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New Concepts and Techniques for Equilibrium Analysisl

by

Gerard Debreu

1., Introduction

In the study of the existence of an equilibrium for & private owner-
ship economy, one meets with the basic mathematical difficulty that the
demend corregpondence of s consumer may not be upper semicontinuous when
his wealth equals the minimum competible with his consumption Set.2 One
can prevent this minimum-wealth situation from ever arising by suitable
assumptions on the economy; for example, in K. J. Arrow - G. Debreu [l],
Theoren i, it is postulated that free disposal prevails and that every
consumer can dispose of & positive quantity of every commodity from his
resources and still have a possible consumption. However, essumptions of
this type have not been reedily accepted on account of their strength, and
this in spite of th~ simplicity that they give to the analysis. Thus A. Wald

[11], section II, K. J. Arrow - G. Debreu [1], Theorem IT or II' ,

lThe research on which this paper reports wes done partly at the
Center for Advanced Study in the Behavioral Sciencesg and partly at the Cowles
Foundation at Yale University under Task NR OL7-006 with the Office of Naval
Research.

I wish to acknowledge my debt to W. Isard for the stimulation I derived
from the conversations I had with him on the possibility of weekening certain
of the essumptions of W. Isard - D. J. Ostroff [5], to K. J. Arrow, D. Gale,
L. Hurwicz, S. Kakutenl, L. W. McKenzie and R. S. Phillips for their valuable
comments and suggestions.

2Throughou.t this artlcle I sheall follow the notation and the
terminology of {3].
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L. W. McKenzie [7], [8], [9], D. Gale [%4], H. Nikeido [10]}, and W. Isard -
D. J. Ostroff [5) permit the minimum-wealth situation to arise but introduce
features of the{economw that nevertheless Insure the existence of an
equilibrium. The first purpose of the present article is to attempt to
unify these varlous approasches. To this end, we use, for each consumer,

& smoothed demand correspondence which coincides with the demand corres-
pondence whenever the minimm-wesalth situation does not arise and which is

3

everywhere upper semlcontinuocus. The existence proof is then carried out
as before, but, because of the alteration of the demand correspondencés,

- one obtains, instead of an equilibrium, & quesi-equilibrium, a formal definition

of which follows.h

3Simila:r smoothing operations have already been used In this ares by
He. W. Kuhn [6) and H. Nikaido [10].

N . *  * * T *
That definition is easilv ~zen to imply p. X, =P + b 913 P yj
J

i
¥ e % *  *
for every 1 . From (&), D. X, =Pew +I 913 Pe ¥y for every 1 . If
J
the strict inequellty occurred for some consumer, then, summing over i and
using the fact that I eij =1 for every J , one would obtain
i
»*

* ' * +* ¥*
P+ 2% <p.w+Dp. L Vg, @ contradiction of (y) .
i J
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A quasieequilibrium of the private ownership economy 5 = <(Xi s

2

L,
:)

(YJ) s (osi), (eij)) isan (m +n + 1) - tuple ((x:)’ (y:), p*) of points

of ((Xi)’ (Y,j)’ Rz) respectively such that

()

(B)
(7)

(8)

for every 1 ,
for A- and/or
— i

for every § ,

Z‘.x* Zy*
i 4 g9

X, 1s & greatest element of €X, [pex, < D B, ey
5 greatest element o {xi ip°xi=P'wi+JiJP'yJ

* * o * * Mi *
p.xi -p.wi +§ijp'yj = np.}(i H

p' y'j = J
e

*
P £ 0 .

There remains only to establish that, in the private ownership economies for

which an equilibrium has been proved to exist, there is a quasi-equilibrium which

is an equilibrium.

We will show in section 4 how this can be done.

The second purpose of this article is to deal with the fact, discovered

by L.W. McKenzie [8], [9], that the irreversibility assumption on the total

production set (YO (<Y) ¢ {0)) is superfluous by means of new techniques.
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Instead of bounding the economy by a well-chosen cube, one uses an increasing
sequence of cubes becoming indefinitely largé. To each economy in this
sequence one seeks to apply the general market equilibrium theorem of [2].
But the asymptotic cone AY of the total production set mey be & linear
menifold. This difficulty is resolved by adding to Y a certain cone - A
with vertex 0 which has the properties that AY - A is not a linear
menifold and that the solution of the problem is not altered by this

addition.

Thirdly it will be proved that it suffices to assume, for every i ,

the insatigbility of the ith consumer in his attainable consumption set )Ei .
This fact appeared as & simple remsrk in K. J. Arrow - G. Debreu [1]. But,
in the presence of all the weakened assumptions that we are listing, its
proof is no longer immediate. We shall further exploit the concept of
5

attainebllity for consumption sets to strengthen the theorem in another way.

5Acco;'ding to the assumptions of the theorem, every ﬁi is compact (see
the beginning of (b) in section 3, and the discussion in 5.4 of [3]). Thus if
the economy has ettelnable states, 1.e., if X,
greatest element X, for 'k Assumption ('b.l) then implies that

} —— le)
{xi € Xi ] ¥4 xjj s Which is egual to {xi € Xi [ xiq J{i} y 1s not empty.

> X. for every i, then = (xi-mi) # 0 . Equality
1 .

! A~
is ndt empty, Xi has a

Moreover, if x

i1 i
to 0, which belongs to Y , would mean that every X, is attalnable.
Therefore D 1s non-degenerate to (0} . .

Finally, by (b.3), the set X, € X, | xi% ii } - {mi] is convex for
every 1 . Hence, the sum over i of these sets is convex. And D , which
is the smallest cone with vertex O containing that sum, is also convex.
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let D be the smallest cone with vertex O owning all the points of the

”~

form Z‘.(xi - wi) , where xi-i X; for every i1 . By adding -D in
1 . S

(c.2) below we obtain a notably weaker assumption. Let us elso note the
connection between this problem and that discussed at the end of the last

baragreph: one can choose for A any closed, convex cone with vertex 0 ,

non-degenerate to {0} , conteined in D and satisfying (c.2) when it

is substituted for D .

Fourthly after having exploited the concept of attainability for
consumption sets, we exploit 1t for the total production set.6 The basic

concept is presented in the following definition:

An asugmented tofal production set is a subset Y of the

commodity space containing Y and such that

(W} +¥) n X = (W+¥)nx,

i.e., such that ¥ and Y give rise to the same sttainsble consumptions.
The set ¥ takes the place of the set Y in assumption (c.2) below. Here
again there results a strengthening of the theorem, which is considerable

for some economies.

ébhat & strengthening of the theorem in this dlirection should be
possible was suggested to me by K. J. Arrow and L. W. McKenzie.
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Our fifth puwrpose will be to show that the wesk-convexity assumption

on preferences « for every xi in Xi s the set {%i € Xi | X, f- x{}

is convex > suffices to establish the theorem. This can be done without
great difficulty once the proper concept, namely the restricted demand

corregpondence ¢i of lemma 1 , has been introduced.

Finally two trivisl improvements will be made. The lower boundedness
of the consumption sets and the impossibility of free production will be
replaced respectively by AX n (- AX) = {0} and AX N AY = (0}.

This will have the advantage of ylelding & coordinate-free theory.

In conclusion we shall prove the

T The private ownership economy é: has & guasi-equilibrium if

Theorem:

(ael) AX n (-AX) = {0} ;

for every i (a.2) Xi is closed and convex,

A

(b.l) for every consumption Xy in Xi » there is a

consumption in X preferred to X, 5

— i

} .
T - ]
(v.2) for evgzx x{ in Xi s Lthe sets {%i € Xi | xi i xi

L 4
d {%i € X, | X; 7 %[ ere closed in X, ,

. x v\
In fact, as it will be proved, di has a quasi-equilibrium (xi), (yj), P,}

*
such that p. Z ¥

* * ad
= Max P (Y - D) .
3 -



(b.3)

(c.1)

(c.2)

for every j (d.1)

(4.2)

for every xi in Xi s the set

18 convex ;

(wl+Y)n X ¢ @,

there is a closed, convex augmented total production set

i_ such that,

for every i , ([ah} +AY -D)g, Xy #0;

AX nAY = {0} .

Assumption (c.2) is now too weak to insure that(fi has attainable

states. It was, therefore, necessary to add (c.l).

With the exception of (c.2) every assumption is so simple as not to

require comments. Let us- stress, however, that the case of bounded

consunption sets and/or bounded production sets (and in particular the pure

exchange case where Y = {0}) is covered by the theorem. As for (c.2),

its complexity has seemed justified by the gein in generality that‘it

permits.



2, Lemmatsa

In this section all the assumptions of the theorem hold. Moreover X

is assumed toc be bounded.

th

Since Xi is compact, the demand correspondence gi of the 1

consumer is defined for every pair of a price system p and a wealth LA

such that w, ZMinyp . Xy, + The elements of £y (p, wi) are the consumptions

in yi(p, wi) = {%i € Xil P . X < wi} t0 which no consumption in 7i(p, wi)

is preferred. However, instead of letting the ith consumer choose any
consumption in gi (p, wi), we restrict his cholce to the most expensive

ones, i.e., to the set

cpi(P} Wi) = {x-i € gi(pJ wi) | P - xi = Max p . gi(PJ Wi)}

An essentlal property of ®y will be its upper semicontinuity,

therefore we steate

o o 0.0
Lemma l: If w, 2 Min PX, , then wi(p ,wi) is non-empty, convex. If

o o
Wy > Min p.Xi ;

then o, is upper semicontinuous &t (po,wg).

Proof'; The first implicatlion is immediate, let us therefore prove the

second. That ig, let us study two Infinite sequences

(pq,wg) - (po,wg) and x% - xg such that xg €9 (pq,w%) for every gq .

We must show that xi €9 (po,wg) .
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is upper semicontinucus

By (1) of 4.8 and (1) of 4.10 in [3], £,

at (po,wg) , hence xg €ty (po,wz) . Therefore it suffices to show that
0.0 ) < _0 0

X, € &y (p ,wi) = p. X, = P- X

i.e., p?x §w° and x ;x:g,p?x

i i i

Since p? xg' g wg' for every q , *two cases will be distinguished:

(1)  p° xz = wg . Then, obviously, p° x, < p° x: .
(11) p?xg <wz . Then, for q large enough, DS xg’:<wg .

Hence xg'f x; , for xg N (po,w;’). Consider now a point x! d&ifferent

i

o ) < .0 o

from x, on the segment [xi,xi]. As p.x, o W, and D5 x <w, o,
o o \* q :
one has bp. x4 < L and, for q large enough, D. xg < LA Moreover
x! % x° % X3 the first relation following from x, * x0 and (p.3).
11471 1 i? 14171
>~ a q q q q.4
r O 1 4

But X; T X with p x4 < wy and X7 € @ (p ,wi) implies
Pt x] S ¢ xg' . In the limit, p° x) < p° xz . Anmd, since x; is

exbitrarily close to Xy s also pc.’ X § p? xg s Qe+ E.D.

i
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To smooth the correspondence 9; we deflne the correspondence wi by:

if w, >Minp. X, , then ¥, (p, w;) = @ (2, ¥);

if w, = Minp.X , then ¥, (p,wi) ={xiexi |p.xi = wi}.

Lemma 2: If wg 2 Min p? Xi , then’ wi(po,wg) is non-empty, convex

and ¥, 1s upper semicontinuous at (po,wz).

Proof': If wg > Min p? Xi , this is only & restatement of Lemma 1.

If wz = Min p? Xi s the proof is immediate.

The success of the technique that consists in bounding the economy

by & sequence of cubes rests on the followlng simple remark.

Lemma 3: Lety 1 pe a non-decreasing infinite sequence of subsets of

the commodity space having 2 as thelr union. Let pq‘ be an infinite

* ' *
sequence of price systems tending to p . Then lim (Sup p% gq) ?-: Sup p . 9'2/ .
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Proof: Let y be a point in ? . For q large enough, ¥ ¢ yq_ ,

therefore pry S Swp p+ &q . In the limit, pf y S lim (Sup p3 zz/q)_

Hence the result.

The next four lemmats state fundamental propertles of the sets

Y and D . It will be convenient to agree that

B(Y) denotes the economy ((Xi’ ;—:{ ), Y, w ) .

x4

Lemma AY a b = {0} .
e —T
Proof': Let y b; & point in the intersection. Yy ¢ A ¥ and there

are an metuple (xi) ~such that x, > ii for every 1 , and a number

» >0 satisfying the equality y = A I (x:L - mi) . If A> o, we dlvide
o i .

by » and obtain xL =Zx -o. Thepoint i isalsoin AY,
- 1 '
which 18 contained in ¥ by (1) of 1.9 in [3]., Thus (xi) is attainable

for E(Y) , hence for E(Y) , a contradiction. Therefore A =0 .
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Temma 6: A Y - A is not a linear manifold.

Proof: Assume the contrary. A Y - A, which contains -~ A, would

also contaln A . Thus, given '61 in A different from O , there

wouldbe y in AY and &, in A such thet y - 8, =5, , L.e.,

2 1

y=58, +58

1 o * Since 81+5

b € A, +this implies, by Lemme L, that

5, + 8 =0 . Hence, by Lemma 5, &, = 0 =5 a contrediction of

1 2 1 2’

5 # 0.

Lemma 7: If the consumption X, is attainable for the economy

g (¥ -D), then x, > X
) RS N

N does not hold.

Proof': Consider an attainsble state of E (¥ - D). The sum of the

consumptions in that state satisfies I X, ~o=y - 5 where y e Y end
1

& e¢D . The last relation can also be written 8 = A Z (xi - a)i) with
1

A2 0 and x{ > X; for every 1 . Therefore
i

Tx, +AZx! = o {(1+AN)+y .
1 1 11
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Divide by l+).,puttinga=-i-_::‘:-}: andg:.f_% ,
] —
5 (ct X, + B xi) = O+ AY .
Since « Xy + B xi € Xi for every 1 and Q y e ?', the consumption

@ x, +Bx is attaineble for E(Y) , hence for E(Y) . If xiazixi R

' )
then o x, +B x; 2: X, , @ contradiction.

The last lemma concerns the spproximation process by means of which

the statement of feootnote T will be proved.

Lemms 8: Let C be & convex cone with vertex O in the commodity space.

There is a non-decreasing sequence (I') of closed, convex cones with

vertex O , contained in ¢ and whose union contains the relative interior

of C .

Proof': Since the problem can be itreated in the smallest lineer subspace
conteining C , there is no loss of generality in essuming that C has a

non-empty interior. We shall also assume that C is non-degenerate to (0] ;



in that case the theorem 1s trivially true. Dencte by Iz] the norm of

the vector z , by S the set of vectors with unit norm, {%eRﬂ ] ]z[ = %} s

and, given z in r? and a positive real number r , by s(z.r) the set

: 3
of points whose distance to 2 is less than r {%‘ € Rﬂ ] ]z'~z| <r-.,
J

Consider the set {} e 8 | s(z,%) c C}-, which is not empty for q large

enough. We will show that Pq s the smallest cone with vertex O containing

that set, has zll the required properties.

1% igs closed. To prove this, it suffices to study an Infinite sequence

(zk) of points of r¢ s tending to 2" . We wish to show that C contains

s(z2°, f—l') . Let z be a point of the latter set. One has [z - z2°] < TJi_

Hence, for k large enough, iz - zkl < %w‘ . Therefore =z belongs to

s(zk, %) , which is contained in C .

Pq is convex. To prove this, it suffices Lo study two points zl 5 z2

: . \ o] 1 2 .
in Pq'ga S and one of their convex combinabticns 2 = & zl + agz different

o

from O . We wish to show that C countains 5(7557 s % ). Let z bea
01 2

o

point of the latter set. One has |z = “m | <

Y fiowever [2°] 1

K2 ]

1 .
by convexity of the norm. Hemce | |2°lz - 27| < 5 - Therefore, the

2

points 2+ (Izolz - 2% and 2+ (fzoi z - 2°) both belong to C
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Thus, their convex combination with coefficients a} P a? » Which is

Izo|z ;, @&lso belongs to C ., Hence 2z does.

1
It is clear that q' > g implies rt o pd s that the rd are

contained in C , and that thelr union containg the interior of (¢ .

3. Proof of the Theorem.

The proof will be decomposed into two parts. Initially the total
consumption set will be assumed %o be bounded. Later the general case will

be treated.

Let us remark at the outset that, according to (¢.2), and because D

is non-degenerate (see footnote 5), there is in D , for each 1 , a closed

half«line L

with origin 0 such that [m&} +AY - L; intersects X

i i

(a) Case of a bounded X .

The cone A , which will remain fixed untll the end of (a), is
chosen to be & closed, convex cone with vertex 0 , containing the m

half-lines Li and contained in D . Such 2 choice is possible because

D 1is convex (see footnote 5). Clearly, A is non-degenerate and satisfies

{e.2) when one substitutes it for D .

Let now K% be an inecreasing sequence of cloged cubes with center O ,
becoming indefinitely large. ZRemembering that n is the number of

producers, we initroduce the notation:
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Yél = anKq, ¢ = (¥ -2 n (nkY) .

Glven an arbitrary price system p , the supremum of profit on Yg is finite
(Yz.l 1s bounded), and the meximum of profit on Y* exists (Y% is compact

since Y - A 1is closed by lemma L4). We introduce the further notation:

Iig‘(p) = Sup P-Yg' , IHp) = Max p.¥ , a¥Yp) = 1Yp) - ;H%(P) .
- . . J B

As T Yg' c Y%, ve have
J

al(p) 20 for every p .

Finally, we denote the set of y that meximize profit on yd by

nq(p) - {y eyt |py = Hq(p)} :

It follows immediately from (3) of 3.5 in [3] that the correspondence
nq_ is upper semicontinucus everywhere, and that the functions 11'3: s md B
hence the functions a2 s &re continuous everywhere.

We give to the ith consumer the weglth

q - ! L 44

m being the mumber of consumers. Notice that

(1) for every p , wg(p) zp.coi and E'.Wg(P) = p.o + I¥p) .
. ‘ i
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The first assertion follows from Hg(p) > 0 (since O e Yg) and dq(p) > 0.

The second follows from Z eij = 1 Tfor every J and from the definition
i

of 41 . nNotice also that wg is clearly continuous everywhere.

The price system p will now be restricted to the seti
P = (AY

where (A Y - A)o is the polar of AY -A and § is the set of vectors

with unit norm. Every Xx

s in ([cbi} +AY -A) A X, satisfies

BA

P. X,

1 P, for every p in P . Hence wg(P) i Min P'Xi for every

p in P . Therefore the correspondence gq such that
tHr) =z (e, vie) ) - a¥e) - ()
1

is defined everywhere on P .  According to lemmas 2, and on account of the
continuity of wg and of the upper semicontinuity of nq , The correspondence
;q is upper semicontinuous on P ; moreover, for every p in P , the set

gq(p) 1s eesily seen to be non-empty, convex and to satisfy p.gq(p) S o

(since any x, in wi(p, w%(p) } satisfies PeX, < w%(p), any v in

1

n3(p) satisfies p.y = (p), end = wg(p) = p. + I3p) ); finally,
i

by lemmata 4% eand 6 , AY - A is a closed, convex cone with vertex O ,

which is not a linear manifold. Thus the theorem of [2] can be applied to

the cone (A.? - A)O and the correspondence gq . There are
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pqu, zqu!f-/_\ such that zqegq(pq) .

In other words, there are x:% € ¥y (p2, w%(pq") ) anmd ¥2 ¢ nq (pq')

such that

Ex%-ﬁ-m:z R
i

Introducing yq' = §q_ + 24 , one obtains

(2) Exg‘-yq-m=0.
i

(3) quY-A

(because Y + A ¥ ¥ by (14) of 1.9 in [3) ). Therefore xg' is attainable

for the economy E(if' - A), And, by lemma 7 , if xi%_y },Ei y ‘then

X, % xg . This, jointly with xg € ¥y (pq, w% (pq) ) , will be shown
to imply

() ptxf = (%) .

1 wl(e?) = minplx, , then the equelity is obvious.

If wg(pq') > Min p% X, » then x% € P, (p3, wci‘ (p%) ) . Hence
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pl x, > wg (p2). Therefore, if pI xg < wg (pY) , the points of the

segment [xg, xi] close enough to 3 would satisfy the wealth constraint

i

defined by (p%, w% (p%) ), be at least as desired ss xg , &and be more

expengive than xg . This would contradict the definition of P

Summing (4) over i , and using (1) one obtains p% 3 xg = pho + Hq(pq).
i

According to (2), this proves that

ptyd = 1% (pY) .

Now, the p* belong to the bounded set & ; the m-tuples (x%) belong

to TT'Xi s Which is a product of bounded sets; therefore, by (2), the y*
i

are bounded; and the numbers p?'yq are also bounded. The Hg (pq) are
non-negative and their sum over J is at most equal to NI (p%) , that is
to p% y% . Hence the n~tuples (Hg(pq) ) are bounded. Let us therefore
extract a subsequence of the (p%, (xg) , (Hg (%) ) ) converging to

* * *
(p , (xi) s (Hj) ) , still using the index q for the convergent

subsequence since no ambiguity can arise. According to (2), yq tends to

* .
¥ which satisfies

*
(5) EX, -y -0 = 0.
i 1
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And, by (3) and the closedness of Y - A,

(6) vy €Y -A,

q, q * L *
Also d*p*) tends to 4 = p.y -El‘[j, and for every 1 ,
J
q,._q _* _ * * g__ *
(7) Wi('p ) tends to Wi = D.o + :T]; @ij IE‘j +=a .
While, by upper semicontinuity of 1];1 ,
* »* *
(8) X, € ¥y (p, wi), for every i .
By a first application of lemma 3, po;“ yq = Max p?' Yq implies

* ¥ #* . * ..
p.y 2 Swp.(Y-4)., But y €Y -A, therefore

»* * 5 1
(9) P.y = Maxp. (Y - 4)
By a second spplication of lemma 3, I[g‘ (pq') = Hup p‘.l ijl for every J dimplies
(10) II‘j Z Sup p. Yj for every 3 .

According to (6),

(11) y = y'-%,

L *
where y' €Y and 5 ¢ A . Since, by (9), y maximizes profit relative

to p* on Y -A, sodo y' on ‘f and - don -A . The latter implies that
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As 5 e D, it has the form 6=h2(xi-mi) where ) 2 O and
i

¥
1 for every 1 . But (5) and (6) show that each X, is attainable

xi,;-}{ 5

ae *
for the economy E(Y - A). Hence, by lemma T, Xy é xi « This establishes

* * * *
(12) if w, >Minp. X, , then p.x, >W ,

* * * * »*
for w; >Min p. X, implies, by {8), that X, € Py (p , wi). On the other

hand, it is obvious that

* * * *
= >
(15? if w, = Minp. X, , then p.x, Z ¥, .

To conclude the first part of the proof we distinguish two cases:

* * .
(a.a) Wiy > Minp. X, for some i' .,
* * * * %
Then, from (12) and (13), p. & x, > Lw, = p.w+p.y. . Therefore
‘ ‘ i i
* * * >
P. & (xi - asi) >p.y < 0, the last inequality resulting from the fact
i .

* *
that ¥ maximizes profit relative to p on a set owning O . However,

* *
p.z(xi-mi)>0 and p. 3=0 yieldA =0, i.e., & =0 . Thus,
i

”* Py . ¥*
by (11), ¥y €Y end, onaccount of (5), ¥ €Y . As Y < Y - A,

' * ¥ * '
(9) implies p. y = Mex p. ¥ . But summing (10) over Jj , one obtains

* > * * * ¥ ¥
U, 7 Swop.Y . Consequently, 4 = p.y - Z H,j s Wwhich is non-
b J
* *
negative, is actuelly zero. And, for every J , II‘j = Sup D. Yj . It now
* * *
suffices to take In each Y 3 a yj in such a way that X y, =y to cbtaln

J
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. * * * N
a quasi-egquilibrium (Xi), (yj), p j of (i . Indeed (3) of the

4

definition of & quasi-equilibrium is satisfied because p e P ;o (y) is

* * * * * *
(5); (B) is fulfilled because Pp. y = Max p. ¥ implies p. vy = Max p. YJ.
for every j; (&) is satisfied because of (8) and because (7) has become

* * 8 * ¥
Wi—-p.u)i+.;_‘. ijp'y,j'

*
{(a.b) w, = Min ;p‘).e X, for every 1 .
i q 0T every 1

* 0* * * * *
By (8), . X, = Min p. X, for every i, therefore p. Ix, = Min p. X

* L ee > ¥*
Mex p. (Y -4A) Z Sup p. Y . Hence the hyperplane

* %
while, by (9), ». ¥

* * *
B with normal p going through the point = X5 which is also w+ ¥y
i
by (5), seperates X sand {«} + Y . But, by (c.l), the economy E(Y) has

atteinable states. We now show that any one of them ( (xj‘_) , (yé) } forms

*
with p =& quasli-equilibrium of 5 + Indeed the point X xi =w+ B y!

1 3 9
* *
is necessarily in the hyperplane H . Therefore p. Z xj'_ = Minp. X, and
i
* #* ¥* *
P. I yj = Max p. ¥ . These equallties respectively imply p. xi = Min p. Xi
J

+*
for every 1, and p. y& = Max pa.e ¥, for every J . Finally, we recsll

d

* = * * >
thet, by (10), I, 2 Max p. Y, for every j, that & 2 0, and that

J J
*

* * ¥ *
z H,j +4d = p.y .« A8 o+ y 1is in the hyperpleane H , one has
J
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* ¥ * *
P ¥ = Max p. ¥ = L Max p. Yj s &and all the inequalities above must be

J
* * *
equalities. Therefore (7) becomes W, =p.w, + £ 6,, pP. ¥! .
. i i 3 i) J
(b) General case.

An immediste transposition of the proof of (2) of 5.4 in [3] shows
that the set of attaineble states of the economy E(Y) is bounded; it is
also closed for it coincides with the set of attainsble states of the economy

Fal

E(Y) , to which one applies (1) of 5.4 in [3]. Hence X, is compact for

every 1 . Let then ¥? be an increasing sequence of closed cubes with

center 0 , becoming indefinitely large, containing the X

4 and owning,

for each 1 , a consumption preferred to Xi and a consumption in the
intersection of X, and {a&} +AY - Li’ where the I, are the half-lines

i i

described at the outset of this section. We introduce the notation

Consider now & sequence (I'Y) of cones with vertex O having all

the properties listed in lemme 8, with D substituted for C . We define

Ag as Pq + I L
i

y Thie is a convex cone with vertex 0 , non-degenerate,

contained in D and satisfying (c.2) for the private ownership economy

y \
5q' = ((Xg, f; ’ (YJ) DN (eij)>, The cone Al is also

cloged as & sum of closed cones with vertex O ; all contained in D whieh,
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by lemma 5, satisfies DA (- D) = {0} (see (9) of 1.9 in [3] ). Moreover

the sequence of the Al s non-decreasing and their union contains the

relative interior of D since the union of the Fq does.
According to part (a) of the proof (see {9) in particular), for
every q , the economy di? has a gquasi-equilibrium (/(xg), (yg), Pq;>
N )

such that pq €S and PT = yg = Max pt (¥ « &) ,
3 : .

The m-tuples (x}) are attaineble for E(Y), hence bounded; the

total productions £ yq » Which equal = 2 - » &re therefore bounded;

3 i
and the pq are bounded since they have a unit norm. Putting
(14) Hg = p? yg = Max p3 Yj ’

J

and noting that ng 2 0 for every j end that £ 1% = plgx y;‘.'— , which
J J

is bounded, we establish that the n-tuples (Hg) are bounded.
Let us then extract a subsequence of the (’(xg), (H?), p9>>

¥* * ¥*
converging to (j(xi), (HJ), b /) ; 6till using the index g for the

% *
convergent-subsequence. by y? tends to y = I Xy -
J i
Since the total production = yg is attainable for E(Y) , it belongs to
3 .

'L *
Yo (X «{®) = YN(X - {0)) . As the latter is closed, ¥y e ¥ .
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*
Thus we can choose, for every j , a ¥y, in Y, in such a way that

J J

*

* o e
of 5, and that p.y = Max p. (Y « D) .

* * * *
?yj = y . We shall prove that ((xi), (yj), P ) is a quasi-equilibrium

We deal with the last fact, first. lLet 2z be an arbitrary point in

L2

Y « relative interior of D , i.2., Z =y =« b where y 4is in 'Y and

% 1s in the relative interior of D . For q 1large enough,

Therefore p? (y - 8) < p?‘ L yg . In the limit, pf (y = 8)
- F J _

* “w . * W 3*
p. (Y - relative interior of D ) < p.y . Hence also p.

By lemma 3, (1) implies H; > Sup p? Y,j . However

(¥ -D) < p.y

BeAq

BA

z
J

*

*

II.

d

*
P. ¥ .« Hence

* ¥

* ¥
Py

* * * * * * *
while y €Y implies p.y < Sup p. Y . Consequently, p.y = Sup p.Y

* * *
and II'j = BSup p. YJ , for every J . This means that y maximlzes

* *
profit relative to p on Y , hence so does every ¥y f on Y

¥* * ¥ *
IIJ = p‘y‘j = Max p. ¥, for every J .

J

J

Therefore

There remeins to check that (a) of the definition of a quasi-

equilibrium is satlisfled. Dencte pc.l w; + x @:L 3 I[g by wg N
J

* * * Q.9
p. @ + ? ei,jnj » by W, . According %o footnote k, ps xg

and its limit,

=

w3

1

for every
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* * *
(i, g), hence, in the limit, p. x;, = w, for every 1 . Iet us, therefore,
* # th
assume that Wy o= Min p. X:L does not hold for the 1 consumer .

* *
in Xi such that p. x! < w, . The existence of

]
Consider x H 1

i

such points is Insured by the assumption. For ¢ large enough,

pr o2l < vl and x! e x3

i f 3 {0 hence w:% > Min p‘.1 x4 and, by definition

1
of a quasi-egqullibrium for aq 5 wWe have xg ~ {xi € XE | p.q X, f wi} .
i

*

Therefore x! § x2 X,
1 4 71 1

By A

« In the limit, x:{

* <
Consider now %, € X, | p- X, =

*
5 wj} « Any point Xy of that

* *
set can be approximeted by points =x! of X, for which p. x].'_ < LA

1 i
' < % -
Since every such x! satisfies x! ~x, , one also has x, ~ x, . And
i i 471 i 4 1
¥ is indeed test element of X, |psx S wr f 2
x, 1s indeed a greatest element o X, € X | PeXy = W or T

L. Hguilibrium and Quasi-eguilibrium.

To prove that a certein privete ownership economy Ci has an

equilibrium, 1t suffices to prove that é:: has & gquasi-equilibrium in which

*  * * + ® )("* = M *X
(x.2) Pe X; = Do );_‘. 43 Pe ¥y = np. X,

occurs for no consumer.



- 28 -

A simple way of obtaining such a quasi-equilibrium is to replace

CA¥-p” by X Interior of AY -D° in assumption (c.2) .

According to footnote 7 , éi has a guasi~-equilibrium whose price system

* I * *
p belongs to the polar of AY -D » Therefore p. ay > Inf p. Xi

for every 1, and (@.2) camnot occur. Theorem I of K. J. Arrow -
G. Debreu [1] is of this type, since it assumes implicitly that Y conteirs

- Q , the non-positive orthant, and explicitly tha.

({a&} - Interior of Q) N Xy # ¢ for every i .

In W. Isard - D. J. Ostroff [5), the emphasis is on the location
aspect of equilibrium. ILet us suppose that their hypotheses on the
technology are aliered slong the lines of the theorem of this article so
as to insure that a quasi-equilibrium exists.B If free disposal prevails,
the price system in this quasl-equilibrium is non-negative. According to
[5], in each region, each consumer can obtain a possible consumption by
disposing of a positive amount of every commodity located in his region.
Therefore, {Q.2) occurs for him only if the prices of all the commodities
in his regioh a&e Zero. Assumé that such is the case. If there were, in
some other region, a commodity with a pozitive price, the economy of [5] is
such that an exporter from the first region to the second could increase his
profit indefinitely. This contradicts (B) of the definition of a gussi-
equilibrium. Eence, all prices would be zero, & contradiction of (5).

Consequently, (a.2) occurs for no consumer.

8One can construct an economy with two regions, one good and one trans-
portation service, and a constant returns to scale, free dispesal technology
satisfying all thelr assumptlons and such that a total preoduction, every ccordinate
of which is positive, is possible. =+ economy cannot have an equilibrium, since,
for any price system different from © , the total profit of producers can be
indefinitely incressed.
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We now strengthen assumption (c.2) of the theorem, adding to it

and that the relative interiors of  {w} + ¥ and of X

have & non-empty intersection.

And we call (c) the result of this addition, which mekes (c.l)

redundant. This strengthening is a generalization of the second part of

assumption 5 of L. W. McKenzie [8]. We alsc ea.ssm:;me9

* * *
(e) if, in & guesi-equilibrium, p. x, = Min p. X, occurs for some consumer,

i

then it ocecurs for every consumer.

We then prove

Proposition: The private ownership economy (f has an equilibrium if it

satisfies (e) and the assumptions of the theorem where {c.1) and (c.2)

are replaced by (e) .

Proof'; Let A be the smallest linear manifold conteining X - {w} - ¥ .
According to (e¢), the origin belongs to aC/ » Wwhich ig therefore a iinea.r
subspace of the commodity space. Since O ¢ ¥ » the set X - {w) is

contained in X - {®) - ¥ , hence in aC . Moreover,

Y ¢ (X~ (@) - (X ~ {0} - Y) « As both sets in this difference are

9Notice , from the proof of the proposition, that it suffices to make

* * * ,e
this assumption for quasi-equilibria such that p. & vy o= Mex p. (Y - D).
J
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contained in oC, s 80 1s Y . consider now the set

b { x, ¢ X I X >" X } - {®} at the end of footnote 5. It is contained
1 i i 1 i "4

in X - {®} , hence in a&, and 8o is the cone D . According to (c),

re

the set X, - {o,) intersects AY -D . But both AY¥ and D are
contalined in oC/ . Therefore, every set Xi - [a)i] intersects aC ’

while their sum X - {w} 1is contained in o['., To see that this implies

« X - (oailc. cC/ for every 1 > ; teke x, in (Xi - {a;i}) ' oC/

for each 1 . The sets Xi - {a)i] - {xi} own O , hence their sum

X - .{w) - ‘{}: xi} contains them all. However, this sum is contained in
i

aC, ’ since X X, belongs to DC Finally, observe that Y 3 < ‘Y'
i

for every J . In conclusion, oC contains every Xi - {cni} and every Yj R

and, follewing L. W. McKenzie {8], we can treat the equilibrium problem

inoc,.

According to the theorem, there is a quasi-equilibrium

Gx:), (yz), p*) such that p? X y; = Max pf (¥ -D) . We will show

that (@.2) occurs for no consumer. Assume that it occurs for one of them;

* *
= Min p. Xi for every 1 , hence

%
by (e), it occurs for all. Thus p. X,

* * *
paf % X, = Min p. X . Therefore, the hyperplane H with normal p ,
i

* e
through £ x, 5 separates X and {w} +Y -D . A fortiori 1t separates
i
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X and {w} + Y . H cannot contain both sets, for«a(z would not be

the smallest linear manifold containing X - {w} —'¥ « Thus, one of them
has points strictly on one side of H . Consequently, its relative interior
is strictly on that side of H and cannot intersect the relative interior

of the other set, a contradiction of (c).

The proposition that we have just established generalizes the
results of A. Wald [11] section IT, K. J. Arrow - G. Debreu [lj’ Theorem IT
or IT' , D. Gale [4], H. Nikaido [10], and L. W. McKenzie [8], [9]) . The
only assumption for which i1t is not obvious that it holds in these various
cases 15 (e) . We will give two 1llustrations of the reasoning involved

in checking thls point,

In the economy of Theorem II' of K. J. Arrow - G. Debreu [1] , there
is a (non-empty) set dfal of always desired commodities such that, for
every 1 , for every consumption x, 1n ﬁi ; end for every h in 49’ ,

the ith congumer can obtein & consumption in Xi preferred to Xy by

increasing the h'® coordinste of X, . There 1s also & set J9D’ of

slweys productive commoditles such that for every attainsble total production
y end for every h in SZP’ » one can obtein a production in Y whose
output of every commodity dlfferent from h is at least as large as in Y,
and whose output of at least one commodity in A’/ 1is lerger than in ¥ o

It is assumed thet each consumer can dispose of a positive quentity of at

least one commodity in o@’ v 93' from his resources and still have a

' * ¥, #
poseible consumption. The economy has & quasi-equilibrium (xi), (yj), p’:)
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*
and p 1is non-negative since free disposal prevails. Let ug suppose that

(a.2) occurs for the i'th consumer. Thus, at least one commodity in

’
ufaf-u 257' has a zero price. If this commodity is in g7> ; .some commodity

in {9’ has a zero price (otherwise there would be a total production in Y

® ¥
yielding a total profit lerger than p.y ) . Hence, there is a commodity h

’
in.aéa with & zero price. Consider now an arbitrary consumer, say the ith

one. By consumling more of the hth comodity, he can obtain a consumpiion

*
preferred to x

*
5 without spending more. Consequently, Xy does not satlsfy

the preferences of the ith consumer under the constraint pf x; < pf x: ’

*

and, by (@) of the definition of & guasi-equilibrium, p? X, = Min pf X

Therefore (e) is satisfied.

If I, 1s a set of consumers, and if a, is a real number, or a

k i

vector of the commodity space, or a subset of the commodity space associated

wlith the ith consumer, we now denote by ap the sum Z &, .
k

i
ieIk

Generalizing a concept of D. Gale [4), L. W. McKenzie [8], [9]

considers an economy that 18 irreducible in the following sense:lo

107 economy of K. J. Arrow - G. Debreu [1], Theorem II' is
irreducible. But in this case, as well as in the case of D. Gale [4],
it seems easler to establish (e) directly than to establish irreducibility.
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Let (Il’ IQ) be a partition ¢f the set of consumers into two
non-empty subsets. If ( (x1 } » y) is an attainable state of the economy,

then there is z in Y + {mI } -X such that X. -y + 2z can be
2 I h

alloceted to the consumers in T 80 as to meke all of them at lesst as

1

well off, and at least one of them better off, than in the given state.

* * * ’
Let then ((xi), (yj), g ) te a quasi-equilibrium of the economy,

and let I2 be the set of consumers for whom {(@.2) océurs. To show that

irreducibility implies (e), we have to show that if I, # ¢, then its

complement I, = § . TFor this, we assume I, # § # I, and derive

* * * ¥ *
a contradiction. One has p. Xp = Min p. XI and p.y = Maxp. Y.
' 2 2

*
Hence Y + {mI ) - XI is below the hyperplane with normal p , through
2 2

* : *
y o+ - X_ 4 vwhich is equal to x, - « By the definition of
“1, o I, "%

i * < _* *
irreducibility, there is z in Y + [a.\I } - X hence D.z = p. (xI - @ )
2. 2 1 1

* * *
gsuch that :& -y + 2z 1s collectively preferred to xI by the
1l 1

consumers in Il . Summing the wealth equations of these consumers, one

btal T 13* + 5 8 1:-* * hence
ocbtains p. x = . ¢« ¥ s
I, %1, 7 I 3
* ¥ o ¥ * < ¥ _*
= D¢ ¥e o Therefore p. 2 = D. ¥ and.

pe (X ) L& ,beVy
"‘11 “’Il PR 3
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(15) p. (Jc[*l -y +z) Sl :Z;l

*
Since, for every i1 in Il y the consumption X, satisfies the preferences

< *O*

*
of the i consumer under the constraint p. x, Pe X; , inequality (15)

* * *
means that xI =¥ + 2 canmnot be collectively preferred to xI by
1 1

the consumers in Il (1f 811 the preferences satisfy the assumption

<< [} >
xii x; implies t x4 (1 -t) x >i-xi if 0<t<177) by the

usual argument on Pareto optima.
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