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First line: "we have, writing T?n for (1) +1% 5y

Correction sheet for CFDP No. 145

First sentence of introduction: insert "for each sawmple size
after identifiability.

Iast sentence: “distribution" should read "distributions”
Add the sentence: "The bracket indicates tihe parametere usged

to describe the family; u ranges over the entire rzal line and
the range of @ and p is given in (2) below."

(3) read p for p .

To the sentence in the third line from the bobtom append the
footnote: "An essential role is played by the fact that

12 is identically zero if p = O but varies cver the endisn
positive axis when p £ 0 ."

Middle of the page: refer to [6], not [2].

2 =i .
The title of section 6 is "A transformation..."

Second line: omit "where x = (x ., «.., x_ "
TP pL pn

in theltext following the first displayed forimulz insert N after
(m-k)~™* .

After second displayed formula insert: 'lote ihat these estimatos

are precisely the ones obtained for C and ?gf vieh o= O .



NON-EXISTENCE OF CONSISTENT ESTIMATOR SEQUENCES AND

UNBIASED ESTIMATES: A PRACTICAL EXAMPLE

Hendrik S. Konijn

0. Introduction and Swmeary

Tt is often thought thet identifisbility implies existence of
coneistent estimator sequences. A rather artificial counter example is
given in [7]. Ve here consider a case which often erises in experimental
and surve:} practice. The exsmple concerns & model with intraclass
correlation p . For p negative an indefinitely large sequence of
observations cannot arise from such a model and se. the discussion of
cbnsistency ie re_stricted to p>0 . For any non-degenerate range of o
we show that no unbiased estimste exists for the variance of the meen of

«the observatlions.

Certain other aspects of estimation in models of this sort are

considered in [4].

1. Some families of distributions

Let (¥qs +e , ¥,) be multiveriate nonsingular normal with n>1,

and with

o= 5:/'3 , o= f(:g -u)f, p= 5(3{‘j - n);(yj.- 2)/o" (3 £ 3%)

unknown constants. We shall refer to the corresponding family of distribution

as "Yn[N-: 0'2: pl -



Such a famlly arises naturally in the study of experimental resulis
[ 17 end in sample survey situations { 2 1,[ 3 ]. Tt also seems natursl
i the study of interdependence smong emall clusters of individuals (such
as arises in ecology, sociometry, and so forth) or of objects in a plane
or space, belng the simplest of a c¢class of families in which the covariance
of two elements ie a function of their distance. Another extension is

considered in section 6.

The joint deneity function is easily shown to have its logarithm
Proportional to

(1) ¢; - n log 2 om log(l - p) - log (1 + —n)

- o {:Z(rrj - u)? (1 - p)'lv(ir'-u)an{(l P e mp)'l} ’

where cl is a known constant. and

n=n -1

From (1) it is seen that nongingularity of the distribtrhiem inplies
(2) 0’2>9, ~mt <p<1l;

- an smusing interpretation of this arises when gll members of a group
of individusls meke a conscious attempt to be nonconformistsy if the model
is appropriate the emount of possible nonconformity as meeaswred dy =~ p

agppears limited by the size of the group.
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It is well known (see section 6) that

Foemd V=x(y, -9)°

are independently distributed and that their density fupctions have

logarithm proportionsal to

(3)

(W)

¢, - log o - log (1 +m) - 02 (¥ - p)® n(2 + mp)™

ey - n log v -m log (1-p) + (m-2) log V - o2 (z Y? - 3_§) (1'ﬂ)~1 s

80 thet the conditional density of (y,, -.-) ¥,) s&iven (¥, V) has

logaxrithm proportional to

(5)

ch-(m-ﬂ)lﬁgv,

2

which does not depend on pp , o or p

and 8o (¥, V) is sufficient for the family -/V.(n[p., o'a, pl .

(6)

Since ~n(¥y-p) hes & normal distribution with zero mean and variance

o = 02(1 + mp)



- b -
and VI(C2 hss & chi-square distribution with m degrees of freedom with
2 2
(1) K = o(1-p),

it is also convenlent 1o consider a perametrization of /V’n[p, ca, pl by w,

A7 and o©F with (2) replaced by the

(21) ‘ f > 0, o > o.
Frequently [1 ] we are reslly interested in estimsting o and K- rsther
then 0’2 a.nd. D .

In some problems it is possible to replace by

. 2 N
(%) o > 0, o)

v
=)
e

we shall refer to that subfemily of A g, o®, o] es A ol &, ol .
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2  Nonexlstence of an unblased estimate of cn2

If £ 1s a function of the observations and £ £(y,, ..., ¥, ) exists

(as & Letetgue integral), then the conditional expsctation

& f(yl, veey yn) | 7, V} exists, and, by the sufficiency of (¥, V)

does not depend on the parameters; call it g(¥,V) . Since the distribution
of V does not depend on g ,

&F ¥4 = Efaw v | 7

exists and is not & function of g .

So, if f(y},’ caey yp) is an unbiased estimate of . » then, for

— > :
each positive mumber X 3, £ ge(y X 6)1 equals o identically in u and

- - ) -
o . Consequently, writing h.yn 2) = go(y | )(6)? 2z for ¥ 02
1 . .

end v for pnz_,

{Lond

En(2z) = (2 x o)

1]

'fh(z)exp{-%(z -y}em'a} az

2

identically in p° 2

end ® . That would mean that there would exist an
unbiased estimté of the varience ma of & normal distri‘nutién with unknown
mean M based on # gingle cbservetion. That this is not so 1s proved
in{51. |



3. Sequences of famllies

In discussing asymptotic properties one 8lso has to coneider infinite

sequences A [p, 02, p) of families/\fn[;z, UE, p] for n=2,3, ...,

It should be noted thet in such & sequence the second part of (2) 18 not
tenable when p is taken’te be constant throughout the sequence, e,

that case (2) must be replaced by (2*). Therefore in this case the study _
of asynmtotié properties is without éénge » and we have to confine ourselves

to the study of fixed sample size properties.

Alternatively, we can consider
(a) the sequence A t[y, 02,‘1.] of families /Vn[p, 02, a.n().)]
for n=2,3, ..., where a.a(l.) s aB(L), ... 1is & sequence of

fully speoifi.ed functions of a single unknown parameter A .

(b) the sequence X“[n, 02', /\1 of femilies /Vn['n, 02, bn(/\)]
for n=2,3, ..., wvhere bél/\), bB(A)’ ... 1ig & sequence of

one~to-one functiones of an ordered set /\ of at least two independent
parameters, which cannot be represented as one-to-one functions of

a single parsmeter.

Of course, a.n(m.) and bn(/\) must depend on n  and must satisfy

the second part of (2) for each n . The usual cage of /\/"[u, 02,_ /\]

is the ome in Which for eny n , the function b_ equals a quentity p(n)
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of vhich we only know that it lies in the range specified in the second
part of (2).

Similerly we can consider ,Jr(',[p.,_.cg, 2] or ./{'g[p., 02, /l ] .

4. Identifiebility’

The logeritim of the characteristic function of (yl, veoy yn) is

(8) t(tl, ooy by | P" 52, p). = r1e>g e exp (1 Bthj?
= Iipn'g-_-]—' 52(2t2+p218'b3t3,) (3 #£3°) .

2 J

Consider a collection of specified functions q, ¥, ... Of the persmeters.
Necessary snd sufficient for the ideatifiability of this collection in

2 2 | 2
.Mn[g,c s p1 18 that for any two sgts ("1’ o3 pl) and  (p,, Op pa)

of values of the parsmeters +the ldentity over n epace:
- . o 2
(9) ¥ (tl’ vrey tn] Hysr 995 Pl) I 1 (tll ssey tn l Bps Ons Pn)

can hold if and only if all the functions ¢, r, ... teke on the same

2 , r
value for 7(.;:1, L "1? snd (92, 022, Pp)

: .. 2 2
Suppose, for exdmple, that q(u, P, p)=p, v, o5, p) =0 - and

s(p, 02, p) = p . For t2=...=tn==0 and tl#o,therealpartof
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(9) implies that of = of , end the imsginary pert that m = i, .

This reduces (9) to the identity

(10? (pl - pa?‘ ;E td tJ’

"
o

after division by the common, negative velue of - __23: o-a, . By selecting

any nonzero values for t, and Ty s and (if n > 2) sebting

1;5 B e = tn = 0, this ylelds Py = 92 . Bo {q, T, s} is identifiable

in N [, 0% p -

It follows at once from the definition of identifieability that
{q, T, é} is also identifieble in A no[g, 62, p] and that eny collection
of functions of (i, 02-, p) which depends on o , cra , and p only
through the velue of (g, r, 8) 1is identifisble in A’n[;z, crz, pl and
A [#s 0%, p] . Spectifically if (g, o7, p) = ¥, defined in (7), aud
un, 02, p) = o » defined in (6), ¢ end u are functions of r and s
alone, and so {q, 6, ‘a} 1s identifieble in /Vn[n, 02,- p] . We can also

" show this directly: The right hand side of (5) can be written es

rO|

Xe (Etja -n'i?e) -lwg'n #

ignt- 3

Thug for t, = ... =t =0 and tl_"f 0, the identity corresponding to

(9) yields Hy =1, ond Ki = hjg , 8&nd on substitution of these

equalities becomes



so that also mle = mg .

Now consider the family A~ n[‘p., 02, an(l)] defined in section 3
under (a). We see at once that, if +v(j, 02, JL)‘== R {q, T, v} is identifie@
in this family.

Let us proceed to A n[p., 02, hn( /\ )] def;'med in section 3 under

(b). Let w{p, cra, /\ ) depend effectively on at least two components of
the Beguence /\ end not be definsble in the form w(u, o‘?, b n(/\ Y) .

Then evidently { w} is not identifisble in the family, since (10} will
lesd to the identifisbility of bn(_/\ ) = p{n) only for that velue of n

which coincides with the particulsr size of the sample that was taken.
On the other hand, it was shown in the secord paragraph of this section that

{q, r, ”a} is identifisble in Y n[;i,_ o, bn(/\)]: s(;:, &, b ( N\ )) |
= bn(/\) P bn = p(n) .
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5. Non-existence of & consistent estimator sequence for p in /fofp, cra, p 1.

Ir 02 and p are constant then m2 depends on n ; in perticular
5 _

it equala. ib# = k%41 02p . By a consistent sequence of estimators of
‘Di is meant a sequence of functions f:'a of the obaervations such that for
el € >0

(11) 11mPr{|f£ (,%,rl, cery yn? ..mi i > C“j} = 0 .

If such a sequence exists then there also exisis a sequence of functions

£ with

J.i.m?r{ If;(ylr, very yn? - 'rf': | > 8} = 0 ,
where

-rﬁ = n'lo:»i )

Moreover, writing
'r2 = lim 'rE = 6’2 [« I
. n
we &lso have

(12) limPr{ | fﬁ(yl,‘ ceuy yn) - < |>g} = 0 .

We shall show that no such sequence exists. Note that not only /2 and

2 2

T, but elso K2 apd 5, or )1",2 and p are independent parameters;

it follows that no consistent estimator sequence exists for p . -



To show that no sequence sa:bisfying {12 ) exists, we fi:‘r':st change

verigbles from (v, -0 3,) %o 2y, ovs 2,) With zl=n2 7 end

the other components 'g_, having & distribution q:n_l( ;:f | K 2) independent

of p eand ‘-ri or 12 . Thet this can be done follows from (1) and (2)

of pection 2 and is shown more explicitly in section 6 . Since the z's
depend.f on n , we show this more explieitly; in particuler denocte
1 0

-3 - -3 .
2 by 5:_1 + Then the jolnt demsity o

2
Qn (yn, 'E:&-l | 27 Ha 3 Tn').
- 1 %
2, 2 1L — 2 -2l = 2 z
(Eﬂ'n) §(yn-F) “n } i \ B E::-l ") = )

Now it is shown in [2] that when 1 can take two different values
©(1) and) ©(2), then for & sequence of funotions £ over (¥, z* 2

to be consistent estimator Bequende of 1(1) and 1(2) it is necessary

that, for n +« ,

R(R(1) + K2, 22+ A%

- ”{‘? (Y 2 1|F’«: ’Tln) Py (¥ n’ia 1“"’ )LE’Ta )} n d};"l

converges to zero. Since the integral with respect to 3: glves unity,

=1
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we have, writing "in for Te(&)rxl
A(Tln,'ren)-:(ﬁﬁ'rln'r f EP{‘“(Y'#LQ_-Q d.?

- -3
= T, (T;Ln Tan)

'

with

— - -2 1, 2 -2

T = (":m Qn) 2 (7 # En) ":m en ?
80 that

I 2 - ¢ 2 2

8o for 1'(1) and 1(2) both poai.‘biwe, 22 (vrf'n, 1'2') does not converge

to zero. Seo there exist no censistent estimator seq,uences for 7 when
the v can ta.ke on any two positive values a.nd conaequantly none for <

when T cen be any nonnega.tij_re number or for p when p 18 nonnegative.

6. A transfunction and an extension:

We have used here the fact that Yy and V are inae'penaently
distributed according to (3) end (¥). This was shown by Walsh [9], but an
examination of his p:loof ahc;ms that Ihis srgument is valid for p 1independent
of n only if p>0 . Another argtment, valid for the range (2),
given by Stué.rt {8]. Tt may be desirable, however, o give s more direct

proof, and at the same time consider a more general form of problem.



- 13 -

R
For that we change the assumption ( y, = p to ny =+ ch X
J ) :*vj ) P._,l P ij

where Jgps(xpl, . x?n) with p<k and O£k <n-l. Here the %

ere Tixed and known, linearly independent vectors_; without loss of generallity

ve essume that for each p the componeniccf Jg.? add to zero. IlLet

§p = (xpl’ -.;,xgn), E‘ = [%i, LN E};]’ g = (cly aay ck) -

Like in the case in vwhich p 1is known te vanish, our objectives are

atteined by using & Helmert matrix H , _j{iz' , an orthogonal matrix with each

element in the first column equal to- n 2 end with thi other columns having

sum of elements equal to 0 . For z=yH, zy = ng ¥y sand the covariance

~ ~ £ -~

matrix of z is H'uw' u H = o 1}'{ p(1...1)" (2...1) + (1-9).-'1} :

I
) l+mpl g
= [v] - @ o m|e m w owm m ow

ot I (l-p) I
L g i L

Since the rows of x edd to O, the first columm of x ¥ is a

zero column: call the remsining colums 15* . If we denote (22, - zp)

by :5:* » We bave: 3z, end ?.*
P
z

2 . : :
the former with mean v = n p end verience @ = 62(1 + my) , the latter

are independently and nermally distributed,

with a vector meen C ;5* end covarisnce metrix }‘La T with ¥~ = 02(1-;)) s

and v =nd the comporents of ( rsnge over the entire real line whilh or

end 12 range over the entire positive line.



-1l .

The enalysis of z* is an ordinary regression problem (through the

origin); for example, the minimum variance linear unbissed estimate of c is

o * ¥ ~1 ¢ % . - L -1
Comz X (X )T =Dz T L0 XY ot XY [ty Y

~ bl

end the ususl estimate of M ° is (m - x )'1 with

[l i)

.v‘:”E*_gog*HE = E{I".*' (E*JS*')-IE*}%' . gF

- z{; - x' (zt.rs,')"las}z' o F = || g Le1) - x [P

-

It is now easily seen that Xy s go and V are sufficient for the

family of distributions of y ; families (1) , (3) s h) end (%) ere still valid,
except that in (1&) and (5) m iz repleced by m~-kX and that in (1) end (?5)

B 18 repleced by p+ I (3 p ;s » 8nd when k > 0  the logarithms of the

Joint density of the components of c__° ‘18 proporticnal to

Q

¢ - X log 02(1-.'.3) - (¢ - g)xx' (T - C;’?/G (1 - p)



(1]
(2]
(3]

(k]

{51
g
(7l
[8}

(9]
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