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Stationary Utility_and Time Perspactive

by* |
Peter A. Diamond, Tjalling C. Koopmans and Richard B. Williamson

1. INTRODUCTION

In a previcus article one of the authors ** gtudied some implications'

*x ,
Tjalling C. Koopmans, “Stationary Ordinal Utility and Impatience,"
Econometriea, April, 1960, pp. 287-309.

of a set of postulates concerning s utility function that aépends on &
consumption program for an infinite future. While the postulates ‘themselves
appeared to be concerned only with properties more : immediate and elementary

than any questions of timing preference, it wgg found that the i:oatulatés
implied, at least in certain parts of “the program space » é. yreference for
advan_cing the tiwming of future satisfactions. This conclusion was gxpressed

by the concept of impatience. In its simplest form this concept w-ﬁs defined _
to mean that, if in eny given year t.he consumption of a i‘:und.‘.‘.e ‘'x of eomo&ities
is preferred over that of & bundle x', then the consumption In two successive

years of X, x*, in that order, is preferred to the consumpfion of x', x.

* During the academic year 1959-60 the work by Koopmans on this study
was supported by a grant from the Natlonal Seience Foundation to the Cowles Founda-
tion. During the summer of 1960 the work of Diamond and Koopmans, and during that
of 1962 the work of Koopians and Williamson was also carried out under Cowles
Foundation auspices, mostly under Contract Nonr 3055(01) with the Office of Naval
Research, During the academic year 1960-61 the work of Keopmans and Williamson
was supported by Harvard University, and Diamond partlcipated in discussions
during that year. _

We mre indebted to Herbert Scerf for highly valuasble comments that have

led us to the present proof of the "weak time perspective™ property.
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Subsequently we have found a deeper property of the utility function
in question, from which the 'previous result regarding impatience can be
derived, end extended to & larger part of the progrem epace. This property,

to be celled time perspective, conveys a quasi-cardinal character to & utility

function originally conceived only a&s ordinel. It is found that, among all

equivelent ordinel utility scales, there exists a subclass of quasi-cardinal

scales permitting a comperison of utility differences in the following manner.
et there be two consumption programs, (X,x',x", ...) and (¥,¥',5", .-:),
of which the first is preferred to the second. Now pést;pone each entire
program by one time unit, and insert a common consumption bundle 2z in the

gep 80 created in both progrems, to meke (z, %, %', ...) and ‘(z, s T'y see)s
respectively. Then, while ‘the postponed first program is still preferred to the
postponed second, the difference in the utilities of the two progrems has
become smq.ller. We have called utility scales with this property quasi-
cardinal because some pairs. of utility differences cen be ordered &s larger,
equal, or smaller, but no such differences can be compered numerically through

ratios in & unigque manner.

The term "time perspective” is derived from an enalogy with perspective
in space. As the timing of the differences between two programs is made to
recede into a more distant future, the utility difference between the programs

diminishes. To be precise, we call this property strong time perspective, as

distinet from & property of wesk time perspective, in which the utility

difference msy either remain the same or diminish. The proof of strong tlme
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perspactive found s far takes its point of departure from weak time
perépective, but requires lengthy reasoning beyond that, and also a slight
strengthening of Postulate 2., For these reasons, the present paper 1z limited
to weak time perspective only. However, the reasoniﬁg of the present paper
will suffice to show that, in any given quasi-cardinal scale, among all
program palrs subJected to & postponement as describved, equality of utllity
differences before and after pdstponement éan-pnly be in some sense an
exceptional cese, whereasg ghrinkage of the utiiity difference occurs in some

average sense indicated in Section 5 below.

The notation and numbéring of eqpétions, postulaﬁes, and theoreus
of_the previocus stud& will be cohtinued here,‘and the reading of the present
paper will be facilitated by prior reading of the previous study: Neverthe-
less, we Hill in Section 2 restaté thg'postulates, so that our statements will be
éomplete_in themselves,ﬁand also becausé we will introduce a strengthening
of'the first postulate. This strengthening is needed to correct an error in the

previous study.%®*

*x This error was kindly brought to our attention by Richard Leviten

of the Internmaticnal Businegs Machines Corporation.

In Bection 5 we shall summarize enough of the results of the prefious

study to be able to present, in Sgction_k, the main result of the present
Paper. Sections 5 and 6 discuss further impliceations of this result.

Technical aspects of the reasoning are placed in starred seciions

*
and by inspection of its diagrams.
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generally bearing the same number as the section to which they refer.

2. RESTATEMENT OF THE POSTUIATES

i

= = :
“.EIn thg fol;oy:!_.ng, l? ¥ (xl, X5 ...) = (xl, 2x) = (lxt-l’tx> s
t =2, 3, ves , denotes an infinite sequence of consumption vectors
X, = (xtl’ ees 3 xtn) relating to successive perieds t = 1, 2, +ee .

Intgx?pretations of the following :postulates have a.lrea.é:y been'giveﬁ ir; the
iarevious study. We shall enlarge somewhat on the interpretation of the
crucisl Postulate 4, Also, in Section 2%, we shall comment on the

strengthening of Postulate 1.

POSTULATE 1 (Existence and continuity)}. There exists & utility funetion

U(_lx) s w¥hich :l.? defined for all .x = (xl, X5 e+s} such that, for all +, X,

is a point of & bounded convex subset X of the n-dimensional commodity

space:, The function U(lx) has the continuity property that, 1f U is any

of the values agsumed by that function, and if U’ ‘and U" are numbers such

that U' < U< U , then there exists a positive number & such that the

L

utility: U(lx') of every program .x' having a distance d(lx', lx) < 5

from some program 1% with utility U(lx) = U satisfies U' S U(lx') S
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POSTUIATE 2 (Sensitivity) « There ex:.f.a_ﬁ ‘firstf-pgzjiod Qonsumption vectors

x5 %] anda program X from-the-second-period-on, such that

U(xl, 2x) > U(xi, 2::) ..

POSTULATE 3 (3a end 5‘0)' (rimited Noncomplementarity). For all

o 1 ]
X2 ¥p0 ¥ 0 g%

(3=) I_}(xl, ax) 2 u(x!, 2:c) implies U(xl, 2x') 2 U(xi, 2:«r:‘) ,
(Bb) U(xl’ ax) g U(le ax') mlie_s U(xi"zx) g H(xij ax') A4

POSTUIATE 4 (Stationarity). For some x, and all XX’ ,

U(xl, 2x) 2 U(xl, ox') if and only if U(ax) > U(Ex') .

Postulaste 4 says that the ordering of a subset of programs that
_dl.iffgr only from the second period on is the same as that of eorresponding
programs obtained by advancing the timing of every future qonsumption vector
by one. period. This do_es not imply that, after one period hes elapsed, the
ordering then applicable to the ‘.'then__‘.' future will necessarily be the same
as that now spplicable to the "-pi‘eéént" future. All postulates gre c;onceméd
with only one ordering, that guiding decisions taken in the present. Any

gquestion of change or constancy of ;pre'ferenees as the time of choice changes
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is therefore extraneous to the pregen'b study. Postulates 4 and 3b taken
together express merely an lnvarisnce of the present ordering under post-
ponement of entire progrems, provided gape created by such postponement

are filled in the same way for £ll programs compeared.

POSTULATE 5 (Extreme Programs). There exist .x , .X such that

1~ 1

| U(lx) < U(lx) < U( ) for 811 .,x .
+* .
2. The norm, or concept of distance hetween m. Prograns, wed in

Postulate 1, is defined by

O a0 = oewlpoxl kpexl s omm el

The only difference between the previous and pres.ent versions of Pestulate 1

is that the a?t X of all poéihle lom-periodlconmmption vggtors x is now
required to be convex end bounded. This meens (convexity) that sny weighted
average 6x + (I-8)x* , 0<O < 1 of two feasible one-period conswmmption
vectors x, x! 18 as&tn a feasible consumption vector, and (boundedness)

that there are a lower® and an upper bound to the possible rates of eénéxmptien
of any commodity.

*

While zerc les & neturel lower bound to all conswsption proper, one
mey wish to treat labor of various kinds as negative consumption. In that
case the lower bound for each type of lsbor expresses, in absolute value,
the maximal amount of that lebor that can be rendered.
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3. SUMMARY OF PREVIOUS RESULILS

Postulates 1, 2, 3, 4 have been shown to imply that the aggregate

ubildity function U( lx) satisfies a recurrent relation

(11) U(yx) =V (u(xl) ’ U(g)) .

Subject to supplementation on one open point discussed in Section 3* below,

the sggregstor function V(u, U) bas also been shown to be continuous and
increasing in its two arguﬁenta u,U . For the second ergument U , (11)

specifies the aggregate utility U( E__,x) of that part _X of the given program

2

1
immediately). For the first argument u , (11) specifies the value assumed by

x that sterts with the secopd period (evaluated as if it were to start

an immediste, or one-period, utility function wu(x) for the consumption
vector x = x; of the first period in the given progrem. The function u(x)

is defined and continuous on the set X of all feasible consumption vectors.

By using also Postulate 5, it has been shown further that, by two
independently chosen, continuous a.mi- increasing, transformations of the variables
U, u, respectively, one can make the range of variation of each of the functions
U(lx) and u(x) coincid.e with the closed unit interval {0, 1],

(12) 0 = U(;x)' g U(;x) € U(;x) = 1. for all progrems 1

(13) 0 = u(x) < ux) < ulX) = 1 for ell vectors x ,



and therefore have

(%) v(0, 0) = 0, v(1, 1) = 1.,

~ The key property of the function V(u, U) proved and used in the
previous study concerns a result of 1ts repeated application. We use again

the notation

Vo (05 O %V, Vg, eees Viu, ©) o0))

where the u, = u(xt) are the immediate utility levels assoeiated with the

successive vectors x, of & program

+ 1% . The equation

(26) v_‘,(lu,r; v = U

then expresses the condition that the postponement of & program of utility
U by 1 periods 1s juet compensated for by thekinsertion, in the =« périods
80 vaeated of eonsumption vectors Kys sesy xT wlth a sequence of one-period

utility levels

( ,'EJ., .oo,u): =u( ), t=l, Peey T .
Obviously the utility

of the program indefinitely repeating the consumption pattern 1%, meets this



-9 =

condition. I% has been shown thai, given the utility pattern 11.1".r

associated with & consumption pattern 1% 9 there exists one and only one value
28 U =
F '.) w‘!‘ (lu"t‘)

of U that satisfies the condition (26). The correspondence function .

W-r (1uT) is continuous and inereasing in each of ite arguments U., ..., u.r s

ﬂ We are now able to state the key property (29) of V.t ( 18, U) derived in the

previous study (and illustrated in Figure 6 of that study for the case ¢ = 2):

(29) If UE} L (luT) then Uiﬁ} v, (lu.r; U) g} LA (luT) .

This indicates that repeated application of the function V_ (l.u-r; ) +to
any initiel - value U brings about a monotonie approach to W, (lu*r) :
It has been shown in (32) that W, (qu.) is also the limit for infinitely
repeaﬁéd application, regardless of the initlel value U used.

It will be useful to compare the already proved property (29) with the
yet to be proved time perapective property described in Section 1. We can now state

the latter as follows: There exists a continuous increasing transformation of the
utility scale, as a result of whir._:h,

ir ¥ > Uy, V-r (lu-r’ u) = v, VT (lu-r’ U')“ =U"" , 121, then

(49) (49a) weak time perspective, U"' -U" S U' - U,

(49b) strong time perspective, U*' - U" < U' - U .
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Note that the strict inequalities in (29) represent special casee of (49b)

-

u thetmake U" =V, or U"! = ,
17t

respectively. These are the only cases of (h9)-imrolving cox;zparisons of

obtained by those choices of

utility levels rather than of utility diffei-enéeg. Thus (29) states the ordinal
special cases contained in (L49b), which are independent of continuous increasing
trensformations of the scale. in contrast, neither (49a) nor (LOb) can be true
for all equivalent ordinsl sceles. The main aim of the present study is to show
that the ordinal comparisons in (49b) already known through (29) are sufficient,
given the continuity and monotonicits; of V (u, U), to prove‘thé existence of .
one or ﬁore scales for which the quesi-cardinal ca;nmarisons in (49a) are also valtd.

*

3% The real-velued function U( lx) is defined on the cartesian product

1X of an infinite sequence of identical sets X assumed to be convex and bounded.
In sddition U is continuous on ,X 1in the topology defined by (6). We mow

.

show that 1X 18 cornected in that topology. Iet ,x and ,x* be points of 5

Because X 18 convex, the segments defined by x () = ex, + (1-8)x! ,

O_<_. 6<1, ldein X for each t . Because X 18 bounded the functions Xg

are equicontinuous. It follows that the function lx"(e) from [0,1] to 4X '

is continuous in the topology of (6), Bo X is (are-wise) connected. It follows,

1x in

by the continuity of U( lx) s that the values assumed by U( lx) for all
X fill an interval, which by Postulate 2 is nondegenerate. By Postulate 5,

1t is the closed interval [U( 135)’- U(lf)] , Which cen by an appropriaste continuous
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increasing transformation be made to be the unit interval T ¥ [0, 1] .

This proves (12) and (14). In particular, one can take l§"= (x, %, X, «4s)

and li- = (E’ E’ ;, t"o) ]

Finally, by (11), for any given Xy the values of the fUnction

U(xl, 2x) for all ,x.€ X again fill the interval I:V(u(xl), o), V(u(xl), l)] .

Since V(u, U) has previously been proved to be increasing in U for all u,
it folloﬁs that V(u, U) is continuous in U . This point, not covered by the
previous study, makes availeble all other conclusions of that study on the

basis of the strengthened Peostulate 1.

k., PROOF OF THE WEAK TIME PERSPECTIVE PROPERTY

It will be useful to ghift the discussion from points U on the
utility ecale to (closed nondegenerate) intervals, for which we shall use

the interchengesble notations

<
.

L1}

(50) g = [u, U] E{U'g £ v § ﬁ} , where U<

In particular, the unit intervel will be denoted

[}

(51) = [o, 1]

The shift to intervals has the advantage that the set inclusion



symbol _) can be used to represent inequalities occurring freguently in the

reasoning:

(52) TDT stands for y § y' <O £ T.

Because V{u, U) 1is continuous and increasing in U, insertion in V
df all the "points U of an interval _'Ti gives another intervel, which we

denote by

(53) V(u, _ﬁ_) 2 [V(u, E) s V(u, EJ*
o - T nite

This operation can he itera.ted for a/sequence .u_ of velues of u , expressing

1t
the effect of postponmement of all programs with utilities in the interval 'ﬁ

by T pericds, with insertion of a common consumption sequence with one-periocd

utllities 1111: in the gap created. For further simplification-of notai:ion;

we shall use V as an operator symbol to ‘d.enote' any operation of thisg kind:

’ 7 = I I . 7 >
(54) U =V U stends for U' =7V _(ju; p_) for some T<= 1 and u_ .

.We shell now 3ist theose properti_es of the class ?}'of all these

"postponement” operations that enter into the proof of weak time perspective.
(a) Successive application of two operatiens V, V' of v"yields
another operation V"' = V' V of -bq' (i.e., Dt‘is a semi-group)

This property follows directly from the definition (54) of the generic

operation V . For, if U'=VU, and U" =V :_U'_}, then obviously
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7 = e . T = 1 . T
(55? T = Vo (e Vo (g E) = Vorgr (g0 129 U

We have & semi-group rather than a group {in which each operation can be
undone by an inverse operation) because the future has a beéizming but no
end. Hence the postponement of a program, while creating & ga._p. to be
filled, does not lead to any disappearance of consumptlon vectors. In
contrast, & program cannot be ad._vﬁnce& without suppressing one or more

consumpbtion vectors.

(») As applied to points, each V in mis a eo:;finuous increasing
transformation from the unit interval I omto & ‘subinterval

V I ‘therectf.
This property follows from the contﬁ.nuity and increasing character of
v(u, U) with respect to WU.
(¢) If U, U' are any given points with U' # O or 1,
then there exists an operation V inv’such that - VU =1UT' .,

(a) As appliéd to intervals, no V tran's.forms any interval E

into an interval U' containing U :
(56) 1f = vI then U'PT

*
Properties (¢) and (d) will be proved in Section 4 below.

It may be empahsized again that all the properties (a), (v), (e), (4)

are ordinal. In particular, the translation (56) of the key prbpertﬁr (29)
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into “interval language" uses only the ordinal concept of one interval being

contained in another.

It will be clear that, if (56) were violated by any operstion V and
interval U , then at least the strong time perspective condition (49b) could
not be satisfied. For, if any V U were to contein U , then there could be
no scale in which V U is shorter than U . It is somewhat less obvious that
s converse statement is also true: +that if (56) holds throughout, then at least
a scale with the weak time perspective property‘(hQa) can be constructed,
According to a mathematical theorem, to be publiéhed‘elsewhere by two of the

present authors,” the conditions (a), (b), (c), (d) above suffice for the

* : -
Tjalling C. Koopmans &nd Richard E. Williamson, Cowles Foundation
Discussion Paper No. 143, "On the Existence of a Subinvariant Measure,”
July 31, 1962. '

existence of at least one, and possibly infinitely many, such scales. A few

further remarks on the nature of the proof are given in Section h* below.

So far, we have not been able to make sure that scales with the time
perspective property exist that have a finite range. That is, if utility levels
in the new scale are denoted'by asterisks, the utility levels assocliated with

the worst and best programs 1% and 1% s respectively, way have to be

assigned the wlues

(57) v(®) = -, (R =+ =.

4*, Thus far we have allowed independent transformations of the
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arguments u, U of V(uw, U) . It will now be convenient, rather than neces-
sary, to apply the transformation (23) of the previous study to the one-period

utility scale, s0 as to make, in sccordance with (1h),

(58) W(u) Ewl(u) =u, 80 V(U, U)=U, forall u, Vel -
These relations will be conserved if from here on we apply any required
transformations simultanecusly to u and U . |

To prove property (c¢) we note that, if U< U' <1, the sequence
defined by |

U, = v(y, ©v) , Ui = v(1, Ut) s T =1, 25 ves

is, by (29) and (58),an increasing sequerife, of which the limit is 1 by (58) ,

(32). Hence there isa 1 such that U . S U'<U_, anda u such
T=1 T

that U' S£u<l and

v, (0y 1y ooy 13 U) = V(u, UT_l) =y,

because V(u, U) is continuous and increasing in u . The proof is similar

for U>U'>0., Incase U=U', clearly U' = V(U, U) by (58).

I=1

E)

To prove (d), we shall show that the assumption that U =V UD

and hence

<
1A
I
A
cil
A
al
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contradicts (29). If we should have U' = U, & ocontradiction with (29)

would already have occurred. But if

then by (58) and the fact that V(u, U) increases with u , at least one

of the elements w_, t =1, ..., T in ,u  must satisfy

(59? u < U.
We arrange the u, for which (39) holds in order of increasing” t , and

increase each of these in succession continuously from the given value up to
. .
U until, by the continuity and inereasing property of V(u, U) with regard to

both of its variables, we have reached a sequence 1% such that

L RN

L = o= ' 3 U 5 U o U

again contradicting (29). Such a sequence U is bound to be reached because,

1

T

if we continue the increases in the u_ satisfylng (59) until all of them have
.

u

been raised to U , we will obtein & sequence . "

such that, using (58),

u: z F_ » t = 1, seey T » hence VT(l'll':r H H) g g .
The construction of a scale with the weak time perspective property,

given in the reference, is analogoué to, but not identical with, the

construction of Haar measure [Banach, 1937, or Helmos, 1950, Ch. XI]. It

starte from e "counting
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function® T : T of two intervals, U, T, which, while using only ordinal
conlcepts s roughly measures ﬁ as a multiple of i » If we call any interval
VT for Ve V¥ & descendant of T , the counting function is defined as
the minimum number of descendents of T required to cover U . To derive a
continuous measure from this function, one needs to form the ratio

of the count of U to that of a standard interval § , before one can shrink the
interval i down to an arbltrarily chosen point. One wishes to make that
1imit transition in such a way &s to obtain an additive interval function,

that is, a function » (ﬁ) satisfying

1f T = U then AMBUT) = A@ +2@) .

* ,
This can be achieved by using a generslized limit [Banach, 1932, II, § 3]

A(B) = _1im ég)/@@) .
- 'I.'*-_‘_'.'f_f_‘io, * . “

TzT, 22

The resulting function is found to be positive and finite if § end

=]

)
are nondegenerate intervels in the interior I of I . One elso hes

_Lima@ = 0 .
UT—U

_ *In the reference, instead of a cbnstruction ua_ing Banach's generalized
limit, sn existence proof along the lines of Halmos' discussion of Haar
measure is given. ' : .
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Finally, due to the properties of the counting function used in the

congtruction of A , one obtains

» (VD) Sa(d)

’ 2]
for a1l Ve JJandann T € I . It follows that the continuous
increasing tr‘qnsformation
1 1
¢ + Mz Ul) if u>3
v=0o(u) EC ir U=3
1 1
¢ - Mly, -,51) 1f v<yg

defines a utility scale satisfying (49a), provided the eggregator function
V (u, U) 18 likewiee transformed by

V(T = 0 @6'_1(11*)_, Q‘lw*))) .

The construction is by no means unigue (even apart from the choice of .C ) .

From simple exsaples such as V (u,U) = 525 (u+ U) it is essily seen that

in genersal no unique seale with e€ither the wesk or the strong time

perspective property exisis.
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5. WEAX VERSUS STRONG TIME PERSPECTIVE

| An elementary consideration suffiges to show that any scale with the
wéa.k time perspective property mmst in esome aﬁrerage sense exhibit strong _
time perspective. Consider the effect éf postponement of the best and worst
programs by one period, In terms of the original scale where (12), (13),

(14) hold, this effect is subject to the inegualities

(60) 1f e{é}u{:} 1 then G{E}'V'(u,@) <:’V'(u,1){§} 1,

because of (58) and the monotonicity of V(u,U) . Being ordinal, (60) goes

over into any new scale
w = o(u) , v =0 (V),

constructed to have the weak time perspective property, provided 0 and 1
are replaced by 0% = &(0) , 1* = 9(1) , respectively. If, contrary
to (57), ©* and 1* are finite, then cbviously for all u*

(61) Vit -Vihe) o,
: 1 - 0

Since for any partition 0" =U; < U} <...< Uf = 1 or [0%, 1]

the left hand member in (61) is a suitebly weighted average of the corresponding

ratiocs
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V*(u*,ﬂ*

* 1) - VR
¥*
U:+l -9

for all intervals of the partition, the latter ratios average out at lems

than ], whereas none exceeds 1 . TIf, on the other hand, one or both of

o* s 1* are infinite ; one can for any finite u* construct a similar

-
ergument in which 0" , 1* ere repleced by any w* , u such that
uw < a < T end ut < @ .

We intend to return in & later paper to the problem of constructing
&8 scale exhibiting strong time perspective throughout.

6. TIME PERSPECTIVE ARD IMPATIENCE

The time perspective property (49a) or (4Sb), whichever spplicsble,
directly implies two extensions of the results of the previcus atud& with
regard to impatience, Omitting assterisks; assume that the sggregator
function"v'(n,t!) satisfies (E9a), and that the scales of u and U bhave
been mede comparsble by the transformstions (23) lesding to {58). ILet there
be two consumption vectors x' , x" with immedlate utilities u' , u"

such that

(62) u" o= u(x") < u(x') = ut-.



Consider two progrems X' = (x*, x", 3x) and x" = (x", x', 3x)

of which the common continuation 3‘x from period 3 on is such that,
(63) w' < U = U(jx) < u!

Then, by (58) end the monotonicity of V (w,u),

(6l) v =2 VL) <v<V(w,u) = U,

end by (49a), with =1,

'\/(u_-',U) " V(u' ,U")

A
o
[ ]
<
=

(65)
V(o) =Y (etu) S U -v

By adding the inequalities (65) and using the definitionel equalities

in (64), we obtain
(66) -v.(u': V(u";U)) i’-V-(ﬂ“,-V-(u',U) )

the inequality defining Wweak impatience for the program .x' . If (h9b)

hed been available, we would have concluded to strong impatience, with the

| .
> sign in (66), defined simply ss "impatience® in Definition 1 of the

previous study.



In the previous study strong impatience was estsblished for U in
. the "central' interval

(67) "uroE W (u",u') Su < Wo(u',w') = "

or in either of the "lmberal" intervals

= 3

(69) g Sv S, uw v svu

vhere U and v were defined in (k2) [where they were denoted U and v,
respectivelyl., The preséntly established interval of wesk impsilence contains
the "central” interval and is sdjecent to both "lateral” intervels, thus
closing tiae geps as 1nd1§ate& in Figwré 10.

Y
1:U
L
- u,' _____________________
\U“-———----_-_.._.B N
4 Q[UU'---""""’_""""‘"-“- _____ |
Cuaved
] : e ’\rLMJU_)‘:-
- W=~ Cowsfok
a
O | : —> (L
@) L ! 2

Figure 10. Zones (a) of sirong impatience previously found and
zone (b) of weak impetience added in the present study.
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The second. extension of previously announced results a.rises from
the obgervation that, in all previous and ‘present proofs of impatience
relations, the symbols u" ;, u' can without any change in the proof be re-

interpreted as finite sequences, 1u1n s 1u <t of one-period utility leve,us.

In that case the symbols u" , u' where occurring as scalars rather than

as arguménts of vV muet be repleced by W‘fi.g,(lu“m,,) and WT,(ln'-;,) s

respectively, and expressions such as V (u', U) mmst be read as iterated

functions V-r’(lu"l:'; U) . The proof of (66) thus comes to rest on (49a)

for srbitrary values of t . Careful resding of Section 13" of the

previous study will show that 1ts results &re subject to the saﬁe generalizing
reinterpretations. The redefinition of the end potnts U, U, of the
entire interval of proved weak 61' stréng imaﬁiencé when u' end u® are
sequences is given below.

It fellows {hat impetience; weak or gtrong &8 the'cése may be, is
aleo feum, in corresponding zones, for the interchange of finite sequences
of consumption vectors not necessarily equal. in length. The guestion which
i8 the "better” seguence is settl;d by compsrisen of programs in which the

finite sequence in guestion is repeated infinitely often.

g The definitions of U, U, referred to are

neh

= max { 0, solution of -V—'r'(lu'-r"g) = Wr"(.lutfr") }

(69)

g

= min { 1, solution of VT,(lu"T.,,B) = w':'(lu‘-r') }
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