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GOLD, LIQUIDITY AND SECURED LOANS
IN A MULTISTAGE ECONOMY

*
PART I: GOLD AS MONEY

by

M. Shubik and 8. Yao

1. NTRODUCTION

A multiperiod exchange economy is considered where n types of traders:
trade m goods each peried using an mt+lst good, a consumer durable, which
we will call "gold" as the money. Traders of type a have an endowment of
a* = (a?, ce e a:) of the consumer goods (which in the initial model are
assumed to be perishable) at the start of each period t = 1, .. T . At
the start of t = 1 the initial stock of gold held by traders of type «a
is A%

All transactions are paid for in gold. Trade takes place at the start
of each period, but individuals do not obtain payment for their goods sold
until the end of the period. Gold can be either used for trade in any
period or it can be used as jewelry (we assume, for simplicity, that the

costs and time to transform jewelry to money and vice versa, are as a reas-

onable first order approximation, negligible).

*This work relates to Department of the Navy Contract N0001l4-86-K0220
issued by the Office of Naval Research under Contract Authority NR 047-006.
However, the content does not necessarily reflect the position or the policy
of the Department of the Navy or the Government, and no official endorsement
should be iInferred.

The United States Government has at least a royalty-free, nonexclusive
and irrevocable license throughout the world for Govermnment purposes to pub-
lish, translate, reproduce, deliver, perform, dispose of, and to authorize
others so to do, all or any portion of this work.



The preferences of a trader of type a in any period can be described
generally by a utility function ¢* . The overall utility function is:

- =53 ), 33 ()

t=1

o

(1) ¢

where x?(t) = the consumption by type o during t of consumer good j ;
X¥(t) = the use by type a of gold as jewelry (a consumer durable), and §
may be interpreted as a time discount.

We assume that.trade takes place by means of a bid-offer mechanism
where quantities of goods are offered in exchange for quantities of gold.

= a

A move by a trader of type a is described by: (b, B, qa) where

0 < b] = the fraction of a's stock of gold bid for good i

m
(2) b =1 -38%
j=13

where BY = the fraction of a's stock used for jewelry; 0 < qz < az is
the amount of good 1 offered by a to the market.

Prices1 will be formed as:

n . a n [+

Reallocations of resources by the markets are:

x o a o o
(4) xi - ai - qi + (biA )/pi

lln this model the price of gold is implicitly fixed at one. Jewelry
is not traded but has an implicit price equal to the marginal worth of gold
used as jewelry for one period.



and x* - B%A”

In order to describe strategies and the full game we use substantially

the same notation with time added explicitly. Thus a strategy is:

Xty Be); %)), £=1, ..., T

and similarly for prices and allocations of goods.

For gold which is a durable, the updating of holdings is given by:

(5) A%(t+1) = X%(t) + p(E)q* (L)

2. FPRELIMINARY D 0

Prior to presenting the theorems and proofs some heuristic observations
are made concerning the motivations for the modeling and the relevance to
the development of a satisfactory theory of money.

It is our belief that as the transactions technology of a society
clearly plays an important role in linking the real and paper aspects of an
economy it is desirable to be explicit (even if simplistic) in describing a
complete process mechanism.

Commodity money is a halfway house between goods and the various forms
of financial paper which constitute the control mechanism of virtually any
modern economy. For this reason we believe that it is worth while to pro-
vide a precise physical formulation and analysis of a strategic market game
with commodity money at a level of explicitness and simplicity such that the
mechanism could serve to define a playable game.

Money and financial institutions are simultaneously peculiarly abstract

and institutional; thus any attempt to formulate a process model runs the



danger of being regarded as too institutional and special. Yet any failure
to be specific in details such as how price is formed or how debts are in-
curred and paid, or when money or goods are received would leave us with an
insufficiently defined mechanism.

We opt for selecting the simplest mechanisms we can devise. These have
the properties of logical consistency and completeness but are institution-
ally simplistic. They are extensions of models of Cournot, Bertrand and
Edgeworth. After the properties of the system can be established for a
Cournot mechanism, such as the one used here we may then attempt to general-

ize for other classes of mechanisms.

2.1. A _commodity money

Our approach is to isolate phenomena as much as possible, to study them
independently and if possible to perform a conceptual sensitivity analysis,
i.e., vary the assumptions concerning relevant features of our models.

In particular in this model we are concerned with the use of a commod-
ity as a money. We wish to separate out problems involving its production
and its uses for transactions and investment. Thus to begin with our model
assumes exchange only where the commodity money is the only durable. Even at
this level of simplicity distinctions must be made about the physical prop-
erties of the money. Jevons (1875) has provided a listing of the properties
of a money such as durability, transportability and cognizability. Here we
assume that these are perfectly satisfied. We concentrate on the transac-
tions problem and the distinction between using a durable commodity money
such as gold and one that is a consumption storable such as a brick of tea
or bar of salt. This physical distinction matters when we consider the

efficiency of using commodity money.



2,2, An aside on veloeity

The model presented here has one trading session per period, thus the
transactions velocity of the commodity money is less than or equal to one.
It appears to be an economic fact of life that the velocity of money varies
in the actual economy and that velocity may be an important factor in con-
sidering control. Our model could be modified to include the possibility
for strategic choice of velocity, but even though it may be empirically
important it can be separated out and treated independently (see Shubik,

1987).

2.3, Credit: secured and unsecured loans

Our first model does not involve the granting of credit. But by intro-
ducing a new financial instrument, the IOU note, we can bring in credit in
two contrasting ways. The first is the totally secured loan, This model
requires no failure-to-repay or bankruptcy rule as the commodity is always
available at the repayment date, The second has unsecured loans. In order
to well define the model with unsecured loans a failure-to-pay or bankruptcy
rule must be fully specified. This includes considerations of whether the
rollover or refinancing of debt is permitted, when the failure-to-pay pen-
alty is enforced and what happens in an infinite horizon model.

In the design of a penalty one has to consider whether it is to be
purely economic, or could it involve extra economic facteors such as going to
jail. Furthermore the administrative cost and physical feasibility of pro-
cedures such as garnishing wages or seizing goods must be taken into

account. Partially secured loans will be considered in a further paper.



3. THE MULTISTAGE GAME WITH NO CREDIT
3.1. Existence of NEs in the finite horizon

The gquestion of the existence of pure strategy NEs In the multistage
game can be separated into two. The first is to establish the existence of
pure strategy low information NEs where individuals bid ratios or percent-
ages of unknown quantities. The second is to establish the existence of
perfect equilibria. Our approach is to first consider a two period model
and to establish the existence of a low information equilibrium (LNE), then
to observe that this pfoof can be generalized to any finite number of
periods. We may then show that there is a trigger threat strategy to move
to another equilibrium which will support the same outcome as that of the
INE as a perfect equilibrium (PE).

We consider the multistage buy and sell strategic market game.

In the two-period model, the low information strategy for a trader a

looks like

(6) s = (g%, v*(); q%(), =)

where qz(t) (t =1, 2) 1is the amount of good i sent to market by a at
stage t ; b?(l) the amount of money gold o« spends for good i at stage
1l; and r:(Z) the ratio of the updated amount of gold a spends for good

i at stage 2.

Let p(t) = (pl(t), caey pm(t)) be the price vector at stage t

(t =1, 2) . We have

a a
M Pi(D) = (B BI(1)/(E af(1)



provided that the right-hand side of the above equality has positive denom-
inator and positive numerator. (If either one of them is zero, b:(l) and
q:(l) are all returned.)

As for p(2) , we have
(8) P;(2) = (2 ri()a%(2)/(= q7(2)
[+ ] [+ ]

where A%(2) = A" - =2 b¥(1) + 3 q;(l)pj(l) is a's updated holding of gold

7
at the beginning of stage 2. If the right-hand side of (8) is not positive

for some 1 , then the ith good and the money sent for it are returned.

The reallocation of resources is given by

S - b:(l)/pi(l) p;(1) is positive
i a;(l) otherwise

x“(l) A b;(l) ., where § = (i : pi(l) is positive)
jes

For x:(2) and X%(2) , we have similar formulae with b:(Z) - rzcz)AF(z)
1 n

Under the strategy selection s = (s™, ..., s ) , the payoff to a is
o _ﬁz o a 2
(9) (s) = o (xN(1), XT(W)) + 67(x7(2), X7(2)) + T35 670, A%(3)) .

The strategy set of a is

(10) = - () x 2

2We use the term (62/(1-6))¢a(0, Aa(3)) to denote the future utility

of the amount AQ(B) of gold.



where =*(1) = ((¢%(1), b)) : ¢*()

A
A

a%(1), = b:(l) A%)
i

(2) = ((®(2), £2(2)) : ¢%(2) < a%(2), = r:(Z) < 1)
i

It is obvious that I° is convex and compact.

Definition 1. A low information Nash equilibrium (INE) of the market game
* * * *
described above is a strategy selection s = (q(l), g(l); q(2), r(2)) in

% = I 2% such that for any a
o

(11) x%(5) = 2%G|s® , vs® e®

where :|sa is the strategy selection obtained from : by replacing :a

with s%
To get rid of the singularity at the points with some prices undefined,

we first prove the LNE existence for a modified game F£ (e > ) of the

above game I . 1In F£ , everything is the same as in T except the price

vectors p(l) and p(2)

py1) - (3 BI(L) + €)/(2 q5(1) + ¢)

a

(12) P;(2) = (T BJ(DA%(2))/(Z q§(2) + ¢)
a o
(Note that consequently Aa(t+l) , xa(t) . Xg(t) and xa(s) are also

dependent on ¢ .)

From now on, we always assume that the utility functions are different-

iable, concave and strictly increasing in Rfil .



Now assume that in Fe (e > 0 fixed), all strategles except that of
a are fixed. Let P be the set of all price vector pairs (p(l), p(2))
which are achievable when a chooses some strategies. The following result

is of primary importance.

Lemma 1. P 1is geometrically convex,3 i.e. 1f (p(1), p(2)) and
(p'(1), P'(2)) are in P, so is (p(l), p(2)) , where

B0 = opi(eNT? (-1, L w .

Remark. The conclusion of this lemma is similar to that in the one stage

model, but the proof is much more complicated.

Proof of lemma 1
[#] a [+ 4 &

1) Assume that (q (1), b (1); q (2), r (2)) leads to (p(l), p(2))
and (q'%(1), b'%(1); ¢'%(2), r'%(2)) to (p'(l), p'(2)) . We first want
to find some (aa(l), 5“(1)) leading to E'(l) at stage 1. Introduce the
notations q;a(t), b;a(l), r;a(Z), ... etec., where q;q(t) - Z q;(t) + g,

va
. and so on. Choose

(13) q7(1) = max(0, —q;7(1) + b%(1)/B; (1))
(i=-1, ..., m)
BJ(1) = max(0, q;%(1)p, (1) - b7 (1)} .

It is not difficult to check (13) leads to E(l) at stage 1. To see that

(T, 5%(1)) € =%(1) , we observe that for 32(1) >0,

3 : . : . .
If there is more than one resources which is durable, this conclusion

is no longer true.
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T £ ~g" W)+ P [pi%l) ¥ pg%n]
- 3+ BN/, () + 2= + B3 /s (L))
<1 a3 + 3 a3
= a3 (1)

Similarly, one can show that for B:(l) >0,

1
(14) BI(L) = 5(q%(Lp; (1) = BX(1)) + 2@ F(Wpr(1) - BT
l.a l,,a
= 5 bI() + 5 b .
Hence
m m m
b 5:(1) < % z b%(1) + % zb:%) = % A% + % A% = 2%
1=1 i=1 * i=1 1t

2) Introduce the notations Aa(2) , A'a(2) and Ka(Z) for a’s up-
dated holding of gold at the beginning of stage 2 when the price vectors at
stage 1 are p(l) , p'(l) and p(l) , respectively. Here
A%2) =A% - = b;a(l) +3 an(l)pi(l) + me, ... etec. Note that
A%(2) + A7%(2) i A%2) + i"“(z) = &%2) + K%(2) = (A" + A™%) . Moreover,
it is easy to see that K—Q(Z) < %(A_a(2) + A'_a(Z)) . Hence
%) 2 %(A“(z) +a'%2)) .

We now want to find some (60(2), Ea(2)) such that
@@, 5%1); 3@, 8%(2)) leads to (5(1), $(2)) . Define §%(2) ,

Sa(Z) as follows:
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q3(2) = max(0, -q;"(2) + [ = r(DR(2) + £1/p,())
Vo

BJ(2) = max(0, ;™ (2)5,(2) - [ = rj(DA(2) + e} .
vra
(Note that here Bz(2) is an amount of gold, not a ratio.) It is not
difficult to show that (60(2), 50(2)) leads to 5(2) at stage 2. What we
still need to check is that (gq°(2), 5%(2)) is feasible for o .
To show 50(2) =< aa(Z) is easy (in fact, it is the same as the proof
of q7(1) < a®(1l) ). The difficult part is showing that £ S?(z) < 2%(2) .

i
Observe that

BI(2) 55 4, (2 (p(2) + pj(2)) = [ T rj(DE/(2) + e]
vria
- 2 @ (D) + py(2) - 31 T D @AQ@) + AT (@) + 2]
hg i d

+ 3 r;(Z)[%(AV(Z) +4Y @) - K”(z)]
Vo

A

l,.«o , v L, v WV _ Vv
203(2) + b1%(2)) + yfari(Z)[z(A @ +a@) - K)]

Hence

5 1 o , 1, v v v
1(2) = 2{§ b (2) + ? b (2)] + = [Z(A (2) + A7 (2)) - A (2)]

v

1A

J%@) + A%+ FIN) + AT - B
- B4

i.e. (T(2), 8%(2)) 1is feasible. To find ¥ (2) , Jjust let

Egcz) - E?(z)/ﬁa(z) i Q.E.D.
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emma 2. Assume that all the strategies except that of a are fixed in

I . The (p(l), p(2)) € P corresponding to a's best response is unique.

Proof. Since = is compact, x* must obtain its maximum M somewhere,
Assume there are two palrs (p(l), p(2)) and (p'(1l), p’'(2)) corresponding
to M . We will show that (E(l), 5(2)) leads to an improvement.

First it is obvious that x (1) < %(x_a(l) +x7*1)) . So
§a(1) = %(xa(l) + x’a(l)) . Then from (14), we can directly see that
fg(l) > %(Xa(l) + X'a(l)) . Moreover, it is also easy to see that
B2 2 38%(2) + 4'%(@2)) . For ¥2) , T2 and E%(3) , similar
inequalities can be obtained by appealing to the property of Arithmetic Mean
and Geometric Mean.

In view of the concavity of ¢ , (p(l), p(2)) really leads to an

improvement, which contradicts the assumption that M is the maximum.

Q.E.D.

Proposition 1. For any given ¢ > 0 , Pc has at least one LNE

s = (L, ...

Proposition 2. Under the general assumptions on the utility functions,
assume, in addition, that the utility level surface of every trader a
passing through (aa(l), Aa(l)) does not touch the hyperplane xm+1 =0 .

Then at any LNE of any modified game I‘£ , the corresponding normalized

price vector pair (p(1), p(2)) 1is uniformly bounded away from zero.
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Theorem 1. Under all the assumptions on the utility functions mentioned

1, s, ;n) .ll-

above, the market game I’ has at least one LNE s = (E

The proofs of Propositions 1 and 2, and the proof of Theorem 1 are similar
to the corresponding proofs in Dubey and Shubik [1], Amir, Sahi, Shubik and

Yao [2].

Remark. With the help of mathematical induction, a LNE existence theorem

can be proved for any finite stage market games of this kind,

Remark on perfect equilibria

For the game with few players and with many time periods and complete
information after each set of simultanecus moves it is evident that there is
an enormous proliferation in the complexity of the strategy sets for each
trader. It is by no means evident that any perfect equilibria exist. How-
ever observation of an almost pathological property of these games guaran-
tees that associated with any LNE we can also find a PE. All we need to do
is to construct a strategy for all traders which consists of their LNE
strategy with the additional contingent condition that if anyone deviates
then all select zero. But as no trade is always an equilibrium point in any
stage this is enough to show that every LNE is also a PE.

Although this observation is mathematically correct we do not feel that
this answers in a fully satisfactory manner from the point of view of the

economics the question of the existence or nonexistence of other PEs. 1In

aln general we cannot guarantee this LNE is not the trivial one--the
zero LNE. But we would like to point out that (1) all the ideas employed in
our proofs can also be applied to the multi-period sell-all model, where a
LNE can never be zero, and (2) in the bid-and-offer model, if the payoff to

a is 20 = ¢FT(), a%(2)) + oX(x*(2), A%(3)) , then the existence of a
nontrivial LNE can be proved.
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particular this argument does not hold for the sell-all model (see Shapley
and Shubik, 1977).

In the two-stage model, the full information strategy of a trader o

looks like
(15) o® = (@"(1), BH); &%, ¥7)
where qa(l) , ba(l) are the same as in the low information strategy,

whereas ¢a ) ¢a are functions from £(1) - O Zy(l) into RE s Subject
v
to the following constraints:

(16) #7(q(1), b(1)) =< a%(2) ;

£ $7(a(1), b(1)) = aA%(2) = a%(1) - = bI(L) + £ qf(L)p, (1)
i i i

Let 3% = [(pa, ﬁa) : ¢P' ¢a are functions from Z({l) into RE subject to

(16)) .

Then the strategy set of a is

(17) A% - %) x &%,

Note that A% is convex but not compact in usual topology. The strategy

selection set A = 0 A® has similar properties.
[4

Definition 2. A subgame perfect Nash equilibrium (PNE) of the market is a
strategy selection : - (E(l), g(l); ;, 3) such that
(1) for any (q(1), b(1)) € Z(1), (g(Q(l). b(1)), 5(Q(1), b(1))) is a
Nash equilibrium of the market game at stage 2 when the traders

played (q(l), b(l)) at stage 1; and
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(1i) for any trader a ,
* *
wa(a) = ra(a’aa) . vo© € A” .
From Theorem 1, one can derive the existence of a special kind of PNE.

Theorem 2. Let s = (g(1), B(1): §(2), £(2)) be a INE of the market game

I' . Define : - (3(1), g(l); ;, 3) as follows:

. 42) 1f q(1) = (1) and B = B(D)
#(a(l), b)) = ;
0 otherwise

-

[ % * * *
A(2)+.r(2) if q(l) = q(1) and b(l) = b(l)
$(q(1y, b)) =

0 otherwise

.

where 232 = Alot@. ... oPa)

A%2) - A% - : BI(1) + = WP ) .
k 0o
1) If q(l) = E(l) and b(l) = g(l) , at the second stage, the
strategy selection (p(q(1), B(1)), $(q(1), B(1))) = (3(2), A(2)-F(2)) 1is
indeed a Nash equilibrium (since : is a LNE of the 2 stage game). If
a(1) * §(1) or B =B , ((a(D), b)), $(a(l), B{1))) = (0,0) ,
which is also a (trivial) Nash equilibrium of the coming second game. So in
any case, (:(q(l), b(1)), a(q(l), b(l))) 1is an NE of the second stage when
(q(1), b(l)) 1is played at first stage.

2) Assume all the strategies except that of « are given, say
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o - @, By; 9% 3T
We must show that
a* = (%), B¥1); % D

is a best response of a .
let ¢ - (qa(l), ba(l); wa, ¢a) be any strategy of a . Denote the
corresponding payoff to a by f(aa) - f(qa(l), ba(l); ¢a, ¢a) . Consider

two different cases:

ase 1. (¢%(1), bX(L)) - (3%(1), B%))
Now (q(1), b(1)) = (q(1), (1)) . So at the second stage, the strate-

gies for all other traders are

(18) @A, bay); $EEW, By

And a In the second stage can do no better than playing

(19) @ EM, san, FEw, T

for (19) is a best response to (18) at second stage. Thus in Case 1, we sce

that

(20) £(37(1), B¥1); o, M = £G4, TE); B, 3

%,
case 2. (q"(1), b)) = (@*(1), b))
*
Now (q(l), b(1)) = (q(1), g(l)) . So at second stage, all other
traders play (0,0). And at second stage a can do no better than playing

(0,0) also. The payoff to a is equal to his payoff in the low information
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case when all other traders play (a_a(l), g_a(l); :—0(2), ¥_a(2)) whereas
he himself plays (da(l), ba(l); 0, 0) . This payoff must be less than or
equal to that when he plays (4°(l), bX(1); q2(2), (1)) , which is a best
response of a to (3““(1), g_a(l); :—Q(Z), :—a(z)) in the two stage game.

Thus In Case 2 we have

(21) £(q™(L), b¥(L); ¢, ¥%) = £(35), B (1); ¢%, ¥

(20) and (21) imply that

* *
(22) %(0) = n%(e]e®™) , vo® e A .

* L]
Therefore, o 1is a PNE. Q.E.D,
3.2. i e N in the infinite horizon

It is possible to extend our results to the model with an infinite hor-
izon and a discount factor.

Assume that now each trader a begins with endowments (aa(l), Aa) .

then he obtains a new endowment aa(t) at stage t . Let a(t) =X aa(t) .
a
A =3 A% . Assume that "a(t)" <a, VYt and for any a ,
°
T 87 p7(a(t), A) < o .
t=1
eore . Under the general assumptions on the wa , 1f, in addition we

assume that the utility level surface of every trader passing through
(aa(l), Aa) never touches the hyperplane X 1" 0 , then the market game

at the infinite horizon has at least one nontrivial low information Nash

equilibrium.
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Sketch of Proof. First consider the game T'(T) ended up at the end of

stage T with the payoffs to a equal to

T t
2 557703, X)) + %0, A%(e1))
t=1

From the Remark after Theorem 1, we know that [I'(T) has a nontrivial LNE,

say
(q,(1), bT(l): caes qT(T). bT(T))

Let T run over 1, 2, ... . First consider the sequence

((ag(1), bp(L)lgy; -

This is a bounded sequence in a compact set. There must exist a convergent

subsequence [(qT (1), bT (1))) converging to, say (q(l), b(l))
1

1
Now consider the sequence {(qT (2}, bT (2))}T »2 in turn, there is a
1 1 1~

convergence subsequence {(qT (2), bT {(2))) such that

T 2 2
2
(qT (2), bT (2)) — (q(2), b(2))
2 2

Continue the above process infinitely, one can find s = (q(1), b(l);

q(2), b(2); ...; q(t), B(t); ...)

Claim. s 1is a LNE of the market game at the infinite horizom.

For any a , assume that
s = (@ ), BTRL); (@), bR ...
is given. Let 3" = (3™(1), B%(1); §%(2), 6%(2); ...) be a response of

a . Let (Ea(t), ia(t)) be the holding of a at stage t when he plays
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s% . Then the total payoff to him is

) = = 5@ ), B2

twl
Ye > 0 . Since the series at the right-hand side is convergent, there exist
T, such that when T =

0 Ty

(23) PG, s - zost Ly, B ey) < £

t=1

On the other hand, one can choose T = TO such that

(24) _ﬁ_ #7(0, A%(T+1)) < £ .
Now in T(T) , since s - (qa(l), ba(l); e} qa(T), ba(T)) is a best
response to s % - (q_a(l), b—a(l); e q_a(T), b-a(T)) , we must have
5 gt-l _ﬁ_
(25) 6 PNy, X)) + @7 (0, A%(T+1))
t=1
T ;-1 a ~a _ﬁ_
2 T 6 e (x(t), XH(t)) + @ (0, R¥(T+1))
t=1
T o1
2 D5 e (xN(L), X¥(t))
t=l

From (23), (24) and (25) one obtains

(26) 20(s%, &) > 2°GE, &7 - ¢ .

Since e > 0 1is arbitrary, we have
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(27) 5%, 87 = 2G5
Therefore, s~ is a best response of a to s * . That a is arbitrary
implies s 1is a LNE of the game at infinite horizon. Q.E.D.

ema
1. From Theorem 3, one can prove the existence of a PNE which is
constructed from a LNE.
2. All the results about the existence of a LNE can be generalized to
the market with a continuum of traders with countably many different types.

There the LNE becomes a TSLNE.

3.3. xistence of a stationa tate for the finite and infinite horizons

When considering the possibility of the existence of a stationary state
it is natural to confine our model to a situation in which the same vector
of resources is replenished each period and the utility -functions are as in
(1). It is easy to see by considering a backward induction that for the
finite horizon with gold there cannot be a stationary state as in the last
period although many may wish to offer gold in exchange for other items no
one will accept gold as it will have no value,

We turn to the infinite horizon:

From now on we only consider the market game with a continuum of trad-
ers at infinite horizon. We always assume that the endowment of consumer
good is stationary: aa(t) = 3" (t=1,2, ...;a=1, ..., n), and at
the beginning (t = 1) , & has an amount A% of gold in hand. We will

denote such a game by Pw(a,A)
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Definition 3. A utility function u : RE -+ R+ is said to have property
ClS» if u is Cl(RE+) , Lncreasing, strictly concave and lim Jd,u(x) = «

x,.=+0
J

for any x € RE+ with x, fixed for all £ = j .

2

In the following two sections, we will assume that the utility functions >

are gold separable:

(28) o (x", XN = £ + g% (x)

Lemma 3. Assume that the exchange economy E(a,f) (a = (al, . an),
£=(£5, ..., %) has an interior CE & = (a%, ..., a™ > 0 with price
vector ﬁ - (ﬁl, RN ﬁm) >0 . Assume that the ga all have property

CISw. Then for any amoint G > 0 of gold given, there is a distribution of

G , say A= (Al, . An) such that the exchange economy E((a,A), u)
with u"(x%, X% = 2% + I%E g2(x®) has a cE (a4, &Ly, ..., &P, i)
with price vector §+ - (ﬁl, ceay ﬁm' §m+1)

Proof. First let Pusl > 0 be a parameter. Consider the equations

3. £2(x" o' ,.a

(29) )
Py mtl
_ P8 (X)) _
Let Py — max 1im (1579 fa(;a) Then for any Posl > Posl there
X o 1
[+ 4 s ] o <

are X (Pm+1) (a=1, ..., n) such that the X =X (pm+1) is the unique

solution of (29).

Let X(pm+1) -3 Xg(pm+1) then it is easy to see that
[+ ]
(30) lim X(p .,) ~ += ; lim X(p y -0,
m+l o m+l

Pos1"Pos1 P41
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a
It is not difficult to see that the X (pm+1) and hence X(pm+1) depend on

continuously.5 (32) implies that 3 a unique §m+1 such that

Pr+l

X(b_..) =G . Let A% = x™(p_..) . The distribution (A}, ..., &%) is
w1 . m+l SREEE

then as required. Q.E.D.

Lemma 4. Assume that the utility functions ga have property CIS=. Let

a - (51, S én) be an interior CE of the exchange economy E(a,f) with
prices (ﬁl, ce ey ﬁm) . Then for any amount G > 0 of gold, there is a
distribution of G , say A= (Kl, .oy Kn) and a ﬁ > 0 such that the

m+l

exchange economy E((a,A),u) has a CE allocation (A,A) with prices

- - L ] - .1 'n
(pl, ey pg,.pm+1) . Here A= (A", ..., A") and
sx - = e oy [
A=A - T max{0, a, - a
j_l(pm/pnﬂ,l) I j1
Proof. For any G' 2 G , let A'(G') = (A’l(G'), e A'n(G')) be the

distribution of G’ such that (a, A’) is a CE allocation of

E((a, A'), u) with prices (ﬁl, ey ﬁm, pm+1(G’))
Let
_ o m ﬁ .
(31) G(G') =G' + £ % -——%673max{o, a% - a%
a=1 j=1 Pm+1 3]

r [ ’
Note that pm+1(G ) depends on G’ continuously, and G’ - 0 = pm+l(G )
+0=2G(G')+0;: G =+ 4o > G(G') + w . Therefore, there must exist a

unique G such that E(é) =G . Let ﬁ = p’ (é) Let A% - A'a(é)
. N m o, ) m+]1 m+l
and AT = A + I (p./pm+1)max[0, a? - aa} . Done. Q.E.D.

jop 3 3

5
In fact, Xa(pm+1) is strictly decreasing with respect to Poel -
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Iheorem 4. Under the same assumptions as descrlbed in Lemma 4, for any

given amount G > 0 of gold, there is a distribution of G , say
A= (Kl, vy Kn) such that in the market game Pw(a,K) there is a sta-
tionary strategy selection s = (sl. . sn) leading to a stationary

allocation (x(t), X(t)) = (a,A) . Here (a,A) 1is the CE allocation of the

exchange economy E((a,K), u) as mentioned in Lemma 4.

Proof. Define

[+ 4 Q “x o
() = max{Q, a, ~ a, = q,
qJ( ) = max({ 1~ 8 } 95
(32)

[+ ] . 4 a
a

. . o
bj(t) = max{0, (pj/pml)( 5 aj)} - bj

The conclusion follows from Lemma 4.

Definition 4, The stationary allocation (é,A) corresponding to the sta-
tionary strategy selection (32) in Fm(a,z) is said to be a gold-supported

CE allocation. (GCE)

Remark. Usually (32) is not an NE of Po(a,K) !

Example 1. Two kinds of consumer goods: 1, 2; and gold. Set of traders =
(0,11 [0, 1/2) of type a , [1/2, 1] type B utility functions (at each

period)

¢a(x,y;z) w In(l+x) + 2 In(l+y) + In(l+z)
P(x,y;2) = 2 1a(l+x) + In(l+y) + 2 In(l+z)

Endowments a®(t) = (2,1) , aP(t) = (1,2)

Discount factor § .
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(1) Consider a pure exchange economy: E(a;f) such that a® - (2,1 ,

aﬂ = (1,2) and
£% = In(1+%) + 2 In(1 + ¥

£ = 2 Inae®) + n1 + V) .

It is very easy to see that ((2/3, 7/3), (7/3, 2/3)) with
(py+ Py) = (1,1) is a CE.
(2) Consider a pure exchange economy E(a,A,u) with same a as in (1), A

to be determined and
ua(xa,ya; za) = In(l + xa) + 2 1n(1 +‘ya) + i%g In(l + zu)
PP vy =2 +F) + ma + ¥ 4 I%E In(l + zP)

In order that there exists a GE (2/3, 7/3; &%) , (7/3, 2/3; &P) with

prices (1,1;p) . What we need are
af2 1. ;a af2 7, e
d u 30 3 A ) d u 3 3 A ) 3
p P 5
Bf2 1. ;8 B2 1. :8)
fzu 3 3 A _ d_u 30 33 A _ 3
P P 5°
We then have
1.1 3, 2.1 3
16", qe 5P 167 1875 P

from which one solves
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L 1 Aﬁ 10

A =30-5p 1t X "3aep + O
a o .
(3) Calculation of A" = jfl(pj/pm+1)max[0, a; - a;} , etc.
A% - (5; - a;)pz/p - 4/3p
8 = @ - Pyp o =iy
(4) The Market Game with SS
@, Ay . —a 4
(a%; A% [2. T e 3p]

B. .8 .10 &
@ - [ 1 5l -1 e 5

(5) Redistribution of gold guaranteeing the GCE

5 _4 10 _ 4
3(1-6)p ~ S t3pt3a-sp 1t -A
2 ]
i.e. (1-8)p + 3p " A+ 2
_|l—=_ .8 -1 -
P [(1_5) +3l@)™ o
From (*) and (**) one can see that: givemany G, for Gz 1 + %(1—6) .

there is really a redistribution of G s.t. a GCE exists. In particular,

if G>1+ % - 2% , then for any § , such a redistribution always
exists; if A >1, then for § close to 1 sufficiently, such a redistri-

bution exists.

Take § =1/2 , G = 10% for example. Easy to see that p =1 .



=113, BPe21/3; =773, ¥ -113.

i.e. Endowments: (2, 1; 11/3) for g e [0, 1/2) ;
(1, 2; 21/3) for B e [1/2, 1]
Strategies: (q7(t); b¥(t)) = (4/3, 0; 0, 4/3)
@’ ey; () = (0, 4/3; 4/3; 0)
Reallocations: (x"(t), X°(t)) = (2/3, 7/3; 7/3)
vy, ¥(e)) = 173, 2/3; 1773)
Payoffs: x° - (1/(1 - 1/2)9%(2/3, 7/3; 7/3) = 8.245488

= (/4 - 1728 /3, 2/3: 17/3) = 13.426022
If a and S did not trade, the payoffs would be

a 1

x %(2, 1; 11/3) = 8.0507033

“1-12°

P - i“:li75 L2, 1; 21/3) = 13.287579

It is easy to see that even though they do not lose gold without
trading, a and g prefer trading incurring the loss of use of gold for
jewelry.

To see that (q®(t), b%(t)) = (4/3, 0; 0, 4/3) and (q’(t), bP(t))
= (0, 4/3; 4/3; 0) 1is not an NE, let an individual i of type a change

his strategy to

s" = (1, 0; 0, 4/3), (4/3, 0; O, 4/3)=(4/3, 0; 0, 4/3), ...)
Then his holdings at each period (after trade but before he is pald) are

(1, 7/3, 7/3), (2/3, 7/3, ), (2/3, 7/3, 2), ...)
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The payoff to 1 will be

-l 73, 13 + 5 6t 23, 773, D)

- [ln 2 + 1n 1% + 1n lgq + [ln % +2 1n l% + 1n 3]

- 8,322449

i.e. i really makes an improvement by playing o

Now we turn to the existence of stationary Nash equilibria. First look

at E(a,f) .
Definition 5. A §-CE of E(a,f) is an allocation & = (51, ..., &A™ with
L]
price vector P = (ﬁl, cevs ™ > 0 such that for every a ,
a %" a, £%(a”
BB g 22
Pj Py
1, if & -af>0 and & -a’ >0
(33) ) a o a a
f(j.,k) = § , 1If &, - aj < 0 and ak - ak >0
€ [§, 1/6) , otherwise
R 2 a
Z 85y = B 2P
{ J=1 j=1
Proposition 2. Assume that for every o ,
(i) fa has the property CISw=; and
(ii) for any given p = (pl, e pm) >0, if x* , X' are two
different vectors with xa-p - x'a-p - aa-p , then 3 x; > xja

and xz < xia such that
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81fa(xa) aif"(x"")

(34) o < P .6
R SCORIER A O
Then E(a,f) has a §-CE.
m
Proof of Proposition 2. Given any p = (pl, v pm) =20 with Z pj =1
a 3=1
find x* = (x:, ..., X ) such that
™
x; -M if pj =0, M>0 sufficiently large;
8, £5(x™) 3, £%(x™)
(35) I 4, x)5—— if p, >0 and p,_ >0 ;
P; P ] k
J
) a a
X *p = a *p

where #(j,k) 1is défined similar to the one in (33). For a given p ,
this x° is unique due to assumptions (i) and (ii). Calculating = for
a=1, ..., n and consider the excess demand. We are in the situation as
in the proof of the existence of CE, follow the same steps as in G. Owen

[2], the proof can be completed without difficulty.

Theorem 5, Assume that the game Pm(a,K) has an SNE with stationary allo-

cation (&%, A%) > 0 and stationary price vector ﬁ+ = (ﬁl, . ﬁm, ﬁm+1)

>0 . Then .&% with $ = (Bys «--» By 1is a 8-CE of E(a,f)

Note that (ii) always hold for any m if the utility functions are
separable.
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Proof. Assume that &, < a; ,o 8 > a; and 33 - a; . We try to show that

alx ;A
0,87 5 &y
pJ 1-6 pm+1
AX ) A
(36) ) fgfa(a )1 A%y

4 e [5,1]

B, ~1-6 P :

) A
If not, for example, say ajf°(a“)/ﬁj > (1/1-8) (g% (Aa)/ﬁm+1) , let i be
an individual of type a . Imagine that i changes his strategy a little
bid: at period t =1, gqil) = q%(1) - (0, ..., Ajy <eer 0), e he

keeps a small amount more of good j than he did, It is not hard to see

that the change in his payoff is

@, A o b | a,la al| e 8P,
£2(8% + (0, ..., A, ..., 0)) - £2&%) - g¥@a% - g%|a% - 23
h| 1-5 b
m+1
o 5 a'.’a AP,
-8, 8@ -5 @ Yo + o(8,)
P+l
alt ; A
C[EED 5 e
- Ajpj o =~ 1-5 3 + ofA,)
3 Pyl ]
when Aj -+ +0 , the change is positive. A contradiction. Similarly, one

A

can show that all the equalities in (36) must hold, which imply that (&,p)

is a §-CE of E(a,f)



Lemma 5. Assume that all the g~ have the property CISo. Let (4,p) >0
be an §-CE allocation of E(a,f) . Then for any given amount G > 0 of
gold, there exist a distribution of G , say A = (Al, ey An) and a
Pr > 0 such that (36) holds.
Proof. The proof is similar to the proof of Lemma 3. We omit it.
Lemma 6. Assume that the g° have the property CISe. Let (&,p) > 0 be
an 6-CE allocation of E(a,f) . Then for any given G > 0 , there is a
distribution of G, say A = (Kl. ..., A" , and a ﬁm+1 > 0 such that
(36) holds for the A% satisfying

A - m f)
(37) 3% - 3z L max{0, 4% - a%) (a=1, ..., n)

j=1 Pus1 J

Proof. The proof is similar to that of Lemma 4. We omit it.

Theorem 6 (Existence of SNE). Assume that (&,f) > 0 1is a §-CE of

E(a,f)

A= (Kl,

(38)

Then the

Assume that the ga have property CISw=. For G > 0 given, let

-1 A
., A7) and Pri1 be as in Lemma 6. If
a',a 3.£5a%
lm — B2 o J— — 011§, all a)
1-§ P P
Xgﬂm 3
A Aa

(&, A7) 1is a stationary Nash equilibrium allocation.

30
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Proof. Define
qS(t) = max(0, a% - &%) = ¢
(39) i ] ] (a =1, ..., n)

A A Ak @
bj(t) = max{0, (pj/pm+1)(aj aj)

Then 1t is easy to see that (39) leads to the stationary allocation

o

(8%, A") . What we need to show is the (39) is an SNE.

Imagine that i 1s an individual of type « . Let the initial holding

of gold A:L be a parameter. For Ai fixed, 1 has a unique best response

A

[to the market prices (ﬁl, veey D say

m‘ ﬁm+1) ]’
@0y  stah - @i, s o, vt
A A A A

i

A
ed holding of gold at t = 2 ) depends on Ai continuously.

The uniqueness implies that q',(1) , b (1) and hence A'(2) (the updat-
A

Clajm. When Ai =0, Al(2) > Ai ; 3Ai sufficiently large such that

al2) <al .
In fact, when Ai =0, obviously we have Ai(2) > Ai .
Now assume that Ai is sufficiently large. If Ai(t+1) = Al(t) all

t , we will have

i

1) xNe)y 2 Al - Pl (el (£ -1, 2, ... )

Since g has the property (38) for Ai large enough, we have

F} fu(ai) a', o
(42) s . (t=1,2, ...;3=1, ..., m
B 1-68_,,

j
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But it is easy to see that 1 can make an improvement by keeping or buying

a little bit more of some good j (x}(l) < a;) at the first period. If,
on the other hand, there is some K such that Ai(K+1) < Al(K) . Then when

Ai - Ai(K) , we should have Ai(Z) = A(K+1) < A

i

Our claim is proved.

Now it is obwvious that 3 some Ai such that Ai(Z) - Ai , 1.e. 1
has a stationary best response when he has gold endowment Ai . But on the
other hand we can easily see that the stationary holding of i must be

Al ~i
i

, A, hence al -t

Therefore we finally have shown that when 1

starts with Ki , the strategy above is really the best response. Q.E.D.

Example 2. All the data are the same as in Example 1. We try te find an

SNE.

By observation, E(a,f) has a §-CE (8§ = 1/2) allocation
(43) ((3/2, 3/2)(3/2, 3/2))

The associated prices are (1,1). If the price of gold is P3 from the

equation

af;(a/z, 3/2)

1 1-1 P

we obtain

2 -
py(l + A" 1+

QTR

or
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A% 5

- -1,
2p3

Similarly AP - 5/py =1 . If G=132/3 as in Example 1, then we should

have
[52- -1+ El_] + - _ 1+ El_] - 2%
P Py Pq Py
from which we solve Py = 51/76 . By calculation one obtains
“a 37 B 23 . 48 =B _ 5 20 )
A 2§T , A 6§T : A = 3102 , A 7102 . Thus we have:

e€ [0, 1/2) , pe€ (1/2, 1)

initial endowment: :2, 1, 3%%} . [1, 2, 7%%]

strategies: :%, 0; O.E%g] , [0, %;'iﬁg, 0]
reallocations: :%, %, 2%% . %, %, 6%%‘

payoffs: " - 2[111 2+ml+ [3%] - 8.128141
payoffs: P - 2[1n 24102+ [7—3—%] - 13.53113 .

It is interesting to note that in the SNE allocation, the sum of the
payoffs is less than that in the GCE allocation. Another interesting thing

can be observed from the following.

XA 3. 1In Example 2, assume that there is another type v of traders
(say v € {1,2]) )} who has the same utility function as type e« , but a

different endowment (2/3, yY, 101/51) . Then as long as yT € [7/3, 17/3}
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any individual of type v prefer the zero strategy, i.e.
[(L/2, 0; O, 76/102), (O, 1/2; 76/102, 0)(O0, O; O, 0)] is always an SNE of
the market game. The reason for this is when y7 € [7/3, 17/3] , we always

have

' alf”(z/s, ¥’) 1w

1 1 - % 51/76
a.£72/3, ¥ 8 vt
2 - M.). = {1/2’ 1]
1 L1 51776
2

Remark. It is not difficult to see that

1. When & -+ 1-0 , the GCE allocation and SNE allocation tend to a same
limit-- (A,A) . But on the other hand, if § = 1 , even if we use
) T
another definition of payoff: 3% = 1im % z ¢a(xa(t), Xa(t)) , the
T © twl

only SNE is the zero SHE!

2. VWhen & becomes smaller and smaller, from Example 3 one can imagine
that the traders become less eager to sell consumer goods. In the
extreme case, as § = 0 , no one wants to sell, and consequently the

only NE is the zero NE.

3.4. The Meaning of Enough Money

Assume we have already seen, when all the utility functions are gold-

separable and 1lim ga (X?) = o , an SNE exists for any amount G > 0
x%-0
provided G 1is properly distributed. If G is not properly distributed,

¥

from next section, an SNE usually can be achieved by introducing the measure

of secured lending. So, " lim ga (X*) = @ " in some sense eliminates

x%-0
the problem of "enough money."
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On the other hand, if 1lim ga (X?) < = , the problem of "enough

a
X0
money" does exist. For this we have

Theorem 7. Assume that the economy E(a,f) has a §-CE (4,p) > 0 . Assume
that the ga have the property CIS» and lim ga (Xa) =0 .7 Let
)
B, lim g &%
° J x%+0
(44) p_., =mi = @&*-a%>0
@l 0 (1-6)0, £ (&%) i

A

Assume that X° satisfies

a' la aif“(a“)

(45) g (X))
(1-6)p,, 4 P3

Then the game has an SNE provided

(46) czzx*+p L = ﬁj max(0, &

_ﬂ
pm+1 a
a @

3

= Q

and G 1is properly distributed.

Sketch of Proof. For any Pl with Pps1 Z Ppe1 2 0, let

1 n
X (pm+1), .. X (pm+1) be the solutions of
g (X%(p,))  8.£7GYH
Pr Pj J
_1 A A
Let AF(Pm+1) - Xa(Pm+1) + P ? pj max{Q, a; - a,} Let

7We assume this just for simplicity of the proof.
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G(""m+1) - : A<pm+1) + Then as P+l © 0. G(pm+1) T® 85 Puyy T Py o

G(pm+1) + x4 ;;il zT Xz ﬁj max(0, 3; - a;} . From (46) one can see that
o a

3ﬁm+1 such that G(ﬁm+1) = G . The distribution of G 1is given by
a a '

A" = A (ﬁm+1) .

Remark. From (44), (45) and (46) one can see that as § - 1-0 , G -+ 0+0
provided every type of trader has the same marginal utility of gold. Thus
in this case when § is very close to 1, a very small amount of gold is

enough,

4. THE MULTISTAGE GAME WITH FULLY SECURED LOANS

Suppose that there is an economy where the n types of traders each

obtain each period an endowment of all consumer goods of a”

i i
-(als vy am)
for a trader of type i, i =1, ..., n .

Initially each trader of type i has Ai units of gold. We have seen
from Section 3 above that if there is enough gold properly distributed there

could exist a stationary state NE for the infinite horizon game where each

trader of type 1 tries to maximize

;ﬂt_lqai(xi, x;)
t=1

We consider the possibility of an economy where gold may not be dis-
tributed so that a stationary state exists without borrowing and lending.
We establish here that there exists a robust class of games which involve
borrowing and lending where the loans are fully secured in the sense made
explicit below.

In period t individuals first trade gold against I.0.U. notes for
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gold to be paid next period. Suppose that at the start of t i holds

Ai . He may offer vi units of gold for lcan where 0 v;

i
<
- < At . Or he

may offer ui units of I1.0.U. notes to be paid in gold at the start of
period t+l1 , where 0 =< ui = Ai .

An individual 1 who borrows will have
hr:

(48) A:i -al 4

*
(49 At = A -V

In the firsp case

50 gl <t
(50) o jt e ~ Y-
In the second case

m . .

*

(51) Zbr <Al
4=1 jt t

In period t+1 at the start an individual who has borrowed will have:

m
i di i i
(52) Appp =8 —hp-upt jElpjtqt :

An individual who has loaned has:
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m
i *] i i i
G Koy A B ) ¢ T,
where
fud
(54) L+p=—.

The constraint (3) guarantees that an individual i will always keep
enough gold to be able to pay back the loan at the start of period t+1
hence there is no need to specify a default penalty. Although implicit in
the model is the assumption that if a debtor has the means to pay the rules
can be enforced which make him pay.

Because gold is a durable and has a consumption value as jewelry, but
does not yield this value during the period it is used for transitions an
individual with little gold and a high marginal utility could borrow it to
use as a consumer durable, but as it can be converted into meney it serves
to provide security for a loan up to its discounted value.

First we look at the following Example.

Example 4. Two types a , f of traders each of which has the same utility

function as in Example 1,

. 236 ., 851
Initial endowment [2, 1; 180]’ [1, 2; 180]

Not hard to check the original distribution of gold does not lead to an SNE.
Now first let each individual ia of type a 1lend an amount
v = 13/30 = 78/180 ; and each individual i, of type B borrows v for

2
trade and return u = 2v = 26/30 (note § = 1/2 , 1l4p = 1/6 = 2= p=1)



at next period. Then

A% _ 336 o _ 536 _ 78 _ 478
180 180 180 180

B _651 _+f _ 651 . _78 _ 129
A" =180~ % " 180 * 180 " 180 -

The stationary strategy selection

L 4. 14l 3. 1
[20' 0; 0, 180] 9, 43 20° 0]
e o Lo 1o

91 93 b; Py

is really an SNE,

By calculation we get

a7
Prices 1, 45 1]

33 1, 337 21 3. 666
reallocation [20, 4 180 [20, 4' 180
@ & a B _ 666 _ B
AT(2) = X7 + (1l+p)v + 9Py A" (2) 180 ~ Ut P95
. 337 26  _1 . beb6 26 47 3
180 Y 30 * 20 180 ~ 30 T 45 X 4
_ 536 _ o - 631 .8
180 180 :

Theorem 8. Assume that there is a partition of the n types of traders:

11 = {1, ..., k} , 12 = {k+l, ..., n} with two sets of nonnegative num-
k n
bers: ul, SN uk ; vk+1, ey v® such that § I ui - z vi . Assume
1 1 i=1 i=k+1
that there are x~ , X° (i =1, ..., n) and Py» s Ppr P all

greater than zero such that all the following requirements hold



- 1 if x§ > a}
a_fr(x") i1 .
(i) - E -, iy -{s if x]<a
Py ( Pri1 i 1
[5,1] 4f x; = a]
(1i) ; P.X, + P Xi + g p, max(0, ai - xi)
Plts T S 17
| i {
jElpjaj + pm+1(A + du’) (1 e Il)
- 4
m
i
jflpja} +p,,at -V dery
i i -1 ,62 R |
(i11) xX° - a' + pm+1(j§1pj max(0, ajy - x))}
ui (i e Il)
W e 1,)

Then [(xF, X%) (1 =1,

vy 1))

(SLSNE). The corresponding strategy selection is given by:
¢ | whd®. ey derp
(33) s =1 .1 1 i
(v7; g (), b(r)) (Hely)
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is an SNE allocation with secured lending

where q;(t) = max{0, a} - x;} ) b}(t) = max{0, (Pj/Pm+1)(x; - a})}

Proof.

i 1

(x7, X7) (1 =1,

R 1) I

It is easy to see that (553) leads to the stationary allocation

To see that (55) is really an NE, one can use

the similar argument as in the proof of Theorem 5.
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Remark. We believe that generically (under the assumptions on the utility

functions and the initial endowments mentioned above) the I1 , 12 , ut ,

* t . , p do exist. For n =2 , we can really prove the

v, x , X

existence.

Theorem 3. Assume that there are two types of traders: a € [0, 1/2)

B e (1l/2, 1] . Assume that the utility functions are C1 , strictly con-
cave, increasing and gold separable. Assume that for each type of traders

preference surface passing through the initial point does not touch the

cocrdinate hyperplanes. Then the game Pw with endowment (aa, Aa) and

(aﬁ, Aﬁ) has an SLSNE.

Proof. 1If (Aa, Aﬂ) is a proper distribution, done.

o

If (A", Aﬁ) is not proper, assume that (Ka, Kﬁ) is a proper

distribution of G = A® + AP . WLOG, assume that A% < 3> , af > 3P .

Now for wv € [O, Aﬂ - Kﬁ] and u - 6-1v , consider the problem: find

&, FeNEw, ) amd p - @, such that

s Ppr Ppip)

3.fi(xi(v))

i i
=4
(56) - e(j)%if§3ixll
pj P+l
il 1 - i 4 i
S.T. Zx.(viyp. + Z p, max{0, a, - x,(v)}}) + X" (V)p
i1 J J i1 J J h| mt+l
j=1 j=1
[ m
i i .
.E ajpj + (A" + u)pm+1 sy 1 =a
j=1
- o
o i
p ajpj + (A" - V)Pm+1 , 1 =28
L j=1

For v e [0, Aﬁ - Kﬁ] given, (56) has a unique solution under the assump-



42

tion of "gross substitute."

Define +v' by

m
' o _ [+
(57) v S[v + jElpj(xJ aj)]

Then v’ depends on v continuously. Note that v = 0= v' > v and

V- Ap - Kﬂ > v' = §v . There must exist 3 such that
m

(58) ¥-61%+ Tp.(x*-a%)
e d T

Now (x“(i), x“(ﬁ))(xﬂ($), Xﬂ(t)) and p(z) satisfy all the requirements

of Theorem 7. Q.E.D.

5. CONCLUDING REMARKS
5.1. On amics

We have not yet discussed the dynamic problem concerning the asymptotic
behaviors of the NE paths when a = (al, SN an) and G > 0 are given.
The mathematical difficulty with this problem comes from the nonuniqueness
of the Nash equilibria of Pw(a,A) . We have already seen that this non-
uniqueness makes the proof of the SNE existence rather complicated, because
we cannot assert that along the NE paths (A1(2), e An(2)) continuously
depends on (Al(l), c ey An(l)) . Without the uniqueness of NE path of
Fm(a,A) , when a and G are given, we do not have a well-defined dynam-
ical system (for the mapping (Al(t). .y An(t)) — (Al(t+1), .

An(t+1)) is not well-defined). So the asymptotic behaviors of NE paths are

hard to deal with. We leave this as an open problen.,
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It is likely that the mathematical difficulty due to nonuniqueness sig-
nals a problem with the inadequacy of the economic representation of the
model. The presence of many long term assets and lags in production pro-
cesses as well as other institutional givens (such as the bankruptey laws)
might, in a richer model give more structure to a dynamic process, making it

possibly dependent upon initial conditions.

5.2. Special Properties of a Commodity Money

Gold and bricks of tea have both served as a money. All commodity
moneys have been storable, but some like gold or silver are not consumable
whereas bricks of tea or rice or cocoa beans are, Durability, portability,
cognizability and several other physical features have long been recognized
as desirable properties of a money. Are there any economic properties which
should be considered? Tied in with the physical aspects of ease to turn
into coin are the economic aspects of relative value. Gold coins for every
day transactions would be too small and (as the Swedes found out) copper
coins for large transactions are too bulky. Two questions come to mind.
Would it matter if the commodity selected for the money were in some regions
an inferior good? Would it be desirable if the good were a gross substitute

in all regions?

5.3. ulat apital and Liquidit

By the simple device of having some time required for trade there is a
loss in value by utilizing in trade gold which could be put to a different
utilitarian use. In equilibrium there is an amount of gold im circulation
which never yields its value in consumption. Yet its value serves as a non-

cooperative mechanism to facilitate trade.
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Even a limited amount of lending is feasible without an elaborate bank-
ruptey law if borrowers can be required to hold gold up to the value of
their borrowing, thus they are always in a position to repay. This condi-
tion is consistent with the general ideas about secured lending where the
borrower is able to have the use of the asset while it is serving as a hos-
tage for the lender. When assets other than gold are used to provide
backing or security for a loan new difficulties appear in guaranteeing that
their prices will remain sufficiently stable that they will always cover the

loan. We propose to examine this problem elsewhere.
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