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A NOTE ON THE SHAPE OF THE PARETO OPTIMAL SURFACE®

by

G. Bradley and M. Shubik

1. The Problem

Given n individuals each of which has a complete preference ordering
over k outzomss, We may represent the preference ordering of any individual
on autility scale. Thus any one of the k outcomes can be represented as
a point in an n dimensicnal Euclidean space.

As we only postulate an ordering over the outcomes many utility
scales will reflect the praference siructure. Any scale that can be de-
rived from any other by an order preserving transformation will serve.
Thus for example if: & >b > ¢ >d then a scale which assigns values
4, 3, 2, 1 or another scale which assigns values 4, .003, .0003, .0001
will serve equally well.

Given the freedom in selecting scales 1is it possgible to select them

in such a manner that the k points lie on a hyperplane?

2. Motivation

In the various theories of soclal choice such voting, the economic

theory ¢of market exchange, btargaining; fair division procedures and various

*The research was supported by the Office of Naval Research. The research
was also partially supported by a grant from the Ford Foundation. The
research was also partially supported by a National Science Foundation
grant GP-32158X.



game theoretic solution theories, the solution suggested usually depends

upon one of three sets of assumptioms. They are (1) assumptions concerning

the structure of the outcomes and the relationship between the outcome struc-
ture and the preference structure of the individual; {2) assumptions concerning
a preference structure given in abstracto with no particular connection to

or assumptions made about the structure of the outcomes; and (3) assumptions
concerning the utility of the outcomes to each individual with little stress
given to the structure of the outcomes.

Examples of solutions pertaining to each of the three types of assump-
tions are given. The fair divigion procedure to decide how to divide a
homogeneous cake between two individuals exemplifies (1), Omne individual
cuts and the other chooses. The presumption is that the cake is divisible
and homogeneous and (usually) that less cake is not preferred to more.

The economic model of exchange in a market with prices provides another
example of (1). The existence of a price system depends upon the shape of
the preference contours over different bundles of commodities.

The Arrow1 discuésion of voting and preferences provides an example
of (2). No particular properties of the outcomes are specified.

The Harsany12 and other value solutions? the bargaining set4 and the
core5 are usually defined for situations in which utility functions for
individuals can be specified up to a linear transformation. Thus the solu-
tions congidered are composed of an imputation or set of Imputations in the
n-dimensional utility space. The details and physical aspects of the out-

comes giving rise to the imputations in the solution need not be considered.



How much structure is imposed on the shape of the Pareto optimal
surface in the utility space as we make assumptions about the structure of
the outcomes and about the structure of Iindividual preferences over these
outcomes?

This note examines part of this question for the case where no struc-
ture or description of the outcomes is given beyond obgerving that there

are k outcomes.

3. A Planar Pareto Optimal Surface

Although our concern 1s with any number n of people and k out-
comes we commence with the case for n =3 .

For 3 people and k outcomes with a complete preference ordering
for each person, what is the gsmallest value of k such that there exists
an ordering for which there is no way to assign nonnegative utilities that

sum to one for each outcome that isg congistent with the preference orderings.

Notation: Let ui be the utility of the jth person for outcome 1
j=1,2,3 and i =1, 2, ..., k . Assume that the ordering for person
1is (1, 2, ..., k) where 1 is mogt preferred and k 1is least preferred.
The orderings for persons 2 and 3 are (m(l), m(2), ..., m{(k)) and

(n(l), n{2),...., n(k)) respectively. For a given ordering, utilities

are sought such that:



(1) ui>u;>...>ui
ui(l) > ui(z) - . ui(k)
ui(l) > ui(z) D e > ui(k)
ui + ui + ug =1
uy + ui + ui =1
u;'_>_0, i=1,2,3 and j=1,2, ..., k .

The problem is to find the minimum %k for which there exists an ordering

such that (1) has no solution.

Assumption 1: If each person prefers outcome i to outcome j , then

it is not possible to find utilities that satisfy (1). Therefore, we will
agsume that no outcome is preferred to another outcome by all persons.
This condition implies that for every pair of outcomes i, j =--at least
one person prefers i to j and at least one person prefers j to i .
The question of whether utilities exigt that satisfy condition (1)

for a given ordering can be resolved by solving a linear programming problem.



(2) max ¢t
s/t uiZu; +t
1.1
u22u3 + t
1 1
Y1 2 W T
2 2
Um(l) 2 %me2) ¥ ¢
2 2
Um(k-1) = Ym(x) T C
3 3
un(l) > un(2) + t
3 3
“n(k-1) 2 “a(k) Tt
2
uy + uy + u; = 1
-~ 2 . 3
Yoty =1
uJ?>o, 1=1,2,3 and j=1, 2, ..., k .

The optimal solution to this linear program is a solutiom to (1) if t >0
and there is no solution to (1) if the optimal solution hags t = 0 . The
linear program has a feasible solution (ui = 1/3 for all 1,j and t = 0) 5
the optimal solution is bounded above by 1, thus (2) always has an optimal
solution. Since the coefficients of (2) are all integer, a well-known re-

sult of linear programming gives:



Lemma 1: If there is a solution to (1), then there is a rational solution.

Lemma 2: Assume that for every possible ordering with k-1 outcomes satis-

fying assumption 1 there is a solution to (1). For any ordering with k
outcomes such that one outcome is most preferred by at . least one person

and is least preferred by at least one person, there is a solution to (1).

Proof: Without loss of generality, assume outcome 1 ig most preferred by

person 1 and least preferred by person 2. Remove outcome 1 from the orderings,

then by the hypothesis there exists a solution to (1) for outcomes 2, 3,

denoted by ;? . Set dr =2 and ﬁ% _— , 1=2,3, ..., k. Set

2 2 2 ' ’ :
ﬁl =0 and ﬁj =y +1, j=2,3,. ..., k. For the third person, one

of these possible cases occurs:

A. If outcome 1 ig the most preferred set ﬁi =2 and i, = E? ,
j=2, 3, ooy kc
A3 A3 _3
B. If outcome 1 is least preferred set uy = 0 and uj = uj +1,
j=2,3, ..., k.
C. If 1= n(p) set 63 = [_.3 + ;3 1/2 and set
s ? 1 n(p+l) = “n(p-1)
ﬁj=uj, j=2,3,.¢n,kn

The sum of utility for outcomes 2, 3, ..., k are equal; denote the sum

by t . Let s denote the sum for outcome 1. If g =t , dividing each

ﬁ? by t gives a rational solution to (1). If t >s add t-s to ai ,
dividing each ﬁ; by t gives a rational seolution to (1), If t < g add

A2 i
s-t to each uj y j=2, 3, ..., k, dividing by each u? by s gives

a rational selution to (1). Q.E.D.

"2

k



Lemma 3: For any ordering with 2 outcomes that satisfies assumption 1, there

is a solution to (1).

Proof: Allowing a renumbering of the outcomes and persons, there is only

one case to congilder.

3 1

1 2 2
Then u, =u u, = 1, u, =u, =u

1 1" 1/2 ,

= 0 satisfies (1). Q.E.D,

Lemma 4: For any ordering with 5 or fewer outcomes that satisfies assump-

tion 1, there is a sclution to (1).

Proof: Each person has a most preferred and least preferred outcome. Since
there are 5 or fewer outcomes, among these 6 numbers must be at least one
outcome appearing twice. Assume this is outcome 1. OQutcome 1 must be

most preferred by some person and least preferred by another person in

order to satigfy assumption 1 (if outcome 1 was most preferred by twc persons
and the third person preferred outcome 1 to outcome j then assumption 1
would be viclated; sgimilarly if ocutcome 1 was least preferred by two people).
Now for k =3 , Lemmas 2 and 3 imply the result for k = 3 ; this resgult
implies the result for k = 4 and this latter result implies the result

for k=5, Q.E.D.



Lemma S: For 6 outcomes, there is an ordering satisfying assumption 1 for

which there is no solution to (1).
Proof: Assume the following is a solution to (1)

> u1 > u1

1 1 1 1
u. > u, > u3 > u4 5 6

1 2

Sum the 9 gtrict inequalities that involve an outcome with an odd number
being preferred to an outcome with an even number, this yields:
1 2 3 1 2 3 1 2 3
uy + U, + u5 + u3 - u5 + vy + u5 + u1 + Uuq >

2 3 1 2 3
+ u, +u, +u 4 + u2 .

+ uz + u3 2 6 6

u2 6 4 + u

1
4 + u

This can be simplified to 3 >3 which is a contradiction. Thus, there

is no golution to (1) for this ordering. Q.E.D.

Lemmas 4 and 5 completely resolve the case n =3 . It is
also possible to answer the question for problems with a different number

of persons where problem (1) is extended in an obvious manner.

Lemma 6: For two persons, any positive number of outcomes and any ordering

that satisfies assumption 1, there is a solution to (1).
Proof: The only ordering satisfying assumption 1 is:

1>2 >...>k

k>k-1>.,.,>1.



A solution satisfying (1) is u? = (k-j+1)/(k+1) and u? = j/(k+l) ,

i=1 2, ..., k. Q.E.D.

Lemma 7. For n > 2 persons, 2 outcomes and any ordering satisfying assump-

tion 1, there is a solution to (1).

Proof: The first k persons 1 <k <n have ordering 1 > 2 and the

remainder have 2 > 1 . A solution to (1) is ui = 1/k and u%

i=1, 2, .., k, u% = 1/n=k and ui =0, j=kt, ..., n. Q.E.D.

:0’

Lemma 8: For n > 2 persons, 3 outcomes and any ordering satisfying assump-

tion 1, there is a solution to (1).

Proof: Person 1 has ordering 1 >2 >3 . If there exists a person with
outcome 1 the least preferred outcome, then an obvious generalization of the
procof of Lemma 1 together with lLemma 7 gives the result. If no person hasg
outcome 1 as the leagt preferred outcome, then in order for assumption

1 to be met there must be a person with 2 > 1 >3 and another person

with 3 > 1> 2 . The above argument is repeated with outcome 3 replacing

outcome 1, Q.E.D.

Lemma 9: For n > 4 persons and 4 outcomes, there is an ordering satisfying

assumption 1 for which there is no solution to (1).
Proof: The first 4 persons have orderings

1>2>3>4
1>4>3>2
3I>2>1>4

3>4>1>2
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which satisfy assumption 1 and each cf the remaining n~4 persons has one
of the above orderings. Summing the 2n inequalities with an odd numbered
outcome preferred to an even numbersd good contradicts the existence of a

solution to (1). Q.E.D.

Summary: For n > 2 persons, the smallegt number of outcomeg k for which
there exists an ordering satisfying assumption 1 for which there is no solu-

tion to (1) is given by:

n|2 3 4 5 6 o o .

k'cn 6 4 4 4 . .

Further Problems
Given n individuals and k outcomes there are in total (kE)“
preference states for the society of n individuals. What fractiom of
these could have arisen from trading economies with indivisible goods?
A trading economy with n individuals trading in m goods where
for any good 1 there are bi units, will have a preference structure
for each individual that can be described by a modified lattice. An ex-

ample to illustrate this iz givenby n =2, m =2, bl =2, b2 =2,

Agsumption 2: The preferences of an individual depend only upon the commo-

dities he obtains, not on the holdings of others.

Agsumption 3: An individual does not prefer less to mere., Figure 1 shows
the preference structure among the 9 outcomes that exist in this 2 person

2 goods 2 units of each good trading economy.



11

(2,2)

(2,0) (0,2)

(0,0)
FIGURE 1
Assumption 4: Diminishing rate of substitution between goods.

This is the assumption of strict convexity in "level sets' or in-
difference curves, In the example in Figure 1 it would require that (1,1)
be preferred to (2,0) or (0,2).

It is easy to see that only an extremely small fraction of preference
states can arise from trading economies.

For preference states that arise from trading economies (that is,
satisfy Assumptions 2, 3, and 4) with n persons what is the smallest
number of goods k so it is possible to obtain a Pareto Optimal set that
does not satisfy (1)? By Lemma 6, for 2 people there is no k . For ome
good every preference ordering yields a Pareto Optimal set that satisfies

(1). Two examples show that for n persons (n > 3) k is 2.



Example 1: For 3 persons in a trading economy with 24 units each of two
goods, consider the following 6 outcomes where x,y is the amount of good

1 and good 2.

Person 1 Person 2 Person 3

OQutcome 1 18, 0 6, 0 0, 24
2 0, 15 4, 9 20, 0

3 9, 5 15, 4 0, 15
4 0, 11 0, & 24, 9

5 g, 0 14, O 2, 24
6 0, 6 0, 18 24, 0

If persons 1, 2, 3 determine their preferences for the outcomes using func-
tions x+y , =ty , 2x + 3y respectively, then the resulting preferences

are the same as in the proof of Lemma 5. Thus there is no solution to (1).

Example 2: For 4 persons in a trading economy with 10 units each of two

goods, consider the following 4 outcomes.

Person 1 Person 2 Person 3 Person 4
Outcome 1 6, 0 0, 6 4, O 0, 4
2 0, 5 4, 0 2, 5 4, 0
3 4, 0 0, 4 6, 0 0, 6
4 0, 4 5, 0 0, 4 5, 2

1f persons 1, 2, 3, 4 determine their preferences using functions 6x + 5y ,

S5x + 6y , 2x+y , x + 2y respectively, then the resulting preferences

are the same as in the proof of Lemma 9. For = > 4 , use the same outcomes
for persons 1, 2, 3 and give each of the others 1/(n-3) times the outcomes

for persomn 4.
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