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THE STRUCTURE OF NEUTRAL MONOTONIC SOCIAL FUNCTIONST
by
Julian H. Blau and Donald J. Brown*
February 15, 1978
Abstract

In {61

!, Guha gave a complete characterization of path independent

social decision functions which satisfy the independence of irrelevant
alternatives condition, the strong Pareto principle, and UII, i.e,,
unanimous indifference implies social indifference. These conditions
necessarily imply that a path independent social decision function is
neutral and monotonic. In this paper, we extend Guh2's characterization
to the class of neutral monotonic social functions, We show that neutral
monotonic social functions and their specializations to social decision
functions, path independent social decision functions, and social welfare
functions can be uniquely represented as a collection of overlapping
simple games, each of which is defined on a nonempty set of concerned
individuals.

Moreover, each simple game satisfies certain intersection conditions
depending on the number of social alternatives; the number of individuals

belonging to the concerned set under consideration; and the collective

rationality assumption.

1"Ehis preliminary draft is beipng duplicated for private circulation only,
and is not to be quoted without the authors' permission,

*This resecarch was supported in part by a NSF grant and a Yale University
Senior Faculty Fellowship.



We also provide a characterization of neutral, monotonic and
anonymous social decision functions, where the number of individuals in
society exceeds the (finite) number of social alternatives, that generalizes
both the representation theorem of May [10] and the representation theorems

of Ferejohn and Grether [5].



THE STRUCTURE OF NEUTRAL MONOTONIC SOCIAL FUNCTIONS

by

Julian H, Blau and Donald J. Brown

1. Introduction

The axiomatic analysis of the aggregation of individual preferences,
initiated by Arrow [1}, has led to partial characterizations of special
classes of social functions 6 collective choice rules which aggregate
profiles of weak orderings into asymmetric social preferences.

The most celebrated result being Arrow's own Possibility Theorem,
where it is shown that any social welfare function, a social function whose
range is the family of weak orderings, which satisfies the independence
of irrelevant alternatives condition and the weak Pareto principle must be

(1)

dictatorial, That is, under these conditions, there exists some individual

who if he prefers the social alternative a over the social alternative b,

then the social preference is a over b,
Blau and Deb [2] have shown that any social decision function, a

social function whose range is the family of acyclic preferences, which

o]
is neutral and monotonic has a veto hierarchy.(“) A veto hierarchy is a

finite partition Vl’ Vo, oon, Ve of the set of individuals such that:

each Vi is nonempty; each member of Vl has a veto; for r > 2 each
r-1

member of Vr has a veto when all members of U Vi are indifferent.
i=1

Guha [#] has given a complete characterization of path independent
social decision functions, a social function whose range is the family of

quasi-transitive preferences, which satisfy the independence of irrelevant



alternatives condition, the strong Pareto principle, and UII, i,e., if
there is unanimous indifference between a and b, then a and b are
socially indifferent. Under these conditions, he has shown that each
nonempty set of concerned individuals contains an oligarchy. An individual
is concerned about the pair of alternatives {a,b} if he is not indifferent
between them. A subset of a concerned set of individuals is an oligarchy
if each person in the oligarchy has a veto, i.e., if he prefers a to b
then society does not prefer b to a, and if everyone in the oligarchy
prefers a to b then the social preference is a over b. Guha also
estab lished the converse of this result.
In this paper, we extend Guha's characterization to the class of
neutral monotonic social functions.(j) We show that neutral monotonic
social functions and their specializations to path independent social
decision functions, social welfare functions, and social decision functions
can be uniquely represented as a collection of overlapping simple games,
each of which is defined on a nonempty set of concerned individuals,
Moreover, each simple game satisfies certain intersection conditions
depending on the number of social alternatives; the number of individuals
belonging to the concerned set under consideration; and the collective
rationality assumption, These results are given in Theorems (1) through (L),
Characterizations of simple majority rule and several of its variants,
e.g., relative and absolute special majority rules, can also be found in
the social choice literature., Here the classic result is due to May [107

who shows that, for two alternatives, a social function is simple majority

rule iff it is strongly monotonic, neutral and anonymous,



As is well known, if there are at least three social alternativés
then simple majority rule need not be a social decision function, i.e.,
the so-called "paradox of voting'". Ferejohn and Grether [5] proved that
if the number of individuals exceeds the number of alternatives, then the
relative speical majority rule defined by ¢, where society prefers a
over b 1iff the fraction of concerned individuals who prefer a over b
exceeds & is a social decision function iff 9 Z-Eél, where m is
the number of social alternatives,

In Theorem (5), we extend the analysis of Ferejohn and Grether,
pertaining to relative and absolute special majority rule, to neutral
monotonic social decision functions, where the number of individuals
exceeds the number of alternatives, and there is a finite number of alterna-
tives,

The remainder of our paper consists of four propositions which, in
conjunction with the theorems, are intended to make clear the relationships
between our approach and previous partial characterizations of social
decision functions that have appeared in the literature,

Decisive sets have played a prominent role in the analysis of social
decision functions.(“) In fact, the dictator in Arrow's Theorem is an

instance of a minimal decisive set. Therefore in Proposition (1}, we
identify the simple game in our representation which corresponds to the

family of decisive sets,

In Proposition (2), we describe the veto-hierarchy in our representa-
tion of social decision functions, path independent social decision functions,
and social welfare functions which are neutral and monotonic, This pro-
position shows the connection between our appreach and the work of Blau

and Deb, cited earlier,



Social decision functions are often assumed to be strongly monotonic
or anonymous. These conditions are investigated in Propositions (3)
and (4), respectively,

Proposition (3), together with Theorem (L), gives a characteriza-
tion of strongly monotonic and neutral social decision functions which is
comparable to the Possibility Theorem of Mas-Colell and Sonnenschein [91,

Proposition (4) generalizes the previously cited papers of May and
Ferejohn and Grether,6 where we have weakened May's strong monotonicity
assumption and the positive responsiveness of Ferejohn and Grether to

monotonicity and retained their assumptions of neutrality and anonymity.



1I. Definitions and Notation

The set of social alternatives will be denoted as A,

P 1is a preference relation on A if P is an asymmetric binary

relation on A, i.e. xPy and yPx cannot both be true, 1f they are

both false, we write Xxly, while xRy means that xPy or xIy. A

preference relation is called acyclic if for all x,, x5, ..., x € A;
lexg, XEP%ﬁ’ ceey X9 Pxn > lexn. A preference relation is called

quasi-transitive if P is transitive. A preference relation is called

a weak ordering if R is transitive. A preference relation is called a

strict ordering if it is quasi-transitive and for all x,y € A; either

xPy or yPx.
is the set of all preference relations on A,
is the set of all acyclic preferences on A,

is the set of all quasi-transitive orderings on A.

TR R - ¢

is the set of all weak orderings on A.

g is the set of all strict orderings on A,

1 is the set of individuals in society. A profile is a function
mapping [ into R, hence (by definition) a member of RI.

A social function is a mapping of QI into /A. A social decision

function is a mapping of RI into ®. A path independent social decigioen

function is a mapping of RI into %, A social welfare function is a

mapping of RI into R.

1f o 1is a social function and p a profile, then o(p) is a
preference relation. Moreover, if p 1is a profile then p(i) 1is the
preference relation of the ith individual, If p 1is a profile and

a,b ¢ A, denote by p{a> b) the set of individuals who prefer a to b,

2

i e. ap(i)b 4iff i ¢ p(a> b). If p is a profile and a,b € A, then



pla > b) U p(b > a) 1is the set of concerned individuals (with respect to

the profile p and the pair of alternatives {a,b}).

If o is a social function and J ¢ I, then J is said to be
decisive (with respect to g) if for all profiles p; J < p{a > b) = ac(p)b,
for all a,b ¢ A.

In the course of our discussions, we shall assume that every
social function o satisfies the following condition of neutrality and
monotonicity:

Let p, g be profiles, and a,b, x, y € A, If p{a>b) < qix>vy)
and q(y > x) < p(b > a), then ao{p)b implies xo(q)y. The set inclusions
above permit equality. TIf they are restricted to equality, then the
altered statement defines independence and neutrality. If in addition,

a =x and b =y, then we have independence alone. We refer the

interested reader to {(2) where this condition was first introduced into -
the social choice literature,

1f J 1is a nonempty subset of I, then a simple game on J 1is a
collection of subsets of J, PJ’ such that:

{ « A - ’
(a) A C Py, ACB >8Py

(b} A<« 5 > AS g FJ, where AS  is the complement of A in J,

The null (simple) game on J is the empty collection of subsets of J.

X
if VJ is a simpie game on J, then FJ - {E G’J!EC C FJ}.
PJ is often referred to as the family of winning coalitions and

X
we shall call Ty the family of losing coalitions, Note that under our

definitions, in a given simple game TJ, it may be true that a coalition

E < J 1is neither winning nor losing.

)



If there are a finite number of social alternatives, i.e., |A| < «,
then an acyclic majority on J is a dimple game on J, FJ, such that any
empty intersection of coalitions in | has at least |A| + 1 members,

J

A prefilter on J is a simple game on J, I';, such that N, /£ 6.

JJ

Note that if }Al < o, then every prefilter is an acyclic majority, but

2

not conversely, In addition, we require prefilters not to be the null game,
A filter on J {is a prefilter on J,;V such that E F ¢ Uy >ENFCc Yy
An ultrafilter on J is a filter on J, FJ, such that for all
- ] . rs - A .
E ¢ J, either E ¢ "y or E™ ¢ IJ

We now present the central notion of our paper, the direct sum of

simple games,

A direct sum of simple games is an indexed family {FJ}J<52I such
that:
(i) PJ is a simple game (possibly null),
(i) For all K, L 2% if Kc L, then I n2%cr,
(1i1) For all K, L€ 2% if KL, then Ty < Tj.

1f 1A| < w, then a direct sum of acyclic majorities is an indexed

family of (I ] such that

AT

(i FJ is an acyclic majority (possibly a prefilter),
(ii)' same as (1i) above,

(iii)' same as {iii) above,

Every direct sum of simple games, I' = {FJ}

I, generates an aggregation

Je 2

rule M, where for every profile p and alternatives a, b e A;

auw(p)b LEf pla > b) < [p(a> b) Up(b> a)” That is, the set of individuals
who prefer a over b is a winning coalition in the simple game defined on

the set of individuals concerned about the pair {a, b},



111, Theorems(ﬁ)

Theorem (1). (a) If T is a direct sum of simple games, then the

Hpy

aggregation rule generated by I, 1is a neutral monotonic social function.
(b) If o¢ is a neutral monotonic social function, then there

exists a unique direct sum of simple games, I', such that o = e

Proof. {(a) If T is a direct sum of simple games then it is obvious

that . is a neutral social function. Hence we need only show that Hp

is monotonic. Let p, q ¢ RI and a,b ¢ A, There are three cases:

(i) q{a > b) 2 p(a>b), q(b > a) = p(b> a), and au,(p)b. Let

K- pla>b) yp(b>a) and let L - q(a>b) U q(b>a), then K<L,

g(b > a) - p(b > a) ¢ F;. Hence q(b > a) ¢ F;, i.e., gfa> b) el

’ L
Therefore aup(q)b. (ii) q{a> b) = pla> b), g(b > a) < p(b > a),

and aup(p)b. Let K = g{a>b) Ugq(b>a) and L = p{a> b) U p(b> a),
then K< L, q{a>b) = p{a> b) ¢ rpn 2K. Hence q(a > b) ¢ Mg
Therefore aup(q)b. (iii) q{a > b) D p(a > b), q(b > a) < p(b > a),

and auF(p)b. There exists a profile r ¢ RI such that br(i)a iff
bgii)a and ar{i)b iff ap(i)b. Then by case {ii); aup(r)b, We can

then apply case (i) to profiles r and q. Hence aur(q)b.

(b) Suppose ¢ is a neutral monotonic social function, then

ozﬂ; - /. Glven any profile p ¢ QJ we can extend it to a profile

s
q ﬂl where q(i) p(1) ftor all {1 ¢ J and q{i} is universal
indifference for all i I/J. Hence G:ﬁq -3 1is well defined., If we

further restrict o to profiles of strict orders, i.e,, members of



J J .
S, then a:5 -»p, the restriction of ¢ to SJ which we denote as

J
ol 8 , is completely determined by its decisive sets, This follows from
the observation that if PJ is the family of decisive sets of UISJ,
then E ¢ FJ iff there exists some profile p ¢ SJ and a,b € A such

that ag(p)b and E - {i ¢ J’ap(i)b]. If I = {I then we shall

A 1;

show that o = Mps that each FJ is a simple game; and that [' is a

direct sum of the FJ.

Supposé g € RI and a,b © A and let J = q(a > b) U q(b> a).

J
There exists p € § such that ap{i}b &> aq(i)b., Hence 3y, (p)b =
J

aur(p)b';r>aur(q)b. But aco(q)b «=> ao(p)b = au., (p)b. Therefore,
J

ac{ q)b #=3 aur(q)b.

Suppose for some J < I, that PJ is not proper, Then there exists

K< J such that K and J/K are both in FJ. For some pair of alternatives
a,b ¢ A, we consider the profile q ¢ SJ where q(a > b) = K and gq(b > a) = J/K.

2

Then ao{q)b and bo(q)a, which contradicts social asymmetry. FJ is

monotonic for every J since by definition families of decisive sets are

monotonic. To show that [ is the direct sum of the FJ, we suppose

K< L and consider some E € FL N QK. There exists a profile p ¢ SL

such that pla > b) = E and p(b> a) - L/K for some ab € A, Hence
ac/q)b where q « RI and pla> b) - q(a> b}, p(b>a) = qb> a).
Consider the profile r RI where r{a> b) - E and r(b > a) = K/E,
then by monotonicity, ao(r)b. Let s be the profile in SF where

rfa>b) . s(a>b) and r(b> a) . s(b>a) then auFK(s)b. That is,
,“.
E — VK. Now we consider some E in FK' Hence there exists some F € FK

such that E - K/F. Consider the profile r ¢ RI where r(a > b) = F and



+

r(b> a} = E. Then aoc{r)b. Let s be the profile in RI where

s(a > b)

i

FUL/K and s(b> a) . E, then by monotonicity ao({s)b.

]

Let q be the profile in SL where s(a > b) = q(a > b} and

s(b>a) = q(b > a). Then au, (q)b. That is, E € I.
L

L
Suppose o = ux where T £ . Then for some Jc I, F&/FJ £ 0.
If E « FJ/VJ, then we construct a profile s ¢ RI where everyone in

E prefers x to y, everyone in J/E prefers y to x, and everyone
in I/J 1is indifferent between x and y, Then XHF(S)Y and '1Xpr(5)y,

a contradiction.

Proposition (1), Let (I

J}JCZI be a direct sum of simple games and up

the neutral monotonic social function generated by .

(a) Hp is a null social function iff r©_ is the null game.(6)

I

(b) r; 1s the family of decisive sets for bp -

Proof: {(a) If Hp is not the null social function, then there exists

*
a,b¢ A and a profile p ¢ RI such that aup(p)b. Since p{(b > a) € -
-X..

where J = p{a > b) U p(b > a), Mb>a)tFI

by {iii}. Hence r, is

not empty. The converse is immediate,

(b) If . is not the null social function, then there exists

r

E ¢ FI’ by part (a). By monotonicity,6 any such E 1is decisive. Suppose

some E < I 1is decisive, then consider the profile q ¢ SI where for
some a,b ¢ A; E - {i € Ilaq(i)b) and for all i ¢ I/E, bg{i)a. In
this case, aup(q)b and therefore E ¢ FI.

If My is the null social function, then Hp has no decisive

gets. But by part (a), in this case 'y = 0.

L0



Lemma. Let R = P U I be a weak ordering on A and let C be a minimal

cycle on A, i.e., C = {{x,X,), (xe,xﬁ), coey (% ,%4)} where x, P2 X

if i 4 j. If C/TZ@, then Q=P U (INC) can be extended to a
strict ordering, 6 over A,

2

Proof: Q< Py I =R and Q=P UC. Any Q-cycle is an R~cycle and
therefore an I-cycle, since R is a weak ordering. But it is also a

(P U C)-cycle. Since the cycle is a Subset of I, it is disjoint from
P, and therefore is a subset of C, Since C is minimal  the cycle is
C. But then C is a subset of I, which is false, since C/I £ §.
Therefore Q 1is acyclic, I defines an equivalence relation on A and

~~
we denote by A the family of indifference or equivalence classes defined

~ N
by I. R induces a strict order, P, on A, Since Q 1is acyclic on A,

it is acyclic on any subset of A, Hence Q 1is acyclic on every equivalence

class [b}. Therefore Q can be extended to a strict order on [b], call

this extension Q[ P and the family of strict orders

bl- {%bﬁbea

generate a strict order, Q, over A which extends Q, where for all

a b A; aQb if aPb and aQb if aIb and aQ[b}b.

Theorem (2). (a) If ! 1is a dircct sum of filters, then My the
aggregation rule generated by ', is a path independent social decision
function.

(b) If ¢ 1is a neutral monotonic path independent social

decision function, then there exists a unique direct sum of filters I’

such that o = My s

11



Proof: (a) K is a neutral monotonic social function by part (a) of
Theorem (1), Suppose for some profile p ¢ RI, there exists distinct

X x, such that xlpp{p)xq and x, “V(p)xj' Let ¢ be the cycle

1 Xo 3

{(xl’XE)’ (xg’x5), (x5,x1)} and J, the se; of concerned individuals

for the Eth pair in the ¢ycle (¢, If J = U Jg; then for each 1i € J
£=1

we apply the Lemma and obtain a strict ordering 51 over A, Let q be

the profile in RI where q{i) = 6i for i€ J and q(i) = p(i) for

i¢ I/J. Since Wp is monotonic, x; uF(q)x2 and X, MF(q)XB' If
8 ¢ SJ where s(i) = q(i) for all i ¢ J, then ¥y uh(s)x2 and

X, pP(s)xj. Hence s(xl > x2) fr

5 and s(x, > x5) © Ij. Since T

is a filter E = s(x1 > xp) N s(x2 > x5) ’ FJ. If F = {i~ J’xl s(i)x,},
then E < F and F ¢ . That is, x, pFJ(s)x , hence X, uP(q)XB. By
monotonicity, Xy pr(p)xj.

(b) By part (b) of Theorem (1), we know that o = M whete T

is a unique direct sum of simple games, {FJ} Suppose FL £ P and

Jo I
E .« PL’ F e PL' let G=ENF and K=-E U F. 1If X, ¥, 2 are
distinct elements of A, then consider the acyclic profile over
{x, v, 2z} given by:

E/G : z x v

G: x y =z

F/G: y =z x

L/K : z y x
We oxtend the acyclic preferences of each individual in L to a strict
L

ovder over A, This defines a profile s ¢ § ., Then extend s to a

profile p ¢ RI by making individuals in I/L universally indifferent.

12



But s(x>y) = E and s(y > z) = F, hence LI (s)y and Fhin (s)z.
L L

This implies that xuf(p)y and ypl(p)z. Since Moo O and o is

a path independent social decision function, K“P(p)z' That is, XL, {s)z.

L
But G = s(x > z) and therefore G ¢ FL'
Theorem (3). (a}) If ' 1is a direct sum of ultrafilters then K the

aggregation rule generated by T’ is a social welfare function.

(b If o is a neutral montonic social welfare function, then

there exists a unique direct sum of ultrafilters, I, such that o = e

Proof: (a) is a path independent social decision function by part (a)

M

of Theorem (2). Suppose for some profile p & &I, there exists distinct

Xy, X5, ¥ such that 7x, “F(P)XE and %, ur(p) Xz Let C be the

cycle {(x5, XQ)’ (x2,x1)) (xl,xﬁ)] and Jﬂ the set of concerned individuals

for the Bth pair in the cycle C., If J = J then for each 1 ¢ J we

E?

I

£=1

apply the Lemma and obtain a strict ordering 61 over A, Let gq be
the profile in RI where q{1i) - 61 for 1 ¢ J and q(i) = p(i) for

i« I/J. Since My is monotonic, Vx, uF(q)xa and  Jx, pr(q)XB.

If s ¢ SJ where s{i) = q(i) for all 1i¢& J, then VX K (s)x2 and

RE pr(s)x5. Hence s(x1 > x2) ¢ Ty and  s(x, > xﬁ) £ r;- But Ty

15



is an ultrafilter and therefore s(x, > x;) ¢ Iy and s(x5 > %) ¢ ',
since they are respectively the complements of s(x1 > xz) and  s(x, > xﬁ).

Hence s(x, > x) N s(x5 > x,) € 'y, which implies that Xg B (8)xy,

or % MTJ(S)X5' Hence 1x, pr(q)x,, by monotonicity Tx, ur(p)xj,

(b) By part (b) of Theorem (2), we know that o = o where T
is a unique direct sum of filters, [IJ]JCZI' Suppose I} ¢ p and

L :=EU £. Consider the acyclic profile:

We extend the acyclic preferences of each individual in L to a strict
order over A, This defines a profile s ¢ SL. Then extend s to a
profile p € RI by making individuals in I/L universally indifferent.

Since L is a filter, L € Ti. Hence ¥u_ (s)z which implies that

I
L
xur(p)z. If either xur(p)y or yur(p)x, then ¢ FJ or E € FJ.

If ’]x“r(p)y and ‘]qu(p)x, then ypp(p)z and E ¢ L. This follows
from the tgansitivity of ur(p), i.e., Ky is a social welfare function,
Theorem ()). (a) TIf [I‘J]Jr_TI is a direct sum of prefilters, then Ky
the aggregation rule generated by I°, is a neutral monotonic social
decision function.

(b)Y 1f o 1is a neutral monotonic social decision function and
Al > 111 then there exists an unique direct sum of prefilters, I, such

that o = Hpas

14



Proof: (a) is a neutral monotonic social function by part (a) of

Hp
Theorem (1), Suppose for some profile p ¢ RI, that pr(p) has a minimal

social cycle C = {(xl,xg), (XE’X X xl)}. Let J, be the set

3)5 R ( n’

n
of concerned individuals for the Bth pair in the ¢ycle C and J = U J

-1t
For each i ¢ J, we apply the Lemma and obtain the strict ordering 61

over A, Let ¢q be the profile in RI where q(i) = 61 for i¢ J

and q(i) = p{i) for i ¢ I/J. Since Ko is monotonic, ¢ is also a
social cycle for uF(q). Hence € is a social cycle for b (s) where
J
J . ; .
s ¢ 8 and s(i) = q(i) for all i e J. Therefore, s(xi > xi+1) €T,
for all i, where x =x,. Since T is a prefilter there exists
’ n+l 1 J

n
some individual i_ ¢ N s(xi > xi+1). Hence 1 has cyclic preferences,

0" 0

which is a contradiction.

(b) By part (b) of Theorem (1), we know that ¢ = b where [
is a unique direct sum of simple games. Suppose for some J that PJ D

and Ij is not a prefilter, Then there exists a finjite family of

n
{E where E_ ¢ 1, for all £, and 1N E, = @. Then consider the

}n
£4=1’ £ J 4 221 2

acyclic latin square profile below:

1 1 %o
By ¢ %, %,
hn xn xl

1



n
We extend the acyclic profiles of each individual in E = U EE to a
£=1

strict order over A, This defines a profile s € SE. Then we extend

§ to a profile p & ﬂ; by making individuals in 1I/E universally

indifferent, Since ' is a direct sum and E < J, Ei €Ty N o for all

i, we conclude that each E, 1is in [,. But for all i, E, = s{x. > x_ .).
’ i E S i iyl

Hence xiulh(s) X1 Therefore Xy “F(p) X1 and C 1is a social

cycle for pF(p), which contradicts the assumption that Hp is a social

decision function.

Proposition (2)., Let 1 be finite; [’ a direct sum of simple games;

by the neutral monotonic social function generated by 1.
o
(a) If 1" is a direct sum of prefilters, then {Vr}l is a veto

hierarchy for Ky where Vl = HFI and Vj = HFI/Jﬁl Vr for j = 2,...,t.
1

(b) If I' is a direct sum of filters, then {Vr}i is a hierarchy

of pligarchies for e

(e) If ' is a direct sum of ultrafilters, then {Vr}i is a

hierarchy of dictators for Mo

Proof: (a) Suppose 1 ¢ Vl and i does not have a veto, then for some

a,b ¢ A and profile q « RI; aq(i)b and bpl(q)a. By monotonicity

bu.(p)a where p ¢ SI and ap(i)b, p{b > a) = I/{i}. But bpr(p)a
implies bu_ {p)a which means 1/{i} ¢ FI’ contradicting the assumption

it

that 1 ¢ Vl = HPI. Hence 1 has a veto,

16



Syppose 1 € V2 and i does not have a veto when all members of

V1 are indifferent, Then using the same argument as above, we get a

contradicition, Therefore, members of V, have a veto when everyone
Z

in Vl is indifferent, Proceeding in this fashion we see that [Vr]i
is a veto hierarchy for Hpe

(b)Y Since I is finite and the I'y are filters, if T £ P, we
see that V1 = ﬂli C FI. By Propesition (1), PI is the family of decisive
sets for Mo Hence V1 is an oligarchy. Suppose everyone in Vl is
indifferent, 1If lI/Vl / P, then V2 = ﬂFI/Vl € FI/VI' Hence by monotonicity,

v is an oligarchy when everyone in V

o is indifferent. Proceeding in

1

t
this fashion, we see that {Vr]1 is a hierarchy of oligarchies for M

(c) Since I 1is finite and the r; are ultrafilters, if I  / o,

we see that each OFJ is a singleton. That is, the oligarchies exhibited
in part (b) are dictators,

Proposition (3). Let I = {PJ] be a direct sum of simple games and

Jo I

K the neutral monotonic social function generated by T, 1If M

I

is strongly monotonic, then for every J such that FJ is a prefilter

and 1J1 >3, nr; = {i;} for some i, € J.

1

Proof: 1If T; is a prefilter, then NI, #P. Let i, € N, and € J.

J 1 J In,13

By strong monotonicity, [il:i?} ¢ PJ, hence no other members of J belong
to ﬂfj. But  again by strong monotonicity, {il’ij} € Tj, hence no other

members of J belong to OPJ. Thus only il € ﬂFJ.

17



Theorem (5): Let |A| < [1]| and A be finite,

(a}) If {r&}JI:I is a direct sum of acyclic majorities, then

the aggregation rule generated by TI', is a neutral monotonic social

>

HP,

decision function.

(b) If o is a neutral monotonic social decision function, then
there exists a unique direct sum of acyclic majorities, I', such that

g = Hr.-

Proof: Suppose |A| = m and for some profile p € RI, that uF(p) has
a minimal social cycle C = {(xl’XE)’ (xg,xi), ce, (xn’xl}}_ (Note n <m,)

Let Jg be the set of concerned individuals for the £th pair in the cycle
n

C and J = JP' For each i ¢ J, we apply the Lemma and obtain the
£=1 7

strict ordering 61 over A, Let q be the profile in RI where

is

q(i) = Q, for ieJ and q{i) = p(i) for i€ I/J. Since

i “r

monotonic, C is also a social cycle for “p(q)' Hence € 1is a social
cycle for MF(S) where s ¢ SJ and s(i) = q(i) for all 1i e J,

Therefore, s(xi > xi+1) ¢ Iy for all i, where X .q = Xy 1f

n
. ndivid P , ,
there exists some individual iy ¢ T s(xi > xi+1), then i, has cyclic

n
preferences, a contradiction, If T s(x, > xi+l) = ﬁ, then PJ is

not an acyclic majority, Therefore Fopn is a social decision function,

(b) By part (b) of Theorem {1), we know that o = M where T

is a unique direct sum of simple games. Suppose for some J that FJ £ 0

and PJ is not an acyclic majority. Then there exists a finite family of
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n
n
[EE}Ezl where Eg € Ty for all £; n Eg = p; and n < m, Consider
4=1

the acyclic latin square profile below:

E1 xl x2
E? x2 xj
En *» %1
n
We extend the acyclic profiles of each individual in E = U EE to a
2=1

strict order over A, This defines a profile s ¢ SF. Then we extend

s to a profile p ¢ RI by making individuals in I/E wuniversally
indifferent. Since [ is a direct sum of E < J, Ei € FJ N BE for all i;
we conclude that each Ei ¢ I'g. But for all i, E, = s(x; > xi+1). Hence
X, uPE(s) X1 Therefore xg pp(p) X1 and € 1is a social cycle for

up(p), which contradicts the assumption that Hps is a social decision

function,

Proposition (4). Let |A] < l1| and A be finite. Let [IE]JC“I be

a direct sum pof acyclic majorities and Hi the neutral monotonic social
decision function generated by 1. If Al = m then M, 1is anomymous
iff
{a) For each J such that PJ £ p there exists an integer =
m- 1

such that E - T, iff El >r and r >— 1at.

(b) 1f 1JI < |A] and r; £ 0, then 1 - 1J!,

19



Proof: Suppose is anonymous and Iﬁ £ . Clearly all the minimal

Hp

decisive sets in FJ have the same cardinality, which we will call r.
m-1 | | . J

If r S-—E- |3} and |3 > !Al, then there exists p € § such that

“P(P) has a social cycle. This profile is constructed in Craven's

paper [3]. Hence if |J| > |A! then r.>-5%l |Ji. If |J] < ]A] and

T& £ Q, then FJ is a prefilter, But the only anonymous prefilter on

J is (J}, i.e., T = 13t

The converse is immediate,
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(1)

(2)

Footnotes

In addition, Arrow assumed that [A| >3 and {I! < w, where A is
the set of social alternatives and I 1is the set of individuals in

society,
Blau and Deb also assume that [I| < IA] and |I| < w.

Our Theorem (2), characterizing neutral monotonic path independent
social decision functions, was first proved by Guha, under the

stronger hypotheses mentioned in the text,
Readers interested in this literature should see (4), (7), or (8).

We shall assume throughout the paper that iAi-z 3, with the exception

of Proposition (4}, where we allow A > 2

A social function o is said to be null if for each profile p,

o(p) is universal indifference,
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