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Abstract

Suppose a series system is composed of a number of repairable components. If a component fails, it is repaired
immediately and the effectiveness of the repair may be imperfect. Then the failure process of the component
can be modelled by an imperfect failure process and the failure process of the system is the superposition
of the failure processes of all components. In the literature, there is a bulk of research on the superimposed
renewal process (SRP) for the case where the repair on each component is assumed perfect. For the case that
the component causing the system to fail is unknown and that repair on a failed component is imperfect,
however, there is little research on modelling the failure process of the system. Typically, the likelihood
functions for the superposition of imperfect failure processes cannot be given explicitly. Approximation-
based models have to be sought. This paper proposes two methods to model the failure process of a series
system in which the failure process of each component is assumed an arithmetic reduction of intensity and
an arithmetic reduction of age model, respectively. The likelihood method of parameter estimation is given.
Numerical examples and real-world data are used to illustrate the applicability of the proposed models.
Key words:  Arithmetic reduction of intensity (ARI) model; arithmetic reduction of age (ARA) model,
superimposed ARI (SARI) model; superimposed ARA (SARA) model.
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1. Introduction

In the reliability literature, repair effectiveness can be categorised into perfect, imperfect and minimal.
Suppose an item failed. A perfect repair on the item is equivalent to replacing the item with a new identical
item, that is, it brings the failed item to the good-as-new status; a minimal repair restores the item to the
status just before the item failed, namely, it brings the failed item to the bad-as-old status; and an imperfect
repair brings the item to a status between the good-as-new and bad-as-old statuses. Usually, the renewal
process is used to model the interfailure times of perfect repairs; the non-homogeneous Poisson process is
for those of minimal repairs; and models such as the arithmetic reduction of intensity (ARI) model and
the arithmetic reduction of age (ARA) model are for those of imperfect repairs [1, 2, 3]. There is a bulk
of research discussing different types of stochastic processes for modelling failure processes, or simply put,
modelling interfailure times, see [1, 2, 3, 4], for example. These models are also applied in maintenance
policy optimisation, see [5, 6, 7, 8, 9, 10, 11, 12], for example.

Consider a system that is composed of multiple components in series. Suppose that the failures of the
components are statistically independent. Repair is immediately performed upon a component failure and

the repair time is negligible. Suppose the effectiveness of the repair is not minimal.

e If the repair is perfect, then the interfailure times of the system is a superimposed renewal process
(SRP). The SRP has received plenty of attention from authors (see [13, 14, 15], for example). The
reader is referred to [3] for a recently published paper of SRPs in reliability.

e If the repair effectiveness on the failure of each component is imperfect, the superposition of the

imperfect failure processes has not been well investigated in the literature yet.

We refer to the case that the components that cause the system to fail are known and that interfailure
time data are available as unmasked failure data. With unmasked failure data, if the number of failures of
each component is large enough, one may develop a model for the failure process of each component and
then aggregate those models to describe the failure process of the system. In the real world, nevertheless,
maintenance data may be available in an aggregate form. That is, the interfailure time data are available,
but which component causes the system to fail may be unknown. Such data are often referred to as masked
failure data. In the case of modelling on masked failure data, one is unable to build a model for the failure
process of each component and then aggregate them as there is no failure data on each individual component.
That is, the superposition of imperfect failure processes (SIRP) cannot be explicitly given. In this case,
methods that can approximate the SIRP have to be sought.

Examples of such systems can be found from the real-world. For example, one can regard that a section
of pavement is composed of a grid of cells. The section may be regarded failed if there is a large defect
such as fatigue cracking on a cell. Maintenance should then be carried out to repair the defect and it is

usually imperfect. But when the failure data are analysed, data on which cell causes the section to fail
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may be unavailable due to various reasons such as a lack of precise location. For the pavement owner, it is
important to have a model of good performance that can estimate the long term costs of maintaining the
pavement. See [16] for other real-world examples. These examples motivate this work.

Given a series system composed of multiple components, this paper assumes that the failure process
of each component can be modelled with either the arithmetic reduction of intensity (ARI) model or the
arithmetic reduction of age (ARA) model. The reason that this paper uses the ARI and ARA models
is due to their wide coverage. Some widely studied models, including the model proposed by [17] and
the virtual models proposed by [18, 19], are the special cases of the ARI model and the ARA model,
respectively. This paper proposes methods to approximate the superposition of ARI (SARI) model and
the superposition of ARA (SARA) model, respectively. Probabilistic properties of the proposed methods
are discussed. Artificially generated numerical examples and real-world examples are used to illustrate the
proposed methods. This paper extends the work of [4]. Its managerial implication is that practitioners may
use the proposed methods in their work such as development of maintenance policies and life cycle costing.

The remainder of this paper is structured as follows. Section 2 gives assumptions and notations that
are used in the paper. Section 3 investigates the superposition of imperfect failure processes (SIRP) for
the situations when unmasked failure data are available and then gives a method of simulating such an
SIRP. Section 4 proposes methods to approximate the superposition of the ARI process and that of the
ARA process for the case when only masked failure data are available, respectively. Section 5 gives the
likelihood functions of the SARI and the SARA, respectively, and verifies the proposed methods on an
artificially generated dataset and then on a real-world dataset. Section 6 discusses an alternative method to
approximate the SIRP for the case when only truncated failure data are available and also gives the failure

intensity function of the SRP. Section 7 concludes the paper and proposes future research suggestions.

2. Assumptions and notations

This section sets notations and assumptions.

2.1. Notations

The notations in Table 1 will be used in the paper.

2.2. Assumptions

e Suppose a series system is composed of n components, whose interfailure times are statistically inde-

pendent.
1
e The failure intensity function of component k is —A(t) before its first failure.
n

e Repair is immediately performed upon the failure of a component (or the system). The effectiveness

of repair may be perfect, imperfect, or minimal.
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Table 1: Notation Table

number of components
k  index of a component in the system, k =1,2,--- . n
t time since the system starts, where t > 0
N; number of failures of the system up to time ¢
Ny number of failures of component k£ up to time ¢
N total number of failures of the system
1 index of failures, i =1,2,--- N
m  order of memory, where m > 1 in the ARI,, model or the ARA,,, model
j index of the order of memory, j =1,2,--- ;00
T time since the completion of the latest repair, where 7 > 0
|z| the largest integer that is smaller than or equal to z
by, by, =Ny —nx L%J if Ny #n x L%J, by, = n otherwise.
successive failure times of a repairable system; T, is a random variable
Ty,n, time to the ith failure of component k after the IN;th repair; T} n, is a random variable
tn, observation of Th,
ty,n, oObservation of T} n,

;. history of the failure process up to ¢ (exclusive of ¢)

Ak (t)  failure intensity function of component k if minimal repair is conducted upon failures
t

A(l) = / e ()

0

As k(t)  failure intensity function of component k if imperfect repair may be conducted upon failures

As(t)  failure intensity function of the system at time ¢
A%(t) approximated failure intensity function of the system at time ¢
he(t) hazard function of a virtual component at time ¢

The failure process of a component can be modelled by either the ARI model or the ARA model.

The failure process of the system can be defined equivalently by the stochastic processes {Tj};>1 or

{Ni}+>0 and is characterised by the intensity function.

Although the failure intensity function of an item (which may be a system or a component) should
be denoted with the memory of % _ such as X, ;(t|-7—) and As(t|7—). For the sake of notational
compactness, this paper will omit the symbol 77 _ and use A1 (t) and Ay(t), respectively.

Repair time is so short that it can be neglected.

Only the observations of {7}j};>1 or {IN;};>0 are available, but the source (or component) that causes

the system to fail is unavailable. Such failure data is hereinafter referred to as masked failure data.



7

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

105

3. Modelling the failure process with unmasked failure data

In this section, we investigate some properties of SARI and SARA, respectively, assuming that the

components that cause the system to fail are known. That is, the failure data are unmasked.

3.1. Related literature on failure process models for multi-component systems

In the literature, there are several papers discussing modelling methods for multi-component systems.
Below we give a brief review on the work published in the last two years. More references in this area can
be found in [2, 4] and [3], respectively.

There are many publications methods proposed to approximate the SRP (see [13, 14, 15] for example).
The two following models, Model I and Model II, which were recently proposed in [2].

Model I is given by,

As(t) = he(t — Th,) + o(t), (1)

and Model II is given by,

min{N;—1,n—1}
As(t) = he(t = Tiv,) + Y. Aolt = Tp—j) + max{n — Ni, 03 ho(t) | (2)
j=0
where h.(t) is a hazard function and A\o(t) is a failure intensity function. Model I in (1) and Model IT in (2)
incorporate both time trends (ageing, reliability growth), which is modelled by the first element h.(t — Tk, ),
and renewal type behaviour, which is modelled by the second element in the models, respectively.

In essence, Model I and Model II integrate two stochastic processes, which requires more parameters
than a single stochastic process. In reality, due to technological advances, today’s technical systems have
a small number of failures in their service life. It is therefore difficult to collect a good number of time-to-
failure data (or interfailure time data), based on which the estimated parameters in a failure process model
may have large uncertainty. To reduce the number of parameters, [4] proposes the following model, which

is referred to as Fzponential Smoothing of Intensity model (ESI), to approximate the SRP.

min{N;—1,n—1} n—1
i X{]_ < Nt < Tl} n—qj—
)‘s(t) = g E . p J 1)\O(t - TNt—j) + 771 gN P J 1)\0(75) (3)
J= J=1Nt

where p is a parameter and p € [0,1] and x{A} = 1if Ais true, x{A} = 0if A is false. When p = 1, the above
model reduces to a model, which is referred to as the MAI (Moving Average of Intensity) model. According
to [4], based on the comparison among ESI and MAI, and nine other existing models on fifteen real-world
datasets, the MAI outperforms the ten other models on eleven datasets (out of the fifteen datasets).
Models (1), (2), and (3) are the sum of two intensity functions, which were discussed in the reliability
literature for a different purpose, namely, for modelling bathtub shaped non-monotonic intensities. For

example, [20] assumes the sum of two nonhomogenous Poisson processes with one intensity function being
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the power law and the other being the log linear law, or both being the power laws [21], or both being the
log linear laws [22].

Models (1), (2), and (3) approximate the SRP (superposition of renewal processes) generated by a multi-
component system, in which the repair on each component is assumed perfect. In reality, imperfect repair
occurs from time to time and may be a more realistic measure of maintenance effectiveness. However, in
the literature, as far as the author’s best knowledge, there is little research investigating the superposition
of imperfect failure processes (SIRP), which motivates the work of the current paper.

To model the failure process of a single component, reference [1] investigates several models and cate-
gorised them into two main classes: ARI,, (Arithmetic Reduction of Intensity model with memory m) and
ARA,, (Arithmetic Reduction of Age model with memory m with m > 1).

The ARI,,, model for component k is given by

1 min{m—1,N;—1}

Ak = =Me®) = —pe Y (1= o) Me(Thiy), (4)
j=0

and the ARA,,, model for component k is given by

i) = [t S 1 ITN,—; 5

s,k()*ﬁk — Pk j;o (I —p)Tn,—j | - (5)

where pj is a parameter representing the repair effectiveness of component k& and m is the order of the

memory. That is, Eq. (4) and Eq. (5) assume that the components have different repair effectiveness (i.e.,
pi) and the same memory m.

Reference [1] also discuss the cases when m = 1 and m = oo for the ARI,, and the ARA,, models as

special cases, respectively.
Similar to the methods to approximate the SRP proposed in [2] and [4], we may explore methods to
approximate the failure process of a system with the failure process of each component modelled by either

ARI,, or ARA,,, respectively, as shown in the following section.

3.2. Superposition of the ARL,, and ARA,, processes, respectively

Let’s first look at the failure process of a typical system, as shown in Example 1.

Example 1. Suppose a series system composed of four components, which fail at time points shown in the
top four horizontal lines in Figure 1. The superposition of the four imperfect failure processes is shown at

the last horizontal line. In this example, we assume that unmasked failure data are available. If the failure



Component 1

ta1 Lo
Component 2 y
t3,l
Component 3 W
tan : taz taz taq tys
Component 4 ' : : : : —
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Figure 1: Failure data of a system with four components until time ¢, where N1 =3, N2y =2,N3; =1, and Ny =5

133 process of each component is modelled by ARI3, then the superposition of the failure processes is given by

1
134 As(t) =7 M) = it z) = pr(1 = p)Ai(trg) = pa(1 = p1)* A (te,1)
135 + A2(t) — pada(ta2) — pa(l — p2)Xa(t2)
136 + A3(t) — p3As(tsn)
137 + As(t) — para(tas) — pa(l — pa)Aa(taa) — pa(l — pa)*Ma(tas)] - (6)
139 Similarly, the superposition of the failure processes for the case when the failure process of each compo-

uo nent is modelled by ARA3 can be easily provided.
141 Now suppose that component k has N, failures that have occurred within (0,¢) and the latest failure

1z occurred at time Tj, n, .. Then the superposition of the ARI,, processes is given by

1 n min{Nj ;—1,m—1} '
143 As(t) = Do) - > P = pr)? Me(The Ny —5) | - (7)
k=1 =0

144

145 The above model is referred to as SARIL,, ,, (superimposed ARI) in this paper.
146 Similarly, the superposition of failure processes that models the failure process of each component by

17 the ARA models, or the SARA,, ;,, model can be given by

min{ N ;—1,m—1}

1« .
148 As(t) = Z Ae | t— Z pk(1 = pe)’ TNy, o~ | - (8)
k=1

149 7=0

150 According to [23], the ARI,, model and the ARA,, model have the asymptotic intensities A, ;(t) =

1 1
151 —(1— pr) ™ Ak(t) and g () = =k ((1 — px)™t), respectively. As such, we can obtain the following Lemma.
n n
1 n
12 Lemma 1. A\ (t) in Eq. (7) has the asymptotic intensity - g (1 — pr)™Ai(t) and Ag(t) in Eq. (8) has the
k=1

1 n
totic intensity — Ae((1 — ).
155 asympto v~ ; (1= pr)™t)
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Lemma 1 implies: A\s(¢) in Eq. (7) (or in Eq. (8)) becomes infinite for ¢ — oo if \x(¢) is increasing in ¢.
This result differs from the result of the SRP, on which [24] showed that the SRP tends toward (statistical)

equilibrium as the time of operation becomes very large.

3.3. Simulation

In the SRP, each failed component in a series system is replaced with a new identical one. As reiterated

in the preceding paragraph, [24] showed that the SRP tends toward (statistical) equilibrium as the time of

operation becomes very large, which can be witnessed by viewing numerical examples shown in [3]. Tt will

be interesting to see what trends SARI, ,, and SARA,, ,, possess as the time of operation becomes very

large. To this end, this subsection aims to use the Monte Carlo simulation to show their trends.

F(tiy1) — F(t;
It is noted that P(E+1 < ti—i—l’T% = ti) = (tlJrl)F(t.)(t ) =1- exp(—A(tiH) + A(tz))

Suppose a series system is composed of n components, which are identical when the system start at

t = 0. Without loss of generality, let A\;(¢) be the failure intensity function of a component in the system.
t

Then A;(t) :/ A1 (u)du.

0
The probability of the working time of a given component, component 1, for example, after the i-th

repair is given by
o P(Thy <t11|Tho=0) =1—exp(=Ai(t1,1)),

e when the ARI,, model is used, for i > 1, we have

P(Tiiv1 <tiiri]Tii =t 5 Thimmingm—1,i-1) = timmin{m—1,i—1})
min{m—1,i—1}
=1 —exp | —A1(t1,i+1) + p1 Z (1= p1)? M (t1i— )11
=0
min{m—1,i—1}

th(t) = Y (L= p) Mgt
=0

e when the ARA,, model is used, for i > 1, we have

P(Tiiv1 < tiiva]Ti =t 5 Thimmingm—1,i-1) = timmin{m—1,i—1})
min{m—1,i—1}
=l—exp | A1 | trit1 — o1 Z (1= p1) 'ty
=0
min{m—1,5—1}

+A1 |t —p1 Z (1= p1)tri—j
=0

(10)

Based on the above discussion, with the Monte Carlo simulation, we can simulate the failure process of a

system based on a given failure intensity function, A;(¢). For example, if we let A;(t) = / A1(u)du = (
0

10

l 20
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t
t
in the SARI model and A;(t) = / A1 (uw)du = (1—0)5 in the SARA model, p; = 0.5, m = 2. Set the number

n of components in a series syste(in to be 5, 50, 100, and 200, respectively, and their numbers of failures
are assumed to be 100xn, then the failure process according to the failure intensity function given in Eq.
(7) and that given in Eq. (8) are shown in Fig. 2 for the SARI, ;, model and Fig 3 for the SARA,, ,,
model, respectively. To gain a better understanding, in Fig 3, for the different settings of n’s and the
numbers of failures, we also show the cases for g = 1.5, 2, and 2.5, respectively, which are displayed in each
message box. In the figures, we have divided the entire failure period into 101 units. For example, if the
time to the 20,000th failure is x, then we calculate the number of failures in intervals (%, (1614—011)33) with
k=0,1,...,101, and show the number of failures on the Y-axis and the X-axis shows the 101 units.

Fig. 2 and Fig. 3 show that the systems do not develop toward (statistical) equilibrium as the time of

operation becomes very large. Instead, they become infinity, which agrees with Lemma 1.

400

350 - ===n=5;N=500 ——n=50;N=500
n=100;N=10000 n=200;N=20000

300

250

200

150

= W A W o WD o W o WD o W o WD o W W
— A NN M M g o NN W W M M~ 0000 ;M

Figure 3: p1 = 0.5,m = 2,A1(t) = (t/10)°, n,N and B
Figure 2: p1 = 0.5,m = 2, A1(t) = (t/10)2, n and N are shown are shown in the figure message boxes, respectively, for the

for different curves in the figure, for the SARI, », model. SARA; ;» model.

4. Modelling the failure process with masked failure data

If Ty N, (for k= 1,2,...) are known and we assume that \;(t) = A(t) and py = p, from Eq. (7) and
Eq. (8), we obtain

1 n min{Ny ;—1,mp—1} '
As(t) =— > M) - > Pe(L = pi)? Me(Tho, Ny o —5)
k=1 =0
min{ Ny ;—1,mp—1}

S UEEEDY <p<1—p>jZA<Tk,Nk,t_j>>7 (1)
k=1

J=0
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and

1 n min{ Ny ;—1,m;—1}
() == N | £ > (L = pr) T, Ny 1~
k=1 j=0

min{Ny :—1,m;—1}

1 & ;
= dSoaft- > p(1 = p) Ty, —j | - (12)
k=1

§=0
respectively.
Under the assumption that only masked failure data are available, unlike the SRP in which a component
after a renewal can be regarded as starting from time 0, which implies the SRP model does not need to
remember the component’s previous maintenance/repair history. The SARI,, ,,, or the SARA,, ,,, processes,

however, must remember all of its maintenance history. If we compare the SRP with the SIRP, we can find
e that the age of a component in the SRP is unknown as we do not know when it is installed;
e that the number of failures of a component in the SRP is always 1 as a failed component is renewed;

e that the operating/calendar age of a component in the SIRP is known as it is installed and started at

time 0; and
e that the number of failures of a component in the SIRP is unknown.

In what follows, we assume the n components in the series system are identical. If the failure process
of a component follows ARI,, (or ARA,,), then the failure processes of the others should follow the same
model.

Under the assumption that only masked failure data are available, the value £’s in T, Ny, in Eq. (11) or
in Eq. (4) are not observable. As such, it is not possible to use these two models shown in (11) and (4).

Under the assumption that only masked failure data are available, we may have two approaches to

approximating the SARI,, ,,, process or the SARA,, ,,, process. These two approaches are

Approach 1 to regard the system as one single item and approximate SARI, ,, and SARA,, ,,, with ARIL,,
and ARA,,, respectively, or

Approach 2 to take a further development of SARI, ,, and SARA,, ,,, respectively, and propose new

models to approximate these two models, respectively.

Approach 1 uses the ARI,, model and the ARA,, model to approximate the series system if the failure
data are masked. That is, in this approach, one regards a multi-component system to be a one-component
system, then use the ARI,, model or the ARA,, model to model the failure process.

When the number of failures is small, using the ARI,, or the ARA,, to approximate an SIRP makes the
implicit assumption that the kth failure depends on the (k — 1)th, which may not be true for the case of

10
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N < n (where N is the total number of observed failures), under which each failed component may have
only experienced one failure, and the failures of different components are statistically independent. After
all, the probability of the occurrences of the first failures within a short time is greater than that of the
second failures because: within a given time period (0,t), denote P(N(t) = k) as the probability that the
number of failures is k, then P(N(t) =2) < P(N(t) =1).

Although the numbers of component failures in a typical system may be different, as shown in Fig 4,
the expected numbers of failures for identical components in a given time period are the same. As such, a
naive but appealing approach to approximating the SIRP model is to assume that the failures of the system
are caused by each component one after another. That is, suppose a system that is composed of identical
components in series, we assume the first n failures are due to the first failures of the n components, the
failures from the (n + 1)-th to the 2n-th failures are due to the second failures of the n failures, and so on.

Based on this assumption, we have the following discussion.

Denote N N
n n
bn, = (13)
N,
n N; =n|—],
n

where |z ] is the largest integer that is smaller than or equal to z.

Then we have the following analyses.

(i) The case of the ARI model. If we assume that the failure process of each component follows ARI,,
shown in Eq. (4), we have the following analyses.
e If N; = 0, the failure intensity of the system is A(t).

e If 0 < Ny < n, there are N; components whose first failures occur. Each of these components has

1 1
failure intensity function —\(t) — —pA(Tx) and each of the rest n — N; components has failure
n n

1

intensity —A(¢). As such, the failure intensity function of the system after the N-th failure is
n

given by

Tl—Nt

A(t)

1
= A(t) — — ;mm) (14)
e If n < Ny < mn, there are the two following scenarios.
- If N, = nLNtJ, then the failure intensity function of the system is given by

n

HOEPIOEEDY ) - P NN, —nj—k+1)- (15)



N,
258 - If Ny # nL#j, then by, components have experienced one more failure than the n — by,

259 other components. The sum of the failure intensity functions of these by, components is
b bNt LNtJ
260 N )\ - = Z Z (1= p) \(TN,—nj—k+1), and the sum of the failure intensity function of
k 1 7=0
n o L5
. n — bNt ]. .]
261 the n — by, other components is - (t) — — Z Z p(1 = p)Y! N(T'N,—nj—k+1)- As
k::bNt—i-l j:()
262 such, the failure intensity function of the system is given by
A 5]~
263 )‘(sl(t) :)‘(t) - ﬁ p(l - )J)‘(TNt —nj— k-‘rl Z Z j)\ TNt —nj— k+1)
k=1 j=0 Ly by, +1 =0
264 (16)
265 e Similar to the case of n < N; < mn, if N; > mn, then we have
Ny
266 - If Ny=n|— J then the failure intensity function of the system is given by
n
1 n m—1
267 () = A(8) — ~ D p(1 = pY A Tny—nj—rt1); (17)
k=1 j=0
Ny : : . : -
268 — If Ny # n|—|, the failure intensity function of the system is given by
n
1 bNt m—1 n m—1
269 As(t) - DI AMTNy—nj—k+1) Z > e MTNy—nj—k+1)
k=1 j=0 k:bNt-i—l 7=0
(18)

ann (i) The case of the ARA model. If we assume that the failure process of each component follows

272 ARA,, shown in Eq. (5), we have the following analyses.
273 o If N; =0, the failure intensity of the system is A(¢).
274 e If 0 < Ny < n, there are IN; components whose first failures occur. Each of these components has
1
275 failure intensity function —\(t — pT}) and each of the rest n — Ny components has failure intensity
n
1
276 —A(t). As such, the failure intensity function of the system after the N;-th failure is given by
n
N
1 n — Ny
o7 A =~ D At - pTy) + A(t) (19)
278 k=1
279 e If N; > n, a similar discussion as the ARI case can be made.

280 To sum up, we obtain the following definition, i.e., Definition 1.
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Definition 1. A new SARI, ,, model, denoted as SARI,

and a new SARA, m, denoted as SARAF, ,,, are

,m?’

defined, respectively, in the following. A SARIL, ,, is defined by

A1), it N; < 1;
) 1%@@) 1< N, <n
- k) >~ iVt )
AL (t) = gyt (20)
1 b, 1 n min{L%jfl,mfl}
At) — o > PATN k1) — - > > p(L = p)’ MIN,—n(j-1)-bn,—k+1) if Ne >n
k=1 k=1 j=1
and a SARAS, ., is defined by
A(t), if Nt < 1;
Ny
EZ)\(tprk)Jrn_Nt)\(t), if 1< Ny <m;
Aty =< "= " (21)

) b, Lo min{[ Xt |-1,m—1}
n >Nt = pTN,—ky1) + o Sa|t- > P(L = p)Tny—n(—1)—by,—k+1 | HNe>n

k=1 k=1 j=1

On Definition 1, there are the following special cases.

If n =1, then SARI; ,,, in Eq. (20) and SARA7 , in Eq. (21) reduce to ARL,;, and ARA,, in (4) and
(5), respectively.

If m =1 and N; > n, then SARI], ,, reduces to SARL, 1,

N0 = M)~ + 3 AT ki), (22)
k=1

and, SARA7 . reduces to SARA,, 1,

3

X(t) = = SNt - pTy—xsr) (23)

k=1

S|

If p = 0, then the repair on each component is minimal and both SARI} ,,, in Eq. (20) and SARA7
in Eq. (21) reduce the NHPP (non-homogenous Poisson process).

If p=1andn=1, then

o The failure intensity A\§(¢) after the N;th failure in SARIL, ,,, (see Eq. (20)) is A(t) — A(Tn,). At
time T,, A(t) — A(Tn,) = 0 and the system starts from the status with failure intensity 0. But

it is important to note that it does not mean that the item is repaired as good as new.

e The failure intensity Aj(¢) after the Nyth failure in the SARA; ,,, model (see Eq. (21)) is A(t—T;,).
At time T,, A(t — Tn,) = 0, which implies that the system is repaired as good as new.
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(v) If p=1and n > 1, model Eq. (20) and model Eq. (21) reduce to

N0 = M) — SN T, i), (24)
k=1

and

At —TN,—k11), (25)

respectively.

The model shown in Eq. (25) is the MAI model, which is a special case of the model shown in Eq.

(3).

Remark 1. The above bullet (v) shows that the MAI model is a special case of the SARAy ., model.
Numerical data experiments and case studies show that the MAI model has a clear advantage over ten other
models on 11 out of 15 real world datasets [4]. As such, the model SARAY, .. can be regarded as an extension

of the MAI model.

Remark 2. The existing failure process models can roughly be categorised into three classes, as discussed

below.

e Models that have one parameter depicting the repair effectiveness of each individual repair. For exam-
ple, the parameter A, in the virtual age models V,, = V1 + Ap(T, —Th—1) and V,, = Ay (Vi1 + 15, —
Tn—1) is the parameter depicting the effectiveness of the nth repair [25] (where V,, is the virtual age).
Technically, A, may estimate the repair effectiveness of different components in a system. However,
i reality, it is not suitable for modelling the failure process of a multi-component system due to two
reasons: on the one hand, the size of masked failure data may not be sufficiently large for estimating a
large number of parameters Ay ; on the other hand, A, may be assumed a stochastic process, on which

there is little research that has been conducted.

e Models that have only one parameter depicting the repair effectiveness for different components in
a system. For example, models shown in Eq. (4) and (5) fall in this category. Similarly, if A,
in the virtual age models are set to A, = A (i.e., A, are the same over different n’s), then the
above-mentioned virtual age models have one parameter as well. The shortcoming of such models for
modelling the failure process of a multi-component system is discussed in Approach 1 in the above

discussion.

e Models that approzimates the SRP. For example, models shown in Egs. (1), (2) and (3) fall in this
category, which assumes that the repair on each failed component is perfect and is not suitable for a

system in which repair on failed component is imperfect.
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Models (20) and (21) are derived for depicting the failure process of a multi-component series system when
the failure process of a component follows the ARI model and the ARA model, respectively. They can

therefore be used to model the failure process of the pavement system discussed in Section 1, for example.

Component 1

Component 2

Component 3

Component 4

\y N N
SIRP X K 3 3 0 K T K—@—

ty ta ts fe e 5 t, tg  t hg b

Figure 4: Masked failure data of a system with four components until time ¢, where N1 ¢, N2+, N3¢, and N4 are unknown;

Ny =11. where t;,0=0,j=1,2,..., N;t, and t; =0if § <O0.

Example 2. Suppose that the value k’s in T}, ; in Example 1 are unknown. But t; (j = 1,2,...,11) are
available, as shown in Figure 4. We assume that the four components are identical and that the failure
process of each component is ARI3. The 11 failures are assumed to be caused by three failures of each of
three components and two failures of the other component (3x3+2 = 11), respectively, which can be modelled

by Model (20) in Definition 1. The model, SARI] 5, is given by

X(0) =A(E) — 3p(A(tar) + Altro) + Als)

— 2001 = YAE8) + A(t7) + A(ts) + A1)
= 7P(L= pP(AE) + Alta) + Alt2) + A1), (26)

In case the causes of the system failures are known, then by plugging ti; in Figure 8 into Eq. (26), we obtain

XS(1) ZM(E) — £ p(A(t1) + Altag) + Alta)

— (0= P)(AlE22) + Altaz) + Alta2) + N(112))

- ip(l — p)?(At3.1) + Alt2,1) + Altan) + Alt11))- (27)

As can be seen, Model (27) differs from Model (6).
In the following, we compare A\s(t) in Eq. (7) with A(¢) in Eq. (20), and As(¢) in (8) with A%(¢) in (21).

To do it, we need to introduce an important definition on stochastic ordering.

Definition 2. Stochastic order (p. 404 in [26]). Assume that X and Y are two random variables. If for

every real number r, the inequality

P(X>r)>P(Y >r)
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holds, then X 1is stochastically greater than or equal to' Y, or X >4 Y. Equivalently, Y is stochastically less
than or equal to X, orY <4 X, or, E(X) > E(Y).

Suppose a system is composed of n identical components, each of which follows the same ARI,,, then

for Ny > n we have

n min{m—1,Nj ,—1}

As(t) =A(1) — % S0 - A Tinay)
=1 =0

by, Lo min{[ Y| —1,m—1}

1 )
=A(t) — - Z PANIN,—k+1) — - Z Z P(L = ) NTN,—n(j—1)—by, —k+1) T €t (28)
k=1 k=1 =1

where

n min{m—1,Ny ,—1}

1 .
@ == > > p(1 = p) M(Tk, Ny ,—5)
k=1 Jj=0

) by, Lo min{| %t |-1,m—1}
+ Z PANTN,—k+1) + - Z Z P(L = o) NI, —n(j—1)—by, ~k+1)-
k=1 k=1 j=1

Lemma 2. The expectation of €; has the following bounds:

m

~ T BAM) < Bla) < pBOT) + 12

E(ANT1)) (29)

The proof of Lemma 2 can be found in Appendix.

¢; measures the difference between As(¢) and A%(¢). It should be noted: ¢; has a practical implication if
the values of p’s in Eq. (11) and in Eq. (20) are the same and the A(¢) in model (20), which is obtained
from the masked failure data, and the A(t) in model (11), which is obtained from the unmasked failure data

are the same.

5. Parameter estimation and numerical examples

In this section, we derive the maximum likelihood functions for the models proposed in Section 4 and
then apply them on a real dataset.
Given a series of successive failure times t1, to, - - - , {5, on which the system failed; where N is the number

of failures and N > n. That is, the available data are up to the time at which the last failure occurs.

5.1. Maximum likelihood functions

Below we consider the likelihood for the failure process of a single system before a specified number of
failures is occurred. If several independent processes are observed, the log-likelihood can be easily obtained

based on the likelihood functions given in this section.
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Below we will give the likelihood function of the SARI} ,,, model and the SARA,, ,,, models in Section

n,m
3. The derivation of the likelihood functions follows from Andersen et al. (1993, sec. 11.7) that under our
stated conditions, the likelihood function for the observations from a single system is derived below.

Following the definition of by, we define b; = i — nLlj if i # nLEJ, where i is a positive integer. We also
n n

N N
defineN; = {i|l1 <i<n—-1},No={iln<i<N-1,i#vn,1<v< ng},anng ={ili=vn,v < L;J}

Hence, given a dataset of N successive failure times t1,--- , ¢y, the likelihood function for the SARI%m
model is
1 o ti
Lsar1(©) =A(t1) exp(—A(t1)) I_N[ [( (ti+1) = ;M(M) exp (A( i) + At + sz\ (tr )}
1€N =

1 b; min{[ L m—1} 1 n min{| < |—1,m—1} '
< [T | | Mtirr) - PL = p) Mtionj—r41) = > > p(L = p)! Ati—nj—k+1)

i€Ny k=1 j=0 k=b;+1 =0

by min{[£],m-1}

tigr — ti ,
{ton = t) p(1 = p) Mti—nj—r+1)

k=1 =0

(o —t) & ™R ,
+ A(ty) + = Z Z p(1 = pV AMtiznj—k+1)

k=b;+1 =0

p(1 - P)j)‘(tinjk+l))

i€N; k=1 =0
t _ n min{[ L —1,m—1} .
X exp (—A( i+1) + A(ti) {tin — 1) Z Z p(1— P)JA(tina’kﬂ))] (30)
and the likelihood of the SARA7 ,, model is given by
LSARA(@ tl) exp( A(tl))
{ n=- l (tiy1) Z A (tiv1 — pti) ] exp (— ZA (ti+1 — ptr) + % ZA(ti — ptr) — nT_i(A(tiH) - A(tz))> }
1€Ny k=1 k=1

=0 k=b;+1 J=0

1 b; R min{| £ |,m—1} ; L& min{| & ]-1,m—1}

n 2 tiv1 — > p(L =P tinj—rr | + > A tip— > p(1 = p) tinj—ki1
L& min{| & |,m—1} L min{| £]—1,m—1}

[—n A (tz‘+1 - Z p(1 = p)/tinj— k+1) - Z A (ti+1 - Z p(1 = p) tinj— k+1>

j=0 k=b;+1 J=0

1 b; min{\_%j,mfl} min{\_%jfl,mfl}
+ E A (tz - Z P(l - P) i—nj— k+l) + — Z A Z P(l - P) i—nj—k+1
1

=0 o2 bi+1 =0

Lo min{| £ ]-1,m—1} ‘
<[] {nz/\ (ml - > p(1 p)]ti—nj—kﬂ)

i€N3 k=1 j=0
L& min{| £ ]—1,m—1} min{| £ ]—1,m—1}
X exp [_n§[\(ti+1_ j;o p(1— ) i—nj— k+l)+ ;A(tl j;o p(1— ) i—nj— k+l>]}7
(31)

t
where tg = 0, A\(¢) =0, and A(t) = / Au)du.

0
By maximising log(Lsari) and log(Lsara ), one can find optimal parameters in A(t) and p, respectively.
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5.2. Data examples
In the following, we compare the performance of models NHPP, ARI,,, ARA,,, SARI} ,,, and SARA7 .

n,ms
We use criteria such AIC (Akaike information criterion), AIC. (AIC with a correction), and BIC (Bayesian

information criterion) to compare the performance. Those criteria are: AIC = —2log(L) + 2¢, AIC, =

2(q+2)(q +3)
—9log(L) + 2q + 2L TZH T2
og(L) +2q + —

the likelihood for the model, ¢ is the number of parameters in the model, and N is the total number of

2 2 3

((I]\;L)(q—;), and glog(N) in the AIC, AIC. and BIC penalise a
[R— q —_—

model with a large number of parameters, respectively. The reader is referred to [27] for details on model

, and BIC = —2log(L) + qlog(N), where L is the maximized value of
failures (observations). The term 2g,

performance measures. [28] provides a practical procedure for the selection of time-to-failure models based
on the assessment of trends in maintenance data.
We compare the performance of the proposed models SARI] ,,, and SARA7 , on artificially generated

data, which are generated based on the simulation method shown in Section 3.3. We set failure intensity

t
function \(t) = 0.002869t'> (which has A(t) = (—)%*%), n = 3, m = 2, and p = 0.5, that is, each of the three

15
components has a failure process ARI;. We compare the models: NHPP, ESI, MAIL, ARI, ARA, SARI], ,,,
and SARA7 , on the dataset. Table 2 shows that the SARI; 7 outperforms other models in terms of the
—log(likelihood).
Table 2: Model comparison on artificially generated data.
NHPP ESI  MAI ARI  ARA SARI SARA
SARI Data —log-likelihood 85.78 85.14 85.13 84.10 84.14 84.09 84.12
(a=15,4=25 BIC 179.38 182.01 178.09 179.94 180.01 179.92 179.97
n=3,N =50) AIC, 176.08 177.16 174.79 175.09 175.16 175.07 175.12

We also compare the performance of the proposed models SARI}, ;,, and SARAY, ,,, on the Bus514 dataset
shown in [29]. On this dataset, we know neither the number of components nor whether the components are
identical. We compare the models: NHPP, ESI, MAI, ARI, ARA, SARI, ,,, and SARA7 . on the dataset.

n,m»

Table 3 shows that the SARIS ; outperforms other models.

Table 3: Model comparison on the Bus514 dataset.

NHPP ESI MAI ARI ARA SARI SARA

-log-likelihood 532.74 530.82 533.18 530.84 532.74  530.38 532.74

Bus514 Data BIC 1073.46  1073.61 1074.34 1073.65 1077.45 1072.73 1077.45
AlIC. 1069.96 1068.46 1070.84 1068.50 1072.30 1067.58 1072.30

The above two examples show that SARIY, ,,, results in the smallest —log(likelihood values), but SARA7Z ,,

does not perform so well as the SARI, ,,, model. Nevertheless, since the MAI model shows its outstanding
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performance and SARA7, ,, is an extension of MAI, one may set p =1 in SARI} ,, in case SARAJ, ,, shows
poor performance on a dataset. To gain a better view on the comparison of the performance of the models,

Figure 5 shows their values of BIC and AIC,.

1078

1076

——BIC - —AICc

1074
1072
1070
1068

1066
NHPP ESI MAI ARI ARA SARI SARA

Figure 5: Comparison of BIC and AIC..

6. Discussion

6.1. An approximation method for left-truncated masked failure data

Section 4 discusses the scenario where a full history of masked failure data can be collected. Now we
consider the case that M failure observations of the earliest occurrences are not available, that is, 11, ..., Tas
are not available, but Ths4+1, Tar+2, ..., TN, are available. Such data are masked left-truncated failure data.
One can the models SARI}, ,,, and SARA7 . in Section 4 to fit the data, which assumes that the first n failures
are due to the n components, respectively. An alternative method is to simply take Tn,, Tn,—1, ..., TN, —n+1
as the last failure times of the n components, and take Tn,_n, TN,—1, .., TN,—2n+1 as the 2nd last failure

times of the n components, and so on. Under such an assumption, we propose the following models.
Definition 3. A SARI;, ,, is defined by

’
n min{|[ 5t ]—1,m—1}

M =AM - T3S = M Tagykn) -
k=1 j=0

n

Uy

S o1 - AT

Nl
Ni—n| 2t |kl

), (32)

k=1

and a SARAS . is defined by

n,m

’
n min{| L] —-1,m—1}

t/ Z At Z p(1— P)jTN{—nj—kH +

k=1 =0

\PN/ n "t N/
¢ _ _ Lt ,
EONY(E SRV |
k=1 =1

k "
(33)
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N/ N,
where m > 1, N[ = N, — M + 1, ®n; = x{N} > n}, Un; = x{|=] < mnNby; # 0}, 7 = N[ —n[—L] if
: n n
!

N,
N/ # n|—L], and r; = N/ otherwise.
n

Definition 3 differs from Definition 1, as shown in Figure 6 and Example 3

e Fig. 6 shows the difference between the two definitions. The notes above the SIRP line shows how Definition

1 defines a cycle, which is a set of Tj with the same power of (1 — p) in a SARI}, ,,, model or in a SARA7 .,

n,m

model, and the notes under the SIRP line shows how Definition 3 defines a cycle.
1
e Eq. (34) in Example 3 shows the SARI] ; by Definition 3, in which A(fg) has a coefficient G and A(t5) has a

1 1 1
coefficient Zp(l — p) whereas in Example 2, A(tg) has a coefficient Zp(l — p) and A(t5) has a coefficient g

/.f-"""'[')'éﬁ;w_i{ion o b= S{a_;{}ﬁ"g" Based on Definition 1

( from the first ‘ \
M observation, a J

"""'-—-f.(?_r,v_\@rd rmitllqd The 1st failure cycle The 2nd failure cycle The 3rd failure cycle
i \ \ '
SIRP ——
ty [ t3 ty ts te ty tg ty tio ti1 t
»
\—\f_} \ / | J
Y |
The 319 latest failure cycle The 21 |atest failure cycle The latest failure cycle
l‘ V }_ _—Definition 2: Starting —.
i from the latest
Based on Definition 3 ( e )
observation, a /

“——_backward method ——

Figure 6: Comparison of definitions of different cycles of Definition 1 and Definition 2.
Example 3. Further to Ezample 2, a model SARIY 5, defined by Definition 3, and is given by
N(E) =A(E) — 3p(A(taa) + Alt10) + Alts) + A(1s))
— 1= PYA7) + Alts) + Alts) + A1)
— (0= P (Alts) + A1) + A(1). (34)
6.2. Failure intensity function of the SRP

Although the SRP has been well studied (see [3] for more detailed discussion), to the author’s best knowledge, its

failure intensity function has not been given in the existing literature and is given in Lemma 3.

Lemma 3. Given a series system on which a failed component is replaced with an identical new component immedi-

ately, the failure intensity function of the system after the Ny-th replacement is given by

1 n
=~ wl(t), if Ny =0,
M) =9 ot ) (35)
EZ)\ik(t*Tik,Nt—jk)+5/\z’n(t*Tin,Nt), if Ny > 1.
k=1

where ji € {1,2,...,Nt}, ix € {1,2,...,n}, To =0, ig, # i, for k1 # ka, jr, # Jr, if k1 # ko and ji, ji, > 0.

The proof of Lemma 3 can be found in Appendix.
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7. Conclusions and further work

In the real world, systems are normally composed of multiple components and the failure data may be masked
due to insufficient failure cause data or such data are unattainable because of physical constraints or lack of resources.
This needs to develop a method to model the superposition of a number of imperfect failure processes. However,
since the failure data are masked, the components that cause the system to fail are unknown. This needs to develop
methods to approximate the failure process of the system.

While the superposition of renewal processes has been extensively studied, the superposition of imperfect failure
processes (SIRP) has received little attention in the literature. There is a need to conduct research on SIRP, which is
the focus of this paper.

The main contributions of this paper include the following.

e This paper developed two methods: one for untruncated masked failure data and one for left-truncated data, to
approximate the superposition of the imperfect failure processes of the components in a series system in which
the failure process of each component follows two widely used models. The imperfect failure process models are

the arithmetic reduction of intensity (ARI) model or the arithmetic reduction of age (ARA) model, respectively.

e The paper showed that unlike the superposition of renewal processes, the superposition of the ARI processes
(SARI) (or the ARA processes (SARA)) does not tend toward (statistical) equilibrium as the time of operation

becomes very large;

e The MAI (Moving Average of Intensity) model proposed in [4] is a special case of the superposition of the ARA

processes; and

e It developed a method to simulate the SARI process and the SARA process, respectively, and gave likelihood
functions of the SARI model and the SARA model (for the untruncated data), respectively.

Our future work will be focused on the derivation of statistical properties of the models.
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Appendix

Below gives the proof of Lemma 2.

n min{m—1,N ,—1} m—1
1
Proof. Apparently, ¢ > —— Z Z p(l— )J)\(Tk Nii—j) = - Zl . p(1 J/\ (T, Ny, —j) and € <
k=1 j=
1 bNt n mln{LN"j 1,m— 1} 1 n 1 n m-—1
- ;/»‘(TM—/C-H Z Z P = PP AT N —n(-1)=bx, —k+1) < Z:lp/\ Ini-k+1) + 231 z(:) p(1
— k=1 j=

p)j)\(TN,,—n(j—l)—bNt—k—k—l) Note that TNy o—j =st 11, TNy—k+1 25t T1, and Ty, —n(j—1)—by, —k+1 =st T1. According
to Definition 2, we have E(Ty N, ,—;) > E(T1), E(Tn,—r+1) > E(T1), and E(TNt,n(j,l),bNt,kJrl) > E(Ty). We can
therefore easily obtain that the expectation of €; has the following bounds:

m

_11—70: E\T) < E(er) < pETY)) + 11_7pp

E(MT)) (36)
|

Below gives the proof of Lemma 3.
Proof.  The condition ji, # jk, if k1 # ko and jg, jr, > 0 implies that (1) there is one component renewed, which
has failure rate function A, (t —T;, n,); and (2) within the others, some may have not renewed since installation time

t = 0 and have the same age, and the others may have failed and then renewed at different failure times.
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1 n
557 Before the first failure, none of the components is replaced. Hence, the failure intensity of the system is 72 A (1).
n
k=1
sss  During the period from the first replacement until the time when the last component installed at time ¢ = 0 is replaced.

s50 M
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