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SECOND ESSAY ON THE GOLDEN RULE OF ACCUMULATION

*
Edmund S. Phelps

A few years ago we presented & theorem on meximsl consumption
in a golden age [6]. The same theorem was discovered and published by
Allais [1], Desrousseux [3], Mrs. Robinson [8],"Swen [13] end
von Weiis;.cker [_15]0**

**Mention showld elso _be made of en unpublished paper by Beckmsnn [2] in
which the theorem 1s proved for the Cobb-Douglas case and the dissertation
of Srinivasan [12] in which the existence of e state of maximum per capita
consumption with & growing lebor force is shown., All these authors made
the finding independently,- cirea 1960.

The theorem esteblished may be expressed as follows:

If there exists & golden-age growth ;pa:t;h*** on which the social
net rate of return to saving equals the rate of growth (hence,
in one class of models, the fraction of ocutput saved eguale

the cepital elastielty of output) -- or, in market terms, a
golden-age path on which the competitive interest rate equals
the growth rate and hence gross investment equals the gross
competitive earnings of capital -~ then this golden age
produces: a path of consumption which is uniformly higher than
the consumption path essocleted with eny other golden age.

By a golden-age path we mean & growth path in which literally every
varieble chenges (if et all) at a constant relative rate. It follows
immediately that if investment is positlve them output, invesiment and
‘consumption must &ll grow at the seme (eonsta.nt) rate. Various obther
properties can be derived. '

The consumption-meximizing golden age will be referred to in this paper,

*This paper owes & great debt to Tjalling C. Koopmans who contributed the
basis for the theorems estsblished in the second part of this paper.
Robert M. Solow commented on an earlier draft. They sre not responsible
for any errors in the final product. :



as in [6], as the Golden Rule or GR path.

The pepers cited raise two serts of guestions, The first
concerns the conditions for the existence of the GR path. Some of the
papers (including my own) erroneously suggest that the GR path cen exist
only in "peoclassical” ms;dels, i.e., models in which capital and lsbor
are con{_:inuously svbsfi‘tutable. Some of the papers leave the false
impression that the GR path exisis only if there is no technical progress
vhile my own paper errs at the opposite extreme 18 suggesting that any
type of technical progress, if it occurs at e constant relative rate,
permits a GR path.. The first part of this paper examines in two kinds
of models the conditions for the existence of the GR path. We show that
the GR path may exist in the un-neoclassical Harrod-Domar model es well
as In the neoclassical model., And we prove that & positive-investment
golden-age path cen exist, and hence & GR path, only if technical

progress can be describved as purely labor-sugmenting.

Question also ariaeé as to the normtife si@ificence of the
theorem. We called the saving rule prevailing on the consumptionsmeximizing
golden-sge path the Golden Rule of Accumulation because, on that path,
each "generation" saves (on behalf of future generatioﬁé as it were) that
fraction of income which it would have past generations save, sub:)eét to
_the consh:aiﬁt that sll generstions past and present are to save the
same fraction of incojne. "But this is perhapet not much more than word-
play: at sny rate, no proof of the optimality of the GR path was given
nor was any suggestion of its optimality seriocusly intended. Soeclety

need not confine itself to golden-sge paths (should they exist) nor aim



to achleve golden-age growth asymptotically. And even if some golden-age
path should be utility-meximizing (at least for some initial conditions)
the rate of time preference nmay make that path different from the GR
path, It was evidently reflections such as these which led Pearce [5]
and Semuelson [é] to doubt whether the GR path has eny important normative
significence at all.

In the second part of this psper it will be shown, however,
that whether or not the GR path is "optima.;_l._" it has the following
important normative property: Any growth path on which, at some point
in time and forever after, the capital-output retio elways exceeds its
GR level by at lesst eome constant amount -- equivalently, any path
which eventually keeps the social net rate of return to saving (or
competitive rate of 1hterest) permanently below its GR value by at least

some finite asmount -- 18 dynamically inefficient, for there elways exists

another path which, sterting from the same initisl cepitel stock, produces
more consumption at least some of the time and never less consumption.
This 1s the proposifion .conjectured by the author in reply to Pesrce [T7).
Tts proof here is based on & proof provided by TJalling C. Koopmans.

The significence of the theorem is clear: no path vhich 18 dynemtcally
ine:f:‘fiqient can be optimal; hence no path which transgresses the GR path

in the manner described can be optimal.

Since the conditions for a GR path are stringent this theorem
is only of theoretical imterest. But we are sble to prove an analogous
theorem even when no golden-age path, and hence no GR path, exists. Thus

we show that the possibility of excessive capital deepening, despite a



continuously positive net rate of return to saving, is quite general.

A fuller summary of the paper and some concluwding remarks close

the paper.

I, EXISTERCE OF THE GOLDEN RULE PATH

Section A will study the neoclassical end the Harrod-Domar
models, In this section it is postulated thet technicel progress can be
described as solely "lebor-sugmenting", Section B will introduce technicel
progress which must be described as (st least partielly) "capitel esugmenting”.
A. Labor-Augmenting Technjcel Frogress
In both the neoclessical and Herrod-Domar cases, output, Q(t) ,
18 a continuous function of cepital, K{t) , labor, L{t) , =and time:

(1) Q(t) = ? (K(t),- e}t (%)) , A>0

It 1s mssumed here that technical progress can be described as solely

lebor-augmenting -- time enters only in the second (lsbor) argument of

the function ~- and that it cccurs &t the constent rate ) . The function

is supposed to be homogeneous of degree one (constant returns to scale).

We suppose that the lebor force grows exponentielly at rate vy :

(2) K(t) =L & y >0,

Capital is teaken to be subject to exponential decay at rate b



e

so that i1f I(t) denotes the rate of gross investment:
. [
(3) I(t) = K(t) + & K(%) , 5>0.

- Finally, consumption, C(t) , is the difference between output

and gross investment:
(¥) c(t) = Q(t) - 1(%) , c(t) >0 .

1. The necclassical case

We suppose now that the production function has the following
"neoclassical” properties: it is twice differentieble {smooth merginal
products), 1t is strictly conceve (diminishing marginal products), and

it has everywhere.positive first derivatives (marginal products). That

is,

(1a) %FE >0, %Fi >0 ;
Pr r

1b) — <0, — <0.

(10). e 7 u2

By virtue of constant retwrns to scale apd (2):

(5) : Qt) = L elr)t 5 (L_I({_a(r%l.ﬁ s 1
” e

o

Hence, if we let k(t) denote capital per unit "effective labor”,

(&) o) = —Sohy

o



and 1f we define

(1) 2(x(t)) = F (x(t), 1) ,

we can express the production function as

(8) a(v) = 1, o7 2((6)) , 21(x(6)) > 0, £(x(x)) <O .

We show now thet if k(t) 1s equel to any positive constant
k>0, then the economy will grow in the manner of a golden age, provided

of course that the constraint I(t) < Q(t) is satisfied.

- Clearly, output will grow exponéntial'l;y at rate g = y+r ,
(9) at) = 1 o7 2(x) < q0) 5F,
as will the cepitel stock:
(10) K(t) = f,o ef’*}_’t x = K(0) &% ,

[ ]
Hence, from (3) and the relation K(t) = g K(t) ,_investment will also

grow at the rate g
(12) I(s) = (£+8) K(0) &5 = (g48) I, K o®* .

Since investiment and output will grow at the same rete, g , so will

consumption, C(t) .,_ (wvhere C(t) = Q(%) - I(t))

(12). o(t) = ((0) - (e8) K(0)) &&° = (2(k) - (e+8) k) T, ¢** .



The gross investment-output ratio, s , wlll be constant:

Itt &) KO D) K
(13) s= MY (e0)Ko)  (et)x

S0 will the merginal productivity of capital:

Kt
(lh') %é } XK(t) = f‘(k)
(L ei 7+§Jt> '

end so will the share of gross output going te capitel, a , if capital

receives its marginal product:
(15) "“’ﬁ&} ate) = Tk

Conversely, it cen be shown thet every golden age path in which

investment 1s positive implies & consteant value of k(%) > 0 end & growth

*In 6 golden ege, if investment is positive, then investment, eonsﬁ@t’ion and
output must ell grow at the seme constant relative rate, denoted g o

Hence Q(t) = Q(0) e5® and I(t) = 1(0) ¢5° . And capital must grow at
some constant relastive rate, demoted "h « Hence I;':(t) = h K(t) « There-
fore, by (3), I(t) = (n+d) K(t) which implies h = g . But if

K(t) = K(o)'egt “then, from (1) and the postulate that oOF/OL >0 , it
follows that g = y+A , bence that k(t) 1is constent.

rete equal to 7+ s Therefore, & golden age with positive investment

oceurs if end onljr if k(t) dis constent.



Thus, in every golden age with positive investment the growth
rate of output, investment and consumption is y+A + These golde}n-a.ge
consumption paths ere therefore logarithmically parallel. ‘Associa-.ted
with esch golden age is & certain value of s , of g R :of_ K(0) end
of k . Let us assume for the moment {(we drop this sssumption later)
that the golden age yielding the maximal consumption path, if such exists,
is ope in which k , &nd hence K(0) , is greater than zero. We assume,
in other words, that if a maximum exists, it is en interjor ome rather

" then & cormer meximm &t Xk = 0 o Then the following relationship

derived from (12), must characterize that GR path:”

-

(16) | %?fﬁ%}a%;{%% (g+8) = 0 -

*
“Equivalently, one can differentiate (12) with respect to k  to obtain
the equivelent result: ‘

(16e) 21(k) - (g+8) = 0 »

That £8, on this assumption, the marginal product of capitel will equal
g% on the GR path (if it 'etlsts)a** Since %%%% = g-%{-g% on any

> ,

A common sense explanation of (16) has been provided by Solow [11].
Imagine that cepital is initially free but that we sre to invest.so &s
to maintein & golden age once the initial capital stock has been chosen.
Consider & small.incredse of initiel capital, AX(O) « - The rules of
the game require that we then increase the rate of investment by
AI(0) = (g+d) AK(0) +to meke capital grow et rate g » The increase of

initial cepitel will increase output by 2R(0) = Kg 2%(0) »

Hence consumption will increese by 2C(0) = £3(0) - AI(0) -—-[g%%} - (g+6)]AK(O) .

- (Footnote continued on bottom of next page).
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particular golden sge path we mey express (16) as

(17) %Qlé%-&rsg.

. The left-hand side of (17) is the sociel net rate of return to saving.*

%
By the (instantameous) social net rate of return to saving at time 1

s {043 -1

For a discussion of the rate of return to seving see Solow [10].

Hence this result states that if an interior golden-age consumption
maximum exists, it is where the social net rate of return to saving equals
the golden-mge growth rate. This is the first (and most general) way

to characterize the GR path in purely technalogical terms,

The other technclogical characterization is cbtained by

miltiplying both sides of (17) by %}3— and rearranging terms:

Footnote continued from Page 8.

As long as % g > gtd 1t psys to accept more capital. The consumptione

meximizing golden ege is veached when K(0) hes increased to the point

where g—%{%} - (g+8) = 0.
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08 Y 23 e §-54
Hence

SR T P

This states that on the _interior GR peth the ‘sa'ving ratio is equal to the -
elasticity of output with respect to cepital. (This was the characterization
of the GR path employed by Swan eand the present author; of course, such

a capital elasticity exists only in one-comnmodity models in which output

is & function of "capital".)

Conditions (17) end (19) can be tranmsisted into "merket” terms
if the economy is purely competitive and free of externalities in

production., On these essumptions, %3 is the gross rental rate on

t
t

implies that on the interiar GR path the interest rate is equal to the -

capitel and () _ ® 1s the (equilibrium) rete of interest. Then (17)
golden-age growth rate. (19) implies that the saving ratio eguals capital's

gross .rela.tivé shere, or that net investment equals net profits.

'Now we shall investigete the conditions for the existence of
the QR path. Fo:g this purpose we adapt, in Figwre 1, & diagram first
presented by Peerce ‘[‘5"] end leter employed by Koopmans [k). It is a
diegram of the relation between K(0) shd ¢(0) in & éolden age as given

by (1) and (12):

(20) ¢(0) = ®(k(0), L) - (&+8) K(0)
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x(0) =(g+5)K(0)
@) = F{K(0), L,)

»
C(0)

L~ ' K (0
0 R(0) ©

Figure 1

Figure 1 depicts a golden-sge consumption maximum &t K(0) = K(0)
ir]_lere g%%%: gtd « It is easy to see from the disgrem, however;, that

there are two cases in which no such interior GR meximm exists.

‘In one ¢case, neither an interior nor & corner mexinum exists,
This 15 the cese in which I1im g > g+d ; then the Q(0) curve is
Koo '

everywhere steeper than the I(O) line so that tﬁe distance between them
always increases with K(0) « It is easy to see that this case implies

lim 19{ g > g+B o While our assumptions on the production function do
Ko ™ -

~not exclude this possibility, it cau be shown however thet this case cen

arise only if positive output cen be prqd.uc_ed. without labor. Proof:
S5 F(1, Z) . Hence Lin 3-8, 0) . But F(1, 0)=0 if F(K, 0) =0,
‘ 200 _ _

Hence lim % > g+8 only if lsbor is not required for positive productions
K- - '

The other case in which no interior meximm exists occurs when

lin % 8 < gtb ; then the Q(0) -curve is everywhere flatter then the
K+0



1(0) 1ine so that & corner meximm exists at K(0) = O « We shall show

that, in this cese, K(t) = O cen be considered the GR path.

There are two sub-csses to consider. Suppose first that

F(O,L)>0. Then lim %{3} —{—;— 0 since @Q(t) does not go

E+0

to zero in the limit. Hence, when K(t) =0, QH [lim aé—-} —{-—%] %—}

+ [lnlim %—%ﬁi} %—-}:L(‘ﬂ-l) = 7+A . That is, output grows at the usual

golden-age rate, or "natural" re:be 7+A o Bo does consumption. This
golden-age path, c(t) = F(o, Lo) K , is clearly maximal and hence the
CGR peth gince lim %—8— < gtd ;3 1nvestment would have to increase more

K+0 :
then cubtput to maintain a golﬂ.en age with positive k(t) .

*Note that on this GR path, where XK(%) = 0, the seving ratio end cepital's
relative share sre equal, since they are both equel to zero. But the interest
rate may be less than the growth rate,

The other sub;éase is F(o, L)) =0+ In this case the a(0)
curve lies uniformly below the I(0) line (simce they both stert from the
origin and’ 1(0) rises more steeply from the stert)s This ingpil.iés that
no golden ége with K(b) >0 is possible for it would require I(t) > Q(t) .
But K(t) = 0 clearly implies a golden age for then o(t) = Q(t) = I(t)
= 70, L, e(“g)"’) 0 . Since this is the only golden sge that exists,
it is the maximal golden age and hence the GR path.

Sumearizing, if lebor is required for positive output then a

GR path elweys exists in the model under consideration, If there 'exists
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& golden-~age cepital path EK(t) = K(0) ggt such that %8— = g+b then
this is the GR path; if there does not exist such a path then X(t) = 0

is the GR pathe In short, K(t) = X(0) e®° produces the GR path if
%&3—: g+ when K(0) >0 or ?;{%}5 gtd when K(0) =0 .

2. The Harrod-Domar cese

To illustrate the fact that no neoclassical essumptions are
required for the existence of the GR path we now drop the assimptions
of twice differentisbility, strict concevity and everywhere posi.tive
marginal products end specialize (1) to the Hexrod-Domar cese:

(1e)' (t) = min [a X(t), p ™ L(+)]

1. retain equations (2), (3) and (k). o

By virtue of constant returns to scale and (2):

(21) Qs) = 1 o7V iy [a;‘% » 8]
) o] . o

or

(21e) a(t) = T, o7 win [0 (1), 8]

It is eesy to show agein that if k(%) is eq_ué.l to any constant
k >0 then, provided the restraint I(t) < Q(t) is satisfied, golden-age
growth results. Clearly output, cepital end investment will grow et the
constent rate g = y+A ; hence, so will consumption. As before,
s = (m)’é—g;— 3 if aK0)<p L, (meaning that cepital is not in
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' k(o) 1 _ K(0) _ K(0)
surplu_s)thenQo =% and if ax(o)>;31.o then 55 5T °

) (o}
%&- will be constant, either equal to « (if lsbor is in surplus) or

zero (if capital is in surplus),

Conversely, k(t) is constant in every golden age with positive
investment., If investment (hence ocutput and consumption) is growing at
some constant rate, g, and cepitel is growing exponentielly then capital
‘must also be growing et rate g . Now if g were less them y+\ then
lebor would become redundsnt (1f 1t was not initially) end the unemployment
ratio would grow nen-expon‘entia.lly, which contrad.icts-the notion of &
golden age; if g were greater then ¥+) then lasbor would eventually
become scarce (1f it were not initially). and, growth of output at the rate
g would then be impossible. Hence, in & golden age with positive
investment, cepital grows &t the rate y+\. @nd k(t) 1s therefore constant.
Therefore, golden-age growth with positive investment occurs if and only

if Xk(t) 1is constant.

o investigate the GR path we use Figure 2 which differs from
Figure 1 only in that, in (20), we have substituted the Herrod-Domar

function min [a K(0), B L ] for F(K(0), L ) :

(20) ¢(0) = min [a K(0), B L,] - (&+8) K(0)
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/ I(0) = (g+8) K(0)
Q) = min [x K(0), p Lo
}6(0) :
0 @i ko)

Figure 2

The diagram depicts an interior golden-sge consumption mexcimm

at K(0) = E(—I;ﬁ + At this point the cepitel stock is just large emough

to em,play the entire labor force, A larger capital stock would put capital
in swrplus; & smaller stock would cause a swrplus of lebor., In the
Harrod-Pomar model, therefore, the interior GR path, if it exists, is

the golden-age path in which there is full employment of both labor and

- eﬁpitalo

What of the usual characterizations of the GR path in terms
of the interest rate and cepital's relative shere? On the interior GR
path the saving r.a.tio is -(-%?l and the growth rate 74\ . But
relative shares and the rate of interest are indeterminate: we can say
only that capltael's share is between zerc and one and thsit the interest
rate is between zero and a:-& « But it is true that this interior GR

path is the only golden-age path with positive investment in whieh it is



possible that the saving ratio equal's capital's share end the interest
rete equals the growth rete; for in all other positive-‘imestment golden
sges caplital's relative share snd the interest rate sre determinate and
do not satisfy these egualities. Thus it remains valid that if there
exists & golden age in which the interest rate eguals the growth rate and
the saving ratio equals cepital's relative shsare then this golden-age
path is the GR pat:.h.‘ Hence the Golden Rule theorem spplies to the

Herrod-Domer model as well ag to the neoclassical model, .

As in the neoclesslcal case, however, an interior GR path may
not exist, Figure 2 shows that if a < gt} then no golden age with
positive investment exists, hence no interior GR path. TIn this case the
golden age K(t) = Q(%) = I(t) = ¢(t) = 0 1is the only possible golden

agesr hence it can be regarded as the GR ;p’ath;

Note that, in the Herrod-Domer case, elther an interior or a
cornper GR path must exist since positive lebor ipput is required for
positive outpute.

B, - Copitel-Augmenting Téchnice;l. Progress

We have seen that golden-sge paths with positive investment
may exist If the lsbor force grows at a constent rate and if technicel
progress proceeds at g constant rate end can be described es purely
labor~augmenting. Clearly no positive;invegtmexrb golden age can exist

if the lsbor force increases or the technology advances at & non-~constant
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retes We prove now that no positive-investment golden age can exist if

technical progress cannot be described as solely labor-sugmenting.,

Suppose that technical progress must be described as at least
partislly cepltal-sugmenting. To give the golden age every chence of
existence, suppose that the rate of capitalé-augnenting technieal pfogress

*
is & constant, p « Then the production function is of the form

(22) ) =R R(e), ML), w0, a0,

* et
Note that the function e

FT(K, L) can be put into this form by setting
= A e .

We suppose that this funetion has the neoclassical properties.

Assume now the existence of at least one positive-investment
golden sge, hence a growth path in which output and cepital both grow at
some constant rete g . We shall show that (22) and this essumption imply
thet technical progress cannot be of thé sort which must be descrived as _
(at least ‘partia.l],v) capital—augmeﬁting; that is, we shall show & contre-
dictions |

Upon differentisting (22) totally with respect to time, dividing
both sides of the resulting equation by Q(t) , we obtain the femiliar

' growth rate formala

(23) %{%Eat<"+§%)+(l"at) <L+%%)e
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where &, = %—E% . %g— « This formula states that the growth rate is

a weighted average of the growth rates of "effective cepital” and "effective

L] . + *
ILt) _ . . ) _ KLt
But f.&-} = ¥ end, by our golden-age assumpilion, %&-} EE(%E}

= g ; hence

lebor®.

It follows that, since u >0 ’y &

+ is & consgtant given by

g-x =7
(25) &= p.+g-1.-7

t

But if @ is comstant then, since a(t is a constant in a golden sge,

a_é_}aQ t is also & constant on the essumed golden-ege path.

Constency of %%} end ~§ 2 - implies thet technical progress
cannot be of the sort which must be deseribed as (as least partielly)
cepltel-snguenting, For Uzewsa [1h] has shown that if technical progress
is EHarrod-neutral -- meaning that the marginsal product of éa.pita.l is
constent if the capital-output ratio is constant' ~= then the production
function 'F(K, L; t) can be written in the form ¥(K, A(t) L) ; that

: _ *
is, techmical progress can be deseribed as solely labor-sugmenting.

There are-cases in which Herrod-neutral technical progress can be described
as cepital-augmenting. The Cobb-Douglas function is such a case (and the
only cese i1f there are constesnt returns to sca.le) for the function

£ (a(t) L)' can be written es (B(t) K)* 1M
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Therefore, & golden age with positive investment is possible
only if technlcal progress can be represented as solely lsbor-augmenting,
as in (1) If it is necess_a;'y to write the production fumetion, as in
(22), with a positive rate of capltal-sugmenting technical progress, then

no golden-age path, and hence no GR path, exists.

But the general notion of the Golden Rule path does not lose
its heuristic value in the event that technical progress must be described’

as cgplital -sugme

It will be shown in the next part 6f this paper
that there still exists in this event a particular constant interest -
rate path -- which we shall call the Quasi-Golden-Rule path -- having the

same normative significance es the GR path.

Il. INEFFICIENT GROWTH PATHS

The preceding analysis shows immediately that there sre some
golden-ags paths that are inefficient. Any golden age in which the
capita,i-;effective labor ratio exceeds its GR velue is dominated by a
policy of immsdistely gobbling wp the "excess” cepital and subsequently
maintaining the cepitel-effective labor ratlo at its GR velue, i.e.,
following the GR path; such a policy will clearly meke consumption higher
at every point in times It follows that any investment policy which &t
some point permenently fixes the capital-effective lebor ratio at -a.
level exceeding the GR level is inefficient and therefore cannot be

optimal (since a policy to be optimel must be optimal at every stage).
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In the suthor's reply to Pearce an cbvious generslization of
this result wes conjectured: “Any policy which causes the cspital-
output ratio [equivalently, thé capital-effective lebor ratio, since the
one ratio is é. monotonically increasing function of the other] permsnently
to exceed -~ glways by some minimum finite amount -~ its GR level is
inefficient and hence cannot be optimal" [7, pe 1099]. A proof of this
conjecture was later communicated to thé é.uthor by Tjalliing Koopmans.

In what follows we present Koopmens® proof end then employ the technique
to prove an analogous theorem for the case in which technical progress
mist be described as (at least partielly) capital augmenting, for the cese
of none-exponential labor growth and‘“-bechnieal progress, and finally for "
the case in which technieal progress cannol necessarlly be described as

labor end capital-gugmenting.

We confine owr snalysis to the neoclassicel production funetion,
although the theorems proved clearly cerry over to the Earrod-Domer

production function.

Suppose first that technical progress can be described as solely
labor-sugmenting end ecewrs at the constant rate A . Then, as was shown

sbove, when k(t) is fixed the consumption path is given by the equation
(12) c(t) = [£(k) - (7+1+8) k] L L7A)E

where f£f(k) >0, £"(k) <0 .

We show now that if k(t) is not fixed, then the consumption

path is 'given by the equation



(26) o(t) = [£ ((£)) - (7+148) K1) - ()] 1, (7]t
Proof: From (3), (4) erd (9) we have

(27) o{t) + K(5) + & K() = L {7} #(x(¢))

or

-

(26) —Sh = £ () - o ) -~y
- ' o . = .

Now, differentiating Xk(t) with respect to time, we have

, ° t +)
(29) x(t) = i‘ﬁ%ﬂ;- (7+l) ;—-:{;,),_—g;.

G

-

£ . :
(30) T e = B+ () K8 .
o () ‘
Therefore, substituting (30) into (28) yields (26).

Assume now that there exists a CR path, hence a GR value of
k(t) , say X . For simplicity only, we assume that the GR maximm is
en interior one so that 1: is determined by the equation, derived from
(12) (see also (16a))

(31) (k) = s

As a consequence of (31), the expression f£(k) - (y¥\+5)k is monotonically

inereasing in k up—to' k=k and monotonically"decreasing in k for all

K>k .



Consider now any capitelpeth which "violates" the Golden
Rule in that, at some point in time (perheps iﬁitia.lly) and thereafter,
1t keeps the capital-effective lebor ratio in excess of its GR value by

some positive (possibly varying) amount, That is, consider any path
k(t) such that, for all + >t >0,

(32) Kt) >k+e, €>0.,

Then the following theorem cean be proved:

Koopmans® Theorem: Any path éatisrying (32) ie "dynamically
inefficient"” ér.(equivalepbly) -"domipated”™, - -forothers: Blvays
exists snother path which starting from the same initial
ca.p'ita.l stock, provides more consumption at leest some

of the time and never less consumption.

Proof; Define enother path, k (t) , such that

.\ k(t) , o<t <%, 3
(33) k() = ; )
k(t) ~e, t>t .

In the first interval, 0<t<+t_, the two paths arve identical so that
c*(tj = G(t) in this intervel (which will not exist if t, = 0)e At

% - to s the.starred path—rgiveé & discontinuous consumption bonus egual
to €, for an amount of capital equal to. ¢ is instently consumed so
25 to meke k (&) = Kt) -& at ¢ =_1-,0' + In the remaining intervel,

t > to s the difference between the consumption rajfe offered by 1-:he ,

sterred path and the path specified in (32) is implied by (26) to be
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(34) c*(8) - o(8) = {L£((8)) - (resd) K°(H) - KX (3]
~LE(K(£)) - (54390) K(3) ~ K(¥)]) 1 (7RI

I’ .
But observe that, for all t >t_, k (t) = k(t) since the two paths

differ after t, by only a constent, € , Bence (33) end (34) imply.

* » %*

(35) ¢ (%) - c(¢) = {[£(k (%)) ~ (y+3+8) & (%)]

- Te(e)) - (ras8) W(O)]) 3, LTV

The righthend side of (35) is strictly positive for all t >t , since
* ~ ", . - ) .

k(%) >k, k(t) >k (t) and £(k) - (y48)k 1s strictly decreasing
in k for all X >k, Hence, in the intervel & > & , the sterred
path gives more con;mnptién at every point in time, Therefore, the
sterred path dominates the other path for it is never worse and is

better for all t 2>t .

To elaborate a little on the last sitep of the proof, note that
* ~ * ) )
k (t) >k because k (t) is only e smaller than k(t) end the latter
is at least e larger then k for ell t . Figure 3 illustrates why
£('(£)) = (r8) X (£) > £(k(6)) = (r48) W(t) for sy & > %, .
(c+A)t

f(k)L. e
(Bea)t

|

E ' (¥+r+8) Rt L, €
: ;
AL .
o c¥) ~C(t)
| L € }
/ o !
0 t ww A &0 .
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The theorem can be eXpressed in a variety of ways. For example,
since the social net rste of return to saving (and the competitive rate
of interest) f£'(k(t)) - & , is a monotonically decreasing function of
k(t) , ean eq_uivalent'proposi’cion is that any growth path which keeps the
rate of return to saving permanently below, by some finite amount, 1ts
GR value (the golden-age growth rate on the sssumption expressed by (31))
is dynamically inefficient. Or the proposition can be expressed in terms

of the capital-ocutput ratio, as we first conjectured it.

Another remerk ie that the neoclassicel assumptions f£f(k) >0,

£"(k) < 0 are far stronger than neées_\sary for the theorem. If £"(k) = 0
for all 1:>1; , for exemple (where ':: is now defined as the smallest k
for which f'(k) = (y+A+8) , then, vhile the two paths will yield the same
consumption path after t_ , the starred path still offers the consumption
bonus at b and hence dominates the other path. Secondly, the theorem
is trivial in the EBEarrod-Domar case for it simply means that any pa{;h
which keeps capital permenently in surplus is inefficient, and this hardly

needs proving.

We twrn now to the case in which technieal progress can be
described as input-sugmenting but is (partially) capitai—mmnting. Suppose
that the rate of capitel-augmenting technical progress is a constant, g .
And suppose once sgain that we have a neoclassical production ﬁmetiom‘

Then |

(36) ot) = P R(t) , M Wt)), m>o0, a20.
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In the spirit of the first part of this paper we-define

K(t)
Lo e( 7“"‘1'-[3)13

(37) k(t) =

which is the ratio of "effective capitel” to "effective lsbor", and
(38) 2(k(t)) = F(k(t), 1)

to obtein, by virtue of comstant returns to scale,

(39) a(t) = 1, 7™M £(x(+)) .

To obtein the consumption path as & function of k(t) we follow

the seme procedure used:to obtain((26).. . From

(40) o(t) + E(t) + & K(+) = I 7 2(x(1))

we have |

(41) - e((;'(!';?'“ 7 = M 2(x(t)) - ok(t) - - e(‘;fiilﬂ)t
From - .

(v2) ) - ” e&gt‘)t () e

we have

(13) . e(#l:f—n)t' = X(t) + (79

Hence, from (41) end (43),
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(i) o(s) = { ¥ 2((1)) - (rrason) K8 - o) f 1, LTI

(If g1 =0, we obtain (26) again.)

Now we define k(t) as the value of k(i) which, for fixed
k(t) end a particular t , meximizes C(t) . For simplicity only we

assume en interior meximum is attained so that k(t) is defined by

(45) M f'(fc(t)) = MO~ o

*If £1(k) > 0 for all k , as we sssume, then y+\ib~p > 0 is required
for the existence of such a value of k(t) .

Note that 'k(E) must be increasing over time if g > 0 ; and if AB-p > O
then so must K(t) , by (37) |

Of course, ef"t £'(k(t)) is just the marginel productivity of capital

** ~
et time t . Hence the path k(%) defined by (45) is & constant interest

- e t
0 ‘{ethgt L’ 9

ut - ae '
3 F (e aﬁ:;, o Me)) ¢ o "o * £r(x(t)) .

ep't? t
(y+a 'St L

=]

rate path in which the (competitive) interest rate is okt £Y(x(t)) - &

= yFh~ft
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We know that . 1;(1:) 1s not -the GR path; no positive-lnvestment
golden age exists when p > O and hence no GR pad;h exists. HNevertheless
we shall dub this path the Quasi—Goljd.en;Ruie path, For we shall demonstrate
that it is like the GR path in the following respect§ Any path which,
et some point in time and thereefter, keep the interest rate below
yiA-p by a positive (non-venishing) amount is dynamicelly inefficient,
Juat‘ 88, vhen p = 0 , any path which mainteins ‘the interest rate below

its GR value, y+h , is dynamicelly inefﬁeient,*

*Does the Quasi-GR path dominate all other constant-interest-rate paths?
We have been unable to show this and we suspect the answer is no. In that
respect, the Quasi-GR-is not like the GR path.

Such a path is one which ceuses Xk(t) to satisfy, for all

(k6) k(t) > k(t) + ¢
We show now that the following path dominates eny such path:

(47) k*(‘h) L] xt), 0Lt < Y, 3 |
‘ k(t) ~e, 2%,

Comparing the essociated consumption paths, we cbserve first
that the two paths yield identical consumption paths until to +« At this
point the sterred path ylelds a div‘idend.- equal to ¢ , unlike the other
path.” Subsequently, i;*(t) = ].:(t) , since, for ¥ 2>t , l;*(t) and

k(t) differ only by the constent, € . Hence, for all t > f;o',
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8) o) - o) = { [ 20 (0)) - (rrasen) K'(0)]

- [eut £(k(t)) = (y+rtd-p k(t)]} L, e(7+l-=u)t

The right;hem side of (48) must be positive for every t since

k(t) > k*(t) > Q(t) and &Mt f(k(t)) - (7+ws-ﬁ) k(t) is, for every

t I, monotonically decreasing in k(t) in the range k(t) > lz('b) ‘(s—ince
I:(t) is meximel snd £"(k(t)) <0) . Hence, the starréd peth dominates
the path which tranegresses the Q;uasi-Go].d.eﬁ;Rulg path. Therefore, any
path which violates the ansi-Gold.enmRule path in the menner described in

(46) is dynsmieally inefficient,

"We have just shown thet (46) is & sufficient condition thet & k(t) path be
dominated by another path on which k{t) is smaller by a constant amount. The
following argues that (46) is also a necessary condition thet a k(t) path be
dominated in this way..

First we show that every k(t) path so dominated is & path along which
HT £1(k(£)) < prBp for all t > t, o Proof: Choose eny path k(t) >0

*
and. suppose that 1t is dominated by another path k (t) = k(t) - € , € > 0
Tor tZte +« Then, for every tgto we have

* - .
¢"(8) - o(6) = { [ 2(x(t) = &)) - (roason) (x5 - )]
[ eten) - o) )]} 1, S50
Then it is immediately cleer that, for every + > Ty k(t) must exceed k(t) ;
that is, k(t) must lie on the right side of the hill vhose pesk -occurs at
k(t) = k(t)", i.e., where ef"t 2(k(t)) - (y+a+8-u) k(t) 1is et & maxinmum;

for if k(t) were at the peek or the left-side of the hill, k (t) which lies
left of Xk(t) could not equal or exceed it.

This proves only that k(%) > k(t) is & necessery condition that & path be
dominated in the mamner described; it does not prove that (46) is & necessary

condition, But it is easy to see that k(t) > k(t) is not a sufficient

(Footnote continued on bottom of next page)
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We cen relex without difficulty the essumptions that the labor
force and the technology increease at constent rates. Further, we may &
allow the depreciation rate st time + , &(t) , (the seme for cepital-

goods of every sge) to vary with time. Write
{49) Q(t) = F (B(t) x(t), &(%) L(t))

where A(%t), B(t) and L(t) are continucusly differentisble functions

of time. Then, defining ”k('t) = i z § : , one cen eesily derive

§50) c(t) = {B(t) f(k(t)j = ( % + é&}* 5(t) - %{%} k(%) - l'i(t)}AgtB) Lgt)

vhere f£(k(t)) = P(k(t), 1) .

Footnote continued from page 28.

condition. For consider & path k(t) > k.('b) with lim k(t) = 1lim k(t)
Then, for any e¢ > 0, Tt o

lim [C7(¢) --¢(¢)] = nm {[e“t £(k(t) - €)) - (y+atd-n)(k(t): el- (MY £(x(t))

T4

- (7+L+5~n)k(t)]}14 e(”"’*)“ <0

since
Lin [* 2(x(£)) - (r+a0-n) K(t)] = %im [H2(K()) - (7+r+5-4) K(t)]

end k() meximizes (" 2(k(£)) - (7+at0-n) k()] for every © .

Thus k(t) > k(%) 1is not e sufficient condition that the path k(t) be
dominated, We conclude that (46) is necessary and sufficlent thaet a path
be dominated by a peth deseribed in (47).

It should be emphasized however that (46) hes not been proved a necessary
condition for a k(t) peth to be dominated in any way. In other words, it
has not been shown that (46) is a necesseary condition for dynsmical inefficiency;
it has only been mrgued that (46) is a necessery condition for a path to be
d.ozzrs,nated by a path which relates to it in the particular wey specified in (47).
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e
- Next we define the Generalized Quasi-GR path, k(t) , by

It can then be shown, in precisely the same manner as before,
~
that any path which makes k(t) >Xk(t) +e€¢ , € >0, is dynamically in-
efficient, That is, any path which (imediatehr or eve‘:ntuell;z) keeps the
L{(t) . At) Bt
interest rate path finitely below the path of f&} + I%T:.% - é% is

dominated by another path.

Note that if teéhnica.l progress isVHieks-neutral, 8¢ that
.Q(‘,‘c.)_ = A(t) F(K(t), L(t)) then, since by constant returns to seale,
A(t) x:(K(t),"L(t)) = F(A(t) K(t), A(t) L(t)) ; We have B(%) = A(t)
and %%} = ﬁ%} in (51). In this cese the interest rate path corre-

sponding to the Generalized Fuesi-GR path is the same as for the case of
) L

no technical progress; it is just the path of i’ : .
This remark suggests another proposition:  If input-sugmenting

techniecal progress rates are not defined then the Genersallzed Quasi-GR

Lt

interest rate path is just the path of ey ¢

We now demonstrate this,.

Iet us, in this lest case, make no sssumption as to whether

technical progress is input-augmenting and write the production funct:ion
in the form

(52) Q(t) = F(K(t), L{t); t) «

Then, by constent returns to scale,

(53) Q(t) = L(t) £(k(t); t)
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where
(54) x(s) = 58
and.

(55) £(k(t); t) = F(%%} , 13 9

From (53), (3) and (4) we have

(56) U = 2o v) -5 x(e) - B

From (54) we have

(57) K1) = B - HE s

Equations (56) and (57) yield

(58)  o(t) = { £(k(t); +) -( Ko a) k() - K(t) } I(t)

It is clear now that the Generalized Quasi-GR path, k(t) ,
is defined by

(59) £ () 1) = B a5 .

Tt can be shown, by the same method that we have been using,
that any path which, at t_ and thereafter, keeps k(t) > 12(1;) + e is
dominsted by & path K (t) = k(t), t <t X (t) = k() - €, t 2 o

80 that.such e path is dynamically inefficient.

Note that the interest rate, fk - b5, wsassociated with the
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Lt
L(t

t . Hence, as we conjectured, if technical progress cannot be deseribed

Generalized Quesi-GR path ig the path of which is independent of

in purely input- augmenting terms then the critical mterest rate path is
just the path of —{——} This proof slso shows that, g nerelly,
any path which msintains the interest rate path below f&-;- is dynamieally

inefficient.

We have now t? relate our various results. First, elearly, the
lest result, in which % is the critical interest rate path, is wesker
than -can be obtained if technieal Progress is kncmn to be pufely labor
augmenting, for, in that case, any path which keeps the interest rate below
-—%—-} H not just below —{—} ean be shown to be dynamically
inefficient, That is, if we know that technical progress is purely labor-
augmenting, we can show the inefficlency of e greatex nuxnber‘ of paths than
if we do not bave this informetion. Second, by Gbvious ex:teﬁsion, the
last result is weaker then can-be obtained if technicel progress is purely
inputwaugmenting and if —-é—g- H for, in that case, the 1nterest

rate path corresponding to the Generelized Quasi-GR path, —{-—% —é——)- H
is higher -- and hence rules out as dynamiea]_'ly inefficient more ps:ths -

than the interest rate path given by —E—v} B'erh s third, if —2——;— -K—;-

then our las-b result is stronger than eny obtained up to that point; for,

ir %-E—} B——ﬁ—g- the eritical path —H below which the interest rate

mSt not be maintained 1s higher than the path %—%— -2—} ?{—% Thus,

the last case provides us with sdditionsal information even if technical

brogress is known to be purely input-angmenting.
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I7I. CONCLUDING REMARKS

We demonstrated that a Golden Rule path, that is, a consumption-
meximizing golden ege path, always exists in the neoclassicel and Harrod-
Domsr models if the lebor force increases at & constent rate, the depre-
ciation rate is constent, technicsl progress, if any, is purely labor-
augmenting and. oceurs at & constant rate and positive lebor is required
for positive outpute Tt was also demonstrated thet & positive-investment
CR path never exists if teahnica;l progress must be deseribed as (at least

partially) ecapital-sugmenting.

It was then éhown that any pseth which permsnently deepens capital
in excess of the GR path is dynamicelly inefficient - it 15 dominated
with respect to conswmption by -a.nothér paths Further, if technical progress
or lsbor force growth is non-exponentisel or if {technical progress cannot be
described as purely lsbor-sugmenting, then, while no GR peth will exist,
~ there may exlst a Generalized Quasi-GR path having the seme property,
namely, that any path which permanently deepens cepitel in excess of that
path is dynemicelly in;affieient, (Note tha.f; guch paths may not exhsust
the class of dynamically inefficient raths. For example, even 1f no
Quasi-GR path exists, the growth path produced by & permenently unitery

saving ratio is clesrly dynemically inefficient.)

Concerning the significance of these findings, we believe that
it may scmetime end somewhere be of real prectical importence to know

that certain growth paths, even growth peths with positive interest rate
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*
end less-than-unitery seving ratio, are dynamically ineffieient. It is

¥It should be sdmitted that, as Pesrce [5] has observed, an economy may
rationally deepen cepital “excessively”-in order to possess & "wer chest”
of capitel for consumption. in the event of esrthquekes, wers or & hernkering
for = consumption brings in the future. If these events actuslly ocour
and the excess capital 1s completely consumed, the war chest will clearly
heve been a good strategy; if they do not, the strategy, while rational,
will always be regretted ex post.

not only in Soviet-type economies that the extent of cepitel-deepeding
deserves watching; cepitalist countries too may, by the exercise of their
fiseal and monetary controls, excessive capitel deepening. For while 1%
nay be conjectured that no competitive laissezr-;faire economy free from
externalities and, baving perfect futures merkets would ever choose &
dynamiéally inefficient growth path -- unless wealth per se poSsessed
utility -~ there seems to be no mechanism which will insure egainst an
excessively mtex_'e fiscal policy. Thus even the economisi without a
social utility funetion e,nd without & set of fiscal and monetery principles

may have & role to play in growth policye.
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