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THE COURNOT EQUILIBRIUM IN A
NONSYMMETRIC CLIGCPOLIBTIC MARKET

(A Business Geme for Teaching and Research
¥*
Purpcses: Fart VI)

Richard Levitan and Martin Shubik

1. Introduction

In several previous papers we have explored the application
of different solution concepts to the same market structure.l/ Previcusly
we have considered models in which both price and production are indepen-
dent variables. These models were solved for: (1) joint maximum, (2)
efficient production (%) the noncooperative equilibrium and (4) maximiza-

tion of profit share.

The noncooperative equilibrium solutions (pure strategy or
"midgeworth cycle" 2/) were based -n one set of classical mathematical
economic models with price and quantity as the independent variables. In
contrast we can consider the Cournot model which has only guantity as
the independent veariable. To some extent this l1s somewhat less realistic
than the previous model; however for experimental purposes it is useful

to test for the predictive value of this solution. Furthermore when
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there 1s product differentiation the generation of prices in the extended
Cournot model poses an interesting problem closely related to general

equilibrium and rationing analysis.

We assumé€ that consumer preferenceé can be represented by a
general quadratic utility function. Our somewhat strong specisal
assumption is that to a first approximatign there is no income effect
between this class of goods and the remainder of the consumer's pur-

chases. In terms of quantity the consumer's utility function is:
. : o

i
+ y(Z xi)2 >

n
u(x) _ Vv & x 1 i

A 4o & 2B8( + ) W

wvhere A = marginal worth of money.

In the simple case of quantity ducpoly with an undifferentiated

product, price is easily determined by the demand relation

When there are differentiated producta we must solve a
limited general equilibrium model to determine the set of prices which
will just clear all markets. A detailed analysis of this problem and
its relationship to rationing and general equilibrium has been given

oy Levitan.é/



2. The Cournot Equilibrium

Let

B, V and

We

= the vector (xl, Xps +ee xn) of quantities offered

by the firms.

= the vector (pl, Pgs v pn) of prices.

1 1 ...1
1 1 ... 1%
1 1...1
!_-w 0 0..0
Olw2
= 0 whére vy is the "weight" reflecting
: 5 .'w the "size" of the ith firm.
L_ n
1
1
| 1
1 0
c1
= . 1
O L

= the vector (e, c ...,c#) of costs of the firms.

2)

v are parameters.

may express demand in terms of price by equation (1).
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(1) x = BW(VL - ((1 + 9)I - »SW)p) ,
hence 1. A 1.1
p o= [(1+9)I - ysWw] (V1 - 5 W x)
1 -1 ,1+ -1 -1 ..~ 1l.,-1
= =W o (==Zy"_sg - =
> (7 ) T (1 5 W x)
_ 1l ~ 1 -1
= T35 (T + ysw)(vi - 5V x)
or
ot 1 -1
(2) p = V1 m—ﬁ(w + ¥S)x .
.th
The 17 payoff may be expressed as
(3) I = xi(pi - ci)

X
1 1
= x - 575 ('r,}"i'""7zxj)'°i)'

Differentiating with respect to guantity we obtain:

(3) O L, Wy
& -V earp G T TEN) e ey G )

Setting (%) equal to zero we have:

1
(5) V-ci—m((éiw)xiwzxj)w

Writing this in matrix notation:

(6) Sy G (B ) +8)x =Vl e

We note that

(1) (zt +5)™t = (2 - qzsz)



where
_ 1
1= 1T¥=z, -
i
In this case (equation (6)}).
7y
z, = m——— .
i 2+7‘Wi
Specifically
_ 1
4= W
IL+y X ey
J
Solving for x we obtain:
(8) x = éii;iJZl (z - @zsz)(Vi - c)
and
A1, -1 A
(9) p=Vl-2 (W "+ ¥8)(2 - aZSZ)(V1 - ¢)

Multiplying out the factors on the right of (9)

(10) p=vi- % W4y s - gies - g 11721 1) (2)(VL - ¢ )
however
1T - 1-4g
q
hence
(1) p=vi-Z (48 - @28 - (1 - 8NNV - e)
or

(12) p=Vl1-2<@?L+qr-wi)s)z)(vl - o)

~ [+



which simplifies to:
(13) p=vII - 2 (2l + q(r - v z)sed]
+ % WL+ q(y1 - Wiz)s)zo
writing S = 1 T in (13) gives us szl = 1 AN ) (}éi) hence

(1) p = vIIQ - (1-0)) - W2 - (2-0)]
Lalge 4 & (o7 - vlz)e
+7w zc+7 QI W "Z)SZC

or:

(15) T I L I . S N (yI w"lz)zw'c'
5 P=4q "7 2+7‘W. a\yL - 2+7w‘j
hence
l+7w L+ yw, - w,cC,

i 2+7w 2+7wi L2+ywi 2+7wj

or
‘ v.C, L+ yw

= Jd i

(7) Pi’qV+7ze+7wj 2+7w} L2+7w}

We may check some special cases.

(a) Suppose 7 = 0 . This implies g = 1

il

which is the monopoly solution.
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(B) Suppose ¥ <+ «w . This implies zy + 1 hence gq = ~—T -
D - L (V+3Zc)+0
+ 1 J
Vi n -
=T+i1ta=+1°¢
where ¢ is the average cost.
1 .
(c) Suppose w, = = this formula becomes
| n+4 y rn = nci
(28) pi=2n+(n+l)7(v+2n+yc)+2n+7

We now compare the noncooperative equilibrium obtained from
regarding price as the independent variable or quantity as the independent
variable. For n = 1 we see below from the two general symmetric market
formulae that we obtain the same result. Similai‘ly for. n + o we obtain

the same limit (when all c, = c ).

(19) pi(Ec'igeworth) ~ Zn + ?n - 1)y (V + { 22 I Egn--l]).?)’y } 7E> * (121n++(?2r_1 %l{%—;

= n+y Y £ S B2z
(20) pi(Cournot)-2n+(n+l)7 <V+ BTy c) +2n+7c

For n=1

_ 1 2= c _ 1 =
pi(Edgewor'bh) = 3 Qr+2+7c)+ %y - 2(V+c)
e |+

. L 7 c .1 3
pi(Cournot) —m%<v+2+7 ) 55y 2(V+c).



For n+ «

oo 1,1+ 9y = c V. =y
pi(Edgeworth) ol V+2(1+7)7c>+ 2+_7"2+y+c .
_ 1 7= e _ ¥ — oy + 1

pi\Cournot) s 2+7<V+20)+2+7 = 2+7+C(7+2)

We note that for 7 + e« these both give py=C .

Returning to (19) and (20) for ¢; = ¢ We may observe that

for n>1 and y >0 :

>
P, > P,

This follows from observing that

n+ vy 5 n
2n + (n + 1)y 2n + (n - 1)y ~’

then observing that price is a weighted average of costs cs

; and V ,

however V _>: and V appears with a larger weighting in (20).
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