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ABSTRACT OF DISSERTATION

SIMULTANEOUS ZEROS OF A SYSTEM OF TWO QUADRATIC FORMS

In this dissertation we investigate the existence of a nontrivial solution to a system
of two quadratic forms over local fields and global fields. We specifically study
a system of two quadratic forms over an arbitrary number field K. The questions
that are of particular interest are:

1.

How many variables are necessary to guarantee a nontrivial zero to a system
of two quadratic forms over a global field or a local field? In other words,

what is the u—invariant of a pair of quadratic forms over any global or local
field?

. What is the relation between u—invariants of a pair of quadratic forms over

any global field and the local fields associated with it?

How is the u—invariant of a pair of quadratic forms over any global field
related to the u—invariant of its residue field?

There are many known results that address 1, 2, and 3:

(A)

In the context of p—adic fields, a classical result by Dem’yanov states that two
homogeneous quadratic forms over a p—adic field have a common nontrivial
p—adic zero, provided that the number of variables is at least 9. In 1962,
Birch-Lewis-Murphy gave an alternative proof to this result by Dem’yanov.

In a 1964 paper, Swinnerton-Dyer showed that a system of two quadratic
forms over the field of rational numbers in 11 variables, satisfying certain
number-theoretic conditions, has a nontrivial rational zero.

An even more remarkable result proven by Colliot-Théléne, Sansuc, and
Swinnerton-Dyer extends Dem’yanov’s result to an imaginary number field
and also to an arbitrary number field if certain number-theoretic conditions
are satisfied.

Our work in this dissertation is motivated by the work on the results stated above.



* With respect to (A), we generalize the result as well as the proof techniques
to prove an analogous result over a complete discretely valued field with
characteristic not 2.

* With respect to (B), we demonstrate that this result, and the techniques used
in the proof can be extended to a system of two quadratic forms in at least
11 variables over an arbitrary number field.

* With respect to (C), we give a more comprehensible and self-contained proof
of this result over an arbitrary number field using primarily number-theoretic
arguments.

KEYWORDS: Quadratic Form, Local Field, Global Field, Simultaneous Zeros,
u—invariant
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CHAPTER 1. PRELIMINARIES AND INTRODUCTION

1.1 Partial List of Notations

Below is a list of symbols that have a constant meaning throughout the disserta-

tion or in a substantial portion of it.

Symbol | Meaning

Z The ring of integers

Q The field of rational numbers
R The field of real numbers

C The field of complex numbers

Q, The field of p—adic numbers

F An arbitrary field

[F~ The multiplicative group of [F

I, The finite field with g elements

H The hyperbolic plane

K An algebraic number field

K Algebraic closure of K

p A place associated with a number field K

Q The set of all places associated with a number field KK
K, p—adic completion of a number field K with respect to p
K, A real p—adic completion of a number field K with respect to p
0, 0,, : K — R represents an embedding of K into R




Symbol Meaning
u(IF) The u—invariant of the field F
ug(r) The r-th system u—invariant of the field IF
[n] Forne NN, [n]:={1,...,n}
e_;(t (0,...,0, %, 0,...,0), k—th standard basis vector
k
F" An n—dimensional vector space over the field F
dim W Dimension of the vector space W
f, f(Xy,...,X,) | An (n-ary) quadratic form
B f()_(), Y) Bilinear form associated with the quadratic form f
det(f) Determinant of the quadratic form f
rad(f) Radical of the quadratic form f
sgn(f) Signature of the quadratic form f
GL,(A) n x n general linear group over a ring A

1.2 Preliminary Definitions and Concepts

In this section we discuss some of the very basic definitions, facts and terminology
related to quadratic forms over an arbitrary field F. [8] and [13] are the main

sources for the definitions and facts that are provided in this section.

Definition 1.2.1. An (n—ary) quadratic form over a field IF is a polynomial f in n

variables over IF that is homgeneous of degree 2. It has the general form

F(X) = f(X1,.... Xp) = Zain,-Xi eF[X,...,X,] = F[X]
i,j=1

(1.1)

Let IF be a field with characteristic not 2.

1. In the above form (1.1), a;; = a;;, so we can rewrite f as



2. Using the above form of f, we get a symmetric matrix (a; j) determined uniquely

by the coefficients of f, which we shall denote by M. In matrix notation we

have,
f()—()) =Xt My X, (t = tanspose),
X
where X = %2
Xy

3. For vectors )?, Y in F",
- - 1 - - = -
Bf(X,Y):E(f(X+Y)—f(X)—f(Y)) (1.2)
is a symmetric bilinear form associated with f. Note that
Bf(X,X)=f(X), foranyX eIF" (1.3)

4. Let f and g be n—ary quadratic forms over [F. We say that f is equivalent to g

(f ~ g) if there exists an invertible matrix C € GL,(IF) such that

f(X)=g(C-X).

This means that there exists a nonsingular, homogeneous linear change of

variables Xj,..., X, that takes g to the form f.

Definition 1.2.2 (Isotropic and Anisotropic Quadratic Forms). An (n—ary) quadratic

form f over a field F is said to be isotropic if there exists a nonzero vector X e F"



such that f(}?) = 0. The nontrivial vector X is called an isotropic vector of f. If f

does not have a isotropic vector over IF, then it is said to be anisotropic.

Definition 1.2.3. Let f be a quadratic form over [F, and d € [F. We say that f

represents d over IF if there exists a nontrivial vector X € F" such that
-
f(X)=d.

Definition 1.2.4 (Universal Quadratic Forms). A quadratic form is called universal

over a field [F if it represents all the nonzero elements of IF.

Definition 1.2.5 (Nonsingular Zero, Singular Zero).

1. An isotropic vector & of a quadratic form f = f(Xy,...,X,) is said to be a

nonsingular zero of f if

Of oo _ [ 9f of
X &)= §X10%3n~,255j2?)

is not the zero vector, and is said to be a singular zero otherwise.

2. A common isotropic vector & of a pair of quadratic forms f, g is said to be a

nonsingular zero of f and g if the vectors

df dg
@) )

are linearly independent over IF, and is said to be a singular common zero

otherwise.

Definition 1.2.6 (u—invariant of a Field). The u—invariant of a field [F, denoted by
u(IF), is defined to be the largest integer such that a quadratic form f over [F in n

variables is isotropic whenever n > u(IF). If no such integer exists, then u(IF) = co.



Example. * u(R) =00

¢ For a finite field IFq, u(lE

q) =2

* For a p-adic field Q,, u(Q,) = 4.

Definition 1.2.7 (System u—invariant). For r > 1, the system u—invariant, denoted
by ug(r), is defined to the largest integer such that every system of r quadratic
forms over IF in n variables has a common nontrivial zero over [F, whenever n >

ug (7). Note that up (1) = u(IF).
Definition 1.2.8 (Order of a Quadratic Form).

1. If f is a quadratic form and T : F[X;,...,X,] = F[Xy,..., X, ] is a nonsingular

linear transformation over IF, then fr(X) := f(TX)
2. y(f) denotes the number of variables appearing explicitly in f.

3. Order of f :=o(f) = ming{y(fr)}, where the minimum is taken over all non-

singular linear transformations T, defined over IF.
4. A form f is called degenerate if o(f) < n.
Definition 1.2.9 (Order of a Pair of Quadratic Forms).

1. o(f,g) := minr[y(fr)+ y(g7r)],where the minimum is taken over all nonsin-

gular linear transformations T, defined over FF.
2. (f,g) is degenerate pair of quadratic forms if os(f,g) < n.

Definition 1.2.10 (Rank of a Quadratic Form ). Let f be a quadratic form in n vari-
ables over a field [F of characteristic not 2. Let M be the symmetric matrix corre-

sponding to f with entries in IF. The rank of f, denoted by rank(f), is equal to the



rank of the matrix M. We say that f is nondegenerate or nonsingular if rank(f) = n,

otherwise we say that f is degenerate or singular.

Definition 1.2.11 (Hyperbolic Quadratic Form). A binary form f in two variables
X, and X; over a field FF is called hyperbolic if after a nonsingular linear change of
variables

2 2

If f is a hyperbolic form as defined above, that is, f ~ X; X,, then
H = {¥’'e F?: f(¥) = nonzero constant}

is a hyperbolic plane corresponding to f.

We state an important lemma regarding quadratic forms and hyperbolic planes

that is used implicitly in Chapters 4 and 5.

Lemma 1.2.12. ([13} Propostion 3’]) Let f be a quadratic form over IF. If f represents
0 and is nondegenerate, one has that f ~ f, + g where f, is hyperbolic. Moreover, f

represents all elements of [F.

Lemma 1.2.13. [13, Corollary, page 34] If f is a nonsingular quadratic form over a
field IF, then

f~fittfmt fo

where fy,..., f,, are hyperbolic quadratic forms over IF, and f, is an anisotropic quadratic

form over [E. This decomposition is unique up to equivalence.

Definition 1.2.14 (Kernel of a Quadratic Form). Let f be a nonsingular quadratic

form over [F. By Lemma|1.2.13

f~fittfmt fao



where fi,..., f,, are hyperbolic quadratic forms over FF, and f, is an anisotropic
quadratic form over F. f, is called the anisotropic part or the kernel of f over F.

The kernel of f is unique up to equivalence.

Definition 1.2.15 (Absolute Values on a Field). Let [F be a field and R, = {x e R:

x > 0}. An absolute value on TF is a function
| |:'F >R,

that satisfies the following properties

1. |x| =0 if and only if x = 0;
2. |xy| = |x||ly| for all x,y € [F;

3. [x+y|<|x|+|y| for all x,y € F.

We say that an absolute value on FF is nonarchimedean if it satisfies the additional

condition
4. |x+y| <max{|x|, [y} for all x,y € IF;
otherwise, we say that the absolute value if archimedean.

5. Two absolute values on a field F are equivalent whenever they induce the

same metric topology on IF.

Definition 1.2.16 (Places of a field). The places of a field [F are defined to be the

absolute values on F up to equivalence.

* A finite place on IF is a place corresponding to an equivalence class of nonar-

chimedean absolute values on FF.

* Areal place on IF is a place corresponding to an equivalence class of archimedean

absolute values on F such that the completion of F with respect to the met-



ric induced by the archimedean absolute values in that equivalence class is

isomorphic to R.

Definition 1.2.17 (Global Fields). A global field is any field K that is, either a finite
extension of Q (called a number field), or of [F,(¢) (called a function field in one

variable over a finite field IF,).

Definition 1.2.18 (Local Fields). A completion of a global K under any nonar-

chimedean absolute value is called a local field.

1.3 Introductory Note

A (quadratic) form over a field F is a homogeneous polynomial of degree 2 with
coefficients in the field FF.

In this dissertation we study a system of two quadratic forms over a number field.
Before studying the case of two quadratic forms, it is worth recalling what is
known in the case of a single quadratic form.

Local-Global Principle: The Local-Global Principle, also known as the Hasse Prin-

ciple, is an idea that the existence or non existence of solutions in Q (global solu-
tions) of a diophantine equation can be detected by studying the solutions of the
equation over R as well as in Q,, (local solutions modulo all powers of p) for each
prime p.

Given a diophantine equation, if it has a nontrivial solution in Q, then this also
yields a nontrivial solution in R and as well as in Q, for each prime p. However,
the Hasse Principle asks when is the converse true, that is, when can you patch
the solutions over R and Q,, for all primes p to yield a solution over Q, or rather,
can we always detect the lack of a global solution by studying the solutions locally.

This question is not limited to Q and has been extended to other rings and fields.



For instance, when dealing with a single quadratic form over a number field, the

following result is the central pillar of the global theory of quadratic forms.

Theorem (Hasse-Minkowski Theorem). If q is a quadratic form over a global field K,
then q has a nontrivial solution over K if and only if q has a nontrivial solution in each

completion K, of K for all p € Q.

Consequently, for a single quadratic form over a number field K, the problem of
finding a IK—rational solution is completely solved.

Now we move on to a system of two quadratic forms over a number field. In
[4, Theorem 10.1], Colliot-Théléne, Sansuc, and Swinnerton-Dyer prove that the
Hasse Principle can be successfully applied to a system of two quadratic forms
in at least 9 variables over a number field. Although correct, the proof of the
result in [4, Theorem 10.1] requires prior knowledge of several key results that are
often very geometric and/or analytic in nature. Therefore, the main aim of this
dissertation is to clarify as well as provide a detailed number-theoretic proof of [4,
Theorem 10.1] that avoids using prior analytic and/or geometric results.
Chapter[2] of this dissertation is devoted to providing the reader with the neces-
sary preliminary results and techniques that are used extensively throughout the
dissertation and are vital to understanding the proof of the main theorems in the
chapters that follow.

In Chapter[3| we study a system of two quadratic forms over a c.d.v. field of char-
acteristic not 2. We show that the proof of [1, Theorem 1] naturally extends to
an analogous result over any c.d.v field of characteristic different from 2, which in
turn gives us a nice relationship between the u—invariant of a c.d.v field F and its

finite residue field F.

Theorem Over a complete discretely valued (c.d.v.) field IF with characteristic



not 2, and ug(1) < oo,
up(2) = 2uz(2)

In Chapter[4, we present our work that is motivated by the work in [14] for a
system two quadratic forms in n = 11 variables over Q. We demonstrate that the
result as well as the proof technique in [14] can be generalized to a system two
quadratic forms in n > 11 variables over an arbitrary number field. In our proof
of the main theorem we not only provide rigorous, algebraic justification
for the arguments used in [14], but also provide self-contained arguments that are

necessary to generalize them to an arbitrary number field. We state the main result

of Chapter [4below:

Theorem[4.1.3] Let K be a number field with s distinct real places denoted by py, ..., ps.
Let f, g be quadratic forms in at least 11 variables, defined over KK; Suppose that ev-
ery form in the IK—pencil has rank at least 5 and if s > 1, suppose that every nonzero
quadratic form Af + pg in the K, —pencil is indefinite for all 1 <i <s. Then f, g have

infinitely many nontrivial common zeros over K.

Our final chapter, Chapter [5, is where we give a more comprehensible self-contained
proof of [4, Theorem 10.1]. In particular, our proof avoids using several prior key
results including [4, Theorem 9.2, Thoerem 9.4, Theorem 9.5]. We state the main

result of Chapter [5|below:

Theorem5.1.1} Let K be a number field with s distinct real places denoted by py, ..., ps.
Let f, g be quadratic forms in at least 9 variables, defined over IK; Suppose that ev-
ery form in the IK—pencil has rank at least 5 and if s > 1, suppose that every nonzero
quadratic form Af + ug in the K, —pencil is indefinite for all 1 <i <s. Then f, g have

infinitely many nontrivial common zeros over IK.

10



CHAPTER 2. FOUNDATIONS

2.1 Quadratic Forms over an Arbitrary Field.

In this section we have collected some preliminary results about quadratic forms
over an arbitrary field IF that are used extensively throughout this dissertation
including some of the preliminary lemmas that originated out of the necessity to
fill in the details in the arguments and statements from [1I], [3], [4], and [14]. We
give detailed self-contained proofs of all the results in this section using primarily

number-theoretic techniques.

Lemma 2.1.1. ([3| Lemma 1.8]) Let f be a quadratic form in n variables over [F. Let
W C F" be a subspace. Let f = f'w represent the quadratic form given by restriction of

the quadratic map f : [F" — TF to the subspace W. Then
rank(f) > rank(f) - 2(n —dim W). (2.1)

Proof. LetdimW =n—k, 0 <k <n.If k =0, then W =F" and equation (2.1) holds.

Now suppose that k =1. W.L.O.G,, let ¢,,..., ¢, be a basis of W over [F and let
f=aX?+XLi(Xyp,..., X)) +q(Xs,..., X,).
Note that

rank(f) = rank(aXl2 + X1 L1(Xp, ..., X)) +9(Xs,..., X,))
< ran1<(aX12 +X1L1(Xp,...,X,)) + rank(g(Xy,..., X,))
<2 +rank(gq(Xy,..., X,)
= 2[n—(n—1)] +rank(f)

= 2(n—dim W) + rank(f).

11



This implies that
rank(f) > rank(f) - 2(n—dim W),

when k = 1, that is, when the dimension of the space drops down by 1, the rank
of the quadratic form drops down by at most 2. Hence if the dimW =n—-k, k> 1,
then

rank(f) > rank(f) - 2(k)

rank(f) >rank(f)—-2(n—dim W).

This completes the proof of the Lemma.

]

Definition 2.1.2 (Polar Hyperplane to a Quadratic Form at a vector in I[F".). The
Polar Hyperplane to a quadratic form f(Xy,...,X,,) over a field K at a nontrivial

vector @ = (ay,...,a,)" is set of all zeros of the linear form

n 8f

i=1
We say that ¥'= (vy,...,v,) lies on the polar hyperplane to f at 4" if

n af

- axi(ﬁ))vi =0

1

Notation. IH? denotes the polar hyperplane to the quadratic form f at 7.

Definition 2.1.3 (Tangent Hyperplane to a Quadratic Form at a vector in I[F".). If
f(a) = 0, then the polar hyperplane corresponding to f at @'is called the Tangent

Hyperplane to the quadratic form f at the vector 4.

Notation. Tl"}? denotes the tangent hyperplane to the quadratic form f at 4’ to the

quadratic form f.

12



Definition 2.1.4 (Radical of a Bilinear Form). Let B(X,Y): F" x F" — [F denote a

bilinear form over [F. Then the radical of B over IF, is the subspace
radp(B) = {veF": B(v,F") = 0}.

Definition 2.1.5 (Radical of a Quadratic Form). Let f be a quadratic form in n
variables over a field IF, and B¢(if,v) := f(i + V) — f (if) — f(v) denote the bilinear

form associated with f. Then the radical of f over F is the subspace
radp (f) = {v € radp(By) : B(v,E") = 0}.

Lemma 2.1.6. ([3| Lemma 1.16] Let f be a quadratic form in n > 3 variables over [F.
Let W C F" be an (n — 1)-dimensional subspace. Let f = f|w represent the quadratic
form given by restriction of the quadratic map f : F" — F to the subspace W. Assume
that ry = rank(f) > 3. Let Q be the quadric (curve or surface) defined by f in IF", and
let H be the hyperplane defined by W. Let r7 = rank(f). Then

1. Assume that ry = n. Then
a) rg =n-2,if and only if H is tangent to Q.
b) rg=n-1,if and only if H is not tangent to Q.
2. Assume ry <n, and let rad(f) := radg(f). The dimension of rad(f) is n—ry.

a) rg=ry if and only if H does not contain rad(f).

b) rg =1y =2 ifand only if rad(f) C H and H is tangent to Q at a nonsingular

point.

¢) rg =rg—1ifand onlyif rad(f) C H and H is not tangent to Q at a nonsin-

gular point.

Proof. (1a) Suppose that H is tangent to Q. This means that there exists a non-

singular point P on Q such that the tangent hyperplane to f at P is H: "II’}) :
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So, after a nonsingular linear transformation over [F, we may assume that

P=(1,0,...,0) € F", and
f=XiL(X5,..., X)) +q(Xs,..., X,),

where L = a, X, +---+a,X,, with a; € F, and TY = ker(L) over IF. Since rp=mn,
Lz0. WL.O.G,, let a; # 0. After another nonsingular linear transformation

over IF, we get that L = X, =0, and f can be rewritten as

f = X1X2 + q,(X21' "an)'

Then
r7 = rank(flx,=o) = rank(q’(0,X;5...,X,,)) <n-2.

By Lemma we get that rp =n—-2.

Conversely, suppose that r7 = n—-2. W.L.O.G., by a nonsingular linear change

of variables over the field [F, we may assume that [H: X;, and
f=a XP+ X (@ Xy + -+, X))+ q( X, ..., Xp).

Then
f=Fflx=0 =49(X2,...,X,)
has rank n—2.
After another nonsingular linear transformation over [F that involves only
X,,..., X, we can rewrite f as

f=a X+ Xy (@ Xy + -+ a,X,)+q'(X5,..., X,),

where rank(q’(X3,...,X,))=n-2.

Since rp=mn, X, must appear in f, and hence aé # 0. Therefore, P = (0,1,0...,0)

is a nonsingular zero of f.
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We will now show that X; = 0 is the tangent hyperplane to Q at P. Note that

af _ ’ ’ af o
a—)(l—2&1X1+Q2X2+"',6¥nxn,a—}(l(1))—&2?:0
Jf

P)=0;2<i<n.
aXi() i<n

This implies that tangent hyperplane to Q at P is Xj.

(1b) By Lemma rp€{n,n—1,n-2}

Since rp=m,17 < dimW <n.
By part (1a), we know that rg = n— 2 if and only if H is tangent to Q.

Hence, r; = n—1if and only if H is not tangent to Q.

(2a) Let f = f(Xl,...,er), and H: a1 X; +---+a,X,, =0,4; € F,i € [n]. Note that
{erf+1,...,en} is a basis for L over [F, and hence, H contains L if and only if
Ayl =00 =0y = 0.

If H does not contain L, then a; is nonzero for some i, r+1 <i <n.

W.L.O.G,, let a,, # 0. We define a nonsingular linear change of variables over

F as follows:

Xi—X; 1<i<n-1

1
Xn = Xn - a—(ale + -+ an_an_l).
n

Under this change of variables f ( and hence Q) stays fixed and H : 4, X,,.

Now note the

f=f

a,X,=0 - f’

and hence rF="rf.

15



a nonsingular linear cnange or variaoles,
2b) By ingular li hange of variabl
f:a1X12+X1(a2X2+...+aner)+q(X2,...,er),

and

HZC1X1+"'+CHXH.

This implies that rad(f) = <erf+1,...,en). Note that {erf+1,...,en} is a basis for
rad(f) over [F, and hence H contains rad(f) if and only if Crop1 =" =Cp = 0.

Therefore, H: 1 X; +---+ ¢ X where at least one of the c¢;’s € [F is nonzero.

Tf’

W.L.O.G,, let ¢; # 0. By a nonsingular linear change of variables over F in-

volving only Xj,..., X, ., we can rewrite

o
H: X, (2.3)
and
f=a)X?+ X (ahXo +... tay X, ) +4' (X0 X)) (2.4)
Then,

rp= rank(f'Xlzo)
= rank(q'(Xz,---;er))

Si’f—1<1’f

By (2a), we can conclude that rad(f) ¢ Hif and only if r7 <r;.
Now suppose that r; = r; — 2. Using equation
rp= rank(f|Xl:0) = rank(q'(Xz,...,X,f)) =rf—2

So after another nonsingular linear transformation over FF, involving only

X5,...,X,,, we may assume that

Tfl

16



f=a,Xx? + X1 L1 (Xppe o, Xp) 407 (X5, Xo,),

where Ly =a) X, +... + a;’erf. Note that L; # 0 as rank(f) = r¢. Hence at least
one of the a’’ ’s is nonzero. W.L.O.G., let @} # 0. Then e, = (0,1,0,...,0) is a

zero of f such that

af o

X, () =a, #0;

d
a}];(ez)—o;2<z<n

This implies that e, is a nonsingular zero of f and e, € H i.e, H is tangent to

Q at a nonsingular point.

Conversely, suppose H is tangent to Q at a nonsingular point. W.L.O.G,,
after a nonsingular linear transformation over F, let & be that nonsingular
point,

H: a2X2+ +a7erf'
and

f = Xl(a2X2 +“'+05errf)+CI(X2'---;er):

where at least one of a;s is nonzero because rank(f) = rr. W.L.O.G., let
a, # 0. Then after a nonsingular linear transformation over F involving only

Xy,...,X,,, we can write

T’fl

f = X1X2 +q,(X2,...,er),

and

H:Xz,

17



which implies that
rF= rank(f|X2:0) = rank(q’(O,X3...,er)) <rf-2 (2.5)

By Lemma and equation (2.5,
rf=2<r;<rg-2.
Therefore, rp=T1f- 2

(2¢) In the proof of (2b,) we proved that rad(f) c Hif and only if r; <. Suppose
that rad(f) C H, then rp=rg—lorrg—2. If H is not tangent to Q at a non-
singular point, then by (2b) rFETf— 2. Hence, rp=Tp - 1. Conversely, if H is

tangent to Q at a nonsingular point, then by (2b) rg =77 - 2.

Lemmas|2.1.7|and |2.1.8|are well-know results from quadratic form theory.

Lemma 2.1.7. [[I, Lemmal] If a quadratic form f over IF in n > 2 variables has non-
singular zeros in IF", then the set of nonsingular zeros does not lie in a proper linear

subspace of IF".

Proof. Let f := f(Xy,X5,...,X,) be a quadratic form over [F. We are given that f
has a nonsingular zero in [F". After a linear transformation, we may assume that

e1 =(1,0,...,0) is that zero, and f can we rewritten in the form

f=Xu|) biX;|+q(Xp., X,)
i=2
Note that,
of _ |0 ifi=1
I
b;,, ifi>2

18



Since €] is a nonsingular zero, at least one of the b;’s is nonzero. W.L.O.G., let

b, # 0. Using another linear transformation, we can assume that
f :X1X2+q,(X2,...,Xn). (26)

Let W be a linear subspace of [F” such that dim(W)=n—-1. Then

W ={(X,...,X,) e F"|L(X},..., X,) = 0},

for some linear form over F denoted by L(Xy,...,X,,) = Y1, ¢;X;, not all ¢;’s are
zero. If & ¢ W, then we are done. Suppose that &; € W. We will show that there
exists a nonsingular zero of f that does not lie in W. Since &, € W, ¢; = 0. Take

X, =1 and choose X; = a; € F, i > 3, such that

n

Cy + E c;a; = 0.

i=3
(1) If ¢c; = 0, W.L.O.G., we may assume that c3 # 0. We may choose a3 = 1, and
a; =0foralli,4 <i<n. Then,
n
Zciai =c3=0.
i=3

(2) If c; # 0, we may choose a; =0 for all i, 3 <i <n.

Using (2.6)), take X; = —¢’(1,4a3,...,a,). Then a = (-q’(1,43,...,a,),1,a3,...,a,) is a

zero of f in [F" such that
o

e () =1=0.

i.e, @ is a nonsingular zero of f. Note that @ € W by construction.

]

Lemma 2.1.8. [}, Lemmal] A quadratic form is degenerate if and only if it has a sin-

gular zero
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Proof. Suppose that f is degenerate i.e, o(f) < n. After a nonsingular linear trans-
formation we may assume that y(f (X)) = o(f). Suppose that X; does not appear in

f(X), then ey is a singular zero of f because

dfr
X,

(ex) =0,

for all i = 1,...,n. Conversely, suppose f has a singular zero. After applying a

linear transformation T to f, we may assume that €] is a singular zero of fr(X) i.e,

of .
aXi (el) - 0’

foralli=1,...,n.
This implies that X; does not appear in f(X) i.e, y(f (X)) < n. Hence, we get that f
is a degenerate quadratic form.

]

Lemma 2.1.9. [1, Lemma 2] If (f, g) is a pair of nondegenerate quadratic forms over [F
which have a common zero but no nonsingular common zero, then there is a form in the

pencil uf — Ag which has only singular zeros.

Proof. After a nonsingular linear transformation, we may assume that €] is a com-
mon zero of the pair (f,g). This implies that the vectors x{ does not appear in
f,g and 3—2(5’1) and %(E’l) are proportional i.e, we can find y,A € F such that
(1) = (0,0) and p(3L(@)) = A(F(@0)).

W.L.O.G., we may assume that A = 0 and let h = uf — Ag. Since,
oh . [df g 5\ _
5(61)—11(%(31))—/\(5(61))—0,

we get that €] is a singular zero of h. At this point, Lemma implies that h is
a degenerate quadratic form. Since h(€;) = 0 and %(E’l) = 0, we get that x; does

not appear in h. Since (f,g) is a nondegenerate pair of quadratic forms and A = 0,
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x1 must appear in f. So after a nonsingular linear transformation, we may assume

that

f=x1x2+4q(x,...,x,)

and

h=h(xy,...,x,)

Next, note that & is a common zero of f, g if and only if 2 is a common zero
of f,h. If h has a nonsingular zero in [F”, then by using Lemma we know
that there exists a nonsingular zero & = (ay,4a,,...,a,) of h such that a, = 0. If we
choose a; = —q(a+.,a,,), then & = (ay,a,,...,a,) is a common nonsingular zero of f,h
and hence it is a common nonsingular zero of f, g as well. Since f,g do not have

any nonsingular common zeros, we get a contradiction to the assumption that h

has a nonsingular zero. Therefore, h has only singular zeros. O]

In the next proposition we give a detailed proof of an elementary fact that is

stated in [14]].

Proposition 2.1.10. We assume that f is a quadratic form in n variables defined over
IF with rank at least 2 and that f has nonsingular zeros over F. Let @ be a nonsingular
zero of f over [F, then we can find another nonsingular zero b of f over [F such that b
does not lie on the tangent hyperplane to f = 0 at @. As a consequence, @ does not lie on

the tangent hyperplane to f =0 at b.

Proof. 1. By Lemma we know that all the nonsingular zeros of f over [F
do not lie in a hyperplane. Hence, we can find b such that it is a nonsingular

zero of f over IF and it does not lie on the hyperplane to f = 0 at 4.

2. W.L.O.G., we may assume that Z=(1,0...,0) and b= (0,1,0,...,0).

Then there exists linear forms L; = a,X,+---+a,X,,, and L, = b3 X3+---+b,X,,
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such that
f = XlLl(XZJ' . .,Xn) + X2L2(X3,. . "Xn) + f,(X:),,. . Xn)

where L; = 0 is the tangent hyperplane to f = 0 corresponding to @, and

a,X; + L, = 0 is the tangent hyperplane to f =0 at b.

Since b does not lie on Ly = 0, we get that a, = 0. Then it is clear that @ =
(1,0,...,0) also does not lie on a,X; + L, = 0.

]

Lemma 2.1.11. Let f be quadratic form in n variables over any field IF such that o(f) >

u(IF)+ 1, then f has a nonsingular zero in IF.

Proof. By a nonsingular linear transformation over [F, if necessary, we express f in
terms of the minimum number of variables. So, f = f(Xy,...,X,,), where m = o(f).
Since m > u(IF) + 1, f must have a nontrivial zero in IF". If all the zeros of f are
singular, then by Lemma|2.1.8, f must be degenerate. This implies that there exists
anonsingular linear transformation T such that y(fr) < m, which is a contradiction

aso(f)=m. O

Lemma 2.1.12. Let f be a nonsingular quadratic form over [F in n variables such that
char(IF) = 2, and let Qf denote the quadric generated by f = 0. Let H denote any

hyerplane. Then H is polar to Qy at a unique point in [F".
Proof. Let IH be given by the kernel of the linear form
L= X{++¢,X,=C"X,

where ¢ = (cy,...,¢,) ' € F" and X = (Xy,...,X,)". Let P = M;lﬁe F". Then the

polar hyerplane to Qy at P is given by the kernel of the linear form P‘MX. Note
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that

t _ =2t -1
P'MX =¢'M;' My X
=ctx

:c1X1+---+Can

=L

This implies that H is polar to Qy at P.

Suppose that H is polar to Q¢ at another point P’ € F". Then
H=c'X =P 'MfX.

Therefore, ¢t = P’ th, which implies that P’ ' = _)thjl = P'. Therefore, H is polar

to Qs at a unique point P = M;lE’in F". O

Lemma 2.1.13 ( [3]], Lemma 1.15). Let f, g be two quadratic forms in n variables over
IF. Assume that the homogeneous polynomial P (A, u) = det(Af + ug) of degree n does
not vanish identically on F. If (Ao, po) is a zero of P of multiplicity m and r (< n) is the

rank of the quadratic form Ay f + puog, then
mzn-—r.

Proof. Since the homogeneous polynomial P (A, u) = det(Af + ug) of degree n does
not vanish on F, we get that it has only finitely many linearly independent ze-
ros over FF. Let (g, yg) be a nontrivial root of P(A,u). W.L.O.G, we may assume
that y( = 0. After an invertible linear change of variables, we can diagonalize and
rewrite Agf + pog as

/\0f+llxlog:b1X12+"'+brXr2,

where rank(Agf + pog) =r <n.
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Then
Aof +mog—Aof

Af+ug=Af+p
Ho
=20 e X2 41 b, X2)
Ho Ho
Ao H 2 I 2
=(A-—uf+—bbX{+---+—bX;
P‘oﬂf Ho i Ho

Let M represent the symmetric matrix corresponding to the quadratic form Af +

pug. Then

P(A, p) = det(M),

where the matrix M is as shown below:
T n—r

_ Aop nby
(A Ho )all + Ho ¥

A
(A - %)arﬂrﬂ

A
(/\ - %)ann

We can factor out n—r copies of (1— %y) from the last n—r rows of det(M). This

A

implies that (A — —Oy)”_r divides P(A, p) i.e, the linear factor (ugA — Agp) appears at
Fo

least n—r times in the linear factor decomposition

n

P, =] [@r-bip),

i=1
over F.
Therefore,
>n-—t.

M(Xo.p0)
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Lemma 2.1.14. Let f, g be quadratic forms over [F in n variables such that the deter-
n+1

minant polynomial P(A, p) = det(Af + pg) over IF is not identically zero. Let r <
be a positive integer. Then every form in the IF—pencil generated by f, g has rank at

least r if and only if every form in the IF— pencil has rank at least r.

Proof. Since F C T, if every form in the IF— pencil has rank at least r, then every
form in the IF— pencil also has rank at least r.
Conversely, suppose that every form in the IF pencil has rank at least r, and

suppose that there exists a form af + g in the (F\IF ) —pencil such that the
rank(af +pg) <r-1.

This implies that at least one of @ and f is not in IF, and the pair («, ) is a root of

the determinant polynomial
P(A, p) = det(Af + pg).

By Lemma[2.1.T3]

This implies that (a, B) € IF2, because otherwise the conjugate(s) of (a, ) will also be
n+1

the root(s) of P(A, u) of multiplicity at least , which is a contradiction as the

degree of P(A, u) is n. Hence every form in the IF— pencil also has rank . O]

Corollary 2.1.15. Let f, g be quadratic form over [F in at least 9 variables such that
the determinant polynomial P(A, u) = det(Af + ug) over IF is not identically zero. Then
every form in the IF —pencil generated by f, g has rank at least 5 if and only if every form

in the F— pencil has rank at least 5.
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Proof. The result follows directly from Lemma[2.1.14]by taking r = 5.
]

Corollary 2.1.16. Let f, g be quadratic forms over [F in n variables such that the de-

terminant polynomial P(A, y) = det(Af + ug) over IF is not identically zero. Let IL be

. n+1
any extension of IF. Let r <

be a positive integer. Then every form in the IF —pencil
generated by f, g has rank at least r if and only if every form in the IL— pencil has rank

at least r.

Proof. Since [F C L, if every form in the IL— pencil has rank at least r, then every
form in the [F—pencil also has rank at least r.
Conversely, suppose that every form in the F—pencil has rank at least r, and

that there exists a form a f + g in the (IL\[F) —pencil such that the
rank(af +g) <r-1.

Since rank of f and g is at least r, we get that @ and g are both nonzero. This

implies that
* at least one of o and g isnotin [F,

* the pair (a, ) is a root of the determinant polynomial over F,

P(A, p) = det(Af +pg),
and therefore,
. % is an algebraic element over IF, and hence belongs to FF.

As a result, we get that af + g lies in the (F\IF ) —pencil, which is a contradiction
because by Lemma|2.1.14{we know that every form in the IF—pencil must also have

rank at least . Hence every form in the IL— pencil also has rank at least r. [
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2.2 Quadratic Forms over R.

In this section we give detailed proofs of some facts about quadratic forms, and
pairs of quadratic forms over the field of real numbers. We begin by introducing
some definitions and terminology that is specific to quadratic forms over R. Let f

be a quadratic form in n variables over R.

Definition 2.2.1 (Definite Quadratic Form). We say that f is definite quadratic form
over R if f(7) always has the same sign for every v’ € R" - {0}. According to that

sign, the quadratic form f is called positive-definite or negative-definite.

Definition 2.2.2 (Semi-Definite Quadratic Form). We say that f is definite quadratic
form over R if f(V) is always non-negative or always non-positive for every v €
R" — {6} If f(V) is always non-negative for every v € R" — {6}, then f is called
positive-semi-definite. If f (V) is always non-positive for every v € R" — {0}, then fis

called negative-semi-definite.

Definition 2.2.3 (Indefinite Definite Quadratic Form). We say that f is an indefinite
quadratic form over R if it takes both positive and negative values when evaluated

at vectors in R" — {6}

Example. f(Xy,X;,X3) = alez + 0(2X22 + a1,X; X, is a binary quadratic form

over R.

* f is positive definite (f > 0) if ; > 0 and aja,—a?, >0, and f is negative

definite (f <0)if a; <0 and a;a; - alzz > 0.

* f is positive-semi-definite (f > 0) if a; > 0 and aja; —a?, = 0, and f is

negative-semi-definite (f <0) if @; <0 and a;a, — alzz =0.

* f is indefinite if a;a, — a122 <0.
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Definition 2.2.4 (Rank and Signature of a Quadratic Form over IR). Let f be a
quadratic form in n variables over a R. Then f is equivalent to a diagonal form
d1 X} +---+d,X? under an invertible linear change of variables over R. The rank
of f, denoted by rank(f) is the number of elements in the set {d;;d; # 0,1 <i < n}.

The signature of f, denoted by sgn(f), is given by

sgn(f) =, =i

where 7, is number of elements in the set {d;;d; > 0,1 <i < n}, and r,, is number of

elements in the set {d;;d; < 0,1 <i < n}.

Proposition 2.2.5. Let q be a nonsingular indefinite form in n variables. Let q|, denote

the restriction of q to an (n—1)—dimensional subspace W. Then

sgn(q), ifrank(q|w) =rank(g) -2
sn (alyy) =
sgn(q)+1, ifrank(q|w) =rank(q) -1,
where sgn(q) denotes the signature of q.
Proof. Let W be a subspace of dimension n—1 of an n—dimensional space V. Sup-
pose that mnk(q|w) = n—1. Choose a basis {wy,...,w,_;} of q|w such that g W can

be written as a diagonal form,

q,y = (dv,-. . dur),

where none of the di’s are zero. Then we can extend this to a basis of the whole
space given by

B ={wi,..., wy_1,v,}.

Then after a few row and column operations, the symmetric matrix of g looks like
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Since ¢ is nonsingular, b # 0. This implies that

sgn(q) = sgn(q|, )+ 1
Now, we suppose that rank(q|w) = n—2. We again choose a basis {wy,...,w,_1}

of such that can be written as a diagonal form.
w w g

alyy = (d1,... dy2, 0),

where none of the ds are zero. We can extend this to a basis of the whole space
given by B = {wy,...,w,_1,v,}. Then after a few row and column operations, the

symmetric matrix of g looks like

n—1 2
dy 0 |0 O
n-1

0 d, 10 0

2 0 0 |0 a

0 0 |a b

where a4, b are nonzero.
This implies that
0 a

sgn(q) =sgn(q|,,) +sgn| |=sgn(ql,,)
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0 a

because the signature of is zero as it represents a hyperbolic form. This

a b

finishes the proof of Proposition[2.2.5] O

The next two Propositions give a proof of the result in [14, Lemma 1]. We have
given detailed proofs for the nontrivial intermediate steps and statements that

were used in [14, Lemma 1].

Notation. Let f be a real quadratic form. In the next two lemmas we use
f =0 to denote the set {¥]x € R", f(¥) = 0}
f > 0 to denote the set {¥]x € R", f(¥) > 0}
f <0 to denote the set {¥|x € R", f(X) < 0}

Proposition 2.2.6. Let h be any quadratic form in n variables such that the rank of h

is at least 3, then

(1) the set h =0 has a nontrivial real point if and only if h is not definite; and in this

case the set h = 0 is path-connected in P"!(IR).

(2) the sets h > 0 and h < 0 separate the projective space P"~1(RR) into non-empty

disjoint parts if and only if h is indefinite.
(3) If h is indefinite, then the sets h > 0 and h < 0 are path-connected.

Proof. 1. If there exists a nontrivial point 7€ R” such that k(7)) = 0, then clearly
h is not definite. Conversely, if /1 is not definite, then it is either semi-definite

or indefinite. In either case, there exists a nontrivial ¥ € R” such that k(7)) = 0.

Suppose that the set h = 0 has nontrivial real points. We will show that h =0

is path-connected as a subset of P"~!(IR) under the euclidean topology. In the
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rest of the proof we will use Z(h) to denote the set of all nontrivial real zeros

of hin P""1(IR).

a) Suppose that & is a positive semi-definite form. We can diagonalize h to
write it in the form

h= X7t X2,

where r < n. Since r is at least 3, this implies that n > 4. Note that any

nontrivial real zero of & must have zeros in the first r coordinates.

If 4, b are any two distinct elements of Z(h)i.e, @ # cb, for any nonzero

c € R. We define the map

y:[0,1] = Z(h)

s H@) + (1 - 1)

Note that
« y(0)=band y(1) =2
o for any t € [0,1], the vector #(a) + (1 — t)g will also have zeros in the
first r coordinates and hence will be a zero of h.
o if there exists t € (0,1) such that t(a;)+ (1 —t)b; =0forr+1 <i <m,
then this would imply that a; = %bi for r + 1 <i <n, which further

S
implies that @'= %b, which is a contradiction.
Therefore, we see that @and b are path-connected in Z(h).

b) Suppose that & is an indefinite form of rank r > 3
We can diagonalize h over the reals to write it in the form
) 2 _ 32 2
h—Xl +”‘+Xk _Xk+1 _"'_XT,
Note that if ¥'= (v4,...,v,) is a nontrivial real zero of h, then
2

2 2 2 _ .2
7/1+7}2+"'+7}k —vk+1+"'+vr.
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We will proceed by assuming that h is nonsingular i.e, r = n.

e We first look at the case when k =n—1. Let @ = (ay,...,a,) and b=
(by,...,b,) be two distinct zeros of h in Z(h). Note that a,, b, are
nonzero real numbers and we may replace 7 and b by al—”c?and bl,,g'
respectively to ensure that a, = b,, = 1. Since @ and b are zeros of h,

we get that

b+ b =1
Now we define the following continuous map

y:d(B"10,1)) = Z(h)

i (if,1)

Note that y is a well-defined continuous map, @ = y(ay,...,4,_1),
and b = y(by,...,b,_1). This implies that @and b are path-connected

in Z(h), when n > 3.

* Suppose that k > 2 and n—k > 2 i.e, there are at least two positive
and two negative monomials in h.
Let Zand b be two distinct zeros of h. By multiplying by a scalar if

necessary, we may assume that
a%+---+a,§ :al%ﬂ +---+a,21 =1
bf+---+b,§:b,‘f+1+---+bﬁ:1
Now we define the following continuous maps
Yok H(B"H0,1) = Z(h)

(Upg1r-eor Up) (A1, ey Afy Upy1s e Uy),
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and

v 9(BX(0,1)) — Z(h)

(U1, ug) > (Ug,..., Uk, biyy,..., by),

Note that y,_x and y, are both well defined continuous maps. We

make the following observations:
- @=v,_r(axs1,...,a,)is path-connected to y,,_(bx,1,--.,b,) in Z(h).
= Vuk(brsr,-- -, by)=yp(ay, ... ax).
- Vi(ay,...,a) is path-connected to b= Vilbi,..., by) in Z(h).

Therefore, we get that @and b are path-connected in Z(h). A similar

argument can be used to prove the case when r < n.

2. if h is indefinite then h# > 0 and h < 0 are disjoint non-empty subsets of
P""1(R). Conversely, if there exist nontrivial real points in & > 0 and &k < 0,

then clearly h is an indefinite quadratic form.
3. We will prove that if & is indefinite, then h > 0 is connected. An analogous
argument will work to show that h < 0 is also connected.

Let 7 and b be two distinct vectors in h > 0. We will show that 7' is path-

connected to b or —b.

After a nonsingular linear transformation if necessary, we may assume that

p ps
=y -y
i=1 i=p+1

where p > 1 and s > 1 We define a continuous map y : [0,1] — k > 0, such

that y(t) = t@+ (1 — t)b.

Then for any t € [0,1],
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i=1 i=p+1
p p+s p p+s
=t2[Z<ai>2 <az>2l+<1t>2[Z<bi>2 > W}
i=1 i=p+1 i=1 i=p+1
p pts
+26(1-1) [Eaibi) - (al-bn]
i=1 i=p+1
. p p+s
= (@) + (1 - £)(B) + 24(1 - t)lZ(aibn - <aibi>}
i=1 i=p+1
If
p p+s
2al—w[§:mﬁg— Z:(@b» >0
i=1 i=p+1
then h(t@+ (1 -1)b) > 0.
If
p pts
[Z(a,b»— Z<aib,>}<o,
i=1 i=p+1
then
14 p+s
[Z(w(—bz» - <ai<—b1>>] >0,
i=1 i=p+1
and hence

—

h(t@+ (1 -t)(=b)) > 0.

This shows that 4’is path-connected to b or —b. Since b and b represent the
same vector in P""}(IR), we get that 7 and b are path-connected in h > 0 and

hence > 0 is a path-connected set in P"~!(IR).
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Proposition 2.2.7. [14, Lemma 1] Let f, g be real quadratic forms in n variables with

n> 3. Then

a. The set f = g = 0 contains nontrivial real points if and only if Af + ug is never

definite for any real A, u, not both zero.

b. If f is indefinite, then there exist real points on f = 0 that give either sign to g if
and only if Af + g is indefinite for all A € R.

Proof. a. “ ="
If f = g = 0 contains nontrivial real points, then Af + pug is never definite for any
real A, p, not both zero.

“
Suppose that f = ¢ = 0 does not contain any nontrivial real points and Af + ug is
never definite for any real A, y, not both zero.

We get the following two cases:

1. Suppose there exists a positive semi-definite form in the pencil. W.L.O.G,,
we may assume that f is a semi-definite quadratic form. After a nonsingular

linear transformation, we may assume that

Xy, Xp) = X3+ + X2,

where r < nis the rank of f, and

n

g = Z [/ll]X,X]

i,j=1

Note that if we set the first r variables equal to zero, then

n

8lix;=0,1<i<r) = Z a;i XiX;,

i,j=r+1

35



does not vanish since f = g = 0 does not have any nontrivial real points.

Now using a nonsingular linear transformation involving only X,,,..., X,

we can assume that

f=fXpy, Xp) =X+ + X2,
and

r n n

g§= ;i XX+ Z BiX?,

i=1 j=1 i=r+1

Note that

1. if B; = 0 for some r + 1 < i < n, then & will be a nontrivial common

rational zero of f and g.

2. if p; > 0, p; < 0 for some r+1 <i,j < n, then /|Bj|é; + \/B:&; will be a

nontrivial common real zero of f and g.

Since the set f = g = 0 does not have any nontrivial real points, all the f;s
are nonzero real numbers that have the same sign. W.L.O.G., we may assume

that all ;s are positive real numbers.

Now for any A € R, consider the symmetric matrix corresponding to Af + ¢

/\+a11 *

ﬁr+1

P
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Note that the first n — r leading principal minors starting from the lower
right corner of the above matrix are all positive and since A appears only on
the diagonal entries, we can choose 1( large enough so that all the leading
principal minors starting from the lower right corner are all positive. Hence,
using Sylvester’s Criterion for a symmetric matrix we can conclude that Ao f +

g is a positive definite quadratic form, which is a contradiction.

. Now we suppose that every form in the IR—pencil is indefinite. Since the
set f = 0, ¢ = 0 does not contain any nontrivial real points and Af + ug is
indefinite for all real A,y € R, not both zero, the set Af + ug = 0 with y >0
does not meet f = 0 in nontrivial real points. It therefore lies entirely in f > 0
or f <0. Define

%:{(A,y)eﬂ?2:/12+y2:1,;4>0},
M, ={(A,u)eC:Af +ug=0Iliesin f >0},
and
M, ={(A,u)eC:Af +ug=0Iliesin f < 0}.
M; and M, are disjoint and € = M; U M, by definition.

Since f is indefinite, there exist nontrivial vectors if}, i, € R" such that f(if;) >

0 and f (i) < 0.

For i = 1,2, we define (1;, ;) € € such that

V82 + £ (i)
and
; f (i)
i= (_1)l+1
" R+ (@
Note that



fori=1,2.
Since f(i]) > 0 and f(if,) < 0, we get that (A1, u;) € My and (A, yp) € M,. This

shows that M; and M, are non-empty subsets of €.

Now we will show that M; and M, as defined above are closed subsets of €.
This will give us a contradiction as 6 is connected. It is sufficient to show
that every sequence in M; that converges to a point in &', actually converges

to a point in M;. A similar argument will work for M,.
Let {(A;, #;)} be a sequence in M, that converges to (A, 4) in €.

For each (A}, p;), there exists a v; in IR” — {0} such that (A;f + p;g)(v;) = 0 and
f(vi) >0, since (A;, pj) € M.

W.L.O.G., we may assume that [v;| = 1. Let S = {v € R" : [v| = 1}. Note that S is
a compact set and {v;} C S. Thus {v;} has a convergent subsequence in S. By
restricting to this subsequence, we may assume W.L.O.G. that {v;} converges

tovin S. Since f(v;) > 0 and f is continuous, we have that

fw) = f(lim{v;}) = lim f(v;) > 0.

i—00 i—00

To complete the proof we claim that (Af + ug)(v) = 0.

Suppose this has been done. Then f(v) # 0 because p > 0 and the set f =
0,¢ = 0 has no real points. Since f(v) > 0, we get that f(v) > 0. This implies
that (A, u) € My, as desired.

Claim 1. (Af + pug)(v)=0

We have

((Af +u) @) = |(Af + pg)(v) = (Ai f + pig) (i)l
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(Af +ug)@) <(Af +pg) () = (Af + pg) (Wil +1(Af + pg)(vi) — (Ai f + pig)(vi)l
(2.8)

Let ¢ > 0 be given, since Af + pg is continuous, there exists N € IN such that

for all i > N, we have that
N €
I(Af + pg)(@) = (Af + ug) (W)l < 5

We now claim that

Claim 2. There exist N’ € N such that for all for any w € R" with |W] = 1, if
i >N’ then

(L + pg)(@) = (A f + pig) @) < 5

Suppose that the claim is true, then for all i > max{N,N’}, inequality (2.8)
implies that
(Af +p)w)l <5+ 5 =¢
124 S t5 =

Thus (Af + ug)(v) = 0 as desired.

To prove claim 2, let W € R" such that |&| = 1. Then w = (cy,...,c,) such that

lcjl<1forall 1 <j<n. Then

((Af +ug) (@) = (Aif + pig) (@) = (A = A)) f (W) + (4 — ;)8 (W)

Choose N’ € N such that if i > N/, then

€
A=Al < 2mn(n+1)
and
= pul < 2mn(n+1)’

where m = max{|ai]-|, |b;;1 | 1<i,7< n} and a;;, b;; represent the coefficients of

f, g, respectively. Since f, ¢ each have at most @ monomials, it follows
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that

S S € nn+1) € nn+1)
A= Af (@) + (4= pi)g (@)l < 2mn(n+1) B T 2mn(n+1) 2
I
=1%1
-
"2

So we conclude that if f = g = 0 does not contain any nontrivial real points, then

there exists a definite form in the pencil. O]

Proof. b. “ ="

If there exist points on f = 0 which make g positive as well as negative, then Af +¢
is indefinite for all A € R.

“

Assume that ¢ > 0 whenever f = 0 and that Af + g is indefinite for all real /. We
will arrive at a contradiction. By Proposition 1(3), we know that for any A € R, the
real set Af + g < 0 is a non-empty, open and connected set. Note that Af +¢ <0
does not meet f =0 for any real A as f = 0 lies entirely in ¢ > 0. Hence, Af + g <0

lies entirely in f > 0 or f < 0. Define
Ap={ eR|Af +g<Oliesin f >0},

and
Ay:={ eR|Af +g<O0liesin f <0}.
Note that A; and A, are disjoint and A UA, =R

Claim 3. Ay and A, are non-empty subsets of R.

Since f is indefinite, there exists v, i € R" — {0} such that f(v) >0 and f (i) < 0.

We can find a sufficiently large negative number 1; € R such that
(A1 f +8)@) <0,
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and a sufficiently large positive number A, € IR such that

(Aof +g)(i) <O.

This implies that A; € A; and A, € A,.
Claim 4. Ay and A, are open sets in R.

Let A € A;. Then there exists a nonzero v € R" such that Af(v) + ¢g(¥) < 0 and

£(#) > 0. This implies that A < 22 Let e = 2@ _ \ Then for X' < A +e¢,

7@ 7@
V@) <Af(@) +ef (V),
Nf(0)+g(V) <Af (V) +g(V) + ef (V)
= Af (D) +g(@)+ <‘]§(g’ - Vf (@)
= Af (V) +g(V) - g(¥) - Af (V)
=0

Hence, (—c0, A + &) C A4
Similarly, for A € A, there exists a nonzero i € R" such that Af(if) + g(if) < 0

and f (i) < 0. This implies that A > _fg(g)

(U] 'S -
Lete_/\+f(mThenforany/\ >A-¢

AN f(ir) < Af (iF) — ef (ir),
A (i) + g(if) < Af (i) — e f (iF) + g(iF)
g(ir)

=)\f(t7)+g(07)—(/\+m)f(t7)

= Af(id) + g(i0) = A f (V) - g(ir)

=0

Hence, (1 —€,00) C A,.
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This proves the claim.
The previous two claims show that R can be written as disjoint union of two
non-empty open sets, which is a contradiction.

]

Remark 1. Note that in [14] in the proof of Proposition the case when f is
positive semi-definite (i.e, when M; = 6 and M, = 0), was not considered. Hence
in the proof of Proposition given above, we consider the case when f is
semi-definite separately.

Now let € = {(A, u) € R?: A2 + u?> = 1}. Let f, g be two nonsingular quadratic
forms over R in n variables. Let My, M, represent the symmetric matrices corre-

sponding to f, g, respectively. Assume that the determinant polynomial
det(Af + pg) = det(AM + puM,)

is a nonzero as a polynomial over IR in the variables A, u. As (A, ) moves on €,

Af + ug varies in the pencil.

Lemma 2.2.8. At most 2n of the forms obtained by varying (A, u) on € are singular,
where we consider (A, u) and (-, —p) as giving two distinct forms i.e, if S = {(A, p) €

€ : Af + pgis a singular quadratic form}, then |S| < 2n.

Proof. By definition, a form in the pencil generated by f, g is singular if and only if
the rank of the corresponding symmetric matrix is less that n. Since det(Af + ug) =
0 has at most 2n distinct zeros, there are at most 2n distinct singular forms in the

pencil. This implies that |S| < 2n. N

Next, we define

sgn: 6 —»Z

(A p) > sgn(Af + pg)
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Proposition 2.2.9. sgn is constant on each connected component of ¢ —S. This implies

that sgn is continuous at all but finitely many points on €.

Proof. For 1 <k < n, let Mf(\fﬂug := upper k x k submatrix of M), ,,, and dy :=

determinant of M* We know that any nonsingular quadratic form Af + pg can

Af+ug’
be arranged such that dj = 0 for any k.

dZ dn
Af +ug=p {d,—,...,
f+ug =g {(d; a; 4

).

Let (Ao, pg) € € — S. Because of the continuity of the determinant function, for

every ¢ > 0, there exists 6y > 0 such that if

k k
”A440f+ﬂog'_Adﬁf+ﬂg” <O
then
k k ,
| det(M¥ . )-det(M§ )l<e.

This holds true for all k, 1 <k < n.
Let 6 = min{dx|1 < k < n}. Now we can choose ¢ > 0 small enough such that
k
) and det(M/\fwg
around (Ao, pg) € € —S. As a result,

det(M¥

Nof +H0g ) have the same sign in an open neighborhood Ujg

sgn(Ag, po) = sgn(A, p),

for all (A, u) € Us. This shows that sgn is a locally constant function from € - S to

Z, where Z has the discrete topology on it. Hence sgn is a continuous function.
Let €; be any connected component of € — S, then sgn(%;) is also connected.

Since the only connected sets in Z are singleton sets, we get that sgn(%;) is a con-

stant. o

Proposition 2.2.10. For (A, p) € €, the signature of the quadratic form A f +ug changes
only as we pass through a singular point on ‘¢ and it changes by at most twice the

nullity of the form.
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Proof. Note that the proof of the first part of this Proposition follows from the
previous Proposition.

We will show that as we pass through a singularity (g, #g) on &, the signature
changes by at most twice the nullity of the form Ay f + pog.

Let rank(Ayf + pog) =r <n. W.L.O.G., we may assume that Ayf + ppg is a form
in the r variables Xy,..., X,.

Let 61,%,,...,, denote all the connected components of € — S. Proposition
implies that sgn is constant on each ;. Let €}, %, be the two consecutive
components such that (A, ) is the point of singularity that disconnects 6] and
€, in 6.

Note that the form Af + pg is nonsingular for all (A, y) € 61 U6,

Set X, 11 =...=X,=01in Af + ug for all (A, u) € {6, UG, U (g, po)}- Then Ay f +

X —x _0) are quadratic forms in r variables and in this case
r+l1 =" =4An—

Aof + pog is nonsingular when considered as a form in r variables. We define the

Hog and (Af +pug

following map which is the restriction of sgn defined in Proposition

sgn; : 61 UG U{(Ag, po)} > Z
(Lp) = sgn(Af + ﬂg|XM:...:Xn:0)
From Proposition we know that sgn, is a locally constant map at a nonsin-

gular point in €. Since the form Ay f + pog corresponding to the point (A, yg) is a

nonsingular form in r variables, we can find ¢ > 0 such that

sgn; (A, u) =sgn, (Ao, po) = sgn(Ao, po)

for all (A, u) € B.(Ag, po) in €. Choose (A, u) € B, different from (A, pg). After a
few row and column operations, the symmetric matrix My, ,,, can be written in

the following form
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C1 0

As observed from the above matrix,
sgn(Af +pg) =sgn, (Af + pg) +sgn(B)
=sgn(Aof +pog) +sgn(B)
Hence we get the following inequality,
sgn(Aof +pog) = (n—r1) <sgn(Af +pg) < sgn(Aof + pog) +(n—r)

Choose (A, p1) € €1 and (A, py) € 65, such that (A, py) and (A, pp) lie in Z,.
(Note: We can make this choice W.L.O.G., since the signature of the forms is con-

stant in each component) Then,

|sgn(Ay, 1) —sgn(Ay, o)l = [sgn(Ay, uy) —sgn((Ag, o)) +sgn(Ao, po) —sgn(Ay, o)l
<|sgn(Ay, 1) —sgn((Ao, po))l +[sgn(Ao, po) —sgn(Ay, )|
<n-r+n-r

=2(n-r)

This finishes the proof of the Proposition. O

2.3 Quadratic Forms over an Infinite Field.

Proposition 2.3.1. Let f, g be quadratic forms in n variables over any infinite field K

with char(K) = 2, such that every form in the K—pencil generated by f, g is singular.
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Then f, g have a common nontrivial singular zero over K.

Proof. Let r denote the maximum of the ranks of all the forms in the IK—pencil.
Since all the forms in the K—pencil are singular, r < n. W.L.O.G., we may assume

that f has rank r and by a change of variables over KK, we can put it into the form
f = a1X12+---+arXr2,

wherea; #0for 1 <i<r,and

)\al +}4b11 0

0 Aa, + ub,,

where B is an (n—r)x(n—r) submatrix whose entries are b;j, for r+1 <1, j < n. Since
KK is an infinite field and every form in the K—pencil is singular, P(A, u) = det(Af +
#g) = 0. Note that the coefficient of A™*14"="in P(A, u ) is a, - a5 ---a, - det(B), which
is zero and hence det(B) = 0. Thus we can find a nontrivial ¥ = (v,,4,...,v,) € K"
such that v 'Bv = 0,i.e, ¥ is a nontrivial zero of the quadratic form corresponding

to matrix B, which is g|X~:0'1<i<r' We can extend v to (0,...,0,v,,1,...,7v,) € K" to

get a nontrivial common zero of f and g over K. ]

Lemma 2.3.2. A nonzero polynomial in m variables defined over an infinite field IF is

nonzero at infinitely many points in IF™.
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Proof. Let IP(Xy,...,X,,) be any nonzero polynomial with coefficient in IF. Suppose
that [P is nonzero at only finitely many points &;,...,& in F™. Let P;,..., P, be

nonzero linear polynomials over [F such that P,(§;) =0for 1 <i<k.
k

Let P’ = ]_[PZ-. Then we get that IP - P’ is a nonzero polynomial over FF that
i=1

vanishes everywhere in [F". This is a contradiction because IF is an infinite field.

Therefore, we may conclude that IP is nonzero at infinitely many points in F™.

This completes the proof of Lemma[2.3.2] O

Lemma 2.3.3. Let f be a quadratic form over an infinite field F in n > 3 variables
such that rank(f) > 3, and has a nonsingular zero in F". Then f has infinitely many

nonsingular zeros in IF" that avoid any given proper linear subspace of IF".

Proof. We are given that f = f(Xy,...,X,,) has anonsingular zero in [F” and rank(f) >
3. After a nonsingular linear transformation, we may assume that &; = (1,0,...,0)

is that zero, and f can we rewritten in the form

f=X ZbiXi +(Xa,..., X,): (2.9)
=2
Note that,
f 0, ifi=1
I @)=
1 . .
b, ifi>2

Since €] is a nonsingular zero, at least one of the b;’s is nonzero. W.L.O.G., let

b, # 0. Using another nonsingular linear transformation, we can assume that

f :X1X2+q/(X2,...,Xn). (210)
Note that by Lemma[2.1.6]
rank(f|{X2:0}) =rank(q’(0, X3,...,X,,)) > 1. (2.11)
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Let W be a linear subspace of [F" such that dim(W)=#n—1. Then

W ={(Xy,...,X,) e F" |L(X,,...,X,) = 0}},

for some nonzero linear form over [F denoted by

n

L(Xy,...,X,) = ZCiXi: where not all ¢;’s are zero.
i=1

Case 1: Suppose that &, € W. We will show that there exist infinitely many non-
singular zeros of f that do not lie in W. Since ¢, € W,c; =01in L, and
L =cX;+-+c,X, is a nonzero linear form over [F. This implies that at
least one of the c’s is nonzero for 2 < i < n. Taking X, = 1 in L gives us the

following polynomial
P(Xs,...,X,) :c2+ZciXi. (2.12)

P(Xs,...,X,) is a nonzero polynomial over IF because at least one of the c’s
is nonzero for 2 < i < n. Let S(P) = {(as,...,a,) € IP”_2|P(a3,...,a,,) = 0}. By
Lemma we get that S(P) is an infinite set in IF"~2. Note that for any
two distinct choices (a(;’,...,aif)) and (af),...,aﬁf’) of vectors in S, the vectors

(1

(1,a; ), 0,...,0)and (1,a(32), 0,...,0) are linearly independent.

Using (2.10), for a particular choice of (as,...,a,) € S(P), we take
X1 =-49'(1,a3,...,a,).

Then & = (—q’(1,as,...,a,),1,43,...,4,) is a zero of f in IF" such that

of

a—)g(a):].io.

i.e, a is a nonsingular zero of f. Note that a ¢ W by construction. Since S(P)

is an infinite set in IF"~2, we get infinitely many choices for @ € IF",
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Case 2: Suppose that & ¢ W. This implies that ¢; = 0. W.L.O.G., let ¢; =1 and
L=X;+cXo++¢,X,. (2.13)
Using and (2.13), we define the following quadratic form over IF:
WXo.0 Xp) = =q' (Xo,.0, Xp) ¥ X2 + 03X0 X5+ -+ ¢, X0 X, (2.14)

By Equation (2.11),

rank(h|x,-o) = rank(—4’(0,X3,...,X,)) > 1.

This implies that & is a nonzero quadratic form over F.

Lemma implies that X,/ is nonzero at infinitely many points in F"~!,

Therefore, h is nonzero at infinitely many points in F"~! such that X, # 0.

Let S(h, X;) ={(ay,...,a,) € IF”_1|h(a2,...,an) % 0,a, # 0} denote the infinite set
of all the points in IF"~! such that X,h is nonzero. Using equation for
any point (a,,...,a,) in S, we may take

Xl =4a) = —q’(az,a3,...,an)'
a

—q'(ay,a3,...,a,)

Then & = ,d7,4a3,...,4, | is a nontrivial zero of f in F" such
ar
that
af
—(ad)=ar,=0

i.e, @ is a nonsingular zero of f. Since the set S(h,X,) is infinite, there are

infinitely many choices for @ € [F". Also note that

L(a)=ay+cyar+---+c,a,

/
—q'(ay,a3,...,a
M LCP I TIT ”)+c2a2+-~+cnan

as
’ 2
_ —q'(ay,a3,...,a,) + c2a5 + -+ + cuaza,
a
_ h(a,,...,a,) 40
as

This implies that o ¢ W.
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Therefore, we have shown that there are infinitely many nonsingular zeros of f in
IF" that avoid W.
O

Lemma 2.3.4. Let f and g be a pair quadratic forms in n > 5 variables over an infinite
field IF such that there exists a form in the IF —pencil that contains at least two hyperbolic
planes and has rank at least 5. Suppose that f and g have a nonsingular common zero

in IF". Then f and g have infinitely many nonsingular zeros in [F".

Proof. W.L.O.G., we may choose f to be that form in the pencil that contains at
least two hyperbolic planes and has rank at least 5. By the hypothesis we know
that f and g have a nonsingular common zero in [F". Therefore, after a nonsingular

linear change of variables we can rewrite f and g as
f=X1 X+ q1(Xp,..., X,),
g=X1 X5+ q2(Xp,..., X))
Since f is a quadratic form over F that contains at least two hyperbolic planes and
rank(f) > 5, we get that
flix,=0y = 41(0, X5,..., X))
is isotropic over [F and that rank(f|(x,-0;) > 3. By Lemma flix,=0) has in-

finitely many nonsingular zeros such that X3 # 0. Let Z(f/x,=0), X3) denote that

infinite set of nonsingular zeros, i.e,

Z(flix,=o0p X3) = {(a3,...,a,) € F"" 2|a3 #0,(as,...,a,)is a nonsingular zero of f|x,—o}.

—q,(0,a3,...,a,)
(13 '

For any point (a3,...,a,) in Z(flx,=0), X3), we may take X; = a; =
Then & = (ay,0,4a3,...,4,) is a nontrivial common zero of f and g over F.

Note that
f=X1Xo+ a2 X5+ Xo(bys Xz + -+ b3, X,) + 41 (Xs3,..., X),s

f'{ngO} = qi(Xfw"-!Xn)l
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where qi(X3,...,Xn) is a quadratic form over F.

Hence, fori > 3

aaq’
5)]; = baiXo + agcl-
9f | _oq O |{X2:0})
=01 T 9X, T 9

Therefore, we can make the following observations about the partial derivatives of

f and g.:
1. Fori >3,

af
X,

0
(@ = T o330

le =0
:(;—)5(“3""’“”)'

Since (a3, ...,a,)is a nonsingular zero of f/x,—o}, we get that (&) is nonzero

X,

for at least one i > 3.

Therefore, the jacobian matrix shown below has full rank.

of L of . of o
Jg g . 0% . g
axl (0() as aX2(a) 8X3(a) 8X (0()

This implies that & is a nonsingular common zero of f and g. Note that the set
Z(flix,=0), X3) defined above is infinite and any distinct vector (as,...,a,) € Z gives
us a distinct common nonsingular zero & € F" of the quadratic forms f and g.

Therefore, f and g have infinitely many common nonsingular zeros in [F".
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Lemma 2.3.5 (Lemma 3.2 in [10]]). Let f = X;A(X>,...,X,)—B(Xy,...,X,), and
2(Xy,...,X,) be homogeneous forms over an infinite field K of degrees d, and e, respec-
tively with A # 0. Assume that f does not divide g, and f is irreducible. Then there

exists a IK-rational zero of f which is not a zero of g.
Proof. Assume that every zero IK—rational of f is a zero of g. Then

(A(Xy,..., X)) 8(Xq,..., X,) = 2(X1A(Xy, ..., X)), XGA(X,, ..., X)) (*)

= g(B(Xy,..., X)), X0A(Xy,..., Xy), ..., X, A(Xp, ..., X)) mod f.
Define
h(Xy, ..., X,) =8(B(Xy, ..., Xp), X0A(Xo, ..., X)) , XnA(Xo, .., Xy)).
h is a homogeneous form of degree de.

1. For all 7= (ay,...,a,) € K" ! such that A(@) # 0, we have

h(@) = g(B(@), aA(@),...., a,A(@)

B(a
= (A(ﬁ’))eg(%,az,...,an)
=0,
since (%,az,...,an) is a zero of f and thus also a zero of g.

2. Forall @=(ay,...,a,) € K" ! such that A(a) = 0, we have

h(@) = g(B(@), aA(@), .., 2, A(@)
= ¢(B(a),0,...,0) =0,
since (a,0,...,0) is a zero of f for all a € K, and hence a zero of g. We have
shown that 4 vanishes on all of IK""!, and since K is an infinite field, # must

be the zero polynomial. By (*), we see that f divides A°g. But gcd(A, f) =1,

since f is irreducible and deg(A) < deg f. Thus f must divide g.
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2.4 Approximation Theorems over an Arbitrary Number Field.

Proposition and its proof is a generalization of [[9, Theorem 1.2, page 467].

Proposition 2.4.1. (Weak Approximation Theorem) Let K be a field, | |,...,|

s

nontrivial independent absolute values on KK, and Ky, ..., K represent the comple-

tions of K with respect to | |y,...,| |5 respectively. Let x; € IK; and € > 0. Then there

exists x € K such that
|X - xi|i <g,
forall i.
Proof. Let us first consider | |; and | |;. By the hypothesis, we can find a € K

such that |a|; <1 and |al; > 1. Note that @ # 0. Similarly, we can find g € K such

that |—; >1and |— < 1. Lety = g- Then [y]; >1 and [ys < 1.
Claim A. For each i, there exists y; € K such that |y;|; > 1 and |y;|; <1 for all j =i.

We will first show that there exists z; € K such that
|7/1|1 >1land |7/1|] < 1,] = 1.

We have already proved this when s = 2. Suppose that we have found z; € K

such that

|lel > 1and |Zl|]’ < 1;] = 2;---15_1-

1. If |z1]s < 1, then [z]y|; < 1 for any n, and there exists N € IN such that for
j=2,...,5-1,
iyl <1
for all n > N.

Then for y, =2y,
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N N
vili =lz; vh =121l vl > 1,

and
|')/1|] < 1,] = 1.
. If |z1]s > 1, then the sequence
Zl’l
ty = ——
1+2z

tendsto 1 wrt| |[,| [;andtendstoOwrt| [jforj=2,...,s-1.

Hence, for j = 2,...,5 -1, there exists 1y € IN such that

|tny|j <1,
for all n > n,,.

For j =s, |yls <1, and |t | — 1 as n — oco. Therefore, there exists n; € IN such

that |t,y|; < 1 for all n > n,.

For j=1,|yl; > 1, and |t,|; — 1 as n — co. Therefore,there exists n; € IN such

that |,y > 1 for all n > ny.

Choose N > max{n, ny,ng}, and let y; = tyy. Then

ly1l > 1,

and

|7/1|] < 1,j¢ 1.

A similar proof works for all 2 <i <s.
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This completes the proof of the claim above.

Since K is dense in KK; for all i € [s], for € > 0, we can find y; € K such that

€
[pi = xili < 5
for all i. Let m = max{[y;|;,7, ] € [s]}.
For each i € [s], note that the sequence
n
lim Vi —=1
n—oo 1 + Vi
wr.t| |;, and
n
lim Vi - =
n—oo 1 + Vi

wrt] [, jels]j=i

More precisely, given ¢ > 0, there exists Ny € IN such that

Vi 1l <« &
L+y! |, 4m’
and
128 € o
1+ 4m(s—1)’]¢l'
for all n > Ny, and for all i, € [s].
Ny
For each i, let T = Vi ~
L+y.°
We define
S
X = Zyjl“]-.
i=1
Note that

55



Ix—yili = Zyjfj -9
j=1 :

1
S

<| ) vl +lndi- vl
j=1,j=i ;
S
< ) il Il +toiliri - 1l
j=1,j=i
€ PR
< -1 —_—+tMmM— = —.
<(s )m4m(s—1) mo—=
So for € >0,
lx —xili =[x —pi + i —xil;
< lx—ili + [y = xil;
< ¢ =+ € =¢
2 2
This finishes the proof of the Proposition. -

The statement and proof of Proposition is a generalization of [2, Lemma 2.8,

page 62] to an arbitary complete field.

Proposition 2.4.2. Let K be a complete field under a nontrivial absolute value denoted
by | | Let f be an isotropic nonsingular quadratic form in n > 3 variables over a field
K, and let

L(X) = ZIXI +---+ lan

be a nonzero linear form over K. Let b € K" be a nontrivial zero of f. Then for each

neighborhood U of b, there exists a nontrivial €€ U such that f(¢) = 0 and L(c) = 0.

Proof. By Proposition 2.2 in [9], page 470, we know that any two norms on K",

compatible with the absolute value on K, are equivalent. So using the given abso-

56



lute value on KK, we define the following norm on K".

| |1 K" SR

(1, v VL2 4+ o, 2

We may suppose W.L.O.G. that b= (1,0,...,0) and after a linear transformation

on the variables X,,..., X,, that f can be rewritten as
f(X)=a12X1 X, + f(0,Xa,..., Xy)
with a;, # 0. Note that
f(0,X5,...,X,) = Xo(ap Xo + -+ a2, X)) + 8(X3,..., X)),

where g is a quadratic form in n—2 variables. Now under the following nonsingu-

lar linear transformation

a a
X; > X+ 22X, 4+ 22X,
a2 a2

we can rewrite f as

f(X)=a;,X1 X, +¢(X3,...,X,)

S
Note that b stays the same under this transformation.

Now consider the given linear form

LX)=hX;+--+1,X,.
If I; # 0, then we may take = b. Now we assume that Iy =0.

Case 1) Suppose one of I3,...,1, is nonzero. Choose d3,...,d, € K such that

l3d3+"‘+lndn¢0. (215)
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Then for any A € KK, the point EA with coordinates

—lzg(d3,...,dn)
ain

by=(1, Ads,..., Ad,) (2.16)

is a nontrivial zero of f.

(i) If I, = 0, then L(b,) = 0 for all A € KX

(ii) If I, # 0, then L(E,\) = 0 for at most 2 values of I.

Let Bg(g) be any open neighborhood of b of radius ¢ > 0. Then we may

choose A € K such that |A| <1, and

€
Al < ,

‘M ’
ain

+1d3|? + -+ 1dy|?
Note that since not all d;s are zero,

\/'g(d3,...,dn)
ain

is a nonzero element of IR.

and L(b,) = 0.

2
+|ds)? + -+ |dy)?

For the above choice of |

Ib—b,| = |1|\/|1|2

a12
g(d?)l"'ldn) 2 2 2
<|W||=————]| +ld3|*+---+|d,,]

ain

‘g(d3,...,dn)
ain

=&

2

ds,...d,
L SL N B

< +1d3 > + o+ |y

e ‘g(d3,...,dn)

2
+1d3 > + e+ |y

-

This shows that b, € B,(b) such that f(b,) = 0 and L(b;) = 0.
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Case 2) Suppose I3 =... =1, = 0. Then I, # 0. Since rank(f) = n > 3, we get that
rank(g) > 1. Therefore, we can choose d3,...,d,, € K such that g(ds,...,d,) # 0.
Then for A = 0 and E),\ as defined in equation , f(E)A) =0 and L(EA) 2 0.
Let Be(y) be any open neighborhood of b of radius ¢ > 0. By an argument
similar to the one in Case 1, we can choose A # 0 small enough such that

by € B.(b).

This finishes the proof of the Proposition.
O]

The statement and proof of Proposition is a generalization of [2, Lemma 9.1,

page 89] to an arbitary field with characteristic not 2.

Proposition 2.4.3. Let K be a field with characteristic not 2. Let f(x) be an isotropic
quadratic form over KK in n > 3 variables, | |,...,| |s nontrivial independent absolute
values on K, and Ky, ..., K, represent the completions of K with respectto| |i,...,| |
respectively. Let € > 0 and EZ- € K be given with f(b;) = 0, then there exists beK"
such that f(g) =0and

|E— Eih <g,

forall i.

Proof. By the hypothesis there exists a nontrivial ¢ € K" such that f(¢) = 0. Let
B (if, V) be the bilinear form corresponding to f.
2B, 1) = (7 +7)— (D)~ £(7)
Case 1) Suppose that Bf(EfE)i) #z0forl1<i<s.

By Proposition and continuity, we can choose d € K" such that d is

5 7

arbitrarily close to b; for all i, and Bg(c,d) = 0.

We want to choose A € K such that

f(A?+cf):0.
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Let

(X
2B£(6, %)
such that if

N
Note that is continuous at b; for all i. Given ¢, there exists 0; > 0

|i_gi|i<5i’ (217)
then
S A |,
2Bf(C, ) 2Bf(C, 1') ;
—f(d)
f(ﬁ)ﬁ —0| <¢
ZBf(C, )
Il; <e
This implies that as
d—b;wrt| |, (2.18)
I = _f(dﬁ L ) (2.19)

Let 6 = min{o;|i € [s]}.

On replacing 9; by ¢ in (2.17), the limit in (2.18]) and (2.19) can be achieved

simultaneously in IK; for all i € [s].
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Case 2)

Hence, we get that
- -
AC+d — bi,

—

w.r.t| |; forall i €[s]. To complete the proof of Case 1, we take b=\c+d.

Suppose that B¢(c, by) = 0 for some 1 < k < n. Then by Proposition (2.4.2}, we

can find E),’( arbitrarily close to gk such that f(b;) = 0, and B¢ (¢ E),’() 2 0.

Then

—

Note that for each i € [s], B¢(c, b;’) = 0.

We replace Ei with EZ" in Case 1. As argued before, we can find I such that for
each i € [s],
AC+d — E:”

-

wr.t| |;and f(AZ+d) = 0. To complete the proof of Case 2, we take b = A&%+d.

This completes the proof of the Proposition.

2.5 Quadratic Forms over a Number Field and its Completions.

Notation. Below is a list of notation and terminology associated that is used ex-

tensively in this section:

K will denote a number field.

Q) is the set of all places on K. () contains all the archimedean and nonar-
chimedean absolute values on K upto equivalence. We often use the word
‘infinte prime’ to refer to an archimedean valuation and ‘finte prime’ to refer

to a nonarchimedean valuation on K.
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e If pe ), then K, denotes the completion of K with respect to p.

* For archimedean places (or infinite primes) p, K, is isomorphic to either R
or C. If K, is isomorphic to R, then KK, is a called real completion of K, p is
called a real place on K and the corresponding isomorphism 6, : K, — R is

called an ordering on K,,.

* For nonarchimedean places (or finite primes) p, K, is a local field, that is,
c.d.v. field with a finite residue field, and v, denotes the corresponding dis-

crete valuation on K.

Proposition 2.5.1. Let f and g be nonsingular quadratic forms in at least 9 variables
over KK such that every form in the IK—pencil generated by f and g has rank at least 5.
Then there exists a nonsingular form in the IK— pencil that contains at least 3 hyperbolic

planes over K.

Proof. Let KK, be a real completion of K, and % = {(A, )|, p € R,A* + p? = 1}.

Consider the signature map
sgn: 6 —»7Z
(A, p) > sgn(Af + pg)

Note that image of sgn is contained in [-n, n].
Assume that no nonsingular form Af + ug in the K,—pencil contains 3 hyperbolic
planes. Then the signature of any nonsingular form, in the IK,—pencil, has absolute
value at least (n—4). Let 6;, 1 <i <t, denote all the distinct connected intervals in
€ - %, where

F ={(A,p) €€ : Af + ugis singular}.

Since sgn is an odd function, there will be two adjacent connected components
on ¢ where the signature jumps from being positive to negative or vice versa.

Therefore, there must be a jump of at least 2(n—4) for the signature as (A, ) varies

62



on ¢ . By Proposition we know that such a jump happens only when (A, y)
passes through a point in ., and the jump is bounded above by twice the nullity of
the associated singular form. Let Ao f + pg be that singular form in the K ,~pencil
and let r = rank(Aof + pog). Then the jump in the signature as we pass through
(Ao, po) is bounded above by 2(n —r).

Therefore,

which is a contradiction since the rank of every form in the pencil IK—pencil is at
least 5 and by Corollary we know that the rank of any form in the K,~ pen-
cil is at least 5. Hence there exists a (A, 1) € € such that A, f + p,¢ is nonsingular
and contains 3 hyperbolic planes. Note that (1, y1,) lies in a connected interval of
¢ — . Since there are only finitely many real completions of KK, by using Propo-
sition 20, we can choose Ay, p; € K such that they are arbitrarily close to Ay, uy,
and (A, pp) avoids the points in & for each real completion K, of K. This implies

A1 f + p1g is a nonsingular quadratic form in the K—pencil such that

sgn(Ayf +p18) =sgn(A,f +ppg),

for each real completion KK, of K. Therefore, it contains 3 hyperbolic planes over
K, for each real completion of K.

For the nonarchimedean places p, we know that any form over K, in at least 5
variables variables is isotropic. Since n > 9, any nonsingular form in the K, pencil
automatically contains at least 3 hyperbolic planes.

Therefore, A; f +p; g contains 3 hyperbolic planes over K, for each place p over
K and hence, by the Hasse-Minkowski Theorem, we can conclude that A, f + y; g

contains at least 3 hyperbolic planes over K.
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Let Q) be the set of all archimedean(real) and non-archimedean places K.

Lemma 2.5.2. Let p € Q. Let f, g be nonsingular quadratic forms in at least 9 vari-
ables over IK,. Assume that all the forms in the IK,~pencil are of rank at least 5, and
every form in the K -pencil is indefinite for each real completion IK,. Then f, g have a

nonsingular common zero over K, for every p € (3.

Proof. 1. First we consider the case when p € Q) is non-archimedean. Since the
number of variables is at least 9, by Demyanov’s Theorem in [5] we know
that there exists a nontrivial common zero of f = 0 and g = 0 over KK,. Let Py,

denote a nontrivial common zero of f, g over K.

2. Let p € Q be archimedian such that K, is a real completion of K. By the
hypothesis, we know that every form in the K,-pencil is indefinite, hence we
can use Proposition [2.2.7(b) to conclude that f, ¢ have nontrivial common
zero over K. Let Py, denote a nontrivial common zero of f, g over K,.

Suppose that Py, is singular i.e, the tangent hyperplanes to f = 0 and g = 0 at Py,
are the same. By a nonsingular linear change of variables over K, we can take

Pop = (1,0,...,0)!, and rewrite f and g in the following form,
f = XlLl +fo(X2,...,Xn),

and

§=X1Ly+go(Xp,..., Xy),

where L, L, are linearly dependent linear forms in the variables X,,..., X,,.

Since L; and L, are linearly dependent, we can find a nonzero A € K, such that

Ll = /\LZ
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Since every form in the IKp—pencil has rank at least 5,
rank(f — Ag) = rank(fy— Agg) =5

W.L.O.G., we may replace g by f — Ag, and consider the following

f = XlLl +f0(X2,...,Xn),

and
8= g(X2""an)l

where L; is linear form in the variables Xj,..., X,,, and rank(g) > 5. As such we can
find a nonsingular zero of g. Note that this zero only involves X5,..., X,,.

By Lemma we know that all the nonsingular zeros of a quadratic form
do not lie in hyperplane. So, we can find one such nonsingular zero (u,,...,u,) of
g in ]Kg‘1 such that L(uy,...,u,) # 0. Since (u,,...,u,) is a nonsingular zero of g,

W.L.O.G., we may assume that

_(uz,...,un)io, (>(->(—)

Now we may choose

foluy, ..., uy)

uy =-
Ll(uz,...,un)'

and let i = (uy,uy,...,u,)". i is a nontrivial common zero of f, g in Kj. Consider

the jacobian matrix of f and g w.r.t to .

- Lay ... Lo

ax; | : aax2 7,
98 g g
8X1(17) 8X2(j aXn(lf)

Jf dJg

Ly(ir) a(_)) aaXn(ﬁ)
98 98

0 8X2(LT) aXn(bT)
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By (**) and the fact that L,(#) = 0, the first 2 x 2 minor in the above matrix is

Jg

Lz(ﬁ)(a—xz(ﬁ)) # 0.

This implies that the jacobian matrix of f and g w.r.t to if has full rank and there-
fore, i = (uy,uy,...,u,)" is a common nonsingular zero of f, ¢ in in IK’;. As a result,
the corresponding tangent hyperplanes to f = 0 and g = 0 w.r.t to i are also dis-

tinct.
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CHAPTER 3. A SYSTEM OF TWO QUADRATIC FORMS OVER A C.D.V FIELD

3.1 Introduction

Proposition 3.1.1. [|8, Proposition 6.16, page 403]

For any field IF,
ru(F) < up(r) < T(r; Do), (3.1)
forany r>1.
In particular for r = 2, we get that
2u(F) < up(r) < 3u(F). (3.2)

If F is a field such that u(IF) = 4, (i.e. any quadratic form over [F in at least 5
variables is always isotropic), then for r = 2, Proposition[3.1.1]implies that any two
quadratic forms in more than 12 variables over [F have a nontrivial common zero.
However, if FF is a p—adic field (u(FF) = 4,8, Theorem 2.12, page 158]), from the
classical work of Dem’yanov [5] (and Birch-Lewis-Murphy [1]]), we know that the

following sharper result is true.

Theorem 3.1.2. Over a p—adic field IF, any two quadratic forms in more that 8 varibales

over F have a non trivial common zero over FF i.e,

ur(2) =2u(F) (3.3)

In 1962, B.], Birch, D.J. Lewis and T.G. Murphy gave an alternative proof of
Theorem in [1]. Their proof naturally extends to an analogous result over

any complete discretely valued field of characteristic different from 2.
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Theorem 3.1.3. Over a complete discretely valued (c.d.v.) field F with characteristic

not 2, and ug(1) < oo,
up(2) = 2up(2) (3.4)

In this chapter we give a detailed proof of the Main Theorem that gen-
eralizes the argument in [1]].

However, before we proceed to the proof of Main Theorem , we will dis-
cuss some definitions, terminology, and concepts that are frequently used in the
proof.

We begin by stating the basic terminology of fields with a nonarchimedean

valuation.

Definition 3.1.4 (Discretely Valued Field). A discretely valued field (or a d.v. field

for short) is a field [F equipped with a discrete valuation i.e., a surjective map
v:F*>Z
such that
1. v(ab)=v(a)+v(b), for all a, b € [F*; and
2. v(a+b) > min{v(a), v(b)}, for all a, b € [F*.
3. To extend this map to [F, we take v(0) = co.

Definition 3.1.5 (Valuation Ring). The valuation ring of F is the subring of IF de-
fined by
O={xelF:v(x)>0}.

The valuation ring O of F has the following properties:

4. The quotient field of O is F.
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5. O has a unique maximal ideal
p={xelF:v(x)>1},

including 0. p is generated by any element 7t € [F such that v(rr) = 1. Such an
element 7t is determined up to a unit in O, and is called a uniformizer of O or

of F.

6. The group of units of the valuation ring O is given by

U=UO)={xeO:x¢p}

={xeF*:v(x)=0},

and every element x € [F* can be written uniquely in the form
x = pr"™,

where y € U and 7 is a fixed uniformizer.

7. The field TF := O/p is called the residue field of O relative to the valuation v,

and the projection of O onto T is expressed as

xeOHXx=x+p.

Let (IF,v) be a d.v. field. For a fixed real number c greater than 1, we define
d(x,y)=c""Y, xpel. (3.5)
This gives a metric on IF relative to the discrete valuation v.

Definition 3.1.6 (Complete Discretely Valued Fields). The pair (IF, v) is a complete
discretely valued field or c.d.v. field if [F is complete with respect to v. In other
words, every Cauchy sequence in IF converges to a point [F with respect to the

metric defined in (3.5).
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3.2 Proof of the Main Theorem over a c.d.v. Field

We first assume that F is an arbitrary field with char(IF) # 2. We state the following

lemma from [[1]] without proof.

Lemma 3.2.1. [I, Lemma 3] Let f, g be any two quadratic forms in n-variables over
IF. There is a polynomial % (f, g) in the coefficients of f and g such that for a,b,c,d € F

and a nonsingular linear transformation T,

Fafr +bgr,cfr +dgr) = (ad —be)"" "V det(T)* "D 7 (f, g).

Let Mf, Mg be the symmetric matrices associated with the forms f, g, respec-

tively and let
P(x,y) = det|xM, —yM¢].

If P(x,p) is not identically zero, then

n

P(x,y) = | [(hix-mp)

i=1

where A;, y; are in the algebraic closure of IF, and are not all zero.

Then we take,

T, =] |Aiwi— A (3.6)

i<j

It can be verified that 7 (f, g) satisfies equation in Lemma

We now suppose that (IF,v) is a c.d.v. field.
If

n
f = Z ainin
i,j=1
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is a quadratic form with coefficients a;; € O, then

n

f= Z(aij +P)x;X;

i,j=1

is a quadratic form with coefficients a;; +p € FF.

Definition 3.2.2 (Primitive Vector). We say that a vector (xy,...,x,) € O" is primi-

tive if there exists at least one 7 such that v(x;) = 0.

Lemma 3.2.3. If f, g are quadratic forms in n variables over the valuation ring O and
if f,g have a nonsingular common zero in the residue field F := O/p, then f,g have a

common primitive zero in IF.

Proof. We will show that a primitive common zero & exists in [F by constructing
a Cauchy sequence of common zeros modulo powers of p converging to it. More

precisely, we will construct a sequence (V) of primitive vectors in O" such that
i) f(Z)=g@)=0 mod p’
(ii) ) = 20+ mod p

If a sequence satisfying the above conditions exists, then Condition (ii) implies
that it is a Cauchy sequence in O" C [F". Since [F complete, this sequence will
converge in [F”. In particular, let & = lim 2. Since F is complete, we get that
1—00
Z exists and (ii) implies that & is a primitive vector in F".
Since f, g are continuous over O, by (i) we get that
(&)= f(lim &) = lim £(27) =0
1—00 1—00

Similarly, ¢(Z’) = 0.

Therefore, it is enough to show that such a sequence exists. Let (1) be any

nonsingular common zero of f and g in IF. We may choose &1 to be any inverse
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image of 1) in O". Suppose that we have constructed Z'("). In order to construct

1), we need to find ) = (y,...,v,) € O" such that
Z") =gy
Then,
f@r ) =@+ 1Y)
= (XN +n" [ia—f(%(r)) -yi] + higher powers of 1t
We want to choose ) such that
f@r ) =g@ ") =0 modp™!

Because of condition (i), 7" divides

(&N +n" [Zg—i(%(”) : })i] +higher powers of it
-1

So we want to choose Y € O" such that

n‘ff<%<”>+(2%<%“>>‘yi] = n-fg<%<”>+[2%<%“>>-yi]

i=1

Note that,

() + za—f_(%(f))-yi =0 modp,

and

—-r r a r
7 (M) + Za—f(% ")-9;1=0 modp,

are linear equations in variables yy,...,y, over . The coefficient matrix for this
system of linear equations over F is given by

'B_f'(gg(r)) Lf(ggﬂ(r))-
axl

Ixy,

% (o 2 (o
_a_i(gyu) axgn(%())_
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We know that W) is a nonsingular common zero of f,g' over IF. Since ") =

ZM mod 7 by construction,

Ff oy~ O o)
8x,-(% )_Bxi(% ) modp

and

dJg (r)_ag (1)
5 @)= 5@ ) mody,

we get that (") is also a nonsingular zero of f,¢ and hence, the vectors g—i(%),
g—g(%) are linearly independent over F.

As a result, the row rank of the matrix in corresponding to the above
system of linear equations is 2. Since we have a system of two linear equations
where the coefficient matrix has full row rank, it must have at least one solution in
F". Hence, we can choose ) € O to be any inverse of that solution. This completes

the proof of the lemma. O
For the rest of this section, we make the following assumptions on the field IF.
* (F,v)isac.d.v. field with char(FF) = 2,
o The u—invariant of the residue field T is finite i.e, u(F) < 0.

Lemma 3.2.4. Let f, g be a pair of quadratic forms in n variables over O. Assume that
P(x,y) = det|xMy —yMy| is not identically zero. Then 7 (f,g) as defined in is an

element of O.

Proof. Since P(x,y) = det|xMg — yM| is not identically zero, we get that

n

P(xy)=| [(hix—pp)

i=1
is a homogeneous polynomial of degree n over the algebraic closure of [F. This
implies that A; and y; cannot be simultaneously zero for the same subscript i. Note

that if A; (or y;) is zero for more than one 7, then (3.6) implies that _#(f,g) = 0. So

W.L.O.G., we may assume that at least n—1 A;s and at least n—1 y;s are nonzero.
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Case 1: Suppose that A; and y; are nonzero for each 7, 1 <i < n. Then we can rewrite
n
x
P(x,y) =" l_[(/\i; — Hi)
i=1

Let Z = %’ and let

n
P (Z)=| [(MiZ = i),
i=1
=a,Z"+ -+ ay, (3.8)
n
=a,| |(z-#),
i=1
where Py(Z) is polynomial of degree n with coefficients in O, a,, =[]'_; A; €
O-{0},and t; = % Let P/(Z) denote the derivative of P; with respect Z. By

1

[9], Proposition 8.5, page 204], we get that the resultant of P}, P, is

Res(P;, P)) = (-1)"""Y2q,D(P,), (3.9)
where
n
2n-2
D(P(2) =" [ Jtti-1;7 (3.10)
i<j

By the definition of resultant in [[9, page 200], Res(P;, P]) is the determinant
of the matrix A,, 1 (3.11) whose entries are determined by the coefficients of

Py and P|. This implies that Res(Py, P,) is also an element of O.

a, ay,_1 ... Qo
a, ady1 ... Q
a, d,q N 24y
(3.11)
’ ’ ’
a, a, e
’ ’ ,
o, a, 4 o
’ ’ ,
a, a, 4 o,
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Case 2:

The matrix A,,_1 in (3.11) isa (n+(n—1)) x (n+ (n—1)) matrix over O where
the blank spaces are supposed to be filled with zeros. Note that the first
column of A,,,_; is divisible by a, because «a;, = na,,. Therefore, Res(P,, P,) is
also divisible by a,,. This implies that «;'Res(P;, P() € O. Using this fact in
we get that D(P;) € O. It the follows by that

r1m—gﬁeo,

i<j

and since a, =[] A; € O, we get that
n
aﬁr10r¢ﬂ260

Next we note that

ol o[ 1) ﬂ(ﬂ—%)z

i<j i<j ]

—I_[(/\iﬂj /\],”z =J(f,9)

i<j

Therefore, we have shown that _#(f,g) is an element of O.

W.L.O.G,, suppose that p; = 0, then it follows that A; # 0, and p; = 0 for i > 1.

n

P(x,y) = hix| [(Aix—pp)

i=2

Il
.i‘x

(A1 Adix = Ay p;y) (3.12)
2

-
l

(Aix=T;p),

1
[\S]

1
where A; = A1 A;, and I} = Ay p; # 0 for any i such that 2 <i <n. If A; #0 for

each 7, then we can show that 7 (f, g) is an element of O by taking

P (Z)=| [(AiZ-T)
i=2

75



in Case 1.
If A; =0 for some i > 2, say A, =0, then A; # 0 for i > 3. We can repeat the

above process and take

in Case 1.

This completes the proof of the lemma. N

Theorem Let f, g be a pair of quadratic forms over IF in n > 2up(2)+1 variables,

then they have a primitive common zero in [F.

Proof. T is a c.d.v. field, char(FF) # 2, and u(IF) < co. Let [F denote the residue field
of [F. Without loss of generality, we may assume that the coefficients of f, g are in
O (i.e. integers) and hence 7 (f,g) is an element of O.

First we assume that #(f, g) # 0. The proof consists of three steps.

Step 1: Define

A:

‘. g0l .

1S a nonsingular transtormation over ¥,

{(f’, &)= (ufs+Ags, p fs + Ags) |7 o eF sothat }
pA' =Ap’'#0 in F

By Lemma we see that #(f’,¢’) # 0, for any (f’,¢’) € A. Note that:

* (f’,g’) € A is equivalent to (f,g) in the sense that there is a 1-1 correspon-

dence between the common zeros of (f,¢’) and (f, g).
* We can choose a pair for which v[f(f’,g’)] is minimal.

Assume without loss of generality that (f,g) is that pair to begin with.

Step 2: We claim that

(ii) If h= ﬁf— ig‘ for g, A € F, not both zero, then O(I_i) >u (?) +1.
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Proof of Claim (i): Let O(f, g’) = m. Then there is a unimodular-transformation
U so that f;; and gy involve at most the variables x1,...,x,,. Define another linear

transformation R by

R:F[xy,...,x,] = F[xq,...,x,]
X mx;, 1<i<m

Xj—x;, m<i<n
Then (T(_lfUR, n‘lgUR) € A, and
V[j(n_lfUR: T(_lgUR)] =v [(ﬂ_l)n(n_l)(det(R))4(n_l)f(f)8)]
=-2n(n—1)+4m(n—1)+v[F(f,g)]

= (4m=2n)(n-1)+v[F(f,g)]
2v[Z(f,8)]

which can only happen if 4m —2n > 0. This implies that
2m>n > 2up(2)+ 1.
As such, since m is an integer, we have that
m>ug(2)+1,

as claimed.
Proof of Claim (ii): Let O(fz) = m and assume that 1 # 0 in [F. Then there is a
unimodular-transformation U so that i involves at most the variables x,...,x,,.

Define another linear transformation R by

R:F[x1,...,x,] > Fxqy,...,x,]



Then (fURI ﬂ_ll’lUR) S A, and

v [ (fure 7 hur)] = v [(n‘l)n(n_l)(det(R))4(n_l)f( f,h)]
= —n(n—1)+4m(n-1)+v[Z(f,h)]
= (4m—n)(n—1)+v|[(-D)"" V7 (f,g)]
= (4m—n)(n—1)+v[F(f, h)]

2 v[F(f,8)]
which can only happen if 4m —n > 0. Hence,

dm>n> 2up(2)+1>4u(F)+1,

because up(2) > 2u(IF).

As such, since m is an integer, we have that
m>u(F)+1,

as claimed.

We now proceed to the third step:

Step 3: By Claim (i), f,¢ have a at least one common nontrivial zero in IF. If one
of these zeros is nonsingular, then by using Lemma we have a primitive
common zero for the pair f, gin F.

If f, ¢ have no nonsingular common zero, then by Lemma there exist a
form h = jif — Ag, which has singular zeros. Using Claim (ii) and Lemma
we get a contradiction.

Hence, f, g must have a primitive common zero in FF.

Finally, we assume that that _#(f, g) = 0.

Claim 3.2.5. We can find a sequence f), V) of pairs of quadratic forms with 7 (f), g\))

nonzero which converges to f,g over IF as | — oo.
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Proof of Claim
We define fV), and g'/) such that

A4fg)::A4f+-ﬁ]I,
and
Mg = Mg +7/D,

where I is the identity matrix and D is a diagonal matrix with all its diagonal
entries distinct. Let d; denote the diagonal entries of D.

Then

f(f(])'g(])):j[f+aZXi2,g+aZdiXi2 (3.13)
i=1 i=1

is a polynomial in which a which is not identically zero because the coefficient of

the highest power of a is

n

= ]_[(di—d]-)io.

i<j=1

v

ix}, idixf
i=1 i=1

Therefore, we can find a sufficient large J such that a = 7/ is not a root of (3.13).

This implies that for a sufficiently large J, .7 (f),gU)) # 0 and therefore each pair
of quadratic forms f ), g(] ) has a primitive zero. Let & () denote that primitive
Zero.

This implies that

and

gZFV)y=0( mod ).

Then by Proposition 5.24, [[7], Page 67, we get that there exists & € [F” such that
Z is primitive common zero of f and g aribitrarily close to V) for all sufficiently
large values of J.

This completes the proof of Theorem [3.1.3] O
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CHAPTER 4. A SYSTEM OF TWO QUADRATIC FORMS IN N > 11
VARIABLES OVER A NUMBER FIELD

4.1 Introduction.

In the previous chapter, we looked at zeros of a system of two quadratic forms over
a c.d.v. field with a finite class. In this chapter we will shift our main focus to a
class of global fields called the Number Fields (i.e. finite extensions of Q). However,
before we discuss existence of rational zeros of a system of two quadratic forms
over an arbitrary number field, we will take sometime to discuss the motivation
behind the assumptions and techniques used in giving a proof the result stated
above.

In 1959, an American-born British mathematician, Louis J. Mordell, known for
pioneering research in number theory, proved the following theorem which states
that if n > 13 and f, g are quadratic forms over Q that satisfy certain number

theoretic conditions, then they have infinitely many common rational zeros:

Theorem 4.1.1 (Mordell). Let f(x) = f(Xy,...,X,,) and g(x) = g(Xy,...,X,) be two
quadratic forms with rational coefficients, in n variables. Suppose that for real I, p,
non both zero, each form in the pencil is indefinite and has rank at least 5. If n > 13,
we assume that at least one form in the pencil has the absolute value of its signature
bounded above by (n —10). Then f(X) = g(X) = 0 have infinitely many nontrivial

common rational zeros.

In his proof of Theorem Mordell works with a quadratic form f over Q that
is nonsingular in n(> 13) variables,(i.e, rank(f) = n) and the absolute value of the

signature of f is at most three. After a nonsingular rational change of variables, f
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can be rewritten as

5
f= inxi+5 + f1 (x11,X12,%13).
i=1

Note that if we set x; = 0 for all i with 6 <i < 13, then we automatically have a zero
of f where the last 8 coordinates are zero, and we end up reducing g to a quadratic
form g; in the 5 variables xy,...,x5.

By the Hasse-Minkowski Theorem([[8], Theorem 3.1, page 170), an indefinite ratio-
nal quadratic form in at least 5 variables has nontrivial rational integer solutions.
Then, it can be concluded that g; has nontrivial rational integer solutions provided
g is indefinite. Once we have a nontrivial integer solution of g;, it can be naturally
extended to a common integer solution of the pair f, g.

Using the ideas presented in Mordell’s paper [11]], Peter Swinnerton-Dyer, an
English Mathematician showed in [14] that Theorem holds for n = 11. In
Mordell’s paper [11]], the reduction of g to g; resulted in an indefinite quadratic
form in 5 variables, but a similar reduction in the case of a pair of forms in 11
variable results in a form g; in 4 variables. While it is known that any indefinite
quadratic form in 5 variables has a nontrivial rational integer solution, there are
many examples of indefinite quadratic forms in 4 variables which do not have
nontrivial rational integer solutions. In this context, the crux of the argument
presented by Swinnerton-Dyer in [14] is a method for reducing f in a way that
ensures that the resulting 4-dimensional quadratic form g is isotropic over Q.

The result proved in [14] is stated below:

Theorem 4.1.2. (Swinnerton-Dyer) Let f, g be homogeneous quadratic forms in 11
variables defined over the rationals Q. Suppose that for all real A, u, each form in the
pencil Af +ug is indefinite and has rank at least 5. Then, f, g have a nontrivial common

rational zero.
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The goal of this chapter is to discuss how the techniques used in [14] be general-
ized to system of two quadratic forms over an arbitrary number field with more
than one independent archimedean absolute value associated with it. Over Q,
since there is only one archimedean absolute value, it is enough to reduce to a
quadratic form g; in 4 variables which is indefinite with respect to this unique
archimedean absolute value and has a nontrivial zero with respect to each p—adic
absolute value. This sets the stage to use the Hasse-Mikowski Theorem to con-
clude the desired result. However, the major challenge over an arbitrary number
field is that there can be more than one independent archimedean absolute value
defined on it. In this case, in order to get to the point, where we can use the Hasse-
Minkowski Theorem, we need to make sure that g; is indefinite with respect to
each of these independent archimedean absolute values. To that end, in section
4.5, we give a self contained proof of the following generalization of theorem[4.1.2]

to an arbitrary number field.

Theorem 4.1.3. Let K be a number field with s distinct real places denoted by py,...,ps.
Let f, g be quadratic forms in at least 11 variables, defined over K; Suppose that ev-
ery form in the IK—pencil has rank at least 5 and if s > 1, suppose that every nonzero
quadratic form Af + ug in the K, —pencil is indefinite for all 1 <i <s. Then f, g have

infinitely many nontrivial common zeros over K.

Throughout this chapter, we will adhere to the following notation and termi-

nology (unless stated otherwise)

¢ K denotes a number field.

* () is the set of all places on K. () contains all the archimedean and nonar-
chimedean absolute values on K upto equivalence. We often use the word
‘infinte prime’ to refer to an archimedean place and ‘finte prime’ to refer to a

nonarchimedean place on K.
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e If pe ), then K, denotes the completion of K with respect to p.

¢ For archimedean places (or infinite primes) p, IK, is isomorphic to either R
or C. If K, is isomorphic to R, then KK, is a called real completion of K, p is
called a real place on K and the corresponding isomorphism 6, : K, — R is

called an ordering on K.

* For nonarchimedean places (or finite primes) p, K, is a local field, that is,
c.d.v. field with a finite residue class, and v, denotes the corresponding dis-

crete valuation on K.

4.2 A Result over Local Fields.

The next lemma is a generalization of Lemma 4 in [14] and is needed to ensure
that in the final stage of reduction we get a 4—dimensional quadratic form that is
isotropic. In this lemma, 0 is treated as a p—adic square so the set of squares over

K, can be treated as a closed set.

Proposition 4.2.1. Let p be a finite prime and let f, g be linearly independent quadratic
forms in n > 5 variables defined over a p-adic field K. Suppose that f is a nonsingular
quadratic form such that

f=H1H1h,

where h is a qudratic form of rank at least 1. Assume that ¢'(v) € IK?> whenever f'(v) =

0. Then there is a form of rank at most 1 in the pencil generated by f, g over KK,.

Proof. Let L be any two-dimensional subspace of zeros of f defined over K. Con-
sider g|L : L — K. Then g|L has rank at most 1 because any quadratic form of
rank at least 2 represents non-squares over K. Since rank(gIL) <1, we get that
rad(g| ;) € L has dimension at least 1. Note that any nontrivial element in the

radical of g|L is a nontrivial common zero of f, g over K.
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Let Ly be a two-dimensional subspace of zeros of f defined over K, and let

e rad(g'L ) C Ly. W.L.O.G,, after a nonsingular linear change of variables, we can
0

assume that if = €}, is a nontrivial common zero of f, g over K, and we can rewrite

f as
f = X1X2 + X3X4 + h(X5,. ..,Xn),

where where / is a qudratic form of rank at least 1, and
g= X](b2X2 T+t ann) + Q(Xz,. . .,Xn),

where Q is a quadratic form. Let L; denote that two-dimensional space of zeros of

f givenby X, = X4 =--- =X, =0. Then
8y, = bsX1X3 +BX3 = X3(b3X; + BX;).

Since ¢’ L has rank at most 1, it follows that b3 = 0. Similarly, by considering
another two-dimesional subspace of zeros of f given X, = X3 =X5=---=X,, =0,
we can conclude that by = 0. We can replace g by —b, f + g. This lets us assume that
b, = 0. We now have

f = XIXZ +X3X4 + h(X5,. ..,Xn),

and

8= Xl(bSXS + ann) + Q(XZ;---;XS)-

Let w=(0,0,-Ah(1,...,1),1,1,...,1), then f(w) =0 and g|keﬁ+kﬁ has rank at most 1.
1

w1

This implies that b5 =--- = b, = 0. Therefore, we get that
f = X1X2 + X3X4 + h(Xs,. . .,Xn),

and
2=0(Xy,...,Xy).
Thus &) is a singular zero of the pair f, g.

We will now show that g has rank at most 1. To do this, suppose that the rank
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of g is at least 2. Thus, there exist c,,...,c, € K, such that Q(c,...,¢,) = a, where
a ¢ K2 Then Q 1 (—a) is isotropic and has rank at least 3. Now we can complete
the proof in the following way:

Since Q 1 (—a)hasrank at least 3, we get (Q L (-a))t X,X,,,1. Hence by Lemma
we can find a nonsingular zero 7 = (2z2,...,2341) Of Q L (—a) such that z, 20

and z,,.1 # 0.

Let z; = %(2252”) Then
f(z1,...,2,)=0
and
g((z2,-.,24) = Qlzp,..-,2,)
— 2
=0z,
=0
where az2, | is not a square, which is a contradiction to the hypothesis that g(?) is

a square whenever f(?) = 0.. This implies that rank(g) < 1.
O

In Proposition when n = 5, the condition that kernel of f has dimension
lie
f=H1H_1aX:, a=0,
over K, is vital. The following example shows that without this condition Propo-
sition [4.2.1would be false for every prime p.
We first assume that p is an odd prime and u is a non-square p—adic integer.

Let

=X\ Xo—uX3 +pX; —puX?

g = (X1 - Xp)?+pX3
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Note that the kernel of f” has dimension 3 and there is no form in the @p_pencil
generated by f’, ¢’ that has rank 1. We will show that Proposition fails in this
case. Let (ay,...,as) be a nontrivial zero of f defined over Q,. W.L.O.G., we may

assume that each a; € Z,, and that one of them is a p—adic unit.
Case (1) If vy(a; —ay) = 0, then
glay,az,as) = (ay —ay)* + paj
is a square modulo p, and hence is a square in Z,.

Case (2) If vy(a; —ay) > 1, then we get the following subcases

a) vy(a1) =vy(ay) =0i.e, a; and a, are p— adic units. Since vy(a; —a;) > 1,

aya, = a% mod (p),

i.e, aja, is a square in Z,. Now consider the following quadratic form in
4 variables

h=X{-uX;+pX2—puX;.

Note that (+/ajay,as,a4,4a5) is a nontrivial p—adic zero of h, which is a

contradiction as h is anisotropic over Q,.

b) If v,(a) > 1, then since v,(a; —a,) > 1, we get that v,(a,) > 1. This implies
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that
a1a, =0 mod (p?)
—ua§+pai—upa§ =0 mod (p?)
-uaz =0 mod (p)
a% =0 mod (p)
az;=0 mod (p)
Now once we have that, we get that

aﬁ - ua% =0 mod (p)

Since u is a non-square unit in Z;, we get that ay = a5 =0 mod (p). So
we have shown that p divides all the a;’s, which is a contradiction as at

least one of the 4;’s is a unit in Z,,.
Now we assume that p=2. Let

=X\ Xo+ X3+ X2+ X2

g = (X; - X,)? +128X?

Note that the kernel of f’ has dimension 3 and there is no form in the Q,-pencil
generated by f’, ¢’ that has rank 1. Let (ay,...,as5) be a nontrivial zero of f defined
over Q,. W.L.O.G., we may assume that each a; € Z,, and that one of them is a

2—-adic unit.
Case (1) If vo(a; —ayp) =0, then
g(ay,ay,a3) = (ag —ay)* + 128a§
is a square modulo 2, and hence is a square in Q5.

Case (2) If vy(a; —ay) > 1, then we get the following subcases:
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a)

Suppose v,(a;) = v,(a;) = 0 and v,(a; —ap) > 3. Then a; = a, mod (8),
and hence aja, € Q%.

As a result, we get that (\/a;ay,as3,a4,as5) is a nontrivial 2— adic zero of

the quadratic form
XT+X3+X3+XZ=(1,1,1,1),

which is a contradiction.

Suppose v,(ay) = v5(a;) = 0and v,(a; —a,) =1 or 2. Then v, ((a1 — az)z) =
2 or 4. We claim that (a; —a,)% + 128a§ € Q%.

proof: Note that

128
)

(a; —ay)* + 128a§ =(a; - a2)2(1 +
(a1 —a)

because vz((all_zasz)za%) > 7—4 = 3. Therefore, (a; —a,)* + 128a§ = (a1 —a,)?

mod (8) which proves the claim.
Now suppose that v,(a;) > 1. This implies that v,(a,) > 1. Then 4 | aya,,
and therefore

a% +ai+a§ =0 mod (4).

This implies that 2 must divide as, a4, a5 and hence v,(a;) > 1 for all

1 <1i <5, which is a contradiction.

4.3 Some Results on IK—Rational Zeros

In this section we prove a Lemma that will be needed in the proof of the Main
Theorem Lemma [4.3.2]is a generalization of Lemma 3 in [14]. It deals with
a special case which requires an argument that is different from the main line of
proof of Theorem and hence has been presented in this section in order to

avoid any confusion. Proposition is a result over real completion of K and
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is used in the proof of Lemma to deal with the mutliple archimedean places

associated with K.

Proposition 4.3.1. Under the conditions of the main theorem if for each i € [s]
there are KK, —points on f = 0 that give either sign to g under the ordering 0., then
there exists a IK—rational point W on f = 0 that g(W) has an arbitrarily given sign at

each ordering of K.

Proof. For each i € [s], let t; € {~1, 1}. Let v; € K} such that v; = (0,...,0), f(¥;) =0,
and g(7})t; > 0. Since g is continuous, for each i € [s], there exists ¢; > 0 such that if
ve K], and [V~ 7j|; < ¢;, then g(¥)t; > 0.

Let ¢ = min{¢;|i € [s]}. Then by Proposition there exists w € K" such that
[w -7l <e,
for all i € [s] and f(w) = 0.

Hence, w is a K-rational point such that f(w) = 0 and g(w)t; > 0, for each i € [s].

]

Proposition 4.3.2. Let f and g be quadratic forms in at least 11 variables over K. As-
sume that in the K—pencil has rank at least 5, and assume that for each real completion
of K, of K, every form in the IK,—pencil is indefinite. Suppose that there exist A, p € K,
not both zero such that A f +ug has rank at most 6. Then f, g have a nontrivial common

K-—rational zero.

Proof. [Case 1.] Suppose that the K—pencil generated by f, ¢ contains a form of
rank 5 or 6. By a IK-rational change of basis, we may assume that this form is f;

and then by a IK—rational change of variables we can rewrite it as

f :f(Xl,...,X6).

We can assume that the coefficient of Xi2 in g forall 7 <i < nisnonzero, because

otherwise we will have a nontrivial common K-rational zero of f, g. Let b,, be the
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coefficient of X? in g. For each ordering 6,, i € [s], by Proposition , there
are K, —points on f = 0 which give either sign to g. For each i € [s], let P e Ky,
denote a point such that f(ﬁ;) =0,and g(13;) and 6, (b,) are opposite in sign. Hence
by Proposition there exists 136 € K" such that f(l%) =0 and g(IS())) and b, are
opposite in sign w.r.t to 0, for each i € [s].

By a K-rational change of variables only on Xj,..., Xs, we may assume that B
lieson X; =+ = X5 = 0. This implies that the coefficient of X62 in f is zero. Let g; be
form obtained from g by setting X; =--- = X5 = 0. Note that g, is a quadratic form
in the at least 6 variables Xg,...,X,, such that ¢(&,) = b, and gl(l%) = g(l%) have
opposite signs under each ordering 6, i € [s]. Hence, g; is an indefinite form in
at least 6 variables with respect to to each ordering on K, and thus by the Hasse-
Minkowski Theorem has a nontrivial K-rational zero. Let (v,...,v,) denote a
nontrivial K-rational zero of g;. Then (0,0,0,0,0,vg,...,v,) is a nontrivial common

IK—rational zero of f and g.

4.4 Process of Splitting Off a Hyperbolic Plane.

In this section we assume that f(X), g(X) are nonsingular quadratic forms in vari-
ables over an infinite field IF with characteristic not 2. We also assume that rank(f)
> 3, and that f and g are independent quadratic forms. By Lemma 2.2.8} we know
that there are finitely many singular forms in the F—pencil generated by f and g.
Suppose that the number of singular forms in the IF—pencil is I. For 1 <j <, let
h;(X) represent a singular form F—pencil generated by f, g.

Let q(X) be the quadratic form whose symmetric matrix is given by MfMgle.

Claim A. The quadratic forms f and q are independent, and hence f does not

divide q.
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Proof. Suppose that g and f are dependent as quadratic forms over [F. Note
that f is irreducible as rank(f) > 3. This implies that f and g have no noncon-
stant common factor. Therefore, if g and f are dependent, then g must be a

constant multiple of f. In other words,
g(X) = Cf(X), whereC e F*
and hence,

-1 _
MMMy = CM;

= MM, =CI,

J

My = CM,

f(X)=Cg(X),

U

which is a contradiction as f(X) and g(X) are independent quadratic forms.

O

Recall. In Chapter 2, section 2.1, we gave a definition of a polar hyperplane (2.1.2)
and a tangent hyperplane (2.1.3) to a quadratic form over a field F. When char(IF) =
2, we have the following representation for the polar hyperplane and/or tangent

hyperplane to f at a vector in [F".

Observation 1. Let char(FF) = 2, f(Xy,...,X},) a quadratic form in n variables over
F, and P € F". Then the polar hyperplane to f at P, denoted by lHﬁ, is the set of

vectors that satisfy the equation
=y 3
P"MeX =0,
where X = (X, -+ X,,)".

Notation. IH? : ﬁth}? =0
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Ifﬁis an isotropic vector of IF, IHJI? is called the tangent hyperplane to f at P.
Notation. T7 : P'M;X =0

n
Let P = (p1,---,pn) and f = Z a;jX;X;. Now observe that

ij=1
of .
ﬁ = 2a]]X] + Z ai]-Xi,
j i=1,i%j
and .
of =
ox (P)=2ajjpj+ Z ajp;
! i=1,i%j
611]'
=[p1-+-pul 2a
(4.1)
anj ]
el
2
= 2[pl pn] ajj
tnj
a7
2
Note that | 4;; | is the j—th column in the symmetric matrix M associated with

(an

[ 2
f. It then follows that,
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= Af S
i;axi (P)X; =2[p1--pa]lMsX

(4.2)
AT —
=2P'M fX
By definition|2.1.2 ]Hlj is the kernel of the linear form
~ If -
; e (P)X; (4.3)

Since char(F) # 2, equation (4.2) implies the kernel of the linear form (4.3

ﬁ:ﬁth)—():O. If P is an

is the same as the kernel of ﬁth)?. Therefore, IHf

isotropic vector of f, then "ﬂ“j? : ﬁth}? =0.

Now we are in the position to describe the process of splitting off a hyperbolic

plane in f. There are two main steps involved in this process.

Step 1. We want to choose a [F—rational point P, such that it satisfies the following

properties:
a) f(P)=0,
b) g(P) =0,

d) For 1 <j <, the polar hyperplane to g = 0 at P,, denoted by &, does
not contain all the singular zeros of h]-, and

e) For 1 <j <, if dim(rad(hj)) > 1, then there exists a nonzero (w/)’ €
rad(h;) N &; such that it does not lie on the tangent hyperplane to f =0

at P, i.e lsith(u_/’j)’ =0,

Step 2. For a fixed P, we choose another F—rational point B, satisfying the following

properties:
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b) P, does not lie on the tangent hyperplane to f at B,.

To complete Step 1, we first choose a nonzero (u7j) € rad(hj), for 1 <j <1 Let
(wh)t = (w{,...,w{;), and define
.9
ZX)=) wige
i=1 !

a linear form in the variables X;,...,X,, for 1 <j <.

Now note that

* f is irreducible over FF, since f is a nonsingular quadratic form in n > 3

variables.

I
¢ f does not divide &, which is a homogeneous form over IF of degree
89 j g g
j=1
4+1,

* if dim(rad(h;)) > 1, then we choose any nonzero (W) erad(h)N&;. Let

X'My (@), if dim(rad(h;)) > 1
1, if dim(rad(h;)) =1

l
f does not divide ggq H%S@’, which is a homogeneous form over F of de-
=1

]
gree at most 4 + 2.

Hence, by Lemma there exists a [F—rational zero of f which is not a zero of
gqL(orgqLLl’, if dim(rad(h)) > 1).

Let 15)1 denote a [F—rational zero such that
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(C) q(Pl) =0,

(d) For1<j<l, Z(P)=Y0, w j—gi(ﬁl) # 0, which implies that (@) does not lie

on the polar hyperplane to g at 13;
(e) for 1 < j <1, if dim(rad(k;)) > 1, then Z/(P) = P/M(@/)’ = 0. This implies

that (@w/)’ does lie on the tangent hyperplane to f at p,.

This completes step 1.
Before we go to Step 2, we will define some notation as well as dicuss some im-

portnant consequences of Step 1.

Let Ly(X) = P!M/X, and Ly(X) = P!M,X.

Recall. The tangent hyperplane to f at P, is denoted by

-

Th

f ZL1:0,

and the polar hyperplane to g at P, is denoted by the

&1:L,=0.
As consequence of step 1,
1. & and "ﬂ"fl do not coincide.
Proof. By (a) and (b), 15; lies on "Il"j?l but it does not lie of &;. O

2. the restriction of g to &; gives a nonsingular quadratic form of rank n—1.

Proof. By (b) and Lemma [2.1.12} &; is not tangent to ¢ = 0, and therefore

by Lemma|2.1.6 rank(gLEl) =n-1. ]

3. the restriction of g to &; : L, = 0 and 11"]131 : L1 = 0 is a nonsingular quadratic

form of rank n — 2.
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Proof. Let P, bea nonsingular point on f = 0. We may suppose W.L.O.G. that
13)1 =(1,0,...,0) and after a linear transformation on the variables X,,..., X,,

that f can be rewritten as
f(X)=a;,X1 X5+ £(0,Xp,..., X,)
with a;, # 0. Note that
f(0,Xy,..., X)) = Xo(apn Xy + - +ap,Xy,) + f1(X3,..., X)),

where f; is a quadratic form in n — 2 variables. Now under the following

nonsingular linear transformation

a a
X;+ 22Xy ++ 22X, > X,
ain a2

we can rewrite f as

f(X)=a1X1 Xo + fi(X5,...,X,) (4.4)

Note that D stays the same under this transformation and the tangent hyper-
planeto f =0 at P is given by X, = 0.

By multiplying by a nonzero scalar if necessary, we can write

LZ :X1 —C2X2—“‘—Can. (45)

Claim B. We can rewrite g as
g=bnL3+g(Xy.... X,),
where by, = 0.

Proof. Since P, is not a zero of g, the coefficient of X7 in ¢ must be be
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nonzero. Let by; € F* denote the coefficient of X12 in g. Note that

b b,
g(X):bll(Xf+ﬁX1X2+- ™ X X,) +2(0,X,,..., X, (*)
2

b1 by,
_bll(X1+2b11X + -+ 21711 Xn +g1(X2,...,Xn)

Then the polar hyperplane to g =0 at P, is given by the kernel of

by,
X2+ -+ 21711 X

by,
—2b11X1+2b11 2b11

21’}11

8X

= 2b11X1 + b12X2 + -+ blanl

Dividing by 2b;, we get that the polar hyperplane to g = 0 at B, is given

by the kernel of the linear form

b b
12X 4. 17’1X

X1+
2b11 2b11

By comparing the coefficients with L, in equation (4.5), we get that for

all2<i<n,

Using this in (*), we get that

8= bllL% +g1(X21-"1Xn)!

Hence,

g|51:L2:0 = gl (X2;- . "XTl)'

Suppose that rank(g1| )<n-2.

B
{Tl"fl:XZ:O}
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N

By Lemma|2.1.6 71“11:1 is tangent to g;, and hence there exists a nonzero vector

(uy,...,u,) € F" ! such that
g (up,...,u,)=0,

and the tangent hyperplane to g; at (u,,...,u,) is

Irfl X, =0,
i.e,
0 1;1=2,
a)g; (u21 'un) = ‘
0;1=2.

Now using equation (4.5)), let u; = couy + -+ + c,u,,, and o0 = (uy, uy, ..., uy,).

Then L,(if) = 0. Hence

g(if) = by L3 (i) + g1 (i7) = 0.

Note that

881
(it axm
0
=0+ a)ggi(uz,...,un)
1;i=2,
0;1%2

This implies that TJI:I : X, = 0 is tangent to g at .

98



Therefore,
i'M X = PIMX
il M, = P! M
ii" = P MM,"

g(i0) = (P{ My M )M (P{M M)

[ |

g(if) = BI(MyMg' My)P; = q(B) # 0, by step 1(c),

N

which is a contradiction. Therefore, rll"jf1 is not tangent to g;. By Lemma|2.1.6

g 1 x,0) is a nonsingular quadratic form of rank n — 2. O
f A=

4. For 1 <j <1, if dim(rad(h;)) > 1, then by step 1(d) Tl“j:l does not contain all

those singular points of h; = 0 which lie on &; i.e,
rad(hj)N & ¢ qr}’l.

Let T = dim(rad(})) and T’ = dim(rad(h]-| o ox _0}))
0o

Note that

* by step 1(d) we know that rad(h;) ¢ &;, and hence, we can use Lemma[2.1.6|

to conclude that
rank(h;l¢, —o) = rank(h;).

Using Lemma 2.1.1],
rank(h]-|{51:0!X2:0}) > rank(hj|§1:0) -2 =rank(h;)-2.
This implies that

(/) _
Y = (n-2)- rank(hj|{51:o,xz=0})
< (n-2) - (rank(h;) - 2)
<n- rank(hj)

-1,
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o if TU) > 1, i.e, rank(h]-) < n-—1, then by (4), rad(hjlglzo) ¢ 71"11:1, and hence by
Lemmal[2.1.6]
rank(hj|{§1:0,X2:0}) = rank(hj|§1:0) = rank(h;).
This implies that

(7)
I =(mn-2) _rank(hf|{51:o,X2:0})
= (n—-2)—rank(h;)
n—rank(h;) -2

=T\ -2,

Step 2. For a fixed Py, we choose another [F—rational point B, satisfying the following

properties:
a) f(P)=0,
b) L,(P,) #0, i.e, B, does not lie on T2,

f

Using equation , we may choose P,=(0,1,0,...,0). Note that
« Bisa nonsingular zero of f,
. 13; does not lie on X, =0, and
* the tangent hyperplane to f =0 at P, is X; = 0.

This completes step 2.

Summary 4.4.1.

(I) After a nonsingular linear change of variables, we may assume that the tan-

gent hyperplane to f =0 at B, is given by
ﬂfzxzza
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and the tangent hyperplane to f =0 at B, is given by

(II) We can then split off a hyperplane X; X, from f and rewrite f and g as

f(X)=X1 X5+ fi(X3,...,X,),

and

g(X) = bllL%(X)—I_gl(XZI"-IXn)I

where bll # (0 and LQ(X) = Xl —C2X2 — e —Can.

(III) The restriction of g to & : L, = 0 and X, = 0 is nonsingular. In other words

the restriction of g; to X, = 0 is nonsingular.

(IV) For1<j <], Fl(j) < TU) always and I‘l(j) =TW —2if T > 1.

4.5 Proof of the Main Theorem for n > 11 Variables

Before we embark on the proof of the main theorem let us look at the as-

sumptions we are now in a position to make based on the results from the previous

sections.

1. By Proposition we know that if every form in the K—pencil gener-

ated by f and g is singular, then f and g have a nontrivial common K-
rational zero, and by Proposition we know that if every form in the
IK—-pencil has rank at least 5 and there exists a form with rank at most 6 in

the IK—pencil, then f and g have a nontrivial common K- rational zero.

As a consequence, we may assume that the IK— pencil generated by f and

g contains at least one nonsingular quadratic form and every nonzero form
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in the IK—pencil has rank at least 7. This implies that the determinant poly-
nomial det(Af + pg) is not the zero polynomial, and hence the polynomial
det(Af + pug) has at most finitely many zeros. This implies that the IK—pencil

generated by f and g contains only finitely many singular forms.

Therefore, W.L.O.G., we may assume that the IK—pencil generated by f and g
contains nonsingular quadratic forms and every nonzero form in the pencil has

rank at least 7.

2. By Proposition we know that there is a nonsingular form in the K-

pencil generated by f and g that contains at least three hyperbolic planes.

Therefore, we may assume that f is a nonsingular form with at least 3 hyperbolic
planes over KK, and since there are infinitely many nonsingular forms in the IK—

pencil, we may choose g to also be nonsingular.

Let &P be the set of all nonarchimedean places p for which the kernel of f over

K, has dimension 3, if n is odd or dimension 4, if n is even.

Claim A. The set P is finite.

Proof. 1. Suppose that n odd. Then & is the set of all nonarchimedean
places for which the kernel of f over IK, has dimension 3. If there exists
a non-dyadic place p € &, then the dimension of the kernel of f as a
quadratic form over K, is 3 i.¢, f is not a unit form over KK, and hence

vp(det f) = 0. This implies that the set 9 must be finite.

2. Suppose that n is even. Then & is the set of all nonarchimedean places
for which the kernel of f over K, has dimension 4. If there exists a non-
dyadic place p € &, then the dimension of the kernel of f as a quadratic

form over K, is 4. By [8, Theorem 2.2(3), page 152], the det(f) is a square
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in K, and v,(detf) = 0. This implies & is a finite set.
This completes the proof of the claim.

]

Let S := P U{p; € Q|p1~ is archimedean}. Since there are only finitely many
archimedean places on K, let s denote the number the of archimedean places on
K.

The next step is to split off two hyperbolic planes from f, taking it into the
form

f = X1X2 +X3X4 +f’(X5,. . .,Xn),

in such a way that the quadratic form obtained from g by putting X; = 0 for all
i # 1,3 is indefinite and represents zero in each K, for which p e .

To accomplish this, we use Lemma to choose for each

* pe P, al,point I%p on f =0 and g = 0 such that 136‘] is a nonsingular

common zero of f and g over K.

* i€[s],a K, -point I%i on f = 0and g = O such that 1361- is nonsingular common

zero of of f, g over K,

Claim B. Let p€ S. Given I%p, we can choose a nonsingular zero ﬁlp on f =0and

N

TFJI:OD =0, such that ﬁlp does not lie on "IF;Op =0.
Proof. W.L.O.G, let l%p =(1,0,...,0)" and let the tangent hyperplane to f = 0
and g =0 at ﬁop be X, = 0 and X3 = 0, respectively. This implies that f and g

are of the form

f=X1 X+ fo(Xp,...,Xy),

and

g= X1X3 +g0(X2,.. ’Xn)
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Since X, = 0 is tangent to f = 0, by Lemma [2.1.6]
rank(f|X2:0) =rank(fy(0,X3,...,X,,)=n—-2>09.

For i > 3, choose u; € K, such that f,(0,u3,...,u,) =0, and (u3,...,u,) is a non-
singular zero of f | X, Since f | X,=0 182 nonsingular quadratic form of rank of
at least 9.

By Lemma we can choose (u3,...,u,) € IK:}‘Z such that uz = 0.

Let Isip =(1,0,us3,uy,...,u,) € IKE‘ Then

° f(Plp) =0
. 13)1,3 lies on X, = 0 but does not lie on X3 = 0.

This completes proof of Claim O

Claim C. For each p €S, the line I%Dﬁ;p lies entirely in f = 0.

Proof. W.L.O.G, let l%p = (1,0,...,0)" and let the tangent hyperplane to f = 0
and g =0 at lsz)p be X, = 0 and X3 = 0, respectively. This implies that f and ¢
are of the form

f = X1X2 +f0(X2,. . .,Xn),

and

g= X1X3 +g0(X2,.. .,Xn).

Since ﬁlp does not lie on X3 = 0, it must be of the form 131‘3 =(uy,0,1,ug,...,u,).
So any point on the line 136‘313)1p is of the form (tu; +s5,0,t, tuy,...,tu,),st € K,

and
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f(tuy +5,0,t,tuy,..., tu,) =0+ fo(0,t, tuy,..., tu,)

= t2f0(0, 1,144,. ..,l/ln)

=0.

This completes proof of Claim ]

For p € $, by Lemma and Proposition we choose a nonsingular zero
13)21] on f =0 such that it does not lie on Tl"flp =0, and IS;D does not lie on Tl"fz‘j =0.
Let l%p be the point where the line l%pplp meets the tangent hyperplane ijzp =0.
Since 151p does not lie on rII'fZ’J = 0, this point 133p is different from ﬁlp. Since the
tangent hyperplanes TJI:OD =0, TgPO“ =0to f =0,¢ = 0, respectively, are distinct,
the line l%pﬁlp cannot be tangent to g = 0 at I%p, and hence must meet ¢ = 0 in
two distinct points in K,. As a result, the restriction of g to the line l%pﬁp in
any convenient coordinates will result in an isotropic quadratic form over K,, and
therefore the determinant of this quadratic form will be minus a nonzero square
in K,,.

Since (IK]§)2) forms an open set in the in K, g restricted to any line sufficiently
close to l%pﬁ;p, will also result in an isotropic quadratic form over K,.

Using the argument from Section 4.4 along with Proposition we can choose
a KK—rational point 131 on f = 0 near 131,~ for each i € [s], and 13113 for each pin 9, and

another K- rational point 13; on f = 0 near 13)21- for each i € [s], and ﬁzp for each pin

P, such that

f=XiXo+ f2(X35,...,X,)

g = bllélz +g1(X21'--an);

where for each i € [s], Qi(g(lsi)) =0;(b11) =0, & =Xy +c2Xo+ -+ 01, X, and if
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is the restriction of g to & = 0 and X, = 0, (or restriction of g; to X, = 0) then f,, &,

are nonsingular forms in (n — 2) variables.

Claim D. Each form in the K- pencil generated by f, and g, has rank at least 7.
Proof. Let A, u € KK, not both zero.
(a) If Af + pg is nonsingular i.e, rank(Af + ug) = n, then by Lemma 2.1.1]
rank(Af, + pug,) = rank(/\f + yg|€1:O,X2:0)
= rank(/\f + Ug1 |X2:O)

>rank(Af +pug)-2(n—(n-2))

>n-202)=n-4>7

(b) If Af + ug is singular such that rank(Af + pg) =n—-1> 10, then by (IV)

in Summary [4.4.1]in section 4.4,

Y(Afy +pgr) < Y(Af +pg),

Hence,

rank(Af, + ugy) = (n=2) =Y (Afo + pugs)
>n-2-Y(Af +pug)

=n-2-1=n-3>7

(c) If Af + ug is singular such that rank(Af + pug) < (n—1), then by (IV) in
Summary [4.4.1]in section 4.4,

Y(Afy+pg2) =Y (Af +pug) -2,
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Hence,

rank(Af, + pugy) = (n—=2)=Y(Af, + ugp)
(n=2)=-Y(Af +ug)+2=n-"(Af +pg)

=rank(Af +pug)>7

]

This implies that f, and g, are linearly independent. Since f, = f|X2:0’ and
rank(f,) = n -2, by Proposition we get that sgn(f,) = sgn(f), and hence f,
remains indefinite because |sgn(f,)| < (n - 6).

Now we repeat this reduction process with f,, g,. We choose another rational
point P, on f» = 0 which is near B;, foralli € [s] and I%p forall pe P. B, is initially
defined in the space of Xj3,..., X,,; but we can extend it to K" by setting X; = X, = 0.
Now we choose P, on f» = 0 such that P, does not lie on the tangent hyperplane to

fo=0at B;. Using the argument from Section 2.3,

P, =(0,0,1,0,...,0),

P

f 2X4:0,

and
P,=(0,0,0,1,0,...,0),

P

Then we get that

f2 = X3X4 +f4(X5,. . .,Xn)

D= b33£§ +g3(X4,...,Xn),
where &3 = X3+ 034 X4+ -+ + 3, X,
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We may assume that b33 # 0, because otherwise we can obtain a common non-
trivial zero of f, g over K by setting X3 =1,§; =0, X, = X4 =X5=---=X,, =0.
This implies that for each i € [s], 0;(b33) # 0. Moreover if g, is the restriction of g3
to X4 = 0, then fy, g4 are nonsingular forms in (1 —4) > 7 variables. In claim D} by

replacing
* f,and g by f,, and g, respectively,

* f,,and g, by fy, and g4, respectively,

* nbyn-2,
* n—1byn-3,
* n—-2byn-4,

we get that every form in the K—pencil generated by f;, and g4 has rank at least 5.
This implies that f; and g, are linearly independent. Since f; = f2|X4:0, and

rank(f;) = n— 4, by Proposition we get that sgn(f) = sgn(f,), and hence f4

remains indefinite because [sgn(fy)| < n—6.

Remark 2. For each p € 5, note that 13115; can be made arbitrarily close to Is)lpl%p.

Since ﬁpl%p meets ¢ = 0 in two distinct IK,— points, it implies that
5o = b1 &f +b33E3
g|P1p3 1161 +b3383

is isotropic over KK, for each p€ 5.
In particular for each i € [s], bllélz + b33€32 is indefinite over K, and hence 6, (b;1)

and 0,,(b33) have opposite sign.

Now we repeat the reduction process one more time with f, g4. We recall that f4
and g4 are nonsingular quadratic form in n —4 > 7 variables, and the local condi-
tions at the places p € S have been satisfied (see Remark [2).

We can find K-rational points 13; and 13; on f = 0 such that
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P =(0,0,0,0,1,0,...,0),

szxéza

P;=(0,0,0,0,0,1,0,...,0),
I%:X5:Q

and

fa= XX+ fo(X7,...,X)

94 = bs5582 + ¢5(Xg, ..., X)),

where &5 = X5 +c5¢X¢ + -+ + €5, X,,. If g6 is the restriction of g5 to X¢ = 0, then f4, g

are nonsingular forms in # — 6 > 5 variables. In claim D} by replacing
* f,and g by f4, and gy, respectively,

* fi, and g4 by fg, and g, respectively,

* nbyn-4,
* n—1byn-35,
* n—-2byn-6,

we get that every form in the IK—pencil generated f; and g¢ has rank at least 3.
We may also assume that bs5 # 0, because otherwise we can obtain a common

IK-rational zero of f and g by putting X5 =1,& =&3=0and X, = X; = Xg =X; =

=X, =0.

2

Let 9% be the set of all nonarchimedean places p such that bllélz + b33£32 +bs55¢%

does not have a nontrivial zero over the KK, with respect to | . |,.
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Claim E. 2’ is a finite set.

Proof. Let p be a nondyadic place such that v,(by1b33b55) = 0. This implies that
bi1,b33,b55 are units in K,. Then by [8]], page 153, corollary 2.5(2), we know
that by, £{ +b3363 +b55&2 has a nontrivial zero in K. Hence p € 9. So if p € 9/,
then v, (b1 b33b55) # 0. Therefore, 9%’ is a finite set.

]

Remark 3. 1. We have arranged 97’ such that it does not contain S. If p € S, by
Remark , we know that b11512+b33€32+b55£52 is isotropic over K,,, and hence
p ¢ ’. This implies that if p € 97, then p is a nonarchimedean place on K
such that the dimension of the kernel of f over K, is 1, if nis odd and 2, if n

is even.

2. Since every form in the pencil generated by fs, and b;1b33b559¢ has rank at
least 3, by using Proposition we may conclude that there exists a K,

point IS;D on fg = 0 such that b11b33b55g6(13;p) is not a square in K.

3. By Lemma Proposition and Proposition we can find a

[K-rational point B, on fe = 0 sufficiently close to ls;p for each p € 2’ such

that b11b33b55g6(13;) # 0, and hence is not a square in K,. .

By a K- rational change of variables we may assume that 13; =(1,0,...,0). Let
byy = gé(ls;) % 0, i.e, the coefficient of X72 in g is nonzero and consider the

linear subspace W given by

4. Since we have arranged the quadratic form f in the form f = X1 X, + X5X, +

X5X¢ + fo, note that f = 0 identically on W.
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5. The restriction of g to W is given by

b1 EF +b33E2 + bs5E2 + byy X2 (4.6)

Claim F. The form is an indefinite quadratic form with respect to each real
completion of KK and has a nontrivial zero in K, for each nonarchimedean place p

on K.

Proof. Note that 0,(b,1) and 0,(b33) are opposite in signs and hence the form
in (4.6) is indefinite with respect to each 6, i € [s].
Next we show that the form in (4.6) has a nontrivial zero in K, for each

nonarchimedean place p on K.

1. If pe P’, then

by &7 +b33E5 + bss &S

has a nontrivial zero over K,. If we set X; = 0, the form in equation (4.6)

will have a nontrivial zero if p ¢ 7’

2. Suppose that for some p € 97/, the form in (4.6) does not have a nontrivial

zero.

By [8, Theorem 2.2(3), page 152], we get that the determinant of this
form must be a square in K,. The determinant of the form in (4.6) is is
b11b33b55b77 and by Remark(3), we know that if p € 9/, then by b33b55b77
is not a square in IK,,. This gives us a contradiction. Thus the form in (4.6)

must have a nontrivial zero in K, for each p € %"

This completes the proof of Claim
O

At this point, by the Hasse-Minkowski Theorem ([[8, Theorem 3.1, page 170]) we

111



may conclude that the form in (4.6|)
b11EF +b33E5 +bssE5 +by7 X7

has a nontrivial zero over K.

Let & = (ay, a3, a5, a7) € IK* represent that IK-rational zero.

Then (a1,0,a3,0,a5,0,a7,0,...,0) € W is a common K-rational zero of both f and
q.

Next, will prove the following claim:

Claim 4.5.1. f and g have a nonsingular IK—rational zero.

Proof. If all common zeros of f and g over K are singular, then by Lemma
[2.1.9there is a form A, f + p; g in the K- pencil generated by f and g that has
only singular zeros. This is implies that rank(A f + y1 g) <5 or it not indefinite
with respect to some real place on K. This is a contradiction to the hypotheses
in Theorem ?? that every form in the K—pencil generated by f and g has rank
at least 5 and is indefinite with respect to all real places on K. Therefore, f

and g have a nonsingular K—rational zero. O]

By Lemma f and g have infinitely many nonsingular IK— rational zeros. This
completes the proof of the theorem for the case when the number of variables 7 is

at least 11.
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CHAPTER 5. A SYSTEM OF TWO QUADRATIC FORMS IN N > 9 VARIABLES
OVER AN ARBITRARY NUMBER FIELD

5.1 Introduction

In this chapter, we give a proof of the following main theorem.

Theorem 5.1.1. Let K be a number field with s distinct real places denoted by py,..., p;.
Let f, g be quadratic forms in at least 9 variables, defined over IK; Suppose that ev-
ery form in the IK—pencil has rank at least 5 and if s > 1, suppose that every nonzero
quadratic form Af + ug in the K, —pencil is indefinite for all 1 < i <s. Then f, g have

infinitely many nontrivial common zeros over K.

In [4, Theorem 10.1], the authors Colliot-Théléne, Sansuc, Swinnerton-Dyer prove
a more general result about a system of two quadratic forms over a number field
and Theorem is presented as a corollary to that theorem. The proof of the
result in [4, Theorem 10.1] requires prior knowledge of several key results that are
often very geometric and/or analytic in nature. Therefore, the work in this chapter
is aimed towards simplifying as well as clarifying the details of the proof in [4,
Theorem 10.1] using primarily number-theoretic arguments. We would also like
to point out that we use the technique of splitting off hyperbolic planes described
in section [4.4of Chapter 4 in order to complete the first step of the proof, which is
different from the proof given in [4].

The notation used in Chapter 5 is same as the notation in Chapter 4. How-
ever, before we embark on the proof of Theorem we would like to restate
the notation used in the proof as well as discuss the reasons behind the specific

assumption made in the statement of Theorem [5.1.1}

¢ K will denote a number field.
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* () is the set of all places on K. () contains all the archimedean and nonar-
chimedean absolute values on K upto equivalence. We often use the word
‘infinte prime’ to refer to an archimedean valuation and ‘finte prime’ to refer

to a nonarchimedean valuation on K.
* If pe (), then K, denotes the completion of IKK with respect to p.

* For archimedean places (or infinite primes) p, K, is isomorphic to either R
or C. If K, is isomorphic to IR, then we call p to be real place on K and the

corresponding isomorphism 6, : K, — R is called an ordering on K.

* For nonarchimedean places (or finite primes) p, K, is a local field, that is,
c.d.v. field with a finite residue class, and v, denotes the corresponding dis-

crete valuation on K.

Remark. 1. We require all the forms in the K, —pencil generated by f and g to

be indefinite for each i € [s] because

a) If there exists an i € [s] such that there is a form in the K, —pencil that
is definite, then f and g cannot have a nontrivial common zero over K,

and hence, they cannot have a nontrivial common zero over K.

b) If there exists an i € [s] such that there is a nonzero form Af + ug in
the K, —pencil that is semi-definite, then the KK, points on Af + ug =
0 form a K, -linear subspace, and the K-rational points are those of
the maximal K-rational linear space contained in it. It is possible that
Af +ug does not have any nontrivial K-rational zero. So in this case the

maximal K-rational linear subspace is the trivial subspace.

2. We also require every form in the IK—pencil to have rank at least 5 because
otherwise, we can find counterexamples. One such counterexample is given

below:
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Choose a nonarchimedian place p on K. Let 7t be an element of K such that

vy(m) = 1. By Theorem we can choose 7 such that 6, () > 0 for each
i € [s]. Let u € K be a unit in the valuation ring (K, p) such that u ¢ (11(;)2.

Consider the following system of quadratic forms over K.
f =X} -nX3-uX3+nuX;
g=-XZ+X2+XZ+X2+XZ+X2.

* If A =0, then for any p € K, —{0}, ug is an indefinite form in K, for

each i € [s]

Proof. Let i € [s]. The coefficient of X] in ug is —p, and the coefficient
of X2 in ug is p. Note that 0,,(p) and 6, (-p) are opposite in sign

because

Op, (=) = =06, ().

]

* If A 20, then for p € K, , Af + pug is an indefinite form in K, for each

i€[s].

Proof. Let i € [s]. The coefficient of X7 in Af + pg is A and the coeffi-

cient of X2 in Af + pug is —Arm. Note that
O, (=Am) = =0, (1)0,, (7).

Since 6, () > 0, it then follows that 6, (-~Am) and 6, (1) are opposite

in signs. [

We first consider f as a form in the four variables Xj, X,, X3, X4. By [8, The-
orem 2.1 c], we know that f is anisotropic over KK,. This implies that f does
not have a nontrivial zero over K, when considered as a form in the four

variables X, X5, X3, X4.
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Now consider the forms f, g as forms in 9 variables over K. If there exists a

common K-rational zero of f, g, then it must be of the following form:

7=1(0,0,0,0,as,...,a9) € K’

because f = f |{ does not have any nontrivial IK-rational zeros. Since

g(a) =0, we get

~0%+a2+al+al+ai+as=0,

which implies that a; = 0 for all 5 < j < 9. Therefore, f, ¢ have no nontrivial

common K-rational zero.

5.2 A Result over Completions of a Number Field K.

Lemma 5.2.1. Let p be any place on K. Let f,g be quadratic forms in at least n > 7
variables over K, such that they have a nonsingular common zero over K, and the
K,—pencil generated by f and g contains at least one nonsingular form. Let h be an-
other quadratic form over IK, of rank 4, and L be any linear form over K, in variables
Xy,...,X,. Then there exists a nontrivial common zero 15; of f, g over K, such that

h(P,) # 0 and L(P,) = 0.

Proof. W.L.O.G, we may assume that the rank(g) = 7. We consider the following

cases:

Case 1: Suppose that h does not vanish on any nontrivial common zero of f and g
over K. By the hypothesis, we know that f, ¢ have a nonsingular common
zero over IK,. W.L.O.G., we can assume that ¢] is that nonsingular common

zero and that we can write
f=XiXo+ fi(Xy,..., Xy)
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Case 2:

g= X1X3 +g1(X2,...,Xn),

L211X1+"'+lan

where f; and g; are quadratic forms and L is a linear form over K. If L(&}) #
0, then we are done. Therefore, we can assume that L(é}) = 0, which implies
that L =1,X, +---+1,X,,. If necessary, we can interchange f and g, to assume
that X3 does not divide L. Let g3 denote the quadratic form obtained by set-
ting X3 =01n g.

Note that g3 is an isotropic quadratic form of rank 5 over K, because

a) if p is nonarchimedean, then u(KK,) > 4.

b) if p is archimedean, then by Proposition 2.2.5|we know that
sgn(g) = sgn(gs).

Also note that g3 does not divide X5 - L|X3:0 because rank g3 = 5. Therefore by
Lemma we can conclude that there exists a nontrivial zero of g3 such
that it is not a zero of X, - L|X3:0. Let (u5,0,uy,...,u,) represent that zero over
K,, where 1, # 0. Therefore, W.L.O.G., we can assume that u, = 1. Now let
uy = —f1(1,0,uy,...,u,) and let 13:, = (u1,1,0,uy,...,u,). Then 13; is a common

—

zero of f and g such that h(F,) # 0 an‘d L(IS;) = 0.

Suppose that h vanishes on at least one nonsingular zero of f and g over K,.
W.L.O.G., we can assume that ¢; is that a nonsingular zero of f and g. We

can write

f = X1X2+f1(X2,...,Xn),
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g :X1X3 +g1(X2,...,Xn),
h :XlM(Xz,...,Xn)+]’l1(X2,...,Xn),

L211X1+"'+lan

where f;, g1, h; are quadratic forms and M, L are linear form over K.

We can assume X3 does not divide L and X3 does not divide h|p—¢. Since
K is an infinite field, there are only finitely many linear forms that could
divide either L or hy|p;—o. Therefore, we can choose A € K such that (A1X,+X3)
does not divide L and (AX, + X3) does not divide hy|p—. If X5 divides L or
h1lp=o, then we may replace ¢ by Af + g. So after replacing ¢ by Af + g for
some appropriate choice of A, if necessary, and a nonsingular linear change

of variables, we can assume that X3 does not divide L, and X5 does not divide
hilm=o-

Also as in Case 1, g3 = g|x,=0 is an isotropic quadratic form over IK,.

a) If L(E)]) =0, then L = lzXz +-e 4+ lan.

Claim 5.2.2. g3 does not divide

L|X3:O ' (_fl |X3:OM|X3:O + Xahy 'X3:O)'

Proof:

If g5 divides L|X3:0 . (_f1|X3:0M|X3:0 +X2h1|x3:0)’ then since g3 is irre-

ducible (rank g3 = 5), the following statements must be true.

118



° g3 diVideS (_f1|X3:0M|X3:O +X2hl|X3:O)
° g3|M:0 divides (thll{X3:0, M:O})I

o g3|M:O leidGS h]l{X3:0’ M:O}'

which is a contradiction as rank(gs > 3, and hylix,=0, M=0}) is a

'M:O)

nonzero quadratic form of rank at most 2.

This completes the proof of Claim[5.2.2]
Therefore, by using Lemma we can conclude that g3 has a non-
trivial zero P = (uy,0,uy,...,u,) of g3 over K, such that
(i) L(B) =0,
(ii) up #0,
(iii) —fi(P))M(P)) +uzhy(P)) # 0
W.L.O.G., we can assume that u, = 1. Now let u; = —f;(1,0,uy,...,u,)

and let 13; = (u1,1,0,uy,...,u,). Then 13; is a common zero of f and g

—

such that i(P,) # 0 amd L(P,) # 0.

b) If L(e}) # 0, then L =1 X; + [, X, +---+1,X,,, where I; # 0. By multiplying

by a constant if necessary, we can assume that L = X + L, X, +---+1,X,,.

Claim 5.2.3. g3 does not divide
(_fl |X3:0 T Xo(Xo + 1y Xy 4o+ l”X”)) ’ (_fl |X3:OM|X3:O + Xahy |X3:0)'

Proof:
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Since g3 is an irreducible quadratic form of rank 7, if g5 divides

(_fl |X3:0 +Xo(LXo + Iy Xy +---+ lan)) . (_fl |X3:OM|X3:0 +Xoh |X3:O)’

then g3 must divide at least one of

(il + Xl Xo + Xy oo+ LX)

or
(_fl |X3:0M|X3:0 + Xohy |X3:O).

Suppose that g3 = C(_f1|x3:0 + Xo(hXy + 14Xy +---+ lan)) for some ¢ €

K,

Then rank((g + Cf)|X3:o)

= rank(g3 +cX1 X, + Cfl |X3=0)
= rank(c(—fl |X3:O + Xo(hXy + 14 X4+ + lan)) +cX1 Xo+cfy |X3:0)
= rank(c(X; Xo + Xo (1 Xo + [1Xg + -+ +1,X,)))

= rank(cX2(X1 + ZzXz + Z4X4 +oeee 4+ Zanl)) =2

This is a contradiction since that rank((g+cf is at least 3. There-

)|X3:O)
fore g3 cannot divide (—fl |X3:0 + Xo(Lh Xy + 1y Xy 4+ lan)).

Using the argument from part (i), g3 also does not divide

(_fl |X3=0M|X3:0 + Xohy |X3=o)'

This completes the proof of Claim[5.2.3]

Therefore, by using Lemma we can conclude that g3 has a non-

trivial zero P) = (15,0, uy,...,u,) of g3 over K, such that

(1) Uy #+ 0,
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—fi(B)) +up(lpug + -+ Lu,) =0
(iii) —f1(P ) +uzhy(B) =0
W.L.O.G., we can assume that u, = 1. Now let u; = —f1(1,0,uy,...,u,)
and let ﬁp =(uy,1,0,uy,...,u,).

Then 13; is a common zero of f and g such that

¢

h(P,) =—-f1(1,0,ug,...,u,)M(1,0,uy,...,u,)+ uhi(1,0,uy,...,u,) =0

‘D

¢

L(P,) = =f1(1,0,ug, ..., u,) + us(lpuy + -+ + I,u,) = 0.

Case3: Suppose that €] is a singular zero of f and g. We can rewrite f, ¢ and h as

f = X1X2+f1(X2,...,Xn),

g :gl(XZi""Xn)l

and

h :XlM(Xz,...,Xn)+l’l1(X2,...,Xn),

where f;, g1, hy are quadratic forms and M is a linear form in variables X,,..., X,

over IKp.

Using an argument analogous to the one in Case 2, we can show that there
exists a nontrivial common zero 15; of f, g over K, such that h(lSI;) # 0 and

—

L(F,) # 0.
This completes the proof of the lemma. ]
Case 1 in the proof of Lemma leads to the following corollary:

Corollary 5.2.4. Let f,g be quadratic forms in at least n > 7 variables over K such
that they have a nonsingular common zero over K, and the KK —pencil generated by f
and g contains at least one nonsingular form. Then the nonsingular common zeros of f

and g over K, do not lie in a hyperplane.

121



5.3 Additional Results.

In this section we give rigorous algebraic proofs of some propositions from [3]] that

are used in the proof of Theorem [5.1.1]

Lemma 5.3.1. Let P(Xy,...,X,,) be any polynomial with coefficients in K, and p be any
place of K. Suppose that P has a nonsingular zero over IK,. Then P represents all square

X
classes of KJ.

Proof. W.L.O.G., after a nonsingular linear change of variables over K;, we may
assume that 0 is a nonsingular zero of P, i.e., P(6) =0 and g—};(ﬁ) # 0 for some i.
This implies that the constant term in P is zero and P has at least one nonzero
linear term. Therefore, after another linear change of variables, we may assume

that

P:X1 +P1(X1,...,Xm),

where P; is a polynomial over K, such that the degree of each term is at least 2.

Case 1: We first assume that p is a nonarchimedean place of K. Multiplying by 7,
where s is sufficiently large, we may assume that P, = 7t; P, has coefficients in

the valuation ring Op. Therefore, we can rewrite P as shown below:
P= Xl + T(Espz(Xl,...,Xm),

where P, is a polynomial over O, such that the degree each term is at least 2.
Let a be a representative from any square class of KJ. Set X; = ar®t, where t

is sufficiently large, and set X; = 0 for all i > 2.

P(ar}',0,...,0) = any' + 7,° Py (e, 0,..., 0)

2 26—
= am, (1+ By ™),

where € K. By Theorem 2.18 in [8], page 161, we can choose ¢ sufficiently

2t-s

large so that (1 +

) is a square in K. This implies that anét(l + ﬁnﬁf‘s)
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is in the same square class as a. Therefore, P represents all square classes of
Kj-
Case 2: Now suppose that pis an archimedean place. Let 6, represent the associated
ordering. We will show that P represents both positive and negative values
over K.
We recall that in the polynomial P;(Xj,...,X,) each term has degree at least

2. Therefore, if P(X;,0,...,0) is not the zero polynomial, then the degree of

X; in each term must be at least 2 and

Py(X4,0,...,0

=0
X1—>0 Xl

Hence, we can choose X; = a # 0, sufficiently small, such that
Pi(«,0,...,0
oy 1+ 2020
a
Then

P(a,0,...,0) = a+ P («,0,...,0)

Pl(a,O,...,O))

:a(1+
a

Therefore, the sign of P(«,0,...,0) is the same as the sign of a with respect to

6,. Hence, P represents both postive and negative values over IK,,.

]

Proposition 5.3.2 ( [3], Proposition 3.12). Let K be an arbitrary number field. Let
Q(Yy,...,Y,) be a quadratic form with coefficients in KK and rank at least 3, and let

P(Xy,...,X,,) be an arbitrary polynomial in K[Xq,...,X,,]. Suppose that for each p € Q
Q(Yy,...,Y,) = P(Xy,..., Xp) (5.1)
has a nonsingular zero over KK,,. Then it has a nontrivial zero over K.
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Proof. We consider the following two cases:

Case 1.

Case?2.

Suppose that P(Xy,...,X,,) is the zero polynomial. Note that Q(Y3,...,Y,)isa
quadratic form over KK having rank at least 3 such that it has nontrivial zero
for each p € Q). Therefore, by the Hasse-Minkowski Theorem (Theorem 3.1

in [8]], page 170), we can conclude that it has nontrivial zero over K.
Suppose that P(Xy,...,X,,) is not identically zero. Let
So={pe Q|Q(Y1,..., Y,) is anisotropic over K,}.

Since rank(Q(Yy,...,Y,)) = 3, Sy is a finite set.

If Sy is empty, then by the Hasse-Minkowski Theorem Q is isotropic over
K. Let ¥ = (91,...,¥,) be any nontrivial zero of Q over K. Then (37, 6) is a
nontrivial zero of equation (5.1).

Therefore, we assume that Sy is a nonempty finite set. For each p € S, let
(Y, X

o Xp) denote a nonsingular zero of equation 1) over K, where

and

Claim. For each p € Sy, we can choose a nonsingular zero of equation such

that Y, = 0.

Proof: If for some p € S, Y; = 6, then we get that P()_(;) = 0, where X)p + 0.

This implies that )_()p is a nonsingular zero of P over K. By lemma |5.3.1} we

get that P respresents all square classes of K. Therefore, we can choose 5(:; =

(X} -

that P(}_()é) #0and

-, Xonp) such that Q(Yy,...,Y,) represents P( _){;) over K. This implies

Q(Yy,...,Y,) - P(X))Z? (5.2)



is an isotropic quadratic form of rank at least 4 over IK,. Therefore, it has a
nonsingular zero over K such that Z = 0.

W.L.O.G., we can take Z = 1, and let (Y{,..., ¥;;,, 1) represent that nonsingu-

lar zero of the quadratic form in 1) Let Yp’ = (Yl’p,

,Y,,). Then (Y, X)) is
a nonsingular zero of 1) over K, such that 17'0’ £ 0.

This completes the proof of the claim.

_)

o ) denotes a

Therefore, W.L.O.G, we can can assume that for all p € S, (Y,
nonsingular zero of 1' over K, such that 17; £ 0.

Since Q is anisotropic over K, for each p € §), we get that Q(l_/;) # 0. However,
Q(Y’D) - P()?p) = 0 implies that

—

Q(Y,) = P(X;) # 0.

=}

Using Proposition |2.4.1, we can choose X e K™ arbitrarily close to )?p for

each pin Sy. This implies that we can choose X € K™ such that 0 = P(/'\?) is in

the same square class as P( p) for each pin S,

Next we consider

—

Q(Yy,...,Y,) - P(X)Y?

n+1’

which is a quadratic form over KK having rank at least 4.

—

We will show that Q(Yy,...,Y,)—P(X)Y? 1+1 18 isotropic over KK, for every place
p over K.

Since P( ) X )and P( ) are in the same square class for each p € S, we get that
Q(Yy,...,Y,)— P(?()Y2 | is isotropic for every pin Sy. It is also isotropic for all
p & Sy because Q(Y,...,Y,)is isotropic for all p ¢ Sy. Therefore, Q(Y3,...,Y,)—
P(/'\,’)Y 1 is isotropic over KK, for all places p on K. Therefore, by the Hasse-

Minkowski Theorem, we can find a global zero y =V, YV Vos1) of



where )V, .1 # 0. This also implies that at least one of the };’s for 1 <i < n

must also be nonzero. W.L.O.G., we take ),,,; = 1. Then (:)7, )?) is a nontrivial

zero of (5.1) over K.

]

Lemma 5.3.3. Let K be any infinite field and let V be an n—dimensional vector space
over K. Let v € V, and for 1 <i <t, let W; € K". Then there exists a basis {v},V5,...,V,}

of V over K such that Span{v,,...,v,} over K, does not contain w; for any i.

Proof. We will show that there exists an (n — 1)-dimensional subspace of V such
that v}, w;,...,w; are not contained in that subspace. Let v} = w, and let w; =
(ai1,...,a;,) for 0 <i <t, with respect to the standard basis of V over K. Since K is

infinite, we can choose by,...,b, € K such that

aj by +---+a;,b, =0,

for each 0 <i <t, Let L = b;X; + - +b,X,. Let W := (" € V|L(#) = 0}. Then for
each 0 <i<t, w; ¢ W. Let {¥,...,v,} be a basis of W over K. Then {¥},75,...,7,} is
a basis of V over K such that Span{v,...,7,} over KK, does not contain w; for any
i. O
Corollary 5.3.4. Let K be any number field and let V be an n—dimensional vector space
over K. For p € Q), K, represent the completion of K at p. Let vy € V, and for 1 <i <t,
let w; € IK}} . Then there exists a basis {v},...,V,,} of V over K such that Span{vy,..., v}

. — .
over K, does not contain w; for any i.

Proof. Let v} = Wy and let W; = (a;y,...,a;,) for 0 < i < t, with respect to the standard

basis of V over K, . Since K, is infinite, we can choose b;y,...,b;, € K, such that

ailbil + e+ ainbin * 0,
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for each 0 < i < t. For any given € > 0, using Proposition we can choose
by,...,b, € K such that

(b1, by) = (bips- ., bl <.

This implies that, we can choose by,...,b, € K such that

ailbl +---+ainbn¢0,

foreach0<i<t.

Let L=b;X; ++-+b,X,. Let W:={V€ V|L(17) = 0}. Wis a (n—1)-dimensional
subspace of the vector space V over K. Let {7),...,v,} be a basis of W over K.
7] € W, because L(v}) = L(w,) = 0. Hence, {¥},75,...,7,} is a basis of V over K. Note
that for 0 <i <t w; ¢ SpanH(pi{ﬁ},...,?n}, since L(w;) # 0. Therefore, {¥},...,7,} is

a basis of V over K such that Span{v5,...,v,} over K, does not contain w; for any
i O
Proposition 5.3.5. [3| Proposition 3.13] Let K be a number field and let Q(Y3,...,Y,),

Q1(Yuit,--, Y), and Qy(Y,41,...,Y,,) be quadratic forms with coefficients in K such

that Q and Q, have rank at least 3. Suppose that the following quadratic forms

Q(er'“r Y,)+ Ql(YnH:-"r Yu)=0, Qux(Yys1,-.,Yy) =0 (5-3)

have a common nonsingular zero in K, for each p € (). Then they have a common

nontrivial zero over K.

Proof. If (Yy,...,Y,,) is any nonsingular zero of the given quadratic forms, then the
point (Y,,1,...,Y,,) isnot (0,...,0) and is a nonsingular zero of Q,. Thus if the given
system has a nonsingular common zero of the form (ylp, s Vg Vostpr o0 ymp) over
KK, for all places p of K, then (J,,1,,..., Vp) is a nonsingular zero of Q, for all the

places p of IK. Therefore, by the Hasse-Minkowski Theorem, Q, has a nonsingular

127



zero over K as well.

Let

So={pe Q|Q(Y1,..., Y,) is anisotropic over K,}.

Since rank(Q) > 3, we get that S; is finite. By Lemma for each place p €
So of K, we can choose (V1,..., Vugs Vs1ps---» Ymp) such that V.1, = 1. Therefore
by using Proposition we can find a nontrivial zero b = (bys1s--- b)) of Qp
over K that is arbitrarily close to (Y, 1p,..., Vi) for each p € Sy. This implies that
b,+1 = 0. Therefore, after K- linear change of variables involving only the variables

Yyi1,..., Yy, we may assume the above system of quadratic forms reduces to

0

Q(le---; Yn) + Ql(Yn+11---1 Ym)

QZ = Yn+1 Yn+2 + h(Yn+3l Xy Ym)r

where / is a quadratic form with coefficients in K, and b= (1,b,42,--+,b,).

Case 1: Suppose that S is empty. By the Hasse-Minkowski Thoerem, we get that Q
is isotropic over K. Then any nontrivial zero of Q can be extended to a non-
trivial zero of the given system by setting the remaining variables Y, ,4,..., Y},

equal to zero.

Case 2: Suppose that Sy is a nonempty finite set i.e., Q is anisotropic over K. We will
show that the above system of quadratic forms has a nontrivial common zero
over K. Take Y,,; =1 and set Y,,,, = —h(Y,,;3,..., Y;;). Consider the equation
defined by

Q(Yl,...,Yn)+ Ql(l,—h(Yn+3,...,Ym), Yn+3,...,Ym) =0 (54)

where Q(Y3,...,Y,) is a quadratic form with coefficients in K and has rank at

least 3, and

Ql(l’_h(Yn+3r"-r Ym)r Yn+3l'--l Ym)
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is a polynomial in K[Y,,;3,..., Y,,].

Note that for each place p € S, (ylp,...,ynp, 1,y(n+2)p,...,ymp) is a zero of Q; as

well as Q + Qq. This implies that

y(n+2)p = _h(Y(n+3)p:- . -:ymp)
Q(ylpv--’ynp)"‘ Ql(lfy(n+2)p:---lymp) = Q(ylp:--"ynp) +
Ql(lf_h(Y(n+3)p'---'ymp): Y(n+3)pr---rymp)

=0.
This implies that for all p € S,

Q(er“w Yn) + Ql(lf_h(Yn+3r“-r Ym)’ Yz, Ym) =0

is isotropic over K,.

For p ¢ S, we get the following two cases:

1. If Ql(g) = 0, then b is a common zero of Q; and Q, over K. Since Q is an
isotropic form of rank at least 3 over K,, let ()4,...,),) be a nonsingular

—

of Q over K. Then (}},...,),,b) is a nonsingular zero of the polynomial in

equation (5.4).

2. IfQq (E) = ¢ € KX, then we consider the quadratic form Q(Yy,...,Y,)+cZ? with
rank at least 4 over K in variables Yi,...,Y,, Z. Since Q is an isotropic form
over IK,, by Theorem 3.4 in [8], page 10, we know that Q is universal over K.
Therefore, we can find a nonsingular zero of Q(Y3,...,Y,,)+cZ? where Z = 0.
W.L.O.G., we can take Z = 1, and let (),...,Y,, 1) represent that nonsingular

zero. Then

—

()}1,...,:))”,1,bn+3,...,bm):(yl,...,yn,b)

is a nonsingular zero of the polynomial in equation (5.4].
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This implies that

Q(Ylv--’ Yn) + Ql(l,—]’l(Yn+3,..., Ym)f Yn+3’-'-’ Ym)

has a nonsingular zero over K, for all places p of K, and hence, it satisfies the

hypothesis of Proposition Therefore, we can choose a (Vy,..., Vi, Viszr--o» Vi)

over K such that

Q(ylr--'ryn)+Ql(l’_h(ym—?u“'rym)’yn+3l"'lym) =0.

Let YV,,o =-h(Y,:3,-.., V). Then

(yll---)yn:1:yn+2;yn+3r-'-:ym))

is the required common zero over K.

]

Proposition 5.3.6. [3| Proposition 3.14] Let K be a number field and f,g be two

quadratic forms in n > 6 variables such that (f,g) is a nondegenerate pair. Assume

that every form in the K-pencil has rank at least three. Suppose that there exists a

form of rank at most n — 3 in the K-pencil generated by f, and g, and the forms f,g

have a nonsingular common zero over K, for each p € Q). Then they have a nonsingular

common zero over K.

Proof. W.L.O.G., we can assume that rf= rank(f)<n-3, rF>3, and

where a; € K*. Let

H=rad(f) = {#eK"X; == X,, = 0}.

'f

If g|p is either identically zero or 0 < rank(gly) < n-—ry, i.e, gy is singular,

then there exists a IK—-rational zero of g on H, and hence f, g have a nontrivial

K-rational zero.
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So we assume that rank(g|y) = n—ry i.e., gy is a nonsingular quadratic form in
the variables er+1' v Xy

A K-linear change of variables involving only the variables X, .4,..., X, re-
duces g to the form

n n
g= Z b X7 + Z XiLi(X1,..., Xp,) + QX1 X,
i:?’f+1 i:rf+l

where b; € K, L; is a linear form for each 7, and Q is a quadratic form in variables
Xl,...,X,f with coefficients in K.

We define a nonsingular linear change of variables over K as follows:

L.
XiHXZ'——I' Tf+1$i$ﬂ

Note that under this linear change of variables f stays fixed and g reduces the

following form

n 2 n
L; L;
z bi(Xi—ﬁ) + Z (X,-—E)L,-(Xl,...,erHQ(Xl,...,er)

g:
i=rs+l i=ry+1
n L2 n L2
_ Z (bin—XiLi+4—l;)+ Z (XiLi—z—l;)+Q(X1,...,er)
i:rf+1 ! i:rf+1 !
n 12
= z (b-X.z——l)+Q(X1 X))
T b, ety
i=r+l1

n
Z biX?+Qi(Xy,..., Xy,)

i:Tf+1
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As a result of the above linear change of variables f and g are reduced to

n
g= Z biX?+Qi(Xy, .., Xy,)

i:Tf+1

f :f(le""er)l

which satisfies the hypothesis of Proposition|5.3.5((take Q, = fand Q =) b;X?).

i:rf+1

Therefore, f and g have a nontrivial common zero over K. O

5.4 Proof of the Main Theorem for n > 9 Variables.

We assume that every form in the IK-pencil generated by f and g has rank at least
5 and that for each real completion KK, of KK, every form in the IK,—pencil is indef-
inite.

By Proposition we now know that if every form in the K- pencil generated

by f and g is singular, then f and g have a nontrivial common K-rational zero.

By Lemma and Proposition if there exists a form in the IK—pencil

with rank at most 6, then f and g have a nontrivial common K-rational zero.
Therefore, we may assume that the IK— pencil generated by f and g contain at least
one nonsingular quadratic form and every nonzero form in the IK—pencil has rank
at least 7. This implies that the determinant polynomial det(Af + pug) is not the
zero polynomial, and hence the polynomial det(Af + ug) has at most finitely many
zeros. This implies that the IK—pencil generated by f and g contains only finitely
many singular forms.
Therefore, W.L.O.G., we may assume that the K—pencil generated by f and g con-
tains nonsingular quadratic forms and every nonzero form in the pencil has rank
at least 7.

By Proposition we know that there exists a nonsingular form in the K-

pencil that contains at least 3 hyperbolic planes over K.. Therefore, W.L.O.G, we
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may assume that f is a nonsingular quadratic form over K such that it contains at
least 3 hyperbolic planes and g is another nonsingular quadratic form over K such
that every nonzero form in the IK—pencil generated by f and g has rank at least 7.

Hence using the technique for splitting off hyperplane as described in Section
and after a nonsingular linear change of variables we may rewrite f and g over

K as follows
f = X1X2 + X3X4 + X5X6 + fo(X7,. . .,Xn),

(5.5)
g=9(Xy,.... X,).
Let the space Hj be defined by
X2:X4:X6:X7:”‘:Xn:0
(5.6)

¢(X1,0,X3,0,X5,0,...,0) =0

we like to recall that using the techniques that are demonstrated in Section to
split off hyperbolic planes in f guarantees that rank of g(X;,0,X3,0,X5,0,...,0) is
exactly 3. Let ' = {p|g(X1, 0,X3,0,Xs,0,...,0)is anisotropic over K.}
Since rank(g(X;,0,X3,0,X5,0,...,0)) = 3, we get that 97’ is a finite set.
Let IF be any overfield of K. We define H, g for a, f € IF to be a space given by
Xy =aX,

(5.7)
X6 - ﬁX2

For each place pon K, let V,(f, ) denote the set of all common zeros of f, g over K,
and V(f,g) = U,V,(f,g). By Lemma we know that V, contains nonsingular
common zeros of f,g over K, for each place p on K.

Consider the Jacobian matrix for the system

(Xg—aXy, Xe—pX2, f,8)
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0 -a O 1 0 0 o - 0

o - 0 0 0 1 0 - 0

) , 5.8)
X, Xi Xe X5 Xe X5 fx, o fx, (
8k, 8% 8% 8% 8% 8% 8% - 8,

Fori=3,57,...,n, we let h; = X»8%. — fy g, Note that h; is a quadratic form of

rank at most 4 over K.

Claim 5.4.1. There exists at least one h; that is not identically zero.

Proof. Suppose h; = 0 identically for each i =3,5,7,...,n. Then

h3 =0 = ng)’(3 = X4g)/(1 (59)

This implies that there exists a y € K such that

8k, = rXa (5.10)

Therefore,

hs =0 = X,g%. = Xe8x, = 8&x, = ¥Xe

h; =0 = Xogx = fx.8%, = &, = Vfx,
(5.11)

hs =0 = Xogx, = fx,8x, = 8, = Vfx,

hg =0 = X,8x, = fx,8%, = &%, = V/fx,
Thus the partial derivatives of yf —g w.r.t X; for i = 3,5,7,...,n are iden-
tically 0. Hence, the quadratic form yf — g being a function of X;,X,, and
X4 only is of rank at most 3, which is a contradiction as every form in the

IK—-pencil generated by f, and g has rank at most 7. This completes the proof
of Claim O

W.L.O.G., we may assume that k3 is not identically 0.
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Claim 5.4.2. We can choose ay, B, € K, such that H, g contains nonsingular
pEp

common zero of f,g over K, such that X, = 0.

Proof. By Lemma|5.2.1} for each place p € 9%/, we can choose a common zero 13;

of f,g over K, such that X, # 0, and h3(13;) # 0. This implies that the jacobian

matrix (5.8) evaluated at 13; has full rank, and hence 13; is a nonsingular com-

mon zero of f, g over K, such that it does not lie on X, = 0.
Let B, = h 0. Th take @, = -2 and p, = -2
et B, = (uyp,..., Uyy), where uy, = 0. Then we can ta eaD—Zan ﬁp—E.
p p
Therefore, for each place p € 9*’, we can choose ap, By € K, such that H%,ﬁp

contains nonsingular common zero of f, g over K,. This completes the proof

of Claim O

Since 9’ is a finite set, by using Proposition we can find «, 8 € K such
that for each place p € 9%/, there exists a nonsingular K,~zero of f,g that lies in
Hy .

Let Vi(f,g) =V(f,g) N H,g. Then,

A=fl, =XoX;+aXs+pXs)+q1(X,..., X,)
v (5.12)

g1 =g oy = 8X1 X, X, aXo, X5, X0, X700, Xor),

are quadratic forms in the (n—2) > 7 variables X;, X,, X3, X5, X7,..., X,,.

Claim 5.4.3. fi,g, are independent quadratic forms over K, that is, they do not

have non constant common factor over K. .

Proof. Note that rank(f;)=n—-4>5.

Given any A € K, note that

g1+ Afi |H0 =g1+Afi |X2:X7:~--:Xn=0 =8t /\f|HO
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Since rank(g|H0) =3 and f|H0 =0,

rank(g; + Af :rank(g+/\f|H0):3.

)

Thus f;,g; have no common nonconstant factors. [

If f; and g; can be expressed in less that n — 2 variables over KK, then we can find
a common singular point of f; and g; in V; with coordinates in IK. So we assume
that the system of quadratic forms f; and g; cannot be expressed in less that n—2
variables over K i.e, fi,g; is a nondegenerate system of quadratic forms over K in

variables X, X,, X3, X5, X7,..., X,,.

Claim 5.4.4. V; has nonsingular KK —points for all places p on K.

Proof. 1. By Claim we know that V; contains nonsingular K,—points
of f and g for each pe %".

2. For p ¢ 9*’, note that V(f,g) N Hy C V;. By Proposition we can
choose a point in V(f, g) N Hy such that X; + aX3+ X5 # 0. As a result,
this point will be a nonsingular IK,~point of f,g.

Therefore, we conclude that V; has nonsingular K ,—points for all places p on

K. ]

In other words, Claim implies that quadratic forms defined in (5.12)

fi= fly,, = Xa(X1 +aXs + Xs) 4 q1(X7,..., X,)

81 = giHaﬁ - g(XliXZIX?)I aXZl XS; ﬁXZJ X7;' . -JXn);

have nonsingular common zeros over KK, for each place p of K. We consider the

following two cases:

Case 1. Since (n—2) > 7, suppose that there exists a form in the IK—pencil defined by

f1 and g; that has rank at most ((n—2)—3) = (n—5). In this case we can apply
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Case 2.

Proposition to conclude that f; and g; have a nontrivial common zero

over K.

Suppose that every form in the K-pencil defined by f; and g; has rank at
least n — 4. Since f; does not have full rank (rank(f;) = n—4 > 5), it has
singular zeros over K. Let H = rad(f;). Note that the dimension of H is two.

Therefore, 0 <rank(g|,,) < 2. After a nonsingular linear transformation over

)

K, we can assume that

hH=X1Xo+q:1(X7,..., X))
(5.13)
g1 = §1(X1, Xy, X3, X5, X7,..., X,),

andH:{ﬂlTEIKn_2|Xl :X2 :X7:---:Xn:0}_

This leads us to the following 3 subcases:

A. Ifrank(gy|,,) <2, then g;|,, has a nontrivial zero in H. This would imply

1) o

the f; and g; have a common nontrivial zero in H.

B. Suppose that rank(g 2 and g is a product of two linear forms over

) =

K, thatis, g1|,, = L1-L,, where L, L, are linear forms over K in variables

i
X3, Xs5. Therefore g has a nontrivial zero when restricted to H and hence
f1 and g; have nontrivial common zero over H.

Therefore, we may assume that H does not contain any nontrivial zero
of 9.

C. Suppose that rank(g; 2 and g; is not a product of two linear forms.

) =

This implies that g;|,, is a nonsingular quadratic form of rank 2 that is

s
of the form

2 2
where a is not a square in KK, and Ly, L, are linearly independent linear

forms over K in variables X3, Xs5. Therefore g; |, has a pair of conjuagate
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nontrivial zeros Zl and Zz. Note that Zl and Zz are singular common

zeros of the pair f; and g; over K because

Jdf - of -
8—)’;«21):0, aj;<zz>=o (5.14)

for each i. After a nonsingular K-linear change of variables, we may
assume that

Zl = (O; O; \/E; 11 01 01 0)1

and

—)2 = (O' 01_\/21 1; O; O; O);

. . . . = = .
where a is a nonsquare point in K. Since Z; and Z, are singular common

zeros of f; and g;, W.L.O.G., we may assume that

fi = (X3 —aX2)+ X3L3+ XsLs + f;
(5.15)
= 6(X§ — ﬂXg) + X3M3 + X5M5 +g2,

where y, 6 € K, with L;, M; linear forms in variables X;,X;,X7,..., X},
and with f,, ¢, quadratic forms in variables X, X5, X7,..., X,

Note that

is of rank 2, and

e 0 # 0 because g; |H

is identically 0 since H = rad(f;).

* vy =0 because f1|H

Therefore, W.L.O.G., we make take o = 1. Using the following nonsin-

gular IK-linear change of variables

1
X3I—)X3+EM3

1
X Xe——M 5.16
5= As 245 ( )

X X; (i=1,2,7,...,n)
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which does not affect the conjugate singular points Z, and Z,, and we

may W.L.O.G., asssume that M3 = M5 = 0, we get that

fl = X3L3 + X5L5 + Ql (Xl,Xz,X7,. "an)

(5.17)
g1 = X3 —aX2+Qu(Xy, X0, X7,..., X,).
Let
Ly =131 Xy + 13Xy + 137 X7 + -+ 13, X,
(5.18)
Ls =51 Xy + 155Xy + 57 X7 + -+ 15, X,
where all the coefficients are in K.
By|5.14} we know that foreachi=1,2,3,5,7,...,n
of = af =
—(Z;)=0, =——(Z,)=0
This implies that fori =1,2,7,...,n
d d
9)]; (Z1) =l3iVa+15; =0, 8)]; (Zy) =-lyVa+ls =0, (5.19)

Since a is not a square in K, implies that

lz; =15, =0,fori =1,2,7,...,n

It then follows that L3 and Ls are identically 0. As a result, the pair of

quadratic forms f; and g; now read as

fl Ql Xer21X7: 1X )
(5.20)

g1 = X3 —aXZ+Qy(Xy, X, X7,..., X,).

We recall that from Claim that f| and g; have a nonsingular com-
mon zero over K, for each place p of K. It then follows that f; has
a nonsingular zero in all completions K, of K. Hence, by the Hasse-

Minkowski Theorem, f; has a nonsingular zero over K as well. There-

fore, after a nonsingular linear change only on the variables X, X5, X7,...,
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we can rewrite f; and g; as

h=X1Xo+q:1(X7,..., Xy)
(5.21)
g1 = X5 —aXZ+Q4(X1, X2, X7,.., X)),
where g, is quadratic form over K. Since rank(f;) =n—-4 > 5, by Lemma
[2.1.6]it follows that rank(g;) = n—6 > 3. This also implies that g; is an ir-
reducible quadratic form over K. If f; and Q7 have a nontrivial common
KK-rational zero, then we are done because that zero can be extended to
a common nontrivial zero of f; and g; by setting X3 = X5 = 0. There-
fore, for the rest of the proof, we assume that f; and Q; do not have a
common nontrivial K- rational zero. This implies that coefficients of

X12 and X% in Q) are nonzero, otherwise €] or &, will be a common zero

of f; and Q; over K.

Now we set X; =1 and X, = —¢;(X7,...,X,) in f; and g. Under this

substitution f; is identically zero and g; gets transformed to
X3 —aX2+Q5(1,-q1( Xy, Xp), X7, ..., X)), (5.22)

where Q;(l,—ql(X%...,Xn), X7,...,X,) a polynomial over K of total de-

gree 4 because the coefficient of X22 in Q5(Xy, X5, X7,...,X,) is nonzero.

Claim 5.4.5. The polynomial in
X3 —aX2+Q5(1,-q1( X7, ., Xp), X7, X))
has a nonsingular zero in each completion K, of K.

Proof. Note f; and g are quadratic forms in (n —2) > 7 variables
such every form in the IK—pencil generated by f; and g is at least 5,
and they have a nonsingular common zero over each completion K,

of K. By Corollary we know that all nonsingular common ze-
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ros over K, do not lies in a hyperplane. Therefore, it follows that f;
and g; have a nonsingular common zero where X; # 0 in each com-
pletion KK, of K. Let 13;’ = (plp,pzp,p3p,p5p,p7p,...,pnp) denote that
nonsingular common zero over K,. By multiplying by a constant if
necessary, we may assume that X; =1 in 15;’ for each p. Since 15;’ is a

nonsingular zero of f;, it implies that
Xz = p2p =—q (p7|3""’pﬂ|3)
Since 13;’ is also a nonsingular zero of g, it then follows that

g(p;') = p%p _apép + Qé(ll_ql (p7|3"'"pnp)'p7|3""lpnp) =0 (5'23)

Therefore, the polynomial in has a nonsingular zero in each
completion K, of K. O

In order to complete the proof of the main theorem, we require the fol-

lowing lemma, which we will prove later.

Lemma 5.4.6. Let Q(X;,X>,...,X,) be a quadratic form in n > 4 variables
over any field IF such that the rank(Q) is rank at least 3, let q(X3,...,X,,) be
an irreducible quadratic form over IF such that every form in the IF —pencil
generated by Q and Q' = X, X, —q(X3,...,X,,) is at least 3.
Suppose that

Q(1,q(X3,...,X,), X5...,X,) (5.24)

is a nonzero polynomial of degree 4 over IK. Then it is irreducible over IF.

Next we show that the quadratic forms Q5(X1, X, X7,..., X)), 1(X7,..., X,,)
as defined in (5.21)), and the polynomial Q}(1,-4,(X7,...,X,), X7,..., X,)
satisfy the hypotheses of Lemma over K.
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i. Q)(Xy,X5,X7,...,X,) has rank at least 3:

Since that rank(g;) is n—2 > 7, we get that rank(Q,) is at least 5.

ii. ¢q1(X7,...,X,) is irreducible:

Since rank(f;) = n—4 > 5, we get that rank(g;) > 3. This implies that

q1is irreducible over K.

iii. rank(Af; + uQj}) >3, forall A,y e K:

Note that f; = X; X, +41(X7,..., X},). If there exists A, y € K such that
rank(Af; + uQ)) < 3, then this would imply that rank(Af; + pugy) <5.
This is a contradiction to the assumption that every form in the K-

pencil generated by f;,g; is at least n—4 > 5.

iv. Q)(1,-91(X7,...,X,,), X7,...,X,) is a nonzero polynomial of degree 4:

By an earlier assumption, we know that the coefficient of X2 in
Q}(Xy,X5,X7,...,X,) is nonzero. Therefore Q}(1,-q1,X7,...,X,) is
a nonzero polynomial of total degree 4.
Then by using [4, Theorem 9.3], we get that the polynomial in[5.22/has a
nontrivial K—rational zero. Let (p3,ps,p7,...,p,) denote that nontrivial
K- rational zero. Then P = (1,—4q(p7,...,Pu),P3,P5 P75---»Pn) 1S @ NON-

trivial common zero of f; and g; over KK, and hence

P'=(1,=q(p7,---,pu) 3, =q(P7,- -, Pn) P35, =BA(P7:- -, Pn)s 7, -+ Pn)
is a nontrivial common zero of f and g over K.

Next, will prove the following claim:

Claim 5.4.7. f and g have a nonsingular common zero over K.

Proof. If all common zeros of f and g over K are singular, then by Lemma

there is a form A f + y; g in the IK— pencil generated by f and g that
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has only singular zeros over K. This is implies that rank(A; f +p;g) <5or
it not indefinite with respect to some real place on K. This is a contradic-
tion to the hypotheses in Theorem that every form in the IK—pencil
generated by f and g has rank at least 5 and is indefinite with respect to
all real places on K. Therefore, f and g have a nonsingular common zero

over K. O]

By Lemma f and g have infinitely many nonsingular common zeros

over K..

For the sake of completeness, we state Theorem 9.3 from [4] using the termi-

nology and notation followed in this dissertation:

Theorem. [4, Theorem 9.3] Let K be a number field, let a be in K* and let
P(xy,...,x,) be a nonzero irreducible polynomial of total degree at most 4 with

coefficients in K. If

2

yz—az = P(x1,...,X,)

has a nonsingular zero in each completion IK; of K, then it has nontrivial IK—rational

zero.

This completes the proof of the main theorem for the case when the number

of variables is at least 9. To this end, we will give a proof of Lemma [5.4.6]

Proof. Note that the coefficient of X2 is nonzero because we are given that

Q(1,9(X5,...,X,),X3,...,X,,) is a nonzero polynomial of total degree 4.

We will show that Q(1,9(X3,...,X,), X3,...,X,) is irreducible over K. Note

that
Q(Xl,Xz,X:)),. . .,Xn) = 0(22X22 + 0(21X2X1 + allez
+ XoMy(Xs,.., X)) + Xi M (X5,...,X,,) (5.25)

+ h(X3,...,Xn),
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where M;(X3,...,X,,), My(X3,...,X,) are linear forms over K, h(X3,...,X,,) is
a quadratic form over K, and a;, # 0. Now substituting X; = 1 and X, =

q(X3,...,X,) in Q and rearranging the terms we get that

Q(l’ Q(X&- . -an),X3,. . ,Xn) = ()(22q2 + qM2
(5.26)

+(h(X5,...,X,) +az1q) + M +ajy
Suppose that Q is reducible over K. This gives us the following two cases:
Case 1. Q(1,9(X3,...,X,), X3,..., X)) = L(X3,..., X,)Q3(X5,. .., X,), where L and
Qs are polynomials of degree 1 and 3, respectively. Let L, Q(;) represent the

homogeneous polynomial of degree i in L, Q3, respectively. Then
L=rW+10,

and
3 2 1 0

where L(!) and Q(33) are nonzero homogeneous polynomials of degree 1 and

3, respectively. Using (5.26), we get that

aq? =LV . QY. (5.27)

This implies that L; divides q2, and since L; is a linear form, it divides q;.

This is a contradiction as g an irreducible quadratic form over K.

Case 2. Q(1,9(X3,...,X,), X5,..., X,) = h1(X3,..., X)) - hp(X5,..., X,), where hy
and h, are nonzero polynomials of degree 2 over K. Let h(li), h(2i) represent the

homogeneous polynomial of degree i in h;, h;, respectively. Then

hy = b+ n
(5.28)

hy =S+ hy +ny,
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where h(lz), and h(22) are nonzero homogeneous polynomials of degree 2 over

K. As in the previous case, we use equation (5.26) to observe that

2),(2
aq? = WK, (5.29)

Since q is irreducible, we get that

2

h(1 ) = €19
2

h(2 ) = 24,

where c¢j¢c; = ap;. W.L.O.G., we take ¢; = 1 and ¢, = a;, Therefore, we get

that
2
Y =q
o (5.30)

hy" =ajq,

On comparing the homogeneous polynomial of degree 3 on both sides, we

get that
M, = B2 + P hY)
(5.31)
= qh(zl) + azzqh(ll)
Therefore,
M, = + aphY), (5.32)

On comparing the homogeneous polynomial of degree 2 on both sides, we

get that

0), (2 0), (2 1), (1
W(Xs..., Xy) + aziq = HO RS + 100+ nVnl 539
0 0 1), (1 '
=1 g+ h agq + bRy
On comparing the homogeneous polynomial of degree 1 on both sides, we

get that
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M, =B+ nORY (5.34)
On comparing the constant term on both sides, we get that

HORY = ay;. (5.35)

Note that
[(0421 - h(20) - azzh(lo)) (X1X2 =g (X3,...,X4))
+ (aszz + h(ZO)Xl + h(zl))(Xz + h(lo)Xl + hgl))]
= ap X2+ ay X X, + HOR) X2 (5.36)
+ X, (azzh(ll) + h(;)) + X (h(zo)h(ll) + h(lo)h(;))

0 0 1), (1
(a0 + b - azp)+ )

Substituting information from equations (5.32)), (5.33)), (5.34), and (5.35),

0 0
[(0‘21 ~ Y — apnh”) (X, X5 - 4 (X5, X))

+ (0[22X2 + h(ZO)Xl + h(zl))(X2 + ]’1(10)X1 + h(ll))]

= a2 X2 + ey X1 X + a1 X2 (5.37)
+ XoM, + Xy M, + h(X3,...,X,,)
Q(X1,Xp,..., X,)
Therefore,
Q(X1, X2, X3,..., X)) = C(X1 X2 = q(X5,..., X))
(5.38)

= (a22X2 + h(ZO)Xl + h(zl))(Xz + h(10)X1 + h(ll))

where C = (ay — h(20) - azzh(lo)) is a constant in IF. This shows that a there

exists a form in the pencil generated by Q(X;, X5, X3,...,X,) and Q' = X1 X, -
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q(Xs,...,X,) that has rank at 2 which is a contradiction to the assumption

that rank of every form in the pencil is at least 3.

Therefore, we have shown that Q(1,4(X3,...,X,), X3,...,X,) is a nonzero irre-

ducible polynomial over K.
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