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FACTOR SUBSTITUTION IN THE TWO-SECTOR

GROWTH MODEL

*
Emmanuel M. Drandskis

l. INTRODUCTION

1.1l. In a series of recent papers by Shinkai [6], Uzawa [10], [11p],
Solow [8], Tnada [2], the familiar two-factors two-goods production model has
been systematically applied to the analysis of the growth process of capital
accumulationoi/ In particular, the stability propertiee of balanced growth
paths have been examined under various simplifying assumptions. I% has been
shown by Uzawa in [10], [11], tbat a sufficient condition for the stebility of
the balanced growth path is that the consumptlon-goods industry is more capital-
intensive than the capital-goods industry. Shinkei [6] has shown that the above
condition is & nec:issary and sufficient condition for stabllity in the case of

fixed coefficlents of production.

l.2. In this paper we examipe the problem of stability of the
balanced growth path paylng special atiention to the properties of the relevant
production functions. We find that if the elasticity of factor substitution

of both production functions approaches zero, then the greater capital-intensity

This paper is a revised version of a chapter of a doctoral
Jdlssertation submitted to the University of Rochester in 1962. The finsal
version has been written at the Cowles Foundation for Research in Economics
under Task KR O47-006 with the Office of Naval Research. The author wishes
to express his gratitude to Professors Lionel McKenzie, Hugh Rose, and
Tjalling Koopmans for their wvaluable comments and criticism.

5/ We note that technlcal progress is not congsidered in these papers.
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of the consumption-goods industry becomes a necessary and sufficient condition
for stabllity. In any other case it remains & sufficient condition. As
however we consider production functions with greater elasticities of
substitution, this condition becomes an overly strong one. Finally, if the
elasticity of factor substitution of elther one of the production functions

is greater than or equal to one, then the stability of the balanced growth path

is obtained without regard to other conditions.

Tt can easily be explained why the balanced growth path, and the corres-
ponding to 1t capital-labor ratio, are asymptotically stable whenever the elasticity
of factor-substitution in either one of the industries is sufficiently high. The
main point to be emphaslized is that a relative 'abundasnce' -- relative to the
balanced growth path -- of any one of the factors at any time will be
accommodated through two chamnels. The first is an inter-industry movement
towards the industry which uses relatively more of that factor. The second,
which will be operating in the case where alternative techniques for the
production of one or of both of the goods exist, is an intra-industry movement.
If e.g., the available quantity of one of the factors changes exogenously then
this will cause an alteration of the equilibrium factor prices; then with factor
substitutability a change in the factor proportions used in the relevant industry
will occur; if factor substitutability is high enough, this will insure the
absorption of the relatively 'sbundant' factor with only smell inter-industry

movements.



2. THE MODEL

2.1. The model examined below is the familiar two-factors, two-
goods neoclassical model as it has been formulated by Uzawa [10]. Consequently,

only a brief description of the economy under consideration will suffice.

On the production side we have the capital-goods and the consumption-
goods sector. The participants in each market convention are distingulshed
into workers (holders of labor services) and capitalists (holders of the
capital goods). Both offer in each convention these services in exchange for
consumption and capital goods which will become avaeilable in the next period.
Competitive equilibrium is achieved in each market and by means of the exogenous
growth of the labor force and the utllization of the newly produced capital goods

a process of successive competitive equilibria through time is generated.
2.2. The mein assumptions are the following:

(A In each time period there exist only four distinct commodities:

1)
labour services, capital services, capital goods, and consumption
goods.g/ Consumption goods are not used for production. Iabour
and capital goods do not yleld direct services for consumption. Each

good is produced separately by the use of capital and labour services.

2/ This is equivalent to the assumption that the price ratios among the
goods within each one of the four categories remein fixed throughout the
accumulation process. Thus we cen confine our attention only to these
categories of goods.,



T

(Aa) The production structure is described by two neo-classical
production functions which are twice continuously differentiable,
homogeneous of degree one, concave, and have nonnegative marginal
rates of substitution. Production tekes one ftime period to be

completed.

(A.) A given percentage of the capital goods existing in each period

3
is withdrawn from production on account of depreciation. Other-
wise all capital goods are homogeneous and they are freely transferable

between the two sectors.

(Ah) The merginel (and average) propensity to save out of the current

income of workers and capitalists are given constants.

Assumption (Ah) specifies the saving patterns of the economy and completes

the model by introducing the demand side of the economy.

2.3. Iet us give a brief description of the workings of the economy
during each convention. The economy consists of entrepreneurs, consumers, and
an auctioneer. The auctioneer announces the factor prices. The entrepreneurs
minimize their unit-costs of production. The auctioneer then announces
output prices equal to these unit-costs. The consumers knowing their

incomes announce their demands.z/ Finelly, the auctlioneer ascertains whether

2/ We assume that the consumers have already determined in the previous
market the quantities of the goods currently requlred for consumption. Hence
the consumption goods available at t do not appear in the market at +© .
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the production of the consumption and capital goods which is necessary to meet
these demands can be accommodated., Changes in the factor prices take place

until the factor markets are cleared.&/

The assumption that workers and capitalisits have formed rigid saving
petterns, which are not influenced by the accumulation process itself, is a
really strong assumption. (Ah) in effect separates each market convention
from all successive ones. Price expectations and interest rates do not play

any independent role in our model because of (Au)'é/

2.4k, Our notation follows mainly that in [10]. The capital-goods
sector is denoted by the subscript 1 and the consumption—goods sector by the

subscript 2. Consldering the market convention at + we have:

&/ The existence of such an equilibrium position will be examined in
section 3. The stability of the tatonnement process 1s however assumed.

2/ An alternative approach is that in which saving patterns are considered
as derived from utility maximization over time; see e.g. Srinivasan {9].
However, in such a model perfect foresight for the whole future has to be
assumed. The present model is exactly the opposite in this respect;

the economlc horizon extends over only one time period.
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Lt = Total quantity of labour services at + .
X = Total quantity of capital at t .
L = Iabour input in sector 1 at + , i=1, 2.

K = Capital input in sector 1 at £, 1= 1, 2.

Yi,t+l = Qutput of gector 1 at 41 .

W£ = Wage rate at + .

Ty = (Gross) rental of a unit of the capital good at ¢t.
Pi,t+l = Price (at t) of a unit of the capital goods (i =1) ,

and of the consumption goods (i = 2}, which will
become avallable at t+1 .

1 = Rate of depreciation of capital goods.

8. = Marginal (= average) propensity to save of capitalists and

workers, respectively; we have

1 i 8. 8, 2 o .8/ 1/

2.5. Competitive Equilibrium. The production functions of the

two sectors are denoted by Fi(Ki, Li)’ Kis L 20, 1=1, 2. (AQ) is

glven by the followlng:

é/ 5, is the gross propensity to save out of the gross capitalists'

K

£ represents the gross savings of the capltalists.

income, i.e g r
;] LAR N | rt

7 = = = =
—/ We exclude the trivial cases 1 S, = B s 0 8, = 8B .
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(a) F(K;, L) >0 forell K;,L >0 ;

(b) F is twlce continuously differentiable;

(e) F (MK, M) = A F(K, L;), forall X>0;

i
a.l.l K,Lj_)Ot

(@) F} (K, L) >0, Flk, L) >0, a®F <o, for

The competitive equilibrium conditions during each convention are

given by:

(@ Y4 = Fl(Kypo Lg)s 1=1, 2

B W = Prysa F:E (Kpgs Lygd = Popy B (Kpyr Ing) »
(B xy = Pltn FIJE (K > Ing) = Popy Fe (Kppr Lpg) »

These are the production equllibrium conditions; i.e., the wage rate LA is

equal to the value of the marginal product of labour, and the rental of the

capital goods Ty is equal to the value of the marginal product of capital

in both sectors.

We also have:
(5) Kg * Kop = K
(6) Lg * Bog = Iy o

labour and capitel services are fully employed and freely transferable between

sectors.
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(7 By Ty Ky * 85 ¥ Iy = Pryy Yogun o
(8) (1-s)rK+(1s)wL=1=

t 2t+l 2t+& ’

The last two equations express the equilibrium conditions in the markets for

capltal and consumption goods respectively.

In the market at t , K =X >0, L, = L20, are given.

We are interested in specifying the conditions under which a unique competitive
equilibrium at ¢ exists.§/ For a solution to (2) - (8) to be economically

meaningful the following restriction: are necessary:

(9) Kigs Togr Yygagr Voo Tgr Piggy 2 0

3. THE EIASTICITY OF FACTOR SUBSTTTUTION AND THE EXISTENCE OF
COMPETITIVE BQUILIBRTUM IN FACH CONVENTTONY °* 19/

%¢l. The constant-returns-to-scale feature of the model ensble

us to deal mainly with the ratiocs of inputs and of prices.

—/ We note that only relative prices are determined in the model, and
also that one equation among (2)-(8) follows from the rest.

2/ It can be easlly seen that no essential differences are created whether
we assume that production is instantanecus or not. We will follow the first
alternative, and thus the analysis will be carried out in terms of
differential equations.

}Q/ Time subscripts are suppressed in the followlng derivaticns:

Proofe are placed in starred sections separate from the statements of the
corresponding theorems, so that all proofa may be omitted without loss of
continuity.



L Y P :
X K g 1 v 1
Iet kni,kiﬂg,jia-f‘—,yi=-L;,m=;,p=§—. Also let
2
4] dki
(10) Gk @

be the elasticity of substitution between capital and labour in sector 1 = 1, 2.

Then, Y, = Fi(Ki, I.i) =1, Fi(ki, 1l) = L, fi(ki) or y; = fi(ki) .-ll‘/

3.2. 'The equilibrium conditions (2) - (9) now become:

(ll) yi = fi(ki), i=1,2.

(12) o = fi(ki)/fj'_(ki) -k, i=1, 2,

(13) ky £, +k, L, =Xk ,

(1u) 8+ 8y =1,

(15) s, k+8 o=2 fl(kl)/fi(kl) s
(16) ki’ Ji’ Vi “’i o,

2

and k=kZ0 .

We want to show that equations {11)-(15) have a unigue solution for

Yy» Ky» 8, @, which is positive for k>0 .

i/ Conditions (1) imply that: (a) fi(k.i) >0 for k, >0, (b} £, is
twice continuously differentiable, (ec) fi(ki) >0, fi(ki) -k fi(ki) >0,

"
fi(ki) <0 for k;, >0.
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fi(ki)

£3(k, )

% _
3.3. First, a.i(ki) z - k; is a strictly increasing

funetion of ki , for ki > 0 . Therefore, for any positive wage-rentals

ratioc ®© , (12) can be solved for a unigue positive capital-labour ratio

k, = ki(w) in each sector, provided

(17) o < o < o,

vhere ® = wax [@, ©,], and ©=min [E,.'L’ @] , end

(18) o, = lim a, (k, ) ®, = lim a,(k,)
1 ki"'o ivis? i kj_" - 1M

0f course O§Qi<'(ﬁi§+cn.,

Second, for any o satisfying (17) and such that kl(w) fk2(cu) ,

equations (13)-(14) give us

1{2(03) -k k- kl(w)
(19) ﬂl(w) = ka(w) ™ k_]_(‘-“)’ end 22((1)) = ketm) - kl(w) N

We will see below that zl(w) , za(m) are positive.

3.4% Finally, (15) can be written using (22) and (19), as

' ka(w) -k
(20) s,k +s o = [w + kl(a))] Ky (a) - K (@)
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or as

kl(m) ka(cn) + [swkl(m) + (1-sw)k2(cu)]cn _ a(w)

(21) k= y(w) = :
(l-sr) kl(cn) + arke(m) + o b{w)

Now, ¥(w) >0 for ea<w<w. Thus k = y(w) has & solution for any k

such that
(22) W) <k < §(w) .

A unique solution for o is insured if ¢(w) ie a strictly monotonic function

of .
3.5.* The elasticity of factor substltution In each sector is also a
function of ® , @ < w < ® , denoted by gy = o’i(w) s i=1,2.
Iet c(w) = kl(cn) [w + ka(cn)] [srke(m) + swaa] , dlw) = ka(m) .
o [w+ kl(m)] [(l"sr)kl(m) + (l-sw)m] , e(w) = olk (@) - kl(m ] .
{s:(l'sw.) ke(cn) - (l-sr) B, kl(m)] .

We can show that

1 c(m)ol(cb) + d(m)o2(m) + e(w) _
(23) ey V(@ =3 A ORIO] 2 = oo .

We will examine below several ceses for which o{w) 1s positive for
o<o< ® . In all these cases equation (21) elther expresses k as a function

of w, k=y¢(w for a<w<w, or o as a function of k , namely,

(21') @@=y -(k) , for k satisfying (22).



o course of (k) = griey = gty L, ama

W
o(w) = o) Vv'(w) 1is thus equal to the elasticity of (o) .
Hence, provided that o{w) is positive for w<w<w, (21) uniquely
relates the equllibrium wage-rental retio and the equilibrium aggregate capital-
labour ratio throughout the process of capital accumulation.
*
3.6, Since a(w), d(w), c(w), d{w), and ai(m), are all positive

for w<wo<o, we will first examine the cases in which e(w) is also

positive. e(w) is positive if and only if

ka(m){z}kl(m) and :—E—i—-:—;—{ }k(w) .

Hence V¥'(w) 1is positive for all w<w <o if

(a) 5. > 8., ke(w) > kl(m) ;3 (b) S, > B s kl(cn) > kg(w) 3

and (ec) 8, =B » For these cases any given cspital-labour ratio k,

such that \y(g) <k < y(w), uniquely determines the equilibrium wage-rental

ratio w(k) >0 .

5.7.* Through oXk) all other quantities and prices in the convention
at t ere determined. We can easily show that they are all positive for k

satisfying (22). From (21) we get
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(1-31‘)1;:l + (1—aw)m

(24) k- k= (K, - k)

(l-sr)kl +8k, +o

srk2 + Sw ®

(25) k - k= (k - k)

(l'sr)kl + Srkz + o

Thus we see that for any k satisfying (22)

(26) max ki[cn(k)] > k > min ki[aa(k)]

1=1,2 1=1,2
holds. This 1s naturally a consequence of the feasibility of factor
substitution. For any k satisfylng (22) equilibrium wage-rental ratio (k)
will be such that (26) is satisfied. From (26) and (19) we immedlately see

that .ei[cn(k)] are positive. Also, W, r, D, &are positive in equilibrium.

3.8 Till now we have assumed that for all relevant X ,
kl[w(k)] # kg[m(k)] holds. However, the production functions may be such
that there exist o, @< w <o, for which kl(m) = k(@) . Then (13)-(1k)

glive us

(27) kl(w) = ka(w) =K .

Since both k(@) are strictly increasing functions of o, m<w <o,
(27) is satisfied by & unique @, w(k) , for given k >0 . Then from

(12) and (15) we get

srk + 8, ak)
(28) fla0)] = ST
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Hence O < £l[a(k)] <1, eand firally O < /p{w(k)] <1 is determined

from (1k) .

3.9, We have proved the following:

EXTSTENCE THEOREM 1: For any aggregate capital-labour ratio k satisfying {22),

the equilibrium o, ki, Yy» W, T, p, are uniquely determined and they are
positive, in any of the following cases:
1. If kl[r.u(k)] ;er[w(k)] , Whenever
(a) 5, > s, ke[axk)] > kl[a(k)] , Oor
(b) s._>8_, kl[aik)] > keim(k)] » Or

{(e) s8_=5_; and

2. If kl[a)(k)] = ke[m(k)] .

3.10. The above theorem is & gensralization of the existence
theorems in [10] and [11]. Also Inada [2] has independently proved Theorem 1,

along with the corresponding stability theorem of Section 4.4 below.

We note that in the proof of this theorem we completely ignore
the possibilities of factor substitution in any of the two sectors.
Instead we rely on the difference between the capital-lebour ratios in the
two sectors. Thus e.g., in the most importent case, l.e., that where

8. > S, 2 We have to assume that the consumption-goode sector is hlwaysig/

12/ Namely, ka[m(k)] >kl[w(k)] for all k satisfylng (22).
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more capital intenslve than the capltal-goods sector. However, many objec-

tions can be raised concerning the reasonableness of this capital intensity
condition.w

Actually, a closer consideration of the possibllities of factor
substitution in both sectors makes apparent that such capital intensity

conditions are, in most cases, unnecessarily strong sufficient conditions.

5.11.* Iet us first consider the case where o,(®) = o.(w) =1
1 2

for all o<w< @, i.e., the case where both production functions are
of the Cobb-Douglas type. Then, we can easily see from (23) that o(w) = 1
holds and thus that y'(w) is positive for all w<o <o . Also if

ol(a:) , 02(‘”’ z1 , forall e<w<o ,&/ then o(w) 2 1 and

v'(®w) > 0 holds. Therefore, if the factor elasticity of substitution in

both sectors is greater than or equal to one, for all @ < o< ® , then the

equilibrium wage-rental ratioc is uniquely determined by (21), for any k

satisfying (22).

3.12* Weaker conditions for o(w) >0, forall e<w<o,
are possible.

Iet us examine the sign of g(w) % a c(w) + (1-a) d{w) + e(w)

E/ See e.g., Solow I8, p. 481,

1h/ Constancy of oi(w) is not required.
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for 12a20 . We find that

- ] ; } 2 2
glw) = 2 [(1-a)(2 sr)(l sw) +a s, sw]a) k, ky + o 8. k kK +as8 ok

+ (1-s L)k, + 5. 0)k] + (1-s ) [(1-w)o + 8 k] @k, >0 .

> —
Therefore, if o (@) + o,(® = 1 holds for all w<w<®m , then again

olw) >0, w<w<w, is satisfied. If e.g., either one of a‘i(w) is

greater than or equal to one for all w< o< ® , olw) >0 holds.

In general, if we ignore the possibilities of factor substitution

in the capital-goods sector, or in the consumption-goods sector, respectively,

then—lj-/
(29) al(m)>max{-%é%,0}, or

(30) ce(a)) > max { - %{% , 0 } , respectively,

must hold, for all w<®<w, in order to have o(w) >0 and thus

V' (w) >0 forall w<a<aw.

13/ of course d(w) + e(w) >0, clw) +e(w) >0, forallo<a<ao.
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3.15. We have proved the following:

EXISTENCE  THEOREM 2: ILet the factor elasticity of substitution in either

one of the two sectors be greater than or equal to one (or satisfy (29)
or (30) ). Then, for any aggregate capital-labour ratio k satisfying (22),

the equilibrium o, kl, Yy» ¥, T, P, are uniguely determined and they are

positive.

4., EXISTENCE AND STABILITY OF THE BALANCED GROWTH PATH

k.l. We now examine the behaviour through time of the aggregate
capltal-labour ratio, and by means of it that of all other variables, given

that the economy is continuocusly at equilibrium.
We assume:

(AS) The rate of growth of the labour force 1ls exogenously determined and
rewaing constant throughout the accumuistion process.

IJet A be this rate. Then L = A }é/.

4,2. The process of capital aceurlation 1s given by

(31) K=Y -pnk, or
A Y Y14y
(32) K=g=-n= 55— -

15/ . and ° denote the time rate of change and the relative time rate
of chenge of a variable.
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Then

~ A Yt
(33) E=R-L-22-(nvn).

: Yok 17/

Since the economy is always at equilibrium, i mst satisfy (15) . Thus-—

A 8k+s ofk)

—_ : L] -

(34) R-L 210k [o(K)]] - (A + ) .
k* is a balenced capital-lebour ratio if

srk* +85 o .
(35) ¥ fi(kl) =r+pn ,

k*
¥*

*
where a«" , kl are the equilibrium wage rental ratioc and capital-labour ratio

in sectér 1, respectively, which correspond to k* ,

h.3.* Let

s .k + 5 ok)

(36) oK) T I £ [ [o()1]

We can show that

3 8, w{k) 8, kll wk)] - srk '
O a2 " xR L e, SO KU TECKD - O

17/ (34) generalizes the corresponding equation sppearing in [10] and [11].
Solow [8] derives a relation which is identical to [34]. [34] i3 also examined
by Inada [2].
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We will exemine below several ceses in which o'(k) < 0 holds. Therefore,

in all these cases & unigque k" exists, provided—that

(38) lim ®k) >r+p> lm _o(x) .
k + (o) k + ¥(w)

h.h.* First, let us suppose that the capital-intensity condition

holds,i.e., that the consumption-goods industry is elwvays at least as cepital

Intensive &s the capital-goods industry. Thws, k,[a(k)] 2 k [o{k)], for a1l X

satisfying (38) . We also assume thst 5, 2 8,

Under the present conditions, s k 2 8, & [o(k)] , amd w'(k) =1/ y'(a) >0,

are seen to hold for all k satisfying (38). Therefore, o'{k) <0 for all
such k , and there exists & unique k* such that cp(k*) = A+ p . PFurther,
as (k) is & strictly decreasing function of k , we easily see from (35)

that this unique %* is globally stsble.

4.5. We have proved the following:

Zs
r w

holds, then along any path of intertemporal equilibria, for which (38) holds,

STABILITY THEOREM l: Under the capital intensity condition and if =

the capital-lebowr ratio k spproaches asymptotically the unique balanced capital-

labour ratio k* .
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4.6." Let us examine egain (36) and (37). (37) can be written ss

1 . 1 k 1
G Fwy 'R =y Hwﬁﬂﬁ%ﬁm Ts X+ 5 (k)]

. {swk.l.[w(k)] - srk -8 cla{k)] . (cu(k) + k_L[w(k)]) } ’

stnce o'(k) = 1/¥'(0) = ey K

This equation glves us the necessary and sufficient conditions for stability of
the balanced capital-lebour ratio X . @lobal stebility requires that ¢'(k) < 0

holds for all Xk satisfying (38). Hence it requires that if, for k satisfying
(38),  olu(k)] {2} 0, then {swkl[w(k)] - 8% - 8, olo(k)](e(x) + kl[m(k)])}
{ s } 0 holds. 1In the former case we must have

sk [wk)] -8k 3
(39) olelk)] > m{s:&(k; FERDT ¢ © f

while in the latter

(40) ola(k)] < min

8K, [o{(k)] - s k
5 (E) ¥ EI(K)T)  ? °}
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This 1s as far as we can go with respect to the necessary and sufficient

conditions for stability. We may remark that if B, = 0 , then direct

considerstion of (37) shows that stabillty is insured if and only if
ola(k}] > 0, i.,e., 1f and only if ¥(w) is an increasing function of

® . Finally, if 8, = 8_, then we know that of[w(k)] is positive and

thus only (39) is relevant for stability,

*
4.7, With respect to sufficlent conditions for stability
several results are novw readily available,

First, oi[u(k)] , oé[u(k)] 21 is & sufficlent condition for the

stability of the balanced capital-lebour ratio k* . For then ola(k)] > 1,

sukl[axk)] -8k
and sw(u(k) s kl[a(k)]) < 1  holds for all k satisfying (38),

Thus {39) is satisfied.

Second, let us ignore any possibilities for faector substitution in
the capltal-goods industry, and also assume thet oi[uik)] =1, forall k

satisfying (38).

Then,  oflw(k)] = SAB)] +elek)] o o w0 ik 4o show that
' alo(k)] blafk)]

8k, (k)] - 8 K s bla(k)] k. [a(k}] - s ala(k)]
dloli)] > SEHFERON © s EET (@0 FR@D T *

®w d{a(g%i(;)?[d(k)] > gyl - 8) kyla(k)] - 8 (1 - 8) kpla(®)]
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This last inequality is easily seen to be true. Thus even when the capital-
goods industry operates under (almost) fixed technical coefficients, we may
still have stability of the balanced growth path 1f factor substitutability

in the consumption-goods industry is high enough, without regard to the factor

intensities in the two industries.éé/
We may alzo exeamine the opposite case, i.e,, the case where

Ul[a(k)] =1 for all k satisfying (38), while we ignore any possibilities

of factor substitution ln the consumption-goods industry.ég/ Again

ala(k)] = SleE)] +ela()] o o oa we inally come to the inequality
alo(k)] blalk)]

5,2 l0(1)] > K, la()] (afk) + & [o(E)]) (s, (1 - &) Kyla(k)] - 8 (1 - &) Kyla(k)}) .

However this inequallty cannot be unequivoecally established.gg/ Nevertheless,
the global stabllity of the balanced capital-labour ratio k* can be shown

for some particular values of 8, and 5. o Thus if B ™ 0 , then we have

seen in page 21 that global stability is obtained since ola(k)] >0 .

EQ/ This result can be more easlly shown if we conslder directly a Cobb-
Douglas production function in the consumption-goods Industry and fixed
technical coefficients in the capital-goods industry.

lg/ This way throw some light on the impsct of the asjmmetricity exhiblted

in our model by the fact that only capital goods are directly fed back into

the process of capital accumulation. Otherwise, the case is of little practical
interest.

20/ The inequality of course holds if s 2 8,>0, kg[m(k)]> kl[m(k)] s
»*
which wes shown in Seetion 4.k,
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Also if 5, =1, the above inequality holds. Since ¢'(k) is a continucus

funetion of the parameters By B global stability is obtained for B,

near one and sw near zero.

4.8. We have proved the following:

STABILITY THEOREM 2: Iet

(a) oé[a(k)] 21 hold for all X satisfying (38); or

(v) o la(x)] =1 hold for all k satisfying (38) and s, be

sufficiently neer one or L be sufficiently near zero.

Then along any path of intertemporal equilibria, the capital-lsbour ratio k

approaches asymptotically the unique balanced capital-labour ratio k* .

%« SPECIAL CASES

5.1ls Fixed Technleal Coefficients in both Sectors.gi/

The model ecan be outlined by the following equations:gg/

g;/ The maln theorem in the present case has been proved by Shinkal [6].
He showed that the "Simple model" of J. Robinson [5], as formulated by
Morishima [4], exhibits globel stability of the balanced growth path if and
only 1f the capital intensity condition is met.

22/ In general, the profit and market equilibrium conditions will be expressed
as inequalities with the usual nonnegativity restraints on all variables.
Shinkei also examines only this case, [6, p. 110].



{L1) Y, =9k =81 ,
(42) Y,=7K, =581L,,
(43) 1 = % r+ % W,
Zr4z ) - (9
(h4) P = 3 r+5 v, 8s well as equations (5) - (9).

k= g , k= -3 . Thus, {5) - (7) may be given by (13), (1k), and by
(217) k=y (o) 2 kll:? . 1;2:; ; swik2+- el
‘ gl By T B, T

We must roint out that max(kl, ka) >k > min(kl, ka) mst be satisfied if we

wish to exawine the possibilities of full employment equilibrium only.

5.2+ The exlstence of a competitive equilibrium is readily

establighed. We have:

[ o i . 5
(kE_kl) \Sr (l"ow) k?. Sw (l‘sr} k. )

'7 .
2
(}l—sr) k) + 8.k, + a)

Vi(w) =

Thus, (a} if 8, >0, s =0, then k, -k >0 is a necessary and

sufficient condition for Y'(w) >0 ; (b) if 1> s, =8 >0, then

¥ (w) >0 ; and (ec) if 1>s >s  and k, >k , then ¥'(w) >0 .
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In all these cases 1f a competitive equilibrium exists, it is uniquely
determined by k . However, the limite within which k pust lie for a
competitive equilibrium to exist are even narrower then those indicated in

the previous paragreph. For,

)
>0, e . Y(w) = 2 wi 2 1L 5o

for k. >k, . These limits coincide with the limits referred to in
sectlon 5.1 only if 8, = 1, Sw m 0 . Otherwise they are narrower.
Full employment equilibrium is seriously limited by the saving propensities of

capltalists and workers.gé/

5.5+ With respect to the accumulation path in such an economy we

have the following:

(L5) A

mh‘
=

But Y = 8 and £ are both constants. Thus the accumulstion

1l k& - kl

path does not depend on +he price system and on the saving patterns. If

the initial position k{o)} 1s given, the path is completely determined.

*
y., k. -k
The balaenced capltal-labour ratio k* is glven by L2 =\ +pu,
¥ ok -k
2 1
¥y, k ¥y, K,-k
12 1l "2
or by k¥ = . lLet k) @ = =—— ., Then
v (ka"]ﬁ-) (l’ﬂ-’-)’l'yl (P( ) k ka"kl ?

25/ uis is to be expected. If e.g., X 1Ls near k, and if the

eapltalists wish to consume a lot, then more resources have to be allocated
to the consumptiocn sector than ls feaslble.
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k

FON o' (k) = - ETE;:ET » Which is negatlive 1f and only if k2 > kl .

This also insures thet x¥ >0 .

5.4, We can now appreciate the distinguishing features of a two-
sector model with fixed technical coefficients and full employment of all
productive factors. In such a model the equilibrium price system passively
adjusts to the changing quantities of the primary factors without having
any influence on the accurnilation process. Furthermore, such an equilibrium

price system may very well not be feasible,

D+«5. Capital &s the only Input in the Capital-goods Sector.

We finally examine the special case where the capltal-goods sector uses
only capital goods.gﬁ/ This 18 & very special assumption indeed. See

however Kurtz [3].

The changes which are now iIntroduced are expressed by;

(14'6) Yl = TlKl » YE."Fe (Ke) I-'2) 2
(47) P o= LT,

(48) K, + K, =K,

(""'9) 12”1':

2&/ If the capital-goods sector uses only capital goods, then kl[a(k)] =+ ®
for all relevant k. However, under conditions (1) above, kl[a(k)] < +w for

ell k satisfying (38). Therefore, our Stability Thecrem 2 does not cover
the present c¢ase.
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with the rest equations the same as in our original model.

K .
--:!- ] - = !
We have & =k-k, , y, = f,(k) , o= (fa(ka)/fe(k2)> -k, .

5.6, Then (15) becomes
25
(50) (l-sr)k = 8.0+ ka(m) —'/

Then ¥(w) = (l/l-sr) (Swm + ka(ﬂ))) s

and y!(w) =

1 s. +k'{w} >0, and thus a unique and positive
l-sr w 2y

equilibrium exists for all k esatisfying

(51) ¥(w,) <k <v(a,) .

All other quantities and prices are thereby determined and they are positive.

Further,

1.8 (l—sr) ®

) s, + ké(@ = g @+ ké(w) 02(0.\) *

(52) ! (k) = 1]"%‘-0)

5.7. The process of capital accumulation is given by

A Y k -k, [o(k)]
(53 kﬂ—K--(l“l"M)le % - (n+p) .

2—5/ We note that if 8 =1, w=0 . Actually, if the capitalists do
not consume at all, they do not have any use for labour.
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-k, [w(k)]

Then, using (50) and (52), we can show that

(k) S'H’ (D(k) ke[w(k)] ( [m( )] )
o = - q « {o k -1
k2o, alk) + kyla(0)Jola(k)]) 2

Thus if aefcb(k)] > 1, for all k satisfying (51), 9'(k) <0, and we still

get the global stability of the balanced capltal-labour ratio k™ .

If however Oé[a(k)] =1, i.e., the production function for the consumption

goods is of the Cobb-Douglas type, Y, = Kg Lé'ﬁ , then o' (k) = 0.

Then @(k) = g = constant. (g - p) 1s the rate of growth of the capital stock.

In this case we can show that

R Bs_ +(1-B)s
= K2 =g -, where gm = ¥ o
B+(l-8)e,

~

ﬁﬂKl

Hence, k = g - (A + 1) holds, and only if A happens to be equal to the rate
of growth of the capital stoek, will balanced growth subsist. The unique
balanced capital-labour ratio k* » determined by putting g - p = A , 1is
thus found to be unsteble. The rate of growth of the capital stock is
independent of the rate of growth of labour and no mechanism is provided

by the market to bring the two together.

Finally, if Oé[&(k)] <1, then ¢'(k) >0 . Agaln the unique balanced

capital-labour ratio k¥ is unstable.
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5.8. Hence, corresponding to the Stability Theorem 2 we have:

STABILITY THEOREM 3: Let the capital-goods sector use only caplital goods.

If 6é[a{k)] > 1 holds for all k satisfying (51), then along any path
of intertemporal eguilibria, the capital-labour ratio k(t) sapproaches
asymptotically the unigue balanced capltal-labour ratio x* s 1f the latter

exists.

6. FINAL REMARKS

6.1. The uniqueness of a competitive equilibrium at each time
period, as well as the exlstence of & unlgue balanced capital-labour ratio,
wes shown in sections 3 and 4 on the basis of conditions (17) and (18), (22)
and (38). These conditions indicate whet the ranges of the functions
a.i(ki) , i=1, 2, ¥(w) , and o{k) , respectively, must be for existence

of solutions of the equatione eoncerned.

It 1s possible to specify the ranges of the above functlons by strengthening

the conditions imposed on the production functions fi(ki) s, 1=1, 2 . E.g., in
[11], and [2], the following conditions are imposed:

£,(0) =0 , f,(=) =

(54)
fi(O) = o ’ f;_(") =0 .



Then, 1t can be ghown that

(a) limki +0 u.i(ki) =0, limki_'. v a'i(ki) =

thus in (17) o=0, ® =+ o , Further,

(b) m, | o V(w) = 0, and o o, o V(o) = = .
Finally,
(c) limk > 0 @(k) = o, limk - ™ @(k) = o hd

However, conditions (54), suggested by production functions of the Cobb-Douglas
type, are not met for produetion functions of cther famlliar types, as e.g.,

for constant-elasticity-of-substitution production functions.

In the present paper we prefer to impose directly (17), {18), (22),
and (38), instead of (54), mainly because we consider various cases in which
the elasticities of factor substitution exhibited by the production functions
are within certain limits. It is not apperent that for such production

functions the values of ai(ki)’ v(w}), and o(k) , at the end~-points of
thelr domain of definitions, are those indlcated by (5k4).

£.2., We have deliberately refrained from introducing an interest
rate into the model. In the present model, in which our assumptions in effect
separate one mwarket convention from all successive ones, an interest rate
does not play en independent role. It can simply be defined by an equation

referring to the yleld of the capital goods throughout their life span. Thus,
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if for simplicity we assume static expectations, we have:

(55) P= of r(s) e PS4 | B-—:—u-

which serves to define p . Equivalently, we may think of p in (55) as being
the "demand price™ of capital goods, determined when r and p are given. On
the other hand the maximizing behavior of the entrepreneurs (i.e., equations
(3) and (&) ) provides us with the "supply prige" of the capital goods.

Equality of the two 1s needed for an equilibrium position.
The rate of profit is 5%152 = 0 . With static expectations the rate of
profit is equal to the rate of interest, Further, the rate of growth of the

capital stock 1s

~ s K + 8 ®
(56) K= (p+pu) rk" -u= g. If f—-k-—g-—?:-ﬂ’{g}l or if

s WL'{E} (1-8) rK , then g { g} p « Nemely, if the total wage bill

exceeds the vslue of consumption of both workers and capitalists, then the
rate of growth of the caplital stock is gréa.‘ter than the rate of profit and

vice versa,

6.5, The assumptions of Section 2.2 can be relaxed in some respects.
E.g., & part of (Al) can be substantielly relaxed. Namely, in each market
convention the tots.i existing quantity oi labowr services, L » may not be
ncessarily offered to the market at any price. On the contrary we assume that
labour services yleld directly qonsuma.blé“ ‘sexrvices. We assume hévever

that the supply of labour ssrvices for production purposes 18 an lncreasing
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function of the real wage w . Since w'(w) >0 can easlly be shown to hold,

we denote this function by L{w) . L(w) wmay be of the form:

Llo) =0, L{w) § I, for all o satisfying (17), and L'(w) a 0.

This case &rises if e.g., the workers decide on the basiz of thelr real vage
what proportion of their labpur services will be offered to the market and

what will be withheld for direct consumpbion by themselves.

Further, we may assume that the rate of growth of the labour force )
iz an increasing function of the real wage,'or A = A(w) , within some exogenously
given (pbysiological) limits. This 1s a reasonable asgumption in the present

context.

We can easily show that none of gur conclusions change by this

generalizaetion.

Equation (6) now becomes
(61) L +L =La), Lo S I.

The capital-labour ratic at any time period is now a decreasing function of ® »
k(w) . Thue (15) again provides us with a unique solution for ® under exactly
the same conditions as before. The only case which is still excluded is that

of a 'backward-rising' supply function of labour services, in which case a

unique solution @ i1s of course not necessarily insured.

With respect to intertemporal equilibria again our present assumptions

do not affeet our conclusions. We have:
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(57) T = AMa(k)] o Then,
~ S k+s_ wk)
(34) kK = T—¥ - Ma(i)] - n .

We again obtain the global stability of k* under the same conditions as in
Stabllity Theorems 1 and 2. As & matter of fact, global stability of k*
must be more prevalent here than before. This is of course natural for an
instability of k* would meen a continuoué increase or decrease of k and
would in due time generate corrective counteractions on the part of the

labour fcorce.
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