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A THEORY OF MONEY AND FINANCIAL INSTITUTIONS
PART XVI

MATHEMATICAL MODELS FOR A THEORY OF MONEY AND FINANCIAL INSTITUTIONS*+

by

Martin Shubik

This paper serves to lay out an approach and set of models and prob-
lems for the development of a theory of money and financial institutions.
A previous paper "“An Informal Guide to Some Papers on a Theory of Money
and Financial Institutions}d'serves as a guide to the various papers and
publications relevant to the type of modeling presented here. These re-
ferences supply much of the discussion needed to link this approach to
the economic problems which are modeled here. Several of the papers con-
tain analyses of models and proofs that are needed. They are referred to
directly. Here we concentrate on setting up the formal models together
with the appropriate notation for mathematical analysis of economics con-
trolled in disequilibrium by momey and financial institutioms.

1. Plavers (Traders, Consumers, Producers, Bankers, etc...)

In the various models players may be modeled as

(a) Strategic "live'" participants with both strategic choices and

utility functions.
(b) Mechanisms with no freedom of strategic choice and no utility

functions--i.e.--as merely part of the rules.

*The research described in this paper was undertaken by grants from the
Office of Naval Research and from the Ford Foundation.

+To be presented at the symposium on Adaptive Economics, the Mathematics
Research Center, University of Wisconsin, October 21-23, 1974,



{¢) Dummies who may have utility functions but have no strategic
freedom.

(d) Nature with no utility function but strategic freedom (if pro-
babilities are assigned to Nature's choices this amounts to

making Nature into a mechanism}.

2., Basic Elementary Economic Elements

In the models which follow up to as high as 8 ''elementary particles”
may play a role. & of them do not invelve contracts and contingencies or
time interlinkages, but 4 of them do. 4 of them do not involve more than
1 party, &4 of them involve 2 or more parties. 2 of them are 'real' and
6 are paper. In a separate publication the details of these 8 items are
discussed.2

The & elements which do not involve contracts are:

goods
"real"

gservices

fiat money
paper

ownership paper (shares, stocks, deeds, etc.)

Each of these items has associated with it a different form of paper
which is a contract among 2 or more individuals and which link one period
of time with another:

Associated with "goods" are "futures contracts"
Associated with "services' are "service contracts"
Assoclated with "fiat money' are 'debt contracts"

Assoclated with "ownership papers'' are 'warrants, options,
puts and calls"



Models can be built invelving far fewer than the 8 instruments.
Difficulties can be separated out and the policy adapted here is to do so.

The creation of contracts as economic instruments introduces legal
and societal problems in defining what to do if an economy reaches a state
at which the conditions specified in a contract cannot be mef. Thus methods
which specify how insolvency, or failure to meet any contract, can be cured
must form an integral part of the rules (thus a "mathematical institutional
economics" emerges in the sense that the mathematical requirements for the
complete definition of the model requires the specification of laws and
institutions to fully define the process).

Given all laws then én 8x8 transition matrix linking t and t+l

can be described. Figure 1 shows these transitions when no failures of

£ el G S F QP F.C. 8.D. D.G.:.P.C.W.
Goods X
Services
Fiat Money X
Ownership Paper X

Futures Contracts X

Service Contracts X

Debt Contracts X

Puts, Calls,
Warrants

FIGURE 1



contract are encountered., It may be noted that the distinguishing feature
between '"'goods' and '"services'" is the possibility for inventorying. A
service at time t will not exist at time t+l ; a good at time ¢t 1is
transformed, in general, to a somewhat different type of good at t+1 .

It is possible that a fully dynamic economic system with desirable
dynamic properties will only need the first four elements and one contract.
The others do exist and an 8 dimensional space that can be defined appears

to include as mixtures all financial instruments that exist or have existed.

3. Commodities, Financial Instruments and Preferences

In the various modelé, in general it will be assumed that m goods
and services exist and up to 6 financial instruments exist. It may be neces-
sary in some models to explicitly distinguish goods and services and dif-
ferent types of goods such as those which are public, those which are in-
divisible, tﬁose which do not enter directly into consumer preferences
(pure production goods) and so forth. These distinctions will be made
whenever they are directly relevant,

Suppose we consider an economic model with T discrete time periods.
(We may later wish to consider T — « ,)

It 18 assumed that there are n individuals in the economy and that
each individual has a completely ordered set of preferences defined on an
outcome space specified below. It is further assumed that each individual's
preferences can be represented by a utility function which is concave (imply-
ing risk neutrality or risk aversion unless otherwise specified). Further-
more as a modeling simplification it is assumed that the individual's utility

functions are separable between time periods.



i

The preference structure is defined on Rm+S where preferences
must be specified for all outcomes in the positive orthant and also for
outcomes involving contracts in the negative (-) as well as the positive
(+) axis.

A contract is basically a two party instrument, thus mérely in order
to obey simple laws of conservation we must have an accounting scheme where
any contract which appears as an asset (+) on one set of accounts must appear
as a liability (-) on another set of accounts. Furthermore to avoid double-
counting we must take care in correctly accounting for the presence of both
goods and ownership paper (such as sharesg) associated with these goods.

In most socletieg the set of actions with respect to goods and ownership
paper are not the same,

It is my belief that an adequate model of an economy with financial
instruments gnd institutions must be such that accounting plays a natural
and integrated role in the development of a theory of economic behavior.
The models presented here have this property.

fet there be n individuals in an economy; m ''real' goods and
services, 2 nontime dated financial instruments (fiat money and ownership
paper)” and 3 financial instruments which are contracts. For simplicity,
we regard these contracts as only two party paper although three or more
party paper is not uncommon. The addition of more than two parties to a
contract is a complication which does not appear to be called for at this

stage in model building.

*Although these forms of paper do not involve contracts between two indi-
viduals they may be regarded as forms of soclal contract where their laws
of operation are defined in the rules of the game.



We define the utility function of individual i to be of the form

-1 i 1 4]

i i A § ij
(1) u Pi tpi(ql,t’ 9,¢7 *vrv U, ¢} fl,t’ fz,t’ “ac? “ae? eAt)

B

t

The notation is as follows:

qj ¢ = the amount of goed j held by player i at time ¢t .
)
fi ¢ = the amount of fiat money held by player i at time t .
2
f; ¢ = the amount of ownership paper held by player i at time ¢t .
b
i3
dAg = the amount of goods* or services contracts between 1
and j at the start of period t and due at the end
of period t .
czg = the amount of money or debt contracts between i and
at the start of period t and due at the end of period ¢t ,
eZi = the amount of warrants or puts or calls between i and

j at the start of period t and due at the end of period t .

Two comments are called for. The word "amount™ has been used concern-

ing the financial instruments. The measures must be specified.
f - the amount of fiat money is expressed in units of fiat money.

i . .
f - the amount of ownership paper is expressed as a percentage claim on

the physical assets regarded as an indivisible unit.*™

ij . .
d7d - the amount of a goods (or services) contract is expressed in terms of

the quantity of goods to be delivered. In a more comp lex model a

*at this level by aggregating goods and services we also aggregate goods
and service contracts.

**a separate detailed discussion is needed to distinguish appropriately,.
aggregations of divisible goods, economic institutions and indivisible goods.



"future' might involve a payment of money at time t in return for
a right to pay a price pé at period t+k for the delivery at time

t+k of the quantity qj,t+k .

Car T the amount of a debt contract is expressed in the quantity of fiat
money due at any period. This will involve accrual rules for multi-
period debt contracts. For simplicity we begin by considering instru-
ments which have a life only from t to t+l . By renegotiation

new contracts can be made to connect t+l1 to t+2 and so forth,

e ~ the amount of a warrant can be measured most simply in terms of the
amount of the ownership paper to be delivered at time t+k . A
slightly more complicated and realistic measure is the amount of
money pt to be paid at period t+k for the delivery at time

t+k of an amount f2 of the ownership paper.
, t+k

The three contracts each bear two names. As noted above the names
may indicate two active players. If however a banking system is constructed
which has the bank or other lending or depository institution as a mechanism
or part of the rules of the game one part of the balance of the contract
will be out of the player set.

The notation cig has been adopted so that At signifies that i
contracts to borrow from j at the start of period t with the promise
to settle at the end of t . This simplification will not cause any par-

ticular limitations when we wish to consider longer term loans, or if we

wish to change the length of time periods. The tree diagram shown as



Figure 2 gives one form in which we may imagine that trade takes place.
In different specific models the details of the order of trade, production,

and consumption must be spelled out.

Period 1 P
W

"The financial move"
borrow, deposit, lend

"The production and trading moves'
produce, buy, sell, inventory

1,2,001’ 1,2,...,“
"The settlement period"
repayment, insolvency, settlement
P bl A i e S SRR —_ e o e o — - —
1,2,...,n 1,2,...,n

means that all players move simul-~

In Figure 2 the symbol P

1,2,...,n

taneously (or at least without information of each others acts). The idea
of contract reflected in this model is that of a short term financing of
trade for consumption. Finance for investment might require long term
finance. The only condition on the order of the moves noted above is that
the financial move must be before the trading moves of the player. Settle-
ment could be before or after consumption. The major difference in these
choices are that if settlement is before consumption, unconsumed goods can
be claimed if contracts are violated. If settlement is after consumption

there are less goods available for use in insolvency settlements.
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3.1. Flat Money and Commodity Money

In Section 4 the strategic characterization of a money is given.
Here a distinction is made between a fiat money and a commodity money in
terms of its consumption worth and durability properties.

A commodity money has the strategic properties of a money, but the

consumption properties of a real good. An example might be a bar of salt
or brick of tea. A fiat money has the strategic properties of a money but
no intringic consumption worth,

As a fiat money will not be defined for negative amounts (a debt
instrument is not the same as fiat money~-the statement "I owe $10" means
that a contract, implicitly or explicitly exists for the delivery of $10),
there is no need to consider preferences for negative amounts of money.
Because debt instruments may be measured in terms of money one could try
to measure both money and debt on the same axes. This creates more com-
plications than it avoids. This should certainly be clear for commodity
money. A debt instrument for 10 pounds of gold to be delivered which cannot
be honored does not mean that the individual has -10 pounds of gold. It weauns

that a contract cannot be honored and it is that which must be evaluated.

3.2, A simplification

We leave out of the utility functions both fiat money and ownership
paper. For the first set of models we consider only one contract that is

the debt contract. Thus we can simplify equation (1) replacing it by:

2) _ ggt-l ot 1 SN R
( up = BP9y e g 00 e At Sat)

t=1



10

By leaving out contracts other than those which involve money for money
we remove from consideration other '"futures'" markets which may exist in
various economies. This simplification needs to be removed later.

It must be stressed that although the utility function shown in
(2) involves only mt+l items ( m goods and 1 financial instrument) there
are m3 items in the model ( m goods fiat money, ownership paper and
debt),

If the economic system functions without the failure of any contract,
i.e. if all contracts are all balanced at each period then at the end of
each period they will net tp zero and we can in general consider that except
for positions of insolvency which may lead to bankruptcy or other cures for
the failure to honor contract, the utility functions depends only on the

"real" commodities, i.e. it is essentially of the form:

*

t-1 i i i
Bi (Pi(ql,t’ q2,t’ seey qm’t, 0) .

it ~H

(3) u, =

t=1

3.3. Insolvency, Bankruptcy and Feasibility

When a system evolves, it is logically possible if contracts exist,
that a state may be reached at which an individual is unable to honor a
contract that falls due. If the contract is between two plavers then the

i
At
and _cig which cannot be immediately cancelled. Special rules must be

double entry system will show that the time of settlement entries of et

invoked to effect an alternative settlement.
The simplest and most nonspecific way of taking insolvency and bank-

ruptcy into account is to define the utility functions to include contracts
ptecy
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which are not wiped out by the full settlement of their conditions. This
somewhat avoids the task of describing precisely what happens. If we do
this it is important to note that we evaluate the utilitarian worth of con~
tracts which are not completely honored at or immediately after the vio-
lation of contract is cured, i.e. after the contract is removed from the
books, destroyed and replaced by a settlement.

In actuality conditions of insolvency may lead to the replacement
of one contract by another, or a series of contracts and partial payments
in different forms. Eventually if an individual is not merely insolvent
but cannot meet his debts even with more time to do so, bankruptcy or other
procedures wipe out the contract. In the process of doing so the contract
is annihilated and replaced eventually by nothing or some combination of
goods, services, money and ownership paper. Going to jail or being put
to death are possibilities which have arisen and they could be modeled
if need be. But the attitude adopted here is that the first approximation
is to include the contracts in the utility function and the second approxi-
mation is to produce a transition matrix of the variety shown in Figure 1
where however transitional probabilities must be specified for the trans-
formation of a contract into another contract and/or partial payments in
money, goods or ownership paper. The transitional probabilities are not
given a priori but should emerge as a part of the solution of the game.
Further discussion is needed and must be given when specific models are

described.
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4, On Money: Commodity or Fiat

The distinction between a "money'" and other goods or services is
essentially strategic and not in its characteristic as a consumption item.
The distinction between a commodity money and a fiat money is essen-

tially in terms of its consumption worth and not its strategic properties.

In an economy with m+l commodities we may select one commodity to
serve as a "money" which means that we will select a model of trade in
which the set of strategies of each individual with respect to the monetary
commodity will be different from their strategies with respect to the other
commodities.

A well known key ex;mple of a strategic requirement for a money is
to consider trade in which for wmtl commodities there are only m markets
in which each market involves an exchange of that commodity for the mone-
tary commodity. By requiring trade in the "money," m markets can be used
for trade instead of m(m+l1)/2 . The specific structure of the markets and
methods of trade will influence the needs for andgstrategic properties of
a money. This is discussed further in Section 5 on markets.

The distinction between a commodity money and a fiat money is that
the former will appear as a component in the utility function and the latter
will not.

A small problem is faced in the medeling of a commodity meney in a
multistage model. If, for example, a bar of salt is used as a commodity
money, it will yield utility in consumption but not in storage. Thus al-

though it may appear within the utility function, the amount that should
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appear there is that which is consumed,” not that which is inventoried.
Following this distinction through, in general, it may be shown that the
use of a commodity money instead of a paper money is less efficient inas-
much as it ties up inventories of a consumable (or productive inmput) for
strategic or trade purposes whereas paper backed by law could serve the

game purpose.

3. On Markets and Money

The concept of money is intimately related with the concept of a
market. It plays a key role in the simplification of market structures and
in the operations of markets. It serves as a powerful information aggre-

gation device and decentralization mechanism.

5.1. Futures_Mgrkets

It is possible to consider an economy or a game which lasts for a
finite number of time periods as though it all were to take place in a
single time period. In using this type of transformation (replacing a game
in extensive form by a game in strategic form) it is mathematically fea-
sible (but not necessary) to imagine that all future contingent markets
exist, Arrow and Debreu use this device. Suppose that an economy has
m commodities, T time periods and k different states each period (such

as rain or sunshine) then we could imagine the existence of mlk markets,

*A further difficulty remains with the meaning of consumption value derived
from the holding of an asset. Does the possession of a gold bar in one's
bank vault yield a stream of value until it is used in trade? This is a
well known problem in the modeling of stocks and flows and can be dealt
with ad hoc.



one for each commodity at each time period under all contingencies. This
formulation gives us the chance to describe an essentially dynamic ( T
period) evalutionary process as a static model of enormous size. Having
done this it is possible to use well developed methods from static theory
to derive certain properties of the equilibrium states of the system.

There ist'an alternative approach to modeling multiperiod markets
this involves making the assumption that virtually no futures markets exist.
It may be that in order to take care of differing subjective probabilities
concerning future chance events that different futures contracts must be
distinguished. This possibility however should not be considered as an
a priori assumption but should emerge from the development of the theory.
To start with we consider only a debt futures contract. Thus for an economy
with T time periods, k different states of nature each period and m
goods, we consider an enlarged market with m goods, fiat money, owner-
ship paper and debt contracts. This gives us a dynamic system with mi2
markets only one of which is directly time linked.

Consideration of risk and the meaning of optimality may call for
the distinction of two types of debt contract, a loan and an insurance

policy. This will be considered in reference to specific models,

5.2. Money, Prices and the Form of Trade

Money is intimately re lated to the concept of a market but prices
are not, The general equilibrium model has as a central feature the exis-
tence of prices in a cleosed, non-strategic, non-institutional static con-
text. In contradistinction virtually all attempts to model oligopolistic

behavior have resulted in the formulation of strategic models of trade



and production. In particular virtually all of the oligopoly models have
been open models with money and goods flowing in or out with no modeling
needed to preserve laws of conservation. They have been strategic (and
implicitly dynamic) and in order merely to well define these models it
has been necessary to specify completely the manner of trade or the mar-
kets. Thus, for example, the Cournot model utilizes quantity as a stra-
tegic variable; the models of Bertrand, Edgeworth, and Chamberlin utilize
individual price naming. Other models consider both price and quantity
as simultaneous variables.3 Different oligopoly models have been constructed
where production variation, innovation and other economic variables have
been consgidered.

In the building of all of these models because they are strategic
they call for a specification of all positions of disequilibrium as well
as equilibrium. This makes it mandatory to describe the details of trade
and markets.

A trained thecrist might balk at the idea of having to specify a
specific market mechanism. After all there are thousands of specific in-
stitutions and we might easily become lost in institutional detail. Un-
fortunately we do not have the alternative of leaving out this step. Leaving
out the market mechanism is not a successful way to avoid institutional
detail. It leaves us with an incomplete model.

The solution to the dilemma noted above which is suggested here
{and previously by Shubik5 and Shapley and Shubik)6 is that we start with
two or three specific models of markets, see what they imply, see what

their limitations are, then branch out later to study the sensitivity of
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the results to market variations). An adequate mathematical institutional

economics should help us to explore the properties of the optimal design
of institutions (where '‘optimal" is adequately defined).

The simplest model of a market for the generation of price (not
necessarily efficient price) can be based on the Cournot market model,
This will be clearly "unrealistie" but it provides a well defined method
for both introducing a monetary mechanism and embedding a strategic model
of oligopoly into a closed economy. In specifying the models we return

to the special role of money.

5.3. Markets and the Role of Money

Consider an economy with k+l commodities with n individuals;
each individual i with an endowment (Ai, Aé, acasy A§+1) . Suppose that
all individuals are required by a rule of the game to offer for sale at
k warehouses all of their endowments of the first k commodities. 7This
is illustrated in Figure 3. There will be Aj units of the jth comme -
dity for sale where A, = 121A§ for 31 =1, ..., k.

The rules of the gam; require that each individual buy the quantities
of the k pgoods he intends to consume by bidding for them in terms of the
k+1St commodity. Strategically the distinction between the kt+15¢ commo -
dity and the others is that all trade involves a set of k two sided mar-
kets where the et+15t commodity exchanges for all of the other commodities.
The essence of the '"money role'" in the markets is that it is the commodity

that appears in all trades.

Several features are unreasonable about this model., All of them
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can be relaxed or otherwise accounted for. They are
(1) this model does not allow for some barter,
(2) individuals must sell all their goods through the markets,
(3) individuals must buy in money without credit available to
them even if they own many assets,
(4) individuals must bid quantities of money without being
exactly sure of what they can buy.

A model with mixed markets to permit some trade through barter
and partial exchange using money and anonymous markets can be defined but
to begin with the ruling out of barter appears to be a reasonable simpli-
fication,

The requirement that individuals must sell all of their goods each
period, even if they buy them back will be relaxed in the second model.
Although the requirement that all goods are required to go through the
market every.time period may appear to be strange and ''unreal'' it has
the economic and accounting benefit that income can now be measured ac-
curately every period because all goods in the economy are monetized in
the markets (capital gains and losses cannot be hidden). The mathematical
benefit from this model is that the strategies of the players are relatively
gimple.

In some sense the contrast between the model of trade using a money
and the general equilibrium model without an explicit form of money or
credit is that in the first, no credit is granted to the individual even
if he has many assets he wishes to sell. Whatever he buys must be paid

for in cash. 1In contrast in the general equilibrium model the constraint



is an overall budget constraint. It is as though the individual is instan-

taneously credited for all of the assets he wishes to sell. The budget
constraint is less restrictive than a constraint to trade using money or
no more restrictive. Hence if we wish to make the model with money have
legs restrictive trading constraints than that imposed by thé money hold-
ings of the individuals we must introduce credit. This is done, and the
nature of a credit instrument has already been noted in Section 2.

There is a curious and counterintuitive feature to the bidding me-
chanism which apparently has individuals assign quantities of money to

markets without knowing the price of the items they are buying. I claim
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that upon reflection this is not as strange as it might seem. 1In particular

if there are many individuals in the market and the market has a history;

last period's price may serve as a guide to determining this period's allo-

cation. There probably is no such thing as the correct model for price
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formation; there are many and they differ for many institutional and spe-
cial information processing or other detailed reasons. No matter how the
system is modeled, if we assume that prices and quantities sold evolve

out of market forces then someone has to act without the ecopomic environ-
ment being perfectly given to him.

An alternative but more complicated model of bidding can be formalized
as follows: All individuals can send to or hold back from the markets any
amount they wish. Thus each, without knowledge of the actions of the others
sends in his goods to the markets. Then they all bid to buy the amount for
sale,

Information conditions, time lags and communication conditions are
all important, but for a start we begin with the simplest situation;the
decisions are as shown in Figure 4, This signifies that effectively each

chooses the amounts he wishes to sell and his bidding strategies simultaneously,
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FIGURE 4

A third model in which each also names a price for his goods and
the market determines a final price has been studied and used experimen-

tally by Shubik.7



5.4, Income and Sales

The market mechanism sketched in Figure 3 has not yet been fully
described. We have not stated how the money flows back.

Suppose we were to regard the trading economy” we are describing as
a parlor game or a game which can actually be played experimentally. In
order to simplify accounting and record keeping we might give each player
a receipt for the commodity he delivers. Thus againgt the delivery of 10
tons of wheat he is given a nonnegoteable warehouse receipt. After the
market has sold all the goods and price has been determined he gives his
receipt to the market manager and obtains his income from the sale of his
goods.,

For ease in illustration we consider the first model where individuals
are required to sell all of their goods. Suppose that player i allocates
his spending so that he spends x§ on good j . Then the total expendi-

ture on good j will be:
o i
(%) X, = L X, .

The total amount of good j for sale is

g
(5) A, = TA,.
i 01

Thus the market price is:
6 . = x /A, .
(6) P 3785

*production will be introduced later.



The income derived by individual i from the sale of his goods will be:

koo
(7) L p.A, .

j=1 3 3
The amount of the monetary commodity in the ownership of the ith indi-
vidual is defined as a residual after expenditures have been made and in-
come received.
k

-2 x% + Zp At .
1 50 3]

1 i
®) Uet1 = A

6. Rules of the Game and Information Conditions

The monetary system and the financial institutions are the neural
network of an economy. They are the carriers of much of its information
content. Can this somewhat rhetorical statement be operationalized and
given a mathematical structure? To a great extent the answer is yes and
it lies in modeling the extensive form.

The introduction of exogenous uncertainty takes place by having
"Nature" move with given probabilities. Uncertainty about the rules of
the game can be introduced in a manner first used by Vickery8 and gener-
alized independently by Harsﬁnyi.g Each player is considered to be one
of a class of players who is chosen with given probabilities to play at
the start of the game. Thus after the selection each player knows who
he is, but the others are not quite sure of his identity in the sense that
they have only a probability distribution on his utility function or stra-

tegic limitations or other characteristics.
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In general these models may be extremely sensitive to some infor-
mation conditions and not to others. There is no easy a priori test.
However, many of the cases which can be generated appear to have their
counterparts in economic life. TFor example suppose that an individual
is uncertain about his income next period can he arrange his purchases
so that he goes into the market before or after this uncertainty is re-
moved? The extensive form for the first is shown in Figure 5a, and the
second 5b. Nature moves second in 5a and first in 5b. The merchant
capitalist who must spend even though he does not know if his ship will
return safely provides an example of 5b. The full specification and im-

port of this distinction will be made in formal models in Section 11,

P
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6.1, Aporegation Coding and Macroeconomics

Economic models involving groups of individuals specifying strate-
gies frequently have moves or strategies which (unlike most abstract games)
provide a natural way to aggregate information. For many economic purposes
(though clearly not all) the aggregate number indicating all consumer spend-

ing may be as valuable as a detailed breakdown of the spending of each
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consumer. For a bank making loans to an individual,his debt outstanding
and various aggregate indicators of loanable funds may well provide an op-
timal information structure.

If we are studying individual behavior in mass markets where the
size of the individual with respect to the whole market is small then there
are some indications10 that aggregate information loses little or nothing
for the individual actor.

It is my belief that macroeconomic models and theory may be derived
naturally from aggregating information conditions in the microeconomic models
discugsed here. 1In general it is meaningless to talk about aggregating
information because usually‘no natural metric is suggested which makes the

additrion of moves feasible. For economic games it frequently can be done.

7. Sclution Concepts

S0 far the discussion has been limited to describing economic models
and modeling markets and trading procedures without discussing how the traders
behave, or should behave. We now must consider what solution criteria we
wish to apply. Before turning directly to this question it should be noted
that for many purposes the specification of the model alone may be regarded
as the solution to the economic problem at hand, or may be a major part
of the solution,

People including economists tend to attach undue importance to that
which they do well. Thus there is a danger that among highly mathemati-
cally trained theorists the emphasis is placed upon the mathematical proof

of theorems while the value of building the appropriate model, correctly
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mathematizing it and conjecturing what the theorems might be and what as-
pects of the models appear to be interesting or worth exploring; are re-
garded as secondary. My skills are in the latter and as such I am probably
biased towards unduely stressing the latter at the expense of the former.
Yet neither position is sound scientifically. The skills aré different

and the requirements of economic analysis call for both. A failure to
understand this leads to sterile economic theory full of uninteresting
theorems on the one hand or taxonomies and potentially interesting descrip-

tions without the needed depth of analysis on the other hand.

7.1. Cooperative, Noncooperative and Mechanistic Solutions

The appreoach adopted here will be to adapt the noncooperative equi-
librium solution concept or to consider behavioral mechanisms which pro-
vide the dynamics for the multistage models. Two other alternatives could
be followed. We could consider an expressly cooperative approach as has
been exemplified in the solutions of the core11 or the value.12 In order
to do this we would need to cast the models in coalitional form. This
may be worth doing, although it must be noted that because of the presence
of market mechanisms™ which introduce an intercomnection among the traders,
the c~game property of the characteristic functionl3 is destroyed, 1i.e.
it makes the characteristic function or coalitional representation of the
game less trustworthy as an adequate reflection of the underlying economic

structure.

% . i
Which are not present in the models of trade as barter or direct exchange,



The reasons for not following the cooperative solutions at this
point are several.

(1) With markets the characteristic function or other coalitional

forms of representation are hard to justify.

(2) The very essence of the role of money and financial institu-
tions appears to lie in the dynamics and the cooperative re-
presentations of the economy viewed as a game do not reflect
this well.

(3) The implicit or explicit assumption in cooperative models that
the solution is constrained to be Pareto optimal is too strong.
We should hope £o deduce rather than assume optimality.

In particular it is my belief that one of the prime roles of the rules
or laws for the operation of an economy with contracts is to achieve quasi-
cooperation in a system which can be described as behavioristically noncooper-
ative. But the system design provides for self policing which enables op-
timal outcomes to be achieved without the necessity for particularly high
levels of cooperation or communication.

Another alternative to considering cooperative solutions is to try
to utilize the price system model of Walras as developed by Arrow, Debreu
and others in a direct extension. It is my belief that although this ap-
proach may yield some results, it is an inadequate approach for several
reasons.,

(1) It is nonstrategic.§ Individuals are assumed to have no stra-

tegic freedom (even to commit errors).
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(2) 1t provides an inadequate model with which to introduce non-

symmetric information conditions.

(3) 1t does not provide a natural model for intermixing oligopo-

listic and purely competitive sectors.

(4) 1t fails to meet a key test of modeling. If we try to describe

a competitive market as a game to be plaved there is no unique
way to do so. The model is insufficiently defined (as Arrow
and Debreu discovered in their attempt)].'a’15 The lack of defi-
nition hinges upon whether prices are meant to be assumed or
deduced from the model.

It is conjectured he?e that all of the results which can be obtained
by using variants of the Walrasian models can be obtained by using a non~
cooperative solution concept and studying an appropriately defined limiting
behavior. This scolution concept however and the models to which it applies
do not suffer from the weaknesses of the competitive price system models.
They yield results for nonsymmetric information and for mixed competitive
or oligopolistic markets.

It ig my belief that the attempts to modify the competitive equili-
brium Walrasian model to account for monetary, financial and informational
phenomena are not unlike the attempts to modify the Ptolemaic model in
astronomy. It may conceivably be dome, but a parsimonious explanation
lies in going to a different model.

In the remaining discussion we confine our attention to the nonco-

operative or to behavioral solutions.
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7.2. Noncooperative Equilibria and State Strategies

The concept of a noncooperative equilibrium solution to an economic
problem was first introduced by Cournot.16 The general definition is due
to Nash.17 Suppose that we have a game in extensive form where at various
points in the game tree at which all players have perfect information, i.e.
at which they can identify exactly where they are. At each of these points
the game can be partitioned into a set of subgames. A perfegt equilibrium
point is in equilibrium in all subgames.18 Much of the work in control theory
and dynamic games utilizes a solution concept close to that of a perfect
noncocperative equilibrium,

Paradoxically although the concept of a perfect equilibrium appears
to be associated with relatively high levels of information, the control
theory approach apparently depends upon a somewhat parsimonious state des-
cription and essentially aggregated information. This appears to be closely
linked to the remarks made in 6.1 on aggregation and macroeconomic models.

In general, to start with, when we discuss solutions our attention
is first focussed upon perfect equilibria. It should however be noted that
a perfect equilibrium is not necessarily the same as a stationary state
equilibrium. Individuals frequently talk about a stationary state when
they have in mind a special model (such as a simple matrix game or a trading
economy) which is repeatedly played over many periods. A great amount of
confusion can arise from a failure to recognize differences in the defini-
tions of commonly used phrases. In order to avoid the confusion here I
merely note that the concept of a stationary state equilibrium is not ri-

gorously defined until it is needed.
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Suppose we were to consider the possibility of an economy that is
constantly under the influence of exogenous random events (as economists
do not--and probably should not--try to include in their models all aspects
of human affairs such as the social, political and psychological factors
these could be considered as supplying a random exogenous influence)., Then
our interest in economic dynamics might be in the study of systems which
tend towards an equilibrium even though they may never reach an equilibrium,
Qur prime concern may be with paths of adjustment and movement in disequi-
librium states. These distinctions, however, must be made clear in the in-

vestigation of specific models.

7.3. Historical Strategies and Information

A game which is solved for its perfect equilibrium points may also
possess other equilibrium points. These other equilibria will arise from
strategies which utilize more information or '"history" about the previous
progress of the game than do the strategies which give the perfect equi-

libria. The strategies needed for a perfect equilibrium are state strategies,

in the sense that they depend only upon knowing where you are, not how vou
arrived at that position. A historical strategy makes use of information
concerning the path to a position in the game. The distinction has been
made in detail elsewhere and simple examples have been given.

A simple verbal example may at least help to describe the difference
and to suggest that for different economic problems either state or histori-
cal strategies may be relevant. One policy on which loans can be made is

to lend to only those who currently have assets worth considerably more
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than the loans. This requires little information about the individuals

in order to give the lender a certain level of security. A different lend-
ing policy might be to lend based upon information concerning the past his-
tory of the individual in repaying debts. This may require considerably

more information.

7.4. Behavioral Solutions and Disequilibrium

Both the noncooperative and competitive price system solutions can
be regarded as special cases of a broader class of updating mechanisms
which are based upon behavioral considerations which may involve more than
mere maximization., For example we might wish to consider myopic behavior
in which the individual forecasts future change from the immediate past
and tries to maximize immediate revenues based on this information.

It is easy to specify myriads of ad hoc system updating rules which
invoke no maximization operators whatsvever, It is however not so easy
to offer either empirical or normative justification for most of them.

The importance of considering behavioral mechanisms is nevertheless
two fold. First they provide a class of solution concepts which may be
considerably easier to scolve for than say a competitive equilibrium (if
it exists) or a noncooperative equilibrium. Second they tend, by their
very formulation, to lay their stress on process rather than equilibrium.
They provide laws of motion for the system rather than seek ways to down-
play dynamics and disequilibrium,

A symptom of the difference between a behavioral approach and one

say, involving an equilibrium model is given by the use of forward updating
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methods for generating the solution or time path of behavior and the use
of backward induction. For example a common technique used for solving
finite stage dynamic programs is to start at the last period and work back-
wards.

Attempts by economists to describe a price system dynamics by intro-
ducing excess supply or demand functions and then defining the movement
of prices as depending upon the size of the gap in supply or demand can
be regarded as attempts to replace the originally formulated optimization
problem by a dynamically formulated behavioral system. It is my opinion
that such an approach might be successful if the economic models included
trade in financial Iinstruments and had the financial system modeled together
with the physical economic system in such a way that many of the feedbacks,
controls and adjustments took place through the financial (or a central
planning) mechanism. Without such a modification it appears to me that
economic models whose dynamics derive from perceived lack of balance in

the goods and services sectors alone are not adequate models of any economy.

7.5. On Optimality and Feasibility

There is considerable confusion in the discussion of optimality and
feasibility by economists and others. This confusion arises for several
considerably different reasons.

(1) Can long term preferences be defined?

(2) Can the Pareto set be defined in the presence of uncertainty?

(3) How does market structure influence feasibility?

(4) YHow do differing levels of information influence the percep-

tion of optimality?
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The first and possibly most profound level at which disagreement
might appear between the economists and others is that the assumption fre-
quently made by the economist that it is meaningful to consider that an
individual might look at his welfare in terms of a preference ordering
over both current and future events is unreasonable. It may be argued
that it is far more reasonable to assume that individuals update their
preferences.#

Although I am much more sympathetic to the behavioral point of view
as providing a better overall model of man, I nevertheless am willing to
support the economists' view that as a first approximation in application
to some economic problems the assumption of the existence of preferences
is a useful place to start.

Once we have accepted the existence of a preference ordering, the
existence of a utility function defined up to a linear transformation ap-
pears to me to be clearly a natural next step. Arrow and Debreu offer
the alternative which involves an enormous expansion of the set of outcomes.
This particular expansion, while logically sound appears to me to be un-
satisfactory as a method of modeling, Financial instruments exist speci-
fically for the purpose to enable individuals to avolid having to deal with
myraids of futures markets. Virtually all of the evidence from both behavior
in general and economic markets in particular goes against a vast prolifer-
ation of futures trading.

The skilled economic theorist when confronted with evidence to the
contrary may say that the real world contains "frictions™ which do away

with many of the futures markets. This observation may well be valid, but
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the essence of a good approximation is that even though it is a simplifi-
cation of reality it is still close to it. For this reason it is my belief
that an adequate theory should have very few futures contracts rather than
enormous numbers. As noted in Section 2 I believe that no more than 4 basic
types of contracts are needed and (as noted in 3.2) a great deal can be
developed allowing only one type of futures contract.

As has been observed in Section 3 we will assume the existence of
utility functions. If we do so then optimality of a state can be defined
in the utility or payoff space R" as being on the Pareto optimal surface
or 'mortheast' boundary of the feasible set of outcomes.

A set of outcomes which are feasible and optimal in one economic
model may no longer be feasible in another closely related model. Thus
for example, if we consider a model of exchange with no transactions costs
and no constraints on trade we may be able to define a Pareto optimal set
of outcomes all of which are feasible; if we compare this model with the
one which has transactions costs the Pareto optimal set of the latter will
be contained within the former because certain outcomes are no longer fea-
sible. An easy and dangerous error which can be commited is to talk about
the Pareto optimal set achievable in an economy with transactions costs as
not being really optimal just because it does not coincide with the set
that can be achieved if transactions costs were not a fact of life. This
is about as meaningful as saying that the Pareto set in an economy in which
there are costs to the production of steel is not '"really Pareto coptimal"
because they are contained in the set for an economy where steel produc-

tion is costless.
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The presence of specific market structures or the absence of various
futures markets may all impose limits on the feasibility of certain exchanges,
hence may change the Pareto optimal set. It may well be useful to compare
the Pareto optimal sets achievable in the various market models with the
utopian model with zll futures markets and no transactions costs. This
may help us to derive a measure of the costs and worth of market organiza-
tion and information.

It is technically feasible to define a game with incompiete informa-
tion to solve it for its equilibrium points and to examine them in relation
to the noncooperative equilibria of a game with complete information. 1In
this manner a value for information can be established., However so far
no general methods or results concerning the economic worth of information

exists. We do not pursue this problem further at this time.

8. Other Important Egctors*

The development of an adequate economic dynamics which reflects both
the physical and the information flow processes of a society is an exercise

in mathematical institutional economics. The institutions are the carriers

of the information, control and financial processes. It is easy to make
this observation, but it is difficult to go from such an observation to
a parsimonious description which does not become bogged down in institu-

tional detall.

*For those directly interested in the models, this section could be skimmed
or skipped on first reading.
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8.1. The Approach Adopted

In order to aveid the considerable confusion which might arise in
trying to handle too many features of the financial and information system
simultaneously the approach adopted here is to construct a series of rela-
tively specialized, oversimplified and "unrealistic" models in order to
cope with the difficulties, one at a time, or at least not more than a
few at a time.

The remaining parts of this section are devoted to sketching several
of the more important factors which need to be investigated separately when

possible,

8.2. The Actors
It is argued here (and elsewhere)20 that the description of an economy
may, for many economic purposes, require the explicit introduction of se-
veral differeént types of economic agents or actors. In particular for
many economic questions it is my belief that the following types need to
be characterized separately. They are the:
(a) consumers,
(b) entrepreneurs,
(¢) bureaucrats and administrators,
(d) financial agents and evaluators,
and {e) politicians.
Depending upon the question at hand there are several different
ways in which each of these agents might be modeled using the categories

suggested in Section 1, or even constructing elaborate behavioral models.
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In the Arrow-Debreu world there is really only one actor--the consumer-
trader and possibly another shadowy actor--mechanism called the producer.
This does not appear to provide a sufficilent disaggregation to characterize

the information processing and evaluation aspects of an economic system.

8.3. Banking

In geveral of the models being developed, the need for banking ariges
extremely naturally from considerations of Pareto optimality in a nonco-
operative game. However different functions for banking may emerge which
call for the construction of several differentiated institutions. 1In par-
ticular we may wish to distinguish

(a) Internal Commercial Banking where any player can be a banker

and (1) the lender cannot 'create money,' i.e. lend more than
the amount of fiat he has on hand; (ii) the lender can create
money.

(b) 1Internal But Differentiated Commercial Banking where only a

distinguished class of players can be bankers who have stra-
tegic options not available to others.

(¢} External Commercial Bankingiwhere the bank is either 2 mechanism
or a special player with constraints or special rules concern-
ing its use of banking profits and the role of the conserva-
tion of money and debt instruments.

(d) central Bgnking where there is a banker's bank which is a me-
chanism or speclal player with a special goal and distinguished
rules of operation which enable it to take actions that other

bankers camnot take. 1In particular consilderable care must be
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taken in describing the role of the central bank in the issue

of fiat money.

(e) Investment Banking which can be (i) internal or (ii) external

to the system (such as part of the government) where the stress
is on risk evaluation and perception of the worth of new pro-
jects.

(f) International Banking posesa completelynew set of problems involv-~
ing the interrelationship between different fiat monies and
individual nations as players. These problems are not discussed
further in this paper.

In all of the above instances bank failure and various contract vio-

lation rules must be specified.

8.4. Ingurance
Insurance also cannot be treated completely monolithically. The
distinctions which are needed must cover the insurance company as
(1) a nondistinguished private player
(ii) a distinguished private player
(iii) an external player (or mechanism).
A further distinction must be made concerning
(i) noncorrelated events {auto accidents)
and (ii) highly correlated events (plague, natural disaster).
Furthermore the role of insurers as risk evaluators must be reflected
in the models. As with a full description of the banking function, so for

the insurance function the rules concerning insurance company failure, ¢
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other failures to meet contractual obligations, rules concerning reinsurance
and rules describing the role of government must be specified in order to

provide a sufficient operational definition of the system.

8.5. Production

Production must be modeled as a time consuming sequential process.
There are obviously myriads of different partially parallel, partially
sequential processes which are employed. Any cross section view of the
economy gives an apparently simultaneous view of the activities involved
in production. Thus at any point in time, some firms are hiring labor,
others are buying raw materials, others are running the production lines
and still others are shipping finished goods, or warehousing or stocking
retailers.

The firm as an ingtitution is an embodiment of the organization
and information required to be the carrier of a production process. It
is desirable to be able to distinguish the speed with which a firm can
be created or destroyed as contrasted with the speed with which production
can take place given the existence of the firm. An economy with institu-
tions is a noncongervative system., Reversing the conditions which caused
bankruptcy does not cause "unbankruptcy."

There are many ad hoc factors which must be accounted for in the
modeling of production in time. Not the least of which is that capital
goods of long duration provide "hostages' or security in the market for
loans. This preliminary and abbreviated discussion is given only to call

attention to the need for treating production as a separate and important
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factor in the development of adequate microeconomic models. In particular
it is stressed that the roles of assets, production and financing are closely

interlinked.

8.6. Labor

Labor must be treated as a distinguished service, if for no other
reason than for the empirical and conceptual difficulties encountered in
trying to provide a satisfactory characterization of it as both a produc-
tion and consumption input.

Frequently a good indication of the closeness of fit between economic
theory and reality lies in the correspondence between the accounting schemes
in theory and fact. The myriads of ways in which labor productivity can
be concealed, unemployment disguised and quality of labor varied indicate
that there are deep difficulties in describing and accounting for this

factor which differ from all other factors.

8.7. Government and Public Goods; Treasury and Taxation

Modern governments work through direct planning and physical controls
or through financial instruments. The interlinkage between micro and macro-
economics must come not merely in information aggregation as noted in 6,1,
but also in the introduction of governmental institutions and public goods
as part of the overall structure.

There are many types of public goods (as has been noted elsewhere).
However as a first cut the simplest model might consist of government as
a mechanism with an exogenously given strategy or utility function which

involves the raising of funds to provide for a supply of public goods.
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For even a simple model to have the property of computability or to be
playable as a game it is necessary to specify the treasury, public financing
and taxation mechanism no matter how elementary it may be. This type of

model ig not investigated further here.

8.8. Futures Markets, Contracts, Law and Accounting

In Section 2 it was suggested that at most 4 contracts are needed
to provide time links for a dynamic economy which trades primarily in spot
markets. At this point a stress on a feature in modeling is made. A cri-
terion for the measure of success in modeling an economy with financial
instruments and institutions.sh0uld be how naturally do the models comple-
ment and fit in with those provided by law and accounting. Economics is
not an all-encompassing discipline. The depth of description and analysis
obtained in one area is invariably bought at the expense of gross simpli-
fication and the ignoring of detail elsewhere. Unless one has a mystic
faith in an all-encompassing grand socio-political-economic model which is
going to answer sgimultaneously all questions concerning society, the polity
and the economy, it is probably more reasonable to settle for models with
exogenous features where inputs which need more detailed description and
explanation based on other disciplines are not claimed to be explained.

The legal knowledge displayed here 1is slight and the handling of
key concepts such as property rights and contracts is rudimentary. However
more concern for these factors is given than is usual in most of economic
theorizing. The full detail of legal questions concerning property rights

and contracts is not immediately germaine to the models at hand and the
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projected analysis; nevertheless the connection between the law and the
economic institutions and instruments needed to run an economy, is impor-
tant and should be clearly identifiable in the economic models.

Economic control and equity in a free enterprise or in a centrally
controlled economy depend delicately upon the accuracy and quélity of economic
accounting. The imperfections in all systems are clear today in the uses
of myriads of tax shelters in free enterprise economies and in concealment
of stocks, pricing distortions and accounting failures in all bureaucratic
systems, whether they are privately run or part of the govermnmental struc-
ture.

The explicit introduction of financial instruments into the models
of microeconomic theory provides an opportunity for achieving a closer
integration of accounting and economics and a closer investigation of the

underlying basic principles of both.

9. The Static Model

In this and the remaining sections of this paper, discussion and
commentary on the motivation for the type of models advocated in this paper
is kept to a wminimum. The emphasis is placed upon the construction and
definition of a set of mathematical models whose analysis may help to jus-

tify the approach described above.

9.1. A Closed, One Period Trading Economy with Money and Credit

Let there be n individual traders (dencted by i =1, 2, ..., n ).
There are m+l commodities. The rn+1St commodity is distinguished

as a money (see Section 4).
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The distinction between a commodity money and a fiat or paper money
may be made later by including or excluding the m+1St commodity as an
argument in the utility functions of the traders.

There is one debt contract which is for money obtained at the start
of trade to be repaid before consumption but after trade has taken place.

There is one digtinguished "player" or n+lst player which is a me-
chanism known as a 'bank,'" which may extend credit or accept deposits at
a zero rate of interest.

Each trader i has a utility function or payoff function evaluated
at the point of consumption, i.e. after trade and the settlement of con-
tracts has taken place. This function has m+2 arguments, one for each
commodity and one for the debt contract ( mtl arguments if the money is
fiat). The indifference maps for each trader are defined on the non-nega-
tive orthant of the Euclidian space Rm+2 for all components except the
m+2nd dimension (the debt contracts). For this dimension both the posi-
tive and negative domain must be included to account for a final position
which has some contracts which have not been settled (and hence may appear
as negative on some accounts and positive on other accounts).

Let the initial amount of commodity j held by individual i be
A} and the final amount q? .

The initial amount of credit held by all individuals is assumed to
be zero. After the financial settlement after the market the amount of
credit held will once more be zero unless it 1s not feasible to settle
all accounts. In which case the worth of the resolution or 'cure'" for

this state must be reflected in the utility functions.



Let the amount that i borrows from or deposits in the bank be
i, e+l L. .

At . It is important to note that because the bank has a nonsymmetric
role in the game its '"name" (ntl) is always one of the two names that
appear on the credit instrument. Borrowing or depositing takes place be-
tween an individual and the bank and not among individuals. It is easy
to argue that sometimes individuals lend each other money; but here the
argument is that as an approximation for what may go on in a modern economy
it is not bad to consider the credit system as going through the bank.

Let the amount of credit held by individual 1 after settlement

i,nt+l . . ‘s

be ¢ . The method for calculating this amount will be specified

later.

Each trader attempts to maximize his payoff:

i i i i,n+l i
) 9; (a7 <ves Gy Gpyps €7 ) 5 where q; >0 .
The strategic choices have not yet been specified.
Information Conditions and Extensive Form
P1,2,...,n
Borrow/Lend

Bid in the market

Settle with bank (nonstrategic)

Consume (nonstrategic)

FIGURE 6



43

Figure 6 (see also Figure 2) is a modified game tree where it assumed
that each individual takes his financial move (borrowing and lending) and
his market move (bidding, spending, selling) without being informed of the
actions of the others. After these strategic moves, two "automatic' moves
take place. Debt contracts are settled and then consumption ﬁakes place.

As we are attempting to provide a completely well defined mathema-
tical structure the assumptions concerning knowledge of the rules of the
game must be made explicit., It is assumed that all individuals know their
onw preferences and know the preferences of all others. For the type of
solution (a noncooperative equilibrium) first examined here it appears that
the solution will be relatively insensitive to modifications of this assump-
tion. This may not be so in a dynamic context,

The linkage of behavioral approaches and more traditional economic
approaches come quite clearly in the information and knowledge assumptions
made. Much of the description of mass economic behavior appears to imply
low information conditions but this may not be made explicit in the economic
theory formulations (such as the Arrow-Debreu treatment of general equi-
librium) which essentially finesse having to make their assumptions explicit

concerning knowledge of the rules of the game.

The Market Structure and QOwnership

In Section 5 we have already discusgsed the need to completely specify
2
the market mechanism. Shubik,5 Shapley, 1 and Shapley and Shubik6
have considered the simplest model with all nonmonetary goods offered for

sale. This model is specified below and has been studied and solwved in the

papers referred to above. There are also several variants of a slightly
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more complicated nature In which each individual simultanecusly is required

to decide how much to offer to the market, what to borrow and what to bid.

Model la. Quantity Strategy--No Credit
There are n traders and each trader tries to maximize his payoff
(given in equation (9)) where a strategy for a trader i is an allocation

i i i
of money or a vector of m dimensions (xl, Koy wees xm) such that;:

(10) E % <Al amd xt>0.

The amount of good j trader 1 will obtain is given by

i
. X, .
i_ 7 i
. = \ . =0 1if . =0,
{11) qJ — AJ or qJ xJ
]
n n
where x, = L xg and A, = L A% .
k=1 7 T k=1

The amount of money trader i will have at the end of the period is:

; m m
(12) = A - Yx,+ Zp.A
Gnt1 -1 j=1 i’

where pj = xj/Aj . Thus we can formulate the first noncooperative game

as:

xiA xiA X A m ™
171 272 m m i i i
{13) maximize ¢ R 3 resy =1 A - Tx,+ Ep.A i=1,2, ...y, 0
T N T Xp ™oy 3 g B
. m i
where x = % xj .
i=1
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It has been shown that a noncooperative equilibrium exists for this
model if there are at least two players who have positive utility for any

good,

Replication

Replace each trader of type i by k traders of the same type
(L.e. identical traders). Now consider a new noncooperative game with kn
traders analogous to the game shown in (13) with n traders. It has been
shown that if there is "enough" money held by all individuals then there
will be a noncooperative equilibrium point which "approaches' the competi-
tive equilibrium in the sense that in the appropriate metric it is closer
for successively larger repiications.

If there is not "enough" money the above is not true. The shortage

of money stops trade that would have been advantageous otherwise.

Fiat Money

When the money is assumed to be fiat the w15t componant in the
utility functions drops out. The money is used for trade, but becomes
worthless after trade. The meaning of '"enough' money changes in this case.
There is always enough as the system is homogeneous of order 0 , The
coincidence of the noncooperative equilibrium and the competitive equili-

brium will depend upon the ratios of monetary holdings.”

*There may be more than one competitive equilibrium in the unconstrained
system; however it should be noted that the introduction of fiat money
appears to offer a way for selecting among these equilibria.
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If the ratios are appropriate the coincidence of the competitive
equilibrium and the noncooperative equilibrium is immediate and does not
require more than two traders of each type (this is not true for a market
with more complex strategies where individuals do not have to offer all

for sale).

Mede)l 1b., Quantity Strategy and Credit

The simplest modification of Model la which reflects the role of
credit is to relax condition (10). An individual is permitted to "spend
more money' than he has. A way in which this can be stated more precisely
is that in this model, with the permission of the bank he can jeintly create
a credit instrument which will be accepted at par with money when used in
trade. The amount of bank money or debt created between an individuval and

the bank is:

i, o+l i i
’ = A -x .

(14) Cat w1

If the amount defined by (l4) is negative the trader is a depositor
in (or lender to) the bank. As no interest payment is assumed in this model
depositing and hoarding is not distinguished.

After trade has taken place it is assumed that debt contracts must
be settled, The method is as follows: each individual calculates the

i i, o+l X . .
sum g, 4 CAt « If this is positive he is solvent and his payoff is:

i i,n+1 *

i i i, -
(15) q&(ql, Qps eees 43 qm+1 cAt , 0) .

*There is a problem with this formulation inasmuch as we have implicitly
assumed that the bank always redeems its debt instruments for commodity
money.
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ci,n+1 i i,nt+l

1f the sum is negative define = 91 T Sat and the pay-

off is

i,n+l
c

i , ,
(16) f-pi(q]_: q;: rveey q;; o, Y .

Shapley and Shubik have shown that for this game noncooperative
equilibria exist and that under replication the approach of the noncooper -
ative equilibrium to the competitive equilibrium can be established.

In the papers referred to however the distinction between money and credit
was not made as clearly as it needs to be to appreciate problems involving

conservation or lack of conservation of money.

9.2. The Money Rate of Interest

Model 2. Quantity Bids, Credit and an Interest Rate

Suppose that individuals wmay borrow or deposit as they choose, but
that there aré charges associated with doing so. This game may be formu-
lated in virtually the same way as Model 1lb, except that two new parameters

must be introduced:

Py - interest rate charged by bank on loans (Czén+l > 0)
i , i,n+l
pz - interest rate paid by bank on deposits (c < 0) .

At settlement each individual calculates the sum

i S+l i,mtl

(17) Uery = At (1 + pl) if C At >0
i _ i,ml . i,n+l
(18) S Cat (1 + pz) if e <0.
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(18) will always be positive, but (17) may be negative. When (17) is posi-

tive the payoff to trader i 1is:

i i i i i,nt+l
(19) P (4, gy +ees Q5 Gy =S4 (L ), 0)

a similar expression with p2 replacing pl exists for (18). 1If (17)

. . , intl i _ i,ntl )

is negative then define ¢ =9q . Car (1 + pl) ; the payoff is
i i i i, ntl

(20) (Pi(ql’ Qps oo q‘m; 0, ¢’ ) .

Some Comments and Conjectures

This model has not yet been analyzed, however several observations
may be made.

(a) For a commodity money and P > 0 1if any borrowing takes place
which is not compensated for precisely by the appropriate amount of deposits
then the system of the n traders is not conservative in commodity money.,
Hence we have either to postulate insolvency or bank failure to preserve
conservation or to abandon conservation.

If loans exceed deposits by a ratio of pzlp1 the traders as a whole
must lose part of the supply of commodity money to the bank. Thus the
equilibrium in the system cammot be on the Pareto optimal set of the un-
constrained trade model,

If deposits exceed loans by a ratio of pzlpl then the bank is re-
quired to generate inputs of new commodity money at settlement.

(b) Fiat Money: Because fiat money is '"just paper' or part of the

rules of the game; the breaking of conservation laws on paper by the bank
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does not cause the creation of real goods (even though it may change price

levels in a multistage game).

10. Money, Credit and Banking: Dynamics

In this and the next section a series of models are presented, only
one of which has been fully investigated. Nevertheless it provides a pro-
totype for the others and links immediately with the static models in Sec-

tion 9.

10.1. One Commodity and Fiat Money

Model 3. The Simplest Dynamic Model--Fiat Money, without Credit

An analogue to the pure trade wmodel for many periods is one in which
a perishable "™manna' £fazlls from heaven each period.

We may limit our analysis to one commodity by the simplifying (and
somevhat unrealistic) device of requiring that although each individual
may have an ownership claim to a fraction of the manna he does not have
the opportunity to eat it directly but he must buy the good from a central
warehouse. After all has been sold, the individuals obtain an income which
equals their ownership claims on the money gathered by the warehouse. Thus
we may define a circulation of income.

Suppese that there are n traders where each trader i has an owner-

ship claim of @, of the amount of consumer good available at any period.

i
n

(z a, = 1)

i=1

Suppose trade takes place for T time periods and that the amount
of the consumer good or mamna each period is given by Al’ AZ’ ey AT

@&, 20) .
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Let each trader i have an amount of a substance called "fiat money"

v. to start with (7i > 0) . We could normalize the total amount so that

i
n
z 7i =1, although it is not necessary to do so.
i=1

Each individual i has a utility function of the form:

N I TS S
(21) Ui(q ) = EBi tpi(qt) i=1, 2, .v., n
t=1

where qi is the amount of the consumer commodity consumed by 1 during
period t . The ¢, are assumed to be concave, and when we wish to con-
sider T —~ ® we must assume that the U remain bounded.

A strategy by individual i in the subgame to be played at time ¢t
is to name an amount of money he offers to the market to buy the manna.

n
- = xi') .

Let his strategy be denoted by x: (x
i=1

t

Market price will be

(22) P, = xt/At .

The number of units of manna he will obtain during period t is

given by
xi xi
i t t i . .
(23) q, = b, = Y At (qt =0 if x, = 0) .

Let Ct be the cash holdings of individual i at the start of time

t . Then Ci = 7i and in general:
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_72

- 2_;_//
Xl-‘,?{

2

24 i_ i i
(24) R TS T L
We have the constraint that 0 < x: < C: .
Figure 7 sketches the dynamic structure of the system with 2 traders.
1 2
*157 A X3
1 [
2
1 _.1 2
- =%, + x X
7y "% q} | 1 - 1" 4 L
= = X
r %% %*y
1.1 2 2
<
’ X, S C2 Az Xy < C2
1 2 X2
1 = X, + x 2
q 2 2 2 o)
2 %L_ i%_ Xy
< Ctlxz azxz
FIGURE 7

The solution concept we use is that of a perfect equilibrium or a

Markovian equilibrium which has the property that the strategies are in

equilibrium for every subgame.

For games with a finite horizon T ,

as fiat money is worthless at

the end of time T we immediately know that it will all be spent at time

T hence we can start a backwards induction.

Whitt.22

An investigation of this model has been carried out by Shubik and

In particular for

form solution is obtained.

®

Py wi(qz) = qz and At = A a closed

1
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{(a) For Bi not all the same the noncooperative equilibrium is not
a Pareto optimal point in the unconstrained model.

(b) If Bi = and ai = then there is a Pareto optimal sta-

i

tionary state where all spend everything,

10.2. One Commodity Money without Credit

Model 4., Commodity Money without Credit
Let there be an exogenous supply of perishable manna Al’ A2, cany AT .
There is also a supply Bl, Bz, ceny B"  of commodity money which can
be stored indefinitely at no cost or can be consumed at any time.

The utility function for any trader is given by:

I R N S
(25) Ui(qu qZ) = tf],ﬁi tPi(ql’t: qz’t)
i
i Xt
where ql,t = ;;At and
i i i i
(26) Of_qz,tgct x_ + xR .
i_ i i _ i _Ji _ 1
(27) ¢, =B and Ct = Ct_1 X1 + o g q2,t-l .

There are several case digtinctions which depend upon the information
conditions. Possibly the simplest is that everyone bids for the consumer
good simultaneously, the results of the market are announced then everyone
simultanecusly decides upon how much money he will "eat." This extensive

form is shown in Figure B.
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P
er Bid for good 1

Obtain income

(nonstrategic)
Y
A / . "Eat money"
Period 2
l FIGURE 8

We see immediately that a commodity which has no consumption worth
(and is not used in production) may serve as a fiat money, It may differ
from fiat in its production conditions. We must distinguish commodity

monies from fiat according to production and consumption conditions.

10.3. Money and Banking

Only the simplest bank is noted here which is an extension of the

model in 9.1 for a multiperiod model.

Model 5. Fiat Money with Credit

The model is almost the same as Model 3 but with credit modifica~
tions. The extensive form is as in Figure 6, but for T periods.

Suppose the rate of interest charged or given by the bank for both
loans and deposits is p . Furthermore individuals borrow or deposit, then
spend without added information.

There are many strategic possibilities which cannot be ruled out

a priori such as one individual borrowing to deny another funds; or hoarding
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even though there is a positive rate paid on deposits. We should expect
that an adequate theory will rule out such cases as a result derived from
not as an assumption of the theory.

For simplicity however in the model constructed here several assump-
tions are made which must be rigorously established. They are (a) an in-
dividual borrows only to spend and (b) an individual will not hoard if the
rate on deposits is positive.

There are n traders, each with an ownership claim of @, on the
consumer good available each period. These amounts are Al, Az, ceny AT .

Each trader starts with 75 of fiat money.

The bank will make any loan or accept any deposit. All contracts
are short term they are settled at the end of the period inwhich they
are made.

The bank is always in a positioﬁ to pay its depositors by issuing
bank money which may be regardeé as a variant of fiat money. The distinc-

tion is worth making with care., When individual i borrows the amount

cién+1 from a bank one or two pieces of paper may be created. If the
i,nt+l

At

and keep the loan document (which for simplicity at this point we assume

bank holds fiat money it may give him the amount ¢ in fiat woney

to be non-negotiable). The document calls for a repayment of the amount

c22n+l(l+p) . In this instance only one piece of paper has been created,

Suppose instead that the bank as part of the rules of the game has
the power to create paper. It issues to a borrower a piece of paper which

is a negotiable debt instrument of its own which might be described as

ntl, i

Cat where by double entry bookkeeping
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Cn+l,i __ci,n+1
At T TAE :

The bank's instrument however is accepted at par with fiat money. In this
instance two pieces of two-party paper have been created, one of which
adds to the money supply.

If at the end of a period an individual camnot meet his contract
with the bank, unlike the bank he does not have the opportunity to roll
over his loan. We could enlarge the utility function as has been suggested
in 3.3, There is however an alternative which is to specify how the failure
to meet contract is to be cured. In this simple example the following (some-
what harsh} rule is employed. He is no longer able to borrow until his
loan is paid back.

Let ui be the amount that individual borrows from or deposits in

t

i i .
the bank ut > 0 means a loan, U, < 0 means a deposit.

If C; is the initial financial position of trader 1 at the start

of time t then the amount spent on the consumer good will be:

(28) x: = Ci + ui
where
(29) c: = max[(aixt + (1+p)u§), 0} .
Suppose ci’n+1 = Q;xt + (1+p)ui <0, i.e. at the end of time ¢

i,n+l

¢ then

individual i fails to meet his obligation by ¢
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Jootl | intl

i
Sl = {i1+p) - & X, -

As long as c;’n+1

<0 then u =0 .

For a game of finite length we must still specify a penalty for
ending the game with an unfulfilled contract thus we modify (21) to the
form

M i1, TCE i 1
(30) U @, ™ = T8 o () + B Y, (o, )
t=1
It is conjectured that for p = 0 there are noncooperative equilibria

to this game which are the competitive equilibria in the unconstrained mar-

ket.,

A Simple Example

A simple two trader two-time period model helps to illustrate the
market model with fiat money without and with banking.

Consider individual 1 who attempts to maximize

4 . Xty
x+y 3A{: x + ‘}

It

(31) I

and individual 2

ﬂz-};f;+BA{—-y+m}

This is a two period economy where each individual starts with an amount
of 1/2 of money. Each has the same ownership claim to the manna. This

amount is Al = 1 1in period 1 and A2 = A in period 2. The trade runs
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only for two periods. There is a discount factor 5 . A strategy for
Trader 1 is to bid x < 1/2 in the first period and % - x + 5%1 in the
second period.

Solving (31) for maximal strategies we obtain

(32) —ye - B
(x+y)

or for a symmetric solution x = y = 1/28A , This solution will hold for
BA > 1, otherwise we would have x =y = 1/2 ., 1In particular we may
note that for BA <1, x =1y <1/2 which means that they both hoard
during the first period. Fér example with =1, A=2, x=y=1/4,
which means half of all money is hoarded during the first period.

Now we add a bank which is an outside mechanism which functions
to accept deposits or make loans up until period T-1 . 1In the simple
example this means for the first period only.

1f we assume that there is a noncooperative solution for which there
is no hoarding of money we may then assume that an individual borrows to
spend, or deposits excess funds in the bank. Let the bank have one interest
rate p which it charges for loans or pays on deposits.

Let u, (v) = the amount borrowed or deposited by trader 1, (2). If

this is positive it is a locan, negative a deposit. We may immediately write:

%+11 BA[L%?&‘ U+wu]
L =T 1 - plutv)

(33)

and we have a similar expression for H2 .

Solving for an optimal policy we obtain:
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1 - BA(1+p)
2{p + BA(L+p) } °

(34) u=v=

Using the same example as before suppose 3 =1, A =2 then for p=20
u =v = -1/4 which means half of all money is deposited during the first

period at an interest rate of zero.

Comments

It it relatively easy to set up and obtain a steady state equilibrium
gsolution for T time periods bydefining equations analogous to (33) and
solving. However, this does not cover the rules needed to prevent unbounded
borrowing. A fully specified general model must be more explicit on borrow-
ing rules, and also needs insolvency and bankruptcy conditions to be spe-
cified., It is intended to discuss these details in a subsequent paper.

It should be noted that if p # O then whenever there is net borrow-
ing or lending in the system the amount of money camnnot be conserved without
insolvency.

It should be further stressed that the money interest rate p is
introduced as an exogenous control variable., It must be deduced from the
theory that any particular values of ¢ have any significant properties
such as guaranteeing Pareto optimality of trade.

Because the bank in this model is a mechanism outside of the traders
without a direct utility for consumption then the payment of interest to
the bank does not imply any distribution of real resources to the bank.

If the system were in a Pareto optimal noncooperative equilibriumw

*and Pareto optimal in the nonmonetary model.
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without banking then it remains there regardless of p the money rate of
interest, otherwise the value of p influences the speed of adjustment.

It appears that in a system where all individuals have the same
"natural discount" [ that somehow the money rate of interest will be
linked in an important way to this number. But this is only one of several
relevant variables which include depreciation rates, inventory costs, and
growth in productivity.

When the dynamic system is weakly interlinked (as is the case in
all of the examples given here) then there may easily be more than one
money rate of interest which permits the noncooperative game to achieve
outcomes which are Pareto optimal in the nonmonetary model. It is conjec-
tured however that in general there will only be one efficient money rate
of interest associated with each competitive equilibrium in the nonmonetary
system. The qualification "in general" refers to economies where there
are many time links such as durable goods. A further qualification is
"neutral banking' which means that loans and deposits are instigated by
the traders, not the banks. This somewhat loose wording can be made pre-
cise by defining the bank as a strategic dummy (like the '"house'" in Blackjack)

who up to the rules of the game it must accommodate borrowers and lenders.

10.4. Productive Assets, Ownership Paper, a Stock Market and Fiat Money

Consider the simple example with two traders and T time periods

T T
where Il = Z ﬁt-lx and H2 = Bt 1y where 1 > 8, >3, . Suppose
1 £=1 1 7t t=1 2 't 1 2

that there is a machine which does not depreciate and which produces one

unit of output each period. We may consider an issue of ownership paper
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such that two traders each hold 1/2 of the stock., The stock entitles each
to a claim of 1/2 of the income derived from selling the output.

It is easy to see that the competitive equilibrium in this economy
is given by a policy where the trader with the highest discount consumes
first until a switchover point is reached at which the other trader then
consumes all for the rest of the market. It has been shown by Shubik23
that without & stockmarket there is no noncooperative equilibrium giving
the same distribution of consumption as the competitive equilibrium. If
the trader with the highest discount has any income or money after the
switchover point there would be no enforcing mechanism within the market

to prevent him from spending and thus destroying the equilibrium.

Model 6

In the paper noted above a stockmarket is introduced in which the
ownership paper can be sold and with it entitlements to further income.

It is shown that in this enlarged market the opportunity for the sale of
ownership provides the means for obtaining a noncooperative equilibrium
which is Pareto optimal and gives the same distribution as the competitive
equilibrium, At the time of switchover of consumption the second trader
has completely sold his shares and has neither money nor claimg to income
left.

As the formal model is presented elsewhere it is not reproduced
here, however Figure 9 shows the moves in the game. 1In this-first simple
case with a stock market the rule that all shares must be offered for sale
every period simplifies both the accounting of periodic income and the

mathematical model.
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The model in Figure 5a has the random move take place before the
traders bid in the market. Thus they know thelr ownership claims and the

total amount of goods that exist before they go into the market to bid.

11.1. Uncertainty without Insurance

Model 7a: No insurance, action with short term uncertainty

A set of simple two period models illustrate the qualitative pro-
perties of the closed dynamic models with uncertainty, but no insurance
and no banking.

There are three states of the system and ownership claims on the
"manna'':

With probability 1/3 supply is 1 and owmership (1,0)

With probability 1/3 supply is 1 and owmership (0,1)

With probability 1/3 supply is 2 and ownership (1,1)

Each trader wishes to maximize his expected income, and begins with

1/2 unit of monmey,

-2 3 2 2 L. L .
(35) ﬂ1 =3 log x—i-y) + 7 log ) + B 9 log<2 ) + 3 log(l - 2x)
2 1 1 - 1
+ 3 1og(2 + y) + 9 log(l+2y) + = 1og<2 .Y_2_>i> + 5 log (1+y~x)

Solving (35) for a symmetric noncooperative equilibrium we obtain

‘if
—r . -2 1 1
(36) T ¥3 (l - + T, E’i)
2 "% 2772
or
1 B 1 1 _3+4B-\/1662+9
(37) % =3 + or x = 85 .
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For Bp=1, x= .25 and 1'L1=-.4447.

Model 7b: WNo insurance, action with short term certainty
In this model nature moves first thus the players will each have
to make a decision for each of the 3 states that the system may be in.

Playver 1 wishes to select numbers x, , Xy , X

1 (the subscripts index

3

the system state) to maximize

L = 2 ! L ] _K
3[log Gl T XD + B<3 log (2 1> + log (1 2x1)>
X
—_— 2 1. L
{:103 (}{2 T y2> + B<3 1og<2 y2>+ 3 log(l+ 2y2)>i|
x3 '2 1+y3 -x3 1
log ;;—:;—; + Bl 3 log\ —5—=) + 3 log(1+y, -x3)

solving we obtain

(38) Ty

+
Wi

+
Wi

={14+8) +\/ (1+f3) + 48 _1 _ 1
(39) xy = P ) X9 =5 and X3 = 35 -
For B =1 X, = > s = ,207 X, = 5 and x, = .5 similarly
k) 1 2 . s 2 . 3 .

y; = S, ¥y = .207 and Y3 = .5 . Hence

n = %{1og(.2930) + glog (.293) + §1og (.586)]
1 2 1
+ $10g(.707) + 2log (.707) + Flog (1.414))
1 2
+ 3llog(.5)  + Flog (.5)]

-.6287 .
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We note here that the extra information lowers the expected equi-
librium payoff. This appears to happen because the extra knowledge when
the ownership claims are not equal enables the traders to damage each other

apparently for immediate advantage.

Model 7¢: Competitive Equilibrium with full uncertainty

This is the competitive equilibrium solution to Model a. Here we
assume that 12 "contingent commodities' exist. They could be described as
Mapples in period 1 if states 1, 4 or 7 and apples in period 2 if states

1, 2, ..., 8 or 9. The endowments of Traders 1 and 2 are respectively,

©, 1, 1; 0,1, 1, 0, 1, 1, 0, 1, 1)

(1, 0, 1; 1,0, 1, 1, 0, 1, 1, 0, 1) .

Let the commodities be j =1, ..., 12 then Trader i's holdings

of commodity j 1is x; . Thus

1 3 . 112 i
(40) N, = 5 T log x; + = T log x5

i 3=1 9j=4
By symmetry ﬂl = U2 = -,40137 , and the prices are:

2,2, 1;2,2,1,2,2,1, 2,2, 1) .

11.2, Uncertainty with Insurance

We introduce an insurance agency which is an exogenous mechanism.
In order to completely define its role we must specify whether it has a
fund of fiat money at its disposal or if it is in a position to create

money, or exactly how it underwrites its policies. The nature of the
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contract must be specified in complete detail concerning whether it is
money for future money or whether it relates to other types of payments.

The simplest model is that of an exogenous insurance company which
we may regard as being backed by the state who has unlimited possibilities
for creating the fiat money needed to pay any claims on the company.

We assume that at any period t the company has the following in-
formation:

(i) it knows the amount of fiat money in the hands of each trader;

(ii) it knows the expected amount of the consumer good available

next trading period and the expected ownership claims of each
trader.

Let Ei be the expected ownership clalm of trader 1 at any time
t ; and E be the expected overall amount of good for sale,

Let c: be the amount of fiat money held by trader i at the start
of time t . We consider a game where, before the random move the traders
may buy insurance (in this simple model, the insurance agency is not a player
and we limit our consideration to having players buy or not buy insurance,
we need also to consider a more general model in which they can also sell
insurance).

The insurance company sells a contract at a risk premium T { T =20

is a fair bet) such that it will pay individual i the amount:

B (L
AR AT UA
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at the end of time t in return for his actual income from the market
during time t . In this simple example the insurance company may be re-
garded as a factoring agency which offers a certain income against uncer-
tain receivables.

The extensive form (for case a) is as shown in Figure 10.

P12

.
buy insurance

|
|
I
1
. (_ PlZK//, P12 )
]
Fo
1
LAY
/ AY

Period 1
L]

I

|

1

|

I
X

bid in market
\Fo P ks
Nature's random move

FIGURE 10

We assume that the insurance policies can be purchased in any de-
nomination thus in the two trader market the traders have a strategic var-
iable L and z, where 0 g_wt <1, 0Z z, <1 . The 0 wvalues imply

no insurance and the values of 1 {mply an insurance of all income.

Model 8a. Insurance and short term uncertainty

The pavoff for Trader 1 is as follows

(41) 111 = log (x-i-y) + —- log ( ) { log(x Y+ = log(2x )

2 1
+ glog(xz) + log(2x2) + 1og(x3) + log(Zx {}
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where Xy

o(52)(25) + a0
() + o
() o2 72)

and a similar expression exists for Trader 2,

o
1

The solution for a perfect equilibrium calls for Trader 1 to maxi-
mize over x and w and Trader 2 to maximize over y and 2z .

Let us make a guess that there are values of 7T such that in equi-
librium both traders completely insure. If this were so we could rewrite

(41) as:

log 2.

x 1 '21“ Tx T (MB(HTD
(42) Hl = log (: + = log 2 + B log

+ 3
y 1- (xty) (m
Solving for the symmetric solution we obtain

- 141
(43) X = 2{6(14"”) + 'ﬂT .

For =0, x=1/28, and B =1/14T, x = 1/2 . However substituting

(43) into {(42) we obtain immediately
(b4t) - log £+ B log &+ +(1+B) log 2
M = log 3 g3%3

for B=1, nl= -.40137. But this is precisely the same as the competi-

tive equilibrium seclution.
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12, Conclusions: Mathematical Institutional Economics

12,1, Some Modeling Details

The approach adopted here stregses explicit detailed modeling to
the point that if you cannot play the game described in a classroom or la-
boratory then it is not well defined. By adopting this approéch several
key obstacles to understanding monetary phenomena are overcome. In par-
ticular:

(1) Pecuniary externalities are real

(2) Tatonnoment processes are avoided

(3) The velocity of money is not a particularly important
variable. |

(1) Markets strategically connect trading groups. The specific
nature of how this leads to pecuniary externalities has been discussed
elsew’nere.z4

(2) There may well be myriads of different trading and production
arrangements which lead to price formation. The tatonnoment process was
an unsatisfactory way of avoiding any of them. The approach here is only
a start. It specifies one way of price formation. The next step calls
for a sensitivity analysis over alternative procedures and some empiri-
cal guidance to choose among them.

(3} The model presented here has as a first approximation, a fixed
time period. The velocity of money can only vary if individuals hoard
it or save it. It is relatively easy to model time lags in payments/which
are either strategic or nonstrategic which would immediately create a "float'

and introduce the timing of payments as a factor influencing velocity.
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But this appears to have little more significance than does the hoarding

of inventories or lags in physical good distribution. 1In a hyperinflation
the gpeed at which an individual can run to the bank may be of some interest,
but almost always other financial factors appear to be of more importance

than velocity regarded as a strategic variable,

12.2. Rules, Institutions and Laws

The financial system including money, other financial instruments
and ingtitutions must be viewed holistically. Money is not defined without
giving all of the rules for its operation in a financial process.

In our attempt to define process we are forced to define rules which
amount to inventing institutions and laws. As most of these rules are for
the guidance of the system In a disequilibrium state it is not surprising

that most of them apparently disappear at a stationary equilibrium.

12.3. The Key Solution Concept Restated

Any solution concept to be adequate for the development of a theory
of money and financial institutions must be defined for
(1) Nonsymmetric information conditions
and (2) few as well as many traders.
Furthermore the models to which the solution concept is applied must be

defined for all states of the system--not merely for the equilibrium states

and local neighborhoods around them.

The noncooperative equilibrium has these properties and gives the
competitive equilibrium results as a special case.

The noncooperative equilibrium however can be regarded as a special

case of a broader scheme of behavioral mechanisms.
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12.4, The Central Role of Information and Communication

Information clearly plays a central role. The institutions forming
the financial infrastructure of a socliety may be viewed as information
processing and communicating control devices., The approach adopted here
is not yet sufficiently advanced to be able to handle many of the subtle
features of communication but at least for a noncooperative game with an
economic structure a way to evaluate the worth of information with respect
to a solution concept is by having a solution concept defined for all in-
formation states and performing a sensitivity analysis with respect to
changes in information. An example of this approach where more information

had negative worth was given in the insurance models in Section 11.1.

12,5, On Mathematical Institutional Economicsg

The right mathematical model of economic process will call for the
invention of the rudimentary institutions (such as banks, insurance com-
panies and markets) to carry and control the processes. The differences
among institutions the world over may depend upon detailed variables and
special conditions not touched upon in the mathematical simplification.
Nevertheless a mathematical institutional economics must be able to portray
the essential features of institutions which exist or need to exist without
an immediate need to proceed to great detail.

A mathematical institutional economics must be in harmony with an
institutional economics in the sense that 1t should be relatively easy to
reconcile the role of any actual institution with the theory. The added
detail and special variables should be easy to spot and if need be incor-

porate in the theoretical framework.
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A mathematical institutional economics should be in harmony with
mathematical economics. A key test here is whether or nmot it gives the
same results to well understood problems and gives more results else-

where.
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