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OBJECTIVES, COMSTRAINTS AWD OUTCOMES
IN CPTIMAL GROWTH MODELS

Irving Fisher Lecture for the Warssw Meeting
of the Econometric Society, September 2, 1$66

by

Tjalling C. Koocpmans#®

L. Introdection

My purpose im this lecture is ¢o report on & number of recent
studies of optimal economic growth, to consider their results with you,
and to examine possible directions of further reseasrch.

What are the reasomg for giving thought to optimel economic
growth? With regard to centrally planned sconomies, the answer is
quite obvious. The plammers have g very dirvect influemce on the pace
and character of economic growth, snd may wish to heve the benafit of
economic thought in wielding that imnfluenca,

In the individugl @ntérpri@@ economies of the present day,
the main determinants of saving and hence investment asre the concern of
individuals with their own support im old age, and with the sconomic
oppurtunities of thelr children. Bven in these economies, however,

. and on other
governments have & considergble ifnfluemce om savings/a@paﬁta of
aconomie growth. To that extent the same consideration applies here

alsc,

* This paper reports on reseatch carried out under a gramt from the
Nationgl Sclence Foundstion.



Finally,:the.growﬁh econamist will wish to eveluste and compare
these two opposite forms of @c@nomic_@rganization, and the many mdied and
intermediate forms in the pfeaentwday world, from the ﬁ@ints of view of
intertemporal @fficianay of allocation, snd of the desir@bi]ity of the
rate of growth realized.

In view of the universal importance of the problem of optimal
growth, it is unfortunate that, through limitcatiomns of i@nguag@ and of
time for preparation, I can report today only om a few studies by
economists writing in West European languages. There haé in recent vears
been a remarkable upswing in the application of mathematical thinking te
economic problems im the countries of Egstern Burope. I am hoping that
our collsagues from these countries will contribute from their thought
and experience in the discussion.

Meanwhile, T do wish to make the claim thst the studies I will
report on are not tied to any particular form of economic orgeuization.
Theixr postulates C@mcerﬁ {a) production possibilities, and (b) inter-
temporal preferences regarding consumption. Technology iz, indeed,
universal. 4z to intertemporal preferences, there are, of course,
important institutional differences in how these sre arrived at and
given effect to in different economic systems. However, in our pre-

institutional type cf analysis, we shall merely sssume that such

preferences arve given, without inquiring how they are determined.
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In all of the models considered it is assumed that the objective
of economic growth depends exclusively on the path of congumption as
foreseen for the future.: "~  w¢. That is, the capital stock iz not
regarded as an end in itself, or as a4 means to ends other than
consumption. We have siready taken a step away from reality by making
this assumption, Or perhaps one might say we have moved a step shead of
reality. OSpecifically, a large and flexible capitel stock has considerable
importance for what is usually somewhat insdequately called "defense." T
have been ungble to find a more sccurate term that does not prejudge the
causes of and possible remedies for our coi:ly internstional insecurity.

S0 allow me to put it this way: the capital stock also helps to meet the
cost of retaining all aspects of nationgl tlvereignty and power in &
highly interdependent worid. But in any caﬁa, we shall have to ignore this
additional sttribution of value to the capi {1l stock.

The problem of allocation of rescirces to consumption in variocus
future periocds is, in principle, not different from other problems of
allocating scarce resources to meet a variely of competing objectives.
There are however some features specific tcithe optimal growth problem.

One iz that the future has no definita and }sreseeable end. We acknowledge
this fact by adopting an infinite time horifon,

Another common feature of the modils we shall consider is that
the allecation problems arising at successi{: points in time are of the
same kind, differing from each other only if the amount of the available

capital stock. This circumstance legds to fne use of differential
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of
equations if one adoptes a continuous time variable, or/difference equations

if a disgrete time variable is employed.

The models to be discussed are even more abstract and speculative
than studies in economic theory usuaglly are. The fmplicit premise is that
a certain amount of conceptual analysis may help to clegr the ground for

subsequent more practical work.

2, Brief review of z few models of

optimal aggregate economic growth.

Using the notations of Table 1, we show in Table Z a few
characteristics of each of five optimization models of aggregate economic
growth, labeled (A) through (E). In esch case, the following elements are
specified:

(03 an initial capital stock Ko .

{I) an optimality criterion,

{II) an assumption about population growth,

(I11) an aggregate production function end an assumption
gbout its change over time.

A1l our authors obtain what we may call qualitstive results,
such as conditions for the existence of an optimal path, and monotonicity
and/or asymptotic properties of such paths. My survey is concerned with
these qualitative results, In particular, column (IV) in Table 2 reports
on the most interesting and informative conditions for existence.

However, I must refer to the papers in question for full statements.
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Inggaki{ gqnd Mirriees have also obtained highly interesting

quantitative results, that iz, computations of optimal pathe in imstructive

specigl cases., T will not aunticipate the presentation of these results by
the respective authors.

(&) The table begins with Frank Ramsey [1928]. So doss, to my
knowledge, the explicit mathematical study of optimal economic growth. The
year after the publication of his pap@r/gg;zewhmt hag been called “the
great depression” by some, "the great crisis of capitalism” by @thérﬁo Had
not these events intervened and deflected economiste from following up
Ramsey’s powerful ideas, the optimal growth literature of the sixties
might and indeed could have been writtenm in the thirties.

A8 the objective to be maximized -- the optimality criterfon --
Ramsey setlected an integral over time of the utility flow u(Gt)
agsociated with the total consumption fl.onsar]L ct at time € . The function

u{C}) was assumeéd incrsasing and strictly conceve. The meaning of this is
that & generation that cam expect a high coneumption level receives
relatively less support inm its "bid” for still more consumption than g

genergtion that cen look forward only to a modersate or low level of con-

gumption. The marginal utility fumection w’(C) thus represents a

‘ For simplicity we omit another feature of Ramsey's model: that utility
also depends om the amount of lasbor rendered by each person. We take
that smount as given inetitutiomnally, and constant owver time.
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distributicnal weighting system between generations attaining different
levels of consumption, much like a progressive tax system. (Distribution
problems as between individuals living at the same time are igunored,
however, by assuming equal distribution betwean contemporaries.)

The weights u?(C) ignore the time at whicﬁ a generaﬁion
Iives;‘ On ethical groumdh,ﬂnmmﬂey was opposed to applying in addicion

a discount factor like o P®

s 0<p , to the utility flow, 80 48 to
favor generations in the nesgr future over more ramots ones. This
sdmireble principle raises a technical problem: Without a discount
fldgor, the integral over an infinite future will not converge for most
of the paths to be compared. Instead of Ramsey's ingenious device for
sctting arcund this difficulty we shall describe an equivalent dsvice,
rocontly'preposedz by von Heiso:ckcr [1965]. By the latter’s definition
of the optimality criterion, & consun#tion path ct is declared baettsr

than another path C: if there exists & T such that

t o >
fo u(ct)dw > fo u(c,:)d'r for &1l t =T,

" that is, if, by the time T , the path C_ hes overtaken the path c:
for good. Note that this statement invoives only comparieon of integrals
for finite horisons! It is true that the overtgking critarion so

defined doenlnot chocse between avery conceivable pair of paths. However,
the partial ordering defined by the criterion suffices for determining an

optimal ﬁath in the circumstances assumed by Ransey.

2 A simiiar but not identical criterion was introduced and used by

Malinvaud [1963].



These circumstances are a constant population and & constant
technology. The latter ig described ty an aggregate production
function F{L,X) with constant returns to scale and poaitive‘but
decreasing retufns to each factor separately, that is, to aggregate
labor I , or to aggregate capital XK . The only policy decision
required is tb allocate at each time + the production flow Filﬁﬁxﬁ}

o

ag between consumption Ct and the net lncrease Kﬁ in

(nondeteriorating) capital K, . It turns out thst, ia either of two
specisl cases of somewhat unpredictable occurrence, ;here exlsts &
unique feasible path that ultimetely overtakes every other feasible
path,or hence that can properly be called the optimal path. The
first case arises if utility u(¢) 4is foreknown to reach an
absolute masimus uw(T) st some finite bliss level of consumption T .
The other case 1s thaﬁ in which the production function f£(X) is=
foreknown to reach an absolute maximum f£(¥) at some finite
saturation level of the capital stock K . In either case, along
the optimal path, both eoneumption and capitsl grow wonctomically wntil
one or the other Of them &pproaches itz saturation level aéymptoticallyo
The other varisble then approaches s corresponding asymptoﬁi@ level
tnat is determined from the production function (see entries (A,IV),
{A,V) in Table 2).

| {B} Thirty'years went by before & generalization bf Ramsey's
study was made, independently and more or less simultaneously, in three
studies by Cass, Koopmans, and Malinvaud, respectively, with consider~

3

able overlap in the resulis.” 1In the amslgem of thelir models to be

3 These studies were preceded by articles by Srinivasan {1964] and by
Uzawa [1964] in which an integral over consumption flows, rather than
over the utility levels thereof, was maximized.
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wyl!
discugsed here, a discount factor e o't g introduced, without pre-

cluding the possibiliity that the discount rate @' is zero. The

other departure from Ramsey consiste in the introduction of exogenous
.exponeﬁtial populatior growth, I% = & s A0 (egnatiqg
population with labor force, and measuripg each ip units of the
initial labor force ib m 1 }. This nev assugption immediately
raises 8 new ethical questioﬁs whether one should meximize, as in
entry (B,I) of Table 2, an integral over diacomnte@ per capita

utility u(@t) , Where g = Ct/I% is consumption per head; or an

v & as in {D,T).
integral over a discounted sum Lu(c,) of individusl utilities, /
Woile thie Is an important question of principle, there is no

esgential mathematical difference in the models as long &s both

population growth and the discounting formuis are exponential. The
only differsnce then is one of interpretation, in that, if we write
p’ = p=% , then p* 4is the discount rate in model (B), p +that in
model (D).
| The outcome of wodsl (B) is the existence of a unique
optihal path for botk comsumption and the capital stock, for any
nonnegativ&h p' , regardless of whether or not there can be

saturation with consumpbtion or with capital. The reason is that

k The “overtaking principle” again renders indispensible services
in the mage p' =0 .
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now merTd waintenance of any given levsl of per capite consumption
requires continual net investment in order 0 maintain a constant ratioc
of the capital stock to the growing labor force. As & conssguence,
consumption per head camnot indefinitely remain at (or above) a level

exceeding & highest sustainable level.

The famous ggld.en rule path, discovered independently by

Phelps [1961] and several @ther&‘s, presupposes an Initia] per-worker

capital stock ky = £ %nat just allows the highest susteinable lavel
of consumption per head to be atteined at all times. That path iz also
uniquely optimal by the p:@sent criterion if pf =0 , and if the
initisl per-worker capltal stock k@ happens to egual the number k
definsd in (B,¥) for o' =0 . Lf k_¢ £, but still p® =0 , the
unigue optimal ﬁth will bave both per caplite consumption and capitel
per worker asymptotically approaching the golden rule path level, from
below it k <k , from sbove 1f k> E .

If, @n the other hand, p° > 0 , the lower weights given %o
per capita utilities in the more remote future prevent the highest,
sustainable consumption per head from ever being approached. The
optimal path now approaches lower asymptobtis Jlevels defined in entry

{B,¥} for p' >0 .

o ez

2 Bee papery by Allaies, Desroussesux, Joan Robinson, Swan, and
von Weizsacker, cited on p. 237 of Koopmans (1965].
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The remaining case, p' <0 , is important in connection with
the interpretation of p' = p - A &s the net excess of & discount rate
p applicable to individual utilities over the rate A of population

growth. If p < A , no optimal path exists. What happens is that the

circumstances favor a bulld-up of the capital stock per worker to a
level in excess of that of the golden rule path {even though that is
bad as a permenent policy), merely so as to make possible the consump-
tion of capital stock at some fubture time when more individuals can
participate in the enjoyment of that process. But with population
growth continuing forever, the momeﬁt when that maneuver pays off best,
by the criterion adopted, never arrives]

(C) The model of Inagaki [1966] differs from mwodel (B} only
in assuming exogenous exponential technologicml progress of the
product-augmenting type as shown in entry (C,III). Inagaki finds that
it is now sufficient for the existence of an optimal path if p' is
positive and also exceeds a quantity dependent on the following
parameters; +the rate of techgological progress o , and the
agymptotic valiues of the elasticities of marginal utility (B) and of
the production function (y) . The details are shown in the entries
{¢, I, IIT, IV) of Table 2. The elasticities B , ¥ enter because
ﬁer capiﬁa c@néumption and capital per worker can now grow without
bound, a circumstance that produces new mathematical complications. Thus,
for instance, a sufficlently strong decrease in marginal utility as con-

sumpticon becomes large s needed for an optimal path to exist.
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Inagaki gives sowe computations for a special utility function
with a constant elasﬁi@ity £ of marginal utility, where 0:< B<1l.

(D) Mirrlees [196%] differs from Inagski mainly in assuming
that the exogenous expoﬁential technologicsl progress is of the labor-
augmenting type, as expressed in (D,III). In additiom, he adopts the
interpretation of the optimality @riteridn a8 an integral over a sum of
individual utilities.

Mirrlees then finds the condition (D,TV)

>
p = k= ~a{B=l)

tc be necessary'and sufificlient for the exist@nce.of an optimal path by
the overtaking criterion. This condition fiﬁa in naturally with those
obtained in models {B) snd {C}. He slso finds that abnsumption and
capital stock; both téken Wpef augmented worker,” apprbach finite
asymptotic levels 2z , ¥ , respechively, defined in {D,V).

Mirriees obtains mors explicit rssults by chooéing 8 special
form for the utility function which complements that of Irnageki. The
elasticity of the mwergimal wtility w'{c) sgain has & constant valus

p throughout, but this.time B g 1. This part of the paper also
containas computations of numsrieal properties of optimal paths for two
spacific choicss of the producstion function.

{E}) In any of the optimality criteria considersd, the
diseount ratéy whather zero or positive, is aiways a constant, A‘

sriterion defined recursively, and in which the discount factor o{C)
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itself depends on the prospective consumption level C , was developed
by Koopmans {l960]6 in a wodel using a discrete time variable. Beals
and Koopmans [1962] experimented with the maximization of this objestive
funetion in a.constant technology with constant returne to caplital
alone. It was found that an optimal path approaching finite and
positive asymptotic levels of consumption and capital can exist only if

l; cc. either increases with inecressing consump-

the discount rate
- tion (@*{C) <0) , or, if constant, juet happens tc equal the constant
rate of retﬁrn oﬁ capital. Many economists feel, however, that if the

discount rate is to be at all variable; it iz more plausible to have it

decrease when consumption levels increase.

3., Some dlscuseion of results obtained.

What have we learned,from the logical exercises carried out
by our authors?

Wa may say firet of all that the sequence of exersises has
not yet run its course. While sach model discussed corrects some basgic
lack of realism present in its predecessor, we shall need to examine
helow what further aspects of réality will heve to be incorporated

before a convergence of results can possibly be hoped for.

6 See 6130 Koopmans, Diawond, and Williamson (1964].
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At the same time, the very difficulties encountered; and the
ways around them found in some cases, have been highly instructive
about the nature of the problem, and about possible directions of
further research. I will therafore arrange my comments under the
headings of a "list of troubles.”

Trouble 1 1s the paradox of the indefianltely postponed

splurge. We have found that, in modele (B), (C}, (D), and (E), the
existence of an optimal peth depends on in@qp;liti@s in terms of the
paraweters, Mathematically, nonexistence of a solution can occur
because the set of programs is not compact. The interssting finding is
in what circumstences nonexistence does arise. The common trait of
these cases is that, if the discoun® factoflfalls below & critical
value (e.g., if p' <0 in (B), or p <& - a(B=i) in (D)), a
situation arises where furthér‘postponemant of somé ultimate consumma-

tion is always rated as an improvement of & pat;ho7
The moral is, in my opinion, that one cannot adopt ethical

principles without reference to the anticipated population growth snd
to the technologicsl possibilities. Any proposed optimality
eriteriorn needs toc go through & mathematical screening, to determine

whether it does indeed besr on the problem at hand, under the

7 A gimilar situstion arises even at p' = Q0 in Ramsey®s case of
sonstant population if both marginal utility and warginal
profuctivity of capital surpaes some positive number at all levele
of consumption and of capital intensity.
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circumstances assumed. More specifically, too much weight given to
generations far into the future turns out to be self-defeating. It

does nobody any good. How much weight is too much has to be determined

in each case.

Troubie 2 arises from asymptotic distortion of reality in the
assumptions., If we think of an economy that rémaims iimited to the
planet earth, it is obvicus that populstion cannot go on incressing
exponentially forever. Tt can also be guestioned whether technologicsl
progress can coptinue indefinitely at & rate exceeding soms positive
congtant -- even though atzpresent we are obviously very far from
sxbaustion of further possibilities.

With regard to these difficuities it should be kept in wind
that many of the answers given by speculative models like those listed
in Table 2, especially as they bear on an intermediate future, may not
depend too strongly on assumptions about a more distart fubture,

Whether this is the case can be examined by sensitlvity anslysis. For

instance, Samuelson [1965] and Cass [196k4] have independently shown

that, 1if in model (Bj one adopts a lbng but finite horizon T , then

the optimal path dépénds noticeably on the prescribed terminal capital
stock per worker kt only near the end of the horizon. For the remaind-
er of the period, the path fellows very cl@selyithe_ccurse that would

tave been optimal for an infinite horizon,o8

8 It might be thought that this type of senaitivity analysis would also

be the way out of Trouble 1. But that is not so. It is true that
even if p’ <0 in model {B) “optimal® paths with different prescribed
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values of are close together for most of the time if T iz large.
But the course they hug, as already explained, builds up capital per
worker to such a bigh level as to depress cornsumption below the highest
indefinitely maintainable level. Moreover, even if .kT is put at the

goiden rule level, say; the timirg of the final splurge for which all
this capital has besn built up isﬁcompletely detersined by the
srbitrary borizon T . I interpret this outcome as confirmation of
our discarding of the case p' <6 , by a sensitivity analysis empioy-
ing a finite horizon. '

Trouble * 1z the ugverl. ebility of zrucial assumptions,

than ig, of assumptions reuognﬁzedfag important by sensitivity
snalysis. The contrast betwee: “he solutions of medels (C) and /D)
suggests that the form of the ;boauction function F(L,X.t) for
gome giver *t = i, and (for some forme) the fvpe of *echnological
change over time, bave an imporvant infiuence o the opitimal path.

In one particular year to one can at best obaserve directly L , K |
and F{L“Kﬁto) « If one is willing to assume perfectly competitive
markets - or its equivalent ir perfsci planring and asssocisted
perfect valustion -~ then ore :zan also olserve the Jerivatives FL
and B, indirectly. But even s time series of values (I@KvFﬁFLyEK)
in which K/L changes only siowly giwves 1ittle inforwation sbout the
form of F{ K,u. for ratics /L sorswhat iifferxent from those
chserved. Irn fact, the economy does notf: produse the iaformstion
from which the shepe of the production funstion for values of K/L

subgtantially different from the obsarved ratin san be determined,
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even if one considers only presently known technological principles.
The application of these principles to different K/L ratios will not
heve been worked out in the normal pursuit of efficient and/or
profitable opersticn, under the price-ratios FifFK experienced.
This difficalty would exiat even if the type of techrological progress

-= ‘Whether labor-, or capltal-, or product-avgmenting, or a combina-
tion of these -- wers Yo be revealed to us by somwe providential
intelligence. It is compounded if the same meager date are, in
addition, to be our principal source of information about.the type‘of
technological progress to be expected. |

Trouble 4. It should be said on the other side that

perhaps the wmain service to be hoped for from optimal growth models
at any point in time is some help with decisions, or some evaluation
of anticipated developments, for five or at most ten years ahead, say.
There is in the modern economy & good de&l of information in the

hands of scientists, engineers, managers and officisls that bears on

impending technological changes. However, {trouble &) the models

used cannot abeorb such pertinent infeormation as we have regarding
technological change tc come. FPresumably, the information referred to
is slow in affecting ewaluations such as FL » EK » It certainly has

not yet influsnced the data L ; K ; F to which we habitually fii
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aggregate production functions. The information is, rather, of a
disaggregate kind. It concerne expected changes$ in the input-to-output
ratios of best procegses for producing specific commodities.

These thoughts point tc the need for disaggregation in our
models. So does

Trouble 5, the peglect of rescurces other than lsbor.

Tmportant " progress toward disaggregative models 6f optimal growth,
after Mal. fﬁmud“s fundamental paper of 1953, has been made recently in
four papers by Gale {19651, McFadden [1966], and Radner [196k4, 1966]
respectively. Gale’s paper uses a constant technology of the

von Neumsnn type, in which presumably information about process changes
can also be introduced. It has a bundle of labor services as an
exogenously and exponentially growing composite resource. Radner's
papers introduce resources other than labor as well, with Cobb-Douglas
production functions that limit the growth rate of the economy to a
weighted average of the individual growth rates of the various resource
availabilities. An important contribution of McFadden's paper is a
distinction between two ways in which resources can enter into growth
models. Resources may have a role so important that the curve of
their availability over time limits the growth rate of production. All
models in Table 2, Gale's model, and those of Radner's models in which
resources occur at all, are of this type. McFadden's paper is con-

cerned with models of the second type. In these models the technology



- 18 -

is such that resources are not indispensablé for capital accumulation.
That 1s, in the}extremé case where all output is allocated to capital
formation, outﬁut targets for a distant future would be limited only by
technology and by the initial capital stock. Resources enter on a par
with consumption in that the availability of more resources will permit
glven output targets for a distant future to be attained with less
tightening of the belt in the meantime.

At this point my list of troublea shades over into a list of
queé%ioaso These questions arise inllafge part from a feeling of
uneasiness about the entire framework in which the portrayal of
preference, technology, and population growth has been approached so
far. The formulae by which we have been trying to capture these
phenomena bear the marks of their intellectual parentage in the
classical immutablé laws of the physical sciences. They have no pro-
vision for the-cbntinual adjustment of preference, knowledge, practice
and cuétom to new experience and observation. In brief, they lack the
fiexibility that is sn essential trait of all human response to &
changing environment.

Any one generation determines only the size and composition

of the capital stock it hands on to the next generationug It cannot

2 Tt is convenient for the exposition here to shift over to expressions
that are really more appropriste to models with a discrete time
variable, where one generation occuples one time unit.
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prescribe the similar decision to be taken by the next generation, nor
the optimality criterion, if any, applied to that decision. Its
influence on subsequent generations’ choices is limited to what
example and'persuasion may achieve. The significance of the capital
stock that is handed on is, therefore, that it determines, insofer as
is possible at the ﬁime, the range of choices among alternative con-
sumption paths that will be open to the later generations. BEach

- generation’s choice thus involves & weighing of a little more con-
sumption for itself against a little wider range of choice (ineluding
higher consumption paths) for its descendants. By representing the
stake of future generations in the decision as a set of paths, one
avoids'prejudging the criterion for further choices within that set.
This leads to

Question 6: Is it possible and useful to develop and

apply the concept of a preference ordering over sets of consunption

paths within which further choices will be required as time goes on?

I bave attempted.a very preliminary explqration of this question
elsewhere [Koopmans, 1964].

| A specific aspect of flexibility concerns the relative
valuation plhced on & high level of cohéumption as against.a rising
level of consumption. The studies we ha#e reviewéd-value only the
level of consumption. One should not prejudge future generations'

response to
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Question 7: Does an increase in consumption levels over time

have & value apart from that of the level attained?

The need for flexibllity in the representation of preferences
arises from the fact that values do and should change as circumstanczes
change. There is a corresponding need for flexibility in the
representation of production poussibilities and of changes therein. We
must recognize the fach that knowledge of the extent of production
possibilities, and of the means and pace of thelr enlargement, is
gained only through experience in their use and extension, Optimiza-
tion and exploration thus have to be engaged in simuitaneously, with
the latter serving to guide and strengthen the forwer. The problem
take® or some of the aspecsts of the ascent of a mountairn wrapped in
fog. Rather than searching for a largely invisible optimal path, one
may have to look for a good rule for chooeing the next streich of the
path with the help of all information available at the time. Simals-
tion studies in various hypothetircal unknown tesknological landscapes
mey heip in the evaluation of alternative rules.

Shifting labels once more, I would put my main conclusion
from these considerations in the form of

Recommendation 8:; It is desirable that wodels of optimal

growth be designed so as to require, and make use of, only

information actuelly or potentislly available at the time of

decisions affecting growth.

I bave left population policy for the last, because it
seems to me hardest, both conceptually and practiecally. It is hard

from s practizel point of view because the formation of public policy
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has been hesitant in many countries, and its effect very limited. The
problem is equally hard conceptually ~- the aspsct that concerns us
here -- and I shall venture only & few comments.

While the idea of flexibility is also very important here,
it may be useful first to face one problem that arises already if
population policy is considered in the more rigid framework of the
studies reviewed above. Suppose, then, that ome allows the population
growth rate to become a variable, and suppose one wishes to include an
optimal population policy in the concept of an optimal growth path.

We note that, before that gquestion was raised, the utility function
u{c) in any of the models (A} through (E) could have been subjected
to any linear increasing transformation {scale change) without thereby

changing the ordering of paths. As soon as population becomes a
policy variable, this is no longer so. Take, for instance, Mirrlees’
criterion (D,I)as that one in Table 2 most suited for introducing
population policy. Then the choice of the individual comsumption
level ¢, for which u(co)m 0 is in effect a choice of that
anticipated consumption level, below which the creation of additional
human life is not regarded as justified. For any given per capiia
consumption level above s the criterion takes the wiew of the
Dutch proverb, “the more souls the more joy." But if, under the con-
straints of technology and/or resources, more souls means less per
capita consumption, the criterion will strike a balance between these

twWo.
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Returning now to the idea of flexibility in relation to
population policy, it should be clear that each generatiorn will want to
form its own valuations in such a matter -- to the extent that buman
reproduction is at all the resuit of rational evaluation.

‘There is an important difference between reproduction
decisions and other more purely allocative decisions, such as those de-
termining thé amount and composition of c«:ansa.:u'.'l.pti.o:m,9 production, invest-
ment, research and development. Witk regard to the latter decisions
there ig in the design of economic systems a certain leeway as to where
to place the power to make each type of decision. The tendency of
economists has been, for a long time in the individual enterprise
economies, and more recently also in the socialist ezonomies, to
‘recommend on gfounds of efficiency that each type of decision be
locéted where the mosﬁ pertinent knowledge and information is found,
and then to try and see to it that the proper inéentives are brought
to bear on that decision maker. With regard to human procreation there
is really no such leewayol The locus of decision is detérmined by the
nature of the pfocess, and ¢only the most draconic measures could
possibly shift it. Short of that, the principal :émaining problem is
one of supplying both information and incentives to the extent both
needad and possible.

" Prominent among pertinent incentives already naturally
present are both the burdens and the joyes of raising children, and,

in countries without social security; the desire for a source of
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support in eld age. The main respect in which incentives have been
weaker under some conditions is precisely the point already raised.
This 1s the choice of ¢, » OT, in more general terms, the strength of
the concern with an acceptable economic opportunity for the child if
it is to be brought forth. Where this concern is weak, an approach
through incentives can improve matters only by enlightenment and
persuasion, and by provision for support of the aged. Since these
processes act slowly, the idea of an optimal population policy seems
premature in many situations. The problem is more a watter of finding
out in which direction to seek to change population growth in which

circumstances, and how hard to seek to change it.
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Tables and References of the
Irving Fisher Lecture by T. C. Koopmans,
Warsaw Meeting of the Econocmetric Society,
September 2, 1966.

TABLE 1. NOTATIONS

Absolute
Consumption flow Ct
Capital stock K%
Iabor force I%
Production function F{L, K)

Utility flow

Population growth rate
Discount rate

Rate of technological progress

THE OVERTAKING CRITERION

(Ramsey-von Welzsacker)

Per Unit
of Labor

s

kt

£(x) = F(1,5)

ufe)

*
Path C, 1is better than path C_ if there exists T >0 such that

t t
t t o, N
Julc )ar > [ u(C )ar for all t =T
0 T 0 T



TABLE 2. SOME OPTIMAL GROWTH MDELS WITH ONE COMMIDITY, CNE RESOURCE (LABOR)
Identivies: F(L ,K. ) =K + Cp s Cp = t/Lt ok = KL

(1) {I1) (1I1) {1v) ) {v1)
Optimality Population = Production Optima) path-—— e oo m
criterion Lebor Force function (concave)
(u(e) strictly =L = F{L,K) = Existence Monotouic Computatior for
concave) approazh of special cases
— — =1
(A) Ramsey fu(Ct)d.t 1 £{X)=r(1,K) it u(c) <u(T) (ct,xt) to (C,f {C))
(bliss} _ o
or f(K) < 1(¥) (ci.K) to (£(E), K)
(capitel saturation)
-p't + A A A
(B) Cass, Je™® Fule, dat M, a0 1r (K/L) if pt >0 (e, k) to (£(k)-Ak, k) graphically
Koopmans - ~ [
Malinvauc;. [fl(k) =)+ o] for p 0
! ot
5 (C) Inagaki fe P tu(ct)d‘t ditto Leatf(K,/L) if p! >0 and u(c):«:l'fj , OB,
\ .
(B = -1im ﬁ"ﬁ)_] [y = lim kf'ﬂk)l o' >a l1-B F Cobb-Douglas
ere u'(e) Koo £(k) 1-7
~ot A _ = ~ o~ log ¢ =1
(0) mrrices  fe Py u(c,Jat aitto 12 (k/1%) i Lp'=) poh > -alpe1) (o™, ke )o(3,%) u(c}z.{ e [i :
~ -
terx) = pa + o) F Cobb-D 1’
---------------- ~ ~ ~ cbb- as or
Identity [z = £(x)-{a + 1)x] i oug
E) Beals el )= - (K. - i 1(g) < g, L
(E) 1{2 5 agg U(cl,ce,%, ) 1 Kepp = (K,C.)/e E R (f) 0 and {Cy, K) to (C, 1=2)
(discrete = v(cl,U(cg,c yeen)) 0<e<1 g(c) =¢
time)
0
[0@(.c;=(_v§gg_>>

u=U(c,c, ..
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