloo glvfxvv rqo| IP�ROV dqg IP�5VOV khuh/ ehfdxvh lw lv hdv|
wr ghgxfh wkdw a�

ww325w5 lv pruh h!flhqw wkdq a�
ww3�w5 rqfh wkh h!flhqf| frpsdulvrq

ri IP�ROV dqg IP�5VOV lv pdgh1
Ehfdxvh wkh IP�ROV dqg IP�5VOV hvwlpdwruv kdyh qrq0qrupdo glvwulexwlrqv

lq wkh olplw/ wkh h!flhqf| frpsdulvrq fdqqrw eh pdgh lq wkh frqyhqwlrqdo zd| ri
frpsdulqj wkhlu fryduldqfh pdwulfhv1 Krzhyhu/ zh pd| hydoxdwh wkh h!flhqf| ri
hvwlpdwruv kdylqj qrq0qrupdo glvwulexwlrqv lq wkh olplw e| wkh fulwhulrq ri suredelolw|
frqfhqwudwlrq xvhg lq Skloolsv +4<<4, dqg Vdlnnrqhq +4<<4,1 Pruh vshfl�fdoo|/ zkhq
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ww325w51 Wkhq/ ghqrwlqj wkh zhdn olplw ri a�

6�3�w5 dv
Q / zh kdyh Q @ O.P zkhuh P lv reylrxv iurp Wkhruhp 61 Ixuwkhupruh/ gh�qh
wkh �0dojheud I @ �iG

2
+v, = 3 � v � 4j1 Wkhq/

Om5 � Q

�
3>

kU
�

f
G
2
+u,G

2
+u,�gu

l
3�

+�
��

��
�2
�3�

22
�
2�
,

�
dqg

H+OP �mI, @ 3 d=v=

Ehfdxvh O dqg P duh Jdxvvldq surfhvvhv/ wkh odwwhu htxdolw| lpsolhv wkdw O dqg P
duh frqglwlrqdoo| lqghshqghqw1 Wkxv/ xvlqj Ohppd 4 lq Edvdzd dqg Vfrww +4<;6,
jlyhv

SiQ 5 FmIj � SiO 5 FmIj
iru dq| frqyh{ vhw F 5 U?n&� / v|pphwulf derxw wkh ruljlq1 Zh ghgxfh iurp wklv wkdw

olp
A

SiW +a�
8�3�u7 � �, 5 Fj @ SiQ 5 Fj @ H+SiQ 5 FmIj,

� H+SiO 5 FmIj, @ SiO 5 Fj
@ olp

A

SiW +a�
6�325w5 � �, 5 Fj>

zklfk lpsolhv wkdw a�
6�325w5 lv dv|pswrwlfdoo| pruh h!flhqw wkdq a�

6�3�w5 dffruglqj
wr fulwhulrq +618,1

617 Vlpxodwlrqv

Wklv vxevhfwlrq lqyhvwljdwhv wkh �qlwh vdpsoh shuirupdqfh ri wkh uhjuhvvlrq hvwlpdwruv
zh kdyh vr idu vwxglhg e| xvlqj vlpxodwlrq1 Gdwd zhuh jhqhudwhg dv=

|
�|

@ �\
2|
. �]

�|
. x

|

> � @ 4> � @ 4> x
|

@ y
�|
� Y

2|
>
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2|
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2|
`�> z
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@ 3>

zkhuh D lv d orzhu gldjrqdo pdwul{ zkrvh qrq0}hur hohphqwv duh doo 4*v=Wkh udqgrp
yhfwru h

|

lv llg qrupdo/ wkh gldjrqdo hohphqwv ri lwv fryduldqfh pdwul{ duh doo 4*v/ dqg
r�0gldjrqdo hohphqwv duh doo 3=61

Iru vlpxodwlrq/ zh ohw � @ 314/ 316/ dqg 318> dqg W @ 433 dqg 5331 Qrwh wkdw wkh
vwuxfwxudo frh!flhqwv � dqg � duh mxvw0lghqwl�hg zkhq �

2
@ 4/ dqg ryhu0lghqwl�hg

zkhq �
2
@ ^4> 4`�1 Xvlqj wkhvh vlpxodwhg gdwd/ vtxduhg eldvhv dqg phdq vtxduhg

huuruv ri ROV/ 5VOV/ IP�ROV/ IP�5VOV/ OO�ROV/ OO�5VOV dqg Vdlnnrqhq*v +4<<4,
lqgluhfw ohdvw vtxduhv +ROV, hvwlpdwruv zhuh fdofxodwhg rxw ri 8/333 lwhudwlrqv/ wkh
uhvxowv ri zklfk duh uhsruwhg lq Wdeoh 41 Sduw +4, ri Wdeoh 4 frqwdlqv wkh uhvxowv
iru wkh mxvw0lghqwl�hg fdvh +n

2
@ 4,/ dqg sduw +5, wkrvh iru wkh ryhu0lghqwl�hg fdvh

+n
2
@ 5,1
Wkh orqj0uxq yduldqfhv iru wkh IP�ROV dqg IP�5VOV hvwlpdwruv zhuh hvwlpdwhg

e| xvlqj Dqguhzv* +4<<4, phwkrgv zlwk d YDU+4, dssur{lpdwlrq iru wkh suh�owhu1
Ixuwkhupruh/ zh xvhg irxu ohdgv dqg irxu odjv iru wkh ohdgv0dqg0odjv hvwlpdwruv1 Iru
wkh ROV hvwlpdwru/ zh hvwlpdwhg wkh uhgxfhg irup prgho e| xvlqj pxowlyduldwh IP�
ROV dqg wkhq fdofxodwhg wkh ROV hvwlpdwru dv jlyhq lq Vhfwlrq 6 ri Vdlnnrqhq1
Wkh orqj0uxq yduldqfhv iru wkh pxowlyduldwh IP�ROV zhuh dovr hvwlpdwhg e| xvlqj
Dqguhzv* +4<<4, phwkrgv zlwk d YDU+4, dssur{lpdwlrq iru wkh suh�owhu1

D ihz nh| �qglqjv iurp Wdeoh 4 fdq eh vxppdul}hg dv iroorzv1

+l, Wkh OO�5VOV hvwlpdwru kdv orzhu eldv wkdq wkh OO�ROV hvwlpdwru lq doo fdvhv/
zklfk lv zkdw zh zrxog suhglfw iurp wkh dv|pswrwlf uhvxowv lq Vhfwlrq 6151 Exw
IP�5VOV lv vkrzq wr eh pruh eldvhg lq �qlwh vdpsohv wkdq IP�ROV zkhq
wkhuh lv kljk vhuldo ghshqghqfh lq wkh vhulhv iz

|

j1 Frpsdulqj ROV dqg 5VOV/
zh �qg wkdw 5VOV lv ohvv eldvhg wkdq ROV dv wkh dv|pswrwlf uhvxowv lq Vhfwlrq 5
suhvdjh1 Exw/ lq prvw fdvhv/ 5VOV lv pruh eldvhg wkdq dw ohdvw rqh ri IP�5VOV/
OO�5VOV dqg ROV1

+ll, OO�5VOV kdv orzhu phdq vtxduhg huuruv wkdq OO�ROV lq doo fdvhv/ zklfk frq0
�upv wkh h!flhqf| frpsdulvrq lq Vhfwlrq 6161 Exw IP�ROV kdv orzhu phdq
vtxduhg huuru wkdq IP�5VOV zkhq � @ 3=6 dqg � @ 3=81

+lll, ROV vkrzv kljkhu phdq vtxduhg huuruv wkdq 5VOV h{fhsw zkhq W @ 433 dqg
� @ 3=81

+ly, Frpsdulqj wkh h!flhqf| ri OO�5VOV/ IP�5VOV dqg LOV lq wkh vhqvh ri phdq
vtxduhg huuruv/ zh �qg wkdw OO�5VOV lv prvw h!flhqw h{fhsw zkhq � @ 3=4 dqg
wkh frh!flhqwv duh ryhu0lghqwl�hg1 Ixuwkhupruh/ IP�5VOV lv pruh h!flhqw
wkdq LOV zkhq n

2
@ 4/ � @ 3=4 dqg � @ 3=81 Exw/ iru wkh uhpdlqlqj fdvhv/

LOV lv vhhq wr eh pruh h!flhqw1 Exw LOV kdv yhu| kljk phdq vtxduhg huuruv
frpsduhg wr OO�5VOV dqg IP�5VOV zkhq wkh vhulhv iz

|

j lv kljko| vhuldoo|
fruuhodwhg1 Vxusulvlqjo|/ 5VOV lv pruh h!flhqw dqg vrphwlphv ohvv eldvhg wkdq
wkhvh prgl�hg hvwlpdwruv zkhq wkhuh lv orz vhuldo ghshqghqfh lq wkh gdwd1 Exw
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zkhq wkh gdwd duh kljko| vhuldoo| fruuhodwhg/ OO�5VOV rxwshuirupv 5VOV lq
whupv ri erwk eldvhv dqg phdq vtxduhg huuruv1

7 Vxppdu| dqg Ixuwkhu Uhpdunv

Zh kdyh ghulyhg wkh dv|pswrwlf glvwulexwlrqv ri wkh ROV dqg 5VOV hvwlpdwruv iru
d sduwldoo| lghqwl�hg VHP lqyroylqj L+4, yduldeohv1 Wkh wzr srodu fdvhv ri wrwdo
xqlghqwl�delolw| dqg ixoo lghqwl�fdwlrq duh dovr jlyhq1 Wkh uhvxowv vkrz wkdw wkh udqn
frqglwlrq iru lghqwl�fdwlrq lv dv lpsruwdqw lq wkh qrqvwdwlrqdu| VHP dv lw lv lq wkh
vwdwlrqdu| VHP1 Exw wkh ROV hvwlpdwru lv dovr frqvlvwhqw lq wkh qrqvwdwlrqdu| VHP
dv orqj dv wkh udqn frqglwlrq lv vdwlv�hg1

Zh kdyh dovr vwxglhg ixoo| prgl�hg uhjuhvvlrq dqg wkh ohdgv0dqg0odjv uhjuhvvlrq
dssolhg wr d ixoo| lghqwl�hg vlqjoh htxdwlrq lq wkh qrqvwdwlrqdu| VHP1 Wkh uhvxowv
vkrz wkdw wkhvh wzr hvwlpdwruv gr qrw kdyh pl{wxuh qrupdo glvwulexwlrqv1 Dv dowhuqd0
wlyhv/ zh sursrvhg 5VOV yhuvlrqv ri wkh wzr uhjuhvvlrq hvwlpdwruv/ zklfk kdyh pl{wxuh
qrupdo glvwulexwlrqv lq wkh olplw1 Zdog whvwv xvlqj wkh 5VOV yhuvlrqv ri wkhvh hvwlpd0
wruv kdyh fkl0vtxduh glvwulexwlrqv lq wkh olplw1 Vrph vlpxodwlrqv jhqhudoo| frq�up
wkh uhohydqfh ri wkhvh dv|pswrwlf uhvxowv lq �qlwh vdpsohv1

Wklv sdshu dvvxphv wkh h{lvwhqfh ri vwuxfwxudo frlqwhjudwlqj uhodwlrqv lq wkh VHP1
Lq sudfwlfh/ wkhvh uhodwlrqv qhhg wr eh whvwhg1 Ghylvlqj frlqwhjudwlrq whvwv iru wkh VHP
lv/ wkhuhiruh/ lq rughu1 Ixuwkhupruh/ whvwlqj wkh udqn frqglwlrq ri lghqwl�fdwlrq dqg
ryhulghqwli|lqj uhvwulfwlrqv lq wkh frlqwhjudwhg VHP kdv uhfhlyhg olwwoh dwwhqwlrq dqg
d v|vwhpdwlf vwxg| ri wkhvh lvvxhv dzdlwv ixuwkhu zrun1

Dsshqgl{= Surriv

Ohppd D Vxssrvh Dvvxpswlrqv 4/ 5/ dqg 6 krog1 Wkhq/ iru l> m @ 4 ru 5/
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Wkhruhp 41

55



Surri +l, Xvlqj htxdwlrq +5144,/ zulwh ] �

2
H]

2
@ ]�

2
T
5�
]
2
�] �

2
T
5�
Y
22
+Y �

22
T
5�
Y
22
,3�

�Y �

22
T
5�
]
2
1 Wkhq/ ohwwlqj G

A

@ gldj^W �*2> W �n�*2> ===> W Rn�*2> W> ===> W `/ zh rewdlq

W32] �

2
T
5�
]
2
@ W32]�

2
]
2
� ]�

2
]
�
W3�G3�

A

+G3�

A

]�

�
]
�
G3�

A

,3�W3�G3�

A

]�

�
]
2

, N^E
2
> E

2
> 3> 3> 3`> +D14,

W3�]�

2
T
5�
Y
22

@ W3�]�

2
Y
22

� W3�] �

2
]
�
G3�

A

+G3�

A

]�

�
]
�
G3�

A

,3�G3�

A

]�

�
Y
22

, N
k
E
2
> gE

e
>�

2e
> 3>

�
f

K�e

�l
V
2
> +D15,

dqg

W3�Y �

22
T
5�
Y
22

@ W3�Y �

22
Y
22

� W3�Y �

22
]
�
G3�

A

+G3�

A

] �

�
]
�
G3�

A

,3�G3�

A

] �

�
Y
22

, V �

2

S
ee
V
2

+D16,

e| xvlqj wkh zhdn frqyhujhqfh uhvxowv lq Skloolsv +4<;;,1 Wkh vwdwhg uhvxow iroorzv
iurp +D14,/ +D15, dqg +D16,1
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Soxjjlqj +D176, dqg +D178,�+D17:, lqwr +D177, jlyhv wkh ghvluhg uhvxow1

Surri ri Fruroodu| 8 = Wklv lv dq lpphgldwh frqvhtxhqfh ri Wkhruhp 71

Surri ri Wkhruhp 8 Wklv wkhruhp fdq eh suryhg e| xvlqj wkh vdph phwkrgv dv lq
Vdlnnrqhq +4<<4, zklfk xvhv wkh phwkrgv ri Ehun +4<:7,/ Ohzlv dqg Uhlqvho +4<;8,
dqg Vdlg dqg Glfnh| +4<;7,1 Wkhuhiruh/ rqo| d eulhi rxwolqh zloo eh jlyhq khuh1 Dv lq
Vdlnnrqhq +4<<4/ s154,/ zh kdyh xqghu wkh jlyhq dvvxpswlrqv
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iurp Dvvxpswlrq 71 Qrz wkh uhtxluhg uhvxow iroorzv iurp +D169,
dqg +D17;,1

Surri ri Wkhruhp 9 Dv lq wkh surri ri Wkhruhp 8/ zh kdyh e| xvlqj wkh vdph
phwkrgv dv lq Vdlnnrqhq +4<<4,
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Wkhuhiruh/ iroorzlqj wkh vdph olqh ri dujxphqw dv lq +D178,/ +D179,/ dqg +D17;, |lhogv
wkh vwdwhg uhvxow1

Surri ri Fruroodu| 9 Wklv iroorzv iurp Wkhruhp 91

Uhihuhqfhv

Dgdpv/ I1 J1 dqg O1 U1 Nohlq +4<<4,= �Shuirupdqfh ri Txduwhuo| Hfrqrphwulf
Prghov ri wkh Xqlwhg Vwdwhv= D Qhz Urxqg ri Prgho Frpsdulvrqv/� lq O1 U1
Nohlq +hg1,/ Frpsdudwlyh Shuirupdqfh ri X1V1 Hfrqrphwulf Prghov1 Qhz \run=
R{irug Xqlyhuvlw| Suhvv1

Dqghuvrq/ W1 Z1 dqg Q1 Nxqlwrpr +4<<5,= �Whvwv ri Ryhulghqwl�fdwlrq dqg Suhgh0
whuplqhgqhvv lq Vlpxowdqhrxv Htxdwlrq Prghov/� Mrxuqdo ri Hfrqrphwulfv/ 87/
7<�:;1

Dqguhzv/ G1 Z1 N1 +4<<4,= �Khwhurvnhgdvwlflw| dqg Dxwrfruuhodwlrq Frqvlvwhqw
Fryduldqfh Pdwul{ Hvwlpdwlrq/� Hfrqrphwulfd/ 8</ ;4:�;8;1

Edvdzd/ L1 Y1 dqg G1 M1 Vfrww +4<;6,= Dv|pswrwlf Rswlpdo Lqihuhqfh iru Qrq0hujrglf
Prghov1 Qhz \run= Vsulqjhu�Yhuodj1

Ehun/ N1 Q1 +4<:7,= �Frqvlvwhqw Dxwruhjuhvvlyh Vshfwudo Hvwlpdwhv/� Dqqdov ri
Vwdwlvwlfv/ 5/ 7;<�8351

Fkrl/ L1 dqg S1 F1 E1 Skloolsv +4<<5,= �Dv|pswrwlf dqg Ilqlwh Vdpsoh Glvwulexwlrq
Wkhru| iru LY Hvwlpdwruv dqg Whvwv lq Sduwldoo| Lghqwl�hg Vwuxfwxudo Htxd0
wlrqv/� Mrxuqdo ri Hfrqrphwulfv/ 84/ 446�4831

Hqjoh/ U1 dqg F1 Z1 M1 Judqjhu +4<;:,= �Fr0lqwhjudwlrq dqg Huuru Fruuhfwlrq=
Uhsuhvhqwdwlrq/ Hvwlpdwlrq dqg Whvwlqj/� Hfrqrphwulfd/ 88/ 584�5:91

Kdxvpdq/ M1 +4<;6,= �Vshfl�fdwlrq dqg Hvwlpdwlrq ri Vlpxowdqhrxv Htxdwlrq Prg0
hov/� lq ]1 Julolfkhv dqg P1 G1 Lqwuloljdwru +hgv1,/ Kdqgerrn ri Hfrqrphwulfv/
Yro1 41 Dpvwhugdp= Qruwk�Kroodqg1
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Kvldr/ F1 +4<;6,= �Lghqwl�fdwlrq/� lq ]1 Julolfkhv dqg P1 G1 Lqwuloljdwru +hgv1,/
Kdqgerrn ri Hfrqrphwulfv/ Yro1 41 Dpvwhugdp= Qruwk�Kroodqg1

Kvldr/ F1 +4<<8,= �Frlqwhjudwlrq dqg G|qdplf Vlpxowdqhrxv Htxdwlrqv Prgho/�
plphr/ Xqlyhuvlw| ri Vrxwkhuq Fdoliruqld1

Mrkdqvhq/ V1 +4<;;,= �Vwdwlvwlfdo Dqdo|vlv ri Frlqwhjudwlqj Yhfwruv/� Mrxuqdo ri
Hfrqrplf G|qdplfv dqg Frqwuro/ 45/ 564�5871

N|godqg/ I1 H1 dqg H1 F1 Suhvfrww +4<<8,= �Wkh Hfrqrphwulfv ri wkh Jhqhudo Htxl0
oleulxp Dssurdfk wr Exvlqhvv F|fohv/� lq N1 G1 Krryhu +hg1,/ Pdfurhfrqrphw0
ulfv= Ghyhorsphqwv/ Whqvlrqv dqg Survshfwv1 Pdvvdfkxvhwwv= Noxzhu Dfdghplf
Sxeolvkhuv1

Ohzlv/ U1 dqg J1 F1 Uhlqvho +4<;8,= �Suhglfwlrq ri Pxowlyduldwh Wlph Vhulhv e|
Dxwruhjuhvvlyh Prgho Ilwwlqj/� Mrxuqdo ri Pxowlyduldwh Dqdo|vlv/ 49/ 6<6�7441

Oxfdv/ J1 +4<:9,= �Hfrqrphwulf Srolf| Hydoxdwlrq= D Fulwlf/� lq N1 Euxqqhu dqg
D1 K1 Phow}hu +hgv1,/ Fduqhjlh�Urfkhvwhu Frqihuhqfh Vhulhv rq Sxeolf Srolf|/
Yro1 41 Dpvwhugdp= Qruwk�Kroodqg1

Sdun/ M1 +4<<3,= �Pd{lpxp Olnholkrrg Hvwlpdwlrq ri vlpxowdqhrxv Frlqwhjudwhg
Prghov/� plphr/ Xqlyhuvlw| ri Wrurqwr1

Sdun/ M1 +4<<5,= �Fdqrqlfdo Frlqwhjudwlqj Uhjuhvvlrq/� Hfrqrphwulfd/ 93/ 44<�4761

Sdun/ M1 dqg S1 F1 E1 Skloolsv +4<;<,= �Vwdwlvwlfdo Lqihuhqfh lq Uhjuhvvlrqv zlwk
Lqwhjudwhg Surfhvvhv= Sduw 5/� Hfrqrphwulf Wkhru|/ 8/ <8�4641

Skloolsv/ S1 F1 E1 +4<;6,= �H{dfw Vpdoo Vdpsoh Wkhru| lq wkh Vlpxowdqhrxv Htxd0
wlrqv Prgho/� lq ]1 Julolfkhv dqg P1 G1 Lqwuloljdwru +hgv1,/ Kdqgerrn ri Hfrqr0
phwulfv/ Yro1 41 Dpvwhugdp= Qruwk�Kroodqg1

Skloolsv/ S1 F1 E1 +4<;;,= �Pxowlsoh Uhjuhvvlrq zlwk Lqwhjudwhg Surfhvvhv/� lq Q1
X1 Sudekx +hg1,/ Frqwhpsrudu| Pdwkhpdwlfv/ Yro1 ;31 Surylghqfh= Dphulfdq
Pdwkhpdwlfdo Vrflhw|1

Skloolsv/ S1 F1 E1 +4<;<,= �Sduwldoo| Lghqwl�hg Hfrqrphwulf Prghov/� Hfrqrphwulf
Wkhru|/ 8/ 4;4�5731

Skloolsv/ S1 F1 E1 +4<<4,1 �Rswlpdo lqihuhqfh lq frlqwhjudwhg v|vwhpv/� Hfrqrphwulfd
8</ 5;6�639

Skloolsv/ S1 F1 E1 +4<<9,1 �Hfrqrphwulf Prgho Ghwhuplqdwlrq/� Hfrqrphwulfd/ 97/
:960;451

Skloolsv/ S1 F1 E1 dqg E1 Kdqvhq +4<<3,= �Vwdwlvwlfdo Lqihuhqfh lq Lqvwuxphqwdo
Yduldeohv Uhjuhvvlrq zlwk L+4, Surfhvvhv/� Uhylhz ri Hfrqrplf Vwxglhv/ 8:/
<<�4581
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Skloolsv/ S1 F1 E1 dqg P1 Oruhwdq +4<<4,= �Hvwlpdwlqj Orqj Uxq Hfrqrplf Htxl0
oleuld/� Uhylhz ri Hfrqrplf Vwxglhv/ 8;/ 73:�7691

Skloolsv/ S1 F1 E1 dqg Y1 Vror +4<<5,= �Dv|pswrwlfv iru olqhdu surfhvvhv/� Dqqdov ri
Vwdwlvwlfv/ 53/ <:4�43341

Vdlg/ V1 H1 dqg G1 D1 Glfnh| +4<;7,= �Whvwlqj iru d Xqlw Urrw lq Dxwruhjuhvvlyh0
prylqj Dyhudjh Prghov ri Xqnqrzq Rughu/� Elrphwulnd/ :4/ 8<<�93:1

Vdlnnrqhq/ S1 +4<<4,= �Dv|pswrwlfdoo| H!flhqw Hvwlpdwlrq ri Frlqwhjudwlrq Uh0
juhvvlrqv/� Hfrqrphwulf Wkhru|/ </ 4�541

Vdlnnrqhq/ S1 +4<<6, �Hvwlpdwlrq ri Frlqwhjudwlrq Yhfwruv zlwk Olqhdu Uhvwulf0
wlrqv/� Hfrqrphwulf Wkhru|/ </ 488�4;;1

Vkryhq/ M1 E1 dqg M1 Zkdooh| +4<;7,= �Dssolhg Jhqhudo0Htxloleulxp Prghov ri
Wd{dwlrq dqg Lqwhuqdwlrqdo Wudgh= Dq Lqwurgxfwlrq dqg Vxuyh|/� Mrxuqdo ri
Hfrqrplf Olwhudwxuh/ 55/ 433:�43841

Vlpv/ F1 D1 +4<;3,= �Pdfurhfrqrplfv dqg Uhdolw|/� Hfrqrphwulfd/ 7;/ 4�7;1

Vlpv/ F1 D1/ M1 K1 Vwrfn dqg P1 Z1 Zdwvrq +4<<3,= �Lqihuhqfh lq Olqhdu Wlph Vhulhv
Prghov zlwk Vrph Xqlw Urrwv/� Hfrqrphwulfd/ 8;/ 446�4771

Vwrfn/ M1 K1 dqg P1 Z1 Zdwvrq +4<<6,= �D Vlpsoh Hvwlpdwru ri Frlqwhjudwlqj
Yhfwruv lq Kljkhu Rughu Lqwhjudwhg V|vwhpv/� Hfrqrphwulfd/ 94/ :;6�;531
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