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A TEST OF THE SFECIFICATION OF THE AGGREGATE

FRODUCTION FURCTION

Ronald G. Bodkin®

In 1957 Robert M. Solow published & study [7] in which the concept
of the aggregate production function was applied fo the American non-farm,
private sector for the years 1909-1949 in an effort to measure the
importence and pace of technologicel change. Initially, the only property
postulated for this aggregate production funection was that it was linesar
homogeneous {possessed constant returns to scale); however, after making
a test, Solow concluded that one might make the further essumption of only
neutral technological change. Solow concluded that his A(t) series
(vhich mey be interpreted as measuring the impact of neutral technological
change) rose at the rate of spproximately 1.5 per cent per annum and that
the bulk of the total growth in output per man-hour (roughly 90 per cent)
was attributable to technical change, rather than to increased capital per

men-hour worked.

Two more recent articles, in which the form of the aggregate
production function was more fully specified, have largely confirmed the
brosd outlines of Solow's 1957 study. Benton F. Massell, working with date

from the U.S. manufacturing sector for 1919-1955, also found that technical

The suthor wishes to acknowledge the helpful comments and useful
suggestions of Lewrence R. Klein. The responsibllity for error or other
shortcomings remains exclusively his own. ’



chenge sccounted for roughly 90 per cent of the growth in output per
men-howr in this sector [5]. Murray Brown and Joel Popkin, enalyzing
deta from the U. 8. non-farm, domestic sector, concluded that,over the
period 1890-1958, neutral technological change was responsible for the
bulk (roughly 60 per cent) of the growth im total output. [3]. Both
Messell and Brown-Popkin assumed that the aggregete production function

*
hed the well-known Cobb-Douglas form. Massell also assumed consiant

* In the case of Massell's production function, this form was

implicit in the assumption that the share of capital in total output was
& constant, except for random disturbances, over the peried studied. With
the additionel assumptions of constant returns to scale and the equaelity
of marginel products to resel factor prices, the solution of the implied
partial differential equation entails & production function of the Cobb-
Dougles form.

returns to scale, while Brown and Porkin allowed returns to scale Lo vary,
even though they in fact found constant retwrns to scale in their data in

two out of three sub-periods (“epochs") studied. "

Brown and Popkin also developed 8 technique which allowed them
to measure non-neutral technological change between, though not within,
these sub~periods or “epochs."

In 1961, Solow, along with Kenneth Arrow, Hollis B. Chenery, and

Bagicha Minhes, suggested an alternative specification of the aggregate
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production function, one in which the elasticity of substitution is an
unspecified constant. [1]. (The economic interpretation requires this
constant to be & positive number.) Arrow, Chenery, Minhas, and Sélaw
also assumed constant returns to scele, in their derivation of this ciass
of production functions, which are called constant-elasticity-of-
substitution or CES production functions. The special cases are interesting:
if the elasticity of substitution is zero, one obtains the familiar fixed
proportions or "Leontief" production function and if the elasticity of
substitution is infinite, the production surface degenerates into a plane
and hence the isoquants become straight lines. If the elasticity of
substitution is unity, the CES production function is one of the Cobb-
Douglas variety, with the exponents of the labor and capital inputs {the
elasticities of output with respect to labor and capital) also summing to

*
unity (because of the comstent returns to scale gssumption). Arrow,

* That the unitary elasticity of substltution case should twn ount
to give & Cobb-Douglas production function is hardly swrprising. It is true
that, with a Cobb-Douglas production function and competitive factor pricing,
cost minimization results in constemt factor shares, i.e. the fector shares
will be independent of relative factor prices. (This proposition is
developed in the next section.) However, it is also true that with com-
petitive factor pricing and cost minimization, the existence of constant
factor shares implies & unitery elasticity of substitution. (See, e.g.,
Sidney Weintrauwb, [9], p. 70.) Thus & Cobb-Douglas production function
must have everyvhere a unitary elasticity of substitution. The authors
of [1] have in effect proved the converse of this proposition (for the case
of constant returns to scale).
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Chenery, Minhas, end Solow estimated the elasticity of substitution by
means of an international cross-~section of specific industries: in general,
they found that this parameter lies between zero and unity and that the
difference from either extreme is statistically significant. The authors
also fitted an aggregative CES production function to data from the American
non-ferm, private sector over the period 1909-1949, which were taken from
Solow's 1957 article. [7].- Here, the elasticity of substitution was found
to be roughly .6 and significantly different from either zero or unity. It
would sppesr that the CES spééificatién of the eggregate production function

is superior to the Cobb-Douglas.

Before accepting this conclusion, one should notice that these
tests indicated that & three parameter (actually four parsmeters, with an
additional techunology parameter) CES production function is superior to a
two (or three) paresmeter Cobb-Douglas function. This seems to load the
comparison against the Cobb-Douglas form. In this paper, the aggregative
CES production fun&tion is tested egainst an sggregative Cobb-Douglas
function with an equal nwiber of parameters. An additional paresmeter is
introduced into the Cobb-Douglas production function by permitting variable
returns to scale; thus, in effect, we have & test es to whether constant
returns to scale or & wnltery elasticity of substitution is a more restrictive
simplifying assumption. A secondary purpose of this paper is the attempt to
gquantify the influence of increasing returns to scale. In particular, one

can inquire sbout the contribution of increasing returns to the observed
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increase in totel output and ask how the existence of this phenomenon
influences one's estimates of the importance of, and the rate of growth

attributeble to, "pure"” technical change.

1. Theoretical considerations

Let V be total output, L the lebor input, emd K the (utilized)
capital input. (This notation follows [1], as does the notation for the
parsmeters of the CES production function.) The variable t denotes
calender time (in the epplications, messured in yesrs and equal to zero
in 1929) end hopefully serves as a proxy for that importent but little~

known phenomenon, technical change. The ui's are stochastic disturbances.

The most general expression for the aggregate production function, under

these circumstances, is:

(1) vV = F(L,K,t;ul) .

*
If we restrict ourselves to only neutral technological chenge and write

¥ Reutral technologlcal chenge is such that total output from a
given combination of labor and capital inputs increases, while leaving
the marginal rate of substitution between these two inputs (numerically
equal to the ratio of their marginal products) unchenged. On this point,
see Solow. [T].
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the error term in & multiplicetive form, the eggregate production function

may be represented by the following expressions

The CES production fumction, which is a further specification of

the functicnal form of (1a), may be written:

1

_ M| o o PR3
(2) Ve=7,0 8K+ (1-8)L U .

alr

(Here, p = -1, where o is the elesticity of substitution.) The
)

logarithmic variant of (2) s Which is the form used to compute the estimated
standard deviation of residuals and other meesures involving the computed

residuals, is:

(2a) log V. = log 7o * AL - %— log I_a kP 4 (2 - 5)1.‘9:] + oy,

where , = log Uy . (All logarithms are on the base 10, in this paper.)

Equation (2a) was fitted by & two stage process; the parameters ¢ (or p)
and )\ Were estimated from & regression relationship emanating from an
equality between the marginel product of labor and the real wage. The
remaining peremeters cen be estimated from equation (2a). As the estimation

prrocedure is given explicitly in [1], the details of this discussion are not
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repeated here. In one statistical variant of {2a), & procedure identical
to that outlined in [1] wes followed. In & second varient, the procedure
was followed exactly except for the constant term, which was obtained by

foreing the computed residuals to sum to zero.

The Cobb-Douglas specification of equation (1e) is:

_ et -0
(3) Vo= A 10 LKﬁus

>

(s with the CES production function, Greek letters denote parameters; A

and c¢ are perameters, also.) The logaritimic variant of (3) is:
(3a) log V=1log A +ct+alogl+plogK+ug,

where U = log u.5 « It would appear easy to estimate the parameters of

equation {3a), through the use of the standard technigues of regression
ana.lysis.' In fact, & straight regression procedure gave nonsensicsal results,
possibly because of the intefcorrelation .bei:ween the lsbor end the capital
series. (See equation (3¢) below.) Hence one is forced to search for an

alternative method of pérameter estimation.

N k"

Let w be the money wage and P, the money price of a wmit of

k
capltal services. It will be asassumed that these factor markets are competitive,
50 that entrepreneurs teke these prices as given (unaffected by their hiring

decisions). The condition for cost minimization is:



(%) ;§=i—k:
L

where VK denotes the partial derivative of V with respect to K and

V; has en enalogous interpretation. It mey be observed that equation (%)

does not reguire one to assume that the prod.uct market is competitive por

that entrepreneurs actuslly carry profit Wzatim beyond cost minimization.
Iet us assume that the tendency to cost minimization is incomplete and subject
to a stochastic disturbance. (The short run fixity of the capital stock

might meke this an sppesling a.ssmption., Also, when the aggregate production
function has the form (3), we have:

v )i
(5) V ==ﬁ-1-{~amlv=ai

Introducing & random disturbance into (4) in multiplicative form and also

substituting relations (5), one obtains:

™
A<

(6)

=

“x
w

'ﬂ,.{ .

Q
i)t

Algebrelc manipulation ylelds:

P K PK/FV
M F s gw C 5 o
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where P ig the mrice level of final output and 'u8=l/n7. The

logarithmic verient of (7) is:

ka/w g
(7a) log i i log & + log ug .

If the expected value of the logarithm of Tg is postulated to be zero, an

appropriate method of estimating the ratic of B to « (the ratio of the

elasticity of output with respect to capital to the labor elasticity of
output) is:

PkK/.W

(8) est of g = antilog --E log »

where N 1s the total number of observations and the summation is performed
over all observations. In words, equation (8) stetes that an appropriate
estimator is the geometric mean of the ratio of the epital share to the
lebor shere. In the fimsl estimation of the perameters of (3a), equation (8)
was used to force the coefficlents f and a to be in a giveﬁ ratio and
then regression techniques were used to estimate the remaining verameters.

This is equivalent to estimating a regression of the form:

{(30) log V = log-Ao-!- c’c+al:logL+elog K]+ Ue s

vhere © 1s equal to the ratio of B to a and is slready known before

performing the regression calculations.



2. The data and the problem of measuring the flow of capital services,

The data employed are those utilized in [1]; the immediate source of
these deta is Solow's 1957 article ([7], p. 315). The concept of real output
1s real private; non-farm GNP, i.e. ‘both the govermment and the agricultural
sectors have been excluded. 'The capital stock, which includes lend and
mineral deposiis, is measured in constant dollars, while the labor input is
measured in man-hours. Solow gives a serles for the property share, the

*
complement of which mey be taken as the labor share. Solow's more complete

* Thue, the property share is column (L) of Solow's Teble 1, and the
wege share 1s obtained by subtracting this series from 1. The (utilized)
capital series is column (3) of this table. The labor series cen be unscrembled
by dividing coluem (6) into columm (3). V can be obtained by multiplying the
lebor input series Just calculated by colum (5).

discussion indicates his sources and other detells; there is, in general,

no need to repeat that discussior here.

One problem is, however, worth scme consideration before the statistical
results are presented. The capital date are most easlly obtained as a aeries‘
of the stock of availsble capltal, while the notion most relevaent to the
production function concept is that of the flow of cepital services. Solow's
solution to this problem was to distinguish between aveilsble capitel end
capitel actuslly employed; he assumed thet cepital and labor were equally -
underemployed during sleck times and so his estimate of employed cepital for |
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a particular year wes the stock of aveilable ca;p:i.tal miltiplied by the

proportion of the isbor feorce unemployed during that year.

Solow's approach to this problem has been under criticism, and indeed
he himself seemed to regard it es only & rough epproximation that was better
then no edjustment at all. Solow points out that this method does not indicate
a change in the cepital input when the flow of capital services changes from
8 given amount of capital actuslly wutilized, as would occur if the length of
the work week changes. Massell ([5], pp. 184-185) argues that Solow's method
will not allow the substitution of cepital for labor during & downturn to
show up, which be (Msssell) expects is likely to occur. Brown and Popkin
point out ([3], p. 411) that tbis method is likely to increase the inter-
correlatioh-bemen explanatory varisbles, thus decresasing the reliablility

of regression estimates of the separste effects of these explanstory variebles.

Massell and Brown-Popkin handled this prcblem in a different way.
Although their methods differ from each other, there is one point of similarity
between them: both articles ([5] and [3]) use a two stage process to obtain &
measure of utilized capitel, snd in esch the first siage uses a crude estimate
of the producticn relations under study. (This is not a criticism,; as an
iteretive approsch to these problems is surely legitimate.) Massell first
calculates a "normal” capitsl-output ratio as & linesr function of time, using
regression analysis with observations for "normal" yeers only. (Thus, the
war years and the years of high unemployment are excluded.) Massell obtains

& declining trend; the implied rise in the average product of ceapital may be



interpreted as one measure (& crude one) of technical change. Massell's

second stage is to multiply the "normal” capitel-output ratio by the actual
cutput-labor ratio, thus obtaining the capitel-labor ratio he deems appropriste.
Brown end Popkin's first stage was to fit trend lines to the peaks of the

*
output series .hey employed. They then assumed that years of peak output

¥ The resulting series of trend values might be interpreted as a series
measuring the development of "potential output.” Brown and Popkin's "first
stage' appears related to Arthno M. Okun's second method of measuring potential
output (that of "trisl gaps"). See {6]. The Brown-Popkin series of trend
values computed from pesk year output levels moves one & step closer to
estimating the production function, as this series is one messure (presumebly
& rough one) of the output which could bave been produced if all the availeble
lebor and capital hed been fully utilized.

were years of full utilizetion of the capital stock, while for other years it
was assumed that the capital stock was underutilized in the same proportion by
which actual output fell short of the trend value computed in the firsit stage
(in one interpretaticn, the proportion by which actual output fell short of
its potential lewsl). Thus, the Brown-Popkin procedure gives, as an estimate
of the utilized stock of capital in & non-peak year, the product of the

available stock times the retio of astusl output to its "potential® level.

Unfortunately, both of these methods possess their shortcomings, also.
Massell's method irsulstes the estimation of the production function from
year-to-year variations in the actusl stock of capital. (That it does not

use all the information mey be seen by the consideration that Massell needs
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only two observations of the capital stock, provided they occur in "normal
yeers. It is true, however, that he might desire more "normal" year observa-
tions, to reduce sampling variability, which cannot even be estimated with
only two cbservations.) Furthermore, Massell's method requires that actusl
labor inputs be in a "normal” relationship to actusl output for all yeers,
vhich hardly seems reasonsble. Aside from stochastic variation, some lsbor
inputs might be expected to display & "fixity" in the face of s downtwrn in
business; employers might tend to "stockpile" lsbor which is temporarily not
needed, due to the costs of recruiting and training new labor. (For &
development of this argument, see Okun, [6], section on "Productivity.")

This line of reasoning. is consistent with the observed downturn in Messell's
capital-lebor ratios during 19321933, which, as he notes, is contrary to his

+*
theoretical expectations. ([5], p. 185).

¥ The relasted phenomenon that output-labor ratios (the "productivity
of lsbor") rise during upturns might also explain another feature of Massell's
capital series: +the capital-labor ratios are gulte high during the early part
of World War II, which would seem to be inconsistent with the abnormelly low
capital-output ratios that he cites emrlier for the wartime period. ([5],
p. 185). Presumebly all, or nearly all, of the available capital would be
utilized during & periced of high demand such as the war period. An alternative
explanstion 1s that the flow of capitel services from the utllized stock of
cepital was abnormally high, because of the temporarily long number of hours
in the average work week.
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A number of deficiencles in the Brown-Popkin method can also be listed.
Most of these have been pointed up by the authors themseives ([3], p. ¥11),
and egain & citetion will save space. There is, in my view, an additional
shortcoming of their method. It will be recalled thet, for non-peak years,
the estimate of utilized capitel is proportional to the actual level of output,
the factor of proporticnality being the ratio of the sctual capital stock to
the "potentisl” level of output. As the wtilized stock of capitel is used s
an explanatory variable of the level of output, this method of correcting
for underutilization of capital might tend to overstate the influence of the
cepital input. Whst would be useful, &s Brown and Popiin point out, would

be an independent estimate of the degree of utilization of the total stock

* Hence I would expect the Brown-Popkin elasticlties of output with
respect to capital to be upward-blased, rather than downward-blased, as they
suggest. ([3], p. 411). The moderstely large capital elasticities which
they obtain for their last two "epochs" would sppeer to confirm this view.

Parenthetically, it may be remarked that even if there is bilas present
in this method of handling the capital stock problem, this does not necessarily
mean that 1t is inferior to an alternative method. It is possible that this
nethod could be more efficient than its alternatives, perticularly if this bias
were small.

of capitel, built up from the separate industrial sectors. Unfortunately,
the Wharton School index of capacity utilization {4] is unavailsble for the

years before 1946,
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We are left, then, with no perfectly satisfactory method of resolving

this problem. A perfectionist would not have written this paper. In fact,

I selected the Sclow method, principally to meintain continuity with the
estimates of the CES functlon given in {1]. Another advantage of this
choice was thet the capital stock date were already adjusted, an advantage
not to be scorned. One mwight also defend this cholice on the grounds that it
uses all the information and probably has no pronounced bliases, but perhaps
this is an instance where one who lives in a statistical glass house should

view cesting stones with extreme reticence.

3. The statistical results

An epplication of the method outlined in [1] yielded the following

*
estimates of the CES variant of the aggregate production function:

*a comparison of the present estimates with those given in [1] will
indicate slightly different results, {The second and higher significant
figures do not agree.) I have checked and rechecked my computations (the
crucial parameters were estimated more than once both at a desk celculator
and on an electronic computer). Tt i1s possible that the discrepancies may
reflect rounding errors. In any case, it is hoped that correspondence with
the authors of [1] will cleer up this problem.

l

(2b)  log V = =0.227h + 0.0078k4 t = 1.587)\ 0.488% k00302 | g 5116 ,0-6308

R™ = 0.9703, S = 0.02760, =5 = 0.2048 .
8
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(Here, -S-u is the estimated variance of residuals {crudely corrected for

A0 = ui
degrees of freedom), R° =1 -

s ¥haich may be
£{log V)° - %— (£ log V)2

2

interpreted as the fraction of "explained" variance, and 5—2 is the
s

von-Neumsnn-Hart stetistic.) As the authors of [1)] pointed out, the fit is
moderately tight. The implied estimate of o , the elasticity of substitution,
15 0.613. The low value of the von-Neumsnn-Hart statistlic leads to the con-
clusion that the residuals sre autocorrelated, at any reasonsble level of

statistical significance.

As suggested in the earlier discussion, one can estimate the constant
term by requiring the sum of the estimated residuals to be zero. As this
seemed a minor and not lnappropriate modification, it wes carried out. The

resulte are:

{
(2c) log V = - 0.2258 + 0.007844 t - 1.587«»%{0.1}8& 06302 o 5374 1,-0+6302)
§2 = 00970}4', §u = 0-02751‘-, d = 0.2876,

(Bere, 4 is the Durbin-Watson stetistic, which now becomes reasonable to
ﬁse, as the estimated residuals now sum to zero. The von-Neumann-Hart
statistic 1s, of course, the same &s it is for (2b). ) The estimate of the
constant term does not change much; this tends to confirm the sppropriateness
of the parameter estimation mwethods outlined by Arrow, Chenery, Minhas, and

Solow. (In fact, the mean of the computed residuales of (2b) does not differ
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significantly from zero.) This modification yields 1little improvement of
the fit. The Dwrbin-Watson test also suggests & highly significant degree

of autocorrelation of the residuels.

When the parameters of the Cobb-Douglas form are estimated freely,
the result is: |

(3¢) logV = - 1.053 + 0.6965 x 1072t + 0.03463 log K

(0.03341 x 1072)  (0.05370)

+ 1.16] log L, R®= 0.9931, § = 0.01352.

(0.0505)

(The: muhers below the parameter sstimates are standard errors.) (3c) is a
most wnsatisfactory approximation to the eggregate production function.
Although the coefficient of multiple determination is rather tight, the
properties of this fitted relationship in terms of economic theory are most
disturbing. The capitel input has a statistically insignificent coefficient,
suggesting that this 1s an irrelevant verisble in this relationship! The
coefficient on the labor input suggests (if one takes the associated standerd
error at face value) that not only are there increasing returns to scale but
also Increasing reburns to labor as & variable factor! Rather than reject
economic theory, we reject this relationship as & statistical artifact. The
intercorrelation between the lebor and the capital series (alluded to earlier)

may be part of the explanation of these nonsensical resulis.
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Accordingly, the coefficients of the logerithms of the labor and capital
inputs were constrained to be in a fixed ratio to each other, as explained in
gection 1. Calculation of the constent © from share data gave the estimate
that the coefficient of the logarithm of the capital input should be 0.5177
that of the labor input. Substituting this number into regression (3b), one

obtains the following result;

(34) log V= -1.657T+ 0.56k0 x 10 ¢t + 0.4hok log K
- (0.0u682 x 10"2) (0.02578)

+ 008506 log L, Ra = 009813, gu = 00021@’ d= 005)-'-290
(0.04980)

This is far more satisfactory: +the capital elasticity is now highly
significant, while the labor elasticity is now significently less then 1

(if one takes the essociated standard error at face velue). The fit is not
quite so tight as before, but this seems a very reasonable price to pay for
results that are consistent with the theoretical formulation of the problem.
The Durbin-Watson test indicates a highly significant degree of autocorrelation
of residusls, which, of couree, vitiates standard statistical tests. The sum
of the labor and capltal elasticities is 1.29, suggesting the presence of
increeasing returns to scale. If one ignores the presence of autocorrelated

residuals, this sum is significantly greater than unity.

The principal point of this analysis is to compare a CES sggregate

production function with one of the Cobb-Douglas form having an equal nwurber
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of estimated parameters. Comparing equations (2¢) and {3d), one notices that
the fit is slightly tighter for the Cobb-Douglas form. However, calcwlstion
of an F ratio of the estimated variences of residuals of the two relations
yilelds the value 1.583. With 38 degrees of freedom in both the numeretor and

the denominator,* this 1s not statistically significent at the 5 per cent

* There are 41 cbservations s and there are only three (free) parameters
estimated in equetion (3d). Hence there are 38 degrees of freedom in the
denominator. The number of degrees of freedom sssociated with the numerator
is & bit difficult to asceriain, because of the involved estimation procedure.
However, there are four parameters to estimete and these are estimated with
the series appearing in (2c) and essentially one extreneous series (the factor
share data). Hence it seems reasoneble to argue that three degrees of freedom
(four minus one) ere lost in the estimation procedure, asnd so the numerator
has 38 degrees of freedom also. The F ratio is not close to the margin of
significance, and so the conclusion of the text would not be affected by an
alternative {treatment of this guestion.

level (provided the stendard sssumptions apply). As this test 1s also vitiated
by the autocorrelation of residuals, each reader must decide for himself how
much confidence to place in the conclusion that neither formulation has s mearked
superiority. If accepted, this implies that the assumptlon of constant returns
to scale and that of a witary elasticity of substitution involve roughly the

same degree of oversimplificaetion.

Before leaving the Cobb-Douglas variant of the eggregate production
function (equation {3d) )}, 1t is interesting to enalyze the growth in real

output over the period studied with the ald of the paresmeters of this function.
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Over the period 1909-1949, real output increased 215.6 per cent (1l.e.,was
3.156 times &s lerge in 1949 as in 1909), while the labor input increased
54%.2 per cent and the capitel input increased 102.1 per cent. Using

*
"normelized" values of the lsbor and capital elasticities as weights, the

* The "normalized" values of the lsbor and capital elasticities are
proportional to the computed values, but &re scaled down so that the sum of
the two 1s unity. The method of computing the contribution of increasing
returns to scale then utilizes the difference between the actual elasticities
with respect to lsbor and cepital and their respective "normalized" values.

welghted increase of the two inputs is 70.5 per cent. ’This is the contribution
of the increase in the inputs to the increase in output, under the assumptions
of a constant technology and of comstant returns to scale. Using the Brown-
‘?opkin method of computing the influence of increasing returns to scale

(see [3], p. 4Ok and n. 15, p. 409), one can estimste that 20.5 percentage
@ointé (about 9.5 per cent) of the observed increase in output is attributable
to this“phenamenon. If the residual increase in output (the incresse in output
after subtracting the "pure"” effect of an increase in the inputs and the
contribution of increasing returns to scale) is attributed to the "pure" effect
of technological change (the standard treatment),the contribution of techno-
logical chenge is 12L.6 percentage points, which is 58 percent of the total

*
increase in output. Like the other studies clted, these results lead to

¥ This figure agrees very closely with that calculated from the work of
Brown and Popkin [3]. In view of the fact that the period of study, the
coverage of the economy, the sources of the deta, and the method of adjusting
the capital series all differ somewhet, this agreement is encouraging!



the conclusion that "technical chenge" is responsible for the greater part
of the observed increase in real output. Finally, it may be recalled that
the lsbor input increased by only 54.2 per cent over the period, while the
weighted average increase of the labor and cepital inpuis was T70.5 per cent.
By a slight extension of the residual technigue, it cen be argued that the
difference between these two percenteges (16.3 percentage points) is an
estimate of the "pure” effect on oubtput of increased capital intensity
(higher capital-labor ratios), after abstracting from increasing returns to
scale and technological change. Thus the "pure" effect of increased capital
intensity appears 1o be less important than the effects of either technical
change or increasing returns to scale, which is consistent with the analyses
of Solow and Massell. The standard caveat applies: an increasing stock of
capital may be a carrier of technical change, and 1t is obviously needed
(when the lsbor force grows) in order that increasing returns to scele may

be fully utilized.

One mey look st the rate of growth of "technical change” itself (the
A{t) series of section 1); this shows how rapidly output will grow over
timé, with constant lasbor and capital inputs. It will be recalled that in
his 1957 article, Solow estimated this rate of growth to be 1.5 per cent
per anmum. Equation (2¢) suggests that real output will grow at the rate
of 1.82 per cent per annum, if the labor and capital inputs are held constant.
From equation (3d), the rate of growth of "technical change" can be estimated
to be 1.31 per cent per anmm. (A look at the accompanying standerd errors

suggests that the difference between this rate and the other two is either
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statistically significent or nearly so, although & precise test is vitiated
by the presence of autocorrelated residuals.) Thus, when one allows for
increasing returns to scale, the estimates of the pace of technical progress
diminish somewhat. This seems entirely reasonable, since over the peried
of the study the lsbor and capital inpuis were in fact increasing, and some
of the increase in total output attributed to technical change on the
assumption of constant returns to scale would, on the alternative assumption,

*
represent the influence of increasing returns to scale.

¥ Using slightly different data, Walters [8] also concluded that the
existence of increasing returns to scale (if tentetively accepted) decreased
the estimate of the pace of technological progress.

Another issue is the guestion of whether technical change proceeds at

a constant percentage rate of growth or whether it shows some acceleration.

This possibility may be tested by introducing & t2 ter® in the regression
representing the Cobb-Douglas production function. The resulis, which are
8till cobteined by constraining the labor asnd capital elasticities to be in

the fixed ratio indiceted by the share data, are:

(9) log V== 1.288 + 0.607% x 107% 0.1092 x 107 ¢2

(0.0377% x 1075, (0.02230 x 10™)

+ 041143 log K+ 0.8002 1logl,
(0.02104) (0.04063)

R® = 0.9887, §_ = 0.01728, d = 0.8061 .
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The introduction of the 'b2 term improves the fit, while the coefficient
of this variable is almost five times the associated standard error. Thus
Solow would appear to be corroborated in his original suggestion ([7], p. 316)
that "technical change" proceeds at an accelerating pace, at least for the

*
period of his (and this) study. As before, the lsbor and capital elasticities

* But, see Massell's criticism of Solow on this point ([5], p. 187),
vhich would also apply here.

are meny times their associated standard errors; there eppears to be diminishing
returns when either factor is increased alone; and the sum of the lsbor and
capitel elesticities i1s significantly greater then 1, subject to the qualification

that the residuals exhibit e significant degree of autocorrelation.

k. Qualificetions and swmery

Several limitations of the present study deserve explicit recognition.
First, I have unashamedly worked with the "eggregate production function,"
although this is a concept that a purist would not accept. Presumsbly the
concept of a production function has greatest epplicebility at the firm, the
industry, or at most the homogeneous sector level. For those who cannot
accept this notion, this study will be of limited interest. At best, I have

blithely ignored some very difficult problems of aggregation. Secondly,
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even if one accepts the framework of an aggregative model, what is presented
here is some altermative parameter estimetes of one (or possibly two) relstions
of a complete system. It is well kncwn that such a procedure leads to single
equation bias, if the explanatory variables are themselves endogenous variables
in the full system. Thirdly, the problems involved in adjusting the stock of
available capital to a capital-in-use concept h;ve already been indicated;

this is an area in vwhich one feels less than completely satisfied regardless
of which procedure one selects, especially in & study using pre-World-War-II

*
data. Finally, it mey be unnecessery to choose between the two restrictive

*

I regard the use of an index of capecity utilization &s holding forth
great promise, provided this index is built uwp from series relating to
individual industries at a detalled level of diseggregation.

esgumptions of constant returns to scale and a unitary elasticity of

substitution. A recent paper [2] by Murray Brown and John S. deCani generalizes
the CES femily of production functions so that linear homogeneity is not required.
{Brown and deCeani do assume homogeneity of & constant degree, however.) Of
course, one must expect to psy some price for relaxing both of these aésuu:ptions;
the estimation procedure, particulerly if one introduces neutral technological

change, will presumably become st1ll more difficult.

Subject to these qualifications, the major conclusions of this study

mey be indicated. First, it would appear that the simplifying assumption of
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a unitary elastleity of substitution is not appreciably more nor less
restrictive than that of constant returns to scale. Thus, the two alternative
specifications of the aggregate production function subjected to & test fitted
the data almost equally well. Secordly, even with increasing returns to scale
explicitly taken into account, technical change appears to be still responsible
for the greater part of the observed growth in total output over the period

of this study, and the "pure” effect of incremsed capital intensity appears

to be smaller than the contribution of increesing returns to scale. The
existency of increasing returns would appear to reduce the estimates of the
speed of technological progress, however. Finally, there is some suggestion

that technological progress accelerated over the period under exsmination.
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