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NONSTANDARD EXCHANGE ECONOMIES

by

Donald J. Brown®™ and Abraham Robinson™*

I. Introduction

An exchange economy consists of a set of traders each of whom is
characterized by an initial endowment and a preference relaticn. In addi-
tion, one usually assumes that the set of traders is finite. But in order
to state theorems precisely concerning the asymptotic or limiting proper-
ties of the core--such theorems will be called limit theorems--economies
have been studied which have an infinite number of traders., For instance
there are the denumerable economies of Debreu-Scarf { 3] and the nonde~
numerable economies of Aumann [ 1].

The concepts of interest, here the core and competitive equilibrium,
can be defined even in infinite economies. Hence one has the option of
taking an imprecise statement about the core, such as Edgeworth's conjec=
ture that "the core approaches the set of competitive allocations as the
number of traders increases" and translating it into a theorem, T’ , about

the core of an infinite economy or expressing it as a limit theorem, T,

about the cores of large but finite economies.

*Cowles Foundation for Research in Economics at Yale University.
**Mathematics Department, Yale University.

This research was supported in part by the National Science Foundation
{GP18728) andthe Office of Naval Research.



0f course, these two approaches need not be incompatible in that
one might be able to define a limiting process such that a statement T
about the asymptotic behavior of a family of large but finite economies
is reflected in a statement T' about a certain infinite economy, in the
sense that T 1is true if and only if T' 1is true. 1In this context
Edgeworth's conjecture gives rise to two theorems, T and T'.

Although as economists we are primarily interested in the truth of
T, we shall establish T by proving T' and by showing that T {is a
consequence of a general metamathematical argument. Because of this argu-
ment, it is not surprising that an area of mathematical logic, model
theory, provided an appropriate framework for defining the limiting pro-
cess described above,

The fundamental result that we will need from model theory is the exis-
tence of & particular kind of extension of the real numbers, R, called the non-
standard numbers and demoted *R . *R has all the formal properties of
R 1in that any mathematical property of R which can be described in some
given language, such as the first order predicate calculus, can be trans-
lated into a mathematical property of *R . Moreover the sentence, ¢ ,
expressing the fact that this property holds for R 1is true if and only

if its interpretation in *

R, *p, is & true sentence about *R . In
addition, *R contains nonzero infinitesimals, i.,e. nonzero numbers whose
absolute value is less than any positive real number, and infinite integers,

i.e. integers which are greater than every real integer; more particularly

it is shown in [ 7] that every sequence {an]° can be extended to a non-
n=1



standard sequence [an]°° » WwWhere n now ranges over all the natural
n=1

numbers and infinite integers, and that a  converges to a in the stan-
dard §, ¢ sense if and only if for every infinite integer =, a -a
is an infinitesimal.

It is the existence of infinitesimals and infinite integers that
permits us to formulate precisely the notion of perfect competition, the
economic concept which underlies the Edgeworth conjecture.

The operational definition of perfect competition is that the actions
of any finite set of traders in terms of their willingness to buy or sell
at the competitive prices should have a negligible effect on these prices.
Clearly this cannot be the case for any finite economy, but perfect compe-
tition is a meaningful concept for an economy having 4 traders, where
w 1Ls an infinite integer, and where the endowment for each trader relative
to that of the whole economy is an infinitesimal,

After defining a nonstandard exchange economy and the notions of
the core and competitive equilibrium in such an economy, we will prove

that Edgeworth's conjecture is true in the following sense:

Theorem (1). If E is a nonstandard exchange eceonomy, then the allocation
X 1is in the core of < if and only if there exists a price vector, ‘B R

such that <ﬁﬁ X> is a competitive equilibrium,

We then define competitive equilibrium and core allocations for a
family of large but finite exchange economies,;ij . Allocations, price

vectors, and preference relations for_zj consist of sequences of allo-



cations, price vectors, and preference relations belonging to the economies
which make up.}j .

We then show that:

Theorem (2). The allocation X is in the core of /£j if and only if there

exists a price vector, p, such that <E; X> 1is a competitive equilibrium

for /&j .

Theorem (1) and Theorem (2) correspond to T' , and T discussed
earlier. Theorem (2) i3 ancother formulation of Edgeworth's conjecture,
but in terms of the relationship between core allocations and equilibria

of large but finite economies.

JI. Definitions and Assumptions

The basic mathematical notions that we will need will come from an
area of model theory which is termed nonstandard analysis. An informal
introduction to these ideas follows. The interested reader may consult
[6], [7) and [8] for details,

Tet R be the field of real numbers. We consider the properties
of R in a higher-order language L, which includes symbols for all
individuals (that is, numbers) of R , all subsets of R, all relations
of two, three, ..., variables between individuals of R, 2all functions

from individuals to individuals of R, &and, more generally, all relations



and functions of finite type (for example, functions from sets of numbers

into relations between numbers) that can be defined beginning with the numbers
of R . Let K be the set of all sentences formulated in L which hold

(are true) in R then there exists a structure *R with the following

properties.

II.1. *R 4is a model of K "in Henkin's sense.'" That is all sentences
of K hold in *R, provided, however, that we interpret all quantifiers
other than those referring to individuals in a nonstandard fashion, as
follows. Within the class of all entities of any given type other than

0 (the type of individuals) there is distinguished a certain subclass

of entities called internal, And, for such a type, the quantifiers "for

all x " and "there exists an x are to be interpreted as 'fer all

internal x ", '"there exists an internal x "

(of the given type).
R can be injected,into*R » and so *R may, and will, be regarded as an

extension of R .

II.2. Every concurrent binary relation S(x;y) in R possesses a bound
in *r .,

The relation S(x,y) , of any type is called concurrent if for any
a;,, «»vp @8, M > 1, for which there exists bl’ sy bn such that
S(al, bl)’ ceny S(an, bn) hold in R, there alsc exists 8 b such that
S(aj, b), ..., S{a, b) hold in R . And the entity b_ in *R 1is called
a bound for S(x,y) if S(a, b ) holds in *R for every a for which there

exists a, b such that S5{a,b) holds in R .



I1.3. For any mapping f(y) from a set A (of any type) in R into the
extension *B of a set B in R » there exists an internal mapping o(y)
from *a 5 the extension of A, into *B which coincides with £(y)
on A .,

Any structure *R which satisfies IT.1, I1.2, and IT1.3 is called

& comprehensive enlargement of R . 1In particular *R can be constructed

as an ultrapower of R . (See [ 4] and [ 5] for the notions of an ultra=-
power.) It is shown in [ 7] that *R has the following properties:
(1) The set of individuals of *R is an ordered non-archimedean
%

field. In this paper we shall call all elements of *R

nonstandard numbers.

(ii) R, the real numbers, is a proper ordered subfield of the non-

standard numbers. Elements of R will be called standard numbers.

Observe that according to our present usage every standard number
is a nonstandard number.

(iii) There exist nonstandard numbers, in perticular nonstandard inte-
gers which are greater than every standard number. These numbers

are called infinite nonstandard numbers and infinite integers

respectively.

(iv) There exist numbers in *R which are in absolute value less
than any positive real number, in fact they, except zero, are
just the reciprocals of the infinite nonstandard numbers. These

numbers are called infinitesimals.




(v) The system of internal entities in *R has the following pro-
perty. If § 1is an internal set of relations, then all elements
of § are internal. More generally, if S is an internal n-ary
relation, n > 1 and the n-tuple (Sl, soay Sn) satisfies (be-

longs to) S then Sl’ 2oy Sn are internal.

A nonstandard number is said to be finite if in absolute value it is

less than some standard number, If r is a finite nonstandard number, then

there exists a unique standard number called the standard part of r ,

denoted by °r , such that r - °r is an infinitesimal. Hence there are

three kinds of nonstandard numbers: (i) the infinitesimals which in abso-
lute value are less than every standard number, (ii) the finite nonstandard
numbers which in absolute value are less than some standard number, and

(11i) the infinite nonstandard numbers which are greater than every standard
number. Note that according to this taxonomy every infinitesimal is a finite

nonstandard number.

We will denote the n~dimensional vector space over *R by *Rn .

*R_ .,

A commodity bundle x is a point in the nonnegative orthant *Qn of R

Let *p be the nonstandard extension of the Euclidean metric p , then

a set of points S(E,r) in *Rn will be called an S-ball if there exists

X ¢ *Rn and a positive standard number r such that S(x,r) = {y|*p(x,¥) < r}

1t is shown in [ 7] that the S-balls may serve as a basis for a topology in

*Rn . This topology will be called the §-topology.

The monad of WE ; u(;5 » 1s the set of points whose distance from

% is an infinitesimal., If ; € u(;) ; we shall write ;.: ; . x> Y,



x > ; , and x > ; will have their conventienal meanings. x> ;' means
that x is greater than ; or ; exceeds x by at most an infinitesimal
amount. E’i ; means that x is greater than ; by a finite amount.

The S-convex hull of a set B is defined as the set of all finite

standard convex combinations of elements of B, 1i.e., vectors of the form
- n

y = a1§1 + v + aﬁEﬁ where Ei ¢eB, o 2 o, 2;21 =1, the «
im

i
are standard numbers and n is a standard integer, B 18 defined as S~
convex if B contains its S~convex hull,

A nonstandard exchange economy is defined as a pair of indexed sets,

[;t1m and { 1}, 1™ where for all t, ;i P *Qn s Yoe *q x *Qn ,
t=1 1

and y is an infinite (nonstandard) integer. ;} is to be interpreted
as the initial endowment of the tCh trader and ]t his preference rela-
tion, The nonstandard exchange economies which we will consider are assumed
to have the following properties:

(1) The function indexing the initial endowments, 1I(t) , 18 in-

ternal.

(ii) I(t) is standardly bounded, i.e. there exists a standard vector

ro such that for all ¢ I I(t) < ro S
t L)

(iv) The relation, Q, where Q ={<t, 1 >[te T 1 & *, x *9“1
ie internal,

(@) ?t is irreflexive



(B) 1If ;2; then ;?t;
() 1f u,(;) N u(;) =9 and x 'lt ; then there exists a gtan-

dard 8§ > 0 such that if ;g 8(x,8) then z 1(: ¥y .

Equivalently, if «(X) N 4(y) = @ and x lt y and 2z ¢ 4(x) then z }'t y .

An assignment is an internal function from T, the set of traders, into *Qn .

An allocation or final allocation is a standardly bounded assignment
Y(t) from the set of traders, {1, 2, .,., w} , into *Qn such that
1 i1} 1 U]

- }:: Y(t) ﬂ - E I(t) °
® =1 W t=]

(iv) implies that for all internal ¥, Y,«;"“‘Q;]i, where T 1is the set of
traders, that

(v) {t|x(e) 1, Y(t)1 1is an internal set of traders.

A coalition, S, 1is defined as an internal set of traders, It is
said to be negligible if IS]/m ~ 0 . Note that if 8 is negligible then
for all allocations X(t) , 1 T X(t) ~ 0.

Y tes -
€
A coalition, § , 1s effective for an allocation Y 1if L T Y(t) ~
n tesS
1
= T I(t) .
® teS

An allocation Y dominates an allocation X via a coalition §
if for all t ¢ 8, X)) N p(Y(t)) =@ and Y(t) }t X(t) , and 8
is effective for Y .

The core is defined as the set of all allocations which are not do-
minated via any non-—negiigible coalition.

A price vector, F s, 1s a finite nonstandard vector such that Fi 0.
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The ¢ ctraders budget set, Bﬁ(t) , is f{x ¢ *in;l§h< p.I(E)Y .

; is said to be maximal in EE(t) if ; € Bﬁ(t) and there does not

exist an X ¢ Bp,(t) such that p(x) N u(y) = @ and x 1. ¥ .

A competitive equilibrium is defined as a pair <p, X>, where P

{s a price vector and X an allocation such that X(t) is maximal in
Bﬁ(t) for almost all the traders. That is, if K = {t[x(t) is maximal

in B.ﬁ(t)'} then ’K’/ru ~ 1.

II1. Theorems

We shall first demonstrate that our definition of a nonstandard
economy is consistent with the assumptions we wish to make concerning the
initial endowments and preferences of the traders.

let f be a continuvous function of Q, into R and define the
relation }  on q as E’}f}' if f£(x) > £(y) for all x, "y"egn.
Then it is shown in [7] that *f : D - *R 1is S~-continuous where *f
is the nonstandard extension of f and D a standardly bounded subset

of *Qn . ¥ 1induces a preference relation 34, , on *

Qn where for
all x, ¥ e *Qn , X Vag y if *£(x) > *£(y) . Note that Tag = *(1f) .
It is obvious that ?*f is irreflexive. Suppose X 1*f y and
u(;) n u(;) = f§ . Then there exists a standard § > 0 such that for all
VeSS 8), @) >¥E() or Wl ¥y . Now suppose that for all

X YeQ , if x>y then £(x) > £(y) . Thus by transfer for all

~ |

X, s*nn if X >y then *£(x) >*£(y), i.e. if X >y, then

x 1*f ¥ . Finally since }*f = *(1£) ; we see that ¥*f is internal,
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An example of a function having all of the above properties is
f(;) =%+ e + x for all x €Q - Hence *f(;) =Xy + o0 + X for

all x ¢ *, -

Consistency Lemma: Let g be a countably infinite standard economy which

has the following properties for all traders, t , in EE :
{(a) There exists a standard vector ;6 such that I(t) S»;O :
(b) 1I(t)>0.
(e) 1t =1;, where f isa uniformly continuous function of
0, inte R and for all ;; ; e Q if x > ; then
£(x) > £(y) .
Then there exists a nonstandard exchange economy /il satisfying the assump~-

tions of Sectiomn II.

Proof: Let N be the nonnegative standard integers, then I : N= Rn .
Thus its nonstandard extension *1 maps *N into *Rn . *1I restricted
to {1, 2, ..., w} for any infinite integer  1is a function which satis-
fies assumptions (i), (ii), and (iii) in Section II. We then assign the

same preference relation 1f* te each of the traders 1, 2, ..., ny . This

completes the proof.

In the analysis of finite standard economies, the existence of an
equilibrium price vector is usually established by invoking & separating

hyperplane theorem, Since our notions of convexity and topology are ex-

. *
ternal notions, we cannot prove separating hyperplane theorems in Rn

by simple "transfer" from R, -
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%,

A set D in R, is said to be nearstandard if every vector in

D is finite. We shall establish a separation theorem for nearstandard

S-convex sets.

Lemma (1), TIf A isasubset of *Rn and 0 ¢ S-Interior of A, S-Int(A),

then for all X ¢ S=Int(A) , p(@®) N pux) =9 .

Proof: Suppose there exists an x e S-Int(A) such that u,(ﬁ) n u(;) £0,
then *p(ﬁ,?) ~ 0 . But u(;) g S(;,r) c A for some standard r . Hence

S(E,r) < A, a contradiction.

Lemma {(2). If A a subset of *Rn and 75{ S-Int(A) , then 3{ standard

part of S-Int(A) , C(S-Int(A)) . °(S-Int(A)) = [°x|x ¢ S-Int(A), x finite} .

Proof: If O e °(S-=Int(A)) , then there exists an ¥ ¢ S=Int{A) such that

0 € u(;) , 1.e. u(;) = u(ﬁ) . But this contradicts Lemma (1).

To show that the S-Interior of an S-convex set in *Rn is S-convex
we will adapt Rockafellar's proof, [ 91, that the interior of a convex set
in Rn is convex.

Let E(-::,&) denoted the closed S-ball centered on with radius
§ and B = §(0,1), then 5(%8) =X + §B . The S-closure, S-cl(A) ,
and S-Int(B) can then be expressed as S-cl(A) ={A + 8B/§ > 0} and

S=Int(A) = [;[ there exists a § , X+ §BC A} .

Lemma (3). Let A be a S~-convex set in *Rn . Let x ¢ S5-Int(A) and
; ¢ S-cl(A) . Then (1~A);Z + Ay belongs to S-Int{A) for standard X\

such that 0< A< 1,
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Proof: Suppose A standard and ¢[0,1) , then we must show that

(1-)\,);:- + ?\; + 8B A for some standard § > 0 ., We have ; e A+ 8B for

all standard § > 0, because ;; ¢ S~cl(A) . Thus for every standard

§ >0, (1-A)X + Ay + 8B C (L-A)x + A(A + 8B) + 8B = (1-A){x + 8 (141) (1-0) " B]
+M . But X+ 8L (1-M) !B A for sufficiently small § . Hence

(1-A)% + Ay + §Bc(l-A)A + M = A for some standard § > 0 ,

Lemma (4). If A 1is an S-convex set in *Rn, then §-Int(A) is S-

convex.

Proof: Take ; to be in S-Int(A) in Lemma (3).

*.

Lemma (5). If A is an S-convex set in Rn , then °A is a convex set

in R .
n

Proof: Suppose X, Yye A and ¢ a standard number such that 0 <o < 1.
Then there exists infinitesimals :1 R :2 such that x + ;1 3 ; +e, e A .
But A 1is S-convex which implies that a(x + '51 Y + (1~ (¥ +}'2) e A .
We can express a(x + :1) + (1~a)(; + ;2) as ox + (l-a); + ;3 , where
7;3 =g, + (1-oz)§2 ~ 0, Thus ox + (1-Q)y ¢ A .

*.

S-Separation Lemma: If A 1is a near standard S-convex set in Rn and

0 ¢ S-Int(A) then there exists a standard ; # © such that for all

Y ¢ S-Int(A) , p.y >0 .

Proof: By Lemma (4) S~Int(A) 1is S-convex. By Lemma (5) %S-Int(A))

is a convex set in Rn . Lemma (2) 3{ o(S-Int:(A)) . Hence there exists

a pg Rn such that p # 0 and for all x £ °(S-Int(A)) , ;v; >0,



1s

See [2] for a proof of this result. Every ; ¢ S-Int(A) can be expressed

as y =;€+; where ;e G(S"Int(A)) and :’-'.

R
ol

. Thus for all

¥ ¢ S-Int(A) , we have that ;-; = E-; +- E.

& |
v

O+ pga 0, 1i.e. Py 30.

Let ;Z be a nonstandard exchange economy where the set of traders
is an internal set T and |T| =w , an infinite integer., A set of traders

U 1is said to be full if U 4is internal and ,T'U'ﬁq.: 0. Let X(t) be

a fixed allocation in the core of & , then F(t) = (% ¢ *Qq'; 1, X(t),
X finite, [x - x(t)] _>_-r-1!-1 and ¢_(t) = F (£)-I(t)and G(t) = '! G (t) . Let
nzN
A(U) denote the S-convex hull of the union !!G(t) .
teU

Principal Lemma: There exists a full set of traders U such that

0 ¢ S-Int(AQW)) .

- .
Proof: For each finite x ¢ *Rn » let & "(x) De the set of all traders

t for which &(t) contains % . Thenr ¢ (X) = ! 3;1(5) , where G;l(i") =
ngN

fe|x + I(t) 1, X(t), x + I(t) ¢ *qn ;X - 1) - X(0) 2;11-1_ . It follows
from assumption (v) that for each n and every X s G;l(;) is internal,.
Let M be the set of all those standard rational points r g *Rn (i.e. points
with standard rational coordinates) such that for all n o N , G (;) ig
negligible. Since the standard rational points can be put into a one-to-one
correspondence with the standard integers, we can express M as {;}1? 5
where 1 ranges over the standard integers. Let N be the set of st;:éard
inteners. TFor each ;i there exists a . ¢ *N such that Gwl(;i)'; G;?(;;),
n

where G-l(;.) iz internal and nesligible., Let B = '_fG_l(; Y, ngegN.
Vi * om0 Vit

The mapping f : BT—o&%*Rr) , where £(n) = Bn , need not be internal,
1

But since we are working in a comprehensive enlargement there exists a g
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such that g 1is internal, g : *N q‘yK*Rn) , f(n) = g(n) for all n ¢ Z ,
there exists m ¢ *N such that g(n) ¢ g(ntl) for all n *N, where
n<m .L In [7] the following theorem is established Let {snT be an
interna! sequence such that s 18 tnfinitesimai for aii finite n . Then
there exists an infinite fnteger . such that 5, is infinitesimal for all
n <y . The sequence {|g(n)|/py} satisfies the hypothesis of this theorenm,
hence there exists an Infinite integer  such that Bn is negligible for
all n<y . Define U =T - '.13\J ;, then U 1is full and Bn.g Bv for all
standard n .

Suppose 0 e S-Int(A(U)) . Then there exists an E'i 0 such that
-x e A(U) ; Dby definition of A(U) , -x 18 a S-convex combination of

n points in LJG(ti) , where n {8 finite, That is, there are traders
teU
tyr cees tn e U, (not necessarily distinct) points ;i P G(ti) , and
T
positive standard numbers B., ..., B_ such that ¥ B x = E'i 0. We
1 n 4ol i1

may assume that for all {1, Bixi i 0, L G(ti) implies that
x + I(ti) 11 x(ti) s and u(xi + I(ti)) n u(x(ti)) = § hence by
assumption (iv-7), continuity of the preference relation, there exists an

S-ball, S(;i + I(t;), §) where for all v ¢ s&i +1(t)), 8), w ]“1 X(t,) .

Consequently S(;i + I(ti)’ M c F(ti) which implies that S(;i, A c G(ti) .
Hence for every standard ¢ > 0 there exists a standard rational ;1 ) G(ti)

such that °p*(;i, ;i) < 8§ . Hence in all cases there exists



16

standard rational points ;i ¢ G(ti) sufficiently close to the x s
and positive standard rational numbers 71 sufficiently close to the

n n

r T 0 =
i 8o that we still have ¥ 7iri‘i 0 and T 71 1.
i=1 iml
— n -
Let ~-r = ¥ 711-1 and pick an arbitrary trader tO in U . Since
iml

?z 0, we have ar + 1(ty) 1>Lx(to) for sufficiently large positive finite

rational @ . Hence by the desirability assumption oOr + I(to) 1t x(:o) ’

0

i.e. ar g G(to) . Now set r,war, Q,= 1/(a+l) , a = a‘ri/a+1 for

n
i=1] ..., n. Then ai >0 for all 1 and ¥ ai = 1 ; furthermore

0
n n
rar, = e - + £ » 4 T, = (r-;) =0 and for all 1 r, e G(t,} .
1‘0 171 o+l o+l i;l i1 o+l ’ ’ i i

Then ti € G_l(;i) , and since t:i e U, 1t follows that ;i éd N, hence
for all 1 [G-l(?i)llm,ﬁ O . Suppose n = 2 , then we will consider two

cases. First suppose |G-1(;2) - Gwl(;i)rlmjé‘o . Choose any § such

-1~ -1 - -1~
lapt 16ty - el
that 0 < i . and define
st 078 1™M ) Te] w0ty
iwl, 2
1 .8 Py )
p; = wb , 8; = [pi] for 1 =1, 2 . Then » :211 "w=a pa, for

- — . . - -— .1 —
i=1 2. 1f |G 1(rz) -G 1(r1)|/m ~ 0, then let M = |G 1(r1) ne (r2)1/2

and choose any 8 such that O i 8 i min[nﬁuaii and again define
jml, 2
: 81 9i Py
py = W6ai P P [pi] for t =1, 2 . Then, as before, = % 1l = — ~ — = 51

") t='1 moTH i
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for L =1, 2 . Assume that for all k < n there exists {Ai?k such

i=1
-1 — )
that AigG (ri) for i=1, 2, ..., k, AiﬂAjnﬂ for 1 #j,
and there exists 5‘i 0 such that |Ai|/m.= 60; . Now suppose we have

n traders and let B, = Gnl(;i) - Gml(;-n) , i1=1,2, ..., n=-1. 1If

'Bi‘ /p £ 0 for i=1, 2, ..., n~1, then by the induction hypothesis
1

there exists {A,,}n' such that A, Gml(; Y, A, NA, =@ and there
1,4 i= i i b

exists 4 i 0 such that IAi“"" ~ 50ti ; we need only consider G-I(?n) .
] - -1 =
1If |G (rn)|/m > 80 we are done., So suppose e l(rn)llf“ < sa , then

choose a Oi 5’ i IG-I(;n)“'"an . It is clear that there exists {A;?n
i=1

r ”1 - 1 t
such that Ai ol ¢ (ri) R A.1 N Aj

For the other case assume there exists j such that fij/m ~ 0 . Then

=@ and |A£|/m ~ 5'&1 for i =1, 2, ..., n .

by the induction hypothesis we can carry out the construction for all i
expecting i = j, n . We have shown above that we can carry out the con-

struction for the two remaining sets, which we do for Gcl(;j) and G-l(-r_n)

§

We now take the smaller of the two § in these constructions, call it

5" , and we see that there exists {A{}n such that A ¢ G-l(;i) ,

fel L
n
] i ]
A; N Aj = § and 1A£|/ru ~ 6”Cli for 1 =0, 2, ..., n. Let A' = il:oAi

and define the following internal function

r
T, + I(t) for t g A{
Y(t) = 4
1(t) for t £ A'

.

It is obvious that Y(t) ¢ for t £ A', and for t ¢ AJf_ it follows
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-— ) .,1 - —
from r, ¢ G(t) , i.e. AjCG (r;), hence r +1I(t) ¢ F(t)C *on .

1 1 ¢ 1 B - 1 2 -
Next = ¢ Y(¢) == ¢ T Y(t)=— T T {r; +1()1 == ¢ ¢ r, +

Y teA W §=0 tgA; 9 120 tgAi B =0 teA

n 1 2 - 1 B -
T % I(t) == 2|A1|r1+$ T It~ 8" TNar, += ¥ I(t) ~ 0+

1=0 teA! ™ 520 teh' R L Y

8 jr

T OI(t) =‘l T I(t) and therefore A' 1is effective for Y ; since
1 Y 1w t
tgh tehA

Z |

Y(t) = I(t) for t £ A', it follows that Y 4is an allocation. Finally

i , iﬂe!

from Aii: Gnl(;i) it follows that r, + I(t) ?t X(t) for t ¢ A

i
Y(t) 1, X(t) for tg A'
Since A' is not negligible, we have shown that X 1is not in the core,

contrary to assumption.

Theorem (1). If € is a nonstandard exchange economy satisfying the assump-
tions of Section II, then an allocation X 1is in the core of & if and
only 1f there exists a price vector, ;’, such that <i; X> is a compe-

titive equilibrium of g,

Proof: Suppose <p, X> 1is a competitive equilibrium of E and X is
not in the core of E . Then there exists an internal S ¢ T such that
|S| /iy £ 0 and an allocation Y where for some internal R g S we have
(L) |R[/y ~ |S] /e
(2) For all t eR, Y(t) }, X{(t) and u(¥(t)) N uiX(t)) =9
(3) For every t ¢ R, Y(t)‘i Eol(t)

(3) implies that for every t ¢ R, 3 (Y(t) = I(t)) i 0 . Since
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;ﬂ (¥Y(t) - I(t)) 1is finite and R is an internal set, there exists ty e R

such that for all t ¢ R, ;-(Y(t) = I(t)} E‘Ee(y(te) = I(to)) + But

;' (Y(to) - 'I(to)) i 0, hence there exists ¢ i 0 such that p- (Y(to) -
I(tg)) 3¢ 3 0. Consequently Lospa@ -1 > 55 xe) - 1t
07" 4 " teR T teR 0 0

R - 1 - —
2'%;L e,i 0 . Therefore p- T Y(t)fy == T P°Y(t)4i % TP T I(t)

teR " teR tgR LeR
which contradicts the effectiveness of S, since L Y Y(t) = 1 T Y(t)
m teS o teR
1 1 1 1 .
+= ¥ Y(t) o= FTI(t) += ¥ I(t) =— % I(t) if § is effective.
¥ tes-R ® teR " teS-R W teS

But T Y(t)we T I(t)/ya~ 0, hence P T Y(t)y~ P ¥ I(t)/w .
teS-R tegS-R teR teR

Suppose X 1is the core of E and let U be the full set of traders
in the Principal lemma. Then by the S~separation lemma there exists a
standard ; ¥ 0 such that for all x ¢ S=Int{AU) , ;;z 0 . Hence for
all ; e S~Int(G(t)) , ;;z 0 . This is equivalent to saying that
3&3 ;-I(t) for all x ¢ S-Int(F(t)) . Suppose z is a standard vector
such that =z 23 . Then z + X(t) ¢ F(t) for all t ¢ T, by desirability.
Moreover since u(; + X(t)) N u(X{t)) =P, there exists a standard positive
number § such that for all w g S(; + X(t), &), W 1t X(t) . Consequently
z + X{t) ¢ S-Int(F(t)) for all standard z > 0 . Therefore E (; + X(t))
ERI(I:) . By definition X(t), I(t) ¢ *Qn for all t . Therefore for
all ;gﬂn, Sv(?ﬁ-!((t))iO . But if for some i, pi<0, we can
choose a 2z e 0, such that ; (; + X(t)) i 0. Thus p >0,

We will now show that for all t ¢ T, X(t) ¢ S=cl[S=Int(F{t))]

Every 8$-ball centered on X({(t) contains a z which by desirability trader
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t prefers to X(t) , and u(;) N w(X(t)) =P . Thus by continuity there
exists a 8§ for all w e S(;:, 8), ;1 X(), 1i.e. S(;, §) c F(t) .

Since ;-; 2 ;-I(t) for all x ¢ S-Int(F(t)) and ;-5_: is a continuous
function of x in the S-topology, we conclude that _;;ox(t) 2 -1;~I(t) for
all tegT.

We caﬁ now show that except for at most a negligible set of t,
;nx(t) 5 F.I(t) . 1f for some non negligible internal set, 5§ , we have

P-X(t) i p-I(t) , then B T P-X(t) > 1 v p»I(t) , which contradicts
® g8 4w teS

the assumption that X 1is in the core. Thus B.X(t) f ;-I(t) except for
at most a negligible internal set of traders.

To complete the proof we must show that X(t) is maximal in t's
budget set i.e. that ;-;i;ol(t) for x ¢ F(t) . We first show that
Fiﬁ . Suppose not; let 1:u1 = 0, say. Since p is standard, some

coordinate of ; is not infinitesimal; say p2 i 0 . But L bX Iz(t) z 0.
teT

v xz(t) i 0, so there must
teT

Since X 1is an allocation it follows that %
be a non negligible internal set of traders, § , for whom Xz(t) z 0.
Now for any trader t , it follows from desirability that X(t) +

(, 0 ..., 9) 1t X(t) . Choosing t ¢ S we see, by continuity, that for
some sufficiently small ¢ z 0 X(t) + (1, =¢, O ..., O) }t X(t) , hence
X(t) + (1, -¢» 0 ..., 0) g F(t) . Therefore p-I(t) < p-[X(t) +

(1, =e, 0, ..., 0)] = p-X(t) + pl - ep? i;aX(t) , i.e. PoI(t) 3 PoX(t)
for all t ¢ S . Since |S|/w4 0, this contradicts PeX(t) < B-I(E)

except for at most a negligible intermal set of t . Therefore 3i 0.
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Now suppose X e F(t) , u,(;) N p(X(t)) =9, and that I(t) i 0 ; then
-:;-I(t) ‘i 0 because ;ia . Since ;-;is-l(t) it follows that ;;i o,
hence there is-a j such that xj i 0; let =1, say. From continuity
it then follows that x - (e, 0, ..., 0) ¢ F(t) for sufficiently small
€30 Then P-1(t) 53-[32’ ~ ey 0y vue, 0)] = pex - ¢p' 3 Px, fi.e.
PEI(L) i Pex . If I(t) ~ 0 and x i 0 , then clearly ;o;c- i- 0~ ;oI(t) .
Finally suppose I(t) . 0 and ;'z, 0 s ﬁ(;‘-) N u()) =9 . Since

x e F(t) , this means that I(t) }t X(t) , by continuity. If the set of
traders t for whom this happens is negligible, then it can be ignored;

if, on the other hand, it is non negligible, then I(t) dominates X via

S8 contradicting the membership of X in the core. This completes the proof
of the theorem,

Let /U be a countable family of large but finite economies, i.e.

/U_- [Enl:al , where for every n, la.l[ < [En_l_l[ , [En] <w, and
|| >0 . E_ is completely specified by the initial endowments and pre-
ferences of the traders in En . Hence let En = {In(t), Pn(tﬂ where
for all =n, In(t) e Q and Pn(t) € (p(qn x QmEn . We shall assume
that E has the following properties:
(1) There exists -1:0 e Qm such that for all n and every ¢t g En R
In(t) Sty -

(2) lim inf TEl_nT T L (t)> 0.

L te:‘l

(3) For all n and every t eEn , we shall assume that
(&) Pn(t) is irreflexive

(B If x>y, then Epn(t)}'
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= 400 Iy ) L 1 X v
{(7) For all {xnil, [yn‘tl, [tn‘ll, if lim inf [x -y | >0

N =% o

and there exists an n, such that for all n > Ny s

ann(tn)yn then there exists a § > 0 such that if

voe S(;n, 8§) then there exists an mn, such that n > n

1 1

implies wnPn(tn)yn .
Let vH" be any subsequence of economies of /E/, then the following

notione are defined with respect to N‘ .

1
{Yn(t)}w is an allocation for “H-‘, if for all n, Yn(t) € Q, a s
n=1

and there exists an ?1 e such that for all n and every ¢t gEn s

Yn(t) 5;1 « Also 1lim inf -l-El—n-l- bN 1n(t) = Eln—]- T Yn(t) =0 .

n = e tegn t@En

{,&1‘: is a coalition of ‘W, if for all n, A c& . [)3“?"1’ is

hd |

said to be negligible 1f 1im inf = =0 . Note that if [,&l‘;‘“ is negli-
1

I = e

gible, then for all allocations {Yu(i.:)"j!°° lim inf L by Yn(t) =0 .
1 n = n teén

A coalition, f,,fn]”, is effective for an allocation {Yn(t)1°° if
1 1

. 1 1 -
1lim inf L) In(t) Tgn—’- t}j Y (&) 0.

n
n = o te n eE.n
An allocation, {Yn(t)‘i” dominates an allocation {xn(t)'}°° via a
1 1
coalition, Mh?” , 1if for all {t 1° such that for every n, t e)& ,
1 n'y n n

implies 1lim inf [Y (t ) = X (t )| > 0 and there exists an n, such that

N = m
o o
for all n > ng » Yn(tn)Pn(tn)xn(tn) ; and [)Xn‘ll is effective for

Y ()17 .
{y, .
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The core of ‘_H;_ is the set of all allocations which are not dominated
via any non negligible coalition.

An allocation for )d—‘ 1s said to be in the core of )_S_i, if for every
subsequence of economies, “H— ;» the allocation for )\1 restricted to S

is in the core of +NLU

{pn3: is a price vector if for all =n, ;n e Q> and lim inf P, > 0.

N —m

<[x_(£)1%, {p_1"> 1is a competitive equilibrium for N= if the fol-
1 1

lowing conditions hold:

@) {xn(t)?“’ is an allocation.
1

(8) {;;?w is a price vector.
1

!

(7) There does not exist a coalition {y%?“ such that 1lim inf ﬁﬁﬂr >0
1 n=w '

and for all {t 1% such that ¢t g}i , there exist f;i?w,
o' n t ny

=1
Yy € Qo for which 1im inf pnoIn(tn) LA >0,

n=—-m

lim inf |;; = Xn(tn)[ >0, and for some ng ;nPn(tn)Xn(tn)

n—-ow

for all n > o, .

<[xn(c)1°’, {Fn‘}"’:> is a competitive equilibrium for )_id; if
1 1

<[Xn(t)1°, {;;?m> restricted toxii’, where +4' is any subsequence of economies
1 1

of }j , 1s a competitive equilibrium for‘#Lu

Since /&Lvis a palr of sequences of functions, fln(t)im and
1
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*
{Pn(t)}a’ , we may define /8 as the nonstandard extensions of these
n=1

*
two sequences. Hence /H=<[*In(t)°;°°, [*Pn(t)'}°> where n now ranges
1 1

over the nonstandard integers, *N . For each infinite integer 1w ¢ *N-N

we define the nonstandard exchange economy E = [*I (t), *P ()1 .
" L "

Lemma (6). {Xn(t)}m is in the core ofﬁ , Q(%) » 1if and only if for
1
all infinite integers g , X (t) is in the core of & s C(E } .
0 W )

Proof: Suppose there exists an infinite integer  such that X (t) §
—— ]

C(E ) . Then there exists an allocation Y (t) where L T Y (t) &
W ] ] e [} -
1 W
- ¥ I (t), a coalition )iru g;Em where for all t g;j,u s Yu(t)P ()X (),
f ! 1] 1]

L] t GEu V]

L Y (t) 1 T 1 (t), and there exists U gzi 0 such that for

i) w W L]
t t
ey ol
every t t)y - X (t)| > and > » Theref
y e/&&, ’ |Ym( ) w( )| €y I)dml/EmI 2 e, - Therefore
for all n ¢ N and every positive § ¢ R, the following sentence is true

k& |
in our nonstandard universe, *u - Qv ¢ *N(Fy ¢ *Qm v )(23 gE My >
v ¥

nl\l"l‘ T RACEE EI(t)[<5A|“1" £y (t) -2 T I (t) <g§ A
vte*(:v” "t&;" vte‘)&vv vtg&v\»

v
(Vt e)iv){Yv(t)Pvﬁt)Xv(t) A |Yv(t) - Xv(t) 2 et A Mv!ll‘c‘v} 2 €,] . Hence

this sentence is true when translated in U, our standard universe.

Therefore for every n ¢ N and § ¢ R, & > 0, there exists m ¢ N,
€| 4 1 1
Y eQ, and Q) < |Em| such that m > n |; T Y (t) -2 T Im(t)l
tely tel,

<sAIZ Y () -2 £ I 0] A M ed) Y (R (DX () A
t t
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() - x ()] 2 et a LLIE] 2, -
Consequently there exists a subsequence of economies, \'H' ; which

has the allocation me(t)'}“ and a non negligible cealition q‘,gm‘;“ such
m=] 1

that {Ym(l:)'?m dominates {xn(t)‘im via wm'!w , hence fxn(t)'t“' é Cdd) .
m=1 1 1 1
Suppese {xn(t)‘;m / CI%) ; then there exist subsequences [Y‘m(t)'!m
1 1

1
and ® such that 1lim inf T Y(EY- T I(t)=20
bjm}l Eal cef ™ t n(® ’

M - m Qm

1im inf Té_lmT zj'gmym(c) - TE-ZT }izgmzl:m(t) =0, lim inf Mm|i|{§m1 # 0, and for
te te

m -~ e N = m

-]
all {ym‘!l such that for every m, t “‘fm s limdi:f ]Ym(tm) - xm(tm)] >0,

and there exists my such that for all m 2m, Ym(tm)l’m(tm)x’m(tm) .

Hence there exists an infinite integer 4 for which the following statements

hold about the nonstandard extensions of [xn(tﬂ” R {Yn(t)}'” , [Pn(t)'f” ,
1 1 1

- ., 1 1 1
[dm‘sl and {L()%:= T X()al T I, -

1
Y (E) s —
in W

X
tegm ? ]

1 1
" EY(t);w zzm(t), I%I/IE"’I&O, for all te;&m,

t)&‘“ t
eu [{)]

w(¥, (£)) N (X (t)) #0 and ¥ (£)P (£)X (t) . Hence X (t) £C(Em) .

Lemma (7). <{Xn(t)?°°,, {Enﬁ% is a2 competitive equilibrium for)d if and
1 1

only if for all infinite integers y , <Xu(t), P> is a competitive
' w

equilibrium for Ew .
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Proof: Suppose there exists an infinite integer ¢ N* - N such that
<X (t), ; > 1is not a competitive equilibrium for \8 . Then there exists
"y W "
an internal set of traders, )J'u » and gy, ¢, z 0 such that ]dml”aul > ey s
and for all t ex}”w ;s there exists a Y. € Bp(t) such that ytI:')(t)X'u(t)
and i;t - X,(t)| > ey Hence for all n ¢ N and for all 8§ ¢ R, & >0,
f
the following sentence is true in *y s, our nonstandard universe:
* g * - * b <ol
@v ¢ "W, ¢ "q)@ cE )y >0 A M eX)@ ¢ IR T, - P 1)
<EV Py, <P I(ENAly -X(t)] >e AY.P (X (DA | >
BY B Y SB T (DALY - X (O] 26 AT OXOVA W IE | 2 e,
Therefore this sentence is true when translated in U, our standard

universe. Hence for every n ¢ N and & ¢ R, § >0, there exists

m>n, P )&mg\a‘“ such that m >n A (\Ué e%)@?t € Om){(lsm";t
=P T ()] <8V Ry SP L) ALy, t X (B)] > ey Ay R ()X ()

A lﬂﬁllléml ...>.. €q

Consequently there exists a subsequence of economies,\'H‘ , such that

<{Xn(t)1°°, {;n1°°> restricted to H- is not a competitive equilibrium for
1 1
%, hence <{X (t)a, {; 1®> is not a competitive equilibrium for)d.a .
L |

Suppose <[Xn(t)"t°_, {;n‘}°> is not a competitive equilibrium for
1 1
o

}d', then there exists subsequences {xm(t)‘lw , [Em'l‘: , & sequence DA.HJ
1 1

-
>

1

and ¢ > 0 such that lim inf EET >¢ and for all [t} where
m

m — =«

€, epjh , there exists {ymf; , where y ¢ Q , for which

lim inf |;m - xm(tm)| >0, lim inf ;mal'.m(tm) - ;mo;m >0, and for some

n-om o - o
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my s Y P (t )X (tm) for all m>m Hence there exists an infinite

mm'mm 0
integer 4 for which the following statements hald about the nonstandard
extensions of (X (£)1°, {I1_(t)1™, [9(3 1%, [P (eN” L T L (t) ~
s n m n 1w "y -
1 1 1 1 te
)]
1

; t:" X,,,(t) , MJ,I‘EﬂJ 40, for all t e’Afu , there exists Ve € B-l-;m(t)
w

such that u(;t) N u(Xm(t)) =P and ;th(t)Xm(t) . Hence <Xm(t), ;rn>

is not a competitive equilibrium for
)

Theorem (2). [Xn(t)]m is in the core of/%iif and only if there exists
1

{;n}” such that <{xn(t)1°°, [Fn]°°> is a competitive equilibrium for /%L
1 1 1

Proof: We need only show that every E” is a nonstandard exchange economy

[{
satisfying the assumptions of Theorem (1), Then the proof is an immediate
consequence of Lemmas (6) and (7). All the assumptions are obviously met except pos-

gibly ({(iv-¥), which we shall show holds also. Suppose {(iv-7) is false in

some , then there exists a trader ¢t , ;, ;, x
it

such that |x - y| > e, %' ¢ u(x) x1l y, and x' ¥y . Therefore
? t t

e*Qm and an 320

for all n ¢ B and every positive § ¢ R the followilng sentence is true
in our nonstandard universe U : (3-@ e *N) (at e Ev) (5_9 ;, x' e *Om)[\, >
nAlx-y|>enlx-x'| <gAx 1_t y x' It vyl . Hence this sentence
is true when translated in U, our standard universe. Therefore for

every ne N, $§¢R, & >0, there exists mg¢ N, tme\&m,

- - ] - - - - a_l - -
x5, Yo ¥ e 8Such that |>¢:m ym} > e, ]xm xmj <s, mem(tm)ym and

;n'x not preferred to ;m . But this contradicts our assumption (3-7) about

the preferences of ):Lo To complete the proof suppose <[Xn(t)7°, {Enl‘n)
1 1
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igs a competitive equilibrium for )d then by Lemma (7) <X (t), ;u> is
" t
a competitive equilibrium for E for every infinite integer 4 . Hence
"

by Theorem (1) for all infinite 4 , X is in the core of Ew and con-

scquently by Lemxa (6) {Xn(t)]m is in the core of }d/ Suppose {13{“(1:)1‘:°
1 1

i8 in the core of J\"i, then by Lemma (6) X (t) 1is in the core of &
h W

for all infinite integers . Hence by Theorem (1), there exists Pm

such that <x”(t), Fm> is a competitive equilibrium for & for every
t

M

infinite integer . . Consequently for every positive 51, 52 e R the
following sentence is true in *U : (S ¢ *N) (Ve e *Ng >y ==> (E\;e e

* 7. e *a)(p.y. <P 7.5 -
0w | Wy SEPITE exd) @7, ¢ ") ([7y T, S Py T(0) V (BT, = B, 1, (0)]
<oyl AT R(DRG () AT, = X (0)] 2 8) => A1/ | <8,]] . Translating

1
this sentence in U for §, = 8 =5, n = 1, 2, ..., we generate a se-
® where n,_ is the first

quence of prices {;.?m and integers {n2}
iy I a1 J

integer such that the sentence is true for 8, = 8, = % , p, is a cor-

3

responding price, and =0, <n . Let mn, =0 and assign economies

i j+l 0

nj+1 through nj+1 prices 3_1 where j =0, 1, 2, ... . We claim that

<{xn(t)}°°, {Bn}°> is a competitive equilibrium for% .  Suppose not then
1 1

there exists D31, {t 1™, {y.}® such that lim inf T—-Tn >0, for
S| " b E1:1

®
1 n—-m

all n, t e)&n and Y, € Q> and lim...i:f pnoIn(tn) ~ Py Y, >0,

lim inf |;n - xn(tn)l >0, for some Bgs ¥ P (t )X (tn) for all n>n

no'n'n 0°

n— wm

, 1 h = - =
But for all j such that r < min {lim inf Tg-r ; lim inf p In(tn) P, Yy
n - o n n - o

lim inf |;n - xn(tn)“ and j > n, this contradicts the properties of
n -+
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<xn{(t), pni> for economy t:nj .

Theorem 532. Tf all but a finite number of the economies of ,ij have a com-

petitive equilibrium and 1lim ini In(t) >0 , then each nonstandard economy

n -+ o

of *ij has a competitive equilibrium.

Proof: Let <{xn(t)}T; {S;1T> be a sequence of competitive equilibria and

suppose there exists an ~ ¢ *N such that <X (t£), p > is not a competitive
1y I

equilidrium for Ei . Hence there exists a trader t and a V. ¢ *Qm such
ﬂ‘

that ¥y 1 X (8), u() N K () =9 and p -y

<p «T (t) . Suppose
"y ~ "y iy

n .
A

t
E -; = ; ‘T (t) + o where ¢~ 0 and positive. I (t) >0 and = p =1,
(21 L "y "y -y ,—£ 1 =1 oy

hence Eq-;q(t)‘i 0 . Therefore there exists LA u(§t) such that

E I (t) and ;t 1t X (t) . Hence the following sentence is true in *y
my "

3 N — . - .
: W) Et ¢ & Y(Ew ) W= p o]
@y e ( Eﬁ (7, e "qp) (p ww, Pt (8)
/\ﬁt 1t X (t)) . Therefore this sentence is true when translated into U
H‘

our standard universe. That is there exists n ¢ N, t o T, i; € Ny

; D ey =P o v o1 ict tradi 3 ini-
such that P Y =P, In(t) and Ve e Xn(t) which contradicts the defini
tion of Xp(t) as a competitive allocation.

We are happy to acknowledge several stimulating conversations with

Professor H, Scarf. Also we would like to acknowledge Aumann's seminal paper

[1], in that much of the proof of Theorem {1) is adapted from his paper.
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