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ABSTRACT

Reports have been published indicating striking regu-
larities in the distribution of participation in group discussions,
regularities potentially important in the understanding of small
group processes, Several attempts to explain the form of the
regularity contain implications for many sociological analyses.
These attempts to explain the regularity are found to be inade-
guate; at the same time, the regularity is found to be somewhat

doubtful.



REGULARITY IN THE DISTRIBUTION OF

PARTICIPATION IN GROUP DISCUSSIONS

by

Joseph B. Kadane and Gordon H. Lewis¥*

In the esarly fifties reports were published of regularity
in the distribution of participation in group discussions (Bales
et al., 1951; Stephan and Mishler, 1952). It was first suggested
that the regularity might be approximated by & harmonic funcition,
but this notion was finally rejected (Bales et al., 1951). Sub-
sequently, it was suggested that the regularity could be approximated
by an exponential function (Stephan and Mishler, 1952; Stephan,
1952). Regularities are important to science because they can lead
to theories which explain the regularities and which also lmply
additional hypotheses of regularities. It is these twin aspects

of explanation and prediction which lead to a cumulation of know-

ledge.

Since publication of the regularities, there have been
three attempts to explain why the regularity appears to have an
exponential form. Two of these (Coleman; 1960; Leik, 1967)
attempt to explain the regularity by using statements which are
on the same level as the statement of the regularity, statements
about the entire group meeting. In contrast, the third (Horvath,

1965) attempts to explain the regularity by focusing not on the

¥ This research was partially supported by a grant from the
National Science Foundation.



entire group meeting but upon the individual units of which the
entire group discussion consists. Since Horvath's model is dis-
cussed elsewhere (Kadane et al., 1968), the present paper is con-
fined to those models having the entire meeting of a group a=s

the unit of analysis.

The quantitative regularity reported by Stephan and
Mishler appears to be a substantive law. If Coleman is correct,
the regulerity i1s a by-product of the way the data were handled;
if Leik is correct, the regularity is due to characteristice of
individuals comprising the group and the population from which
the persons were drawn. In neither case is the regularity con-
sidered as representing processes of interaction in the group.
We find neither explanation adequate to account for the alleged

regularity, but we also find the regularity itself to be in doubt.



Background
The groups studied by Bales et al. (1951) inecluded

students working on contrived problems, therapy groups, and "case-
discussion meetings of disgnostic councils operating in a research
setting" (1951:461). During the meetings trained observers
recorded each person's participation, the uvnit of participation
being the "simple subject-predicate combination,” if the act

were verbal, or the "smallest overt segment of behavior that has
'meening'! to others in the group" if the act were nonverbal

(1951 :462). Following the observation of a number of groups, Bales
et al. ranked the members of each group according to the number of
scts they had initiated. These ordered sets of frequencies were
‘aggregated for goups of the same size and presented graphically

as percentage distributions.

Although Bales et al. were disinclined to believe that
the harmonic function would fit their data, they included the

estimates, X s, from the harmonic function:
(1,n)
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where

x(i a) 15 ihe expezted number of acts by the person

. t .
with the 1 h rank 1n s group of n persons, and

is the gum of acts in the set of dasta under

2

conslderation (19511467},

To evaluate the fit of the data to the harmonic function
Bales et al, pres=ated the observed and expected fregquency distri-
butions for groups of size six and an evaluative criterion based
crn a chi square measureul They :onziuded that for groups of size
six “the fit 1s not sufficiently good to permit us to believe that
the deviations have arisen as random fluctuation® [1951:L67); the
same conclusion was reached for the other group sizes. In their
remarks ebout the harmonic function they suggest that it is ob-
vicusiy too much to expect thal a function which depends only on
the size of the group should accurately portray the regularities

in the distribution of participetion.

The groups studied by Stephan and Mishler were considerably
more homogeneoug; they were classes at Princeton, each class con-
sisting of an instructor and a set of students. During the class
meeting obzervers retorded each person’s participation; in this casge

the unit of partizipation being



the word, sentence, or longer statement of an

individual that follows such & participation by

one member and continues until it is terminated

by an appreciable pause or by the participation

of another member (1952:600).
The procedure followed by Stephan and Mishler in aggregating their
date was the same as that used by Bales et al. The frequencies
of participation were ordered for the members of a group, the
ordered distributions were aggregated across groups of the same
size, and the final distributions were converted to percentages.
These distributions are produced in Teble 1. In every case the

highest participation is by the set of instructors, or "leaders.”



Table 1

Exponential Approximation to Stephan and Mishler 's Data

Size of Group, Including Leader

Persons 5 6 7 8
of
Rank Obs. Est Obs. Est Obs. Est. Obs. Est. Obs. BEst.
L 42,8 Ll k 2.7 45.6 39.3
1 28.1 29.5 25.0 25.1 23,9 24.7 20.8 20.1 21.3 21.3%
2 20.5 17-& 147 15.4  15.4 149 12,3 13.3% 1lh.b 14,3
3 8.6 10.3 11.7 9.4 10,1 9.0 8.8 8.8 9.0 9.7
] b2 5.8 5.9 5.k 6.0 5.8 6.9 6.4
5 2,0 3.3 4.3 3.8 4.8 4.3
6 2.3 2.5 2,7 2.9
T 1.7 1.9
Participations 755 856 2951 1999 20k2
Sessions 6 7 17 15 1k
Mean Error 2,07 1.tk Bl e .30
T «5907 6125 6036 6614 6702
Size of Group, Including Leader
Persons 9 10 11 12
of
Rank Obs. Est. QObg. Est. Obs. Est. Obs. Bst.
L 45,0 49,1 5L1.3 u8.8
1 18.8 19.1 17.3 16.2 14,2 14.6 14,5 1h.k
2 12.4% 12.7 10.7 11.2 9.8 10.4 10.5 10.5
3 8.9 8.5 7.5 7.8 8.2 T.4 8.0 7.6
b 6.2 5.7 6.4 5.4 5.5 5.2 6.3 5.5
5 .k 3.8 3.1 3.8 3.9 3.7 4.8 4.0
6 2.8 2.5 2,7 2.6 2.5 2.6 3.2 2.9
7 1.0 1.7 1.9 1.8 2.3 1.9 1.7 2.1
8 0.6 1.1 1.5 1.3 1.1 1.3 1.7 1.6
9 0.0 0.9 0.7 0.9 0.6 1.1
10 0.5 0.7 0.0 0.8
11 0.0 0.6
Participations 1269 L81. 427 525
Sessions 10 L 3 5
Mean Error 47 55 o3k Ak
£ 66614 6948 .7102 .T275




It is obvlicus in Table 1 that as the group size increases
there is a growing disparity between the percentage for the leaders
and the percentage for the highest ranking set of students. But,
Stephan and Mishler suggested, if one omits the percentage con-
tributed by the set of leaders, pL s the remaining portion of

the distribution is well approximated by the exponential function

1.1
p. = ar (2)
i
where By is the estimated percentage for the students ranked i ,
a and r are parameters depending on the size of the group, and

Lp, = 100 ~ P - Mishler justified the exclusion of the data from

i
the instructors on several grounds:

First, {the instructors) differed from the students
in knowledge of the subjects under discussion,
experience 1in discussion, ete. Second, they had
different functions to perform in the meeting, a
different role to play. Third, it was deemed a
sufficient first step to find a function that fitted
the student members' participation rates, without
the addition of another function for the leaders’

roles (1952:602).

One problem, of course, is to find estimates of the



peranelers

a and 7r. Stephan and Mizhler rejected ilhe use of

maximum likelilhood estimateg of these parameters since it was _not

possible to establish & defensible probability model” (1952:602).

Wanting

to give vhat was judegsd tn be appropriste weight to
the f£it for large and for small percentages, the
function wag fitted to the data by minimizing the
sum of squares ¢of deviations of the logarithms of
the estimaled perczenitages fTyom the logarithme of

the cobserved perrentages, «&2h sguare belng weighteld
oy the onserved perientage. Thal 1s, the guaniity
to be minlmized was:

n
L op,

1
i=1

, . Y-
(log p, - log Qari Lij“
Y

“here p, 18 the percentage obgerved for the {stu-

dents} ranked 1 {1952:002),

By teking the partisl derivatives of this function with

respeclt to s and Lo'wegand setting Lhem egual to zero, ttephan and

Mighler obtained estimates for =2 ged for r , viz.:

-
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X 2 )
vhere A = Epi ; B = Elpi s 0 =21 Py D = Epi log Pi ; B = lei log p;

From equation (2}, with separate estimates & and ¥ for
each group size, Stephan and Mishler calculsted the percentege dis-
tribution, {é;}' s, for the student members of the group. The es-

timated participation of the leader was obtained residually,
n
P, = 100 - & B,
L 121 i
It is not clear, however, why separate estimates were

desired for a and r. If r (or ¥) is known, then for any subset

of values of the type ark , &8 is determined. For example, let

i j m
ar - +ard + ... +ar =C )
then
a C
- o
e B

A special case of this arises when i-l1l 1is the exponent of the ith

term. Using the fact that

= X -
i=0
one obtains
R (&)
n
l-1

In the present case, C = 100 - p - Conversely, given a (or &)

there is a unique value for r.
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The observed percentage distributions in Table 1 have been

recalculated from the frequency distribution published by Stephan and

Mighler; the estimated &istributions in Table 1 are based on the
exponential funection with £ given by (3) and & by (14-).h Since the
discrepancy between the observed and estimated percentages for the
leader 1s automatically zero, the estimated value for the leader has
been omitted from Table 1, For the other members of the group, how-
ever, the absolute differences between the observed and estimated
distributions have been summed and divided by the number of student
members to give some idea of the fit of the exponential function.
The mean error ranges from .30% to 2.07% with a mean across groups
of .Th% (cf. Table 1). These errors were apparently small enough to
lead Stephan and Mishler to conclude that the exponential fit the

data adeqguately well.

In 1952 Stephan published another paper in which he sug-
gested that the exponential function fit not only the data he and
Mishler had gathered, but the data of Bales et al. as well. Although
apperently the only data for which he was able to meke s direct com-
parison were those for groups of size six, Stephan concluded that

the function fit "quite well" (1952:485).

To facllitate a fuller comparison of the fit of the ex-
ponential function, Table 2 contains both the observed and the es-
timated percentage distributions for Bales' data.5 The parsmeter

¥ 1is again determined by the Stephan and Mishler procedure, but in
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this case 1t is based on data for members of all ranke in the
group, and the estimated values, ﬁi , are genersted for members
of all ranke, none being predicted residually. The fit of the
funetion is clesrly better for the smaller groups than for the
larger ones, the reverse of what was found for the Stephan and
Mishler data. The mean errors range from .33% to 3.95% with an
average across groups of 2.33%. This is more then three times

the average error when the exponential function was applied to the

Stephan and Mishler data (.7L4%).

Since it has been alleged that the exponential function
approximates both date sets, it is important to consider why it
seems to give so much better fit for Stephan and Mishler's data
than for Bales'. Here two differences clearly related to the fit
are examined:; the inclusion of data for the highest participators

and the degree of homogeneity of the groups.

First, if one omits the act initiated by the set of
highest participators in the Beles' groups, the mean error across
groups drops to .58% (cf. Teble 3). The only mean error greater

than .68% 1s that for group size nine, and that distribution is based
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Table 2

Exponential ApproximatioQJ§§ Baleg ! Data

Size of Group

Persons 3 4 5 6
of
Rank Obs. Est. Obs. Egt. Obs. Bet. Obs. Est.
1 W38 Lh,63 32,90 33.32 W6.12 b3, b2 43,02 37.62
2 32.67 32.18 27.27 27.01 22,04 26.05 18.72 24.56
3 22,95 23.20 22,68 21.90 15.6% 15,60 14,20 16.0kL
s 17T.1% 17.75 10.46  9.35 11,04 10.47
5 5.7% 5.60 T-43  6.84
6 5059  hok7
Acts 9,304 58,218 10,714 21,311
Sessions 26 89 9 18
Mean Error «33 52 1.59 2.56
£ L7210 .8107 +599k 6530
Size of Group
Persons T 8 g 10
of
Rank Obs., Est, Obs. Bst. Obs., Est. Obs. Est.
1 43,1k 34,02  39.78 33,01 L49.08 35.65 Lk2.61 29.29
2 15.2% 23,25 16.56 22.65 18.99 23.21 11.94 21.02
3 11.90 15.80 12.70 15.5h4 7.59 15.11 10,06 15.09
I 9,88 10,86 9.84 10.66 5.34 9,83 9,00 10.8%
5 8.37 T.hk2 8.62 17.31 L,92 6,40 6.20  T.77
6 6.30 5.07 5.8 5.02 4,08 k.17 5.28 5,58
T k.96  3.47 ho26 3.4k 3,80 2,71 5.06 L4,00
8 2.7k 2.36 3.66  1.77 3.68 2.87
9 2.5%  1l.45 3.29 2.06
10 2,87 1.48
Acts 22,044 12,830 1,422 2,823
Seasions 15 10 1 3
Mean Erxror 3.71 2.4% 3.95 3.56
by 6835 L6860 . +6310 7176




w1 -

Table 3

Exponential Approximation to Bales' Data: Highest Participator Excluded

Size of Group

Persons 3 in 5 6
of
Rank Obs. Bst. Obs. Ist. Obs. Rst Obs. Est .
1 W, 38 52,50 h6,12 b5, 00
2 30,67 »2.67 27.27 27.62 22.04 22.70 18.72 19.03
3 22,95 22,95 22.68 21.98 15.6% 1h.92 14,20 14.09
L 17.1% 17.49 10.46 9,81 11.0k 10.i3
) 5.75 6.45 743 T.72
6 5.59  5.71
Acts g9, 304 58,218 10,710 21,311
Sessions 26 89 9 18
Mean Error 0,0% 7 LGh .29
£ RIS 7958 .65Th 7hoP
Size of Group
Persons 7 8 9 10
of
Rank Obs. Est. Obs. Eet. Obg. Est. Obs., Est.
1 b3, 14 39.78 Lg.08 Lo 61
2 15,24 15.18 16.56 16.95 18.99 14.16 11.9h 12.02
3 11.90 12.2k 12,70 12.87 7.59 10.61 10.06 9.97
i 9.88 9.87 9.8 9.78 5.3 7.96 9.00 8.27
5 8.57 17.96 8.62 T.he L.92 5.97 6.20 6.96
6 6.30 b6.42 5.8 5.6k 4,08 b hy 5,28 569
T 4,96  5.17 h.26  L.28 3.80 3.36 5.06 L.,72
8 2.7 3.25 3.66 2.52 3.68 3.92
9 2.53 1.89 5.29  3.25
10 2.8 2.69
Acts 22,044 12,830 1,h22 2,823
Sessions 15 10 1 3
Mean Error .23 .36 1.77 .31
? .8063 159k . TH99 L8295

*
Zero by definition.
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on the obgervation of a single session. Thus, omitting the acts
initiated by the highest renking participants clearly gives results
more consistent with the exponential functiono6 Buft before con-
cluding that the exponential holds only when the higheat rank
participants have been omitted, it is well to remember that in
Table 2 the exponential function fits quite well for groups of

size 3 and 4 even when the highest participators are present.

Second, in some cases aggregating separate data sets
obscures regularities. An example of this is contained in Table L.
These data come from & recent study by Bonacich (1968)07 The
table includes the fit of the exponential for groups which were
composed of msles, groups composed of femsales, and the combined
groups. The mean error {1.16%) for the combined groups is slightly
lower than that for groups of size five in Table 2 (1.59%), but
there is a very big difference in the mean error for males com-
pared to the mean error for females {.L41% v§. 1.57%). The value
for males seems quite comparable to the best fit for any dsta
get of Baleg or of Stephan and Mishler and 1s only one third the
mesn error for male and female groups combined. The poorar fit
for Hales' data, therefore, may have resulted from the aggregation
of heterogeneous groups.

Before closing this discussion of the exponential relation
it might he well to include data from three additionsl studies

which also ghow an equally good fit to the exponential, =f. Table 5.
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TABLE

mxponential Approximation to Bonacich's Data

Grouns of Size

Pergons
of
hank

AR L W\ I

Acts
Sessions
Mean Irror

~

r

Al
V686

Females
Ubs - Est .
55;8? 35.Th
26.38 25.19
19.64  17.75
13.%%  12.%1
6.76 8.82
29,158
%
1.57
LTOUE

Combined
Obs. Fst.
35.40  36.79
26.11  25.3%6
15.08  17.46
12.62  12.0%

6.79 8,31
43,250
SE
1.16

€89t
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TABLE 5

Exponential Approximation of Participation: Additional Evidence

Persons Chicago Harvard Yale
of
Rank Obs. Est. Obs. Est. Obs. Est.
1 43,79 Lh.16 36.65 36.93 35.92 36,1k
2 33,01 32.27 27.31 27.46 27.44 27.38
3 23.20 23.57 21.63 20.43 21.32 20.75
b 14.42 15.19 15.31 15.72
Acts 395045 14,875 11,410
Sessions 67 2k 15
Mean Error .50 .H0 .32

T L7306 . Th38 STB76
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The data from three person groups come from a study of family
groups (a father, mother, and child);9 the data from four person

groups come from studies of undergraduates at Harvard and at Yaledlo

The conclusion seems to have been that the exponential
function fits the data much better than the harmonic function
does. But it 1s important to notice that in evaluating the fit
of the harmonic function Bales et al. applied a chi square criterion
to the observed and estimated frequencies, in evaluating the fit
of the exponential, Stephan and Mishler used the absolute difference
between the observed and estimated percentages. It is interesting
to consider what decision might have been reached had the Fit of
the two functions been evaluated using a single criterion, and of
the two criteria, the absolute error seems preferable bhecause the

chl square test requires the assumption of independence.

Table 6 contains the observed velues for Bales' data and
the estimates based on the harmonic function (1) for percentage
distributions, i.e. where 5 = 100, Using the mean percentage
error across groups, the harmonic does almost as well as the ex-
ponential. The mean error across groups for the exponential was
2.337 and for the harmonic it is 3.13%. But if one considers
all groups larger than size four, the harmonic does better than

the exponential (1.79% versus 2.97%)}, and in particular, when the
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TABLE 6

Harmonic Approximation to Bales' Dats

Size of Group

Persons 3 L 5 6
of
Rank Obs. Est. 0bs. Est. Cbs. Est. Obs. Est.
1 4,38  54.56 32,00 L48.01 46.12 143.80 43.02 Lo.82
2 32,67 27.28 a7.27 24,00 22.06  21.90 18.72 20.4)
3 22,95 18.19 22,68 16.00 15.63 14,60 1h.20 13.61
L 17.1%  12.00 10.% 10.95 11.0k 10.20
5 5.75 8.76 7.43 8.16
6 5,59 6.80
Mean Error 6.76 7.55 1.36 1.20
Size of Group
Persons T 8 9 10
of
Rank Obs. Est. Obs. Est. Obs. Est. Obs. Est.
1 u3.1h  38.57 39.78  36.79 49.08 35.35 h42.61 3h.Lk
2 15.24 19.28 16.56 18.40 18.9¢ 17.67 11.94% 17.07
3 11.90 12.86 12,50 12.26 7.59 11,78 10.06 11.38
4 9.88 9.64 . 9.20 5.3  8.8%  9.00 8.5k
5 8.57 7.TL1 8.62 7.36 4.92 7.07 6.20 6.8%
6 6,30  6.43 5,48 6,13 4,08 5,80 5,28 @ 5.69
7 h.96 5.51 4,26 5.25 3,80 5.05 5.06 4,88
8 2.74 4.59 3.66 4,42 3,68 .27
9 2.53 5.93 3.29 3.79
10 2.87 3.41
Mean Error 1.64 1.33 335 1.85




entire distribution is estimated for groups of size s1x., the groups
extensively anaiyzed by Stephan [195:', the harmonic does better
than the exponentisl {1.20% versus 2.56%). On the other hand,
when applied to the student members 1n the groups of Stephan and
Mishler, the exponential doss bwetter than the harmonic. Across

all groups sizes the mean error for the exponentisl s .74%

and for the harmoniz 1.99%. WNooe of these differepces is com-
pelling evidence in favor of the exponentisl.

Even if the fit of harmonfc and the exporential functions
is judged to ba identical, however, there wouwld appesr to be resmson
to believe that one should sdopht the expopertiel function rather
than the harmonio. Only the exponertizl funetion has been placed
in an explanstory schems. and L0 would seer 111 saviged to reject
a function for which thsre exiats an sxplanation in favor of one
for which there does not. Thuz the accephance of the exponantial

function rests on the explauations wrich bave been produced.

Three separate explsnations have been given for tne
exponentigl rature of the dietribution of participation. Horvath
(1965) presented a stochastiz model of the process of participation
from which it can be shown that the esponentigl relstion folilows.
Results of recent tests (cof. Kadane et al., 1968}, however, cast

great doubt on the edequacy of that stochastic model.
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The other two explanations are based not on a process
model of partiecipation but on the methodology of the studies.
Coleman (1960:54) has suggested that 1t is the act of ordering
and sggregating the data that may have produced the exponentisl
regularity; Leik (1967:285) has suggested that random sampling
from a particuler distribution may have produced the regularity.
In both ceses the attempt 1s mede to explain the exponentisl
regularity as a function of the research methods. Evaluation

of these arguments follows.



Coleman's Model

In reviewing the work of Bales and Stephan and Mishler,

Coleman paid perticular attention to the characteristic of the
exponentisl function that the ratio Pi/Piml is & constant. If
the empirical distributions were truly characterized by exponentiel
relations these values would be constant for a particular size
group, which they are not, as Table 7 shows. Nevertheless, it is
to this characteristic of the exponential that Coleman referred
when he ssked

whether the constant ratio between ranks

might not have occurred if random numbers had

been aggregated in a similar way. In other

words, suppose the particlipations were dis-

tributed randomly among the n members ---

might not the regularity have resulted anyway,

simply as a consequence of reordering the

members by thelr participation rates and then

aggregating? (1960:54).

The model which he proposed is most easily described as
an equal probability, n-state, independent trials process model.
That is, on any trisl the probability of golng from state i to
state j 1is 1/n, for all i and Jj . The states in this case

are participants, and the process being in state 1 at time k is
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Constancy of the Ratio r

€ = py/py
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Stephan and Mishler's Data

Bize of Group,; Excluding Leader
3 i 5 6 7 3 9 i0 11

L7311 589 .64 589 67T 860 LE1L 8oLk L2
419 .94k 683 L1k L6260 720 706 837 76k
360 o589 L6800 .761 L6999 .B61L 667 786

337 L7250 L7000 L7090 w8y 708 758

535 561 625 .86T  .6LT  .680

L5618 .371 692 .909 .529

538 778 .500  1.000

0 600 . 333

JBET 0

i
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Fales’ Tets
Size of CGroup

3 4 5 6 7 & 9 10

L3 W830 0 L4770 W36 L3mz ka7 L3870 282
060 L8320 709 L7955 163 .79 Lh00 833
L753  L673 L782  .E32 786 .697  .910

532 676 LB69 869 925 659

LT L7330 .6k0 B3 L8B3

L9 LBk L9271 943

643 L97Th JThO

676 B9p

.8u8

B L




the same as person 1 making the kth act., The goestion ig, if

a given number of participaticons iz disteibuied in secordsnos with
the model, and if the resultlog fregusncies are oriersd and summed
across a number of experiments. would the sggregate  resemble

the exponential functlon:

Slnee the expected values For the enfire process wers
not known, Coleman performed rendom number experiments, the results
of which are in some respects similsr fo the partlcipstion dats.

The similarities were primarily (1)} that 'the ratios, = {gie)

B
for the statistical date are aboud ar constant ag thoss for the
empirical participation dats, (2} that “the deviations from the

average ratio seem to have s similar pattern to the smpirical

data: negastive devistions for the lzst one or two ratios,” and
(3) that “in some cases, the entire pattsrn of devistions of Lhe
statistical ratios {(i.,e.. the zhape of tre eraph) follows closely

<Y

that of the empiricel dats: {i9:0:58%.

The major difference . nowever, was that in every cage the
average yatlo of adjacent frejusnsles wez nigher than that for the
empirical data, even though the pomber of acts simeiated per
group was only 25. Jolsman compared thiz to an asverage of 70
b}
I

acts per group (by the students}

I3

for the groupg by Stepbhsn and

Mighler, but the comparison would have been even more shriking



T

had he made it to the average of over 800 acts per group in

Bales' groups. Coleman‘’s conclusion was that if the process had
operated for a larger number of trials, the average ratio for

the statistical data would be even more divergent from the average
ratio for the empirical data than it is. Thus, if a more
realistic number of acts were simulated, the model would indicate

greater dissimilarity to the data obtained empirically.

This is not terribly surprising, however, when one
reflects on the nature of the model Coleman used. There are two
main features of that model: (1) the random process which was
used to generate the freguencies, and (2) the ordering and aggre=-
gating of these frequencies. The randém process Coleman used had
the charscteristic that as M , the total number of acts simu-
lated, increases the proportion of acts initisted by person i
approaches the value l/n , where n ig the number of persons
in the group. Thus the variation of these "random numbers” de-

creases as the number of acts increases.

A modified Coleman model which limits itself to ordering
and aggregating random numbers is of considerable interest.
Assume that one takes random samples from a uniform distribution
of numbers, orders these numbers, and aggregates them. Would

such & model result in an exponential function?



It is important to note that in addition to eliminating
Coleman's random process for generating the numbers, the modified
Coleman model has no restriction that the number of acts in one
group be the same as that in anothercll This change appears to
present a closer correspondence to the operations followed by
Bales and by Stephan and Mishler; it gives more weight to groups

with larger numbers of acts.

Fortunately, the modified Coleman model can be szolved
without resort to Monte-Carlo experimentation. Since ratios of
expected values of order statistics are unchanged if the under-
lying distribution is multiplied by any positive constant, the
uniform distribution may be taken on the interval [a, a+l]

The kth largest of a sample of gize n from a uniform distri-
bution is known to have a beta distribution with parsmeters n-k+l

n=-k+1

and espectation a + e il thus, the proportion of participation
has probability limit
n-k+l n=k+l
&t n+l _ e+ n+l
iy n-J+1 n (a + 1',)
% (a+ } .
n+l
J=1

which is linear in k , not exponential.



Table 8 gives the expected values (as percentages) when
the numbers are from the interval [0, l]ol2 For groups larger
than size five the percentage expected by the highest initiator

is noticeably underestimsted.

TABLE 8
Percentage Distributions Produced by the
Modified Coleman Modsl

n
3 4 5 6 7 8 9 10

i

1 50.00 40,00 3%.33 28,57 25,00 22,22 20,00 18.18
2 33.33 30,00 26.67 25.81 21.43 19. Lk 17.77 16.356
3 16.67 20.00 20.00 19.05 17.86 16,66 15.55 k.54
L 10.00 13.33 14.29 1k, 29 13,88 " 13.33 12,73
5 6.67 9.5 10.71 11.11 11,11 10,91
6 k.76 T.lh 8.33% 8.89 9,09
T 3.57 5.55 6.67 T.27
8 2.78 ol 5.45
9 2,22 3.6h
10 1.82

The ratio of the kth largest expectation to the kth-l is

a(n+l)+n-letl

a(n+l)+n-kt2 ° K= 25000,m.
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For a semple of size n from the interval [0, 1], the ratio ranges

from 1/2 to (n-1}/n , ¢f. Table 9. Thisz is rather wide variation

TABLE 9

The Ratio of Adjacent Order Statistics
from the Modifled Coleman Model

Sample Size

1 3 b 5 . . . 12
2 667 .750 800 .916
3 500 667 .T50 .909
L 500 66T .900
5 . 500 .88¢9
6 875
I 857
8 .833
9 .800
10 750
11 667
12 500

for a value which would be constant if the exponentisl relation

held.

The conclusion is clear: if participation is exponentially
distributed, it is not because the researchers have essentially

ordered uniformly distributed random numbers and aggregated them.



Leik's Model

In 1965 Leik suggested that each person in a discussion

group can ve characterized by & bendency to speak, ¢, , and that

i
Piy ° the proportion of acts initisted by person 1 in group k , is

a function of the tendencles present in the group; i.e.

c

.o = ik
ik  Z ajk cjk
J
vhere & =1 if person j 1is in group k , and O otherwise

Jk
(1965:58-59). Leik asserted that if his theory were correct, then

for a single group, the exponential distribution of participation
would exist if and only if the tendencies to participate were
exponentially related (1965:59). Subsequently, Leik has suggested
that the distribution of ¢, appears to be "skewed normal™ and
that random sampling from this distribution and the operation of
his theory could produce the exponential distribution of partici-

pation (1967:285).%7

Unfortunately, Leik's model says nothing about the
frequencies which are produced by the actors and it is the aggregated
frequencies, not the aggregated proportions, which appear to be

approximated by the exponential function. Thus, for his model to



be made relevant, some set of assumptions ebout the relsfion of

the ey and the frequencies is necessary.

Assume that ¢ the "tendency to participate,” is
a rate of participation, and let c, = fi/t , where f. 1is the
fregquency by person i and t 1is the duration of the group. If
groups within a particular study are of egual duration; then picking

a sample from ¢, 1is equivalent to picking a sample from T

i i’

Rather than evaluate the extended Leik model directly,
we shall evaluate a general model of which it can be shown the

extended Leik model is a special case.

The General Model

Both the modified Coleman explanstion and the extended

Leik explanation rest on the aggregation of ordered observations
chosen randomly from some type of distribution: wuniform for
Coleman and unimodal asymmetric for Leik. ‘Although we have
already shown that the modified Coleman model is not correct, the
simllarity of the two explanations suggests the more general
question of whether there exists any distribution such that when
random samples of size k are dreswn, ordered; and aggregated, an

exponential series will result.
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Kadane (1968) has shown that if there is any distribution
such that the order statistics from random samples of size k
result in an exponential relation, then the order statistics from
random semples of size j , J # k , will not produce an exponential
relation (except in the degenerate case where the ratio is equal
to 1). FPor random samples of size J < k the ratio of the ith
smallest to the ith + 1 smallest is monotonically increasing. Thus
Leik*s model 1s impossible; there is no distribution such that the
required method will produce exponential series for more than one

sample size,

This result, however, does not tell us whether there is
a8 distribution such that for some sample size the required ex-
ponential relation would obtain. Further work has shown that
there exists a set of distributions such that random sampling
would result in the exponential relation for samples of size 3,
there exiats a set of ‘distributions which do the same for samples
of size L4, and there exists a set for samples of size 5 {cf. Kmdane,
1968). It may be the case that in general there is, for every
sanple size, some set of distributions such that the specified
procedure produces the exponential relation. It should be made

clear, however, that the results obtained so far prove oanly



that in these cases the required set of distributions ig not
empty; they do not give a convenient characterization of these

distrivutions.

Nevertheless, & model which requires that in order to
produce an exponential relation for different sample sizes there
"must be different sets of distributions, hardly constitutes an
adeguate explanation of the alleged regularity. This explanation
would be relevant only if groups of different sizes had been picked
from different populations, but in at least one instance (stephan
and Mishler, 1952) the researchers selected groups of different

sizes from a single population.

An Approximation to the Fxponential Relation

To this point, this alleged explanstions and the dis-
cussion of them have been predicated on the assumption that the
observed distributions of participation are charscterized by ex-
ponential relations. It is quite obvious from the data that have
peen offered, however, thet this characterization is only approx-
imetely true. One might reasonably ask whether there sre distri-
butions such that the specified method (rsndom sampling, ordering,

and aggregating) will produce results which are approximately

exponential.



As the sample size gets large, the ratio of expected
values of adjacent order statistics approaches 1 for any dis-
tribution. The difference between that ratio and 1 , divided
by the sample size, apprcaches a number which masy depend on
which part of the distribution is being examined. The Appendix
shows that a density proportional to l/x has the property that
the above number does not depend on which part of the distribution
is being examined. Thus, a density proportional to 1/x, for
O<a<x<b<w , would be expected, for large samples, to
have nearly constant ratios of expected values of order statistics.
To see how close 10 constant the ratios are for small samples,
expected values of order statistics were computed for the density
1/{x+1n(15)) for 1 <x <15 . The ratios of adjacent expectations
of order statistics, ranked highest to lowest, and the expsctations

as percentages are shown in Tableg 10 and 11,

In Table 10 the ratios of expectations are shown for
samples of size 3 through 12. As expected, the ratios are more
nearly constant for larger samp;e gizes and the aversge ratio
increases with sample size. For a given sample size, the ratios
are monotonic decreasing. Thiz result is similsar to & result of
the modified Coleman model (cf. Table 9), although the range of the

ratios in the present case is ounly s fraction of the range in
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the modified Coleman model. Indeed, although the ratios are
not constant, they appear to be at least as constant as the

ratios for the observed data (cf. Table 7).

In Table 11 the expectations of order statistics are
reported as percentage distributions. A significant fact in
Table 11 is that the percentage accounted for by the largest

expectation is a monotonic decreasing function of the sample size.

Any attempt to fit the exponentisl to the entire group
and to groups of variocus sizes must take account of the fact that
if the distributions have the same sum (e.g., 1.1 or 100), then
it cannot simultanecusly hold that r is a monotonic increassing
funetion of n and 12y is a constant. Only one of these facts
could be true of groups in which the distribution of participation
was characterized by an exponential relation. The implications

of this are important in the present case as will be shown.

Assuming that one could give & meaningful interpretation
to sampling from the density l/x s the regult indicate that the
required method produces ratios which are as constant ss those
for any of the data which have been reported;, but r is & monotonic

increasing function of n.
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TABLE 10

The Ratio of Adjacent Order Statistics

from the Approximation Model

Sample Size
3 L 5 6 7

1

2 ,540 .61h .666 .TOL T35
3 197 590 651 695 .728
L .560 634 683 720
5 612 .670 .11
6 655 702
7 .690

Eﬁn(%) 526 596 .649 .689 721

bample Size
{ 8 9 10 11 12
2 .759 .780 .197 811 824
3 LT5h LTT76 Nr{eIn .809 Bez
in L749 .T72 .790 . 806 .820
5 . Th3 LT67 .T787 .804 .818
6 .T36 762 .783 .801 .815
T 728 <TOT ST79 - 798 813
8 .720 <151 STTH T4 .810
g SThk 770 .T91 .808
10 165 187 .805
11 183 .802
12 =799

n
ntin(15) 747 .T69 187 ,802 .816

*
¢f. Appendix,
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TABLE 11

Percentage Expectations from the Approximation Model

Sample Size
3 L 5 6 7

i

1 55.29 45.90  39.35 3k.L9  30.73
2 29,66 28,17 26.19 2i.30 22,58
3 14.85 16.62 17.05 16.88  16.4k
4 9.31 10.80 11.54 11.8k4
5 6.61 7.73 8.42
6 5.07 5.91
7 L.08

Sample Size

1 8 9 10 11 12

1 27.72  25.26 23.20 21.46  19.97
2 21.05 19.69 18.49 17.k1 16.45
3 15.88 15.28 14.67 14,08 1%.52
L 11.89  11.79 11.60 11L.36 11.08
5 8.83 9.0L 9.13 9.12 9.06
6 6.50 6.89 7.15 7.31 7.39
T k.73 5.22 5.57 5.83 6.01
8 3.40 3.92 4.32 k.63 4.87
9 2,92  3.33  3.66  3.93
10 2.55 2.88 3.16
11 2.26 2,54
12 2.0%
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In Stephan and Mishler's data (including the formsl
leaders) and Bales et al.'s data, the personswho rank highest in
units initiated produced about 4k percent, and there was no
noticeable trend across various size groups, Thus, 1If the
distribution of participation for all group members is to be
approximated hy the exponentisl relation, there would be a mono-
tonic decreasing relation between the average ratio and the size
of the group. Since this is contrary to the relation actually
produced by sampling from the density l/x , the epproximation

model also must be rejected.

Discussion

None of the alleged explanations has turned out to
be satisfactory; either (1) they did not imply that the distri-
bution of participation would be exponentiasl (Coleman and Leik),
(2) they involved assumptions contrary to fact (the general sampling
model}, or (3) they implied additional conseguences which were
unsupported (the argument bvased on 1/x .} Thus, stripped of
thegse potentiel explanstions, the only basis for adopting the
exponential over the harmonic functions is the fit of the function
to the data, and this appears to vary with type snd size of the

group.



In the face of the previous results, it seems ressonable
Lo suggest that one Torgoe Cfurther explanations of the il of the
exponential and further curve fitting and,rather, consider the
breoader problem of developing models which could capture the
process of interaction, and not just its end result. Whatever
regularities occur as an outcome of the entire coperation of the
interaction process must also be capable of being generated from
assumptions about the nature of the process itself. Some work
and some analyses have begun slong this line
(cf. Bales, 1953; Horvath, 1965; Kadene et al., 1968; and Lewis,

1968).

In general, models allow one teoderive and to specify
the relations among multiple characteristics of the phenomenon
modeled. Horvath’s model of participation in discussion groups,
for example, allows one to derive not only the exponential dis-
tribution of perticipation among actors, but also (1) the probability
of k consecutive acts by a person of rank J , (2) the mean
number of consecutive acts by a person of rank j, (3) the mean
number of acts vefore the person of rank J speaks, given that
the person of rank 1 is currently speaking, and so on (ef.

Lewis, 1967).
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The utility of being able to specify relations asmong
various descriptions is well displayed in the present instance.
Although the exponentiel function seems to fit Stephan and Mishler's
data a lettle better than Bales', the clainm had been made that
the exponential function fit both data sets. Since Stephan
and Mighler's unit of observation ig very close to an uninter-
rupted sequence of Bales® units (ef. Kadane, et al., 1968},
it is interesting to consider whether the same type of function
should be expected to fit for both types of data. Alfernatively,
under what circumstances should both sets of data be characterized
by an exponential function? As suggested by the preceeding com-
ments, the answer to this questiion requires a mode=l. TIn the case
of Horveth's model, the answer is that the two distributionz are

never both characterized by exponential relations.

Finally, the type of data analysis employed by Bales
et al. and by Stephan and Mishler has heen employed by others.
Coleman {1964:30) cites research on sociometric choices, sales of
popular records, and sales of best selling books, as exasmples of
research in which data have been ordered and sggregated and in
which exponential relations allegedly have been found. Hopefully,
the form of snalysis and the anelytic results in the present paper
will be useful in evalusting those claims, and claims of a similar

type in the future.



Summary

Bixteen. years ago the claim was made that the exponential
function described the distribution of ordered, aggregated dats on
participation 1n discussion groups. Reconsideration suggests that
the claim is not as unegquivocel as it has apparently been believed:
(1) the harmonic function does nearly as well as the exponentisl
function for some data, and (2) several potential explanstions for
exponential (or nearly exponential) relations were shown to be
insufficient. Becsuse many functions would probably fit as well
as the functions which have been proposed, thought should be given
to the comstruction of process models rather than to futher

attempts at curve fitting.
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Appendix: Distribution Functions with Order Expectations Which

Approach an Exponential éeries*

1 2
from an arbitrary continuous distribution function F , with F(0) =0 .

et o <X <X < L, X be the order statistics
(1)~ %(2) (n)

Then we wish to find conditions ° on F so that E[X _J/E[X . .]
{i+1) (1)

does not depend on 1 .

BlX(141)] -
T = 1 +
n=t ¢Xa,
b 1 + da
Xa
LR
= 1 + do
But this is the same as saying that
1+ nml 1

) -2 (FHA)

is not to depend on « . Or, letting ¥y = le(a} sy o f{y) is

not to depend on y . ©So that, locally,

fly) © lly .
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Thus the Pareto distribution with parameter 1 (trunceted so that
it is the density of a probability distribution) is an approximation

to & density having the required property.

* The authors wish to thank I, R. Savage for helpful conversa-

tions which led to this argument.
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FOOTINOTES

The use of chi square in this instance requires the

agsumption that the acts are independent.

The uge of maximum likelihood estimates requires a stochastic
model which determines the distribution of the observations.
Some models of this type are discussed in Kadane et al. (1968).
Coleman recognized that & 1is determined in the special case
where C = 1.0 (1960:53; 1964:29).

In the original report # for groups of size 6 should have been
.603 rather than .623; and for groups of size 8 the percentage
distribution on which the computation of ¥ was based summed
only to 99.26 . When T is computed from the recalculated
percentage distributions, the values of ¥ are not a

strietly increasing functiom of n . This casts some doubt
whether r is & linear function of n (cf. Stephan and Mishler,
1952:60L4=-605, and Coleman, 1960:65-69).

Bales et al. (1951) included only the graphs and only for
groups eslze three through eight. The frequency distributions

on which the informetion in Table 2 is based were supplied to
Coleman by Bales. The authors wish to express their appreciastion

to Robert Bales and James Coleman for making these data available.



- )4_3 -

It is important to point out that whereas Stephan and Mishler
omitted the data from the instructor apparently for & priori
reasons, we have omitted data from the highest participant
solely to see how much it improves the fit to the exponential
funection.

The aunthors wish to thenk Philip Bonacich for making these data
available,

It is not necessary, however, that one aggregate exponential
and non-exponential series for the resulting series to be non-
exponential., One can show that if any two exponential series
with the same number of elements are aggregated, the resgulting
serles is exponentiel if and only if the two originel distri-
butions have the game parameter r, This result raises questions
about the condidtions under which one wants to aggregate data.
The authore wish to thank Fred L. Strodtbeck and Margaret
Parkman Ray for providing these data from unpublished work

done under Famlily Interaction Studies Using Revealed Difference,
NIMI Grant #MHO5572-0% , in the Social Psychology Laboratory,

at The Univeraity of Chicago.

It is Iinteresting that if one aggregates the data asccording to
the role of the participants one finds for the fathers, mothers,
and children 34.8% , 33.0% , 32.2% . This is very close to the

distribution reported by Leik (1965:64).
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11.

12,

15.

mhu‘_

The authors wish to thank Mrs., Michael Olmsted and Ted Mills
for making the four person Harvard data available and Zvi
Namernwirth and Michael Farrell for making the four person Yale
data avallable. For a description of the Harvard groups cf.
Olmsted (1954).

Although it was not a necessary feature of his model, Coleman
did in fact simulate all groups for the same number of acts.

If one expresses the expected distribution for samples of

size five as percentages, this distribution is very close to
the observed percentage distribution of participation for groups
of five femeles, cf. Table 4, the mean error between these two
distributions being .26% . Leik reports that the data from his
groups which were composed of females “are frequently contra-
dictory to the Stephan-Mishler hypothesis® (1965:59).

By "skewed normel" Leik intended "that the distribution be

what would be obtained if, for example, the abscissa of a normal
distribution were stretched or contracted by, e.g., & log
transformation” (Letter from Leik, Feb., 1968). This appears

to include not just log norms) distributions but all asymmetric

unimodal distributions.
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