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Helfars Feonomics and ithe Thsory Szoond BPestd
oy

Otto A. Davis and Andrsw B. Whinston

1L, inireduetion:

The belief seems to be prevalsnt that the article by R. G. Lipsey

and ¥, Lancaster, "The General Thecry of Second Best," has cast doubt

i .
“Rewiew of Economlic Studies, XXIV, (December, 1956), pp. 11-32

upon ~he usefulness of the propositions of welfare cconomies in actual
policy decisions. The main proposition of the theory of second best can

be stated briefly. In the words of Lipsey and Lancaster,

“The general theorsm for the second best optimum ststes that

if there is introduged intc a general eguilibrium system s
constraint which prevents the attainment of one of the Paretlan
conditions, the other Paretian conditions, although still
attainable, are, in general, no longer desirable. In other
words, given that one of the Paretian optimum conditions zannot
be fulfilled, then an optimum situation can be achieved only by
departing from all the other Faretian conditdons."<

#This ressarch was Jocdintly sponsoraed hv the ”ewles vamisﬁion for

(Y

Raesearch 1 Foonomlcos under Toak HR-{4-( xb with the Offlge «f Naval Re-
ssarch and br tﬁe Graduazte School of Industyisl Aam*naﬂuratlw“t Carnegie
Institurs of Teehnolegy . The savinovs ar 3 o numernus
helpiel comments urd eriticisme Peafa Francesco Forte, |
Terine. propesaed this topie bo Ssistange on vard
Professors T, C. ﬂoor@unai Lowlas and Kelvin Isoe
“mykint Uﬂlve“a*tg‘ el nunsrous gug whio ;
the paper. Finally, W. Braj Sris
congbrustive eriticisms. (ely wore
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inclusinn of the term “in general®™ in the statement of their theorem,
they give no hint as to when the Pareto conditions should er should not be

ce s 1 . . . Z . .
satisfied. Hence, even if their results had not been interpreted as

lOf courae, not everyone has gualified the assertions of the

theorem of second best. For example, Paul A, Samuelson, writing before the
publication of the Lipsey-Lancasier paper, comments, "First, what is the
best procedure if for some reason a number of the optirum conditions are
nct realized? “hat shall we do about the remaining ones which are in our
power?  Shall we argue that 'twe wrongs do not make a right® and atiempt

to satisfy those we can? Or is it possible that failure of a number of the.
conditions necessitates modifying the rest? Clearly the latter alternative
is the correct one. A4 given divergence in a subsel of the optimum conditions
necessitates alterztions in the remaining ones. Thus, in a world where
alrost all industries are producing at marginal soeial cost less than price
(either because of monopoly or external economies) it would not be desirable
for the rest to produce up to the point where marginal cost equals price.”
Foundations of Eecononic Analysis, Cambridge: Harvard University Fress, 1947,
pp. 252-3.

meaning that all Parete conditions should be discarded when one or more
of them is violated, the theorem would still mean that the propeogitions
of welfare econcmies do not previde puides by which policy proposals

can be judged sinee il is generally held as apparent that all Parete
econditions are not and can never be expescted toc be satisfied. Each
policy proposal has to be considared on its own merits and in the
context of the entire gystem, '"Piscemesl policy recommandaticns®

are no good. As lons as there exisiz =t lsast one givsn and wun-
changeable vioclation of one Parete condiitlion, then, as their resulls are

stated, there 1s no a priori or pracuisal way to determine whather ihs

remaining eonditicns should b2 satisfied. Apaln in the words of Lipsey

by



“Specifieslly, it is not true that a situation in which more,
but not all, of the optimum conditions are fulfilled is
neceassarily, or is even likely to be, superior to a situailon
in which fewer are fulfilled. It follows, therelore, thal

in a situatica in which there exist meny constraints which
nrevent the fulfillument of the Paretian optimum conditicns, the
removal of any one constraint may affect welfare or efficlency .
sither by raising it, by lowering it, or by leaving it unchanged.”

We shall atiempt to demonsirate the conditions under which &
viclation of ¢ne Pareto conditiorn means that it is soelally desirable thatl
cortain other of the Paretian conditions be viclated. In so doing, we
shall dispel what seems to bs the commonly held interpretation of the
Lipsey-Lancaster theorem -=- that a violation of one Fareto gondition means
that ncone of the remaining Pareio conditions are desirable., GCur approach
will be somewhat similar to that used by Lipsey and Lancaster in thal ws
oo use the method of maximization subjset to ccnéﬁr&intsu However, wo

pave fundamental oblections to parts of the Lipsey-lancaster Farmulation

el

3

zcond-best problem and, a3 we shall demonstrate later, we hold what

o]
L
¥
o
O
ux

their formulation introducss extranscus zonsiderations, dess nob provide

adaquate *muidelines” for poligy applisations

&

to misinterprebations of the meaning of thelr ilieoven.



Before discussing the thsoren of second besi, let us considey
& gimple exanple of 2 second best oreblem, Ve formulate this sxample in

the "iraditional manner® which usses the lazrangean maxinigation method
wnee, limits the analysis since "corner soluticns’ arvs nob admitied;
tut this formulaticn is adequate for our purpose hsre and it does provide a
framework for our later discussinn and critvique of the Lipsey--lancasier
theprem of second best.

Suppese there exists some differentishle funetion of n variablss

This function is 1o be maximizsd sublect to the following counstraint on
N

the variables,

his problem reprsssnis & formalizstion of the iypical choige situation
in economlc analysis. Fromw this problem comes the Ffamiliar first.opder

conditions for & Pareto optimunm.

o i3 -
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¢ Lagrengean maliiplisr 3 thesse conditions can be
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fhess ars, ol courze, the Pareto comalillions as they are usuall

{1.1) as 2 utilivy funcition and {1.2) as 2 transformalios

iy

Tdentizyin,

{

function, we hive immediately from {1.4) the usual verbal statemest ¢l tha
Pareto conditions. The marginal rates of substitution in consumpticn must
equal the marginal rates of substitution in production. Thus far our
presentation follows the Lipsey-Lancaster development.

Ve now proceed to sonstruct a second best problem. Supposs
that the producers of the good identified by the subscript "1" did not

maximize profit but, instead, set ocutput equal to some (non-optimal) constant

: . : 3 . .
without regard to price parametera.” Then, granted this assumption, ws have a

. \

“This example may seem somewhat artifislal, but it is
intended to serve only as a counter-exaumple to the popular interpretation
of the general theorem of second bsst, and it should be understosd that
this discussion is preliminary to our more careful analysis of second
best problems in later sections.

behavioral constraint2 whiceh takes the fom

2We use the term “"behovioral constraint® and "bhshavioral
rule" 4o refer to a constraint which reflects the decision-making model of
the individual unit or units under consideration.

Ei
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ters the problem. We uow meximize (1.1) subjeet to both (1.Z) and 11 9.
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TJeing Lagrangean methods, we obhzin the following expressions:

Y
iy
&

(1.6 ¥ - hoemE - o< 0

ﬁ ,
(1.7 ~5z = A -§§ = 0, 1% 2, 2.0, n:

Of course, in general the solution to the altered problem will be different
from the solutieon to the original problem. 1In addition, the A &ppearing
in (136} and (lc7}‘will assume a different value from the  in (1.3).
Howaver, these points need not concern us here. From the point of view of
the theory of the sesond 565% the important fact is that the other multipliew
p appears only in (1.6) since constraint (1.5} is effective only for
axpressions involving Xy

In order to get the conditicns for a maximum intn their usual form.

we eliminate the Lagrangean multiplier A and obtain the following expressions:

(1.8)

oK ALy,

Y ot = =1 i ] .
(l'.(,'?’; -—%F = 5(} 3;., kS 2_;}- T n - Szj,

Let us now interpret these oo

Bobts that, if ihe behaviors® conatraint
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5f the Marsto conditions {1.4). This condition is, of covrse. a

result of the behavioral constraint (1.5). By ths assumptions of ths

=3

theory of the second best, this constraint is taken as given anu publie
policy cannot concern ltself with altering the behavior of the rroducers
of the lst pood. However, and this is the important peint, note that
zoniitions (1.9) are of the same form as the Pareto conditions (1.4}
This result means that even thou_h the conventional optimum conditions
are violated in one sector by the behavioral constraint (1.5), observance

uhe Pareto conditions is still desirable from the welfare point of
viev in all other sectors.

The above cvonclusion is oprosite to the naive ihterpretation
of the ;iésey—Lancaster theorem of second best, and the problem is an
effective counter-example to that interpretaticn. Furthermore; the ecase
with which this counter-example was constructed serves notice that the
qualifying term "in general" is extremely important. Evideniliy, it is
desiranle to determine the conditions under whieh the vioclation of one
Pareto condition leads to second best conditions that are different in form
from the orizinal optimom conditions, and to be able to identify those
sacond besi conditions which de differ from the Parcto conditions. The
Lipsay-Lansaster theorsm gives no clue to the answer to either of these

1

provlens, and we propose to approach these guestions by considering,

several cas:s where second-best problieus are present in evder to delsotine

. a oo . . Y . N S S AN o
in esch instange which, if any, «f ihe sscond best conditione differ Iu

) = 5 i
forn from the Pavets opbtimum conditicns.



3. Speeial Assumptions end a General Theors

Before pr&ceediﬁg with our own dsvelopment of second best
problems, howsver, it is necessary that we peint out the difficuliies
inherent in the Lipssy-lLancasier approach sc that these may be aveided
in our own analysis. Our objections to the Lipsey-Lancaster approscn
involve three interrelated points. First, we argue that their statement
ef the viclation of the Parste condition is inappropriate for the problem
at hand. Second, the presence of a "nume&'aire” ereates special diffi-

. 4 . . + o . .
culties. Third, & functional form was not specified in their prect

anth of these points were made by M. McManus, "Commenis on
the General Theory of Sacond Pesi,"” Review of Feonomie Studies, XXVI {Juna,
1959}, pp. 209-224.

and yet the result depends upon a special functional form. We shall illus-
trate these difficulties by using one part of the Lipsey-Laneazter develop-
ment .

In the proof of their “genersl theorem” Lipsey and Lancaster
introduced & constraint which viclates = Pareto condition. They state

S

. . : e e a2
"Such & constraint will be of ips form:®

Rt R e s s
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The approdach teken in this paper is to represent the deviant bs
ggrms ef behavieval relations. For example, in the casg of & monopolist
we use as a supplementary constraint that output {(and, hence, price) is
chosen so as to satisfy the relationship "merginal revenue equals marginal
gost. ¥ In general, the Lipsey-Lancaster formulation of representing the
devient behavior by (2.1) will not correctly reflect such a situation.
Tguaticn (2.1) expresses a2 relationship between two "sectors® of the

. st ¢l . . :
goonomie ayster, the 17 and the n” . Certainly, there is little reason

Il sl

to suapsct that this relatiomship is gapstle of characterizing monepolisiie

Y

behavicr or, for that natter, any other bshevicr which might lead 4o second
best nroblems, The decision-making rule of ithe deviant is not readily
apparent from (2.1).

Furthsrmores, if (2.1} is to be used to characterize any Parets
violation, then a value of K would have to be specified which, since a
behasioral relalionship is not ussd, gives solution values for the X's

which are the same as w=ould be obtained froz a model which usad a behavioral

f

relaticnship as a constroint. FHow is this K to be determined? It would

P

geem Lhat one mast (i) either know & pricri ithe solution te the problem
s that the K can be speeified bzfore the problem is asctually solved

or {ii) try Lo determins the K iy siudying the orizinal situstion.

T rmres o NP RO A [ T - o I |
Howerer, thiec lotter mathod 18 = nill
3 i o Wi ] R LR T S S S -
v penarsl, Jdiflex fron the oragir game
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an gverly vestrictive condillor

lThis point was made by McManus, op. cilb., p. 21L, Lipsey and
Lanczeter seem to agree by pointing oul while discussing the Lerner “degree
of moncpoly? argument that, "Ve cannot, therefore, simply define & wonapo-
listic policy by the relationszhip belween accouniing prices and cosis, but
must always consider the relationship betwesn thess pelative to their
relationship elsewhere, The difficulty is, which velationship %o uss? OQur
original choice was the relationship between price and marginal cost in some
industry chosen abl random, but, as McManus currec}ly points out, the status
of this industry is higher than that of mere numeraire .... Perhaps the
answer in the general case is to assume the monopelist's relationship
betwaen price and marginal cost o all cther industries, the funeiional
relationship being ultimately determined by demand conditions.” “HeManus
on Scsond Best," Review of Economie Studies, XXVI, (June, 1959) p. 226.

Waiving for ihe moment the above diffieculty concerning the manner
in which the Parete viclation is introduced, let us illustrate our cther
tuo cbiections. Making what we shall find in our later analysis %o be sz
mest erucial assumption, let us assume that both (1.1) and (1.2) are

m 2 N . .
separable. Then; following Lipsey and Lancaster, {1.1) is to be maximizad

2 . _ .
A furetion f(zl, ooay xh} is separable if and only if

PG, eoos X3 =8 () + 0 (%) & 0s FF (%)
v ¥ E # -L:}-.( i "2& (3 e s ln\xn)
s x ; mast be composed of the sum of

In other words, the funei -
i V8 oaly ons of the n variabiles in

n fanctions gach of wh
Argument -
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the conditieons for g naxtimm

9

oF. 2F _aF 9°rF
(2.2) AT N 0 G . e xn e xl O xi o 31 s xn o xi
= ¥, X, r Ty 2
i i o F )
L (&
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This is expression (7.L) in the Lipsey-Lancaster proof oi the general

theorem of second best. But now note that, under the cruclal assumption of

separakility,
2 2
(2.3) &K = L8 . o, if;
3% 0 X, O x; ) X5
50 that we have inmediately
(2.4) SN o8 . g i=2, ..o, m- 1.
(&) ?

Xi ) xi

2 sscond best solubion a vislation is indicated only for the 177 and n

cos ! . ; . 4 vl 4 i e S,
commodities, the latter being the so-ealled "numeraire” and ine lormer Deiny



the comedity for which the erigiral vielatlon was specified. Hanee,
it seems most important that one carefully specify whether the functional
forris are separable or non-separabtls.

However, Lipsey and Langaster deaire to expreas the Pareto con-
ditionsin their usual ratio form or, more spacifically, in terms of the

so=called numé%aireﬂl Eliminating the muliiplier A one may obtain

1He follow the Lipsey-Lancaster terminology here, and 1t should
be noted that this diverges from the usual usage of the term "“numérairas.®
Indeed, we shall see that this is precisely the pointj the numdraire is
more important than it should be,

QF oG
x
{2.5) i i i
: — P 2,-1" a8 9>
O°F O°G 2
eF 3 28& 3 0x,
& F a :Oxl Oxn - (}xl <;>xn
Qx. I .¢2
n (0__,_,_1?‘\ g G
AX DX
\, nz"
) T i =2, . wi

and from this expression it would appear that the Parele conditions shoulsd

not be satisfied, The regson for this rather curdcus resull geems to be
-

o . ‘s . 2. . , .
that ths “numeraire" is not neutral.”™ It appears ithat introducing o con-
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2hr VeManus observed this point but did not attempt to explain

fully why it is true. Qp. ecit.

straint which violates a Pareto condition in the ratio form (2.1) necssesarily
implies some sort of relationship between the lSt and nth conmodities. Henze,
the choice of the nt'h commodity as the numéraire means that it will have a
non-neutrsal effect upon Pareto conditions stated in a ratio form {2.5)
since it. as well as the 15t commodity, was involved in constraint (2.1).
In this regard note that il the jth commodity (1 # j # n) were chosen
as the numeTaire and utilized in the elimination of the multiplier A,
then, with the exception of tﬂé‘lsz and nth commo&ities, the Paretoc con-
ditions would take their usual form.

We have gone to some lengths to explain the difficulties inherent
in the Lipsey-Lancaster approach. We¢ have not tried to resolve these diffi-

culties. Instead, in the pages which follow we shall attempt to avoid these

difficulties in reconstructing a theory of second best.

L, Fxplicit and Implicit Assumpticns in General Bquilibrium Models:

In attenpiing to reconstruct a theory of second best two pointis
are clear. First, the Pareto optimum conditions, as they are ususlly
derived and stated {and as we have bsen using them), are not entirely
satisfactory for the problem at hand. Not only is the ratio type of

statement of these conditions rather confusing, but "eorner solutlions”



the sonditlions

i
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genevaily not allowsd.  Hence. 157 we wish to compare

for second best optims with the conditions for a general Parete optlmnm.

We ﬁmat cezin by deriving ths Parsto conditions in a mors general form.
Sesond, the theory of second bast is designed with releresncs Lo &

functioning market sconomy which operates in & decentralized manner. Seeond

best problems arise when one or more of the conditions necessary for ihe

perfect operation of z decentralized price regime are vielated. Recently.

Gerard Debrau has studied carefully zll of these conditinnsgl Therefore,

“Pheory of Value, New York: John Wiley, 1959. DNote, however, that
Debreu uses the properiies of convex set theory and avoids the need of assuming
differentisbility. We shall use the mors traditional route snd formulate a
model which requires differentiability.

it is not necessary for us te consider all of these here, but it is necessary,
at the very minimum, to peint out those whieh we shall explicitly use and
those which we shall vioclate subsequently in order te study second best
problems.

The first of these reguirements is that producers maximize profits
and consumers maximize utility. This is a well-known requirement so that no

further disecussion is warranted; but it will be recalled that we have alrsady

congidared the ease where the produstion of one good did not satisfy this

condition in cur countevr—example.

The second requirvenment is the z2esumption of diminishing margl

ubiiity and desreasing marginal reodvctivity so that produetion funetions
J & Ey i o



- 1
are convex and utility funetions are connave.

lDefinition: A function f{x) 1is convex if the domain of
definition is convex, and if (1 - @) £(x¥) + of(x) 8@ - & x¥ + &x)
for O <©<1 and all x* and x in the domain of definition of f(x}.
Conversely, a function f(x) is concave if - f{x) is convex.

A third requirement is the complete absencc of all externalities.
In other words, the utility of sach consumepr depends only upon his given
income and those goods which he himself both purchases and consumes; and
the profits of each producer depend only upon price parameters, a given

technology, and those inputs.which he both purchases and utilj.zesu2

2See Gierard Debreu, "Coefficient of Resourece Utilization,"
Econometrica, (July 1951), p. 277, for a rigorous definition of situations
in which all technological externalities are absent. WNote also footnotes
2, p. 49, and 6; p. 73, of Debreu, Theory of Value.

Finally, the economy is assumed to be fully compstitive.
With the above in mind, let us state the following definitions

which we shall use for the remainder of the paper.

u, = the utility function of the 3% individual,

£ %

7 S
Xip = the guantity of the k- good consumed by the i individual.



7= g s Ko by bhe Mwandle’ of ponds consumad by Lhe
‘ i 1o
Tl .o i
Indrvianal
N . s f ’i;h ; o Tﬁi
Vo = the guantity of the X good produced by the .

. i . . . JBh
Eppes = 2 funection indicating ithe quantity of the J TESGUTEE
- )

th

utilized by the r firm in producing Yk of ths
28,
kth good. It is assumed that _Eﬁ&j

= 0, g
grkj Q) =0, far 5311 v, ¥ ard 3.

. o th '
Lj = the total available guantity of the resource.
inge we are concerned here with deriving the general conditicns for Parets
optimality,. our criterion funetien -- i.e., the function to be maximized
subject to certain wlausible constraints -- must consist of indiwidual

utility functions. With this in mind, the above definitions allow us io

eonsider the following vector maximization problem:

(3.1) max [ul(xl)g neos um(Xm)]

subjsct to

m z
(3.2) ¢ X € L Y K=1, .ocp In
=1 s »
(3)
n z

(3.3) . © By vyt 2L 371 ooy 8
L ok . _

(3.4) e ¥ Lo 0, Yl ceey % .

Lrid- e b A 4 - an e - g T e} 3 - B N P AR S
This oroviem {3) is eur basic model . In geveral. many solubtions exwist fop
Droblems of this type, but, az «=ill bs made clesr later, ihis nEE




not bether us here. Note that (3.1) is 2 vector composed of individual
utility funeticons. Constraint (3.2) requires that the sum of the guantities
of the kD good, f(k =1, ..., n), which are obtained by the = consumars
be less thun or equal to the amount supplied by the z firms. Constraint
{3.3), which states that the firms cannot use greater quantities of resources
than are available in the sociasty, carries hidden assumptions and reguires a
few words of explanation. Ve do not rastrict firms te the produetion of ons
good. But by writing (3.3) in a separable form we are assuming not only thai
no technological externalities exist between firms but also that these
externalities do not exist within the firm between the wvarious goods which

it mihi produce. Finally, the last constraint states plausible non-
negativily requiremsnts.

Having presented the above model of an economie system, we note
that if %, ..., X, is a solution to (3), then this implies that there
does not exist feasible quantities xi, vony xr; such that ui('x;) z ui(x:)
for sach i, (i =1, oec, m), with at least one ui(xi) }ﬂui(ki)o Thus
any solution to (3) satisfies the Pareto welfare criterion. No individual
ean be made better off without making scme other individual worse off. This
point makes clear the reason why the possible existence of many sclutions
to (3) is of no concern here. We are interested only in efficient soluticns
i.e., Pareto optimal ones =- and have ne concern for problems of distribution.
Henece, any solution to (3) will do for the limited purposes of this paper.

For the purpose of deriving the genersl conditions for Pareto
optimality, model {3) is not entirely satisfactory., It is necessary that
we replace (3.1) by a scalar funciion. From the Kuhn-Tucker equivalence

theorem wa know thait any vector meximization problem ecan be repressented by



a problem which has as ite criterdon funsticen & pesitively welighted sum

of the vectorﬁﬂl In general, it is true that different weights are reguired

1Hﬂ Kuhn and A. Tucker, ¥ Nonlinear Programming, ¥ Progeedings of
the Second Berkeley Symposium on Mathematical Statistics and Probability.
ed. J. Neymon, Berkeley: Univarsity of California Press, 1951, pp. 481-4%2.

for different solutions. But for each solution of (3} there exists a set
of positive a,, {i = 1;...,m), such that the solution to (L) below will

be identical to a specified solution to (3).%

o m
{4:1) max ifl @ uy (313
subjeet te
n . %
(4o2) 151 Xy S r-il Y * k=100,
(&) n g
(4-3) kfal rgl Brics ot £ Ly: J=1l,000,8
% i=1....m
Wbt e e 20 FII
2&&?

Hence. it is entirely legitimate to use (L} as ocur model of an econonic

systen since our sole interesit here is in efficient solutions. PFurthermore.
. . -

the weight a, ean be interpreted as the reciprocal of the i h consumer s

marginal atilliy of :i.nc:n:nn.&3

3This interpretation is devived from the following considerationss:
A consumer maximization model le

{4  max uy ixi)



subject to

n
(B) 1 A, x.

< M. .
oty k ik

i

. X . Ay . . .
where *  is the price of the k ' good and M, dis the given money
. .th s .
income of the 1 consumer. Hence, the conditions for a consumer's
utility maximum are:

@ui
éx&k 4 Ak

e k= %00.m

, -
@&l

e = B = 0
| Bx, 0 B e

These are interpreted as meaning that if the consumer purchases the good

s0 thab Xk is positive, then strict equality must hold. Obviously,

the multiplier B ; can be inﬁerpreted as the ith sonsumer's marginal
utility of income since it represents the "value" of the budget constraint
¥, in {B). Defining a i = 1/B . we may write (C) in the form

(D} ke looos,n
'@ui

8y, ” "

since g . > C is usually assumed. We shall see at a later point in our

paper that these are.of the same form as the. Pareto optimality conditicns

for consumers which are derived from our general equilibrium model. Hence,

it is appropriate to associate the "weights" in the eriterion funciion (.13
with the reciprosals of marginal utilities of individuals® incomes. This
question of the rslationship betwsen Pindividual models” and & soeial

welfare function is explored further in Otto A, Davis and Andrew 3. Whinsten,
"Market Mechanisms snd Social Weifare Functions,® Graduate School of Industrial
Administration, Carnegie Institute <f Technology.




Sufficient conditiens for a solution to (L) are that there
exisi non-negative vectors 3., ..., %n} and (pl, cnos ps) which

. - . . 1 . X
satisfy the conditions listed under (5) below. Furthermore, the a's

SN

lKuhn and Tucker derive these conditions. Op. git.

will be identified with constraints (4.2) sc that they may be interpreted
as prices of goods; and the p's with constraints (4.3) so that they ecan
be interpreted as prices of resources.

We now turn our attention to the derivation of the Pareto
optimum conditions. First, we.consider those conditions which refer to

the theory of consumer demand.

tu
= i B i ki’lcaoan
53 T : ’
(5.3 % Ok, "k S 0o 1 1yeee,m
(s}
éui ~ k=1,...,8
{ . ‘? . [ - = L e -
\5 .12 A Ki‘k C&i E }{k ) 0 “ ']‘, 1{.\ oo pm

Condition (5.11) states thet at an equilibrium ths ith individusl's

marginal utility of the kth zood, weilghed by the reciprocal &y of
his marginal utility of income, must be lesss than or egqual to the‘price
Aé{ of that good. Condition {5.12) resuires that stirict equality be

attained if the item is acquired -~ l.e., if x., 1 positivs, {OF nourse,
.

X,, can never be negabive because of {4.4), but it may be identizally zero. )



Tha equilibriwn Pareto requirements in the markets for goods

are:
m z
{5.13 ) < L ¥.. & k=1 ...
18 o ==
T
{5}
m %
{5.14} b L ¥ = 0, K=1 ....5 -
R R "

The first of these (5.13) states that the quantity demanded of the k;h

good must be less than or equal te the quantity supplied. The latter
(5.14) recuires that if the price Ak is positive, then the quantity
demanded must equal the quantity supplied.

For the preductibn-sector of the economy the Pareto optimum

conditions are:

8 o P e lcos,B

(5250 ¥ - I jg?ﬁ <o, :
=1 “rk K= 3,000,8

(53
3 b Z"“"l;,-c«:;,ﬂ
(526 yu( - I b, @-;‘l“ﬁi)s 0,
' =1 O K=1,...n
For the rth firm, condition (5.15) requires that the sum of the marginal

productivities of the jth resources, {(J = 1, .oy 8) , in the production

of the kth good, times the price of that resource uj , be greater than or
equal to the price Ak of {hat geod. Ia other words, marginal cost must be
greater than or equal to price. Condition (5.16) requires that if the goed
is produced; then strict egquality must be attained between the price A-k and
marginal cost. (Again, negative production is ruled ocut by constraint (L4.4).)

The final conditions concern resource {factor) markets.
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The first of these (5.17) states that no more than the available guantity
Lj of the jth resource can be used. The latter (5.1l8) reguires that if

a factor price Hj is posgitive, then ell of the available quantity of the

regouree must be used.

5., Speclial Problems and Second Best Sclutions:

Baving presented a more general version of the conditicns for
Fareto optimality than those usually stated, we now turn our attention to
a series of sscond best problems. As was mentioned earlier; sscond best
problems arise when one or more of the conditions which are necessary for
2 decantralized price regime ito operate efficiently are not satisfied. Hence,
one or more of the Pareto conditions stated in (5) above w.ll be violated,
and this vieolation is taken aa given. The appropriate quesgtions, then,
are: (i) What eonstitutes & second best solution? (ii) VWhat are the
conditions for a second best solution and do these differ from the Parsto
conditions? (3ii) Does there exist a viable decentralized price mechanism
associated with this allocation?

For the psmainder of this paper we shall ke concerned with the
latter tuwo of the ahove questions. In order to answer the first question

here, houwever, we nesd to consider the relaticnshlp betwesn problems whose



In the previous section we derived the conditions for Pareto
optinality by considering a vector maximization model which contained
resource and market-clearing constraints and which assumed given taste
and tecimology. Any solution to that problem was Pareto optimal. Further-
more, although no assumptions concerning the behavior of individuals and
firms were explicitly introduced into the model, the optimality conditions
themselves can be interpreted as normative behavioral rules which are
applieable to the particular situation in which they were derived, and
these rules must be followed by consumers and firms if the solution is to
be achieved., DNote, however, that the Pareto cplimum conditions {5} are
achievable by a decentralized markel mechanism which operates in a com-
petitive manner. Indeed, these are the very conditions which, granted
certain assumptions, are reqﬁired for a decentralized resource allocation

mechanism to achieve a Pareto optimal SOlutiOﬂal

lSee T. C. Koopmang, Three Essays on the State of FEconomic Se¢ience,

New York: McGraw-Hill, 1957, pp. 4=126, for an especially clear discussion
of the fact that a decentralized, competitiive price regime implies the
achievement of a Parsto optimal scluticn if certsin conditions are made.

Following the usual conventions, we shall associate Pareto
eptimality with models which have only resource and market-¢learing con-
straints, Of course, additional constraints are possible; and in the
context of the problems under consideration here these additional constrainis

will usually be of such a ferm $hat one or more of the conditions for Pareto
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optimality will be violated. We shall term problems which are formulated
in sﬁch a manner as prcblems of second best. Hence, second best problems
involre not only the usual market-clearing and resource constraints but
other constraints also.

In general we shall formulate second best problems by making the
additional constraint take the form of a decision-making or behavioral rule
of one or more of the entities (consumers or firms} in the economic system.
Then, granted this additional constraint, we shall derive the conditions for
2 second best optimum, and, just as was the case with the Pareto conditions,
the second best conditions can be interpreted as normative behavioral rules
which mist be followed by the entities in the system if the second best
solution is to be achieved. In other words, the problem of seecond best
might be posed as follows: Granted a deviation from Pareto optimal behavior
by one or more of the units in the economic system, what behavioral rules
should the remainder of the units follow in order to compensate best for
the deviant. Hence, given the constraints, a second best solution is also
an efficient solution in the sense that there does not exist an alternative
allocation which will make at least one person better off without making
enyone else worée off. Of course,if it were possible to alter the behavior
of the deviant so that the added constraint could be removed; then in
general it would be true that second best solutions are inferior to Pareto
optimal selutions in that the removal of the extra constraint would make
it possible to improve the position of one or more persc;ns without worsening
the others,

Having discussed verbally the meaning of a solution to a second

best problem, it is appropriate to point out that we shall be able te compare



ziwiys the Farsto with the second best conditions and to inquire whether &
dezantralized price regire exists under which the second besit solution is
azhievable. However, the Pareio conditions shown under {5} atove, and
waloel were derived from basic model (3)9 are thoss which a perfectly
functicning competitive price mechanism would achlieve since the assumpiions
underlying that model are compatible with a competitive market regims which
oparates in a decentralized manner. It is possible, however, to alter

these underlying assumptions and, equivalently, to alter basic model (3)

and then derive Parstoe conditions. In general, some of the Pareto con-
ditions which are derived in such a manner will differ from those listed
under {5). Whenever this is true, in the interest of brevity we shall
derive only those conditions which differ from those discussed in (5}

j @ above,

Finally. some brief remerks concerning the comparison of Fareto

ﬂ and secend best conditions are warranted, It cannot be over-emphasized
that optimality conditions (Pareto and seeond best) relate to efficisnt
solutions only. Hence, the conditions of interest are the funetional forms.
This fzet makes it legitimate for us to compare Pareto with second best
conditions without making reference to the faet that the walues of both the
! variables and the parameters will, in general, be different at the two

(Pareto and second best) solutionscl

>
1, . . . . . . . :
Again, we have not found it rnecesssry to specify the distribution
) of incowe in our models, or even to assume it constant when adding constraints
b E’ to 2 model, siuce we are interestsd only in effliclient solutdons in thls peper-
5 In short; ths disiributicn of incoms is of ne interest here,




(ase I: Interdependent ULility Funetions:

One of the assumptions underlying model (3) was that no external-
ities existed. Let us alter this assumption slightly and suppose thal tne
. - bs! . .
uatility of the & d consumer depends not only upon his own consumption bui
. ; at . N . st - ,
aigso upon the 177 individual®’s consumption %9 of the 177 goeod. In other
words, we have

uy Xy x4) instead of (X5},

and the utility funetions of all the individuals and all other assumptions
remain as in model (3) so that we have here one external effect in con-
sumption. Therefore, in formulating & general‘equilibrium model whieh

incorporates this new feature we have as & eriterion vector
(&) mAX (ul(xl) s (X, %) s cens um(Xm)> -

We already know, however, that the Kuhn-Tucker equivalence theorem allows
us to write a vector maximization preoblem as a problem which has as its
criterion function a positively weighed sum of the vectors. Hence, we

procesd directly to write:l

1We shall always follow in the remainder of the paper the con-
vention of writing the problem directly without discussing the application
of the Kuhn-Tucker theorem to a vector meximization problem.
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gz the model of our ssonomic system. Nete that there is nothing in our
agsumption of cone consumption externality to alter the form of the con-
straints of the model so that, with the sxception of the criterion function
(7.1}, this model (7) is identieal to our basiec model (4). Furthermore,
w2 kave no behavioral constraints in the model so that the optimality
conditions will represent nbrmative behavioral rules for the achievensnt
of a Parete optimum. |

We now turn our attention toward the derivation of the Pareto
conditions for model (7). Since the constraints are unaltered from those
ef {4), it is obviocus that, with the exception of the consumption sector,
the Pareto conditions will be of the same form as those discusssed under
(5) above. Hence, the equilibrium Pareto requirements in the market for
goods are given by (5.13) and (5°lh)9 those for the preductive sector are
{5.15) and {5.16), and (5.17) and (5.18) are the conditions for the resourcs

markets. For the consumption sector we may derive

(8 l) Ly i = 2,) ool
. e, T -} < 0, K~ 1, ..c.n
i O . : = ] P 5
b é'iﬁ x i=land ¥=2,....0
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sc that these conditions are similer to (5.11) and (5.12) except that

i . . aL . . . .
the 1°° consumer’s choice *1y of the 17~ good is omitted. This divergence
from the earlier conditions is caused, of course, by the assumed externality;

and for that particular choice the Pareto optimum conditions are:

Qul @@2
(8.3) G, wmSe hog, wmm— = A, <0
1 Oxll 2 bxll 1
@ml éua
(8.11;) X ( ——— H [ amwee— }&-\ = 0
1| . 2 PX 1
L i1 /

t consumer take into account the

so that optimelity requires that the 1°
effect of his choice X of the lSt good on the well-being of the 2nd
individual. ‘

It is the above result which causes the difficulty here. Unlike
the Pareto conditions foy previous model (4); which reflected the assumptions
of that model and which were compatible with the utility and profit maximizing
assumptions of the theory of competitive markets, the above conditions (8.3)
and (8.4) indieate that a degentralized price regime would not achieve an
efficient solutien to this model (7). The reason is that individuals are
assumed to maximize theié own utility so {hat ihé lSt consumer is not

motivated to take into acoount the affeat which his cheoice of the

Hy
il
5% .- o Snd 1 -
17" goed has upen the utility of the 27 consumer.” Instead ths utility
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1This statement assumes, of course, that the 2nd gunsumer doas
not bribe or otherwise influence the 15L eonsumer to follow the Pareto
optimal rules (8.3 and 8.4).

4
maximization assumption reguires that the 1%*  individual choose

all goods; including the lSt gnod, according to the following behavioral

rules:

(9.1) a, Lo_ W <0 . kel..o,n

.
(9.2} 2y (le%k - A, :‘)e- 0, K =1,nne,n
so that Pareto conditions (8.3) and (8.4) will be violated for i = 1.
Having presented the Pareto optimum conditions for this new
model (7) and having indicated that a decentralized priecing mechanism may
not attain an efficient solution, we now construct a problem of second
best. As will be recalled from our earlier discussion, we formulate a
second best problem by attaching a behavioral constraint which violates
one or more Pareto conditions to the other constraints of the model. Hence,
we consider the following problem of sesond best:
m

10,10 oo, (XD b o ow f x..} % i {1}
(1¢.1) maX oy i, % @, U, mxzﬁ.xll; 5 %53 @ u, {{ia



aubject to

m %
{(10.2} F X S ?1 Y c K= L1,.00.nt
5] =1
n 2
{10.3) I L g ¥y} < L, J=1..-,82
k=1 r=1 ) K 4
(l{)) i = ls}con‘)m
(10.4) o Vo 2 O 5 r=1.c0c,2
ik* “rk k=13,...,n
oy
(10.5) oy g-g;; lk < 0 . k=1,...,0

D,
. . 1 @ .
(A,Océ) xlk al gm &k = Q, k l,.--.mn .
1k

Note that this second best proﬁlem {10) differs from our previous medel
| (#) cnlﬁ in‘théﬁ behavioral rules {9.1) and {9.2), which specified that the
lat consumer acted in an individually rational manner and which violated
Pareto conditions (8.3) and (8.4), are added as constraints {10.5) and
(10.6).1

lAgain, it is necessary that we point out that the o, are
parametsrs which are specified {say, by some omniscient observer) to be
idéntieal to individual marginal utilities of incomes. We have. no need
to actually specify here the numerical values of the o, (aside from the
Pact that all g, are positive) and, indeed, the values may be different
for each model ufider consideration, This faet causges no difficulty since
we are interested only in comparing functional forma.
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Bafore proceeding 1o derive the condiiiens for a szcond best oprimuns,
it is appropriaste that we obseirve that the added constraints (10.5) and Lo &),
whicnh involve the presence of kkjkzi, vsny n) , make our formulation of this
second best problem (10) into a somewhat unusual mathematical form. The 3.
are the imputed prices of the k't'h goods and are associated with constraints
{10.2), Yet, these hk_ appear in the "direct" problem. This aspent of cur for-
mulation, which is a mathematical sideline to the main stream of argument here.
is dealt with in the appendix. UWhile we deal with the matter more fully
there, it is sufficient for an understanding of our argument to consider
the Ak which appear in constraints (10.5) and (10.6) to be parameters
which are restricted to be egual to the values of the multipliers assocli-
ated with constraints (10.2).

With the above remafks in mind, we turn our attention toward the
derivation of the conditions for a second best optimum. We are interested
in seeing whether these conditions differ in form from the Pareto optimum
conditions. Consider first those which refer to the theory of consumer

demand .,

on _
(11117 &5 gxi -~ A S0, i=2-
C ik ko= 3, .,
on
i i=2 m
(11“123 X G, oeebe = Q)
ik{ % Qxik " T

Note that these sacond besh concditions (31.11) and (11.12} are iden-
tical in form to Parete optimum conditions {8.1) and (8.2} exeept

1, ) a -'E 3 -3 el
for the faet that the 1 gopsumes {3 = 1) 18 omitted from the above



sonditions. Hence, with the noted exception, the attachment of
addisional constraints tc model (7) in arder to form the second best
probram (10) did not cause a change in the form of the optimality
conditions in consumption. This result stands in marked contrast to
the popular interpretation of ths Lipsey - laacastor theorem of
second best.

The 1°% consumer’s insistence upon individual ratiomality
created, in this particular instance, our second best problem. The
corsiitions for a second best optimum in regird to the J.St individual
are stated below where the multipliers Ylk a,nd.ﬂ {k=2,...,.n),

kl
refer to constrzints (10.5) and {10.6} respeectively.
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These conditions are, of course, different from the Parete optilmum

conditions (8.3) and (8.4) whichg by the formulation of the sasond

best problem, had to be viclated. 1In addition te the above condilLions

(11.33 - 11.18) we know that for consistency the multipliers ¥, and P,

{(k = 1, ...,n), must satisf{y certain conditions. These are considered

in {11.25) and (11.26) below-

The secornd best conditions for the market for goods are

j: 3 2
{11.19} Eoxg € L ¥a oo K= 1,.0:,0
i=) rel °
‘ { m % \
(11.20: DI R xk = @ k=1, ....n.
i=L S

Note thut these ars the same as the Parsio optlmum conditlonsg

(5.14),
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The seoond best comditions for the productive sechor are

as follous:

8 égrk. k=131,...,n
(11,21 - L u < 0, .
&k 3=1 3 éy&k rel...,2
8 og ke=3,....n
. . rk 1 i
(11,22} ¥ ( = I u ~EK = 0, -
rk \\*k N 2 P TR

and these are of ldentical form zs Pareto optimum conditions (5.15) and

{5.16).
The second hest conditions for the factor market are:
n Z .
£11.23! I I g,y ! < L, , j= lyo-a,8
S W J
( n z
11.24 ] I ) . Vo~ L = 0, “ lyoon,®
I pj kql rml gg‘kg (}’rk .j ] aj B

and these are the mame as Paretoc optimum conditions (5.17} and {5.18]).
Assuming that the model possesses properties sufficient for

a solution to axistgl we observe that the muitipliers YLK and ka

o

.
“See the discussion in the appendix for the definition of a
soiution to this type of problez. '

(k =1, ..., n), must satisfy the following conditicns since {1117} and

(11,18} musi held by the assumptions of the problem:
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Having derived the conditions for the achievement of a
second best optimum, we make the following observations: First, these
second bsst conditions are compatible with the underlying assumptions of
utility and profit maximization. Hence, if the other assumptions under-
lying market allocation models are satisfied here, and if a solution exists
and is stable, then a competitive pricing mechanism exists which is
associated with the solution to the above problem- Second, these
conditions for a second best optimum are of the same form as those
for a Paregg optimum with the exgeﬁtion of the second best.conditiona

which refer tc the lSt consumer who, by the assumptions of the problen.

departed from the Pareto conditions. Fimally, if at least some of
the additional constraints are not redundant, then a second best sclution

will be ¥ infericr’ to a Pareto optimum solution in the sense that a
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removal of those additional constraeints would allow some consumers Lo

be made betiter off withoub any consumers being made worse off,

Gage 11: A Production Extermality:

Let us now return to our original assumption that there
are no externalities in consumption so that agll utility functions
are again of the fc_:x-m

ui \ij‘) ) i e 1gccogmc

Recalling that g ok j(y rk) was defined as a function which indicated the
quantity of the jt'h resource used by the rth firm in predueing y K

of the kP

gocd, let us suépﬁsg that only the first firm is affected by
an externality. Specifically, assume that he amount of the 1°% resouree
used by the lSt' firm in producing the 18t' good depends not only on the
amount. of that. good 1 vhich it produces, but also upon the amount of
that good I which the 2* firm produces. Hence, we have the following

model of an economic system:

(12.1; max g o ui{XiE
i=1
subject Lo
o %
{12.2} 121 X S rzl Yo o K= 1,000.m
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Obviocusly, constraint (12.3) is the one which reflects the externality.

3 EH it
It contains the * externality term” gy, (yll” yzl} as explained above,
and the remainder of that constraint concerns the lst resource in all
other possible usescl Constraint {12.L) refers to the use of all other

rgsources and, as postulatedi no externalities are present thasre.

lNote that there is nothifg in the model to restrizt a fimm
n
Lo the production of only one geod. Hence the term z iyﬁ }ois
oy 1kl Y1k

neaded to indicate possible uses (if any) of the lSt resouree by the 1St

firm in the possible but not required) production of other goods
(£ = 2,50.,0)

Let us now turn cur aitention to the derivation of the
Pareto optimum conditions for model (12}. It is obvious from the manner
in whinh the externality enters the comstraints that the Pareio con-
ditions for consumption and the market fo; goods are not affeeted; In

other words, the Pareto conditicis in consumption are given by (5.11)

and (5.12), and those for the gends market are (5.13) and {(5.14). The

Parete conditions for the factor marked: will refleet the form of



constraints {312.2) and (12.4) so that we have
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for the lﬂt resource, and for all other resources (j = 2,...,8! the con-
ditions are given by {5.17) and {5.18}. Finally, the Pareto conditiome
in production also reflect the externality. For the 2‘.”Ei firm's cholize of

output of the l?t good we have
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and the remaining conditions are
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Since these Pareto wonditiems are normative behavioral
rules which must be followed if an efficient solution is to be achisved.
it is intsresting to note that while conditions 113.5) and (13.6) requirs
individually rational (profit maximizing! action in a competitive setiing -
1.0 . firms choose guantities Y o such that marginal cost equals price
if the good is produced -- conditions (13.3) and (13.4) require that
the 2nd firm produces a quantity Yo of the 1%% good which equates
social rathe» than private cost with price. In other words, the 2“d
producer must take into accaunt the effeect which his production of the

lst st

good has on the 17 firm if a Pareto efficient solution is to be
achieved. Hence, constraints {13%.3! and (13.4) are in conflict with

the assumpiion of profit maxilgizeztion,i In 4 setting of competitive

10f course, this excludes the possibility that the ISt firm

might bribe the to act in th: Pareto optimal manner.

markets the 2nd producer would have nc motivation to use Pareto condi-
tions 113.3) and (13.4) as behavioral rules so that a decentralized
price regime would not achieve the Pareto optimal solution.
The above result makes natural our fermulation of a preblem
of second best. Suppose that the 2nd producer makes his choice of
out put Yo ol the 1%Y good without regard for the ISt producer. In other .

words, assume he follows the behavieral ruleaz

ENote that while it was necsssary in the previous czase to
constrain our deviant 1%Y conswrer in all his choices because of the
fact that individual utility functions wgre not assumed to be separable,
it is enly necessary to constrain the 2 produser here in the choice
of the 1°° zood since separability is assumed in productien.
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Ths second best problea is formulated, of course, by
attarhing behavioral constraints {(14.1; and {iL.2} to the other con-
straints of model {3i2i. However, having displayed the second besi
conditions for the previous case in their explicit (and long and
complicated} form, it is desirable in the interest of brevity to
chauge the form in which constraints (1h.1l) and (14.2} are written.
For given prices 31 and pj; {j = 1,..,,8), the above constraints rep-
regent a restriction on the cholee of Yoy Hence, we may write (14.1)}

and {14.2! in the form

35 - ) 4
(&5 # H(k‘l ul_,: we g i\}*&a Yz] :‘: O

and attaczh (357 to the other zonstraints of model {12} in order %o

formulate a problem of secomd best.

)

Noting thet constraint (15! involves only the variable Ty
we observe that the fors of the second best conditions will be the

same as the form of the Pareho conditions for sonsumption {5.11) ang (£.12%,

* v

for the goods market (5.1%) and (8 .74!, and for the rescurce market

{12.2) and f17.2! supplezenlsd by (5 17) and (5,18 Ffor § = 2..-..3

. ) _ . ) ) . e ) . s
Iven in tne nroduction gectiocn the vapiabis vy affsats only the 2

#onlo



Tirp's <holee o ontpul for the 17 zZood With this exception 1t

follnws that the second pest condistion will be ¢f the szame form as

- Lad

Pareio oobimuw condisions (1%.5) and (13 &', For the ¥ produrer s

o -3 . .
choti=a of the i good the saromi best comiitions are:
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Henee, with ihe exception of the conditions for the End producer's cholce

of the 13% gend,. the szoond best opiimum comditions are of the same
form ag the Pareto optimam condlitions. This resull agsin standa in
marked conirast to the popular intevpretaiion of the Lipsey - lencaster
theoram of second best .

Firally, note that all s=cond hesi conditions are consistach

with the assumptions of amxiels of a decentralized, competltlve pries

y.]

regims . Henee, Lheve exists such s markat mechanisk asgocianed with

fode

the soiution %o this probles of senond hes

(]



sasond heat aptimem wvere of Lhe sams
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ditionsg. Theze masulis are exsstly oppo
z

tation of Lhe genaral theoren of seccud best. Bul Lhis opposite resuli--

that 2 viclation of one
desirable--is not slweys Lrie. We now examine a2 case which is designed

1,

1o dempusbrabe the slsment of wvalidity in the popular interpretation of

Al

lansarter positlon

a5 in Case L1, that fhe ouaniity of the lst resource

irm in produsing the st good deparcls upon boeth ths

it produces and apon the amount Ty wnich the

2ad firm producas Forthsymere, asswme bhat the inveraction is mulual

80 that the amount of the lst resource used oy the 2nd firm in producing
the 13t good depemds upon the guantity ¥ which it produses and upon the

amourt of that good Lo which the lst firm produces. Alse, we assume

indtially that the mutual externality terms g}.u{':’r}.}* ¥n i and ’3211{?11* Yoy -

sye non-sepsrable. All sther veletionships and assumplblons are the

followling model of an
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subject to
m <4
{17.2) T =T v, E=1l,...,n
i1 =i
n
) i, 1
17.3) Baie Yo U X el * e o)
n n z
+ g, .y ) + T ¥ e <y 3 __L
e 2ki Zk k=1 =3 rkl e T i
n 2
17.4 L -2,...,
{ } k}:‘,"l 321 8k {yrk> < ¥ 3 , s
£17.5) X Yo @ i f 1,...,m
r=1l,...,2
k= 1,....n

where comstraint (17.3}, which concerns the lst resource and contains
our extarnality terms, &iffers in the specified wanner from constraint
{12.3} of the previous model.

Let us now consider the derivation of the Pareto optimum
conditions. Once again, it is obvious from the manner in which the
externalities enter the constraiants that the Pareto conditions for
this model {17} ave of the same form as those of the basic model {4)
for both consumption and the goods market. Hence {5.11} and {5.12), and
{5.13) aud {5.14) are applicable here. Clearly, the form of the Pareto

conditions for the resources market must reflact the altered form of



the constrainbe nlincugh the wacie xdes oo the interproteticn are
unaliered. Those conditions which rust b2 sabtisilied ab an oplimom

sowalion are:
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These conditions require no further interpretation.
Howaver, the Paretc conditions for the production sector

are of greatest interest here. 7hese condtions are as follows:

. o= 3.0, 8
{18.15, N ?; 4 iix.'.%aj (.yz”fi'i.}. o ¥ T R I
T x g 4 B ~ and for

r= L2 kK ow 2o,
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in ths conbext of competitive markels these conditions requirs that

firme act in en individually rational (profii maxiwmizing! manner. Hence,
these ncrmative, behavieral rules require thet cutput be chossn so that
marginel cost gguale price. However, the lst and Znd firms' cholces of
the 1lst good are omitied from the above conditions, and for these cholioes

the Pareto optimum conditions are listed below?
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Identifying, as wsurl, the Pareic conditions with normative beshavioral
rales, it is appavent from (18.17) and (08,18} that the Ist firm should
songider the effect which its output haa on the 2ud firm when the pro-
dugilon level y,, of the lst good is chosen. Correspondingly, (18.19)
erd (18,2} reguive the 2nd fimm also account for its effuct upon the
1zt firm when chossing an outpat Yo of ths lst gp@da In other words,
Lios opbimality conditions reguire that hoth firms chﬁoa@‘autputﬁ'whi@h
squate marginal socizl cost with price, but msrginal social cost is
not eqgual to marginal private cost in either instance because of the
presence of the terms for marginzl interaction cost,

%811 e 73! 08131 Fyge T

Py ard iy
9¥31 0¥ 21

in the Parete conditions for the lst and 2nd firms respectively.
Having developed the Parcto optimm conditions for this

o mocal, we turn Lo second best problems. Several suen problems are

possible here, but we initlally pose the following one: Suppose ﬁjat.

the Znd firm is privately owned and abtteupts to make all its docisiens

in en individuzlly rational =- %.e., profit maxdimizing --— manner,
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Thods obvious that in the forrmlation of 4 probizm of secoand bast this

fivu, woot be consirained to cet marginal cost equal fo price in ibts

tecislons concerning the 1lst good. Henes, we pose the hehavioral

mals
5
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whish will violate Pareto conditions {18.19} and {18.20}.
Bafore formulating and considering a problem of second
best, we observe that it 1s not at all clsar that behavioral rules
(19.1) and {19.2! can be accomplished in the absence of information
concernting the decislons or decision rules of the lst firm in its cholce
of a preoduction level Y1 of the 1st good. Since we are assuming non-
MATRATORLL

separability for the externalities, ithe teram e - 18 a
21

funstion of both Yoy anl ¥yq0 and Y1 is not under the 2nd {irm's

aentralol However, this fact need nol cause our analysis to run inte

i For an analysis of bolh segarable and uon-separable tech-
nologleal externalities in production sees, Ctlo A. Davis and Andrew B
Whinston, " Externalities, Wellars, and the Theory of Games. " Journal
of Political Eeonomy, LXX {June, 1562},
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treukle. Cur purpese is not Lo anslyze the difficuliies wiich the Znd
firm might experience in irying to make its output decisions “ot,
rather, Lo derive the conditicns for a second best optimum, Henig, we
may utilize {19.1) and (19.2) in the comstruction of a secord hest
problem, although the resulting conditions may not be easily atisinabl..
let ws. suppose now that the lst firm is owned by the govern~
ment and that it desires to cheose an cutput which will maximize welfare
rather than attempting to maximige profits without regard to the effect
of the output choice upon welfare. Thus, the lst firm desires to follow,
as a decision rule, the second best conditions which apply to it.

Qur interest, of course, is in deriving the second best condition
not only for the lst firm but for all the sectors of the economic system,
and in determining whether these conditions differ in form from the
Pareto optimel conditions., We formilate the second best problem by
the usual method of attaching constraints (19.1) and (19.2) ‘o the other

constraints of model (17)0l

lUnlike the previocus case, we shall not rewrite and 3implify the
form of the additional constraints {19.1) and (19.2) here. The reason for
using the complicated form is that, at a later point, we desire to assume
separability in order to show exactly how this assumption affects the second
best conditinns.

Noting that, for given prices, constraints {19.1) and (19.2)
invoive only the variables V14 and Yope WE immnediately gbserve the

following facts: The sa2cond best optimum conditions for gonsumpiion,
& P P
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the zoods market, and the resources market are of the same form as the
Pare;o optimumm conditions for consumption (5.11) and (5.12}, for the
goods market (5.13) and (5911;};, and for the resources market (18.11 -
18.3:.}, Even in the production sector the second best conditions for
all fiims, with the exception of the lst and 2nd firms in their decislons
con:erning the lst good, are of the same form as the Pareto conditione
(13,15} and (18.16).

For the poverawentally owned Ist {irm the second best uptimam

conditione for the 1lst good are:
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and (20,47 could be achieved in the abseonce of communication and
eosparcticn between the lat and Znd firss, The reascn for this is thaz
undar non-separabllity

285, 07y Ty !
byii

is & function of both ¥yq and Iz alse.

Hence, this situation involves all ithe difficulties sssosiated with
mutual interaction so that it seums unlikely that a decentralized

price vregimes could achieve this second best aolutisnol

lSee Davis and Whinston, op. cit.

Finally, we note that the second best optimum conditions for the
2nd producer’s choice of the lst good, and the conditions which must
be imposed upon the multipliers (J},p), are easily derived but are
poth lengthy and uninteresting. Hence, we omit them here and simply
observe that, because of the formulation of the problem,the second best
conditions for the 2nd fira's choice of output for the lst good obviously
differ from the Pareto optimum conditions (18.19) and (18.20).

Qur main result thus far in Case III has been to show that for
firms mutually affected by'nonwsaparaﬁle technoloesical externalities,
the violation of the Parste conditions which refer to the good under
consideration by one of these firms will lead to second best optimum
conditions for the other firm affected by the externality which are of a

different form from the Pareto cptimum conditions. For all firms not



affected by the externalities, and for the remaining sectors of the
econony, the second best conditions are of the same foxrm as the Pareto
optimum conditions.

The above result naturally raises the following question: Suprose
that the managers of the governmentally owned 1lst firm failed to per-
ceive that they mdght reduce social loes by communicating with the 2nd
firm and specifying the decision rules for that good under consideration --
(20.1) and (20.2) for the lst firm, and {19.1) and (19.2) for the 2nd

firm - which are bheing uaedal Instead, assume that, whether or not communication

lOf course, ii is obvious tnat In this situation welfare only
achleves its absolute maximum when the two firms jointly maximigze
profits so that the Paveto optimam conditions are achieved. Sse Davis
and Whinston, op. eit-

takes place, the governmentally owned lst firm uses Pareto conditiocns
(18.17) and (18.18) as its decision rules. In other words, it attempts
to choose outputs at which price equals marginal social cost. It is
clear that this is a problam of zecond best which differs frem the

above one. This problem requires that in addition to constraints

(19.1} and {19.2}, comstraints {18.17) and (18.18} must be attached

to model (17). The 2nd firm atbempis te aet in an individually raticnal
nénnmr and the lst firm attempts to satisfy the Pareto corditions.

Sinee the addition of constraints %0 2 meximization model never
inereases the valus o£ the functiomal, we obgﬁin the fellowing reaulé for
this inatance: Under the assumpiien of non-esparable leshnolegleal wz-

ternalities which are mutual betwzen two fipms, if one {irm sets ia an



individually rational (profit maximizing) manner, then social welfare is
lowered if the other firm is required to satiasfy a Pareto condition
rather then the more complicated second begt conditions as represented
ia {20.1) and (20.2).

Both of our above results depended upon the very crucial as-
sumption of non-separability. In order to demonstrate the importance of
this assumption let us suppose that the externality terms 5111(3’118 ¥or)

and gzll(yll“ yzl) are separable., Then, under this assumpiion,

is a function of y,, only, and correspondingly,
o7y u

0814 (Fyy0 ¥o! :
2L L) 2l is a functlon of y.. only. Hence, as a contrast to
byzl A%

sur previous results, neither of the two firms should experience
unusual difficulty in following pestulated bshavioral rules. Furthermore,
the eross deyivative

2
& By U3y ¥y

2 OV 973,

so that the terms in the second bast conditions (20.1) and {20.2}
which invoive (21} must vanieh. This means that {20.1} and (20.2}
assume, in this instance, the sams form as Pareto optimum conditions
{18.17) and (18.18}. Hence, if the mutual externalities are eeparable,
all of the sscond best conditiors are of the same form as ths Pareto
conditions except for the case of the single fim {the 2nd producer!

which was initially assumed to violate a Pureto condition. Again,



W

thie result is oppesed to the popular interpratation of the Lipsey -
Lancaster theorem of second best.

For a final second best problem in this case, let us assume
that the lst firm also is privately owned. Thus suppose that both thse
1st and the 2nd firms behave in an individually rational manner. For
the lst firm's decisions concerning the lst good, this assumptlion

means that it desirea to use as decision rules

bg]l (Y s ) a Og (y )
. 1Wil? Y21 11311
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This second best problem is formed by attaching as constraints (22.1)
and {(22.2) as well as (19.1) and (19.2) to the cther constraints of model (17}.
Note, howsver, that comstraints {22.1) and (22.2), and (19.1) and

(19.2] involve only the wariables and y,, 8o that it follows that

13
the second best conditions in cornsumptisn are of the same form as

Pareto optimam conditions (5.11} and (5.12), those for the goods market
ratain the form (5,13} and (5.14), those for the resources market remsin
of the form {18-11 - 18,14}, and with the exseption of the lst and 2nd
firms® production of the lst gea;c?. the second best conditions in produetion
are of the same form as Pareto copditions {18.15) and (318;;1&}0 Henoe,

the second best optimum sondifions diverge from the Pareto optimum

eonditions only for the lst and Mmd firms in the production of the lsz



goxd, and for these firms' producticn of this particular good a
divergance was a part of the secordd best problem.

It sesms unnscessary for us te present here the second best
conditions for the last of the above situations since these conditicns
are long and complicated. Howevsr, it is worthy of note that, if
communication and coordination batween these two firme does not take
place, and if the externalities are non-separable, these two firms are
unlikely to achieve the second bast solution. If coerdimation and
communication do take place, then it is almost contradictory to even
poss a second besi problem since the logiecal thing for the two firms to
4o is to maximize joint profits and this will result in the achlevement
of the Pareto optimum in the context of the particular problem uier

consideration. 1

1560 Davis and Whinston, op. cit.

Case IV: Monepoly

58 far eur argument has baen concerned with secend best preblems
which are assoclated with extermalities. Befere generaliiging our regults,
is aem desirable to treat the more timditional problem ef monopoly.
Actually, the question of cbtairing efficlency ina decsntralized aystem
whieh is characterized by the eulstence of a monopoly is rather eomplex
and raises iesues which were not present in cur above analysis.

. Same of these issues czn be awoided by recourse to additional

@t

asauméti.onsn Designating the 17" firm in the production of the 1°° goed

as the monopoly, We assume that
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fer all pomnible values of Yo B° that Y " 0, {r=2, ... 2}

Tn this situaticn there is no guestion concerning wheiher othes

firmg Y showld "' produce the lst goed. Correspondingly. we also assume

8
I
J=1 - 0¥,

(]

iz poszsible for some positive values of  y,4- This avoids the issue of
whether a good should be produced when it is only possible te produce it
under conditions of monopoly.

However, the abovs conasiderations are not the fundamental ones

o

hepe. Swen the meaning of meonopsly is pobt without ambignity in the context
of oractizal problems of second 3est. Firsi, while the partial equilibrdum
maaning of mopopely is fairly elear -- or at least it is agreed that a
menopolist faces o negatively eloped demand curve which is known to him

and which aliows him to manipulate bis price by alieving only the guantity
of cutput of his own guod ~= the characterizetion of a monopoly in a gereral
aquilibrium sysiem is not an entlrely settlsd question. OSince the dsmand
curve has Lo ﬁa spacified  one wwnde?a whether to follow Hicks, Slutsky.

or Friadoan.”  Or supposs one dicided 0o derive dndividual demand curves

L ¥

R
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Lo given drngome and prige palameters wiioh waers varled, and Lhisa oaw
5 demands te obtain sarket demands. Suppess Thel supnly
curves wese Gieo Sapived. and the demandesupply funetions used to solve for

the monopelist’se price in terms of the other waviables in the aystem. (ke

o
.

et

£

uspeet thal such a demand curve woulc be appropriate Howssar

tw
+
iy

suspicions would not be trie here since a demund curve -derdved by
such a method would be Dased upon the behavioral rules that consumers
saximized individual utility and producers maximized individual profits:
and the very purpose of second best problems is Lo determine normative
peravioral rules for producers and consuwasrs granted the presence of a
goviant in the system. Hencégif the derived norm4£ive kehavioral rules
were different from those originally assumed in the derivation of the
moniopolist e demand curve, thet curve would no longer be completely valid
for the genercal eguilibriuvm systen.

i, addition to the above gueation, there remiins the difficult
provlem of constructing 4 model wiich will be wseful to the governn mantal
policy makoers in the system. The policy makers cannot, of courge, ce-
ductively derive the monopolist ‘s demand curve since individual ubdlity
functions ave unknown. Instead, Lhe demand curve would have to be in-
ductively estimated by evonumeir.c methods. and these methods never seem

o 'find demand as a functien of sore than a few vardables. Hence. if Lhe

policy makers souwdd net detecmine demand

s fenetion of wore than a few
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cannet be sstimated, then the officiais weuld nobt be able to adviss o

_ o 1
make policy adjustments.

lOf courss, the monopelist himself might perceive his demind

curve in the partiazl equilibrium sense of i simple relation belwsen prica
and his own oulput.

Granted the above difficulties, our appreach 1s to consider the
monopoly problem as two sases. First, we shall assume that the governrent's
aconcmetricians could only derive demand as a function of one variahle so

that we have

(27 Ao By

for this case, snd in the next section we shull consider a wmore complicated
esge whieh will indicate how answers are changed as more interactions ¢an
be inclunded.

With the above remarks in mind, we make the following observations:
First sinece it is asswssd here that possible individual interacticnz on
the monopolist's demand curve are too emall to be estimated, ihe appropriate
model feor deriviag the cenditions for Pareto optimality from this practizal
standpeint is our baaié moxiel (L) sc that the ﬁonﬂpclisi ton will be
conmidering price a5 a given parameter. Hemee we have (5.1l and {5.12}

g

for the Pareln conditions in the conswaptisn asctor. 15-.1371 and (5 141 for

N ot

s

the poods marketi, (5.05) and {5.461 for the produciion seetor. and (5.17:

and {5,187 for the factor mavkels.



Of eourse an uncenstrained nonopelist must be assumed to fake
inte acecunt the fact that alierations in his output ¥q3 affect his

price A and hence his total revenue f{y. Under the usu.l

S YL s
11771
assumption that a monopolist souctes marginal revenue and marginal cost,

we have the behavioral rules:

8 081 &
af ] \ 2l i
X Chem oyt fy.-ls e,
(28.1) dy;; "% 7 Y1l w1 9 01y
8 og, .
af p ii)
(28.2) ¥ (/**?"“ Yo * £lyy )~ = o, - 0.
11 dill i 1l Jo1 3 éyll

We shall shortly formulate our second best problem, but since we have no
interesting complications here'we.may write (28.1) and (28.2) in the more

succinct form
(29) 9 by cvon B T3) 5 0

in order to simplify the expression of the sesond best conditions and yet
not obscure relevant parts of the argument. We now present the following

second best problem:

m
{30.1) max by aiui(xi}
1wl
subjeet 1o
m 2
(30.2} Lox., % L oy o« K F L, sec, T
sl 1K ol Tk
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i=l, ..., m
2 0. el ..., 2
Kel, soay N s

(30.6)

Observing that the add=d consiraints contain only the wariable
Yi1e we have immediately the fo.lowing results: the second best optindum
condditions in consumption are of the same form as the original Pareto
conditions (%.11) and (5.12,; these for the goods and resources markets
are of the identical form as Far:to comditions (5.13) and {5.14), and {5.17!
and {5.18; respectlvely; and wit: the exception of the 1st firm's production
of the 1lst good, (r=l, ke«l), th: sceond best conditions in produciion are of
the mame form as Pareto conditiors {5.153) and (5.16). For the lst firm in

the production of the lst good t:» sseend best conditions are
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: by s
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Saner . o1l oiher Pareto condibiona sre 5031l deslirable and must bo ooatiz

Fied st this kind of second bezi soluticn.

GCame V! Interdependent Demard:

o oreer to extend the above resuli. lebt us consider the following

gituation:

vt
i

Assume that the lst firm is still the sole producer of the isi
good 50 thal zesumptions {26.1) and (26.2) are also applieable here. [ut
agsume that the Znd good, which is produced under perfectly competitivs

monditicone, is 90 ‘iclosely related'™ to the lat good that total ocubtput of

3
3

the sesond good directly affects the demand curve of the Ist good.”

lﬁhjs might be the case, for emample. il there were only one
preduces of light bulbs but eleotric lamns {and all other forus of lighting)
wers produced under eompetitive conditions. Hence, a murket-elearing rrizs
of Ylight buibs would depend not only upon the quantity of light bulbs offersd
Tor sale, bul also upon the numbel of sleectrdc lampe scld during ithe apeci-
fied period of time.

Farthemmorse, we assuae that this dnteractics leo sufficiently grest thal

the estimafed demand curve will bs of the fovm:




variety san be &
Sluged in the madel of the geonorde sysiem, Furtheraors, thae lal i
must behave in o perfectly competitlve manner. Honce, we migt inpose ihs
constraint
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upen the lst firm, and we &ssume that the siivation will allow Y11 0 to
be pessible so that side issues are avoided. In the interest of breviity aml

without loes of generality we may rewrite these gonstraints in the following

form
&
i, } r : T . i< O
(3& i b L {!'51»} w2 Sy ¢ o’ lvl ¢{A—19 ril yrz‘ & O

ang then state the following model of an econonic aystem.
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Chewrvwing that onr busie model (4) diffsrs {row the zbove model {35} only
in the appesrance of conatraint {35.4) and (35.5) in the latter, we are
gble to state lmmediztely the ruilowing results: Since for given prices
the addad constraints contain only variables ¥ and Tpar {v=l, ... =},
the Parelo cptimnm conditivne for this model (35} are of the same form as
the Farete condiitions for the forwsr wodel (4) in the aréas 0of the sonsumpbion

seotor. the goods markels, and the resources markets; amd these are glven by

(5.11) and {5.12}, {(5.13) and {5

£,

{5.19} and {5.18) respectively.
Bver in the production sestor 1L the lsw firm's productlon of the lst good
(r~1, k=l) and ail firms’' productien of the Znd good {(k=2; r=l, .... 2!

are umithed, then the Pareto opiimaa oondlyl ¢f tha sams form

the prodestion of the st goon o
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lOf course, as we have pointed gut elsswhere in a discussion of
‘ha*uril undtes, ¥ there is glweys an ir“ nthe for one affected by an
ra ity to by o 1nf1uwnce whe behavior of the other garty. See
=nd Whinston, op. ¢ibt. This point is alsc made by Ronald Cooss
Problem of  Seeisl Cost. ! Jewrnmal of law and Economies, IIX fi?cﬁsz
Ieli and by James M. Buchiran and W. Craig Stubblebine, *f Externality,
gront of Eeonomics, University of Virginia, 1962, {mimecgraphed).

fore fundaxentally, in the abacnes of zome Kind of externzlly dmpoused

gongtreint, the lst firm v

Lo equate price and marginal
cost of the lst good as we nave stated in (33.1) and (33.2) and suwwnsrized
in (341, Instead, it will desires to exploll its moncpoly power and maximize
profite by eguating merginal revengs and marginal cost.

It ip in llght of the jatter of the above polnts that we formulale

our initiazl second hest problec. Supiose that the lsw e acla in an

e
3
4
; F
=
[
oo
e
¥
9._4
n
~
it

whional maamer . Then, while Lt follows the usual d=elsion
Tules for all other goods which it might produce {equabe price snd marginal

atiitss the Uollowing behaviorsl rle in reward
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We now ask the following questicn: Grantsd that the lst firm follows
behavioral rvies (37.1) and (37.2}, wint are the forms of the second best

ez 1 . . \ :
sonditiong? (nee apain., without luss of generality we may rewrite
g ad

EEE ek

Faum &

“Interestingly snough, it doos not matter for cuar purpases whether
Z
cy not we assums that bhe extarnalivy term I Y2 entera the demnd
: rel
function (32) in a sspareble or non-sesarable manner since, begause of the
fact that price dimes guantity is total rsvenue, the expresaion for total
: 2
reverma hiy,., T Y. .i¥ mst always be non-separable.
11 el 2711 ¢

#
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an? {eramlate our sstond besl problez Ly ypeplacing cunstraint (35,4} 4n

model 3% with the new copshrs

nh (3%,
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hsve the following result: With the excsption of the conditions for the
1st and 2nd goods, the second best coptimum conditions are of the same
form 35 the original Parete optimum corditions. For the lst good the

second est conditions are

5
(3941} » - I @

8 O ,
1L G
{39.2) - z W ALl ¥ > = 0
! sy g
z
(457‘3) ’9 (5“1 vy p’ L :Yll; 2 "F“a?.) s O
pucty

Thesa are nct, for our purpeses, very interesting. However, the gecond

beet ecnditions for the 2nd good ars interesting. These are as follows:

3 0 .
(3965) }tz = E iﬁj héwgrz = { g ‘3 ‘f\_ :‘ 5 B rﬂl,-’, e, =
=1 Iy2 Yo
& o =4
y r2.] 38 00
(39.6! ¥ A, - L @, T o HY i = {0, r=l, ssn. @ -
— re 2 3 oy Lo Oy
J:.l - 2 Tz j

In other words, sves though the producer of the lst good is a mono: wollg
the producers of the Znd good must foke inte aceount ihe effects winich their

output desisions have upon him 37 the rezond best soluticn is to be atleined.



vy Yoo mencpoilst somenod frfls LHoEe orodnisrs, X
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price regime will net atbtain this zeseond Last solutica.

10§ course, in this perticular iastance it ig theopetigally
porsible for a sgovernmental authority to impoese a tax cr subsidy (deperding
uren whether the externality is an external economy 6v diseconomy)} so that
the sclution could be achieved.

HNote that we could now formuiate another sscond bhest problem by

gonstraining the producers of ihe 2nd geow to behave in an individually
stional manmer slso.  We shall not foruelly analyze this problem hers

aince Lhe following results are alresdy slear:t (i) The second best
optimum conditions, with the axsepiion of the lst and 2nd geods, would be
of the same form as the Pareto optimua conditions. {(ii) In the absencs
of any successiul attemplt by the 1st preducer to influence the decision of
the prudusers of the 2nd good, thls second besit solution would be the one
gzsosisved with 2 decsntralized prielng mechanism which operated on the

tazis of the presoribsd model.

b

inally. we observe withoul fuwther aralysis thal as more
then ths

dnteraction variables are inclwded In the sstimated dessnd curve,

staractlons inte ascount for oa

corpssponding entities muat Lale thego

"

Pareto golution. Forbthermors, T0or & olass of second
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effects will still be present in the derivad behavioral rules.

6. Genernlizatione and Conelusiong:

The fundamental proposition of modern welfare geononics is that
given independent preference cordsrings for consugers, independent tech-
nologies for producers, and certain conditions on the shapes of these
funetions, than, if consumers maxiﬁize utility subjeei to given ineome and
price prrameters, and if producsrs maximize profits subject to these vrice
parameters, there exists a set of prices such that a social maximum is
achleved where no individual can be mads better off without makiug some

other individu:l worse offol Purthermore, granted these comditions amd

lSee T. G, Koopmans, Three Fgsays on the State of Fconouwie
Selence, New York: MeGraw-Hill, 1957, pp- 41-104, for a statement and
discussion of thie proposition.

certain assumptions, this Pareto welfare maximum can be achieved via a
pricing mechanism and decentralized decisions.

In this paper we have sxamined situations where at least one
individual actor (producer or consumer, has a preference ordering, a
eriterion function, or a technology other than the one specified for the
above theorem. In those cases sxamines we attempted %e show that although

a Pareto optimal point might axist. it would not be zchievsd by a dacen-

tralized pricing regime under Lhe speciTied conditions. Then, gvanled
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W

r to compensats for the bshavior of the deviart. Specifizaliy. we
shienpied Lo determine whether their strategies shouid be allersd 1f a
deviant was introduced into the system.

In order to Justify our method of analysis. to c¢laspily furtheyr
the meanding ¢f & seccond best problan, and to gereralize our resulis, led

us consider the following serles of models. Firsl, however, we nased to

state the following definitions which supplement those presented sarlisr.
x§ w Bope o Ky K o Bap
goods congumed by the :’Lt‘”n individual with the exesption

h

} o, the f"bundle’’ of

of the i 2004 .

>
B

{Kig Xy 2201y a vertor composed of X, and all goods
consumed by other consumers which influence directly
the utility of the ith consumer. dence, the consumption
of ohher consumers ay or My not zntsy %i"‘ according Lo
whether conswrption externslities are spseified for s

particilar problem.

i

i = erl_(, ssos ym) . a vector of the guantities of all goods
. e th .
oreducsd by the r firm.
v (‘yrl" Coor Ypenr Tegerys 20 y;‘m'} , a vestor of ile

N . : . +h .
guantities of all goods except the k7 whish are pw

by the » 7 firm.
£ P P Pagrymt 4 v Sompd oo b g prer Fobes B T TR 1 ¥ ‘th g
b, = 2 fupotlon dndieating the guantaly of the } et
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X mm emnen Am g Aore o gt o goneei
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N (x . ... A . & vsetor of prices (multipliers:

i B ¢

ated with goods.

ated with resources.

B,.. = a function which represants the bebavieral rule of itha

th

i consumer in choosing the kth good.

D, = a function which represente the behavioral (dezision)

rule of the rth

kth good.

AR

pooo= (pl” o mey ps} , a vector of prices (multipliers) aszsocd

firm in choosing the output level of the

Granted these supplementing definitions, let us present the following

medel of an economie system:

{4,0.1)

{402}

(L0.3}

{40}

(LO.4)

(4405 )
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Thie medel {40} is more general than thess which we have sonsidersd.

. . . A
Specification of other consumers:® congumptions witdich might enter X,

ke

will allow externalities in consumption. Siwmilarly, specification of tie

functional form of the G

3

duetion. Bui the main differsnee in this and our previous models is the

can allow or not allow externality in pro-

presence of constraints (40.4) and (4L0.5), the behavioral rules of consumers
in their choice of goods and producera in their cholce of cutputs. Let us
suppose for the moment that the forms of all By {constraint 40.4) and
L {constraint 40.5) are to be chosen. We ars searching, then, through
vhatsver methods are availaole, for behavioral rules for consumers and
producers which allow efficieﬁﬁ solvtions -- i.e., for which markets are
eleared, resources are not over-demanded, and the resulting allosation
is such that no one can be improved without worsening others.

In order to determine the functional forms for constrzinta
(40:4) and (4C.5) which will allow the desired ¢lass of solutions to be

achieved, let us consider the following model:

A A
I ~ . r
{L1.1} max Eulxxl)a pes W (Km) 1
subjeei to
m %
(L1.2] LoX, % E oy, . k=), .o., 01
jwl T ey TR
{41}
{41.3) G.{Y., Yyl oL S e, ®
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Aszuming that wveelors Q;q {i=1, ..., m}, have the same components,

and that the funetional forms of the Gjﬂ (3%1, .., 8). are identical,

we obsarve that model (41) differs from the previous cne (40) only in

that ecustraints (40.4) and (40.5} are onitted in (41). Hence, the

values of the soiuticons to problem {41) must form an upper bound to the
values of the solutions to medel {40) because of the fact that the addition
of csonstraints to a2 maximization problem eannot increase the wvalue of the
selution. However, our pre;ent eoncern is to detsrmine the form of con-
gtraints {(LO0s4) and {Qaaﬁjal'lt is cbvicus that the upper bound may be
achieved if (LO.4) and {LC.5) afe chosen to be redundant constraints since
the protlems are otherwise identieal. In fast, if (40.4) and (40.5) are
shogen to be the neceasary conditions for a scolution to model (41}, then
they must be redundant for model (40). Since solutions to {4l) are Parstc
and D

optimali, the desired form of the behavioral rules B (constraint

ik rk
40.4 and 40.5]) are the conditions for Pareto optimality. Furthermore, if

the'ﬂi and Gj ale specified such that no externalitise exist, and if

.
cartain other conditions are satisfi=d,” then the neeessary conditionz to

1

‘Sse Koopmans, ¢p- €li.. for a discussion of these conditions.




(&1} mey be assetiabed with a perfectly compstitive pricing mechanism
whideh opsrates in a decentraiized manner, and the midtipliers X and .
may be ipterpreted as market prices.

Having discussed models where the solutions are Pareto optimsl,

we consider now 2 sacond best problem. Suppose that we have as 2 model of

cur economic system:

(2.1}  max { ul<213@ P (ﬁg; 1

subjact to
m z
{42.2) L %, < L ¥ » kol, ..o, I
gmy KT gy K
(52.3) GJ(YF eney X1 € L, J*L, ceay &
« o
= B (%, - 4 Pgpsm
(L2-4) % g qu {X., <eep xp,;. cooy Ko Tyn o aeey Iza VY T Zqzn
(42)
- g U<e<n
(1@2a5) yaﬁ Deﬁ(xl& ERNTR Y Xm» Yly a3y Y@B YZD AF: I.‘B 2 Osﬁ S. n
{42053 xik = E:ik.(xlﬁ 2edy -X%;e Ty Xms Xls) s28y Y?n }’*s 1'3} H i’”la sany I
’ J k”lg; aaey i1
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vhere constraints (42.4) and {42.3) are specified behavioral ruiee g
of the ptn consumer in choosing the qth good, and 5;/’ of the eth producer
in choosing an output guantity of the fﬁh good - R

As was the case for problem (40), constraints (42.6) and (2.7 -
behavioral rules Bik and Drk ~-- ape to be chosen. A4lso, we desire %4 choose
those rules such that efficient solutions may be achieved. Since Lhe
addition of constraints e¢an never increass the value of a gojution, it
is obvious that if (42-.6) and (42.7) are chosen to be redundant, then an
optimal and efficient soluticn will be achieved. Hence, let us consider

the fellowing problem:

- S
(1&31}4.) max [ul(xl).: G HIR hlm(xm) 3
asubject to
n z
(&:3:.‘2} ) }: xiks }: yrk I} k’lh ERL N n
i=l r=1
{43:3} Gj {'i’ s seop Iz}'g L_.j . J¥l, ..., B
{43)
(L3 .4) oq qu (X5 cvop X?a sven Koo Tyo eoen T. & wlo 0Zgen
= , 0<e< s
W3-5)  yop= Dep (o eome Ko Lo ooe :r.,fe I A S P

-i-. Ay Sway P
{13.6) Hipo Ty > 0. el ... B
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Since problem {43) differs from (42} coly in the absence of consbrainis
{£#2.5) and (42.6}, it is obvious that these constrainie will be redundant
1o {42) when they are the necessary conditions to {(431.

The above analysis provides justifiesation for our formmlation of
seeond best problems. In a sgenss, we were irying to determine what the
pehavioral roles of the decision making units in the system ! should bhe!
1f an officient soluticn is to be achieved. Henee, we concentratsd upon
the derivation of optimality conditions for models similar to (LL) and
{43), and these conditions were interprested as the desired; normative
behavicpal rules.

Furthermere, our formylation allows us to make precise the
corollary to the theory of seggnd best. Lipsey and lancaster state this
eorollary as follows:  From ﬁﬁis thecrem {the Lipsey-lancaster theorem
of second best} there followe the important negative corollary that there
is no g priori way to judge between various situations in which some of

the Farstiasn cptimum conditions are fulfilled while others are neta"l

lLipgey and lancaster, op. git., pp. 1l=12,

Howavsr, if one utilizes modeles of the type shown in (43) ar at sariisr
points in ithis paper whars sscond best problams were anslyzed, then, sincs
additional constrsinbs cannot increase the vwalue of the solution, the
rawoval of 4 spesified bebavioral constraint will never worsen welfars,

e ; " S R
but ean leave it unchenged or improve itb.
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“In this sense one of the Lipsey-lancaster statemsnis of the
negative sorollary is unfortunately misleading. They state, ' IL Follows,
therefore, that in a situation in which there exist many censtrzints
which prevent the fulfillment of the Paretian optimum conditions, the
raxcval of any one constraint may alfect welfare or efficiency either by
raising it, by lowering it. or by leaving it unchanged. ! , op- cit. p. 1Z.

Finally. the approach %o preblems of serond best which has been
utilized in thie paper allows one to compare always Pareto with second best
optimum conditions. Furthermore, it is possible to state some gensral
rules for determining which if any second best conditions will differ
from the Parsto optimmum qonditionap Since the desired Pareto normatiwe
behavioral rules for (40} are given by the necessary conditioms for (il),
and since the normative second best behavioral rules for (42) are given by
the neceassary conditions for (43}, then if we cbaserve that (43) differs
from (41) only in that certain behavioral rules «~ constraints (43.4)
and (43.5} -~ have been specified, it is apparent that the problem really
amounts to determining whether the additional constraints in (43) change
the form of the necessary conditions to (41). Suppose, for example, that
in (43.4) p=l, g=l only, and in (43.5) e=0), 1=0 always 5o that model
{63} differs from {41} only in the addition of one behavioral rule which
has been specified as a constraint. Qbviously, then, the forms of the
necsésary conditions to (h3}‘will differ from those to (41) only for those
corditions for which the correspending veriable appears in the additional
econglralnt . Of course, thls resulf eazn he generaliged fmmediately so that
no matier how many additional zonstraints have been speciflied, the form of
the necessary conditlons to (43! will differ from the form of the conditions

to (41} only for thoss variables which appear in the adoliiion:l vonstrainie
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As we have formmlsted second best problems, the additional
constraints involve wvariables whose values are determined by the choices
of desision makers in Lhe system. When only one additional constraint is
added, and when the added constraint contains only variables subject to the
choice. of the particular decision-making unit under consideration (the
deviant from the Paretc behavioral rules), then only one Pareto condition
is viclated .- the one initially assumed to be violated =- at a second best
optimum. On the other hand, if the specified behavioral constraint of the
deviant unit contains variables whoge values depend directly upon the choice
of other units or upon the deviant in other areas of operation, then, as we
have seen for the cases of mutual externalities and interdependent demand,
the situation is different. Those units whose choice affect directly the
values of the variables included in the specified bebavioral rule of the
deviant can no longer follow a Pareto behavioral rule if the second best
solution is to be attained.

It is the latter of the above situations which constitute the
diffieulty in !'piecemeal policy recommendations.'' It is only when units
are inter-connected functionally =~ either by preference orderings,
technology, @ demand relations -« is it true that requiring a subgroup
of this inter-connected entity to satisfy Pareto conditions, while the
remainder violates these conditions, may result in a decrease in social
wellare. As Yar as a policy is concerned, inter-connected units must be

congsidered 48 an entity or, as we have put it elsewhere, a naturai unit”’ if

iDavis and Whinston, op. cit.




a welfare maximum is to be achieved. Hence, il a pelicy msker is con=-
sidering whether one situation is socially preferable to another, the
question can be more easily answered if one of the situations includes
a1l of the '"'‘constraint variables!' of the other cne. In such an
instance, at least one may make certain inequality statements about soelal
welfare even in the absence of particular knowledge of utility or pro-

duction functione-
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