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PART V: THE NONSYMMETRIC GAME:

JOINT MAXIMUM, EFFICIENT SOLUTTON AND

MEASURES OF COLLUSION AND WELFARE'

by

Richard Levitan snd Martin Shubik

1. Introduction

In the previous parté/ the mathematical structure for a nonsymmetric
model of a market was given and the resulting n-person nonconstant sum game was
examined and solved for the non-cooperative equilibrium point. Two further

solutions are considered here and the problem of comparing them is discussed.

2. Solutions and their Comparison

2.1 The Symmetric (ame: General Discussion

The symmetric geme was solved for three different soluticms, they were
respectively the joint meximum; the non-cooperative equilibrium and the besab-thew
average outcome, The Pareto optimal surface could be counted as a fourth
solution, A fifth solution, the efficlent point, is closely relatszd to the
beat-the~average in the symmetric case but requires some extra specification,

which will be given below,

For ease of discussion, Figure 1 is drawn for the case with oaly two
Tirms in competition end The remarks immediabely following are based upcm two firms

in competition although they generalize immedistely for any number of firms.

* Research undertaken by the Cowles Commission for Research in Fconomics under
Contract Nonr-3055{01) with the Office of Naval Research. Dr. Richard Levitan
is with the Mathematlcal Sciences Department of the Thomas J. Watscn Resesrch
Center of I1.B.,M,, Yorktown Heights, New York.
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Where a totally cooperative structure has N colnecide with J eand hence p =1

A toitally noncooperative structure has N coincide with B hence p =0 . It

is of interest to note that the symmetric market structure as described in the
previous papersg/has a different sctructural level of cooperation as the number

of participanis is increased. The changes in the payoffs associated with the

three main solutions is indicated in Figure 2 for different numbers of participantis.
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Figure 2

coincide. The Bl solution is hardly meaningful, but would alsc ceincide with

Jl and Nl leaving p indeterminate. This is not unreascnsble if we wish to

regard p as & coefficlent defined only for situations with more than one in-
dividual. If we wish to use the efficient point solution, then as is shown in

Figure 2, E mey be used insteed of B, in the one-person case and will yield

L
ap=1. For n2>2 we observe that all solutlons B2 B5’ »us give the same

level of profit, and for n > 1 all solutions J ce0 glve the same level

l’ J25

of profit. The noncooperative level of profit changes as the number of players

n increases. For n=1l, N

1 coincides with J., but as n becomes large Nn

1
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approaches Bn asymptotically hence the range of structural cooperation varies

from 1 to O as the number of participants chenges from 1 to a large number.

The speed of convergence of Nﬁ to Bn is conirolied by the selection
of the parameters in the game, as is the distance between Bn and Jn » This
means that aithough the introduction of more players changes the structural in-
dex of cooperation, the structure may also be changed by adjucting paremeters,

leaving the number of playecis fixed.

Heonsymmetric outcomes such &s the point D in Figure 1 can be ex-
plained in a variety of ways. The success of the explanations will depend
upon experimentation and socic-psychological and economic theories which have
as yet been scarcely explored. Formally we may observe that if we regard the

n

subjective payoff of each player to be given by Hi = 3 @i 3 PJ wvhere the P,
j=1 =’ Y

are the objective payoffs end the @i,j are parasmeters then eny ouvtcome can
be achieved by the appropriate selection of ®i,j' However there are many
other features of human behavior such as ability to learn; level of T1.Q.:
aspiration level; change of attitude in competitive situations and 8o forth
which might offer better explanations. From the viewpoint of the econonmict
if the structure and the payoffs are completely symmetric in thi:c model we

would expect the steady state outecome to be symmetric as well if the vlayers

are similar as the sclutions suggested are unique and symmetric.

2.2 The Efficient Point as a Solution

Ancther solution which has been mentioned i the elfficient point.
Suppose that the industry represented by the model were notionalized and {(in an

ideal world) were run so as to optimize the benefits to society as o whole.
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The second advertising term (1 + q JEE; ) reprecents the cooperative
effect of advertising which enlarges the demand for the complete class of products.
Tt might be reasonable to expect even a nationalized inductry to advertise if it
could be ergued that such an increase in demend represented an increaece in con-
sumer welfare that more than offset the expenditures on adverticing. We close
this Pandora's Box for the time being and limit ourselves to the more special
case where we assume that n = 0. In this instance the efficlent solution will
differ from the beat-the-average solution inasmuch as the former will have no
advertising expenditures while the latter, in general will. As © approaches 1

the beat-the-averaege selution approaches the efficient point.

2.5, Efficlency and Welflare

The payoffs in Figure 1 are drawn from the viewpoint of the firms with
no explicit indication of the welfare of the customers. The customers' welfare
was implicitly accounted for by the demand functiens. In Figure 1 we have placed
the origin at E, the efficient point which corresponds not 1o zero profits to
each Tfirm but to profits of -K where K 1is the fixed costs of each firm. We
could at least attempt to illustrate the welfare of the consumers by introducing
an aggregate concumer represented by a utility function which gives rise to the
demand functions in the model. The three dimensional diagram in Figure 3 has as
one axis the welfare of the consumers. We note that neither N nor B lie on
this three dimensional Pareto optimal surface. They are all inefficient when
viewed by the customers and the firms considered as a whole. The efficient point

lies on the surface and is the point at which all gain accrues to the consumer.
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The previous Pareto optimal surface PlJP2 lies on the new surface and represents

the locus of outcomes at which the firms share all of the gains

U

Firm 2

Figure 3

%. Non-symmetric Solutions

%.1. Preliminery Comments

In order to extend cur analysis of the non-symmetric geme we propose
to obtein the joint meximum and efficient seolutions and to compare them with
the non-cooperative solutien by evaluating both the profits of the firms and
consumer welfare. In order to do this we shall need to derive a utility

funection for the consumers based upon the observed demend structure. This is



done in Section k4.

3.2, Joint Maximizatien

The prefit eof the ith Tirm is given by:

(2) L, =8w (Pi-ci3(v -p; - (e - 7))

where LA is the market share for the ith firm,

th

c is the average cost of production for the i Tirm

i

n
and p 1s the weighted average of prices. (S =5 ijj R ij = 1)
j=1

We omit advertising from the analysis at this peint. As it enters

in & multiplicative manner it may be determined after price has been determined.

Teking derivatives of Hi with respect to 1 and j we obtain:

ani i o
(3) >, BV, L(pi-ci)(- l-v(l-wi)> + (V~pi-7(pi-p),.j
=pw, V4 (l+7-7wi?9.1 - (2 (1+y)py-mwy)py + 7 5_!
ani

air,
Summin LY we obtain ot = ypw, ow.(p.-c.) :
g (4) 5 . 35, YRV, J(PJ J) 3



adding this to (3) gives:

ol , 1
b) aﬁi = Bwigyjiiwj(pé-cj) + 7W£(pi~ci) + V + (l+7)ci- 2(l+y)pi+y P ;
(3) = ﬁwi, 4 ij(P’j"c.j) +V+ (1+7)Ci - 2(1+7)Pi +7Dp

- | _
= pw, V4 (l+7)ci -z i, - 2(l+7)pi + 2y p-}

= {
Rearranging (5) and rewriting it in matrix notation gives
(6) 2[(1+7)I-7Sw]p=vl+((l+7)1~78w)c
- B o ! g co1 o
i | f ‘ i
... 1 . ii I"’:LW ; _P,;f Sy
where S = [V L=V, W=l T2 s P =i jandc= |l
IR 1, | W n L
J L ‘ n.
This glves:
-1 1
(7) =3 \(l+7) I-v8 w) t5e

i
o
Q
+
M) <



(8) P =3

In conformity with our model in Part IV we limit our consideration

of advertising to the single multiplicative term
&y N

This involves only the competitive aspects of advertising. Given
prices determined, payoffs are of the form
a,

(9) I k{@ +(1@)w\-a

/

i

The first order condition for & joint maximum is:

bX ka
-@i——— +®k(————
(Ea.

(e, )

which reduces to:
(10) i k, Zs; - X ke (Za) ]
- i

In matrix form this mey be written as:
KSa - SKa = (2‘;:3.3.)2 1

~

or 8 = (33)2 (Ks ". SK)-l

however (XS - SK)_:L is singular if it is of order greater than 2. This is not
surprising when we consider the meaning of the basic model. If advertising only

reallocates the sheres of an overall market of fixed size then if all firms are
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acting in a cooperative manner only the one with the lowest coste need advertise.
The nature of the advertising term is such that we obtain an unrealistic solution
Tor only one active firm. Any infinitesimal smount € will be sufficient to
direct any market share that can be moved by advertising to the only firm with

a2 non-zero expenditure.

Possible & more reasonable approach would be to define a special
functional form for the advertising term when only one firm is aective. The
shape of this function involves empirical and institutional considerations.

At this point we leave the determination of the function as an open problem.

3.3, Efficient Point

Given constant averege costs for all firms, suppose thet they were all
being run to maximize the welfare of the consumers. This would call for a price

poilicy such that

(11) D, =¢

If we make the assumption that society does not wish to change the

tastes of its members in the market then we have

(12) T o] é_

We see immediately that both the joint maximum and efficient point

solutions are extremely simple zeneralizatioms of the results from the symmetric game.
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L., A Welfare Measure

In the symmetric game, the various solutions were colinear. It would
be at least reesonable to contemplate the construction of measures bhoth of
welfare and collusion in terms of indices involving distances or raticg of
distances along the line BONJ in Figure 1. When we abandon symmetry the
problem becomes far more difficult as is indiceted in Figure 4. This illustrates
the payoff set and various solutions when there are two nonsymmetric competitors

{without fixed costs).

1
-A
N ‘g
iE “q P2
) \
N\
Figure 4
Suppose that we observe two outcomes A &and B . How can we compare

them with the joint meximum J or the noncooperative eguilibrium N? A vector

measure of the level of collusion can he obtained by considering:

n
I = £ ©,, 7P,
i j=1 [ s I
to be the subjective payoffs, evaluate the 913 for the outcomes and use
(@il, ®i2’ ceny ain) as the measure of the level of cooperation of the ith

firm.
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Apart from the problem of the measurement of collusion, the evalualion
ol the welflsare effects of the policies of the firms remains. As a crude first
order approximation we can derive a community utility function from the demand
conditions and evaluste the profits of the firms and the customer welfare for
the various outcomes. We derive the aggregate utility in two ways, in terms of

gquantities of goods and in terms of prices. Both may be useful to work with.

k.1l. Aggregate Utility: Quentity Function

xt A X + bt X

roj

(13) Let U{x) =

where X 1is the vector of Quantities of commodities
xt is the trenspose of x

Given p & vector of prices for all commodities, then

(14) U'(x) =AX+Db=Dxrp

where XA 1is a Lagrangian multiplier.

From (1h) and (2) we obtain:

V—p-w(p-S@)}

x = A™* (xp-p) =B W

=5wéGSw-(l+7)I)P+VJ€I

giving:
(15) kA-l=Bw{7SW-(l+7)IJL

(16) Ao - spvw
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hence
. '_l . _l
(17) A -1 Ao -1 1+ -1} -1
A==y 5w~ (14 Ij- W —=e W s - —ZLy .
B U (3+7) 4 Ik 4 v
’ RN
(15) b=-AV 1.7 Sw-(l+y)I }- 1
call (531) e then from (17)
A -1 -1 -1
1 A=— w S-2 w
(19) A CE
It can be shown that
1 [ a
(20) (S-Z) = - “"‘lT‘)’- W + 1—_{_—7- w3 W)
- R A N
giving (21) A= e (_ iy w4 Try “(Tr7)8 (w =+ v8),
- AV o =1 ~
d = - = NV
and (22) b BVAw] 1w (¥ +y8)wl
W - -
= 1+ 1] =AV1
il-!—y) ( ) ]
- E n [
giving ‘ . oz XiE N
U(x) 1 J I=1 2 1
2 .- .
(23) x VE T me) v 7 () f ‘

where ) mey be interpreted as the marginal utility of money (acsumed constant

over the range under examination).



h.2, Aggregate Utility: Pride~Fimetidnn

From (21) and (22) we have:

RSN G U {8
(24} U(x)—--et3 X l+7w +J.+7S)x+ AWV 17 x .

We may write the demand function as:

(25) X=1r-Qp

~ 5

where r =fywW 1l and Q=[3w;\@l+y)1-78w/as can be seen from

differentiating (13) and obtaining

b - Ax = Ap or X = A'l(b-kp)

r-q@ p.

Let the utility function in terms of price be ¢(p), then:

t 1
(26) gp) =b x - 5xtAx,

Divide by A eand substltute for x to obtain:

il

(27) 2(R) -+ " Hr-qp) - £ (r-ap)* @ H(z-ap)

t -1 £ 1 t.-1 £ -1 %
=r’ Q@ r-rp-z|rQr-2rQ Qp+p QP

r p°Q p)

(r'q

I
ao] Ny
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hence (28) ,L =8 Vit (M * T 8) wi-p oy ((1+7) I-78 w) p
or 20 V2 L itw T+ L Atw iitw i -t (1+y) I 3
Bx ¥ Tty Toy P 7)I-ysjp

n
AR —Z—l+7) - (1+y) J_ill ViPst Y (pwl) (17w p)

n 2
- {1+ Z W + Z W
( 7) JPJ 7( JP)

-(1+7)< >+7p

ve - 5P -(l+7)0

e we may write the utility funetion in terms of price as:

(29) Ao = B v TP - (1) O
2 . . . 2 2
where g ig the weighted variance = Zw.,p, - (Zw.p.)
D J7d Jd
and 5 1s the weighted average = ijpj

Consumer surplus is given by:
T
(30) S=¢-Apx,
where x = Bw(Vl - ((1+7)I -8 w)p)

Total surplus or gain to all parties is:
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T

(31) T=S8S+1I=5+ (p-c)Tx =@ -cxX .

Il

]

o - cBw(VL - ((149)I - 7 S w)p)

o - B(ve - (Ll+y) leicipi + ¥ c D)

® - BV - (147)(c2, +TF) + 75 D)

@ - B(VE - TF - (1)as)

_ E 2 _ -2 _ —~ L, T 2 . 2 .
=5 (v D Ne + ¢ p (l+7)(crP 2ocp)) ;

where Ucp is the covariance of price and cost.

In particular for any set of prices the departure from efficiency

is measured by

rj®

(32)  o(e) - 2p) =& (57 T+ b + (149)(6% + oF - 257))

cp

VI REY

((3-)° + (147)(op - 205 - 02)) -

5. An Example; A Simulated Automoblle Market

Using some very crude figures obtained in a previous paperé/ hased
on highly aggregated information on the sutomobile market we compare the
Joint maximum, noncooperative equilibrium and the efficient solution with the ac-
tual results in the market. The calculations were performed by a computer

progrem not presented here, but available.
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Welghts Average
W, Costs
i
: *
General Motors .65 1870
Ford | 236 1927
Chrysler L11h 1564

These figures give B = 5764 and ¥y = 4.6

Pl P2 PB PL P2 P5 o} Total Surplus[
Joint Max. '51+86 3515 | 3543 | 10156 | 3272 | 1394 39730 20033
Actual 2767 (2511 | 2552 6528 | 2683 | 1180 54077 27492
Noncoop. Eq. |2703 (2572 | 2565 6813 | 2560 |1133 54625 27813
Efficient Pt.LlBTO f1927 {196y G 0 0 6LE3T 29644 !
i : : i : '

The p, are prices, Pi are net variable revenues (no overheads are subiracted
i

and the ¢ is the consumer utility.

We make no pretense at accuracy; the caleculatlions are offered
only to suggest the relative sizes of the different solutions. For example
it appears that the actual market is very close to and slightly more in-

efficient than the price noncooperative equilibrium.

The relative efficiencies of the solutions are approximately in
the ratio of 100:94:92.5:75 ranging from the efficient solution to total
cooperation by the firms. The loss to the public i1s, of course greatest

when the firms collude.

Our crude calculations give the average costs of General Motors nigher
than the others. We bhelieve thig to be due to the crudeness of our
aggregation (2,095). For this calculation we reduce General Motors' costs.
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