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Co¥rection sheet for CFDP No, lih

page 2+ To "(a)" add: "In [3a] this seemingly unlnteresting fact has
been applied to a practical case."

page k. Title of section: leave off s _in First word and append the
following footnote: "It has been remarked thet it is obvicus
that from a sample of 1 it is not possible to obtain an
unblasged estimate of two independent parsmeters, l.e., two functions
Fl and F on a class of distributions such that there

exists no function @ in the plane with o[F;(D), Fy(D)] =0

for all distributions D in the class. That this is not so is
easily shovn by an example. Iet o2 = ¥ + of , then

v and a,2 are independent parapeters ofyk}' but v = Z
2 E 2 ]
a =627 .

Page B4 Add [3a] KOWIJN, H. S. (196 ). Nenexistence of Consistent

Estimator Sequences and Unbiased Estimates: A Practical
Example, {Forthtoming).



ON A THEOREM OF HAIMOS CONCERNING UNBIASED ESTIMATION OF MOMENTS

Hendrik S. Konijn

1. Introduction

‘In { 3 1 BHalmos considers the Tollowing situstion. Iet a@ e a
class of éﬁe dinensicnal‘.distribu;tion functions and F & fgﬁction over (Q) .
He investigetes which functions F admit estinstes that are unblased over
09 and wha‘o'a:e all possible such estimates =cisf any given F . 1In perticular
he shows thé.t on the basis éf a r;emple of aize n(>l) one cen alﬁa.y_-s obtain
an estimite of the first moment which is unbia{aed-in’og and that the central

moments F_of order m>2 have estimates which are umbissed in 69 if and
only 1f n>m , proviaedo@ satisfies the following properties: 'F‘m existe

and is finite for all ais’tribﬁtions in o@ and o@ includes 81l distributions

, ' *
vwhich eseign probeblility one to a finite number of points. Halmos also finds

* _

- Let E'a b,p be the distribution which assigns probability p <to the
) el ’ .

point -2 end 1 ~p to the point > . One can easlily modify Halmos' argument

to show that the second condition on 0© can be replaced by: there exist two

different points a and b and asget T of at least m+ 1 dJQifferent

numbers in the closed interval from O to 1 such that o comtains Ea,0,p
(e T }.

*%
that under additional conditions symmetric unbiesed estimates are unique

. and have smaller varisnces than the unsymmetric ones.

*x It will be convenient to call a function on & k-dimensional Euclidean
gpace the unigue function satisfying,certaln properiy if any other fumction
on this space satisfying the property may differ from i1t only on = set of
k~dimensional Lebesgue measure zero.



He recognizes that his assumptions are too restrictive for most
applications and mentions in particular the case where o@ is the cless of

all normal distributions. The present paper addresses ltself o that cese.

2. Statement of results

it @ is the cless of all nondegenerate univariate normal distributions,
then, on the basis of a semple of size n(> 1) en estimate of the first moment
which 3g unbiased mrog exists (and is unique when n = 1); and & central
moment of order 2r > 2 has estiina'bes which are unbiased over E) if and only

if n>2,and i3 a unigque symmetric unbiased estimate when n = 2 but not

if n>2 .
Specifically, this means the following:

Iet %, ..., z, be a semple for & normel distribution with mean v

end varliance m2>0 « Let .'z'_nn'lr.zi, S‘?s}:‘.(zi-'é')2 « Recall that

the even central moments -F-Qr equal o= 27T (2r)!/r! &nd the odd ones vanish.

(a) If n=1, z =z, 1s the unique unblased estimate of v , and

1

no unbiased estimate of F

oy exists for r = 1,2, ... .

(v) I£ n>2,

{(n-l)-l (251 ( )ar

{—{n-l) + r- l

is an urbiased estimate of Fm_ (r=1,2, ...); and is the unique symmetric

unblaged estimate if n =2 , but not if n>2 .
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In the next two sections we prove the parts of (m) and (b) which

are not immediastely obvious.

It now follows from [ 4 ] +that, if n>2, z and %

or are the

unique unbissed estimetes of v and F

py depending only en the sufficient

statistic (z, 82) and have the smallest varience among all unbissed estimates.

Note that z end ST are symmetric functions of the observations. The usual

symmetrie estimate f'! for F.

or op ? which is unbissed for all distribution

functions for which F.

op exists, is defined only when n > 2r . Tt cannot

be specified in & convenient general fersmia. When r =1 1t coincides
with ?2, vhen r =2 it equals [1, 27.6]:

- 3T - -

y o= B LR oans) 2(ey - Y - 3(20) ' (a2 )
Being symmetric, _f'f»zr is uniq_ué apong symmetric estimates which are unbiased

in the class of sll distribution witd finite F, by Helmos' results. But

2r

in the normal case our results imply that ?'ar has a smaller variance than

Efar for r>1.
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3. Nenexigtences .of' an unbiased estimate of F2r :l? a sample of 1 .

In this section we demote z, by z . If h(z) is en unbiased

1

estimate of Far then

fw h(z+v) - 221'} exp ( - % z° mna) dz

should vanish for all v and all ®w> 0 . This integral can be written as

an integral over the poéitive axis end then we can make the substitution
7 _

u=22 and obtain, setting ' = (2 coa)'l s that

1

.‘ of h( - u§+ v) + h(ué.%v) ~ 2 nr} u— exp (-u_mj) du -

o} =

is zero for ell v and all &' >0 . Thig being a Laplace trensform of u

times the expression in brackeits, it follows that

h(-z+-v)+h(z+v)-222r = 0

for all v and. almost all positive =z . That is, there is & set T on the
positive z axis such that the Lebesgus measure £ of the positive points z
not in T is zero and such that the sbave eqﬁé.}.ﬁiy holds on T for all
real v .

As we shall show below, there exist two points a and 5

Choosing v = a and 28 respectively gives for z = a

n(0) + h{2a) = 2aT B * h(a) + h(3a) = 22> s

PO§



so that,

h(0) + h(a) + h(2e) + h(3a) = ha™ .

Cheosing v = % a apnd 2 -]2-' & Trespectively gives for 2z = %‘- a

B(0) + h(a) = &=, n(za) + h(38) = 3 &= ,
so that

n(0) + h(a) + h(2a) + h(3a) = e .

Since & # 0, this is a contradiction.

To show that one can choose two points a and %— a in T, let

a' bein T and let 0<b<a' . Define the disjoint intervals Ii from
ia' to i(a'+ b) for i =1, 2, which have z(xi!r) = ib . Denote by

p, (I,7) the set of points x in I,T euch thet 1231 isin LT .

i
Since given any 17 > 0 there is e denumerable collection of open intervals

whoge union contalns the set Ii - I,7 of points in I

4 " but not in I, T

i3
and whose total length is less than 7 (see e.g., [5, 19.15]), there is

a seguence of intervals whose union contains I, -~ p (Ii'r) and whose total
) (see same refereﬂce) J
o

length is lese than Jjqn i~ , sof # pj(IiT) = jb . THow let

Ty = LIR(LT)s Ty o=2(T)

then, since the Ti are subsets of T with ﬂ(Ti) = ib , there exist & >.0

such that %1& is in T, for 1 =1 and 2, so that %a end & are in T .
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k. Unigueness of the unbimsed symmetric estimate of T, in & semple of 2 and

nonuniqueness in a lerger sample.

For n>2 (so that 82 is not identically zero) the sufficiency

of the statistic (%, 82) and the completeness of 1ts distribution imply

that T, i the unique unbiased estimate of its expectation ¥

2r o 8XONE

unbiased estimates depending on (z, S°) only [k]. Now if n = 2 , (= %)
determinesthe set {zl 9 za} of observations, but not their order. Therefore

f,. is also the unique wnbiased estimate of F,

o among unbiased estimates

which are symmetric in the observations.

Thet this is not se for n > 2r > 2 is shown by the wnblasedness

—t -
of the symmetric estimates f&r vhich differ from fo for all r>1,

since -far when defined contains the factor Z(zi-}.—;‘a’- (n-g¥+ 1)-1 {31 .

For 2<n< 2r one can always eembine expressions involving

Z‘.(zi - E)h and Sk‘ to get unbiased symmetric estimates of ¥, For

&' -
example, if n =3 1 % 68(31 - E)h = Fl} + Fg and, in the normal case,
gt has mean 8?2, go that I%E(zi-i)h- S%/B is a symmetrie

unbiased estimete of Fh different from 3 S !&/8 .



5. Remarks

One could similarly discuss unbiased estimation of other functions

over the elass of normsl distribuiions.

Frager [2] adapts Halmos! srgument to the case where 09 conteins
i FH
all distribution uniform over intervals, such ag is the case when o@

is the class of sbsolutely continuous distributions.

The writer 1ls much indebted to T. C. Koopmans and T. K. Srinivesan

for helpful suggestions.

This requirement can be weakened; in fact, it is elready a
weakened version of Freser's requirement.
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