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THE CORES OF LARGE STANDARD EXCHANGE ECONCMIES¥

by

Donald J. Brown™* and Abraham Robinson***

I. Introduction

An exchange economy consists of a set of traders each of whom is
characterized by an initial endowment and a preference relation. Inm
addition, one usually assumes that the set of traders is finite. Edge-
worth's conjecture that as the number of traders in an exchange economy
increases, the core approaches the set of competitive equilibria has been
formalized in two disparate ways by mathematical economists,

One approach has been to talk about a sequence of economies growing
without bound and to look at the relationship between the core and the set
of competitive equilibria for very large economies. This was the method
of Debreu-Scarf [5].

The other approach has been to consider an exchange economy having
an infinite number of tfadera, to define the notions of core and competi-
tive equilibrium in this econcmy, and to show the equivalence between these
two concepts. Aumann's work on continucus economies [2] has been of this

nature.
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We are happy to acknowledge several very helpful discussions with Herbert
E., Scarf,
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Here we report the results obtained by a new method for the resolu-
tion of Edgeworth's conjecture, based on nonstandard analysis, which syn-
thesizes the asymptotic method of Debreu-Scarf and the infinite method of Aumanm.
We have shown in [3] that within nonstandard analysis the concept of the
core and competitive equilibrium are the same. As a consequence of this
theorem we have derived a number of asymptotic results concerned with in-
finite families of standard (finite) exchange economies.

In Section Il we give a brief introduction to the essentials of non-
standard analysis; in Section III we describe the economic model and state
our theorem concerning Edgeworth’s conjecture; in Section IV, we give an

asymptotic result or limit theorem for the cores of large standard economies.

II. Nonstandard Analysis

Let R be the system of real numbers. Any statement about R (in-
volving individuals, subsets of R, functions on R, relations on R,
sets of relations on R, etc.) can be expressed in a formal language which
includes: names for all these entities; connectives: "} , A , V |
==> ; variables for entities of different types; quantifiers 3 and VY
over different types of variables,

Let K be the set of all statements in this formalized language
which are true for R . Then it can be shown that there exists: a proper
extension, *R , of R ; a designated subset of the set of all subsets

*R to

of *R ; a designated subset of the set of all functions from
*R ; a designated subset of the set of all relations on *R ; etc., such

that the following holds. Every statement which is true in R remains



true in R provided we reinterpret the existential quantifiers which occur
in that statement as follows: ‘''there exists" & set shall mean "there exists"
an internal set, “there exists" a family of relations, shall mean "there
exists" an internal family of relations, similarly for all other types of

entities. Here internal means an element of the appropriate designated sets

of entities., (Note that this qualification does not apply to individuals.)

We shall call: the elements of *R, real numbers; the elements

of R, standard real numbers; and the elements of *R which do not belong

to R, nonstandard real numbers. As a proper extension of R , *R  must

be a nonarchimedean field;, that is, it contains numbers whose absolute values
are greater than all standard real numbers, which will be called infinite
numbers. All other numbers will be called finite., The reciprocals of

infinite numbers together with zero are said to be infinitesimals or infinitely

small numbers., Every finite number, =x , 1is infinitely close to a unique

standard real number, %% s which is called the standard part of x . The

monad of a mumber, y{x) , is the set of all numbers which are infinitely
close to x .

*R also contains a set of numbers, denoted as *N , which has the
same properties as N (the set of natural numbers) in the sense that any
gtatement true about N is true about *N when reinterpreted in terms of
internal entities, *N is a proper extension of N . We shall call: the

elements of *N ; mnatural numbers; the elements of N, finite natural

numbers; and the elements of *N which do not belong to N, infinite

natural numbers, An internal set which has n elements, where g ¢ *N,

is said to be starfinite.



A structure *R of the required kind may be constructed as an ultra-
power of R over the natural numbers. That is to say *R consists of
all sequences of real numbers; equality between such sequences as well as
any other kind of relation is defined with respect to a free ultra-
filter in the Boolean algebra 6)(N) , the power set of the natural numbers,
Similarly internal sets, internal relations, etc., can be identified with
sequences of sets, relations, etc, again reduced with respect to the ultra-
filter. Compare references (6], [7]1, [8].

We shall not use the construction just mentionmed, but we assume that
the following particular property of the *R just constructed is satisfied.
Let f be a function with domain N whose range values are numbers (internal
sets of numbers) of *R . Then there exists an internal sequence of numbers

*R , such that the values of the sequence

(internal sets of numbers) of
agree with the values of f on all finite j . That is, 1f f : N = *® 5
then there exists an internal g : *N = *R such that for all j ¢ N,

g{j) = £(3) .

*Rn is the n-fold cartesian produce of *R and *Qn {8 the posi-

*Rn . Let x » y be vectors in *Rn » The monad of x ;

tive orthant of
uéi) is the set of points whose distance from x i3 an infinitesimal,
If ; € u,(;)) s we shall write ;':i ; s x > ; means X, > Y3 for all
i x> ;ﬂ means x, > ¥ for all

i and x, > ¥y for some i ; X >>,;' means X, > v for all 1 ,

X>7 means that X 2y or X~ ¥ o ;iy means that x, 18 greater

than vy by a finite amount for all i .



TII. Economic Model and Edgeworth's Conjecture.

Let T be an initial segment of *N, where |T| , the number
of elements in T, 18 » sSome infinite natural number. That is,
Tef{l, 2, ..., n} and m ¢ *N -N. T is to be interpreted as the set
of traders in the economy. If S 1s any internal subset of T, then
[s| will denote the number of elements in S .

A nonstandard exchange ecomomy, 8 , consists of a pair ef functions

I and P, where I : T = *Qn and P : T - *Qn x *Qn . Denoting the
functions I and P respectively as [Etl'“ and {>t?'“
t=1 tel

£ <x ¥ , > >. % 1s the initial endowment of the t'° trader
el =l ¢

s <I(t), >t> =

and > is his preference relation over *Qn ; the space of commodities.
The nonstandard exchange economies which we will consider are asaumed to
have the following properties:

(i) The function indexing the initial endowments, I(t) , is internal,

(ii) 1I(t) is standardly bounded, i.e. there exists a standard vector

;0 such that for all t , 1I(t) _<_;:-0 .
i m -

(iii) =¥ I(t) i 0.
w1

(iv) The relation, Q, where @ = {<t, >t>|t eT, > ¢ *Qn % *Qn?
is internal. For all ¢t ,
() > is irreflexive, i.e., if ;>t y then x #y
(B) If x>y then ;>t;
() 1f ;é y and x >e j-r then there exists a standard § > 0
such that if z & S(;,.s) , open ball with center x and

radius § , then z > ; .



Equivalently, if x4y and §>t Y and z ¢ u(x) then T£>t ¥y . It
is shown in [3] that these assumptions are consistent.

An agsignment Y is an internal function Y¥(t) from T , the set
of traders, into *nn .

An allocation or final allocation is a standardly bounded assignment

‘ H o
Y(t) from the set of traders, T , into *Qn such that 1 T Y(t) ~ 1 I .
' D =l T pe]

(iv) implies that for all internal X, Y ¢ *Q: s Wwhere T 1is the
set of traders, that

(v) {e]x(e) >, ¥(t)] is an internal set of traders.

A coalition, S8, 1is defined as an internal set of traders, It is
said to be negligible if [S[/m ~ 0 . Note that if S is negligible then

for all allocations X(t) , = % X(t) ~ 0 .
" teS

A coalition, S, 1is feasible with respect to an allocation Y if

2 |-

T V() w2 ¥ ICE)
teS o teS

An allocation Y dominates an allocation X via a coalition § if
.8 1is feasible with respect te Y and if for all t ¢ S, X(t) 4 Y(t)

- and Y(t) > x({t) .

The core is defined as the set of all allocations X which are not

dominated by any allocation Y via any non-negligible coalition.

A price vector, E s 18 finite nonstandard vector in *(}n such
that ; i 0.
The tth trader budget set, Bf(t) s 1is {§ € *Qn[';o; < *ﬁoI(t)'? o

; is said to be maximal in B.ﬁ(t) if 5 e B'ﬁ(t) and there does



not exist an x ¢ Bﬁ(t) such that ;:‘é ; and x > ; o

A competitive equilibrium is defined as a pair <p,X>, where p

is a price vector and X an allocation such that X(t) is maximal in
Bﬁ(t) for almost all the traders. That is, if K = {t|X(t) 1s maximal

in B;(t)'t then |K|/y~ 1.

Theorem 1. If C 1s a nonstandard exchange economy satisfying the above
assumptions, then an allocation X 18 in the core of & 4if and only if
there exists a price vector, p, such that <p,X> i a competitive equi-
librium of 8 o

The proof of this theorem is given in [3].

IV. Limit Theorem
A standard exchange economy € of size m consiste of m traders,
" where m is a standard natural number, whose initial endowments and pre-
ferences are restricted to the standard commodity space 0, « is the
positive orthant of Rn s the n=-fold cartesian product ¢f R . Let
= <g(t), >=t> where for all ¢, 3I(t) ¢ a, and > e, ¥Q , te 8
will refer to the tth traders endowment and preference relation.

A competitive equilibrium for g is a pair <-1;, > such that:

m m
PeQ, 5 TX(£)= ¥ I(t); for each t, X(t) ¢ Q, #nd p-X(t) < peX(t)
te=i tal

there does not exist a ; P nn where ;;5 EoI(t) and ;; > X(c) . P

is called a price vector and X{t) a competitive allocation.

X(t) 1is an allocation if for each t , X(t) ¢ q, and



m m
® X(t) = ¥ I(t) . An allocation X(t) is blocked by an allocation Z{t)
tml t=1

if there exists a coalition of traders, S , such that ¥ zZ{t) = ¥ I(t)
teS teS

and for all t e S, 2(t) > ¥(t) . The core of 8 is the set of unblocked
allocations.

Let ,H, = & i.? 9 be an unbounded family of standard exchange economies,
ie¢

i.e. for each k ¢ N, there exists i ¢ such that |Ei[ , the number
of traders in the ith economy, is greater than k . Suppose /H gatisfies
the following conditions:
(1) The initial endowments of the traders in /H are uniformly bounded
from above.
(2) The initial endowments of the traders in /qd are uniformly bounded
away from zero in each commodity.

LI

(3) Each trader's preference relation is "irreflexive, " "continuous, "

and “strongly monotonic.” > 1s irreflexive if for all x ¢ Q, s

x ;lt X . > is continuous if for all ;, Ve Q, the sets

{z ¢ nnl;- > x} and {z ¢ in§ >, 2} are ogen sets in R .

> is strengly monotonic if x> ; implies that x > ; °

(4) The family of all trader's preference relations in ‘% ig equi-

continuous on Qn .
A family, \3" , of preference relations is said to be equicontinuous
on o if (Ve >00ds > 07 eF)Mry T, 6 QIUIX, - Vel 2en x> v,
> (Vv e s&t; 8))w > ‘?tﬂ . An example of such a family i the set of
preference relations > defined by a family of equicontinuous utility

functions, where X > ¥y 1if and only if £(x) > £(¥) .



Given a standard exchange economy E = <[(t), >t> , @&n allocation
X(t) for Ei s and a price vector E in Qn ; we define the following

sets for each positive real number §
BP0 = £ e&[PX(E) - P-1(t) 2 8)

FpX) = [t £ ¢ )BT S PI) A Y >, X&) A [T - X(e}| > 8)

Py o P P
GS(X) Ej(X)UFﬁ(X)

Theorem 2. Suppose ,8 is an unbounded family of standard exchange economies
satisfying the assumptions stated above. Then for every 8§ > 0, there
exists an m ¢ N such that for all economies, E , in /8 and for all
allocations X({t) . 1If ]E| >m and X(t) is in the core of g ; then
there exists a price vector p, such that [G;l;(x)lila <§ .

In order to prove Theorem 2, we need only note that the definition
of the core in a standard exchange economy can also be applied toc a non-
standard exchange economy. We shall call this the Q«core (quasi standard
core). Suppose E' =<I(t), >'t:> is & nonstandard exchange economy sa-
tisfying all the assumptions of Section IIT. Let ¢ = Y ¢ *QEIY be a

standardly bounded assigmment and ¥ Y(t) < T I{t)} . If Z, Y ¢ o,
teT teT

then Zz Q-blocks Y via a cealition ST if ¥ z{t) = ¥ I{t) and
teS tes

if for all t ¢ 8, Z(t) > Y(t) . If Yeeow and Y is not Q-blocked

by any Z ¢ ¢ , then Y 18 said to be in the Q-core.

Lemma: If (33 i 0)(Vl: € T)(Vj) Ij(t) > & . Then the Q-core of E '

is contained in the core of E .
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Proof: Suppose X 18 in the Q-core of &' and not in the core of &' .

Then there exists a coalition S and an allocation Y such that for all

teS, Y(t)£X() and Y(t) >, X(t) also = % Y(t) m= 3 I(t),
® teS W teS
IS|/e £ 0 . 1f 1 T Y(t) < L T I(t) , then T Y(t)< ¥ I(t) . Hence
W tes ® tes teS teS

Y(t);. teS

the assigment Z(t) = I(t) , otherwise

is in o and 2z Q-blocks X,

which contradicts the assumption that X is in the Q-core of E" - So

suppose for some j that 1 T Yj(t) > L iN Ij(t) - By asgsumption there
m teS b teS

exists a § i 0 such that L b Ij(t) >-L§-I- 4 . Hence 1 M Yj(t) 3 0.
W teS o b teS

Let B = {t e SIYj(t) > %‘f for all n ¢ N, then B, 1is internal for

all n¢N and B CB ., . Suppose for all ne¢ N, |[B [/y~ 0. Then

%

3u ¢ N =N such that 'Bv”m ~ 0 . This implies that 1 b Yj(t) =

o teS

1 J%Lﬁ 0 . This is true

1 j j 1

Yie) <
w th/Bv

< fr

z
teS
v ¢ IB\:

since allocations are standardly bounded. Therefore we have the contradic-

tion that 0 . L bN Yj (t) i 0 . Consequently there existe n ¢ N such
teS

that ]Bnllwi 0. Let a=|B|, 7 =1 ryieey -3 ¢ 1ty , and

" teS o teS
for all ¢t ¢ Bn ) € ™ w7/ . Note that 7 is a positive infinitesimal.
Yj(t) - e, for t ¢ B

n

We now define Zj(t) = for i # 3j let

Yj(t:) for t ¢ S/Bn
zi(t) - Yi(t) for all t ¢ S . Finally let 2z2(t) = I{t) for t ¢ T/S .

Now [Bn! M z 0 implies that /e is finite, hence w wyfot i8 infini-

e
[
tesimal, Therefore for all t ¢ 8, Z{t) ~ Y(t) . Then by the continuity
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of the preference relatioms, 2z(t) >e X(t) for all t ¢S . But Zgg,

since ;1,- zzj(t) =l T zj(t:)+l T zj(t) . EYj(t) - 7=l SjIj(t),

teS w tcBn 0 teSan " teS @ teS
i.e, b Zj(t) = 7 Ij(t) + If there is more than one j for which
teS teS
i h| 1 ] )
; T Y (t) >'-;’- v I°(t) , repeat the same construction.

teS teS
Therefore we have demonstrated the existence of a Z ¢ ¢ which Q-blocks

X , contradicting the assumption that X ¢ Q-core of &' . Hence if X
is in the Q-core of g , then X 1is the core of &' .

The proof of Theerem 2 foilows immediately. Suppose the theorem i8
faise, then (38 > 0)(/m ¢ N)AE cb)(—:{x){ €] >m A X(t) ¢ Q-Core®)
/o e nn)lcg(nil[&[ > 8} . Hence by transfer the following Sentence is a
true statement about */H sy the nonstandard extension of )d s for some
positive real number & : (Vm ¢ *N)GE ¢ %)&X)[Ia >m A X(t) ¢ Q-Core&)
A NP e Qn)IG:(X)IIIEI >8Y . Pick @ ¢ *N - N, then there exists an
X in the Q-core of a nonstandard exchange economy g which is not a
competitive equilibrium in 85 . But by the lemma the Q-core is contained
in the core and by Theorem 1 every core allocation is a competitive allo-
cation. Hence we have a contradiction, and the proof of Theorem 2 is com-
plete, Note that the assumptions on /%i s the unbounded family of standard
exchange economies, are sufficient to guarantee that all of the nonstandard
exchange economies in *fj satisfy the conditions of Theorem 1.

We would like to note that although Theorem 2 is a consequence of
Theorem 1, it is not "equivalent" to Theorem 1. A less intuitive

result in terms of sequences of economies which is "equivalent" to Theorem 1



is given in [3].
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An excellent discussion of the published literature pertaining to

Edgeworth's conjecture is given in [1].

this problem may be found in [5].

Edgeworth's original analysis of



f1}

f2]

[3]

(4]

[5]

(6]

(7]

[8]
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