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Abstract

Name: Fritz Hiesmayr

Thesis title: On two-valued minimal graphs and minimal sur-
faces arising from the Allen—Cahn equation.

This work is divided into two, largely independent parts. The first dis-
cusses so-called two-valued minimal graphs, and takes up the majority of the
text. It concludes with a proof of a Bernstein-type theorem valid in dimen-
sion four: in this dimension entire two-valued minimal graphs are linear. In
gross terms we follow a strategy similar to that used to prove the Bernstein
theorem for single-valued graphs; for example we prove interior gradient and
area estimates which echo those available in this classical theory. The main
contrast with these historical results is the possible presence of a large set
of singularities. This is exacerbated by the fact that two-valued minimal
graphs do not minimise area, unlike their single-valued counterparts. As
a consequence the space of surfaces which could arise as weak limits from
them is potentially huge. This includes the so-called tangent and blowdown
cones, which respectively approximate the infinitesimal behaviour near sin-
gular points and the asymptotic behaviour at large scales. Of special interest
are a subclass we call classical cones, as they provide local models near par-
ticularly large sets of singularities. The classification of these, which we
establish in dimensions up to seven, represents one of the main technical
challenges of our work. In dimension four, we are able to push this further
and give a proof of the aforementioned Bernstein-type theorem.

The second part deals with minimal surfaces arising from a semilinear
elliptic PDE called the Allen—Cahn equation. There we prove a spectral
lower bound for hypersurfaces that arise from sequences of critical points
with bounded indices. In particular, the index of two-sided minimal hyper-
surfaces constructed using multi-parameter Allen—Cahn min-max methods
is bounded above by the number of parameters used in the construction. Fi-
nally, we point out by an elementary inductive argument how the regularity

of the hypersurface follows from the corresponding result in the stable case.



Acknowledgements

I would like to thank my PhD supervisor Prof. Neshan Wickramasek-
era for his encouragement and support. This work was supported by the
UK Engineering and Physical Sciences Research Council (EPSRC) grant
EP/L016516/1 for the University of Cambridge Centre for Doctoral Train-
ing, the Cambridge Centre for Analysis.



Table of contents

Introduction

Chapter 1. Geometric measure theory

1.1.

1.1.1.
1.1.2.
1.1.3.
1.14.
1.2.

1.2.1.
1.2.2.
1.2.3.
1.2.4.

Measure theory: basic notions
The Hausdorff measure
Lipschitz functions and rectifiable sets
BV functions and Caccioppoli sets
Capacity
Geometric measure theory: varifolds and currents
Varifolds
Currents
The first variation formula and stationary varifolds

Tangent and limit cones

Chapter 2. Regularity theory of minimal surfaces

2.1.

2.1.1.
2.1.2.
2.1.3.
2.14.
2.1.5.
2.1.6.
2.2.

2.2.1.
2.2.2.
2.2.3.

Singular points and regularity of minimal surfaces
Regularity of stationary varifolds: Allard regularity
Stratification of the singular set
The second variation formula and stability
The Jacobi operator
Regularity of stable minimal surfaces in codimension one
Wickramasekera’s branched sheeting theorem

Single-valued minimal graphs and the Bernstein theorem
Area-minimising currents
Minimal graphs and calibrations

A Jenkins—Serrin type lemma

Chapter 3. Two-valued minimal graphs

3.1.
3.1.1.
3.1.2.
3.1.3.
3.1.4.
3.2.

Two-valued functions
Unordered pairs
Two-valued functions
Integrals of two-valued functions
Some results for two-valued functions

Two-valued minimal graphs

10
11
13
15
15
17
19
21

23
23
23
24
25
26
27
27
28
29
30
31

37
37
37
37
39
39
40



ii

TABLE OF CONTENTS

3.2.1. Definition and basic properties

3.2.2. Orientation and the current structure

3.2.3. Properties of the branch set

3.2.4. Immersion away from the branch set

3.2.5. Stability of two-valued minimal graphs

3.3. Area estimates for two-valued minimal graphs

3.3.1.  Area bounds for two-valued minimal graphs

3.3.2. Improved estimates for convergent sequences

3.3.3. Further qualitative improvements

3.4. Gradient estimates for two-valued minimal graphs
3.4.1. Integral estimates and a mean value inequality for w
3.4.2. Proof of the gradient bounds

3.5. A regularity lemma for two-valued minimal graphs
3.5.1. A maximum principle near branch point singularities
3.5.2. Regularity by a geometric argument

Chapter 4. Limit cones

4.1.  Multiplicity and branch points of limit cones
4.1.1. An a priori multiplicity bound

4.1.2.  Multiplicity in limit varifolds

4.1.3. Local description near vertical planes
4.2. Classical limit cones: initial analysis

4.3. Classical limit cones: non-vertical cones
4.3.1. Slicing at an acute angle

4.3.2. Initial reduction

4.3.3. Horizontal multiplicity one

4.4. Classical limit cones: vertical cones

4.4.1. Results in arbitrary dimensions

4.4.2. Classification in dimensions up to seven

4.4.3. Multiplicity and mass cancellation

Chapter 5. Blowdown cone analysis and the Bernstein theorem

5.1. Blowdown cones and asymptotic analysis
5.1.1. Entire graphs with bounded growth
5.1.2. General results in low dimensions

5.2. The Bernstein theorem in four dimensions
5.2.1. Stability and the logarithmic cutoff trick
5.2.2. Non-vertical blowdown cones

5.2.3. Vertical blowdown cones: the adjacency graph

40
41
42
43
44
46
46
47
50
52
52
58
61
61
63

66
66
66
67
68
69
74
74
76
77
79
80
82
83

85
85
85
86
95
95
97
97



TABLE OF CONTENTS

Chapter 6. Morse index, minimal surfaces, and the Allen—-Cahn
equation
6.1. Stability and statement of the main theorem
6.1.1. Stability and the scalar Jacobi operator
6.1.2. Statement of main theorem
6.2. Preliminary results
6.2.1. Stability and L?-bounds of curvature
6.2.2. Spectrum of Ly and weighted min-max
6.2.3. Spectrum of L; and conditional proof of Theorem 6.1.8
6.3. Proof of the main theorem (Theorem A)
6.3.1. Spectrum and index of V: proof of (i) and (ii)
6.3.2. Regularity of V: proof of dimy singV <n —7

Appendix A. Measure-function convergence
Appendix B.  Generalised second fundamental forms

References

iii

99

99

99
100
102
102
104
106
108
108
110

112

114

118






Introduction

Two-valued minimal graphs. The study of minimal surfaces is one of
the cornerstones of the calculus of variations, dating back at least to Fuler
and Lagrange. It lies at the intersection of several areas, chief among which
are the analysis of PDE and geometry, including geometric measure theory.
One of the results which spurred the growth in the field over the course
of the twentieth century was proved by Bernstein in 1927. In [Ber27] he
investigated entire solutions of the minimal surface equation

n
(1 + |Dul*)Au — Z DiuDjuD;ju =0
ij=1
with n = 2, and proved that an entire solution v € C?(R?) was necessar-
ily affine linear. The surprising contrast with the loosely related harmonic
functions is that this holds without any additional hypothesis, in particular
no bound is assumed for the growth of the function.

This initial result sparked a profusion of work, among which we fo-
cus on attempts at generalisations to higher dimensions. Bernstein’s ap-
proach revealed itself to be hard to adapt to cases where n > 3, so the
field turned to other arguments. (In fact, his proof was later found to con-
tain a gap, which was corrected by Hopf [Hop50a, Hop50b|.) The modern
treatment of the question heavily relies on geometric measure theory. Using
tools from this field, one can show that the asymptotic behaviour at large
scales of an entire minimal graph can be weakly approximated by its so-
called blowdown cones. These blowdown cones—in principle there could be
several—are obtained as measure-theoretic limits of homothetic rescalings of
the graph. When working with single-valued functions, both the graph and
its blowdown cones possess a certain area-minimising property which allows
strong conclusions about the regularity of the latter [Fed70, Fle62, DG61].
In fact when n < 7 then the blowdown cones are smooth, and thus are
planes [Alm66,Sim68|. This sufficiently constrains the behaviour of the graph
to conclude that v is affine linear. It was subsequently shown by Bombieri—
de Giorgi-Giusti [BDGG69] that there was no hope for a generalisation of

this result to higher dimensions: for any n > 8 there exist non-linear entire
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solutions of the minimal surface equation defined on R", with (necessarily)
singular blowdown cones.

These methods fail when working with two-valued functions, the setting
we are interested in. These are defined to be functions taking values in
the set A3(R) of unordered pairs of real numbers. Let Q@ C R™ be an
open domain and u : = € Q — {ui(x),us(z)} € A2(R) be a two-valued
function. By its graph we mean the set G = graphu C Q x R defined
by G = {(z,X""!) € O x R | X" = yy(2) or X" = uy(z)}. We say
that this graph is minimal if it is a stationary point for the area functional,
when taking deformations in a suitably large class of surfaces in © x R.
(Specifically we work with integer density countably rectifiable varifolds.)
We are interested in the study of entire two-valued minimal graphs, that is
where wu is defined on the whole R™. Note that the existence of such entire
graphs is without doubt, as the graphs of two-valued linear functions are
minimal. We are therefore concerned not with the existence of these graphs,
but instead with their classification with the ultimate aim to show that entire
two-valued minimal graphs are necessarily linear. That being said, most
of the results developed in anticipation of this hold in a local setting; for
example we prove an interior gradient bound which mimics classical bounds
valid for single-valued minimal graphs.

The definition above is readily generalised to the notion of @Q-valued
functions for any @ € Zs, taking values in the set Ag(R) of unordered
Q-tuples of real numbers. These multi-valued functions were introduced
into geometric measure theory by Almgren, who used them in his monu-
mental regularity theory, valid for area-minimising surfaces of any codimen-
sion [Alm00]. (This theory was more recently revisited and simplified by De
Lellis-Spadaro [DLS11, DLS15, DLS14, DLS16a, DLS16b].) We exclusively
use @ = 2, and additionally work only with scalar two-valued graphs, which
have codimension one as subsets of R"*!. They are of interest mainly for the
following two reasons. First off, they provide the simplest non-trivial setting
in which so-called branch points appear. Furthermore Wickramasekera has
shown that in a certain sense two-valued minimal graphs provide the canoni-
cal local picture for codimension one stationary stable integral varifolds near
multiplicity two branch points, see [Wic08, Wic20].

In addition to these branch points, a two-valued minimal graph can
also contain so-called classical singularities, in a neighbourhood of which
it is immersed. These are easily seen to form an n — 1-dimensional set.
In contrast to this, obtaining a helpful bound on the size of the branch
set is much harder. Using an approach based on a frequency functional,
Simon—Wickramasekera [SW16] showed that the branch set has Hausdorff
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dimension at most n — 2. This was later meaningfully strengthened by
Krummel-Wickramasekera [KW20], who showed that in fact it is countably
n — 2-rectifiable. The presence of these singularities introduces significant
challenges to the analysis of two-valued minimal graphs, which are entirely
absent in the classical single-valued theory. These complications are com-
pounded by the fact that two-valued minimal graphs do not minimise area.
However they are stable, as we will prove.

It is interesting to ask whether despite these difficulties an analogue of
Bernstein’s theorem holds for two-valued minimal graphs, in dimensions up
ton+ 1 =28. (In higher dimensions this fails for what are essentially trivial
reasons, using the single-valued example constructed in [BDGG69].) When
n + 1 = 3 this was proved by L. Rosales, who used a so-called logarith-
mic cutoff argument to show that the second fundamental form vanishes
pointwise [Ros16]. However this argument crucially uses the quadratic area
growth of the surfaces, which is false in all larger dimensions. This is the
setting we set out to study, concluding with an extension of the two-valued
Bernstein theorem to the case n +1 = 4.

In preparation for this we prove a number of results respectively valid in
arbitrary dimensions, and in dimensions up to seven. In the first place we
prove that two-valued minimal graphs are stable (that is, have non-negative
second variation for the area functional) for a large class of perturbations,
whose support may include the singular set of the graph. The resulting L2-
estimate for the second fundamental are then used to prove interior gradient
estimates. These are obtained via an argument analogous to that given for
the single-valued case in [GT98], although the proof is more involved due to
the presence of the branch point singularities. After some additional work

one obtains the following; see Lemma 5.1.1.

THEOREM. Let a € (0,1), n > 1 be arbitrary and u € CH*(R"; A2(R))

be an entire two-valued minimal graph. If u has bounded growth, that is
lim sup ( max||ul|/R) < oo,
R—o0 Dgr
then it is linear.

The proof of this is accomplished via a classification of possible blowdown
cones of G = graphu at infinity. Indeed one can show that these are neces-
sarily equal to the union of two, possibly equal n-dimensional planes. The
conclusion then comes from the monotonicity formula for minimal surfaces.

In broad strokes the strategy is the same in the general case, when one
does not assume the bounded growth of u, namely one proceeds by classi-
fying the blowdown cones at infinity. However a much larger class of cones
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needs to be considered here. This is also a stark contrast with single-valued
graphs, whose blowdown cones are greatly constrained by the requirement
that they be area-minimising. In the present context the blowdown cones
can be singular even in small dimensions, and generally could admit a large
and complicated set of singularities, whereas in the single-valued theory the
blowdown cones are necessarily smooth when n < 7. In that setting one
moreover has that for n > 8 the Hausdorff dimension of the singular set is
at most n — 7.

To study these singularities one has to consider all cones which appear
as limits of arbitrary sequences of two-valued minimal graphs; we call these
limit cones. These limit cones form a class even larger than those which
are obtained by blowing down a single, fixed two-valued minimal graph.
However general dimension reduction principles mean that we need only
consider cones which satisfy additional structural constraints. A significant
portion of our work is dedicated to the classification of so-called classical limit
cones. By this we mean limit cones which are supported in a union of n-
dimensional half-planes 7, ..., 7p meeting along a single n — 1-dimensional
axis. We usually denote such a cone P =), m;|m;|, where the m; € Z~ are
the multiplicities of the half-planes. Our classification relies on preliminary
improved area estimates. As these deteriorate with increasing dimension,

our result is constrained by n < 6; see Corollary 4.4.6.

LEMMA. Let a € (0,1), n < 6 and (u; | j € N) define a sequence of
two-valued minimal graphs in Dy x R, with u; € C1*(Dq; A2(R)). Suppose
that their graphs G; weakly converge to a classical cone P LDy x R. Then

P is a union of two n-dimensional planes.

Via a diagonal extraction argument one deduces from this that any sur-
face arising as a limit of two-valued minimal graphs is smoothly immersed
away from a singular set of codimension two, which includes the branch set.
This crucially relies on the work Wickramasekera [Wic20| and Krummel-
Wickramasekera [KW20|. For those cones obtained by blowing down a sin-
gle, entire two-valued minimal graph, we additionally prove a structure the-
orem, which demonstrates that they can be decomposed into a union of an
n-dimensional plane and a cylindrical cone, which is invariant under trans-
lations in the vertical direction. This holds for arbitrary blowdown comnes
without any additional assumptions; in particular we do not assume they are
classical. In dimension n+1 = 4, we combine this with integral curvature es-
timates and a combinatorial argument to prove the following Bernstein-type

theorem for entire two-valued minimal graphs; see Theorem 5.2.1.
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THEOREM. Let o € (0,1) and let u € CH*(R3; A3(R)) be an entire

two-valued minimal graph. Then u is linear.

Minimal surfaces and the Allen—Cahn equation. In the second
part we present our work on minimal surfaces arising from the so-called
Allen—Cahn equation [Hiel8|. This is a semilinear, second-order elliptic PDE
whose solutions describe the behaviour of a two-phase solution. The equa-
tion is obtained as the Fuler—Lagrange equation of the eponymous Allen—
Cahn functional. It depends on a small parameter; as this tends to zero
the transition region between the two phases converges (in a certain weak,
measure-theoretic sense) to a minimal hypersurface. In our work we pro-
ceeded to compare the second-order variation of the Allen—-Cahn functional
on the one hand to that of the area functional of the limit interface on the
other. We proved upper bounds for the Morse index of the limit minimal
surface in terms of those of the approaching sequence of critical points of
the Allen—Cahn equation. These Morse indices are obtained by counting the
number of strictly negative eigenvalues of certain linear elliptic operators;
for the limit this is the Jacobi operator. We can thus refine our estimates by
translating them into bounds for the spectrum of this operator in terms of
the spectra of the approaching sequence of solutions. These estimates have
applications in so-called min-max constructions, which naturally produce
sequences of critical points with bounded Morse index.

A classical theorem, due to the combined work of Almgren, Pitts and
Schoen—Simon, asserts that for n > 2, every (n + 1)-dimensional closed
Riemannian manifold M contains a minimal hypersurface smoothly embed-
ded away from a closed singular set of Hausdorff dimension at most n — 7.
The original proof of this theorem is based on a highly non-trivial geomet-
ric min-max construction due to Pitts [Pit81], which extended earlier work
of Almgren [Alm65]. This construction is carried out directly for the area
functional on the space of hypersurfaces equipped with an appropriate weak
topology, and it yields in the first instance a critical point of area satisfying
a certain almost-minimizing property. This property is central to the rest of
the argument, and allows to deduce regularity of the min-max hypersurface
from compactness of the space of uniformly area-bounded stable minimal
hypersurfaces with singular sets of dimension at most n — 7, a result proved
for 2 < n < 5 by Schoen-Simon—Yau [SSY75]| and extended to arbitrary
n > 2 by Schoen-Simon [SS81|. (The Almgren-Pitts min-max construction
has recently been streamlined by De Lellis and Tasnady [DLT13| giving a
shorter proof. However, their argument still follows Pitts’ closely and is in
particular based on carrying out the min-max procedure directly for the area
functional on hypersurfaces.)
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In recent years an alternative approach to this theorem has been devel-
oped, whose philosophy is to push the regularity theory to its limit in order
to gain substantial simplicity on the existence part. Specifically, this ap-
proach differs from the original one in two key aspects: first, it is based on
a strictly PDE-theoretic min-max construction that replaces the Almgren—
Pitts geometric construction; second, for the regularity conclusions, it relies
on a sharpening of the Schoen—Simon compactness theory for stable minimal
hypersurfaces. The idea in this approach is to construct a minimal hyper-
surface as the limit-interface associated with a sequence of solutions u = u;
to the Allen—Cahn equation

(0.1) Au— e *W'(u) =0

on the ambient space M, where W: R — R is a fixed double-well potential
with precisely two minima at +1 with W (£1) = 0. Roughly speaking,
if the wu; solve (0.1) and satisfy appropriate bounds, then the level sets of
u; converge as ¢; — 07 to a stationary codimension 1 integral varifold V.
This fact was rigorously established by Hutchinson—Tonegawa [HT00], using
in part methods inspired by the earlier work of Ilmanen in the parabolic
setting [Ilm93]. Note that u; solves (0.1) if and only if it is a critical point
of the Allen—Cahn functional
E..(u) = / . \Vu|2 N W(Uz>
U 2 €

If the solutions u; are additionally assumed stable with respect to E,, then

Tonegawa and Wickramasekera [TW12| proved that the resulting varifold
V' is supported on a hypersurface smoothly embedded away from a closed
singular set of Hausdorff dimension at most n — 7, using an earlier result of
Tonegawa [Ton05] which established the stability of the regular part reg V'
with respect to the area functional. Their proof of this regularity result
uses the regularity and compactness theory for stable codimension 1 integral
varifolds developed by Wickramasekera [Wicl4a] sharpening the Schoen—
Simon theory.

Stability of u; means that the second variation of the Allen—Cahn func-
tional E, with respect to H'(M) is a non-negative quadratic form. More
generally the index ind u; denotes the number of strictly negative eigenval-
ues of the elliptic operator L; = A — ¢; 2W"(u;), so that wu; is stable if
and only if indu; = 0. Using min-max methods for semi-linear equations,
Guaraco [Gual8] recently gave a simple and elegant construction of a solu-
tion u; to (0.1) with indu; < 1 and |Ju;]|z~ < 1, and such that as ¢; — 0,
the energies E, (u;) are bounded above and below away from 0. The lower

energy bound guarantees that the resulting limit varifold V is non-trivial.
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Since indu; < 1, u; must be stable in at least one of every pair of disjoint
open subsets of M; similarly if indu; < k then w; must be stable in at
least one of every (k+ 1)-tuple of disjoint open sets. This elementary obser-
vation, originally due to Pitts in the context of minimal surfaces, together
with a tangent cone analysis in low dimensions, allowed Guaraco to deduce
the regularity of V from the results of [TW12]. More recently still, Gaspar
and Guaraco [GG18] have used k-parameter min-max methods to produce
sequences of critical points with Morse index at most k, for all positive inte-
gers k. Our results show that this index bound is inherited by the minimal
surface arising as ¢; — 0, provided it has a trivial normal bundle. We also
point out that the regularity follows in all dimensions from the corresponding
result in the stable case via an inductive argument that avoids the tangent
cone analysis used in [Gual8]. See Theorem 6.1.8, Corollary 6.1.10 and the
discussion immediately following it.

COROLLARY. Let M be a closed Riemannian manifold of dimension
n+1> 3. Let V be the integral varifold arising as the limit-interface of
the sequence (u;) of solutions to (0.1) constructed in |Gual8| (respectively
in |GG18| using k-parameter min-maz methods). Then dimy singV < n—7.
If reg V' 1s two-sided, then its Morse index with respect to the area functional

satisfies indyn reg V' < 1 (respectively indyn regV < k).

In min-max theory, one generally expects that the Morse index of the
constructed critical point is no greater than the number of parameters used
in the construction. The above corollary gives this result for the construc-
tions of Guaraco and Gaspar—Guaraco, provided the arising hypersurface is
two-sided. This was recently shown by Chodosh and Mantoulidis [CM20]
to hold automatically when the ambient manifold M has dimension 3 and
is equipped either with a bumpy metric or has positive Ricci curvature.
Building on work of Wang and Wei [WW19|, Chodosh-Mantoulidis prove
curvature and strong sheet separation estimates, and use these to deduce
that in this three-dimensional setting the convergence of the level sets oc-
curs with multiplicity 1. They moreover show that in all dimensions, if the
limiting surface has multiplicity 1, then its index is bounded below by the
index of the u..

This complements our upper bound for the index, which is a direct con-
sequence of a lower bound for (),), the spectrum of the elliptic operator
Ly = Ay + |A)? +Ricy (v, v)—the scalar Jacobi operator—in terms of ()\;),
the spectra of the operators (L;). Establishing this spectral lower bound is
our main result; see Theorem 6.1.8.
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THEOREM. Let M be a closed Riemannian manifold of dimension n+1 >
3. Let V be the integral varifold arising from a sequence (u;) of solutions to
(0.1) with indu; < k for some k € N. Then dimy singV <n —7 and

(i) Ap(W) > limsup, o, X, (W) for all W CC M \singV and p € N,
(ii) indyn C < k for every two-sided connected component C C regV .

REMARK. The spectral lower bound of (i) also holds if the assumptions
on the u; are weakened in a spirit similar to the work of Ambrozio, Carlotto
and Sharp [ACS16], that is if instead of an index upper bound one assumes
that for some k£ € N there is 4 € R such that )‘Z > p for all . (Note that
the index bound ind u; < k is equivalent to )‘2+1 >0.)

REMARK. As similar result had previously been proved by Le [Lell] in
ambient Euclidean space, under the additional assumption that the conver-
gence to the limit surface occurs with multiplicity 1. Adapting the methods
developed in [Lell, Lel5] to ambient Riemannian manifolds, Gaspar gener-
alised our results to the case where the limit varifold is one-sided, without
any assumption on multiplicity [Gas20]. Their general approach is similar
to ours but subtly different, in that they instead consider the second inner
variation of the Allen—Cahn functional; see also the recent work of Le and
Sternberg [LS19], where similar bounds are established for other examples

of eigenvalue problems.

For the minimal hypersurfaces obtained by a direct min-max procedure
for the area functional on the space of hypersurfaces (as in the Almgren—
Pitts construction), index bounds have recently been established by Mar-
ques and Neves [MN16]. Both the Almgren-Pitts existence proof and the
Marques—Neves proof of the index bounds are rather technically involved; in
particular, the min-max construction in this setting has to be carried out in
a bare-handed fashion in the ahbsence of anything like a Hilbert space struc-
ture. In contrast, in the approach via the Allen—Cahn functional, Guaraco’s
existence proof is strikingly simple, and our proofs for the spectral bound
and the regularity of V are elementary bar the fact that they rely on the
highly non-trivial sharpening of the Schoen—Simon regularity theory for sta-
ble hypersurfaces as in [Wicl4a].

Outline. Chapter 1 introduces basic notions from geometric measure
theory which will be used throughout the remainder of the text. We start
with the well-known notion of the Hausdorff measure, and use this to de-
fine Hausdorff dimension, countably rectifiable sets etc. We also briefly dis-
cuss Caccioppoli sets, as well as the capacity of sets. Our main references
are [Sim84, EG15, Giu84|. In the second half of the chapter we move on
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to concepts like integral varifolds and currents. More specifically the focus
lies on stationary varifolds, and accordingly we also list some of the conse-
quences of the first variation formula, including the monotonicity formula.
We conclude the chapter by defining so-called tangent and limit cones.

In Chapter 2 we move on to more advanced notions, mainly pertaining
to the regularity theory of minimal surfaces. We include both results valid
for stationary integral varifolds, chief among which are the Allard regularity
theorem, and more recent work on the regularity theory of stable, stationary
integral varifolds in codimension one. The result we use most frequently in
the remainder is a branched sheeting theorem of Wickramasekera [Wic20]
valid near branch point singularities. After this general theory, we give
a short exposition of the theory of area-minimising currents, including an
abbreviated history of the classical, single-valued Bernstein theorem, valid
in dimensions n + 1 < 8. We conclude the chapter with a technical lemma
inspired by the work of Jenkins—Serrin [JS66a,JS66b|. This is an original
result, and a crucial ingredient in our classification of classical limit cones in
Chapter 4.

Chapter 3 starts with some basic definitions and notation for two-valued
functions in Section 3.1. The ounly place where we deviate slightly from
the literature is by defining notation for integrals of two-valued functions,
which are ubiquitous in our a prior: estimates. In Section 3.2 we define
minimality for two-valued graphs and describe some of their basic proper-
ties. Among the new results we establish is the stability of these graphs; the
proof of this relies on the rectifiability of the branch set proved by Krummel-
Wickramasekera [KW20]. In Section 3.3 we prove area estimates for two-
valued minimal graphs. Our derivation of these inequalities echoes the argu-
ment for single-valued minimal graphs given in [GT98, Ch. 16]. These initial
bounds show that homothetic rescalings of a fixed entire graph converge
weakly to a so-called blowdown cone. For sequences of two-valued minimal
graphs that converge in this weak sense, we obtain significantly improved
estimates. These are not present in the above, and are crucial both for our
classification of classical limit cones and for our proof of the two-valued Bern-
stein theorem in dimension four. The area bounds do not rely on the fine
properties of the branch set proved by Krummel-Wickramasekera [KW20],
instead the dimension bound derived by Simon-Wickramasekera [SW16] is
more than sufficient. This is not so in Section 3.4, where we prove a priori in-
terior gradient estimates for two-valued minimal graphs. These appear to be
new in this context, although both the statements and their proofs mirror the
classical, single-valued theory. We follow the presentation in [GT98, Ch. 16],
and leverage the stability of the graphs to obtain integral estimates for an
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auxiliary function w, which measures the slope of the graph. However the
singularities in the graph introduce significant complications which increase
the length of the arguments. The function w is used again in the final part
of the chapter. There we first prove a sort of maximum principle for w valid
near branch points. This is used in the first place to establish the regularity
of Lipschitz two-valued minimal graphs. This is interesting in its own right,
but also underpins the analysis of entire graphs with bounded growth. In
our proof we follow a strategy suggested to us by S. Becker-Kahn, whose
results we also rely on in the inductive step, see [BK17].

In Chapter 4 we analyse cones which arise as weak limits of sequences
of two-valued minimal graphs. From a technical point of view, the results
presented in this chapter lie at the heart of our work. The simplest situation
is where the limit is supported in a plane. This case is treated in Section 4.1,
where we show that the plane has multiplicity at most two. This allows the
application of the results of Krummel-Wickramasekera [KW20] via a diago-
nal convergence argument; this shows that any limit surface has a countably
n — 2-rectifiable branch set. We also study the situation where there is
mass cancellation in the limit, and prove that in this case the sequence of
approaching graphs must be unbranched. In Section 4.2 we make our first
foray into the classical cones that may appear as limits of two-valued min-
imal graphs. As a first step we show that these must be equal to a sum of
n-dimensional planes meeting along a common n—1-dimensional axis (rather
than half-planes). This is proved using a method from [SS81], substituting
the sheeting theorem employed there with that of [Wic20]. This drastically
cuts down on the number of cases one needs to consider. Our complete clas-
sification of the classical limit cones distinguishes between cases according to
whether the cone is vertical or not. The latter case is simpler, and is treated
in Section 4.3. We use an entirely different argument to deal with vertical
cones, of a more combinatorial nature; in particular this does not rely on
a modification of the arguments of Schoen—-Simon. Instead we proceed by
marrying a local analysis near the limit cone with a counting argument. This
is the place where we use the Jenkins—Serrin-type lemma for single-valued
minimal graphs. Combined with the restrictions from our improved area
estimates we can exclude all cases but that where the limit is a union of two
planes each with multiplicity one. As these area estimates become ineffective
when n > 7, our classification of cones is valid only for n smaller than that.
In this range of dimensions, we may use a diagonal convergence argument
to obtain fairly strong information about the structure of arbitrary limits of

sequences of two-valued minimal graphs. Combining our classification with
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the results of [KW20, Wic20]| we find that any such limit surface is smoothly
immersed away from a countably n — 2-rectifiable set of singularities.

Chapter 5 is the last chapter dealing with two-valued minimal graphs,
concluding with a proof of the Bernstein theorem in dimension four. We
start with Section 5.1, where we prove two results. The first holds in any
dimension, and states that entire two-valued minimal graphs in C® with
bounded growth are automatically linear. The second holds in dimension at
most seven, as it indirectly relies on our improved area estimates. It states
that every blowdown cone can be decomposed into a sum of a plane and a
cone which is translation-invariant in the vertical direction. In Section 5.2
we prove the two-valued Bernstein theorem in dimension n+1 = 4: an entire
two-valued minimal graph defined on R? must be linear. Our proof is built
upon essentially all the results that precede it. Combining these with a well-
known, so-called logarithmic cutoff argument we obtain an initial reduction
which shows that all blowdown cones are sums of planes. This does not com-
plete the proof, as these planes need not in principle meet along a common
axis. To show that this is in fact the case, we use a combinatorial argument.
Specifically we associate to the cone a finite directed graph, and prove that
this can only contain short directed paths. This restriction excludes all but
one case, where the cone is equal to a sum of two possibly equal planes. A
direct application of the monotonicity formula concludes the proof.

Chapter 6 is the last chapter, where we present our work on the Allen—
Cahn equation, and minimal surfaces arising from it. We show that one
can derive Morse index bounds, and bounds for the eigenvalues of the Ja-
cobi operator of a minimal surface, if one assumes analogous bounds for the
sequence of solutions of the Allen—Cahn equation from which it arises. In
Section 6.1 we give the statements of the main result and its corollaries.
Their proof requires a number of preliminary results, which are contained in
Section 6.2. The proof of the main result (Theorem 6.1.8) is in Section 6.3,
and is split into two parts: in the first part we prove the spectral lower bound
by an inductive argument on ind u;; this immediately implies the index up-
per bound. The proof of dimy singV < n — 7 is given in the second part,
and uses a similar inductive argument. There are two appendices: Appen-
dix A contains two elementary lemmas from measure theory that are used
repeatedly in Section 6.2. Appendix B gives a proof of Proposition 6.2.6,
which is a straight-forward adaptation of an argument used by Tonegawa, for
the stable case.



CHAPTER 1

GEOMETRIC MEASURE THEORY

1.1. MEASURE THEORY: BASIC NOTIONS

1.1.1. The Hausdorff measure. Let k,m € Z>q be two non-negative
integers, and n € Z~q. Consider an arbitrary subset A C R"t*. We define

00
M (A) = inf Y wp(diam C;/2)™
j=1
where the infimum is taken over all countable covers (C; | j € N) of A with
diam C; < ¢ for all j and wy, is the volume of the m-dimensional unit ball
in R™. With decreasing d, HJ'(A) is non-decreasing. The m-dimensional

Hausdorff measure is
H™(A) = lim HF'(A).
0—0

The monotonicity with respect to § ensures the existence of this limit, and in
fact means that H"™(A) = sups.o H5' (A). The Hausdorff measures are Borel
regular, that is the Borel subsets of R"™* are H™-measurable and for every
subset A C R™* there is a Borel subset B D A with H™(A) = H™(B).
However for 0 < s < n the Hausdorff measure H?* is not a Radon measure
as it is not o-finite.

One can extend this definition to non-integer exponents s > 0, essentially
the only necessary change being to find a reasonable value for ws. For integer
m € Z>o we may notice that w,, = % where T'(s) = [;7 e %a* T da
is Euler’s I'-function. This formula extends to non—negatlve s without any
changes. Let s < t. Note that when § < 1 then for any set A ¢ R"*¥,

Hi(A) > HE(A). Passing to the limit we find that H(A) > H'(A).

PrROPOSITION 1.1.1 ( [EG15]). Let 0 < s <t < oo, and A C R". Then:

(i) HO is the counting measure.

(ii

(iii

)
) H™ coincides with the Lebesque measure on R™.

) H(AA) = )\87-[5( ) for all X > 0.

(iv) H*(L(A)) = H*(A) for every affine isometry L : R™ — R".
(v) If H¥(A) < oo then H'(A) = 0.

(vi) If H'(A) > 0 then H5(A) = cc.

12
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Hence we find that for any set A C R"** there is d > 0 so that H*(A) =
oo for s < d and H*(A) = 0 for s > d. We call d = inf{0 < s < oo |
H*(A) = 0} the Hausdorff dimension of A, and write d = dimy A. At

s = d itself one might have any one of the following three possibilities:
H?(A) can be zero, positive or infinite. (It might come as a surprise that
H(A) = 0 is a possibility, although this is common in stochastic processes.

For example, one can show that the trajectory of a Brownian motion in the
plane almost surely is a Lebesgue null set with Hausdorff dimension two,
see [MP10, Ch.4].)

The definition of a Hausdorff dimension readily generalises to an arbi-
trary metric space (X,d) say. The only case we are interested where X is
not Euclidean space is the following. Let ¥ C R™* be a C'-embedded
n-dimensional submanifold, with d its intrinsic distance function. Then one
can take X = ¥ and define the n-dimensional Hausdorff measure on (X, d).
This coincides with the usual notion of n-dimensional volume measure. In
particular, one may write (as indeed we will in the remainder of the text)
given any f € CHR"™¥), [ fdvol = [, fdH" at least provided ¥ has lo-
cally bounded mass, meaning H™(X N K) < +oo for all compact K C R"tF,

Similarly on X = R" the n-dimensional Hausdorff measure agrees with
the Lebesgue measure, and thus given f € C}(R") we write [ f(z)dz =
[ fdH™

Let (X,d) be a locally compact and separable metric space. We call
Radon measure any measure p on X which is Borel-regular and finite on
compact subsets of X.

pu(A) =inf{u(U) | A C U,U open}
for any subset A C X, and
u(A) =sup{u(K) | K C A, K compact}

for any py-measurable subset A C X. Remember we say that a subset A C X
is p-measurable if for all subsets S C X, u(S) = pu(SNA)+ p(S\ A).

Let C.(X) be the space of continuous functions X — R with compact
support. It is well-known that we can identify the Radon measures on X
with the space of non-negative linear functionals on C¢(X) by mapping u —
[f — [ fdu]. Using the Banach—-Alaoglu theorem one obtains the following
compactness result for Radon measures, see for example [Sim84].

THEOREM 1.1.2. Let (u | k € N) be a sequence of Radon measures on
X with supy, pp(U) < oo for all open U C X with compact closure. Then

there is a subsequence (ui) which converges to a Radon measure p on X in

the sense that [ fduw — [ fdu for all f € Co(X).
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1.1.2. Lipschitz functions and rectifiable sets. On an arbitrary
metric space (X,d) we say that a function f : X — R is Lipschitz if there
is L > 0 so that |f(z) — f(y)| < Ld(z,y) for all z,y € X. We say that a
function f = (f1,..., fusx) : X — R is Lipschitz if the fi,..., fo4r are
all Lipschitz.

THEOREM 1.1.3 (Rademacher’s theorem). If f : R™ — R is Lipschitz,

then f is differentiable H™-almost everywhere.

This also holds for Lipschitz functions defined on a subset A C R™.
Indeed, by [Sim84, Thm. 5.1] there is a Lipschitz function f : R* — R

which restricts to f on A and has the same Lipschitz constant.

THEOREM 1.1.4 ( [Sim84|). If f : R™ — R is Lipschitz, then for all
€ > 0 there is a continuously differentiable g : R — R with H"({x € R™ |

f(@) # g(x), Df(x) # Dg(x)}) < €.

Finally, we use the following weaker version of the well-known Arzela—
Ascoli theorem; here we write || f||1 = supx|f|+|Df| for a Lipschitz function
fon X.

THEOREM 1.1.5. Let (X, d) be locally compact metric space. Let (fi | k €
N) be a sequence of Lipschitz functions with supyl| fr|i < oo. Then there
is a subsequence (fir) and a Lipschitz function f so that fir — f locally

uniformly.

A subset M C R""F is called countably n-rectifiable if there exists a col-
lection of Lipschitz functions Fj : R™ — R"** 5o that H"(M \ U; F;(R")) =
0. We may apply the approximation theorem, Theorem 1.1.4 above to every
F} separately using a sequence of € = ¢; converging to zero to find the follow-
ing equivalent characterisation of rectifiability. A set M C R™* is countably
n-rectifiable if there is a countable collection of C'' embedded submanifolds
(M; | j € N) so that H"(M \ U;M;) = 0.

We make two quick trivial observations: first, any set with H"(A) =
0 is automatically n-rectifiable. Hence we also find that any countably
n-rectifiable set has Hausdorff dimension dimy A < n, with equality if
H"(A) # 0. As a quick aside, let us point out that there are sets with
H"(A) < oo which are however are not countably n-rectifiable, see the ex-
amples given in [Fed69, 3.3.19] or [Mor16, Ch. 3|.

Let M C R™* be a countably n-rectifiable set. Let 6 : M — [0,00) be
a Borel-measurable function, locally integrable on M. Using a slight abuse
of notation, we can then define the weight measure ||M|| corresponding to

the pair (M, 0) by integrating 6 along M. This is a Radon measure defined
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by [fd||M| = [, fOAH" for all f € C}(R™"). Combining several results
from [Sim84, Ch.11|, one finds that 6(X) = lim,_o||M||(B,(X))/wnp™ at
H™-a.e. X € M. The right-hand side can be defined for any Radon measure
. Where this limit exists, it is called the density of p at X, and is written
O(p, X). (In general one cannot assume the existence of this limit outside
some null set, and has to work with the upper and lower densities.) In anal-
ogy with this more general case, we often also also write 0(X) = (|| M|, X)
and calls this the density of M at the point X.

Pick now an arbitrary point X € R"* and define the homothety with
scale factor A > 0 centered at this point, to be the map nx:Y € R"E
AH(Y — X). We say that an n-dimensional linear subspace P ¢ R"** is
is the approzimate tangent space to M at X with respect to 6 if given any
f € CLHRF), Jeaar FNOX +AY) dH (V) = 0(X) [ fdH™ as X — 0.
Such an approximate tangent space exists at H™-a.e. point X € M [Sim84,
Thm.11.6], and where it is defined we write P = Tx M.

Let M C R™* be a countably rectifiable set, and f : R"™* — R be
differentiable. Then, at all points X € M where Tx M is defined we call the
projection of Df(X) € R™* onto Tx M the gradient of f at X with respect
to M, and denote it V7 f(X) or V f(X) if the context is clear. Similarly we
write V1, f(X) = Df(X) -V f(X), sometimes abbreviating this V+ f(X).

In terms of the pushforwards of the weight measure under the homothetic
rescalings, this may be summarised by writing that nx x| M| — ||P] as
A — 0 in the topology of Radon measures, where ||P|| is the weight measure
associated to the plane P with constant density equals 6(X).

1.1.3. BV functions and Caccioppoli sets. Let U C R"™ be an open
set, and let f € LY(U). Let ¢ € CHU;R™) be a compactly supported
vector field, which we can integrate against f to obtain fU fdivEdH™ =
foZi D;& dH™. We say that f has bounded wvariation, and write f €
BV (U), if

sup{/deivg | €€ CHU;RM), €| < 1} < +o0.

Let f € BV(U). Then the gradient of f in the sense of distributions
defines a (vector-valued) Radon measure on U, whose total variation we write
|Df|. Using this notation we find that the supremum above is precisely equal
to [;;|Df|. The analogous construction for functions f € Ll (U) yields the
space BVjo.(U) of functions with locally bounded variation.

We list a few important results concerning functions with bounded vari-

ation.
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THEOREM 1.1.6 ( [Giu84]). Let U C R™ be an open set, and (f; | j € N)
be a sequence of functions in BV (U), which converge to a function f in

Ly, .(U). Then f € BV(U) and [;|Df| <liminf; o [;;|D fil.

loc

When endowed with the norm || f|| gy = | f|1+ [;;| D f], the space BV (U)
is a Banach space. It is not hard to see that the Sobolev space WH(U) C
BV (U). The Example 1.1.9 below shows that however W11(U) is not equal
BV (U).

Note that both spaces are endowed with the same norm, that is for
f e wbl), | fllwir = | fllBv. As WHL(U) is a Banach space, it is a closed
proper subset of BV (U). Moreover, as C>°(U) N WhY(U) c WHL(U) there
is no hope to approximate a function f € BV (U)\ W1(U) by a sequence
of smooth functions convergent with respect to the norm on BV (U). That
being said, the following holds.

THEOREM 1.1.7 ( [Giu84|). Let f € BV(U). There exists a sequence of
Junctions (f; | j € N) in C®(U) so that |f; — flgr — 0 and [;|Df;| —
JIDf] as j — oc.

From the Sobolev embeddings we obtain the following compactness re-

sult.

THEOREM 1.1.8 ( [Giu84]). Let U C R™ be a bounded open set with Lips-
chitz boundary. Let (f; | j € N) be a sequence of functions with sup;|f;|py <
0o. Then there is a subsequence (fj) and a function f € BV(U) so that

|fjr = fler — 0.
Let U C R"™ be still an open set, and let £ C R"™ be a Borel-measurable

set, not necessarily contained inside U. Let 1 g be the indicator function of F.
We define the perimeter of E in U as Per(E,Q) = [;|D1g| = sup{ [, div{ |
¢ € CHU;R™),|¢] < 1}. In the particular case U = R™ we reserve the
notation Per(E) = Per(E,R"™). Finally, we say that a set F has locally finite
perimeter if for all bounded open U C R"™, Per(E,U) < oco. Sets with locally

finite perimeter are also called Caccioppoli sets.

EXAMPLE 1.1.9 ( [Giu84|). Let U C R™ be open, and let £ C R"
be a bounded open set, with Lipschitz boundary OE. Let & € CH(U;R")
be a vector field with |§] < 1. Then [,divE = [ (&, v)dH" !, where v
is the outward unit normal to OF, defined H" !-a.e. along the boundary.
Therefore we find [, divé < H"Y(OE NU), and passing to the supremum
over all such vector fields we get Per(E,U) < H* Y (OENU). In particular
the set E is a Caccioppoli set. If in fact we knew the boundary was smooth
(or even piecewise smooth) then we would have equality in the above, that
is Per(E,U) = H'" L(OENU).
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PrROPOSITION 1.1.10 ( [Giu84]). Let E, E1,Eo C R™ be a Caccioppoli
sets, and U C R™ be open.

(i) If V D U is open then Per(E,U) < Per(E,V).
(ii) Per(E1 U E2,U) < Per(E1,U) + Per(Ey, U).

(iii) If H™(E) = 0 then Per(E) = 0.

(iv) If H"(E1AE3) = 0 then Per Eq = Per Es.

Let E C R” be a Caccioppoli set. Recall from the above that D1g is a
vector-valued Radon measure. One can show that spt D1g C 0FE. Moreover
the following formula holds. Let U C R™ be open, and ¢ € C}(U;R") be a
vector field. Then [, divE = — [,(&, D1g). If [¢] <1 then this means that
Per(ENU) < H" Y(OENU), with the caveat that the right-hand side could
be infinite even while the perimeter is finite.

Theorems 1.1.6 and 1.1.8 can be combined to obtain an existence result

for area-minimising Caccioppoli sets.

THEOREM 1.1.11 ( |[DG61|). Let U C R™ be a bounded open set, and
let L C R™ be a Caccioppoli set. Then there is a Caccioppoli set E which
coincides with L outside U and so that Per E < Per F for all sets with F = L
outside U.

1.1.4. Capacity. We work with subsets of R", and let p € [1,n).

REMARK 1.1.12. Most results will distinguish between the cases p = 1
and p € (1,n). The most common application of these results will be for

p = 2, followed by the more complicated case where p = 1.

Following Section 4.7 of Evans-Gariepy |[EG15| we define
KP={f:R"=R|f>0,f€ P, Df € IPR";R")},
where p* = % is the Sobolev conjugate of p.

DEFINITION 1.1.13. If A C R", set

cap,(A) = inf{/ |IDfIP | f e KP,;ACint{f > 1}},
RTL
and call this the p-capacity of A.

REMARK 1.1.14. If f € KP then min{f,1} € KP? also, so that in Defi-
nition 1.1.13 we could additionally have imposed that 0 < f <1 H"-a.e. in
R"™.

If the set A is compact, then the infimum can be taken over smooth

compactly supported functions,

cap,(4) =inf { [ |DFP |1 € CFRY. S = 1a)
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We give a few elementary properties of capacity, taken from those listed
in Theorem 2, Section 4.7 of [EG15].

THEOREM 1.1.15 ( [EG15]). Assume A, B C R"™. Then

(i) cap,(A) = inf{cap,(U) | U open, A C U},
(ii) cap,(AA) = A\""Pcap,(A) for all A > 0,
(iii) cap,(A) < C(n,p)H""P(A) for some constant C(n,p) > 0,
(iv) cap,(AU B) + cap,(AN B) < cap,(4) + cap,(B),
(v)
)

if (Ag | k € N) is increasing, then limy_, cap,(Ax) = cap,(UrAx),
(vi =

if (Ag | k € N) and every Ay is compact, then limy_,o, cap,(Ag)
cap, (Mg Ag)-

Next we give two results which establish a link between capacity and
Hausdorff dimension. We state the cases 1 < p < n and p = 1 separately
to avoid any confusion. Both are again taken from Section 4.7 of [EG15],
Theorems 3 and 4.

THEOREM 1.1.16 ( [EG15]). Assume 1 < p <n.
(i) If H""P(A) < +oo then cap,(A) = 0.
(ii) If cap,(A) = 0 then H*(A) =0 for all s > n — p, that is dimy A <
n—p.

We may next combine this result with the fact that countably unions
of sets with capacity zero also have capacity zero, which can be seen for
instance by Theorem 1.1.15 (iv) and (v). For a fixed 1 < p < n, this yields
the following sets of inclusions for subsets of R"™:

{ACR" | H"P(A) =0}

C {A C R" | A countably (n — p)-rectifiable or H"P(A) < oo}

C{ACR"|cap,(A4) =0}

C{ACR"|dimy A <n-—p}.
These inclusions are all strict. Let us quickly make a remark on the first
inclusion. At first sight one might expect that a set with H"P(A) < oo
would automatically be countably (n — p)-rectifiable. This is not so, as one
finds by considering the examples in [Fed69, 3.3.19] or [Mor16, Ch.3].

Although these inclusions remain valid in the case p = 1, in fact much

more is true. The following result, which can be found as Theorem 2 in
Section 5.6 of [EG15], justifies singling this case out.

THEOREM 1.1.17 ([EG15]). Let A C R™. Then cap;(A) = 0 if and only
if H1(A) = 0.
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Let us briefly return to the setting of Example 1.1.9 above, with the aim

of comparing the 1-capacity and perimeter.

ExamMpPLE 1.1.18. Let E C R” be a bounded open set with piecewise
smooth boundary. Recall from Example 1.1.9 that Per E = H" 1(0F).
Here we want to supplement this with the observation that cap; £ < Per E.
We show this by explicitly giving a sequence of functions (n; | j € N) in
CHR™) with E C int{n; > 1} and [|Dn;| — Per E. Note however that one
should in general expect this inequality to be strict. (Indeed this is the key
observation behind the improved estimates obtained in Corollary 3.3.6.)

Define a function d : z € R™ — dist(z, E), and consider its level sets
{d =t} for all t > 0. We can then pick 05 > 0 small enough in terms of E
that the function t € (0,6g) — H" 1({d = t}) is bounded and continuous,
with limit H""1(OF) as t — 0.

Next define a function n: R — R

1 ift <0
nt)=q1—t ifte0,1]
0 ift>1

and for large enough j € N that 277 < §g define n; : © € R™ — n(27d(z)).
These functions are all Lipschitz regular, and n; € K for all j. Using the

co-area formula we find

2—J
(1.1) /IDndZ/ / Dyt
R™ 0 {d=t}
2—J

Su/ 2H" ({d =t})dt.
0
As the integrand is continuous near zero, given any ¢ > 0 we can take
d € (0,0g) small enough that for all ¢ € [0, 4),

1" OE) —H" ({d=t})| <e.
Next update j to ensure 277 < § and deduce from (1.1) that [g.|Dn;| <
H"L(OFE) +e.

To conclude the section we consider a compact set A C R" with cap, A =
0 for some 1 < p < n and list the properties we may impose for a sequence
of functions (n; | j € N) which ‘cut out” A. For this purpose we write

(A)y = {z € R" | dist(z, A) < r}

for the open tubular neighbourhood of A of radius r. (Less frequently we
also use the notation [A], = {x € R" | dist(x, A) < r} for the closed tubular
neighbourhood of radius r.) We may impose that for all j,



20 1. GEOMETRIC MEASURE THEORY

REMARK 1.1.19. Properties (1) and (3) can only be mandated when A is
compact, but if these are replaced respectively by n; € K? and A C int{n; =
1}, then the list of properties also holds for non-compact A.

The only property in the list that we did not see before is (4). This is a
simple consequence of the Sobolev embeddings. Indeed they give a constant
C(n,p) > 0 so that for all f € KP,

[l (R™) < C(nap)HDfHLP(Rn)-

Applying this here with f = n; we obtain that |7 ;- gn) — 0 as j — occ.
Although this does not strictly imply that n; — 0 H"-a.e., it allows us to
extract a subsequence for which this is true, confirming (4).

Note next that if U is an open set which compactly contains A, then
we may additionally impose that sptn; C U. Indeed there exists ¢ €
CHU) with 0 < ¢ < 1 and ¢ = 1 on A, so that given a sequence (; |
j € N) we may instead simply take (n;¢ | j € N). To see this, simply
note that [|D(n;p)P < 271 [ IDeP + @P|Dnj;lP. The justification that
[ID(n;e)[P — 0 is standard, using for example dominated convergence for

the first term and Hélder’s inequality for the second.

1.2. GEOMETRIC MEASURE THEORY: VARIFOLDS AND CURRENTS

1.2.1. Varifolds. Let U € R"™* be an open set. We write Gr,,(U) for
the n-dimensional Grassmann space on U, that is Gr,(U) = U X Gr(n,n+k)
where we write Gr(n,n + k) for the space of linear n-dimensional subspaces
of R"*. A general varifold V on U is a Radon measure on Gr,,(U). We say
that a sequence (V; | j € N) converges in the varifold topology to another
varifold V if for all f € CH(Gr,(U)), [ fdV; — [ fdV. The weight measure
of a varifold V is obtained by forgetting the Grassmann structure. Given any
test function f € C.(U) we obtain f € C.(Gr,(U)) by setting f(X,II) =
f(X) for all (X,II) € Gr,(U). Using this one defines a Radon measure
|V|| on U by integrating [ fd||V| = [ fdV. Denote the space of general
varifolds on U by V(U). Note that the compactness of the space of Radon
measures implies that V(U) is compact in the varifold topology. That is, if
(Vj | j € N) if a sequence of general varifolds, with sup,||V;||(/) < oo for all
compact K CC U then there is a subsequence (V) and a general varifold
V € V(U) such that V; — V in the varifold topology.
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Moreover, from the elementary property of Radon measures one deduces
the following continuity results for the mass.

ProprosITION 1.2.1. Let (V; | j € N) be a sequence of varifolds in U
which converges weakly to V€ V(U). Then for all
() compact K < U, [V[[(K) > limsup;_, o |[Vj1| ().
(if) open W C U, [V][(W) < liminfj o0 Vi[| (W),
(iii) Borel sets A C U with ||V ||(0A) =0, ||V][(A) = limj_||V;[|(A).

This general notion is somewhat too broad to be useful in practise. For
this reason we define countably n-rectifiable varifolds as those varifolds in
U which are supported in a countably n-rectifiable set M with [ fdV =
Jy f(X,TxM)0(X)dH"(X) for some non-negative density function 6 €
LL (H"L M). If we substitute a test function f € C.(U) into this iden-
tity we find that the weight measures coincide, that is ||[V|| = || M]|.

If in fact (X)) € Z~o at H™-a.e. X € M, then we say that V' is an integer-
density countably n-rectifiable varifold, or integral varifold (sometimes also
integer varifolds) for short. This is the class of varifolds we use essentially
exclusively in the remainder. We denote their space by IV, (U). Moreover
we say V € IV, (U) has dimension n and codimension k. We frequently
write V' = | M| for the varifold with density one supported in the set M,
and more generally write V' = 0|M| for the varifold with constant density
0 € Z~o. Of course this has corresponding weight measure 6|/ M ||.

The space of integral varifolds is not closed under varifold convergence.
That is, although from a sequence (V; | j € N) of V; € IV,,(U) with locally
bounded mass one can extract a subsequence which converges weakly to a
limit V| this limit will in general not have integer multiplicity. Example 1.2.6
gives a sequence of one-dimensional integer varifolds for which this fails.

Below we define what it means for a varifold to be stationary. Under this
condition, that is if the V; € IV, (U) are all additionally stationary in U,
then the so-called Allard—Almgren compactness theorem holds [Alm65, A1172].

THEOREM 1.2.2 ( [Alm65, All72]). Let U C R™* be an open set, and
(Vj | 7 € N) be a sequence of stationary integral varifolds with sup,||V;||(K) <
oo for all compact K CC U. Then there is a subsequence (Vj) and a sta-
tionary integral varifold V € IV, (U) s.t. Vi — V in the varifold topology.

Let U, W C R™* be open sets, and ® : U — W be an injective, proper
Lipschitz map. Let M C U be a rectifiable set, and 8 € L%OC(H" L M) be a
Z-o-valued density function. Write V' € IV,,(U) for the varifold associated
to the couple (M,0). Then we may define the pushforward of V by & as

the integral varifold ®,V € IV, (W) corresponding to the pair (®(M),0 o
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O, If f € C(Grp(W)) then [ fdPyuV = f<I>(M) (X, Tx®(M))(0 o
U H(X)dH(X) = S F(@(Y), DO(Ty M))(Y) Jac ®(Y) dH"™(Y), where
the integrand is weighted by the so-called Jacobian determinant Jac ®(Y') =
(det(D®(Y)! o DO(Y))/2 and DO(Y) : Ty M — R™* is the H™-almost
everywhere defined linear map induced by ®.

EXAMPLE 1.2.3 (Cylindrical varifolds). Let U c R™"* be an open set,
and V be a general varifold in U, with dimension n. Let | € Z-q be a
positive integer. Then we can form the product V x R!, which defines a
varifold in U x R/, as follows. Let f € C.(Grp4 (U x R!)). For any fixed
point Y € R! write f(-,Y) € C.(U) for the restriction of f to U x {Y}. Then
[fdV xR = [g{[f(.Y)dV}dH (Y). (This essentially corresponds
to the product measure of V' with the Hausdorff measure H'.) For us this
construction most often arises when V' is a varifold in an open subset U C R",
which we identify with R™ x {0} € R™"!. We then often denote the product
VxR by V xRep41 to emphasise that V' is invariant under translations in the
vertical direction. Note moreover that if V' € IV, (U) then automatically V' x
R! € IV, (U). We call varifolds of this form cylindrical. More generally, let
E C R"* be a vector subspace, and for each e € E consider the translation
map 7. : X € R"* i X —e € R"™*. Suppose that the open set U ¢ R"t#
is invariant under 7. for all e € E. Take a varifold V' € IV, (U) with the
same property, 7.4V =V for all e € E. Say E has dimension d. Then there
exists a varifold V' € IV,,_4(U) so that V =V’ x E, in the same sense as
described above.

The case in codimension one where E = Re,11 = span{e,y1} is of
particular importance to us. Let Q C R™ x {0} be open, and U = Q x R C
R™"!. Let moreover V € IV,(Q x R). If 7y, 4V = V for all t € R,
then there is Vp € IV,,_1(2) so that V = Vj x Rep41. Varifolds with this
property are called cylindrical in the vertical direction, or vertical for short.

Cylindrical varifolds are closed under weak convergence, and properties
such as stationarity also behave well, that is V = V' x E is stationary if and
only if V' is. Hence if V € IV,,(U) is cylindrical, then so are tangent cones
at the points X € U Nspt||V].

1.2.2. Currents. Let U C R"** be an open set. Write D"(U) for the
space of smooth compactly supported n-forms in U. Equivalently we could
write D™(U) = OX(U,A"R"*) = Qn(U). This space can be equipped
with a family of seminorms, simultaneously indexed by the compact subsets
K C U and multi-indices a € ZZ5¥, setting pr.o(w) = supg|Dw| for all

w € D™(U), where we write D% = D' --- D" Fw.
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A linear map T': D"(U) — R is called n-dimensional current if it is con-
tinuous with respect to the family of seminorms {pg o | K C U compact, o €
Z’;gk}. Explicitly this means that for every compact K C U there exist
Ck > 0 and Ng € Z> so that |[T'(w)| < Cgpg,q(w) for all w € D*(U) with
sptw C K and all indices a € Z’;gk with o] < Ng.

The space of n-dimensional currents is sometimes denoted D,(U). We
will seldom use this notation as we essentially exclusively work with the more
restrictive class of integer multiplicity currents, defined as follows.

Let M be a countably n-rectifiable set, and 0 € L{ _(H"L M) be a
density function taking values in Z~g. Suppose moreover that at H"-a.e.
point X € M we are given £(X) € AR so that £(X) = 71 A--- A Ty,
where 71,...,7, is orthonormal basis for Tx M. We can use this triplet
(M,0,€) to define a current T in U by setting T'(w) = [,,(w)fdH™ =
S (E(X),w(X))8(X) dH"(X) for all w € D"(U). We call all currents ob-
tained in this manner integer multiplicity countably n-rectifiable currents, or
integer multiplicity currents for short. (In the literature these are sometimes
also called rectifiable or locally rectifiable currents, see for example [FF60,
Mor16,Fed69].) We also use the abbreviated notation 7' = [M] for a current
supported in M with density one, and more generally §[M] for currents with
constant density 0 € Z.

This is endowed with the topology induced by the family of seminorms
defined above. Equivalently we say that a sequence of currents (T} | j € N)
converges to a limit current T' € D, (U) if for all w € D™(U), Tj(w) — T(w).

In the definition of the seminorms pg . above there was a slight am-
biguity, as we did not give an explicit defining expression for the norm of
the n-form w and its partial derivatives. We rectify this now. At a point
X € U we define the norm of w(X) € A"R"* by setting the orthonormal
basis formed by vectors of the form e/ = et A--- A e to be orthonormal.
One easily extends this to arbitrary forms w = Z'I wre! by multilinearity,
where we used notation indicates that the sum ranges only over increasing
multi-indices. Finally one sets |w| = supycy|w(X)|. Using this we define
the mass of a current as follows. Let W CC U be an open subset of U with
compact closure, and let T' be an n-dimensional current in U. We then set
My (T) = sup{T'(w) | w € D"(W), |w| < 1}, and call this the mass in W of
T.

Sometimes in the literature a slightly different convention is used, start-

ing by defining the so-called co-mass of n-forms, denoted ||w||. This is equiv-

n—i—k) -1/2

M lw] < |lw|| < |w| for all n-forms. One can

alent to our norm, (

then calculate the supremum of T'(w) taken over all forms with ||w| < 1.
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Of course this is related to the mass we define by a constant factor. See
e.g. [Sim84, Ch. 26| for a more in-depth discussion of this.

Regardless of which definition of mass is being used, one cannot in general
expect currents T' € D,,(U) to have even locally finite mass. Indeed this is
the case if and only T can be represented by integration, that is if there
is a Radon measure pr and a Borel-measurable function £ taking values in
AnR™F with [¢] = 1 holding H"-a.e. so that T(w) = [;;(w, &) dur for all
n-forms w € D"(U). This is the case for example when T is an integer
multiplicity current, when up = ||T|| = 6 L H™.

If T is an arbitrary n-dimensional current on U, we define its boundary
to be the n — 1-dimensional current on U with 0T (w) = T'(dw) for all w €
D™m=Y(U). The discussion from the previous paragraph also applies here.
Even if T is an integer multiplicity current, it is in general false that 0T has

locally finite mass. However, the following is true.

THEOREM 1.2.4 ( [Sim84, Thm. 30.3|). Let T € D,(U) be an integer
multiplicity current. If My (0T) < oo for all open W CC U with compact

closure then OT is an integer multiplicity current.

Such currents are called integral currents. That is, we say T € D, (U)
is integral, and write T € 1,,(U) if both T and 9T have integer multiplicity.
This is the class of currents we mainly work with in the remainder. The
space I,,(U) satisfies the following useful compactness theorem, proved by
Federer and Fleming [FF60].

THEOREM 1.2.5 ([Sim84, Thm. 27.3]). Let (T; | j € N) be a sequence
of integral currents in U with sup; Mw (Tj) + Mw (9T}) < oo for all open
W CcC U with compact closure. Then there is a subsequence (Tj) and an

integral current T' € 1,(U) such that Ty — T weakly in the current topology.

We can define a forgetful map T € I,(U) — |T| € IV, (U) which in-
tegrates functions f € C.(U) like [,, f0dH". In fact this is defined for an
integer multiplicity current and maps the triple (M,0,£) — (M,60). One
must be careful to keep in mind that this map is not continuous with respect
to the respective weak topologies, even for sequences as in Theorem 1.2.5.

ExaMpPLE 1.2.6. We briefly sketch an example to illustrate this; see for
example [Whil4, Ex. 2.8| for a more thorough treatment. Consider a se-
quence of one-dimensional, integral currents T; € I;(D?) contained in the
two-dimensional unit disc D; = D? C R2  Construct these to all have
O0T; = 0 in D1, as a broken line resembling a staircase, with step sizes going
to zero as j — 0o. Using Theorem 1.2.5 above, one finds that these converge

weakly as currents to another current, which we denote L € I;(D;). One may



1.2. GEOMETRIC MEASURE THEORY: VARIFOLDS AND CURRENTS 25

set up this sequence in such a way that this limit current is a diagonal line,
with multiplicity one. Note that this has total mass v/2, whereas the jagged
lines can be constructed to all have mass 2. In other words, the mass drops
in the limit. If we consider these jagged lines as one-dimensional integral var-
ifolds, |Tj| € IV1(D1) then this sequence does not tend to the line |L| with
multiplicity one. In fact the sequence |Tj| does not converge to an integral
varifold at all. Instead one finds that |Tj| — v/2|L|, as the mass cannot be
lost in varifold convergence (see Proposition 1.2.1). (As the varifolds are not
stationary, there is no contradiction with the Allard—Almgren compactness
theorem, as stated in Theorem 1.2.2.) Thus in this example note that while
T; — L weakly as currents, we do not have |Tj| — |L| weakly as varifolds.
In fact White [Whil4| remarks that the example can be constructed in such
a way that the mass diverges. This example conclusively demonstrates the

lack of continuity of the forgetful map T+ |T'| defined above.

We close this chapter by briefly comparing the topologies defined on the
space I,(U), starting with the so-called flat metric topology. Let T1,Ts €
I,(U). For all bounded open subsets W CC U we define the pseudometric
dw (T1,Ty) = inf{Mw (S) + Mw(R) | Ty —To = 0R+ S,R € I,;1(U), S €
I,(U)}. Then I,(U) can be equipped corresponding to the family dy of
pseudometrics indexed by all bounded open subsets W CC U. This topology
is called the flat metric topology. This topology turns out to be equivalent
to the weak topology of currents.

THEOREM 1.2.7 ( [Sim84, Thm. 31.2]). Let T € I,(U) be an integral
current, and let (Tj | j € N) be a sequence of integral currents in U with
sup; My (1) + Mw (9T}) < co. Then T' — T weakly in the current topology
if and only if dw (T3, T) — 0 for all bounded open W CC U.

There is another notion of convergence, called convergence in the mass
topology. This can in fact be defined in a more general setting, for integer
multiplicity currents. Let (T} | j € N) be a sequence of integer multiplicity
currents, and 7" € D, (U). We say that the sequence converges to 7" in a
strong sense if for all bounded open W CcC U, My (T —T) — 0. Moreover,
one can show that the set of integer multiplicity currents in D, (U) is com-
plete with respect to this topology, meaning the limit 7" automatically has
integer multiplicity [Sim84, Lem. 27.5]. We mainly state this for complete-
ness of our summary, we will not make of use this notion of convergence in

the remainder of the text.

EXAMPLE 1.2.8 (Cylindrical currents). We can repeat the same construc-
tion as we did for varifolds in Example 1.2.3 in the context of currents. Let
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E C R be a vector subspace of dimension d € Zsg. Let U € R"™* be
an open set invariant under the translations 7., where e ranges over F. Let
moreover T' € D, (U) be a current with the same property, that is 74T =T
for all e € E. (Recall that we write 7. for the translation in —e, that is
mapping X — X —e.) Then there is a current 77 € D,,_4(U) so that
T =T x E. Currents of this form are called cylindrical in general, and
vertical in the special case where ' = Re, 1. The subclasses of currents we
defined earlier behave well under this operation. For example T has integer
multiplicity if and only if 7" does, T = 0T" x E and T € I,(U) if and
only if 77 € I,_4(U). Let T € I,,(U) be a cylindrical current, with addition-
ally 9T = 0 and is stationary in U. Then the tangent cones in the current

topology are also are cylindrical.

1.2.3. The first variation formula and stationary varifolds. Let
U C R™P* be an open set, and ¢ € CH(U;R"*) be an arbitrary vector
field, with flow (®;). Let K CC U be a compact subset containing spt§.
Let V € IV,,(U) be an integral varifold, corresponding as usual to a couple
(M, 9). TIts pushforwards ®;4V have locally finite measure, and moreover
we can compute the derivative of the function ¢ — ||®;xV||(K), and express

this in terms of £ as the first variation formula

wy G| esviw) = [ @vosanr = [ dvgav,
t=0 M U

where the divergence with respect to M is defined at H™-almost every point
X € M by (divar €)(X) = S (e, Varéa(X)), where (e1,...,en4s) is
the standard basis of R"* and &, = (£,e4). If (11,...,7,) is an or-
thonormal basis for Tx M, then the divergence can also be expressed as
divar € = >0 (Dr,&, 7). Note that one can easily justify using a Lipschitz
vector field in (1.1) using a mollification argument for example. (Later we
will need to plug in even less regular functions into the formula, justifying
these substitutions as they become necessary.) We say that the varifold
V € IV, (U) is stationary in U if [divy€d||V]| = 0 for all vector fields
¢ e CHU,RM).

The entire discussion above can also be made for general varifolds, es-
sentially the only necessary modification being that the first variation would
then be §|,_ [PV = [divs£(X)dV (X, S), where the divergence with
respect to the plane S € Gr(n,n + k) is defined using a formula analogous
to the above.

EXAMPLE 1.2.9. Let U € R™* be an open set and M C U be a properly
embedded smooth manifold, with U "M \ M = () and §# = 1. Then the
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varifold corresponding to the couple (M, 0) is stationary if and only if its

mean curvature vanishes identically, H = 0.

Using (1.1) it is not hard to see that stationarity of varifolds is preserved
in the limit. In other words, let V'€ IV,,(U) and (V} | j € N) be a sequence
of varifolds in IV, (U) with V; — V weakly. If the V; are all stationary in
U, then so V.

Let still U € R™"* be open, and take a stationary integral varifold V e
IV, (U). Fix some point X € U, not necessarily contained in spt||V||, and
write R = dist(X,0U). Testing the first variation formula with a suitable
test function one obtains the monotonicity formula:

J_,r,2
VB n™ — VB0 (s = [ Vorl gy

Bo(X\By(x) T
forall 0 < p < o < R where r(Y) = |Y — X|. Hence the function p € Rsg —
|VI{[(B,(X))/(wnp™) is monotone increasing, with equality if and only if V'
is invariant under homothetic rescalings around X. When this is the case V'
is called a cone with vertex at X; we usually denote these cones by C or a
variant thereof.

As p — 0 the function has a finite limit, denoted

OV, X) = lm [V[(B,(X))/ (wnp")

and called the density of V at X. The monotonicity formula furthermore
implies that the density function is upper semicontinuous, that is if X € U
is a fixed point, then O(||V||, X) > limsupy_, x O(||V],Y).

For a moment assume that U = R™* so that the monotonicity formula
is defined for all 0 < p < o. Then we can take the limit as p — oo, and
call this the density at infinity at V. Occasionally this is denoted somewhat
colloquially as ©(||V]|,00). This does not depend on the point X € R***
around which we may measure the area ratios, but it may of course be
infinite. Even when it is finite, by monotonicity we have O(||V||,00) >
IVI[(By(X))/(wnp™) for all X € R"** and p > 0.

Now return to the general case where U € R™** is an arbitrary open set.
Let (V; | j € N) be a sequence of stationary integral varifolds in U, which
converge weakly to a limit V' € IV,,(U). Then their supports converge locally
with respect to the Hausdorff distance. That is, for all compact K CC U,
disty (spt||V;]| N K, spt||V|| N K) — oo as j — oo. This would fail if one
were given an arbitrary sequence of varifolds, even if one knew that they
were all countably rectifiable. Indeed if the V; are rectifiable but ¢; are not
integer-valued, then one would relinquish control over those portions where
their density functions 6; go to zero.
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We state also the following result valid for sequences of currents 7 €
I,(U) with |Tj| € IV, (U). One may compare this with the stronger conclu-
sion of Proposition 2.2.1.

PROPOSITION 1.2.10. Let (T | j € N) be a sequence of integral currents
in U with 0T = 0 and sup; My (T}) < +oc for all bounded open W CC U.
Suppose that |Tj| is stationary in U for all j. Then there exist T € 1,(U)
and V € IV, (U) and a subsequence (Tj) so that Ty — T and |Ty| — V.
Moreover |T| < V.

Using Allard’s regularity theorem for stationary integral varifolds near

multiplicity one planes, we obtain the following special case.

ProprosITION 1.2.11. Let (Tj | j € N) be a sequence of integral currents
as above. Suppose that there are integers l;, m; € Z>o and distinct half-planes
m so that T; — Y . Li[m] and |T;| — >, my|m| as j — oo. Then l; < m;,

and there is equality if m; = 1.

Of course equality in I; < m; may also happen when m; > 2, but the
essence of this result is that there cannot be loss of mass when the conver-
gence is with multiplicity one. Using terminology we introduce in the next
chapter, one could make the same analysis for general limits. The analogue
would then be the following. Under the same hypotheses as above, assume
that T; — T and |T;| — V as j — oo. If a point X € U NregV has
O(|V]|,X) =1, then ©(||T||, X) =1 also.

1.2.4. Tangent and limit cones. Let again U C R""* be an arbitrary
open set, V' € IV,(U) be stationary and X € U N spt||V]]. Finally, let
(Aj | 7 € N) be a sequence of positive scalars with A; — 0 as j — oo.
Consider the sequence (7x; #V | 7 € N), defined on a sequence of open sets
nx,, (U). (Although the sequence is not necessarily increasing, note that
every compact set K C R™* eventually lies inside these sets.) Applying the
Allard-Almgren compactness theorem to this sequence, we find that there
is a subsequence (A;r) so that (nx,x,#V) converges weakly in the varifold
topology. Moreover by the monotonicity formula the limit must be a cone,
say C: x4V — Cas j" — o0, weakly in the varifold topology of IV, (W)
for all bounded open W CC U.

More generally, we say that a cone C € IV,,(R""*) is tangent to V at X
if there exists a sequence of positive scalars so that nx y,x#V — Cas j — oo,
Apart from the usual terminology calling C a tangent cone to V at X we
sometimes also call it a blow-up cone, and call the sequence (nx,,\j#V |j €
N) a blow-up sequence at the point X € spt||V|| NU. The set of all tangent
cones to V at X is denoted VarTan(V, X). In principle there could be several
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such cones, that is blowing V' up at X along two different sequences \;, j1; —
0 of positive scalars could produce different cones in the limit. To avoid any
confusion, let us briefly return to the definition of rectifiable sets. Indeed if
V € IV, (U) is any integer varifold with support M = U Nspt||V|| say, then
by definition there is at H™-a.e. point X € M a plane llx € Gr(n,n + k)
so that VarTan(V,X) = {6(X)IIx}, where 6(X) = O(||V|,X). At such
points the tangent cone is thus unique, and indeed is a plane with positive
multiplicity O(||V||, X). Proving the uniqueness of tangent cones in general
remains a major open problem in geometric measure theory, in which all but
a few cases are unknown. For a non-exhaustive list of the positive results in

this area, see among others [AA81, Whi83, Sim83, Sim94, BK17].

LEMMA 1.2.12. Let U C R™" be an open set and V; € IV, (U) be a
sequence of integral varifolds with V; — V as j — oo, weakly in the varifold
topology. Let X € spt||V||NU, and Cx € VarTan(V, X). After extracting a

subsequence we may find a sequence Ny — 0 so that
an)\j/#‘/j/ — CX as j/ — 0OQ.

Proor. Let up — 0 be a sequence of positive scaling parameters along
which nx ,,+V — Cx as k — oo. The cone Cx has bounded posi-
tive mass equal to O(||V|, X), so for all A > 0 small enough and j >
TN, 1/20(|V [, X) < 1/(wnA) |V (BA(X)) < 20(|[V'[, X). We may thus
metrise both the convergence of the blow-up sequence to C and that of
V; — V by some unspecified distance function. For all R,e > 0 there is
K = K(R,¢) € N with the property that B, r(X) C U and

dist (7, R (VL Bugr(X)), 10, (Cx L Br)) < €/2.

These being fixed, we find J = J(R, ¢, K) so that

diSt("?X,,uKR#(Vj [ BMkR(X))7 77X7#KR#(V L BMIcR(X)) < 6/2

for all j > J. To conclude let ¢, — 0, R; — oo be two independent positive
sequences, let K; = K(¢;, R;) as above and set j' = J(R;, ¢, K;) and A\jy =
HEK;- 0

Let now T' € 1,(U) be an integral current with 97" = 0, and suppose that
the varifold |T'| is stationary. Using the monotonicity formula, we may again
take weakly convergent blow-up sequences at any point X € U N spt||T,
whose limit in the current topology, say Tx € L,(R""¥), is still invariant
under homotheties. We still call T'x a tangent cone to T at X, and denote
the set of all tangent cones by VarTan(T, X). Moreover we have the following
analogue for the result above.
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LEMMA 1.2.13. Let Tj € I,,(U) be a sequence of integral currents with
0T; =0€L,_1(U) and so that |T}| is stationary in U. Suppose that T; — T
as j — oo weakly in the current topology. Let X € spt|T||NU, and Tx €
VarTan(T, X). After extracting a subsequence we may find a sequence of
scalars A\jv — 0 so that

77X,>\j/#Tj’ — TX as j/ — OQ.

These two lemmas motivate defining so-called limit varifolds and cur-
rents. Let U C R"™! be open and (V; | j € N) be a sequence of integer
varifolds in IV, (U) be a sequence of integral varifolds (resp. (T} | j € N) be
a sequence of integral currents in I,,(U)). Then an integral varifold V (resp.
an integral current T') is called a limit varifold (resp. a limit current) of the
sequence if there is a subsequence (V}/) (resp. (T})) so that for some sequence
of points (X;/) € U and of positive scalars (\j;) we have nx, x4V =V
(resp. nx,,,x,#1; — T). Often the varifold V' (resp. the current T') will be
invariant under homotheties, in which case we call them limit cones of the
sequence. Note however that even if A\ — 0 or Ay — oo the monotonicity
formula does not guarantee that the limit is scale-invariant, because to draw
this conclusion one needs to consider it with a fixed base point. (This is
true even if one considers a moving sequence of points (X; | j € N) along
a fixed varifold V; = V, which one may moreover assume to converge to a
point X € spt||V]|. When this rescaling procedure converges to a cone, this
is usually called a pseudotangent cone at the point X in the literature. We
mention this mainly for sake of completeness, and will not use this in the

remainder.)



CHAPTER 2

REGULARITY THEORY OF MINIMAL SURFACES

2.1. SINGULAR POINTS AND REGULARITY OF MINIMAL SURFACES

Let U € R™* be an open set, and V € IV,,(U) be a stationary integral
varifold. A point X € UnNspt||V|| is called regular if there is a radius p > 0 so
that B,(X)Nspt||V] is an embedded surface. A point which is not regular is
called singular. We denote the reqular set regV and the singular set sing V.

2.1.1. Regularity of stationary varifolds: Allard regularity. Al-
lard’s regularity theorem is the foundational result in the regularity theory
of stationary varifolds in arbitrary codimension. (We will only use the codi-

mension one version.)

THEOREM 2.1.1 ( [All72]). Let v € (0,1). There is € = e(n, k,a) > 0 so
that if V € IV, (BY*) is stationary in By = BY™ and 0 € spt||V|| with

V(B2 (:27) <20
[ e aox <o
Ba

for some n-dimensional plane I1 € Gr(n,n+k) then spt||V||NBy C regV. In
fact spt||V||N By C graphu C reg V' for some function u € CYY(IIN By; II+)
with v = y(n, k,a) € (0,1). Moreover there is C = C(n,k,a) > 0 so that

' ) 1/2
\umBmch(/ dist(X, T2V [(X))

By
Naturally under the same hypotheses elliptic regularity gives that the
function w is smooth, and one obtains estimates of the form |ul;.p,Am <
Ci( [, dist(X, IN)*d||V[|(X))*/? for all I € N, where C; = C(n, k, o, 1),
The following is an equivalent version of the theorem above, with the

formulation again taken from [Wicl4b].

THEOREM 2.1.2 ( [AL72]). Let U C R"** be open and V € IV, (U) be
a stationary integral varifold. Then there is 0 < € = €(n, k) < 1 so that if
Y e UNspt||V] has O([|V][,Y) <1+e€ thenY €regV.

We will often apply Theorem 2.1.1 to sequences of integral varifolds, in
the following way. Let (V; | j € N) be a sequence of integral varifolds
in IV, (Bz), so that |V;| — |II| L By for some n-dimensional plane II €

31
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Gr(n,n+1). Then provided j is large enough, we get spt||V;||N By C regV;
and there exists a function u; € C(II N By;1I+) so that spt||V;|| N By C
graphu; C reg Vj. Moreover, for all I € N,y € (0,1) we get |u;|;4;B,nm — 0
as j — 00.

This only requires a slight modification to hold for sequences convergent
to a smooth minimal surface. Let V € IV,(U) be a stationary integral
varifold. Let W CC U \ singV be a bounded open set, lying a positive
distance away from 0U Using V. Suppose additionally that the normal bun-
dle to reg V, denoted T+regV, is trivialisable on W Nreg V. Given small
enough 7 > 0 the tubular neighbourhood W, of W NregV with width 7 is
diffeomorphic to reg W x B and in particular has W, Nspt||V|| C reg V.

COROLLARY 2.1.3. Let U C R™* be open. Let (V; | j € N) be a
sequence of stationary integral varifolds in IV, (U), and suppose V; — V.
Let W CcC U\singV and 7 > 0 be as above, and suppose that for allY € WnN
spt|V, ©(|V],Y) = 1. Then for large enough j > J(7), W Nspt||Vj|| C
reg V; and there is a smooth function u; € C°(W NregV; T+ regV) so that
W- N spt||V;]| C graphu; C regVj. Moreover for all I € N,v € (0,1),
[t |14 wregv — 0 as j — o0.

2.1.2. Stratification of the singular set. Let U C R"* be an
open set, and V € IV, (U) be a stationary integral varifold. Consider a
point X € U NsingV and a tangent cone C € VarTan(V, X). This cone
C may be invariant under translation by vectors V € R™"!. The set
S(C) = {V € R""* | 7/4,C = C} forms a vector space called the spine
of C. For all m =0,...,n write S"™(V) = {X € UNsingV | dimS(C) <
m for all C € VarTan(V, X)}. If dimS(C) = m then there is a stationary
cone C' € IV,,_,,(R"™™*) 50 that C = C’ x S(C). Let C € IV,,(R*¥)
be a stationary integral cone. Then for X € spt|/C|| \ {0} every tangent
cone Cx € VarTan(C, X) has S(Cx) # {0} because R- X C §(Cx). This
means that there exists Cy € IV, 1 (R"*%) 50 that Cx = Cy xR-X.

Then we have the so-called Almgren—Federer stratification theorem.

THEOREM 2.1.4 ( [AIm00]). Let U C R™* be open, and V € IV, (U) be
a stationary integral varifold. Then dimy S™(V) < m for allm =0,...,n.

Under same hypotheses, Naber—Valtorta [NV15] improve this to the fol-

lowing.

THEOREM 2.1.5 ( [NV15]). Let U € R be open, and V € IV, (U) be
a stationary integral varifold. Then 8™ (V') is countably k-rectifiable for all
m=20,...,n.
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In the literature both S¥(V') and S*\S*~1(V) are sometimes called strata
of the singular set of V. The singular set of a stationary V € IV,,(U) can
be divided like singV = 8" 2(V) U (8" \ 8" 2)(V). By Naber-Valtorta’s
result, the lower strata gathered into S"~2(V) can be excised by by a suitable
sequence of test functions using a capacity argument.

The top stratum S™ \ S"~1(V) is also called the branch set of V, and
denoted B(V') or By. A singular point X belongs to B(V), and is called a
branch point if at least one cone C € VarTan(V, X) is of the form C = Q|II]
for some n-dimensional plane IT € Gr(n,n + k) with multiplicity @ € Z~.
(By Allard regularity the multiplicity of such a branch point must be at least
two.) Note that if V' were to coincide with a regular minimal surface ¥ taken
with multiplicity two, that is V' = 2|X]| then the support of V is embedded
near all points in U Nspt||V]|. In our convention these points do not belong
to By, although they are sometimes referred to as false branch points.

The next stratum S™ 1\ S"~2(V) is formed by those points X € U N
sing V' near which at least one tangent cone C € VarTan(V,X) is of the
form C = Zi’;l m;|m;| where the m; are n-dimensional half-planes meeting
along a common n — l-dimensional axis L, and m; € Z~o. We will call
such cones classical cones for lack of a better word. Note however that a
point X € 8”71\ S"2(V) is not necessarily a classical singularity. Indeed
so-called classical singularities are those where there are D embedded sheets
with boundary X1,...,Xp with respective multiplicities myq, ..., mp which
meet along a common n — 1-dimensional axis I' say. We denote the classical
singular set by C(V) or Cy. An example of particular relevance to us is
where D = 4, mq,...,mq = 1 and the half-planes my,...,m4 form a union
of two n-dimensional planes II;,II; € Gr(n,n + 1). In other words C =
III;| 4 |II2]. Such tangent cones arise for example at immersed singularities,
where there are two sheets X1, X9 which are separately embedded and meet
transversely along an n — 1-dimensional axis I' = ¥1 N X2 2 X. However,
note that in general it is not known whether for stationary varifolds such
cones can also arise at singularities which are not immersed. However in
some cases this result is known, for example when one additionally imposes
stability (as defined below) then this this is shown in [Wic20]. Moreover,
in the class of two-valued Lipschitz graphs (and arbitrary codimension) the
analogous result was proved by [BK17]. We will use both of these results in

our arguments.

2.1.3. The second variation formula and stability. Here let k =1,
that is consider codimension one minimal surfaces. In the previous chap-
ter we calculated the first variation of the area of a varifold V' € IV,,(U)
when perturbed in the direction of a vector field ¢ € CL({U; R*1). In the
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same vein one can calculate the second derivative. When the field belongs to
C2(U; R™1), there is a similar version of the first variation formula, express-
ing this in terms of only the first and second derivatives of the initial vector
field, see [Sim84, 9.4]. We are most interested in a variant of this formula
in which the second fundamental form of reg V' appears. Suppose for this
that the regular set of V' is orientable, or equivalently that there is a smooth
unit normal N defined on reg V. For this, suppose that spt & NsingV = (.
Then its restriction to spt||V||NU can be expressed as ¢ N for some function
¢ € Cl(regV). Let K C U be a compact set containing spt . Deforming
V in the direction of this vector field yields the second variation formula
2

2.1) —
dt? |,

1@V (5) = / Vvl — [Av P V],
KnregV

where Vi and Ay are the gradient operator and second fundamental form
on reg V' respectively.

A varifold V' € IV, (U) is said to have stable regular part if this is
non-negative for all perturbations ¢ € Cl(reg V), that is [|Av[?¢*d||V]| <
[IVvel*d||V]. This is also called the stability inequality. Note that this
automatically yields L2-bounds for the curvature away from the singular
set. Indeed, let X € U NregV be a point with dist(X,sing V') > 2R. If we
let ¢ € CL(Bar(X)) be a standard cutoff function, with ¢ = 1 on Br(X) and
|Dy| < 2/R then (2.1) yields fregvaR(X)\AV\deVH < 4R72||V||(Bar(X)).
Note however that if V has a large singular set, then these bounds can in
general not be extended to hold across singular points, that is for balls with
Br(X)Nsing V # 0.

We introduce a second notion of stability, which we call ambient stability.
Suppose that we know a priori the varifold V' to have locally bounded curva-
ture. By this we mean that for all compact K C U, fKﬂregV’AV,z d|V] < oo.
Then we say that V is ambient stable if the inequality

(Sy) / Ay P2 V] < / Vvl d|V|
Unreg V' Unreg V'

holds for all ¢ € C}(U). We emphasise here that both the local bounds for
the curvature and the stability inequality hold for any compact subsets of U,
not just those that avoid the singularities of V. Though it appears similar,
this notion of stability is significantly stronger, and thus more constraining,
then those usually used in the literature. To give but one example, compare
it with the stability inequality [Wicl4a, (3.2)] in Wickramasekera’s regularity
theory, which is only mandated to hold for test functions ¢ € Cl(regV).
The advantage that ambient stability holds over this weaker notion of
stability is that (Sy) yields local L2-estimates for the second fundamental



2.1. SINGULAR POINTS AND REGULARITY OF MINIMAL SURFACES 35

form, which hold across the singular set, depending essentially on the mass
of the varifold.

This in turn allows the application of the theory developed by Hutchinson
in [Hut86], from whence we derive that ambient stability is preserved under

weak convergence of varifolds.

PROPOSITION 2.1.6 ( [Hut86]). Let U C R™™! be open, and let (V; | j €
N) be a sequence of stationary varifolds in U satisfying (Sy). Suppose that
V; =V € IV, (U) weakly in the varifold topology. Then V is stationary and
ambient stable.

Let us make a quick comment on the orientability of reg V' we assumed
above. Although we initially assumed this in the derivation of the stability
inequality, note that (Sy) itself is well-defined regardless of whether the
regular part is orientable or not.

2.1.4. The Jacobi operator. We stay in codimension £ = 1 as in the
previous section. Let U C R™"! be a bounded set, and V € IV, (U) be
a stationary integer varifold with regular part regV. In what follows we
furthermore assume that U NregV is connected and orientable. On regV
we can define the linear, elliptic operator Ly = Ay + |Ay|?, commonly
called the Jacobi operator. Consider another open subset W CC U \ sing V'
which lies a positive distance away from sing V. We may then study the
operator Ly on the domain W NregV, and write (A,(W) | p € N) for
the spectrum of Ly with zero Dirichlet eigenvalues on W NregV. Recall
from the previous section that reg V' is called stable if for all ¢ € Cl(regV),
fUmregV’AVP@Zd”VH < fUmregV]Vmp\QdHVH. As we assumed U NregV is
connected, the Constancy Theorem [Sim84, Thm 41.1] allows us to say that
the density of V is constant everywhere on reg V', and the above inequality
becomes fUﬁregV’AV|29@2 dH™ < fUnregV|VVgo|2dH”. After integrating by
parts it is not hard to see that this is equivalent to requiring that the spec-
trum of Ly is non-negative for all open W CC U \regV, that is \,(W) >0
for all p € N. The standard arguments for elliptic operators show that the
eigenfunctions of Ly are smooth inside WNreg V', and that the eigenfunction
corresponding to the least eigenvalue is strictly positive in W Nreg V.

On the other hand note that the symmetries of V' lead to Jacob: fields,
that is to functions f € C?(regV) which solve Ay f + |Ay|2f = 0 in the
classical, pointwise sense. This is easiest to see for the translations of V'
in the direction of the standard basis vectors ej,...,ent1 of R, The
correspondings flows are just translations at unit speed, which preserve the
area of V' as isometries. In particular the second variation is constant and
equals to zero, so that we find Ay (N, e;) + |Ay|[*(N, e;) = 0 for all i.
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Now consider the following special case. Let D; C R”™ be the unit
disc and U = D; x R € R™"!. Suppose also given on D; the smooth
function u € C?(D;) whose graph G = {(z,u(x)) | z € D1} defines a
stationary varifold |G| € IV,,(D; x R). Note that in this case |G| is com-
pletely regular, and we can orient reg G by the upward-pointing unit nor-
mal vector N = v = (1 + |Du|?)~'/2(=Du, 1). In particular note that here
(V(X), ens1) = (14| Dul(z))~"/2 > 0 at all points X = (z, X"t!) € G. Thus
f = (v,ent1) defines a strictly positive solution of the equation Ly f = 0. A
general principle for elliptic operators then shows that G is stable—see 3.2.5
for a second description of the argument. Assume, in order to obtain a con-
tradiction, that this fails and for some open subset W CC D; x R we have
A1 = M (W) < 0. There is a positive p1 € C2(W NG)NCO'(W N G) with
01 = 0on OW NG and Agpr + |Ag?01 = —A1p1. But then ¢; must be
a subsolution, because Agp1 + |Ag|?p1 > 0. Comparing this to f yields
a contradiction with the maximum principle, and concludes our argument

that G is necessarily stable.

2.1.5. Regularity of stable minimal surfaces in codimension one.
Let k = 1, and let U C R™"! be open. Then [SS81] established the following.

THrEOREM 2.1.7 ( [SS81]). Let U C R™™! be open and let V € TV, (U)
be a stationary integral varifold V- € IV, (U) with stable regular part. If for
all compact K CC U,

H" 2 (singV N K) < oo,

then the singular set sing V'
(1) 1s empty if 1 < n <6,
(ii) s discrete if n =1,
(iii) and has dimy singV <n —7 ifn > 8.

Technically in [SS81| the assumptions on the singular set were stated
as H"2(sing V) = 0, although their arguments are also applicable if one
only knows that sing V has locally finite H" 2-measure or alternatively that
sing V' is countably n—2-rectifiable. Combining this with the result of [NV15]
cited above, this means that if V has stable regular part and S™\ S 2(V)
is countably n — 2-rectifiable then the conclusions of Theorem 2.1.7 hold.

Wickramasekera [Wicl4a| later substantially generalised this result by
weakening the a prior: assumption on the singular set of V', only assuming
that U Nsing V' does not contain any so-called classical singularities, which
we defined above in (2.1.2). Of course this includes those stable varifolds
which have H" (singV) = 0. That alone is a substantial generalisation

over the assumption that sing V' is countably n — 2-rectifiable.
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THEOREM 2.1.8 ( [Wicl4a]). Let U C R be open and let V € IV,,(U)
be a stationary integral varifold with stable reqular part. If singV does not
contain any classical singularities, then it

(i) s empty if 1 <n <6,
(ii) s discrete if n =17,
(iii) and has dimy singV <n —7 if n > 8.

Wickramasekera [Wicl4c| next used this regularity theory to establish a
sharp version of Ilmanen’s singular maximum principle [Ilm96], which holds
in the following setting. Let Vi, V, € IV, (U) be stationary integral varifold,

so that spt||V2|| lies locally on one side of reg V; in the following sense.

Hypothesis K. For all Y € reg Vi Nspt||Va||, there is p > 0
so that

(a) singViNB,(Y) =0,

(b) B,(Y) \ spt||Vi]| is disconnected,

(c) spt||Va||NB,(Y') belongs to one of the two connected com-

ponents in the complement of spt||Vi]|.

THEOREM 2.1.9 ([Wicldc]). Let U C R™™! be open and Vi, Vo € IV, (U)
be stationary integral varifolds satisfying Hypothesis K. If H" !(sing V1) =
0 then either spt||Vi|| Nspt||Va|| = 0 or spt||[Vi|| = spt||Vz|l.

2.1.6. Wickramasekera’s branched sheeting theorem. Here we
are still working in codimension one, that is £k = 1. Moreover recall B, =
Bt is the open ball of radius r > 0. The nature of the results listed in
this section requires us to use some notation for two-valued functions we
introduce later in 3.1, notably given a two-valued function u = {uy,us} we

abbreviate uj A ug = max{ui,ug} and u; V ug = min{uy, ua}.

TueoreMm 2.1.10 ( [Wic20]). There is € = €(n) > 0 so that if V €
IV, (Bs) is stationary with stable reqular part, |V||(B2)/(wn2") < 2 + €,
O(|VI|,Y) #3/2 for all Y € By and

() cither [y, dist(X, T A[V|(X) < € for some TT € Gr(n,n + 1),

(i) or [, dist(X,TI1)* A dist(X, TI2)* d||V[[(X) + [, dist(X,spt[[V])?
d(||II1 ]| + ||I2))(X) < € for some 111 # Il € Gr(n,n + 1).

Then

(i) either By Nspt||V|| C regV UCy U By and there is v = vy(n,¢€) €
(0,1) and a two-valued function u € CY7Y(By N1IL; A(ITY)) so that
By Nspt||V|| € graphu C regV UCy U By. Moreover there is C' =
C(n,€) > 0 50 that |ul1m0n < C( [, dist(X, 12|V ][(X))">.

(ii) or Binspt||V|| C reg VUCy and there isy = v(n,€) € (0,1) and two
single-valued functions u; € CY(B1N;, 1) so that BiNspt||V|| C
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U; graphu; C regV UCy. Moreover there is C = C(n,e) > 0 so

that [uil1q.m,0m < C( [p, dist(X,111)% A dist(X, TT2)* d|[V[|(X) +
: 1/2

Ji5, dist(X,spt]| V)12 d(|TL | + T2 (X).) 2.

Elliptic regularity theory is not available for two-valued minimal graphs.
However, Simon-Wickramasekera [SW16] have shown that necessarily u €
CYY2(ByNII; Ao(ITH)). Of course, in the second case described above, where
V' is close to |[II;| + |I2] and V Nspt||V|| C reg V U Cy the two functions u;
are in fact smooth. Moreover the usual, single-valued elliptic regularity ap-
plies, and gives that for all | € Z~q there is C; = C(n,1) so that |u;|; 4., nm, <
Ci( [, dist(X, Ty )2Adist(X, TT2)? d[| V]| (X)+ [, dist(X, spt||V[[)}/2 d(|[ T ]|+
el (x).)

THEOREM 2.1.11 ( [Wic20]). Let U C R™"! be open and V € IV, (U)
be stationary with stable reqular part. Then there is € = e(n) € (0,1) so that
if Y e UNspt||V]| has O(||V|,Y) <2+ € then Y € regV U By UCy.

Let us quickly comment on these three possibilities. Let V € IV,,(U) be
as above, and let Y € U Nspt||V| have O(||V||,Y) = 2. Then either Y € By
or else there is 0 < p < dist(Y, 0U) so that

(1) either B,(X)Nspt||V|| C regV and there is a smooth embedded ¥
so that VL B,(X) = 2|X|,

(2) or By(X) Nspt||V] C regV UCy is immersed and there are two
smooth embedded surfaces 31,35 which meet transversely along
an axis of immersed, classical singularities, so that V'L B,(Y) =
|X1] + |X2| and singV N B,(Y) = X1 N .

2.2. SINGLE-VALUED MINIMAL GRAPHS AND THE BERNSTEIN THEOREM

Let © C R™ be an open, possibly unbounded domain. We say that a
smooth function v € C?(2) defines a minimal graph over Q if it is a classical

solution to the minimal surface equation

n
(1+ |Du*)Au — Z DiuDjuD;ju = 0.
e
To distinguish between these and the two-valued minimal graphs which we
will introduce later, we will sometimes say that a minimal graph is single-
valued. Instead of saying that u € C?(Q2) satisfies the minimal surface
equation, we sometimes abbreviate this and say that w is a minimal graph.
(Likewise in the two-valued setting we will sometimes say that a two-valued
function u € CH*(Q; Ap) is a two-valued minimal graph.) By the elliptic
regularity for quasilinear elliptic PDE, a single-valued function u as above is
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automatically smooth. This is not the case for two-valued minimal graphs,
whose regularity cannot be improved beyond C11/2(Q; Ay).

The asymptotic properties of entire, single-valued minimal graphs can
be studied most efficiently using the theory of so-called area-minimising cur-

rents.

2.2.1. Area-minimising currents. Let U C R™* be an open set,
and T' € D, (U) be an integer multiplicity current. We say that 7" is area-
minimising in U if for all bounded open W cC U, My (T') < My (S) for all
S € D,(U) with 9T = 9S and spt(S — T') a compact subset of W. Recall
that we write |T| € IV, (U) for the integer varifold obtained from T' by
‘forgetting’ its orientation. Suppose that 0T = 0 and 7T is area-minimising
in U. Then |T is stationary and stable in U, the latter in the ambient sense
where any compactly supported deformations are allowed. Area-minimising

currents satisfy the following useful compactness property.

PROPOSITION 2.2.1 ( [Sim84, Thm 34.5|). Let (T | j € N) be a sequence
of area-minimising currents in U, with sup; My (Tj) + M (0T;) < oo for all
bounded open W CC U. Then there is a subsequence (Tj) and a minimising
current T € Dyp(U) so that Ty — T and |Tj| — |T| in the current and

varifold topologies respectively.

This is stronger than the general compactness theorem for sequences of
integral currents T; € I,(U). There we were also assured the convergence
of a subsequence in both the current and varifold topologies, say Ty — T
and |T| — V, but in general one has only |T| < V, not |T| = V. (This is
precisely what happens in Example 1.2.6.)

Moreover, for Proposition 2.2.1 it is not sufficient for the |Tj| to be sta-
tionary, although we may recall the weaker result of Proposition 1.2.10, where
one is guaranteed the existence of a convergent subsequence with |[T;/| — T
and || — V € IV, (U), but in general one cannot improve upon |V| < |T.

To see this one may simply consider a sequence of scaled-down catenoids
defined above the horizontal plane IT = R™ x {0} € R""!. In the varifold
topology the catenoids converge to 2|II|, whereas in the current topology
there is mass cancellation. In the limit the two sheets of the catenoid cancel
each other out as they are oriented in opposite directions, and the limit is
the zero current.

From the above obtains the existence of tangent cones to area-minimising
currents, see for example [Sim84, Thm. 35.1]. We have that O(||T]|, X)
exists at all point X € U, the density function is upper semicontinuous and
for each X € U N spt||T| and each sequence of positive scalars A\; — 0
there is a subsequence (/) so that 77X7>\j,T — T'x to some integral current
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Tx € I,(R"*) with 0Tx = 0. (A similar point was made in the discussion
preceding Lemma 1.2.13.)

In codimension one, that is when k = 1, one can obtain powerful reg-
ularity results, stronger even than those obtained for stable minimal hy-
persurfaces. This theory was developed during the 1960s, and was the re-
sult of the combined work of de Giorgi [DG61|, Federer—Fleming [FF60],
Federer [Fed70], Reifenberg [Rei60], Fleming [Fle62|, Almgren [Alm66] and
Simons [Sim68|.

TueoreM 2.2.2 ( [Fed69, Thm. 5.4.15]). Let 2 <n <6, let T € I,(U) be
area-minimising in U C R™ 1 with OT = 0. Then singT = () and UNspt||T||

is a smooth embedded surface in U.

The main technical result behind this theorem is a classification of area-
minimising cones. In low dimensions, namely for n < 6 one can show that
these can only be planes, see e.g. [Alm66] for n = 3 and [Sim68] for the cases
2<n<6.

The connection between such cones and minimal graphs was first estab-
lished by Fleming [Fle62]|, who showed that if there existed a non-linear, en-
tire single-valued minimal graph u € C?(R"), then there would exist a non-
planar area-minimising cone in R"*!. Such cones can be obtained by taking
blowdown sequences of the graph of u. (Indeed from a modern vantage point
this follows from the compactness of area-minimising currents combined with
the monotonicity formula.) Next de Giorgi [DG61| showed that such cones
would necessarily be cylindrical of the form C = C’ x Re,, 11 € I,(R"11). As
C’' € I,_1(R") is also area-minimising, a non-linear entire minimal graph
u € C?(R") in fact yields an area-minimising cone in R™. Thus Simons’
classification of area-minimising cones yields the following result.

THEOREM 2.2.3 (Bernstein’s theorem). Let n < 7. Then every single-

valued minimal graph u € C*(R") is linear.

In larger dimensions area-minimising currents can develop singularities.
The first example of this was the cone Cg C R® found by [BDGG69|, with
link spt|Cg|| N S™ = {(X,Y) € R* x R* | |X| = |Y|} nS7. The authors
also give a construction for an entire minimal graph defined on R® which is
asymptotic at infinity to Cg x Reg. The same methods work in every even
dimension. Later, Simon [Sim89| constructed a plethora of new examples of
entire minimal graphs.

Despite these examples of singular cones, a so-called dimension reduction
argument shows that the singular set of an area-minimising current 7' say

has codimension at least seven, that is dimy singT < n — 7. For stable
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minimal hypersurfaces, such a result is only possible if one a prior: excludes
at least classical singularities, see Theorem 2.1.8 for a statement of the most
general available result, proved by [Wicl4a]. This is one of the complicating
factors of working with two-valued minimal graphs, as these generally have
both branch points and classical singularities.

2.2.2. Minimal graphs and calibrations. Let 2 C R"™ be an open
set, and u € C?(QQ) define a minimal graph. By elliptic regularity such a
function is automatically smooth. We define a smooth n-form on Q x R
by setting w(z, X"™) = da! A -+ Ada™ + S0 (-1 Diju(z)dat A -+ A
drt=t Adz™t Ao Ada™t at all X = (2, X)) € Q x R. Equivalently
this can be defined by imposing that for any vectors Vi,...,V,, € R,
w(Vi,...,Vy) =det(Vi,..., Vy,v) where recall v = (1 + |Dul?)~"/?(—=Du, 1)
is the upward-pointing unit normal to G. (Note that the form w is constant
along lines of the form {z} x R where x € Q.)

Suppose that {Vi,...,V,} form an orthonormal family of vectors. From
the second characterisation we find that |w(V1,...,V;,)| < 1 with equality
if and only TxG = span{Vi,...,V,}. Additionally from the coordinate
definition one may check that w is closed, that is dw = 0 in €2 x R. These
two properties taken together make w a so-called calibration. We will not
discuss the rich theory of calibrated currents further, but just explain how
to use w to show that G = graphw is area-minimising. Define the current
[G] € L.(Q x R) using the upward-pointing unit normal. This current has
boundary 9[G] = 0. The following is a standard, well-known fact.

PROPOSITION 2.2.4. Let  C R™ be open, and u € C?*(Q) define a
minimal graph. Then [G] € L,(2 x R) is area-minimising in  x R.

Proor. Let W CC 2 x R be a compactly contained bounded open set,
S € I,(2 x R) be an integral current with spt([G] — S) € W and 9S =
0 = J[G]. On the one hand, as w is closed we have [, wdS = [;, wd[G] =
|GII(W) = H"(GNW). On the other hand, [;;wdS < |S[|(W), which
yields the desired inequality. O

In particular we find that the varifold |G| = |graphu| € IV,,(2 x R) is
stationary in Q@ x R. Let A < B € R, and note that [G] is also minimising in
the bounded cylinder Q2 x (A, B) C Q2 x R, essentially by definition. In what
follows we need to slightly strengthen this property. Here we take Q C R”
a bounded open set with Lipschitz boundary, and u € C?(Q) N C*(Q2). We
may consider [G] as a current in R""! which now has non-zero boundary.
That being said, our hypotheses guarantee that d[G] € I,_1(R"*!) is an
integral current supported inside 9 x R. (To see this one need only check
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that the mass of the boundary is locally finite.) Let moreover A < B € R,
and define the set G4 p =GN Q x (A, B).

PROPOSITION 2.2.5. Let  C R™,u € C?(Q) N CY(Q) define a minimal
graph, A < B € R and [Ga 5] be as above. Let T € I,(R"1) be a current
with spt|T| € @ x R and 0T = 9[Ga]. Then H"(GNQ x (A,B)) <
IT) (R,

REMARK 2.2.6. This result is perhaps slightly more subtle than meets the
eye, as it is not true in general that H"(GNOQx (A, B)) < | T|(2x (A, B)), nor
even can it be bounded by ||T'||(£2xR), the mass of the current in the interior.
To see this, consider the following simple example. Take 2 = D; equal to
the unit disc, and let u € C%(Q) N CH(Q) be so that H"*(G) > H™ (D). Let
M > supp, u, and consider the open set U = {(z, X" ') € D; x R | u(z) <
X"+l < M}. This is a Caccioppoli set, and the corresponding current [U]
has boundary 9[U] = —[G] + S, where spt(S — [D1 x {M}]) C 9D x R.
Then 0(S — [G]) =0, and yet ||S||(D1 x R) = H"(D1) < H"(G).

ProOOF. We start by modifying T so as to ensure that it has compact
support. As the slab R™ x [A, B] is convex, the projection Py p : R*™! —
R" x [A, B] onto it does not increase mass. This is a proper Lipschitz map,
so we can consider the pushforward T4 p = P4 p#T. The current Ty g has
total mass || T4 g||(R") < ||T||(R™1), and spt Ta p C Q x [A, B].

Let £ be a Lipschitz compactly supported vector field in R"*! which van-
ishes on 0G4 p and points into Q x R at all other points of 9(Q2 x (A, B)).
Then the flow ®; of £ leaves the boundary invariant, and moves the remain-
der of Ty p inward. Therefore spt|| @474 || N O(Q x (A, B)) = 0G4 B,
and the total mass of ®; 4Ty p lies in the interior of the region, that is
@ Tapl|R") = || ®uTapl(Q x (A, B)). Then repeating the calcu-
lations from the previous proof we find that || @474 5|(Q2 x (4,B)) >
H"(GNQ x (A, B)). We conclude that | T4 g|(R"™!) > H"(GNQ x (A, B))
by letting ¢ — 0. O

2.2.3. A Jenkins—Serrin type lemma. Let Q2 C R"™ be a convex,
bounded domain with piecewise smooth boundary. Let (€; | j € N) be a
sequence of bounded open sets with disty(€;,Q2) — 0 as j — oo. These
need neither be convex, nor as regular as ). Suppose given, on every €2,
a smooth function u; € C*(Q;) whose graph G; is minimal. Depending
on whether we consider this endowed with an orientation or not, we can
associate to G the varifold |G;| and the current [G;] in R*™!. We have
|G| € IV,(R™1) but in general it is only stationary inside Q; x R. In
the same spirit [G;] € L,(R"1) but 9[G,] is only zero in Q; x R. We
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saw previously that the current [G;] is area-minimising inside the open set
Q2; x R.

Let T =Ty x Repq1 € In(R”“) be a vertical current with spt Ty C 02.
Suppose further Ty, and hence also 7', has piecewise smooth support. We
write spt Ty = Ng U UkSng where the Fg C 0f) are smooth embedded and
No = U< OI') has H"1(Np) < oo. Likewise we write spt T = N UUg< T
where N = Ng x R and I'y, = F2 x R. It is convenient, though slightly
imprecise, to abbreviate these as regTy = Ukl“g and sing Ty = Ukﬁfg. We
assume moreover that T',Tp have constant multiplicity one on their regular
part. We can write Ty = [I'¢] and T = [I'] = T x Rey41, where both are
oriented to point inwards, that is into 2.

The following result is inspired by the work of Jenkins—Serrin in dimen-
sion n = 2, see [JS66a, JS66D].

THEOREM 2.2.7. Let Q,Q; C R™ x {0}, and u; € C?(£);) be as above.
Suppose that disty(Q;,Q) — 0 and [G;] — T as j — oo, and that for all
0<7<1<A thereis J(1,A) € N so that for j > J(1,A),

(reg T), N {|X "™ < A} Nspt A[G,] C (sing T)-.
Then
| Tol| < 1/2H"™1(09).

REMARK 2.2.8. The estimate is sharp, as can be seen by considering the
following example. Let n = 2, and consider Q = (—7/2,7/2)x(—7/2,7/2) C
R? and define a function

u(xy, xe) = log (COS.CL‘l)'

COS T
(This is the fundamental piece used to construct Scherk’s doubly-periodic
surface, see [Sch35|.) Note that this function u diverges to 4+o0o near the
sides {£7/2} x (—7/2,7/2) and to —oo near the other sides of the square,
(—m/2,7/2) x {£n/2}. Then the graphs associated to u; = u — j, with
; = Q kept fixed, converge to the union of the two planes [{£m/2} x
(—=m/2,7/2)] x Res in the topology of currents. The length of the corre-
sponding portion of the boundary is 27, precisely half of the total length of

the boundary 0€.

PrOOF. We ultimately obtain the inequality by constructing a compari-
son surface. We begin the construction by making the following two assump-
tions:

(1) Q c Q; for all j,
(2) and for all 0 < 7 < 1 < A there is J = J(r,A) € N so that
|uj| > 2A on Q\ (sptTp), for all j > J.
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We will explain later why this may be done without restriction of generality.

Let 0 < 7 < 0 <1 < A be given, with the eventual aim of letting
o,7/ — 0 and A — oo, and assume that ;7 > J(7, A) is large enough to
guarantee the validity of (2). We may perturb both by a small amount to
guarantee that the level sets {u; = +A} and the boundary of the tubu-
lar neighbourhood (spt7p), are smooth inside €, justifying this by Sard’s
lemma. (Note however that both are allowed to meet the boundary of Q;
along a set which is not in general embedded.) For the remainder of the
proof whenever we adjust the values of 7,0 or A we assume that we do so in
a way which preserves this property.

The first adjustment we make to 7,0 is to take them small enough
that (sptTp), N O C spt Ty U (sing Tp),. This is possible because 92 and
spt Ty are piecewise smooth. Moreover we may impose that (T'x), N (T';), C
(sing Tp), for all k # [ which means that we can decompose spt Tp N E; , =
Uk(Tx)r N E;, into a union of pairwise disjoint sets. Here and in what
follows we set E;, = (sptTp); \ [singTol, = {x € R" | dist(z,sptTp) <
7, dist(x,sing Tp) > o}. Define also the open set ;- , = (2 U (spt Tp)-) N
Q; \ [sing Tp]s. We may take J(7,0,A) € N large enough that |u;| > 24
in Q; -, provided j > J(r,0,A). (In fact even u; > 2A holds true in that
region.) From a geometric point of view this is equivalent to saying that
0[G;1NQ;j 0o N(—2A,24) = 0. As a consequence we can restrict the graphs
to smaller set, making sure that |G;|L Q;,, x (=3/24,3/2A) is station-
ary. In particular |G;|L Q.o x (—3/2A,3/2A) is stationary in the open
set (I'9), \ [0I'Y, x (—3/24,3/2A) for all k. Using the Allard regularity
theorem we know that there is a function U = Ujk 04 € COO(I‘;C,I%)
defined on some subset of I'y with values in the direction normal to it, so
that G; N (I'Y), \ [0y x (—5/4A,5/4A) C graphU; . (In principle from
Allard regularity one obtains only a function defined on an open domain of
I';, with this property. As graphU;; \ Qj -, x (—=5/4A,5/4A) has no further
importance to us, we can extend this function smoothly to the whole surface
I in an arbitrary way.) Given any € > 0 we can update J(7,0, A,¢) € Ntoa
larger value which ensures that supp, |Uj x| < e for all k and j > J(7,0, 4, €).
(By elliptic regularity this could be extended to hold in any Hélder norm, as
indeed when one extends Ujj, to I'y one can do so in a way that preserves
the smallness of the function and its derivatives.)

Consider the open set W, 4 C Q5 x (—A, A) defined by

Wiroa=1{(z, X") € Q0 x R|u;(z) V-4 < X" < A},
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where we abbreviate u; V —A = min{u;, —A}. This is a Caccioppoli set, and
its topological boundary is contained inside, but in general not equal to, the
union of the following sets:

(1) (g < A} N1 Q50) x {A} and ({uy < —A} N0 x {—A},

(2) the boundary away from spt Ty, 0\ ([sing To]sU[spt To]-) X [— A, A],

(3) the boundaries of the tubular neighbourhoods, 9(sing 7) s N2 7, X
[—A, A] C O(sing Tp)» x [—A, A].

(4) graphical portions near reg Ty, G;NQ; - o X [—A, A] = UGN (Tk) 7\
(0T 1) % [~4, A

For a precise equality we decompose the current boundary into

_a[[wj7T70,A]] = [[({u] < A} N Qj,r,a) X {A}]]

+ [({u; < —=A})NQjr0) x {—A}]

+ [0 x (A, A) \ ([sing T, UsptT)]

+ [OWj r0,4 N O(sing T') 5 ]

+[G;NQjrs x (A, A)].
As we consider —0[W; 75 4] on the left-hand side, the currents on the right-
hand side are oriented to point inwards into W -, 4. This aligns with the
orientation that we chose for the current T'. We estimate the areas of all

the summands separately. Let a small § > 0 be given. For the first two we
respectively find

H' ({uy < £AF N Qjro) X {HA}) <H(Qyr ) <H ().

Using the convergence €2; — €) in the Hausdorff distance, we find that there
is J = J(1,0,A,0) € N so that H"(;) < H"(Q) + 4 for all j > J.

The third term, [0 x (—A, A) \ ([singT]s UsptT)] does not actually
depend on j, whence we find that taking o, 7 small enough in terms of § we

can ensure that

H (O x [~ A, A]\ ([sing T)y U [spt T1,))
< 2A(H™HOQ) — H™ H(spt Tp)) + 2A0.
We bound H"([0W; 7.0.4 N O(sing T),]) < H"(d(singT), x {|X|**1 < A}).
To estimate this, take o > 0 small enough that
H ([OW)r5,a N O(sing T)o]) < 2AH™((sing To)o)
< 4w AocH" % (sing Tp) + 2A4.

Decompose the graph G; inside Q; ;, x [-5/4A,5/4A] into a union of
graphs like [G;NQ; - » X [=5/4A,5/4A]] = ZkK:l[[graph Uj N(Tk)7\[0Tk]oN
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{X"*! < 5/4A}]. Considering every set (T'x). \ [OTk]o N {| X" < 5/4A4}
separately we find that |G| L (Tx); \ (OT%), N {| X" < 5/44} — |Tk|L
(Tr)r \ [OTk]o N {| X" | < 5/4A} as j — co. Update j > J(7,0,A,6) so
that for all &,

H™ (G50 (Tr)r \ [00klo N{] XY < A}) 2 240" 1T} \ (OT})5) — 245,
and summing these we obtain
H(Gy N Qi % [~ A4, A))
> 2A(H™ Hspt Tp) — H" ' ((sing Tp),)) — 2K AS
> 2A(H" Yspt Tp) — 2moH™ 2 (sing Ty) — 6) — 2K AS,
provided we change o to a suitably small value in terms of 4.

We use these area bounds to compare the currents [G;NQ; - X (—A, A)]
and

—1;A= —a[[ijg,A]] - [[GJ N Qjmg X (—A, A)]]
By construction these have 07} 4 = 9[G; N Qi+ o x (—A, A)]. By Proposi-
tion 2.2.5, we then have
H" (G N Qjro N (= A, A)) < T all(R™T) = H" (spt Tja).

Substituting our term-by-term calculations into this inequality we find

2A(H™ H(spt Tp) — 2moH™ *(sing Tp) — &) — 2K Ad
< 2H™(Q)+20+2A(H™ L (0Q) —H" L (spt Ty))+2A5+4m AcH™ 2 (sing Ty)+2A0,

whence after dividing by 24 we get

H" spt Tp) — 20mH"2(sing Tp) — (1 + K)
<HM(Q)JA+H"(OQ) —H Y (spt Tp) + 20mH™ 2 (sing Ty) +6(2+1/A).

This simplifies to

2H" L (spt Tp)
< HM(Q)/A+H" Q) + dorH™ *(sing Tp) + (K + 3 + 1/A).

The desired inequality follows after letting A — oo, §,0,7 — 0 and j >
J(o,7,A,§) = 00. To conclude it only remains to justify the two assump-
tions (1) and (2).

(1) After translating Q we may assume that it contains the origin. The
convexity of £ and the piecewise regularity of its boundary ensure the fol-
lowing. For all 7 > 0 there is 6 > 0 so that 1y (14522 C Q\ (09), and
()7 C 1o, (146142 Moreover as 7 — 0 we may impose that 6 — 0 also.
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Given 7 > 0 take J(7) € N so that Q\ (092); C Q; C (Q),. Taking 6 > 0
as above we get that 7o14+54 C 2 C ng (1451482 After rescaling we find
a sequence (11454 [G;] | 7 > J(7)) of single-valued minimal graphs respec-
tively defined over 19,1454 Moreover g 1454[G5] — T as j — oo and
No14+s41 — T as 6 — 0. We may then diagonally extract a subsequence of
graphs [G ] and find a sequence of positive scalars with d;; — 0 as j' — oo,
so that Q C 770,1+5j,§2j/ for all 5/ and n071+5j,#[[Gj/]] — T as j' — oco. Upon
replacing our original sequence by this rescaled subsequence, we may assume
throughout that Q0 C ; without restriction of generality.

(2) Consider a compactly contained open subset Q' CcC Q. We show
that there is J(€, A) € N so that |u;| > 24 on . This follows from a
simple contradiction argument. Suppose otherwise, and consider a sequence
of points X; = (:L'j,X]”H) € G; x [-2A,24]. We may then extract a
subsequence converging to a point X = (z, X"1) € Q' x [-24,24]. Let 0 <
p < dist(€Y,0Q), and note that || T||(B,(X)) > limsup;_,.[|G;]|(B,(X)).
Take j > J(p) so that |X; — X| < p/2, and note that because Q C Q;
we have also that B,/»(X;) CC ; x R. By the monotonicity formula we
find ||G;[|(B,/2(X;)) > wn(p/2)", whence also ||T|(B,(X)) > wn(p/2)". As
spt T C 012, this is absurd. Now let § > 0 be given, and consider the open
set Q' = Q\[0Q\ (spt Tp)]s. Note that this is not compactly contained inside
Q anymore. Take any 0 < 7 < 1 < A. We may assume that 7 < J, and then
observe that Q' \ (sptTp), C 2\ (9Q); lies a distance at least 7 away from
08Y;, for all j. We can therefore argue in the same way as above. Namely,
consider a sequence X; € Q' \ (spt Tp), x [-2A, 2A], which again we assume
convergent to a limit point X. This point lies in Q' \ (spt Tp), x [—2A, 24],
and arguing as above we find [|T]|(B,/2(X)) > wn(p/2)" for all 0 < p < T,
from whence a contradiction immediately follows. Therefore we can apply
the argument above to Q' to get H"(spt Tp N Q' x R) < 2H™(09'), whence
after letting 7 — 0 we find that H"(spt Tp) < 1/2H"(012), as required. [

The following special case is of particular importance in what follows. Let
m = m X Repq1,m = 7, X Rep1 be two n-dimensional half-planes which
do not form a plane. Suppose that they meet along an axis L = Lo x Rey, 11
at which they form a positive angle 0 < 8 < 7 taken in the counterclockwise
direction. Let N, N’ be their respective unit normals, which we both take
pointing in the counterclockwise direction. Further let p,p’ € L+ be the
vectors which direct 7, 7’ respectively. Any point in R™ can be written x =
y+z=y+tp+tpwithy € Lo,z € L. Define Q= {z =y+z€R" ||y <
1,]z] < 1} and the wedge-shaped region V = {z € Q | (z, N) > 0, (z, N') <
0} ={rx=y+z=y+tp+ty e R" | |y| < L,t,t' > 0,£2 +t? < 1}. We
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then have the following result, for which the orientation of the half-planes is

crucial.

LeEMMA 2.2.9. Let m,7" and V C R™ be as above, and let the current
T = [[rua’'NnoV x R] € L,(R"1) be oriented inward. Then there does
not exist a sequence (€ | j € N) of bounded open domains Q; C R™ and a
sequence (uj | j € N) of functions u; € C?(8;) with G; minimal and

diStH(Qj,V) — 0 and HG]]] — T

and so that for all 0 < 7 < 1 < A there is J(1,A) € N so that for all
J=J(r A,

(r Un'), N{IX™ < A} nspt AT  ({Jy] < 1, 12| = 0, 1)),

Proor. This is essentially a direct consequence of Theorem 2.2.7, al-
though we need to construct a subdomain A, C V to make the area com-
parison work, where 0 < a < 1/2 is a small parameter whose value we
leave undetermined for now. Let A, = {z = y+itp+t'p € V | |y <
1/2,t,t" > 0,t +t < a} for 0 < a < 1/2. When we fix yo € Lo with
lyo] < 1/2 then A, N {x = yo + 2z} is an isosceles triangle with two sides
of length a. The domain A, is convex and has piecewise smooth boundary.
Moreover, apart from © N 90A, and 7’ N 9A,, the boundary of A, contains
only two subsets I';, 'y with positive area, namely I'y = {|y| = 1/2} and
Iy ={ly| < 1/2,t+t = a}. On the one hand

HUD) = a®sinf and H"H(Ty) = asin(6/2)w,_227 "3,
and on the other hand
H" N NOAL) = awp 227" = H" (7' N OA,).
Comparing the two we have
H" N T UTy) = a(asind + sin(0/2)w, 227 ")
< awp_ 227" = H "N m U NOA,)

provided a is small enough. Explicitly it suffices to take it so small that
asinf < w,_227"3(1 — sin(6/2)). If there were a sequence of minimal
graphs u; € C%(€2;) as in the statement, then by restricting them to Q;NA,
and letting j — oo we would obtain a contradiction to Theorem 2.2.7. This
concludes the proof. O



CHAPTER 3

TWO-VALUED MINIMAL GRAPHS

3.1. TWO-VALUED FUNCTIONS

3.1.1. Unordered pairs. Let A3(R) be the set of unordered pairs
of real numbers, abbreviated As when no confusion is possible. An el-
ement of Az(R) is written {x,y} = {y,z}. One can define A2(R) as
the set obtained by taking the quotient of R? under the action by the
group Zo which transposes the two elements. The quotient map is then
R? — A2(R) : (x,9) = {z,y}. Alternatively one could define As(R) as the
non-empty subsets of R counting at most two elements. More generally we
can also take unordered pairs of elements of any set X, thus forming Az (X).
Here X is usually either a finite-dimensional vector space E say or a subset
thereof. Apart from E = R we also use E = R"*! and E = L(R"™;R), the
space of linear functions R™ — R.

For any set X one can define the diagonal map A : x € X — {z,z} €
As(X). Moreover, we can extend a map ® : X — Y between two sets in
the obvious way, by defining ® : A3(X) — A2(Y) : {z,y} — {®(z), P(y)}.
For example we define [{u1,u2}| = {|u1], |uz|} € A2(R>p). When X = E is
a vector space, then one can define the center map n : {z,y} € A3(E) —
x4y € E. Given a pair {z1,22} € Az(R) of real numbers, we define its
average and symmetric difference by z, = %(331 + z9) and x5 = {£(x; —
x2)} respectively. Moreover write x4 = max{z1,z2} = x1 V 22 and z_ =
min{zy,x2} = 21 A x2.

Let X = E be a normed vector space with norm ||-||. For a pair {z,y} €
A2 (E) we write ||[{z,y}| = ||z]| + |lyll. We define a metric on Az(E) by
G: A2 (E) x A2(E) — R>¢ with

G(u,v) = min([Juy — v1]| + [Jug = val|, [lur — va|[ + [luz — vi]]).

The analogous construction works for arbitrary metric spaces.

3.1.2. Two-valued functions. Let A C R" be an arbitrary set. A
two-valued function on A is a function A — A2(R). To u we can associate
its average uq = 3(u1 + u2) and symmetric difference us = {£1(u1 — u2)}.
Similarly we write uy = max{uj,u2} = u; A ug and u_ = min{uj,us} =
u1 V ug.

49
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More generally we consider two-valued maps A — A2(X) where X may
be arbitrary. Those taking values in A2(R™) we shall call two-valued vector
fields. Consider a map ® : X — R. Given u: A — Ay(X) we can compose
to Pou: A — A(R). If we are given two different functions ¢,V : X — R
then we may take the sum (® ou) + (Vou) := (& + ¥) o u, although in
general for two functions vy, vy : A — A(R) their sum is not a well-defined
two-valued function. The same of course holds for other binary operations.

As Aj is a metric space, endowing it with the corresponding topology and
Borel g-algebra allows us to define measurable and continuous two-valued
functions. Explicitly, we say that u : A — As is continuous at + € A
if = is either isolated or for any sequence (z; | j € N) in A with z; — x,
G(u(zj),u(x)) = 0as j — oco. Let a € (0,1). We say that a two-valued func-
tion on A is a-Hélder continuous if limsup, z,e 4|7 —y|~*G(u(z), u(y)) < oo,
and that w is Lipschitz continuous if this holds with o = 1. Let 2 C R be
open. We say that u is locally a-Hélder continuous if the restriction of u to
any compact subset K CC 2 is a-Hdélder continuous. When this is the case
we write u € C%*(Q; As), and also let Lip(£2; A2) be the similarly defined lo-
colly Lipschitz functions. Both notions are again defined for functions taking
values in Az(X) for any metric space (X, d), for example X = L(R™;R).

We say that a function [ : R™ — Aj is linear if there exist two single-
valued linear functions l; € L(R™; R) so that [ = {l1,l2}. A two-valued
function u : Q — Ay is called differentiable at x if there is a two-valued linear
function [ = {ly, 12} so that t " 1G(u(z +tv), {u;(x) +1;(tv)}) — 0 as t — 0 for
all v € R™. If this exists, we write Du(z) = [ and call this the derivative of u
at x. This defines a two-valued function Du : Q — A2(L(R";R)). Moreover
we write u € C1(£2; Ay) if it is differentiable at all points € Q and the
function Du is continuous, and for a € (0,1) we write u € C1*(; Ag) if
Du € C%(Q; A2(L(R™; R))).

Let a € (0,1) and u: D; — A2(R) be a two-valued function. We define

the following norms:

(1) lullo;p, = supp, [[ull,

(2) llullo,a;py = llullo.py +sUPssyep, [* — yI~*G(u(x), u(y)),

(3) llulli;p, = llullo;p, +supp, [[Dul,

(4) llulli,e;sp0 = l[ulli;py + SUPssyep, |2 — y[~*G(Du(), Du(y)).

For two-valued functions defined on an arbitrary bounded open domain

[

I

Q C R" one defines the analogous norms in precisely the same way. Al-
though we shall not require this here, note that one defines scale-invariant
analogues of these norms on discs D, C R™ of any positive radius in the
usual way, for example one would set ||u||1,a;p, = supp, |[u||+rsupp_|[Dul|+
P sup, [z — g G (Du(x), Du(y)).
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One defines the functions spaces C%(Dy; Az), C%*(D1; As), C1(D1; As)
and C1%(Dy; Ag) in the usual way as those functions for which the norms
are respectively finite, proceeding in the same way for arbitrary bounded
open (2 C R™.

Consider a two-valued function u : Q@ — A, and let Q' C Q be an
open subset. We say that two functions u,us : Q — Ao define a selection
for w on ' if u = {uj,uz} on Q. Most often one seeks selections with
favourable properties. We say that uj,us define a continuous selection if
ug,up € CO(Y), a O selection if uy,uz € CH(Q'), and a smooth selection if
U1, U9 € COO<Q,)

Let o € (0,1) and consider u € C1¥(Q; As). We define IC,, = {z € Q|
ui(x) = ug(x), Dui(x) = Dug(x)}. For every point y € Q\ K, thereis o > 0
so that on D,(y) there are two smooth functions wu y, us, € C*°(Ds(y)) so
that u = {u1y,u2y}. (By the above, we could equivalently state that u
admits a smooth selection on D, (y) when this is the case.) A point x €  is
called a branch point (sometimes also true branch point) if there is no radius
o > 0 for which v admits a smooth selection on D,(z). They form a set
written B, which is contained inside IC,. Points in K, \ B, are called false
branch points. We also define the touching set Z,, = {x € Q| ui(x) = ua2(z)}
and set of classical singularities C, = {z € Q | u1(x) = wa(x), Dui(x) #
Dug(x)}. By definition C, = 2, \ K,. Moreover, C, is relatively open
inside Z,,, whereas B,, K, C Z, are relatively closed in Z,, and hence closed
subsets of ) as well.

Let u : Q@ — Ay be a two-valued function. Its graph G C Q x R is

graphu = G = {(z, X"™) € Q x R | X" € {uy(z), ua(z)}}.

This may be considered as a varifold inside 2 x R, in which case we write
|G| = |graphu| € IV,,(Q x R) as is customary. (We emphasise that through-
out we do not consider the graph as a subset of Q x A3(R), as one might ex-
pect by interpreting the term more literally.) In general of course the varifold
|G| will not be regular, and instead admit singular points which are related
to the singularities of u as follows via the orthogonal projection Py onto R™.
If u € CH(;Az) then Py(singG U {X € regG | O(|G], X) = 2}) = Z,,
Po(Bg U{X €regG | O(||G||, X) = 2}) = Ky, and Py(Cq) = Cu.

We close with a remark on the case where n = 1and 2 =1 C Ris an
open interval in the real line. Let u € C'(I;A2). This automatically has
B, = 0, even while I, may be non-empty. In other words, we can always find
uy,uz € CY(I) so that u = {ug,us} on I, although some arbitrary choices
have to be made if K, # 0. We will later use this elementary observation
in the following context. Let @ C R™ be open, and u € C1(£; A). Let
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y € Q and v € R" be arbitrary. Write I, C {y +tv |t € R} N Q for the
connected component containing y. This corresponds to an interval I C R.
Via this identification, the restriction of u to [, defines a two-valued function
in C1(I; A2). Hence we can find two functions ujy,us, € C(I) so that
u(y + tv) = {u1y(t),u2,y(t)} even though possibly I, N B, # 0. Moreover if
u € CH(Q; Az) for some o € (0,1) then we can impose u 4, ug, € CH¥(I)
as well.

3.1.3. Integrals of two-valued functions. Let p € [1,+00). We
write LP(€Q; Ay) for the space of two-valued functions u : Q@ — A with
Jollul|P < oo, and L>®(£; Ap) for those functions for which ||ul| is essentially
bounded. We define the integral of a two-valued function u € L!(2; A3) by
Jou=2 [qus = Jqu1+ uz. Sometimes we also write [, u(z)dz = [ u.

Let u € C1(Q;A) and ® : R — R be so that ® ou € L'(£; A3). Then
we have that [, (®ou)(1+4 |Du|?) = [, ®dH", where on the right-hand side
the integral is over G = graphu C Q x R.

Consider u € L'(Q;A2), A C R be a Borel subset, and 14 be its in-
dicator function. As u takes values in Ag, the pre-image of A under u is
not defined. However, we can define the integral quAu = [u(laou) =
Jui(1g our) + ug(lag ouz). This can be generalised further if we con-
sider ® : R — R so that ® ou € L'(Q;As), by setting Juea®ou =
J(®ou)(1 s0u), where recall the product of the two functions is a well-defined
two-valued function in this specific context. We will often use a variant of
this, where in fact ® : Q x R” x R — R is so that the two-valued func-
tion x € Q@ — ®(x, Du(z),u(z)) is integrable, and we consider integrals of
the form [ _, ®(z, Du(x),u(z))dz, or say fueA,DuEB ®(x, Du(x),u(r))dx
where B C R" is another Borel subset.

3.1.4. Some results for two-valued functions. Using a general form
of the Arzela—Ascoli theorem, for example [Mun00, Thm. 47.1], we obtain
a two-valued statement; note that we only use the following weaker version
valid for Lipschitz functions.

LEMMA 3.1.1. Let (f; | j € N) be a sequence of two-valued Lipschitz
functions on Dy. If suijfjHl;D1 < o0 then there is a subsequence which
converges locally uniformly to a Lipschitz function f € Lip(D1;.Ag).

Moreover, if we are given a sequence (f; | 7 € N) as in Lemma 3.1.1 then
the single-valued sequences (f;+ | j € N) inherit their Lipschitz bound. We
may thus diagonally extract a common convergent subsequence using the
clagsical, single-valued Arzela—Ascoli theorem with respective limits fi.
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LEMMA 3.1.2. Let f € Lip(Dy;.A2) be a two-valued Lipschitz function.
Then f is differentiable H"-a.e. in Dy.

PRrOOF. The single-valued Rademacher theorem implies that fi are sep-
arately differentiable H™-a.e. in Dq. Let E+ C Dj be the sets where they are
respectively not differentiable. Then f is differentiable on D\ (E4+UE_). O

3.2. TWO-VALUED MINIMAL GRAPHS

3.2.1. Definition and basic properties. Let {2 C R™ be an open set,
and let « € (0,1). We say that u € C1(Q; A2(R)) defines a two-valued
manimal graph if its graph

|G| = |graphu| € IV,,(2 x R)

is stationary as a varifold in the open cylinder Q2 xR. We will often abbreviate
this by saying that u € Cb*(Q; As) is a two-valued minimal graph. Ulti-
mately we are interested in the classification of so-called entire two-valued
minimal graphs, by which we mean that they are globally defined on R™.
As the graphs of two-valued linear functions are minimal, the existence of
such entire graphs is beyond question. Here instead we are concerned with
their classification: we want to show that a two-valued minimal graph of
u € CH*(R™; Az) must be linear. However we often work with functions
that are defined on domains Q C R"™; in particular a lot of the results de-
veloped in preparation in anticipation of our end goal also hold in a local
setting.

When an open subdomain ' C Q \ B, is simply connected then there
is a selection u1,us € C%(Y) so that u = {uy,us} in €. Inside ' x R the
graph can be decomposed like

|G| = |graphuy| + |graph us|,

which we abbreviate as G; and G5 from now on.
The stationarity of |G| is inherited by |G| and |G2|. By elliptic regularity
this in turn means that uq, us are both smooth, that is uy, us € C*°(Q') and

they separately solve the minimal surface equation
(3.1) divT(Du;) =01in Q for i = 1,2,

where here and throughout we write, for all p € R"
Pk
Ti(p) = =5
V1+IpP
The vector T'(Du) € R™ is the horizontal part of —v, the downward-pointing
unit normal to the graph G. We habitually write v = /1 + |Dul?, so that
also T'(Du) = Du/v.

fork=1,...,n.
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If we interpret the equation (3.1) in a weak sense we can show that for
all test functions ¢ € C}(Q\ By)

(3.2) /Q (T(Du), Dg) =0,

using a partition of unity argument to reduce to the case where ¢ is sup-
ported in a simply connected domain Q' C Q\ B,. Note that as u is a two-
valued function, the integral above is understood to mean [, (T'(Du), D$) =
Jo((T(Du), D$))q as explained in Subsection 3.1.3.

Using the properties of the branch set respectively developed by Simon-—
Wickramasekera [SW16| and Krummel-Wickramasekera [KW20], listed be-
low in (3.2.3) we can extend this through the branch set. Let ¢ € C}(2) be
arbitrary, and K CC 2 be so that ¢ vanishes identically outside K. Take a
sequence (n; | j € N) of functions in C(Q) with

(1) 0<n; <11in Q for all 4,
(2) nj=1o0n B, NK for all j,
(3) n; = 0 H"a.e. in Q,

(4) Jo|Dnj| — 0 as j — oo.

Such a sequence exists because H"1(B,) = 0 and B, is a compact subset
of Q, see 3.2.3. Actually by [KW20] the branch set is countably (n — 2)-
rectifiable, and we use this below to find sequences of cut-off functions with
finer properties than we just listed. Following the proof of Proposition 3.2.1
below one finds that

/ (T(Du),D¢) =0 for all ¢ € CH(R)
Q

whenever u is a two-valued minimal graph. We skip over the details of this,
and move on to the proof of the more general identity, where the test function

is allowed to depend on u.

PROPOSITION 3.2.1. Let u € C+*(Q; A2) N C%(Q; A2) be a two-valued
minimal graph and let ® € C°(Q x R x R™) N Lip,,.(Q2 x R x R") have
spt® C ' x R x R"™ for some Q' CcC Q. If

(3.3) /Q\BU\D(i)(m,u,Du))] < 400
then
(3.4) /Q<T(Du),D(‘I>(x,u,Du))> =0.

PROOF. Define a function ¢ € CL(Q) by setting ¢(x) = ®(x, u, Du) for
all z € Q. This is smooth away from B, and has support contained inside

V. Let (n; | 7 € N) be a sequence with the same properties as above. As
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(1 —n;j)¢ vanishes near B, it is a valid test function in the integral identity
(3.2), yielding [, (T(Du), D&)(1 — ;) — [o(T(Du), D; = 0.

That the second integral goes to zero is a direct application of Hélder’s in-
equality. For the first integral, we can bound the integrand by |(T'(Du), D¢)(1—
nj)| < |D¢| almost everywhere in Q—on Q\ B, to be precise. The bounding
function is integrable by assumption, so that again we can use dominated
convergence to let j — oo and deduce that [(T(Du), D(®(z,u, Du))) =
0. OJ

3.2.2. Orientation and the current structure. Let 2 C R" be an
open set, a € (0,1) and let u € C1¥(Q; As) define a two-valued minimal
graph in  x R. We saw above that G = graphu gives a well-defined and
stationary integer varifold |G| = |graphu| € IV,,(2xR). We can also endow
the graph with an orientation and a current structure. At all regular points
X = (2, X"1) € reg GNQ x R there is a well-defined upward-pointing unit
normal written v(X). In terms of a smooth selection v = {uy,us} for u on
a small disc D,(z) we have v(z,u;(2)) = (1 + |Du;(x)[>)~2(~Du;(x), 1).
Hence we find that the unit normal is also defined at all branch points X €
BaN Dy xR, and v defines a continuous vector field on (reg GUBg) N2 x R,
which is moreover smooth on regG. However v cannot be continuously
extended to the set of classical singularities Cq N x R.

As this set has H"(Cc N2 x R) = 0 we can however still define an integer
multiplicity rectifiable current [G] € D,(Q2 x R) by integrating solely on
reg G N Q x R. To verify that this current has no boundary inside @ x R
we need to take the classical singular set into consideration, because it has

codimension one inside the support of [G].

PROPOSITION 3.2.2. Let Q@ C R"™ be an open set and o € (0,1). Let

u € CH¥(Q; Az) be a two-valued minimal graph, and [G] be the corresponding
current. Then J[G] =0 and [G] € I,(Q2 x R).

PROOF. The current boundary 9G] is necessarily supported inside CoN
QO xR. Let X = (2,X"!) € C5 and p > 0 be small enough that in the
disc D,(z) there is a smooth selection uj,us € C?*(D,(z)) for u. Then
[GIL D,y(x) x R = [G1] + [G2], where we write G; = graphwu;. Neither
current has a non-zero boundary, that is 9[G;] = 0. As 9[G] L D,(x) =
J[G1] + 0[G2] = 0 and the point X was chosen arbitarily, this concludes
the proof. O

REMARK 3.2.3. This result used the minimality of the graph only in-
sofar as it allows both dimension bounds for the singular set and a precise

description for the singular set near the classical singularities.
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3.2.3. Properties of the branch set. Let o € (0,1), and let u €
C1(€; Az) be an arbitrary two-valued minimal graph. Using an approach
based on a so-called frequency functional, Simon-Wickramasekera [SW16]
proved the following.

THEOREM 3.2.4 ( [SW16]). Let a € (0,1) and u € CH*(2; As) be a two-
valued minimal graph. Then the branch set of u is either empty or dimy B, =
n—2 and H"2(B,) # 0.

In particular H*(B,) = 0 for all s > n — 2. We use the fact that
H"1(B,) = 0 to derive our area estimates.

COROLLARY 3.2.5 ( [SW16]). Let a € (0,1) and u € CH¥(Q; A3) be a
two-valued minimal graph. If G is not equal to the union of two distinct

single-valued minimal graphs then dimy K, = n — 2 and H"2(K,) # 0.

Starting also from a frequency functional, this was taken further by
Krummel-Wickramasekera [KW20]|, who proved the following.

THEOREM 3.2.6 ( [KW20]). Let o € (0,1) and u € C1(Q;.A2) be a
two-valued minimal graph defined on  C R™. Then B, is either empty or
is countably n — 2-rectifiable. Moreover if G is not equal to the union of two

distinct single-valued minimal graphs then Ky is countably n — 2-rectifiable.

This represents a significant improvement over [SW16| as it means that
the 2-capacity of B, is zero. This in turn allows the branch set to be excised
using cutoff functions with properties as described below in Lemma 3.2.7
and Corollary 3.2.8.

LEMMA 3.2.7. Let a € (0,1), and u € CH*(Dg; A2) be a two-valued
minimal graph. Then there is a sequence of functions (n; | j € N) with for
all g,

PROOF. The set B,N D is compactly contained inside the open disc Ds.
The result then follows because capy B, = 0 by [KW20], see the discussion
at the end of 1.1.4. O

In the same way as for the results cited above, one obtains a version
of this valid for the set I, provided the set G is not equal to a single-
valued minimal graph. Moreover, In various places it is useful to modify the
sequence from Lemma 3.2.7 and construct it on the graph itself.
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COROLLARY 3.2.8. Let a € (0,1), and u € C*(Dy; As) be a two-valued
minimal graph. If B # 0 then there is a sequence of functions (n; | j € N)
with for all j,

(i) nj € C2(D2 x R),
(i) 0<n; <1 on Dy xR,
(ii)) »j =1 on (Bg)r, N D1 X R for some r; — 0,
) n; = 0 H"-a.e. onregGN Dy xR asj— oo,
(v) fregGszxR|Van|2d’H” — 0 as 7 — oo.

(iv

Proor. Let (nJQ | 7 € N) be a sequence satisfying the properties listed
in Lemma 3.2.7, except we additionally impose that spt n? C D35 for all j.
Inside this disc there is A > 0 so that —A4 < minp, , t— < Maxp,, 4 < A,
where u_ = min{u,us} and uy = {uy,us}. Let 7 € C}(R) be a classical
cutoff function with 7 = 1 on [-1,1], spt7 C [-2,2] and |7| < 2. For all
j € N, extend 7)) to Dy x R by setting n;(z, X" 1) = nf(x)7(X"+1/A) at
all X = (z, X"!) € Dy x R.

To obtain the last two properties, let § > 0 be given, and dg be the
unsigned distance function to G N Dy x R. For any j we may replace 7,
with 7;, defined by 7;5(X) = 7;(X)7(dg(X)/0) at all X € Dy x R. This
additionally has spt7;s C (G)2s N D2 x R. This function inherits most
properties from 7;, but it is only Lipschitz regular because of dg. This
however can be easily remedied by a standard mollification argument, taking
care to choose the mollification parameter small enough in terms of 7, > 0.
Finally, we may pick any sequence s; — 0 and apply the construction above
with 0 = s;/2, letting 1; = 15, /2 to conclude. O

Let us conclude by pointing out the following consequence of [KW20],
obtained by combining it with the results of [Wic20|, see Theorem 2.1.10.
Recall for this that By is the set of singular branch points of V', meaning the
points X € sing V' at which there is at least one tangent cone of the form

2|IIx| for some n-dimensional plane Ilx € Gr(n,n + 1).

COROLLARY 3.2.9. Let V € IV, (B1) be a stationary varifold with stable
regular part. Then By N{O(||V]|,-) < 2} is countably n — 2-rectifiable.

3.2.4. Immersion away from the branch set. Let a € (0,1) and
n > 1 be arbitrary. Let 2 C R™ be a connected open set, and let u €
C1(Q; Az) be a two-valued function so that |G| = |graphu| € IV,,(Q x R)
is a stationary varifold.

In this section we construct a smooth n-dimensional manifold M and a

minimal immersion ¢ : M — R"*! with image

(M) =regGUCq =G\ Bg,



58 3. TWO-VALUED MINIMAL GRAPHS

using a standard gluing construction.

Let (Uy | @ € A) be an open cover of Q \ B, chosen so that every U,
is simply connected. For every open set U, in this collection we can make a
smooth selection U 1, a2 € CH(U,) so that

u = {Uq,1, U2} In U,.
Write Go,1 = graphuq,1 and G 2 = graphu, 2, so that accordingly
GNU, xR = Ga,l UGa72.

We then consider the disjoint union of these sets (Go,i | @ € A,i =1,2), each
of which is endowed with an obvious map tq; : Gy — R"*!, which may also
be composed with the projection Py : R"*! — R™ x {0} to obtain bijections
Pyota,i: Gay — Uai. We glue these together using the equivalence relation
~ defined as follows.

Two points X € Go; and 'Y € Gpg; are equivalent if Py o
tai(X) = Pyoug;(Y) and there is a neighbourhood of this

point where u,; and ug; coincide.

Given this we simply set

M= || Gai/ ~.
acA
i=1,2
Write p for the projection UG,; — M. By construction the map Uiy, :

UWUa,; — R"*! passes to the quotient by ~, thus defining a map
LM — R

This map has the property that for every set U, ; and all © € Uy, top(x) =
La,i(x). Then it is not hard to see that M is a smooth n-dimensional manifold,
with charts given by the collection {(p(Uq,i), Poot) |a € A,i=1,2}.

LEMMA 3.2.10.

(i) The map ¢ is a smooth immersion, injective away from 1= (Cg).
(ii) The immersion can be oriented by the upward unit normal v.
(iii) The map ¢ is proper into R"T1\ Bg, but not into R™! unless
Bg = 0.
(iv) The manifold M is connected unless G is the union of two distinct

single-valued graphs.

PRrROOF. The first two properties follow by construction.

(iii) Let K c R™"!\ Bg be a compact set, and consider a sequence of
points (X, | j € N) in .*}(K N G). Write Y; = «(X;) for all j, and extract
a convergent subsequence from this, with limit say Yy — Y € regGUCq. If
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Y € reg G then there is p > 0 so that the restriction of ¢ to :71(B,(Y) N G)
is a homeomorphism onto B,(Y) N G, from whence the property follows. If
instead Y € Cg then we can decompose ¢ 1(B,(Y) N G) = Wi UW; into
two disjoint open sets, so that the restriction of ¢+ to either of them is again
a homeomorphism. As one of Wi, Wy contains infinitely many terms in the
sequence, the conclusion follows.

(iv) The map Ppot: M — Q is a double cover, so M has at most two
connected components. Hence when indeed M is disconnected, then M =
M7 U M3 and the restriction of Pyou to either of them is a homeomorphism,
and their images are two single-valued graphs. (|

Of course we can pull back the metric on reg G to a metric defined on
1~ (reg G) C M, which we can then extend to the entire manifold by conti-
nuity. Given this all associated quantities are defined also, e.g. the covariant

derivative or the volume form. We use these in the following section.

3.2.5. Stability of two-valued minimal graphs. Let |G| be the var-
ifold associated to the graph of w. Its singular set admits a particularly

simple form:
sing G = Bg U Cqg,

where B¢ are the branch points of |G|, that is the points where |G| admits a
multiplicity two tangent plane, and Cg are the classical singularities. These
take a much simpler form than in the setting of general varifolds. Indeed
a point X € G belongs to Cq precisely if there is some radius r > 0 such
that G L B,(X) is the union of two smooth embedded minimal graphs. In
other words, C¢ is the set of singular points of |G| near which its support is
smoothly immersed.

The minimal immersion constructed in the previous section, of M into
R moreover admits a positive Jacobi field, namely (v, e,,1). Thus it is
stable, meaning that for all ¢ € C}(M),

(3.5) /MAMP¢>2 < /MWMW.

Indeed, we may justify the stability via the following elementary argument,
already used in 2.1.4. Pick any non-negative function ¢ # 0 € C2(M). As ¢
is compactly supported, there is a positive 6 > 0 so that (v, e,+1) > 0 > 0 on
spt . Let T'=max{t € R | to < (v,e,41)}. This is positive by the above,
and by construction (v,e,+1) — T'¢ is a non-negative function, attains the
value zero at least once in M, but does not vanish identically. If ¢ had
(Ans + |An |2 > 0, then (Ay + [Ap|2) (v, ens1) — T) < 0, which would
contradict the strong maximum principle. This proves stability, because if
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there existed a function ¢ € CH(M) with [, |Anm[*¢* > [,,IVmep|? then
we could mollify it to a smooth compactly supported satisfying the same
inequality. This is impossible by our argument above, and confirms the
stability inequality (3.5).

If o is any function in C}(R™"1\ Bg), then its pullback ¢ = ¢ o by the
immersion is compactly supported in M (because ¢ is proper away from the

branch set). If we equate the integrals on M with ones on G we obtain that

| JacPe s [ (el
reg G reg G

for all ¢ € CH(R" 1\ Bg). Extending this to arbitrary test functions requires
a capacity argument.

LEMMA 3.2.11. Let U C R™! be an open set, and G C U be a two-
valued minimal graph. Then G is stable with respect to compactly supported
ambient deformations in the sense that for all p € CH(U),

(S6) [ lacles [ vl
reg GNU reg GNU

PROOF. If p € CL(U) is so that
spt o N Bg = 0,
then p o € CL(M) and it has

[ 1auPeoo? < [ [Vuteon
M M

Translating this back to the graph we obtain the desired inequality (Sq).

If however the support of ¢ contains branch points, meaning spt ¢ NBg #
() then we cut this part off using a sequence (n; | j € N) of functions in CL(U)
with properties as listed in Lemma 3.2.7. Indeed then (1—7;)¢ € CH(U\Bg)
and thus (Sg) holds with this test function,

(3.6) / AP — ;)% < / Vel(l— n)e}
reg GNU reg GNU

The right-hand side can be bounded uniformly in j because

/ Vel(1—n)e}? <2 / Vomi?e® + (1 — ;)2 Vel
reg GNU reg GNU

and as j — oo we can separately estimate

(3.7) [ Wenet o
reg GNU

and by dominated convergence

(3.8) / (1— 02|Vl — Vgl
reg GNU reg GNU
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In fact we can compute the bounding integral in (3.6) more precisely and
show that the cross-term also has

(3.9) 2/ (1 —=n;)¢e(Ve(l —n;),Vap) = 0as j — oo.
reg GNU

On the left-hand side of (3.6) we may pass to the limit by Fatou’s lemma,
so that letting j — oo we obtain the desired inequality

/ [Acl?¢? < / IVael®. O
reg GNU reg GNU

REMARK 3.2.12. In fact (Sg) holds for larger class of test functions,
which allow us to move the two sheets near a classical singularity X € Cq
independently. Indeed if » > 0 is small enough that we can decompose
G N B.(X) = ¥1 U3y into two smooth, single-valued graphs intersecting
transversely along the classical axis sing GNB,(X) = CaNB,(X) = X1NXy,
then their respective pre-images :~'(¥;) C M are disjoint, and we could
glue together any two ¢; € C1(:71(%;)) to a function defined on the whole
manifold M.

We refer to the inequality (Sg) in this lemma as the stability inequality.
Using [Hut86] we have the following immediate corollary for sequences of
two-valued minimal graphs; see (Sy ) on page 25 for the definition of ambient
stability.

COROLLARY 3.2.13. Let (u; | j € N) be a sequence of two-valued minimal
graphs u; € C1(Dy; Ag), and suppose that their graphs converge weakly in
the varifold topology to a limit varifold V € IV, (D2 x R),

|G| = |graphu;| = V as j — oc.

Then V 1is stationary and ambient stable.

3.3. AREA ESTIMATES FOR TWO-VALUED MINIMAL GRAPHS

3.3.1. Area bounds for two-valued minimal graphs. Here we ex-
tend the classical area estimates, which are well-known for single-valued
minimal graphs, to two-valued minimal graphs by adapting the arguments
presented in [GT98, Ch. 16].

PROPOSITION 3.3.1. Let a € (0,1/2), and let u € CY¥(Da,; A2) be a

two-valued minimal graph. Then
H"(GNB,) < 2w, (1+n)r",

where wy, = H"(Dy).
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PROOF. Let n € CL(Ds,) be a test function with n = 1 on D, and
|Dn| < 2/r. Next define ®(z, z) = n(z)z,, where

rifz>r
(3.1) Zr=92z i —r<z<r
—r ifz < —r.
Then by the (two-valued) chain rule we get
D(®(z,u)) = Dn(x)ur + {D-®(x, ui(x)) Dui(x)}.

This is clearly well-defined at any x € Da, \ By; in fact the same is true at
branch points z € B, because the two components of Du(z) € A2(L(R™;R))
agree there. We evaluate this expression to be

D((I)(x7 u)) = D77($)u7’(x) + U(ﬂf)l\u|<rDU(37)-
As n is compactly supported inside Do, we get fDQT\Bu|D(<I>(:1:,u))\ < 400.
Then Proposition 3.2.1 justifies

(3.2) /D wn(T(Du), D) + n(T(Du), DuYT .y = 0,

so that

Dul?
(33) [ e <o [ o
Dr v D27‘

The area of the graph is bounded by the integral H*(GNB,) < [ V1<)
which we split as

1 Dul?
[ e+ [ P <2000, +rean o),

whence we conclude by replacing cap,(D,) = H" 1(S? 1) = nw,r"~t. O

A similar argument yields area bounds in the cylinder above the disc
D,. A detailed proof in the single-valued case is given in [GT98, Ch. 16|, to
adapt it to two-valued graphs one makes the same modifications as above.
These will be used in the proof of the gradient estimates (see the proof of
Lemma 3.4.2).

LEMMA 3.3.2. Let a € (0,1) and u € CY%(Da,; A2) be a two-valued
manimal graph. Then

H"(G N D, x R) < 2w, (1 + nr~ L sup|jul]).

Doy
3.3.2. Improved estimates for convergent sequences. Let (u; |

j € N) be a sequence of two-valued minimal graphs u; € Ch%(Da,; As).
Suppose additionally that the corresponding sequence of varifolds |G;| =
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|graphu;| converges to a stationary integral varifold V' € IV, (Ds, x R).
Suppose additionally that V is vertical, that is cylindrical of the form

V =Vo x Repya

for a stationary varifold V € IV,,_1(D2;). (This scenario typically—though
not always—arises when the sequence (u; | j € IN) is obtained as the blow-
down sequence of a single entire graph u € C1*(R™; A3).) When this arises

we can sharpen the estimates of Proposition 3.3.1.

COROLLARY 3.3.3. Let (u; | j € N) be a sequence of two-valued mini-

mal graphs u; € CY%(Day; As). Suppose that they converge to a stationary
varifold V € IV, (Dy, x R),

|G| = |graphu;| =V =V x Repq1 as j — oo.
Then
(3.4) limsup H"(G; N By) < 2nwy,r".
Jj—00
Proor. The proof is the same as for Proposition 3.3.1, splitting the
integral bound of H"(G; N By) < [, vjljy;|<, into

1 | Duj|?
_ ]
/ Uj]l|uj|<r—/ —Lyy<r + Ly <r-
D, D, Uj D, Yj

. . |D’U,J‘2
The second integral can be bounded like fDr . Ljjj<r < 2r fD2T |Dn|,

where n € C1(Dy,) has 7 =1 on D,.
To confirm that the first integral goes to zero as j — oo we use the

varifold convergence |G| — Vo x Repq1. Let K C Do, be a compact subset
containing D, and 7 > 0 be a small constant. Then define a subset E,, C
Grp(D2r x R) = Do, x R X Gr(n,n+ 1) by

E.,={(X,8) = (2, X"} S) € Gro(KxR) | | X" <, |(Ng, ens1)| > 7},

where we write Ng for the (unoriented) unit normal to S.

As (Vo x Rep41)(Er,) = 0 and the set E;, is compact the weak conver-
gence |G| — V means that given any € > 0 we can impose j > J (7,7, €, K)
to ensure |G;|(Er,) < e. Define next a subset E,, ; C Da, x R by

Erpj={X = (2, X""") ereg G; N K x R| |X" " <70 TH(X) > 7}

so that H"(E;,; N K x R) < e provided j > J(7,7,€, K). Push forward the
integral fDT %Il|u|<r to an integral on the graph G, which we then divide by

conditioning on the set F., ;, meaning

1 1 1
/ Ly j<r = / — dH" +/ — dH".
D, Yj E; . iNDrx(—rr) Uj (Gj\Er,r;)NDyrx(—1,r) Uj
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These can be bounded separately; the first simply has
1
/E — dH" <H"(Errj) <ce

i Drx (=r,r) Uj

whereas for the second we can use the gradient lower bounds ng- > 772 in

(Gj \ Errj) N Dy x (—r,7) to deduce

1
| Ea
(GH\Er 7 )NDy- X (—1,7) V]

<H"(GjN D, x [, 7‘])72 <2||V|[(D, x [, r])7'2

at least for j > J(r,¢,r, K), updated to ensure that the area of G; inside
D, x [—r,r] can be bounded in terms of ||[V||. Now letting 7,¢ — 0 and

accordingly J — oo we obtain that [, %]l|uj|<r — 0 as j — oo.
r Uj

R Du;|? .
Thus we obtain limsup,_, [/, ‘%l‘uﬂq <2 [p, |Dnl|. Varying over
functions with ) € C}(Ds,) with n = 1 on D, we obtain limsup,_, ., H"(G;N
B,) < 2rcap;(D,) = 2rH" 1(S?71) = 2nw,r™. O

This estimate is easily improved to strict inequality, valid under identical
hypotheses. Indeed, revisiting the proofs of the original area bounds of
Proposition 3.3.1 we notice that these in fact yield estimates for the area
inside the cylinder D, x (—r, 7). The same is true for the sharpened estimates
we just derived. As V is vertical, its weight measure ||V|| charges the region
D, x (=r,r) \ B, by a positive amount. This is precisely the amount by
which the inequality can be improved. However, this improvement cannot
be estimated precisely because the mass of V' could be unevenly distributed,
with a larger concentration near the origin.

This problem is avoided when it is known that the limit is a cone, that
is V= C = C°” x Reyy1. Indeed then a simple calculation, the details
of which are provided below in the proof of Corollary 3.3.4, shows that
ICII(B1)/]IC||(Dy x (—1,1)) = OW/Z cos™ 6 df, which in what follows we de-
note I, € (0,1). This can be expressed in terms of Euler’s I'-function, and
comparing it with the expression for w, we find that I, = w,/(2w,—1). The
well-known values of these let us give exact expressions for the achievable
improvement, given in Table 1.

Notice that the value of I,, decreases with n. Nonetheless the improved
bounds, which we state in Corollary 3.3.4 increase with n. This is because the
estimates previously obtained increase quicker than I,,. For large n one may
use the well-known asymptotics for the I'-function to find I,, ~ \/W ,
whence the estimates grows like 2nl, ~ V21mn as n — oo. Luckily we are
most interested in the values of 2nl, for small values of n, up to seven. For
this range the estimates obtained in Corollary 3.3.4 are effective, and crucial
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TABLE 1. Values for the volume w,, of the n-dimensional unit
ball for 2 < n <7, along with the improvements I,, obtained
in the area estimates and their approximations [I,]s up to
two decimal places.

n 2 3 4 5 6 7
Wn, 7r 47 /3 n2/2  8x%/15  7w3/6  1673/105
I, /4 2/3 3n/16  8/15  57/32  16/35

[In]2 0.79 0.67 0.59 0.53 0.49 0.46

TABLE 2. Values of the improved estimates 2n1, for the area
of two-valued minimal graphs in the unit ball B?H (up to
multiplication by wy,) for 2 < n < 7 along with their approx-
imations up to two decimal places.

n 2 3 4 3 6 7

onl,, ™ 4 3x/2  16/3 15m/8 32/5
2nl,), 3.14 4 471 533 589 64

for the remainder of the text. Their expressions and approximate values are
given in Table 2.

COROLLARY 3.34. Let (uj | j € N) be a sequence of two-valued minimal
graphs u; € C1*(Dag; As). Suppose that

|Gj| = C =Cp xRepq1 as j — o0
to a stationary cylindrical cone. Then
(3.5) limsup H"(G; N By) < 2ndpwy,
Jj—00

where I,, = 0”/2((:05 6)" dé.

Proor. Note first that the area bounds of Proposition 3.3.1, as well
the sharpened bounds of Corollary 3.3.3 in fact yield bounds in the cylin-
drical region D, x (—r,r). Thus from (3.4) we could in fact infer that
limsup;_, o H"(G;N Dy x (=7,7)) < 2nw,r". This is because area bounds we
prove here all start with the bound H"(G;NB,) < fD'r 01}, |<r; In this case
with the value » = 1. Simply noticing that in fact H"(G; N Dy x (—1,1)) <
fD1 01}, |<1 allows us to use the initial arguments of the proot ot Corol-
lary 3.3.3 to conclude the weak inequality

(3.6) IC||(D1 x (—1,1)) < 2nwp.
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Next, as C is invariant under homothetic rescalings, we can precisely
calculate the ratio to be

(3.7) ICI(B)/IICII(D1 x (=1,1)) = I,

provided this is not the zero measure. Indeed, we may use the co-area formula
under the guise of Lemma 28.1 in [Sim84] to ‘slice’ the cone by the level sets
of the function X = (z, X"*!) s |z|, meaning the sets D, x R where
0 <7 <1 in our case. This yields a family of varifolds (C) | 0 < < 1) of
codimension two so that for all open sets U C D1 X R,

1
Iclw) = / ICO (U oD, x R)dr.
0

As the limit cone is cylindrical of the form C = Cy x Rey+1, the same
holds for the C = C!") x Re,+1, and we may use the co-area formula again
with respect to the height function (z, X"*1!) s Xn+1

1 1
ICll) = /0 / 181w oD, x (:}) =

where we use a slight abuse of notation to simplify the integrated expression.
We apply this formula with U = By and D; x (—1,1) respectively, and
use the homothetic invariance of C to rewrite

1
IC(B1) = 2[1Cf|(2D1) /0 21— )12y,

1
ICIDy x (-1, 1)) = 2|5} (9Dy) / P2 dr.
0

We may evaluate the former integral via a simple change of variable, yielding

01 21— ) 2dr = (n—1)"1 Oﬁ/2(cos 6)" df, which we also denote (n —
1)~'1,. Comparing the two equations confirms the identity (3.7) that was
claimed above.

Combining this with the initial bounds from (3.6) we obtain
ICII(B1) = In[|C[[(D1 x (=1,1)) < 2nlpwn.

This is equivalent to (3.5) because the weight measure ||C|| of the limit cone
does not charge 0B;. g

Although these improved estimates hold in the relatively general setting
described above, we essentially exclusively apply them in situations where
the structure of the limit C = C° x Re,1 is known a priori. Specifically
we consider the case were the limit is P = P? x Rey 11 is a sum of vertical
planes II; = H? X Reyn 11, where each plane has multiplicity m; either one or
two. We point out that we do not additionally assume that the planes meet

along a common axis, although this case is included in our analysis. The
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proof of the improved estimates is somewhat more straightforward under
these hypotheses. This motivates restating the estimates as a stand-alone

result.

PROPOSITION 3.3.5. Let u; € Ch*(Da; As) be a sequence of two-valued
minimal graphs with |G;| — P = 3, mj|H?\ x Repq1. Then 3 ;m; <
|2n1,].

Proor. Every plane II; = H? x Rep41 contributes precisely 2mjw,—1 to
the total weight ||P||(Dy x (—1,1)) in the cylinder. This in turn is bounded
by the area estimates from Corollary 3.3.3, whence zj 2mjwn—1 < 2nwy,, or
indeed Zj mj < nwp/wp—1 = 2nl,. O

3.3.3. Further qualitative improvements. Let o € (0,1) be fixed,
and u; € C1%(Ds;A2) be a sequence of two-valued minimal graphs. We
return once again to the original setting of the previous section, where we
obtained improved estimates under the a priori assumption that the se-
quence converges to a vertical varifold V =V x Rep11 € IV, (D2 x R). We

obtain a tiny further improvement on the area estimates derived there.

COROLLARY 3.3.6. Let o € (0,1), and uj € CH%(Da; As) be a sequence
of two-valued minimal graphs with |G;| =V = Vo x Rep41 as j — 0o. Then
there is 6y > 0 so that limsup,_,, H"(G; N D1 x (=1,1)) < (1 — dv)2nwn.

PrOOF. We first explain how to obtain these estimates, under the as-
sumption that there is an open set U C Dp with spt|[Vp]| N Dy € U and
Per(U) < Per(Dy).

Given arbitrarily small § > 0, there is n € C}(Dsy) with n = 1 on U
and fD2|D77| < (14 6)Per(U). Let 7 > 0 be small, and recall that we write
(U)r ={X € R" | dist(X,U) < 7} for the tubular neighbourhood of U with
width 7. Now first take 7 > 0 small enough that (U), C {n = 1}, and next
take the index j > J(7) large enough that G;NDy x(—1,1) C (U), x(—1,1).

From here on we can proceed essentially in the same way as in the proof
of Corollary 3.3.3. The first step is to substitute the test function n as
above into the into the inequality (3.2). Having taking the index as large as
above guarantees that the following inequality (3.3) remains valid, meaning
that here we get [}, ]l‘uj|<1|D:;"‘2 < 2 [, |Dn|. Hence [, Ty, <1 ‘sz;j'z <

J 2 1 J '
2(1 4 0) Per(U). Now let dy > 0 be small enough that (1 + dy) Per(U) <
(1 — 8y ) Per(D1), and take § = dy in the above.
The area of G inside the cylinder Dy x (—1,1) can be split into the sum

fDl ]l‘u].|<1% + fDl Ly, 1<1 |fo?‘2. Precisely as in the proof of Corollary 3.3.3
J J

it suffices to note that the first of the integrals tends to zero as j — oo,
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whence we find that limsup, ., H"(G; N D1 x (=1,1)) < (1 — 0y)2nwn,
precisely as required.

We now turn to the construction of an open set with properties as de-
scribed above. This is particularly simple if one is not concerned about
precise estimates for the ratio Per U/ Per D; = Per U/H" (8" 1), as in-
deed here we are not. Pick some point € dD; lying a distance 2r > 0 away
from spt||Vo||. Inside the disc D, (z) consider the Caccioppoli set D,.(z) N Dy.
As D, (z) is mean convex, we may combine for example the results of [DG61]
with [Whi00, Lem. 3.4] (see also [Giu84, Thm. 1.20]) to show that there is
a Caccioppoli set E which agrees with D; outside D, (x) but has strictly
smaller perimeter: Per £ < Per D;. Heuristically this corresponds to cut-
ting out the portion dD; N D,.(z) from dD; and replacing it by a flat cap
with the same boundary. To conclude simply let U be the interior of F.
The construction depends only on spt||V||, so one can indeed find a constant
dy > 0 depending only on V so that (14 dy)PerU < (1 —4dy)Per D;. O

REMARK 3.3.7. Should one so desire, one could make the construction
above self-contained, at the price of producing a slightly less streamlined
argument. A construction by hand could go as follows. Choose a point
x € 0Dy \ spt||Vo|| as above, with dist(z,spt||/Vp]|) = 2r. Write II for the
plane tangent to 0D; at x. Provided r < 1, one sees that dD; N D,(x)
is a single-valued graph of a smooth function defined on an open, mean
convex subset Q C II, with values in II*. We denote this function f €
C>(Q;II+), which thus has D1 N D, (z) = graph f. We may then solve the
Dirichlet problem for the minimal surface equation on €2, and find a function
u € C(Q;II+) with f on 99, which by construction has H"~!(graphu) <
H"Y(graph f) = H"1(OD1 N D,.(x)). As OD,(x) is mean convex, we can
justify graphu C 9D, (z) by a maximum principle-type argument. Orient
II+ to point outward, and let V C D,(x) be the set of points lying below
graphu. The set U = V U D; \ D,(x) has the desired property, namely
Per U < Per D;.

The estimates of Corollary 3.3.6 are called qualitative because we allow
the constant dy > 0 to depend on V, rather trying to compute a value
valid for all limits, for instance depending only on n. Nonetheless they allow
for a rather useful improvement to the estimates of Proposition 3.3.5 for
two-valued graphs in dimension n + 1 = 4.

COROLLARY 3.3.8. Let n = 3, and u; € CY*(Dq; Ag) be a sequence
of two-valued minimal graphs with |G;| — P = 3, mj|H?] x Rey. Then
Zj mj § 3.
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PRrROOF. Let 0 > 0 be the constant for V= P we obtain from Corol-
lary 3.3.6. Using the same calculations as in the proof of Proposition 3.3.5
we find >, m; < (1 — 6)3ws/wz = 4(1 — 6). Taking integer values we find
Zj mj S 3. O

3.4. GRADIENT ESTIMATES FOR TWO-VALUED MINIMAL GRAPHS

Let o € (0,1) and the dimension n > 1 be arbitrary. Let u € C1%(Da; As)
be a two-valued minimal graph. In this section we derive an interior gradi-
ent estimate analogous to the classical estimates for smooth, single-valued
graphs. These can be found for example in Section 16.2 of [GT98], which we
also follow for the structure of the argument. These gradient bounds stem
from integral estimates for the function w, defined on reg G by the expres-
sion (3.1). To ensure the validity of these in the presence of branch points
(which are absent in the single-valued case), we rely on the fine properties
of the branch set proved by [KW20], specifically that it has zero 2-capacity.

The main result in this section is the following.

LEMMA 3.4.1. Let a € (0,1) and let u € CY¥(Dy; A3) be a two-valued
manimal graph. Then there exists C = C(n) > 0 so that

max|| Dul| < C exp(C supllul]).
Dy Do

We prove the equivalent version below, for discs of arbitrary radius r > 0.

LeEMMA 3.4.2. Let u € CY*(Ds,; As) be a two-valued minimal graph.
Then there is a constant C = C(n) > 0 so that

max{| Dur (0)], | Duz(0)]} < Cexp(Cmax| /7).

3.4.1. Integral estimates and a mean value inequality for w.
Define a function w at all points X € regG N Dy x R by
(3.1) w(X) = log v(X) = —log(v(X), ens1),
where v(X) is the upward-pointing unit normal to reg G at X and v(X) =
((X), ent1) "

LEMMA 3.4.3. For all compact K C Dy x R,

(3.2) sup w +/ |Vow|? < 400
Knreg G Knreg G

and w satisfies Agw = |Vgw|* + |Ag|? weakly in the sense that for all
¢ € Ci(D2 x R),

(33 - / (Vew, V) = / (IVewl + |A)e.
reg GNDa xR reg GNDa xR
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Proor. Let K C Dy x R be an arbitrary compact subset. As the

gradient of u is locally bounded, we get

sup w < +00.
reg GNK

To prove

/ Vowl|? < 400
reg GNK

we use the minimal immersion ¢« : M — R"™! with image «(M) = G\ Bg =
reg G U Cg that we constructed in 3.2.4.

Pull back w to w ot € C*®(: ! (reg G)), which we subsequently extend
across ¢+ 1(Cg) to yield a function in C°°(M), still denoted by w o ¢. This
function satisfies the PDE

(3.4) Ap(wor) —|Var(wod)]? — |[Ap|> =0

pointwise (and thus also weakly) on M. From this we may deduce the bound

(3.5) /MWM(w o )P < 4 /M|VM¢|2,

valid for all ¢ € C}(M).

Indeed if we ignore the curvature term in (3.4)—as we may because it
has a favourable sign—and integrate against an arbitrary ¢ € C}(M) we see
that

/ Var(wo )26 < — / (Var(w 0 1), Vard).
M M

Instead of ¢ we may also use its square as a test function, for which we

obtain

/ |Var(wo L)|2(;52
M

<=2 [ ¢(Vu(wor),Vug) < 2(/ ¢2|VM(U}0L)|2)1/2(/ WM@Q)UQ-
M M M
Unless [,,|Var(wo 1)|?¢? = 0 we may divide both sides by its square root,
yielding (3.5). (If the integral vanishes then the inequality is trivially satis-
fied.)
In particular, if we take ¢ € C1(Dy x R\ Bg) and let ¢ = o and
translate (3.5) to the graph, we obtain

(3.6) / Voults* <4 [ Vol
reg GNDa xR reg GNDa xR

To extend this through the branch point singularities of G, we once again em-

ploy the sequence (n; | j € N) with properties as described in Lemma 3.2.7.
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Then proceed as in the proof of Lemma 3.2.11, namely take ¢ € C}(Ds x
R) and substitute the test function ¢(1 — n;) into (3.6), yielding

/ IVaw|?o? (1 —n;)?

reg GNDa xR

< 4/ 0*|Van;P+20(1-n;)(Vap, Va(l-n))+Vapl* (1-n;)%.
reg GNDa xR

The terms on the right-hand side are identical to those on the right-hand side
of (3.6), so that we may justify passing to the limit 7 — oo as in (3.7),(3.8)
and (3.9). We thus obtain

(3.7) / Voults* <4 [ Vel
reg GNDa xR reg GNDa xR

justifying passing to the limit on the left-hand side by an application Fatou’s
lemma, again as in the proof of Lemma 3.2.11. This justifies (3.2).

To show that w is a weak solution of the PDE Agw = |Vgw|? + |Ag|?
we proceed in much the same way. The integral identity (3.3) is obtained
for test functions ¢ € C1(Dy x R\ Bg) by working with the immersed M
instead, as above. Using the same sequence (n; | 7 € N) of functions, we
then obtain

- / (Vew, V{(1—n)p}) = / (Vewl+lAaP)e(1-ny).
reg GND2 xR reg GND2 xR

For the right-hand side of the identity, we may let j — oo by dominated
convergence, which we can justify using our previously established local L?2-
bounds for Ag and |Vgw| from (Sg) and (3.2) respectively.

For the left-hand side of the identity, we expand

- / (Vew, V(1 — )¢}
reg GND2 xR

- / (Vew, Varnshe — (Vew, Vap)(1 - 7).
reg GNDa xR

and repeat calculations akin to those in the first part of the proof, noting
that the bounds of (3.2) justify both the limit

/ (Vow, Vanj)e
reg GND2 xR

1/2 1/2 .
< sup |cp|(/ |VGw|2) / (/ \Vgnj\Q) / —0asj—
DoxR reg GND2 xR reg GNDa xR

and the application of dominated convergence to deduce that

/ (Vaw, Vo)L — ) - (Vaw, Vo) as j — .
reg GNDa xR reg GNDa xR
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Thus we have derived the identity (3.3), which concludes the proof of the

lemma. O

REMARK 3.4.4. We could have derived the integral estimate for |Vgw]
in (3.2) differently, using the local curvature bounds that follow from the

stability inequality (S¢). Indeed at all regular points (v, e,41) > 0, hence
(3.8) Vowl|? < |[Ag]*((v,ens1) % — 1) on reg G,

where we used the fact that Vo (v, eni1)]? < |Acl?(1 — (v,en41)?). Given
any compact subset K C Dy x R, the term (v, e,41) is bounded below, say
(V,ent1) > 0k on reg G N K. Then integrating (3.8) we obtain

(3.9) / Vol < (522 - 1) / AP,
regGN K

whence we get fregGﬂK‘vaP < Ck for some Ck > 0 using (Sg).

We chose to include the longer derivation in our proof, as it yields the
more precise fregGmD2xR|va|2‘P < 4fregGﬁD2><R‘vG(p‘2’ valid for all ¢ €
Cl(Dy x R). We will also use this in the derivation of the interior gradient
estimates (see the proof of Lemma 3.4.2 below). Compare this with the less
useful inequality derived by arguing as above, essentially combining (3.9)
with the stability inequality (Sg) to yield fregGmDﬂR\VGw\Qapz < (62—
1) fregGngxR‘vG‘PF? where ¢ € C}(Dy x R) and sptp C K.

Let us quickly comment on a subtlety in the proof. The function w =
—log(v, €5,41) is only defined on the regular part reg GN Dy x R, and cannot
be extended continuously across Cg N Do x R. However after pulling w back
via the immersion ¢ : M — G \ Bg we obtain a function w o ¢ which we can
extend smoothly through :=!(Cg). This in turn allowed us to integrate by
parts, yielding formulas which translate to G.

This way one obtains the following identity, valid for all ¢ € C?(Dy x

R\ Bg):
(3.10)
(Agp)w = —/ (Vap, Vow) = / pAgw.
reg GND2 xR reg GND2 xR reg GND2 xR

From this, we may verify using a capacity argument that for ¢ € C?(DyxR),

(3.11) —/ (Vap, Vow) —/ pAgw.
reg GNDa xR reg GNDa xR

Let again (n; | 7 € N) be a sequence of functions with properties as de-
scribed in Lemma 3.2.7. By a mollification argument for example, we may
additionally impose that n; € C>°(D2 x R) for all j. If ¢ € C?(Dy x R)
then (1 —n;)p € C2(Dy x R\ Bg) is a valid test function in (3.10).
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Focus on the two integrals in (3.11). For the first, we may justify taking
the limit
/ (Ve{(l =nj)e}, Vow) — (Vap, Vaw) as j — oo
reg GNU reg GNU

as usual, whereas for the second note that on reg G,
o(1 = n)Agw| < [ol(|Vawl* + |Ag|?) for all j.
As K = spt ¢ is compact, by stability and (3.2) there is a Cx > 0 so that
/ IVowl* + |A¢|* < Ck.
reg GNK
Finally, dominated convergence allows taking the limit
/ o(1 —nj)Aqw — pAgw as j — o0,
reg GNU reg GNU
which confirms the identity (3.11) claimed above.
By dropping the curvature term from the (weakly satisfied) PDE Agw =

|Vowl|? + |Ag|? one sees that w is weakly subharmonic on G through the
branch set. As a consequence it satisfies the following mean value inequality.

COROLLARY 3.4.5. Let X = (z, X"™!) € Dy x R. Then for all 0 < o <
p<2— |z

(3.12) p_"/ w—a_"/ w
reg GNB,(X) reg GNBs (X)

>

/ w|DLr|2r=m > 0.
reg GNB,(X)\Bs(X)

REMARK 3.4.6. Similar, though not identical, inequalities can be found
for example in [Sim84, Ch.18|. However, the literature does not seem to
contain a proof of the above under the hypotheses we consider, so we give a
detailed derivation following the steps of Simon’s proof of the monotonicity
formula for area [Sim84, Ch.17].

Proor. To simplify notation, we may assume without loss of generality
that the point X lies at the origin and p < 2. We use a two-parameter family
of Lipschitz cutoff functions (ys5s | 6 € (0,1),s € (0, p)) constructed by first
setting

1 ift<1-9,
wt) =91 -t)/5 ifl-6<t<l,
0 ift>1

and then rescaling

V5,5(t) = vs5(t/s) for all t € R.



74 3. TWO-VALUED MINIMAL GRAPHS

Moreover we write r = | X| and define the radial functions
Y5.5(X) = v55(r) for all X € Dy x R,

which all have sptvss CC B, C Dy x R. Fix ¢ € (0,1) and s € (0, p), with
the eventual aim of letting § tend to zero.

Although the vector field 75 4(r)Xw is not Lipschitz we can justify its
use in the first variation formula using a quick capacity argument. Let
(n; | j € N) be a sequence of cutoff sequences with properties essentially as
described in Corollary 3.2.8, namely n; € C}(D2 x RNreg G) with 0 <n; <1
and n; = 1 on (Bg),; N B, for some r; — 0. Moreover as j — oo, n; — 0 H"-
a.e. on reg G N B, and freg Gme|Vg77j|2 — 0. As these cut out the branch
set, the vector field (1 — 7n;)vssXw is a valid choice in the first variation
formula, and yields |

reg GNB,
expression to get |[(1 — ;) diva(yssXw)| < [|yssXw||Van;|. The right-

divg ((1 —nj)7875Xw) = 0. We can expand this

hand side tends to zero by the Cauchy—Schwarz inequality. On the left-hand
side we justify the convergence [(1 — 7;)divg(yssXw) — [diva(yssXw)
by dominated convergence, after noticing that [|dive(yssXw)| < co. Hence

we have
(3.13) / divg(vyssXw) = 0.
reg GNDa xR

Following the computations in [Sim84, p. 83] we see that divg(ys.X) =
n7s,s + 175 (1 — | DEr[?) pointwise, and (3.13) leads to

(3.14) n/ fy(;,sw+/ Y5, 5W
regGND2 xR reg GND2 xR

/ 1.2
-/ sl [ a(Vaw, X).
regGND2 xR reg GND2 xR

To somewhat abbreviate this integral identity we define the two functions
Is, Js : (0, p) — R by setting, for all s € (0, p),

Is(s) = / Vs,sW,
reg GND2 xR

Js(s) = / 757Sw|DJ‘r|2.
reg GND2 xR

Notice that these are both differentiable in s with respective derivatives
s, 07,5

Ii(s) = [ 2w and Ji(s) = [ “2w|D+r|?. Note V5.5(1) = 1/875(r/s) =

1/(rs)vs(r/s), so that ry; (r) = —s%’y(;,s(r). Thus we can rewrite (3.14) as

nls(s) — sl5(s) = —sJs(s) —/ v5,s(Vaw, X) for all s € (0,p).
reg GNDa xR
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n—

Multiply this equation by s~"~! and notice that this is

d -n -n —n—
d—(s Is(s)) = s "J5(s) + s 1/ ¥s,s(Vaw, X).
S reg GND2 xR
Integrate this identity for s € (o, p) to get
(3.15)
p

p
o I5(p) — 0" I5(0) = / SIL(s) + / / s (Vew, X).
o o reg GNDa xR

The eventual aim is to let § — 0 in this identity; this will yield (3.12) and
conclude the proof. Before we do this, we separately integrate both integrals
on the right-hand side by parts. For the first, we obtain

(3.16)
[ = o750 — o o)+ [ a(s)

o
p

= / w|DLT|2{p_n’75,p - O-_n’}/é,a + TL/ 5_n_175,s} dH".
regGND2 xR o

For the second integral, first fix s € (0, p) and notice that Vg (r? — s?) =
2XT. The identity JpsxRoves @ divg(vs.5(r? — s?)Vgw) = 0 is equivalent to

2 / Y5,s(Vow, X)
reg GNDa xR

- (Bawns(r?-s) - [ (12 = %) (V s, V).
reg GNDa xR reg GNDa xR

The first integral on the right-hand side is equal to — freg GﬁDng(|AG‘2 +
|Vaw|?)7yss(r? — s?), and is non-negative. From the identity we only retain

the inequality

2 | elow, X) = - [ (12 = 82) (Veriss: Varu).
reg GND2 xR reg GND2 xR

Notice that

xXT
_ 14 _
VG’YJ,S = (35) r 133\3(1—5)57

so using the co-area formula we can estimate the integral on the right-hand
side like

/ (r* = $*)(Vass: Vaw)
reg GNDa xR
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As 6 € (s(1—9),s) we get 52 — 62 < 526(2 — §) and
/ (5 ~ )T Vow)
reg GNDa xR

g/ / (2—5)5|Vcw|:(2—5)s/ Veuwl.
(1—8)s JOBgNreg G reg GNBs\B(1_s)s

Then integrating this over s € (o,p) we obtain a bound for the second
integral in (3.15),

(3.17) ‘/ ”1/ 758<2/ / V],
reg GND2 xR regGﬁBS\B(l 5)s

As we announced above, we may now let § — 0 at the same time on the
left-hand side of (3.15), in (3.16) and (3.17), justifying the convergence each
time by dominated convergence. Thus

p "I(p)—o "I(o) > §1_I>1(1) { /P sfnJZ;(S)},

g

where we write I(s) = freg anp, W for all s € (0,p). We conclude by evalu-
ating the limit on the left-hand side, which is

/ w|DJ‘r|2{p_” —o0 "o +(rVo) " = p_”}
reg GNB,

= / w|DrPr
regGﬁBP\EJ

Therefore we obtain
p "I(p)—oc "I(c) > / w| D r|?r ™,
reg GﬁBp\E(r

which establishes (3.12) and concludes the proof. O

3.4.2. Proof of the gradient bounds. We place ourselves in the sit-
uation described in Lemma 3.4.2. Let u € C1%(Ds,; As) be a two-valued
minimal graph. Write u1(0), u2(0) for the two values of w at 0 € R", with
corresponding Duy(0), Duz(0) € R™. Note that we may consider w as a
two-valued function defined on Ds,., including at the singular points of u.

Applying the mean value inequality at either point X; = (0, u;(0)) we
obtain p™" meBp(Xi) w—o " fGﬂBo(Xi) w>0forall) <o < p < 3r. Fixing
p =r and letting 0 — 0 we find

lim {(wnan)_l/ w} < (wnrn)_l/ w.
o—0 reg GNBs (X;) reg GNBr(X;)

If X; is regular, then the limit on the left-hand side is w;(0) whereas if X is
singular then it is equal w;(0) + w2(0). Translate the graph so that 0 € G
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and w the larger of its two values there. In both cases
(3.18) 2 max{w; (0), ws(0)} < (wnr™)~) / w.
reg GNB,
This allows us to reduce the proof of Lemma 3.4.2 to an estimation of the
integral on the right-hand side of (3.18).

CLAIM 1. There is a constant C' = C(n) so that if u € C1¥(Ds,; Ag) is

a two-valued minimal graph with 0 € G then

/ w< O+~ sup|lull).
reg GN B,

D2r

PROOF. We split the integral freg Gnp, W = f‘wl2+u2<rg wv into the sum
2
of f|x|2+u2<r2 w and f|x‘2+u2<r2 @w. The former is easier to estimate, as
w < v. Therefore f|r‘2+u2<7,2w < H™(G N B,) < C(n)r™, using the area
bounds of Proposition 3.3.1.

We estimate the latter under the weaker restriction that |z| < r, |u| <,
for notational convenience. Let 7 € C1(Ds,) be a standard cutoff function
with 7 =1 on D, and |Dn| < 2r~!. We write

1
Bz, 2,p) = 3 log(1 + 19z + ),

where z, is defined as in (3.1), meaning that here

2r if z>r,
Zr+r=<Rz+r if—r<z<r,
0 if z < —1r.

One may then check that ® satisfies the required hypotheses laid out in
Proposition 3.2.1 to justify its use as a test function in the equation (3.4).
The only hypothesis we check here is (3.3),

(3.19) / D(®(, u, Du))| < +oo.
D3T\Bu
As ®(x,u, Du) = (u, + r)nw we calculate its derivative as

(3.20) D®(z,u, Du) = Dul|g)cr ju|<rnw + Dn(uy + r)w + Dw(uy + 1)1

Only the last term is not locally bounded. Instead we find the following
integral bound. (The main observation underlying this bound, as proved in
Claim 2, is the pointwise inequality (3.23). The unwieldiness of the proof is
caused by the possibility of branch points in Ds,..)

CLAIM 2. For all compact K C Ds, there is a constant Cx > 0 so that

(3.21) | ulz | Vu| < Cr.
K\B. reg GNK xR
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ProOOF. This essentially follows from the integral estimates for |Vgw| in
(3.2). To justify this rigorously we proceed as follows. First we extend the

two-valued function
1
w = {wy,wz} = Q{log(l + | Duy|?),1og(1 + |Dua|*)}

to a two-valued function defined on the cylinder D3, xR by setting it constant

in the vertical variable,
(3.22) w(w, X = w() = {wi (2), wa(a)}

for all (z, X"*1) € D3, x R.

Near points z € Ds, \ B, we can make a local selection for u by say
uf,uf € C*®(Dy(x)) so that u = {uf,u3} in Dy(x). This selection is also
valid for w, meaning that also w = {w],wj}. Of course this relation also
holds for the extension of w to D,(z) x R.

In the cylinder D,(z) x R we split the graph into the transverse union

G N D,(z) x R = graphuf U graph uj.
Abbreviating G7 = graphuy for i = 1,2 we can separately calculate
|vawzz(ya YTH_I)‘Q = ‘Dw;v(ya Yn+1)|2 - |<VG;”7 Dw;v(ya Yn+1)>|2

at all Y = (y,Y"!) € Dy(x) x R. As the w? are both independent of the
vertical variable we obtain that for ¢ = 1, 2,

(3.23) [(vGz, ent1)|| Dwyi| < [Vgewi| on Dg(z) x R.

Next we split the integral fDU(x)]Dw| = fDU(x)]Dwﬂ + fDU($)|Dw§|, and
separately bound the two terms using (3.23), that is for i = 1, 2,

Dw®
[ ipari= [ Dl Verull.
Dy () G*NDy(z)xR Y G*ND,(z)xR  °

where recall v¥ = (1 4 |Du?|?)'/? = (vgz, ent1) " Thus we obtain

/ Dl < / Vel
Dg(z) reg GNDg ()

which is finite by (3.2) for example.

We may now return to the original problem of estimating the integral
fK\Bu|Dw\. We may take a countable cover of the set K \ B, by some
collection of discs (D, (7;) | j € N) centered at points z; € K \ B, with

ng (.ZCJ) C Ds, \ B,

and let (p; | j € N) be a partition of unity subordinate to the cover. Justi-
fying the permutation of the sum and the integral by monotone convergence
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for example, we can decompose [}, D \B, | Dw| like

(3.24) / |Dw| = Z/ | Dw|p;.
KﬂDgr\Bu KﬂDgT\Bu

JEN
Arguing as in our derivation of the inequality (3.24) we can bound each of
the integrals on the right-hand side by

/ |Dwlp; < / IVew|p;,
K\Bu reg GODUJ_ ('I.j> xR

where we extend p; to a function defined on Dy, (x;) xR by setting it constant
in the vertical variable, as we did for w in (3.22). Finally we may use
monotone convergence once again to permute sums with integrals, yielding
the desired

/ Du| g/ Veul < Cr,
K\B. reg GNK xR

where the last inequality comes from (3.2). O

As we imposed that sptn C Da,, the inequality (3.21) from the claim
applied with K = Dy, confirms the boundedness required by (3.19). We
may thus substitute the expression (3.20) we calculated for D®(x,u, Du)
into (3.4) to get

Du
/D <T7 Duu|x\<r,\u|<rnw + Dn(uT + T)w + Dw(uT + T')77> =0,
3r

so that

D 2
/ ﬂw < 2r/ | Dn|w + | Dw|n.
|| <r |ul<r U |z|<2ru>—r

To justify the expression on the left-hand side, simply note that for i =1, 2,
wherever u; > —r we have (u;), +r < 2r, and if u; < —r then (u;), +7 = 0.

The proof then boils down to separately estimating the two integrals

/ |Dnjw  and / | Dw|n.
|z|<2ru>—r |z|<2ru>—7r

The first integral is easier. Indeed using the fact that w < v and the area
bounds of Lemma 3.3.2 we get

/ |Dn|w < 2rYH™(G N Dy, x R) < C(n)r™" 11 + Mr™1),
|z|<2ru>—r

where we set M = supp, |lul|.
For the second integral fu>_r\Dw\n we may start by arguing as in the
proof of Claim 2 to justify that

(3.25) | u< | Vauln.
u>—r reg GNDay X (—7,00)
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To estimate this, recall the helpful integral inequality (3.7) we used in the
proof of Lemma 3.4.3. To use it in the present context, we extend 7 to a test
function compactly supported in the cylinder Do, x R by multiplying by a
cutoff function 7 € C1(R) in the vertical direction. We further impose that
7=1on (—r,M) and sptT C (—2r, M + ) with |7/| < 2r~!. Then from
(3.7) we obtain

(3.26)

/ |Vqwl|?*m?n? < 8/ IVar*n® + 7°|Vanl* < 64r*H" (G Nspt ¢).
reg G reg G

Estimate the right-hand side of (3.25) with Holder’s inequality,

/ Vouly
reg GNDay X (—1r,00)

< (H™(G N Dy x (=21, M +1))/? (/

1/2
Vawn?) ",
GND2, X (—7',]”)

and combining this with (3.26),
/ |Vow|n < 8 "H™(G N Dy, x R).
reg GNDay. X (—7,00)
This in turn can be bounded using the area estimates from Lemma 3.3.2:

H(G N Dy x R) < C(n)r™(1 + Mr~1). This yields the desired bound for
Jus—,/Dw|n via (3.25), and concludes the proof of the claim. O

3.5. A REGULARITY LEMMA FOR TWO-VALUED MINIMAL GRAPHS

3.5.1. A maximum principle near branch point singularities.

LEMMA 3.5.1. Let a € (0,1) and u € CYY(Dy; As) be a two-valued

minimal graph. Suppose that at the origin
u(0) = {0,0} and Du(0) = {0,0}.
Let e € R™ x {0} be a unit vector. If (Du,e) <0 on Dy then (Du,e) = 0.

PRrROOF. To be precise by (Du,e) < 0 we mean that (Du;(x),e) < 0
for i = 1,2 and all x € Ds. This is equivalent to (v¥(X),e) > 0 for all
X € regGN Dy x R, where v is the upward-pointing unit normal to graph u.
We argue by contradiction, assuming that (v, e) is non-negative but does not
vanish identically. It is well-known that the function (v, e) is a Jacobi field
for G, that is it satisfies the equation A(v, e)+|Ag|*(v, e) = 0 both pointwise
on reg G and weakly through singularities of G. (The justification for this
can be made in essentially the same way as when working with (v, e,11) in
the above.) Moreover, by the standard strong maximum principle, we know

that (v,e) > 0 on reg G, meaning that we can define a smooth function
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we € C%(reg G) by
we(X) = —log(r(X),e) at all X € regG.

The hypotheses of the claim ensure that (v(0),e) = 0 at the origin, which
also means that w, diverges there. To avoid technical difficulties related to
this, we perturb the vector e slightly. Let 6 > 0 be a small angle, through
which we rotate e in the two-dimensional plane span{e, e,+1}, yielding the

vector
eg = (cosB)e + (sinf)eniq.
Unless we are in the pathological case where u diverges near the boundary

1
\/1+|Du|?

(V,ent1) > a> 0 on reg G N By.

of Dy, the function (v, ep41) = is positive and bounded below, say

Should w in fact diverge near the boundary, we can rescale it around the
origin by a factor A > 1 close to one, and restrict the resulting function to
Dy to reduce to the case where u is bounded near the origin.

As a consequence the rotated vector ey also has
(v,e9) > asinf > 0 on reg G N By.
We can then define the function
wy(X) = —log(v(X),eg) at all X € reg G
without running the risk of it diverging anywhere. This function has, locally

for all compact K C Dy x R that

/ wi + |Vwg|? < +o0,
Knreg G
and it satisfies the following equation weakly:

Awy — ’V’wg‘z — |A(;‘2 =0.

(These facts can be checked in much the same way as we did for the function
—log(v, ep41) in Section 3.4, see Lemma 3.4.3.)

In particular the function wy is weakly subharmonic on G, and thus by
the mean value inequality, we get that for all 0 < r < s < 1 and all points
X € By,

1 1

n/ wy < n/ we.
WnT"™" Jreg GNB,-(X) WnS™ Jreg GNBs(X)
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Applying this at the origin and letting » — 0 (as is justified by Fatou’s
lemma), we obtain that for all 0 < s < 1,

1
(3.1) 2wy (0) < / wy.
wp 8™ reg GNBg
For all § > 0 we write
My= sup wyand myg= inf (v, ep),
reg GNB1 reg GQB1< >

which are related by My = —logmy. Then
wy(0) > My + log a,

where recall o = inf(v, ep41). Indeed at the origin ((0), eg) = sin§, whereas
mg > asinf. Therefore (v(0),eg) < mp/a. Translating this to wy we obtain
wy(0) > —log(mg/a) = —logmy +log . Let § > 0 be given. As My — oo
as  — 0, we may choose a small value 6y > 0 in terms of a, d so that for all
0 € (0,6p) we also have

we(0) = (1 —6/2) M.

Substitute this into the mean value inequality (3.1) with radius s = 1, ob-

taining that

1
(2—090)My < / wy.
Wn Jreg GNBy

Let A > 0 be a parameter whose value we will fix later. Then we may
split the integral on the right-hand side by conditioning on the event that
{wg > A}, obtaining two integrals which we can separately bound by

= wy < My /wpH" (reg G N By N {wy > \})

Wn Jreg GNBiN{wg>A}
S wp < N wp,H" (reg G N By N {wy < A}).
Wn Jreg GNBiN{wg<A}

Recall that w is large only near {(v,e) = 0} C sing G N By, and hence is
bounded away from the singular set. Since the functions wy converge to w
pointwise on reg G N By, and uniformly in compact subsets K C reg G N By,
we obtain uniform bounds for the sequence too: for all compact K C reg GN

Bj there exist 0 > 0 and Dg > 0 so that for all 6 € (0,0k)
(3.2) we < DK on K.

Working in the larger ball Bs /s, we see that H"(sing G N Fg/g) = 0. There-
fore given any € > 0 we may find a finite open cover of sing G N B3/, by
balls B(Xy,71),...,B(XN,rN) with Z,ivzl rp < €. Perhaps after slightly
increasing the radii of the balls in the cover, we may arrange for reg G N By \
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U,iVZIB(Xk, ) to lie a positive distance away from the singular set. Using
the bound above in (3.2), we see that there must be a constant D > 0 so
that for all 6 € (0, 6p)

we(X) < D at all X € regG N By \ Up_y B(X, ),

after adjusting 6y to a smaller value if necessary. We may then set A = D,
and see that for all 6 € (0, 6),

N
(3.3) H"(regGN By N{wy > D}) < anr,’;‘ < wpe.

k=1

The divergence of My as # — 0 additionally lets us impose that 6 be small

enough that My > C'(n)D, where C(n) is a constant so that H" (reg GNB;) <
wnC(n), available via the area bounds of Proposition 3.3.1. With € as small

as this, we get

(3.4) D /w,H" (reg G N B1 N{wy < D}) < My.
Substituting (3.3) and (3.4) into our decomposition for 1/w,, fregGﬂBl wy
we obtain the inequality
1
(2—(5>M9§/ wy < (G—l-l)Mg,
Wn reg GNB;
which is absurd provided §, € are small enough. O

The analogous statement is a lot easier to prove for single-valued, smooth
minimal graphs. In fact, this is an immediate application of the classical,
strong maximum principle, and we used this in the proof above to deduce
that (v(X),e) > 0 for all regular points X € regG N Dy x R.

3.5.2. Regularity by a geometric argument. Here we show that
Lipschitz two-valued minimal graphs are automatically regular. This is some-
what well-known among experts in the field, although an explicit proof is
absent from the literature. Here we follow a strategy suggested to us by S.
Becker-Kahn, using the results developed in his thesis [BK17|. Our aim is to
prove the following two results simultaneously, using an inductive argument

on the dimension n.

THEOREM 3.5.2. Let u € Lip(D2;A2) be a two-valued minimal graph
with Lipschitz constant L. Then there is « = a(L,n) € (0,1) so that

u € Cl’a(DQ; Ag)

This turns out to be equivalent to the following, seemingly weaker lemma.
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LEMMA 3.5.3. Let u € Lip(R"; A2) be a two-valued minimal graph with

Lipschitz constant L. If additionally v is homogeneous,
(3.5) u(Az) = Au(x) for all X > 0,2 € R,

then u 1s linear.

PRrOOF. Before moving on to the inductive argument, let us explain how
Lemma 3.5.3 implies Theorem 3.5.2. Let u € Lip(D2;.A2) be a two-valued
minimal graph with Lipschitz constant L. This is smooth away from away
from By, so consider an arbitrary x € B, N Dy. Write X = (z, X"*!) €
Bg be the corresponding point in the graph, at height X"t = wuy(z) =
uz(x). For any tangent cone Cx € VarTan(|G|, X)—a priori these are not
unique—, there is a two-valued Lipschitz function Uy € Lip(R"; A3) with
the same Lipschitz constant, so that Cx = |graph Ux/|. This function Ux is
homogeneous as in (3.5), and thus by Lemma 3.5.3 this must be linear. In
other words there is IIx € Gr(n,n+1) so that Cx = 2|IIx|. Then by [BK17]
thereis 0 < v = v(n, L) < 1 so that for some p > 0, u € C17(D,(z); A2). As
the branch point x was chosen arbitrarily and a(n, L) := v does not depend
on it, we get u € C1Y(Dy; As).

The base of the inductive argument is simple, as when n = 1 then two-
valued minimal graphs are automatically linear. For the induction step, as-
sume that Theorem 3.5.2 holds in dimension n—1 > 1. We prove Lemma 3.5.3
in dimension n, and for that purpose consider an arbitrary minimal graph
u € Lip(R"™; Az), homogeneous as in (3.5). We claim that there is v =
v(n, L) > 0 so that u € C7(R™\ {0}; A3). To see this, let X = (z, X"T) #
0 € sing G N Dy x R. Every tangent cone Cx € VarTan(G, X) is the graph
of a two-valued function Ux € Lip(R";A2) with the same Lipschitz con-
stant. By a standard dimension reduction argument, Cx is invariant under
translation by tX for all £ € R. By the induction hypothesis Ux is linear,
and Cx is

(1) either a sum of two multiplicity one planes, Cx = |TI5| + |TI,
(2) or a single multiplicity two plane, Cx = 2|TI;¥|.

By [BK17] there exists 0 < v = v(n, L) < 1 so that for some 0 < p < ||,
u € C(D,(x); Az) regardless of whether X = (z, X" 1) is a classical singu-
larity or a branch point. As z is arbitrary and -+ can be chosen independently
of it, we get u € CHY(R™\ {0}; Ag).

To extend this across the origin, define a function w on the regular set,

(3.6) w(X) = —log(v(X),ent1) for all X € regG.
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This is non-negative and bounded, and we may let

(3.7) M= sup w>0,
reg GNOB;

and consider a sequence of points X; € regGNOB; with X; - Z € GNOB;
and w(X;) = M as i — oo.

CLAIM 3. If Z = (2,2") ¢ B N OB then u is locally linear near Z
in the sense that there is p > 0 and a smooth selection uy,up € C*(D,(2))
with u; linear and Z € graph u;.

PROOF. As the graph |G| is invariant under homotheties, so is w, whence
if X € regG then \X € regG and w(AX) = w(X) for all A > 0. There-
fore (3.7) also means M = Sup,eq o, W-

When Z € reg G N 9By then by the classical strong maximum principle
w is locally constant near Z, and thus so is so |Du|. Pick a small radius
p > 0 so that a smooth selection {u;,us} can be made for u on D,(z). We
arrange for Z € graphui. As |Duy| is constant in D,(z), it is harmonic
by inspection. By the Bochner formula, |D?u;|? = A|Duy|? = 0 on D,(2).
Thus u; is affine linear, and the homothety-invariance of G means that it
must in fact be linear.

The argument is similar when Z € Cqo N 0B;. Make a smooth selection
{u1,us} for w on D,(z) and write G; = graphu;. Define the two functions
wy,wg on G1, Gy respectively, using the analogue of (3.6). Without loss of
generality assume that G contains infinitely many points of {X; | i € N}.
As w; is continuous at the point Z, we get wi(Z) = M. From then on, one

can argue in the same way as when Z is regular. O

Now suppose Z € Bg N 0B;. This argument is a bit more involved, but
revolves around the same idea. Because Duj(z) = Dusg(z), the function w
can be continuously extended to Z. (The same is true for all branch points.)
Write v(Z) € R™"! for the unit normal, and 2|IIz| € VarTan(|G|, Z) for the
tangent plane to G at Z. As w(Z) = M > 0, this plane is not horizontal,
and v(Z) # eny1. Let P = span{e,11,v(Z)} C R" L. This intersects Iy
in a one-dimensional line, from which we pick a vector e € Iz N II with
(e,ent1) > 0. Write e = aept1 + bv(Z) for a,b € R, which are constrained
by 0 = (e,v(Z)) = alen+1,v(Z)) + b, or equivalently b = —a{ept1,v(2)).
Let X € reg G be an arbitrary regular point near Z. Then

(88)  (W(X),e) = (W(X), aens1 — alens1, v(Z)V(Z))
= a((v(X), ens1) — (enst, UZNW(X),v(2))).

Take X close enough to Z that 0 < (v(Z),v(X)) < 1, say this holds for
X € regG N B,(Z) for example. Moreover by construction (e,41,v(Z)) <
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(en+1,7(X)), and hence
(3.9) (v(X),e) >0 forall X e regGNB,(Z).

Upon decreasing p > 0 we find Uz € CY7(B,(Z)N(Z +11z);11;) so that GN
B,(Z) C graphUz. By construction e € I, and we can apply Lemma 3.5.1
to Uz to deduce from (3.9) that (v(X),e) = 0 for all X € regG N B,(Z).
Returning to (3.8) we see that this is only possible if for these points we
have both (v(X), ept1) = (V(Z), ent1) and (v(Z),v(X)) = 1. Either would
suffice to conclude that w(X) = w(Z) for all X € regG N B,(Z). Once we
have derived this, we may reason as in the proof of Claim 3 to draw the
analogous conclusion.

We use this to show that G must be a union of planes, using an argument
similar to that used to prove Lemma 5.1.4. Let R be the set of connected
components of reg G, of which there are at most countably many. Among
them we write Ry C R for those ¥ € R that are flat, meaning |Ay| = 0. The
rest is denoted R, = R \ Ry. We decompose |G| = Cy + C. € IV,,(R""1),
respectively defined by Cy = ZzeRf Ox|¥| and C. = ) rcr. Or|l|. Here
given X € R we write Oy € Z~¢ for its multiplicity, which is constant
by [Sim84, Thm. 41.1]. Both Cy, C. are invariant under homotheties, and
stationary. To justify the latter, it suffices to prove that Cy, C. are stationary
near points in Cg, as the other singularities do not contribute to the first
variation. Pick some point X € spt||Cs|| N [|C¢|| N Cq, and let p > 0 be so
that we can decompose G N B,(X) = ¥ U X5 into a union of two surfaces
embedded in B,(X), which meet transversely along sing G N B,(X). By a
unique continuation argument we may arrange for 3; C spt||Cy|| and X5 C
spt||C.||. Both X; are stationary in B,(X), whence Cy, C. are stationary
inside B,(X) too. As X was arbitrary, they are stationary in R"!. The
argument above shows that Ry # () and Cy # 0, and by Lemma 5.2.3 it is
supported in a union of planes, say spt||Cy|| =II; U---UIlp with D < 2. If
C. = 0 then we are done, otherwise D = 1 and Cy = |II;|. In this case too
one ultimately finds that |G| = |II;| 4 |Il|, for instance using [Sim77]. O



CHAPTER 4

LIMIT CONES

4.1. MULTIPLICITY AND BRANCH POINTS OF LIMIT CONES

Let o € (0,1) and (u; | j € N) be a sequence of two-valued minimal
graphs with u; € C1®(Da; As). Here we examine the situation in which these
graphs converge to a plane weakly in the varifold topology, |G| — m/|II| as
j — oo, where Il € Gr(n,n+ 1) and m € Z-o.

4.1.1. An a priori multiplicity bound.
LEMMA 4.1.1. If |G;| = |graphuj| — m|II|L Dy x R then m < 2.

PROOF. We prove first the easier case where the plane I € Gr(n,n+1)
is not vertical, that is where it is not cylindrical of the form IT = Iy x Rey 1.
The plane must have integer multiplicity m € Z~g say. There is nothing to
prove if m = 1, so we may assume that m > 2. Let a small constant 0 < 7 < 1
be given, and take j > J(7) large enough that G; N (IT); C (IT),. In fact we
have the same control over G in the whole cylinder, that is G; N Dy x R C
(IT)+. Indeed, if this were to fail then G; N Dy x R would be disconnected,
and we could write G; N Dy x R = T'j1 UTj2 where I';; N (II), # @ and
I'jo N (II); = 0. But then H"(G; N D2 x RN (II1)1) < H™(T1), and taking
limits as j — oo would yield m = 1. This is absurd as we initally assumed
that m is at least two, and hence we have confirmed that G;N Dy xR C (II).
Let L = max{X"" | X = (z, X""!) € IINDy xR}, then |Ju;(z)| < 2(7+L)
for all x € Dy. Using the interior gradient estimates of Lemma 3.4.1 we find
that there is a constant C' = C(n, L) so that eventually ||u;|[1,p, < C. Up
to extracting a subsequence we find that the u; converge to a two-valued
Lipschitz graph defined on D;. As by assumption |G;| — m|II| we can
conclude that m = 2.

We can now turn to the case where the limit plane II is vertical, that is
of the form IT = Iy x Rey4; for some (n — 1)-dimensional plane IIp C R™.
The argument is simplified by working with the open cubes of the form I* =
(—1,1)% x {0} %, and in particular I"*!, " and their respective closures.
Moreover we assume without loss of generality that II = {X; = 0}. Indeed

we may reduce ourselves to this situation by rotating both the two-valued

87
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graphs and II. Given 7 > 0 define
Er = {(X,8) € Gra(T"") | [{Ns, ens}] 2 7,

where Ng is the (unoriented) unit normal to S. As |[II|(E;) = 0 and E; is
compact, given any € > 0 we can take j > J(7,€) large enough to guarantee
that |G;|(E;) < € by virtue of the weak convergence |G;| — m/|II|. In what

follows the argument is notationally simpler if we define the sets
Erj={X eregGinT""" | [{v en1)| > 7},

which provided j > J(7,€) have H"(E: ;) < €. Let additionally 6 > 0 be
n+1

given, and update j > J(7,¢,0) to guarantee that also G; N1 C (I)s.
Split the graph G; by conditioning on the set £ ;,
WG NT ) =1 (reg G, N T
— HM(Ey )+ H (reg Gy N T\ By ).

Then H™(E;;) < € and

H" (reg G; N Tn+1 \ ETJ‘)

1 \Duj|2
= J— + —_—
™ |ui | <1,(vj,ent1)<T Uy I |uj | <1,{vj,ent1)<T Vj

where we abbreviate v; = (1 4+ |Du,|?)"/2. The first of the two is bounded
like

1
/ — <H"(I")T =2"T.
I7L7‘uj|S17<Vjven+1><T Uj

For the second integral we do not need (v}, e,41) < 7. Instead we bound

Du; |2 . . .
f[" s <1 %, using a modification of the arguments used to prove the a
UGS j

priori area estimates, starting with the integral identity (3.2) with r = 1.
As G; N i (IT)5 the two-valued indicator function 1< is supported
inside the closure of I™ N (Ilp)s. Instead of the usual test function, we may
thus take n € C}(Ds) with 0 <7 < 1 on Dy and =1 on I" N (Ilp)s and

deduce

Du;|? Du;|?
(4.1) / ﬂ < / nﬂ < 2 |D77].
Do luj|<1 Y5 Da,|uj|<1 vy Dy

By varying n among all test functions identically equal to 1 on (ITy)sNI™ the
integral on the right-hand side can be made arbitrarily close to the perimeter
of (Ilp)s N I™. We calculate this to be

H N (0{(o)s N I™Y) = 20" H(I™Y) + 2(n — 1) (26)H" (1" ?)
= 2"+ (n — 1)2"4,
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because (Ilp)s N I™ is an n-dimensional cube with 2n faces, all but two of
which are isometric to (—d,0) x I"2. These ‘thin’ faces each contribute
HL(=6,0) x I"2) = 261" 2(I"2) to the perimeter. The two remaining
‘large’ faces are {£3} x I"~!, each adding H"~!(I"~!). Combining this with
the inequality (4.1) we obtain

’Duj ’2 n+1 n+1 n/yn

— <" 4 (n—1)2"TN 8 = 2H (1) + C(n)é.

DoJujl<1 Yj
Summarising the estimates we obtain that for j > J(7,€,d)
H (G NI = H(E, ;) + H (reg G; N T\ B, )
<e+2H"(I,) + C(n)(6 + 7).

As I"! is open we can let 7,¢,0 — 0 and J(7,¢€,8) — oo to get

mH" (I") = m|T|(Gr, (I"T1))
< liminf H"(G; N I"tH) = 21™(1™). O

Jj—00
4.1.2. Multiplicity in limit varifolds. Combining the previous lemma

with a diagonal extraction argument, we obtain the following result.

COROLLARY 4.1.2. Let o € (0,1), and let (u; | j € N) be a sequence
of two-valued minimal graphs in CH%(Day; As). Suppose that there are half-
planes m; and m; € Zsq so that |G;| — >, m;|m;|. Then m; < 2.

Similarly, though in a more general context, we can combine the estimate
from Lemma 4.1.1 with the work of Krummel-Wickramasekera [KW20|,
quoted in Theorem 3.2.6. Recall here that for a stationary varifold V we
write By for the top stratum of the singular set, that is By denotes the set
of points X € sing V' where at least one tangent cone is of the form 2|IIx|

for an n-dimensional plane ITx € Gr(n,n + 1).

COROLLARY 4.1.3. Let G; = graphu; be a sequence of two-valued mini-
mal graphs, where u; € CY%(Da; Ag) for all j for some a € (0,1). Suppose
that |G;| — V € IV,(D2 x R) weakly in the topology of varifolds. Then
forall Z e regV, O(|V||,Z) < 2. If Z € By then O(||V||,Z) = 2, and the

branch set is countably n — 2-rectifiable.

4.1.3. Local description near vertical planes. We return to the
situation where |G| — 2|II] to some vertical plane II = IIy X Repq1 €
Gr(n,n + 1). The limit in the current topology is supported in the same
plane, [G;] — [[II] for some non-negative [ € Z with [ < 2. By Allard’s reg-
ularity theorem the multiplicity is either [ = 0 or 2, see Proposition 1.2.11.
The following result considers the case where the mass of the currents van-

ishes in the limit.
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LEMMA 4.1.4. Let a € (0,1), uj € CH%(D2;A2) be a sequence of two-
valued minimal graphs, and let II = 11y X Reyp 41 be a vertical plane. Suppose
|G| = 2|II| and [G;] — 0 as j — co. Then for large enough j,

B(G]) N B; = 0.

PROOF. Let N be either unit normal to II, and define f; = (v;, N) on
regGj. Given any 6 > 0, f; restricted to regG; N By/y takes values in
[—1,-1+46) U (1 — 6,1] by [Wic20], at least for large enough j > J(J).
Write R; for the connected components of reg G; N Bs/, which we further
divide into ch according to the sign of f;. Accordingly we may decompose
IG;] = Tj+ + T into the sum of the two currents obtained by integrating
over Rf respectively, in a way that [G,] = Tj+ +T; and |G;| = ]T;L| +
|T;"|. The two currents only meet along classical, immersed singularities
of Gj, where they moreover intersect transversely. Therefore they are both
separately stationary with 8Tji = 0 in Bg/p. By assumption T;r +71; —
0 and ]T]+| +[T;| — 2| L B3jp as j — oo in the current and varifold
topologies respectively. Moreover by Federer-Fleming compactness Tji —
T+ separately as j — oo. The limit currents satisfy 7+ 4+ 7T~ = 0, and
thus they are equal to the plane II with multiplicity, but with opposite
orientations. By Allard regularity both Tj+|_Bl and T}7L_B; can be written as
smooth graphs defined on II, and thus do not support any branch points. U

Return to the general case, where |G ;| — m/|II| and [G;] — [[II] for some
vertical plane IT = Iy X Rep41. If I # 0 then we let N be the unit normal to
IT corresponding to the orientation induced on the plane by [G;], and if I =0
then we pick our orientation arbitrarily. Thus we can divide Dy \ IIp € R"
into two connected components DI = {x € Dy | +(z, N) > 0}.

For each j define a function F; : D1 — {0, 1,2} by

(4.2) Fj@)= Y oG], X).
XePyt({z})
Xntla—q

This returns the number of points in GG; which lie below € D1, counted with
multiplicity. (We could equally well have worked with a function counting
the points lying above = € Dy, although formulas such as (4.3) would have
the opposite sign.) These functions are eventually locally constant away
from the plane Iy, in the following sense.

CrAaiM 4. Let 7 > 0 be arbitrary. Then there is j > J(7) so that Fj is

constant on the two components DT \ (Tlp).

PROOF. The proof is identical for both components, so we just work

with D". By the convergence of the graphs G; in the Hausdorff distance,
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we may take j > J(7) large enough that G; N Dy x (—1,1) C (II),. Hence
eventually G; N D x R\ (I), C {|X"!] > 1}.
There are three possibilities:
(1) either G; N Dy x R\ (II), N {X"! < —1} =,
(2) or G;N DY xR\ (), C {X"F! < —1},
(3) or Gj N Dy x R\ (I), contains points with positive and negative
values for X"+1.

Going through these cases in the same order we find that at all points x €
D\ (I); the function Fj(x) takes the values 0,2 or 1. O

LEMMA 4.1.5. Let a € (0,1), uj € CH*(Dg;A2) be a sequence of two-
valued minimal graphs, and 11 = Il X Rey 1 be a vertical plane. Suppose
that |G| — m|II| and [G;] — [[II] as j — co. Then the F; are eventually

constant away from Iy, taking the values FE on DljE respectively, and
(4.3) Fr—F =1

PrRoOOF. There are three possible cases:
(1) either m =2 and [ = 2,
(2) orm=2and =0,
(3) orm=1andl=1.
The proof is basically the same in all three cases, so we only consider the
first. Consider the line L C R"™ x {0} directed by N and passing through the
origin. Identify L with R via a unit-speed parametrisation. Then there exist
two functions u;L,uiL € CY(R) so that u;(tN) = {ujl-7L(tN),u?7L(tN)} for
all t € R. Moreover, as [ = 2 we get that u;L(t) A uiL(t) < —1lon (1/2,1)
and u%L(t) \Y uiL(t) > 1 for t € (—1,—1/2), provided j is large enough.
Now let 0 < 7 < 1 be an arbitrary small constant. By Claim 4, the
function Fj is constant on the two components of D1\ (II), at least provided
j > J(7) is chosen large enough. Combining this with our calculations above,
we find that for points z € Dy \ (I),, Fj(z) = 2 if x € D] and F;(z) =0
if x € Dy . These values do not change with large values of j, and we may
set T = 2, F~ = 0, which confirms that indeed F* — F~ =2 = [. As
explained above, the other cases can be argued similarly. O

4.2. CLASSICAL LIMIT CONES: INITIAL ANALYSIS

Let o € (0,1), and (u; | 7 € N) be a sequence of two-valued minimal
graphs, with u; € C1%(Da; Ap) for all j. We assume that they converge to a
classical cone in the varifold topology, say |G| — P. By this we mean that
there are n-dimensional half-planes my,..., 75y meeting along a commmon

n — l-dimensional axis L € Gr(n—1,n+1) and integers mq,...,my € Zxo
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so that P = ), m;|m|. By the graphs are endowed with the orientation
corresponding to their upward-pointing unit normal we obtain a sequence of
currents which we may also assume convergent, say [G;] — T € I,(D2 xR),
extracting a subsequence if necessary. This limit too has a similar form to
the above, namely 7' = )" ;[m;]] where 0 < I; < m,;. Here the half-planes are
given the orientations induced by 7', where we pick an arbitrary orientation
for those m; which have [; = 0. Our main theorem in this section is the

following.

THEOREM 4.2.1. Let a € (0,1), and let (u; | j € N) be a sequence of
two-valued minimal graphs with u; € CH*(Dq; A2). Suppose that |G| — P
and [G;] = T as j — oo, where P and T are classical cones. Then there
exist planes Iy, ..., IIp € Gr(n,n + 1) and integers 0 < 1; < m; < 2 so that

D D
(4.1) P=> ml| and T=) L[]
i=1 i=1

Our approach is similar to the arguments employed in the last section
of [SS81], the main difference being the possible presence of classical and
branch point singularities in the present setting. Thus one replaces their
stable sheeting theorem with a new result of Wickramasekera [Wic20], which
holds close to multiplicity two planes without the a priori exclusion of either
of these singularities. We nonetheless repeat the details of their arguments
here, trying to preserve the structure of the proof in [SS81] in order to high-
light the similarities.

For the remainder of the proof the structure of the |G| as two-valued
graphs is of secondary importance. For this reason, we may simplify notation
by rotating through some ambient isometry A of R"T!. We may do this in

such a way as to map the axis L of P onto R"~! x {0}2, meaning that

N
(4.2) AglGl =R x Y my|Ryl,
i=1
where each R; is a ray of the form R; = {\p; | A > 0} with p; € S c R2.
Write V; = Ax|Gj|, and N; = Ayv; for the image of the upward-pointing
unit normal to the graphs, defined at every point of reg V.
Let o > 0 be arbitrary. For sufficiently large j > J (o),

AyGinfa} x {y e R? |0/2 < [y| < o} = UL 1o,

for each » € R with |z| < 1, where M = Zévzl my. The 'yﬁx are C'h
embedded Jordan arcs with endpoints in {z} x {y € R? | |y| = ¢/2 or o}.



4.2. CLASSICAL LIMIT CONES: INITIAL ANALYSIS 93

Moreover as j — oo we have the uniform limits

distH(Uk'yﬁx, {£} x UM {Mpi | 0/2 <A <0}) =0
and

(4.3) egiin XS;I;IKNJ(X), (0,pi))] =0,
for all z € R"! with |z| < 1, the latter being justified either by Allard
regularity or [Wic20| depending on the multiplicity of the ray.

Let 7 € (0,1) be small enough that the tubular neighbourhoods ({\p; |
0/2 < XA < o})_ are two-by-two disjoint. By then taking j > J(7,0) large
enough that disty(%l-“,m, {o} x UN {\pi | 0/2 < A < 0}) < 7 we ensure that
there lie precisely m; Jordan arcs near every line segment {Ap; | 0/2 < A\ <
o}.

By [KW20] the branch set of the two-valued graphs is countably n — 2-
rectifiable for all j. Of course the same remains true for the V; after rotating
through by A. Let P,_1 be the orthogonal projection onto R"~! x {0}2.
The projection of the branch set onto R"! x {0}? is a compact H"!-null
set, that is

(44)  HH P (BV;)NB](0) x {y € R? | Jy| < 1}) =0.

Combining this observation with Sard’s theorem, we find that there is an
open subset U; C B 1(0) x {0} of full H"~'-measure, so that for all z € U;

spt| Vil N {a} x {y € R? | |y] < o} = UL, YE, UUZ AL

where the T;?J are smooth properly embedded Jordan arcs with endpoints
in {x} x {y € R? | |y| = o} and the Aé’,x are smooth properly embedded
Jordan curves. We call the points in U; unbranched.

LEMMA 4.2.2. If P or T are not of the form (4.1) then there exist p €
(0,1) independent of o, and J(o) € N so that if j > J(o) then for all x € Uj,
(4.5) ¢ <  max sup |N;(X)— N,;(Y)|.

ke{1,...,P} X7Y6T§'J ]( ) J( )|

ProOF. A list of properties must hold for P and 7" to conform to (4.1).
We go through them one by one, assuming every time that they fail and
obtaining a lower bound akin to (4.5). First, we consider the case where

there do not exist planes Iy, ..., IIp so that
(4.6) spt|[P| = U2, I1,.

Rotate through by an isometry A to consider V; = A4|Gj| instead as we
did above in (4.2). Let p1,...,pm € S' € R? be as above, and consider
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their indices modulo M for notational convenience. After doing this, we
see that (4.6) fails precisely if there is no way of dividing these points into
antipodal pairs. meaning that there exists p; so that —p; ¢ {p1,...,pn}-
Relabel the points in such a way that this is the case for pg. Let Tf‘; be a
Jordan arc with at least one endpoint near the line segment {Apg | 0/2 <
A < o}. We may take j > J(7,0) large enough that this must exist, and

moreover has
(4.7) [(N;(X), (0,p0))| < 7

for all X € Y% N ({Apy | 0/2 < A < 0}). The other endpoint of T4, must
lie either near the same line segment, or near a line segment corresponding
to some other p; # po. By assumption also p; # —pg, and the normals to the
rays Ro and R; must therefore be different. Thus if T;’S had its endpoints
lying near the rays corresponding to pg,p; then picking 7 > 0 small and
j > J(1,0) large enough, we may impose that (4.7) also hold for points in
X € Tfom N({Api | 0/2 < X< 0c}):. Therefore
(43) P s [N(X) = Ny (V).

X,Yerso
where 1 > 0 is a positive constant depending only on the difference between
the normals to Ry and R;. If instead both endpoints of T;‘?E lie near Ry, then
the value of this constant can be taken to be ¢ = 1 for example.

The inequality (4.8) being established when (4.6) fails, we may for the
remainder of the proof assume instead that in fact it holds. Next we show
that in fact P is equal to a sum of planes. We proceed similarly in the
next situation where we try to deduce (4.5). Note first that N = 2D, and
we may decompose every plane in spt||P|| into two closed half-planes lying
on either side of L, so that for all ¢ = 1,...,D, II; = 7 U m4+p, possibly
after relabelling the half-planes. Then the only way P could fail to be the
sum of planes is that m; = m;4p for at least one i. Choose a small 7 > 0
as above to ensure that the tubular neighbourhoods are disjoint. For large
enough j > J(7,0), precisely m; of the Jordan arcs lie {'yjl.’z, . ,VJJ-YI} lie near
R;. Similarly m;yp of them lie near R;;p. If the multiplicities disagree,
m; # m;4p, then a pigeonhole argument demonstrates the existence of a
Jordan arc Tf(;, € {T}J, e Tf .} satisfying one of the following. Either
T;“; has both endpoints lying near the ray R;, or both endpoints lying near
R; p, or else it has one endpoint lying near one of R;, R;;p, and the other
lying near a third ray R’. Thus we obtain again the existence of a constant
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w2 > 0 so that for all x € Uj,
pa < sup  [N;(X) — N;(Y)]
X,yero
for some kg € {1,..., P}, at least if j > J(7,0) is large enough. In either of
the first two cases we may take 9 = 1, and in the last case o only depends
on the difference between the normals to R;, R;1p and the normal to the
third ray R'.

In the remainder we may assume that P = )" m;|II;|. We next prove
the analogous results for the current 7', that is show that we may find a
positive constant ¢3 for which (4.5) holds unless T = >, [;[II;] for some
integers 0 < I; < m; < 2. There are two complicating factors in this case:
uneven mags cancellation and misaligned orientations of the half-planes.

We exclude the former first. Recall that 0 < [; < m;, and if m; = 2
then [; could be zero or two. Therefore, although m; = m;4+p one could have
l; = 0 but l;.p = 2. This is what we seek to show is impossible. Label
the half-planes as above, so that II; = m; Umqp for all ¢ = 1,..., D, and
recall that for notational convenience we consider these indices modulo N.
For all i = 1,...,D we write n; € S ¢ R? for the common unit normal of
the two rays R;, R;+p. (Whether we pick n; or —n; has no bearing on what
follows—remember that for now we cannot assume that the two half-planes
7i, Ti+p inherit the same orientation from the [G;] as j — oo, nor indeed
that they inherit any orientation at all.)

Without loss of generality, suppose that [p = 0 but Ip = 2. Let § > 0
be given. The uniform limit (4.3) ensures that if j > J(J,7,0) is taken
large enough then |[(N;(X),ng)| > 1 — ¢ for all X e spt||[V;||n({Xp|p =
P0,PD,0/2 < A < 0})r. Arguing as in the proof of Lemma 4.1.4 we find that
(Nj,no) must take both positive and negative values near the ray Ry. For
o,7 > 0 small and j > J(7,0) there lie precisely two of the Jordan arcs from
{7} MY inside ({Apo | 0/2 < A < o}); and ({App | 0/2 < A < o})-
respectively. Arguing as above, we may assume that there are two Jordan
arcs Ty € {T}’x,...,’ffx} so that spt||V;|| N ({Ap | p = po,pp,0/2 < A <
o})r C T UY_. Moreover we may assume Y, T_ both have one endpoint
near Ry and another Rp, otherwise again we may find a positive constant
@3 > 0 so that @3 < minyeqy,ysupy yer|N;(X) — N;(Y)[. If there were
no mass cancellation at wp (that is, if [p = 2) then (IV;(X),no) would take
the same sign for all X € spt||V;||N ({App | 0/2 < A < 0),. Without loss of
generality, we may thus assume that (N;(X),ng) > 1 — ¢ for these points.
Label T4 in such a way that they respectively contain the points near Ry
with £(N;,n9) > 1 —6. As (Nj,ng) changes sign along Y_, the normal N;
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varies enough along Y_ that 1 <supy yey |N;(X)—N;(Y)[. Thus we have
established that (4.8) holds with some positive constant ¢3 > 0 unless [; =0
ifand only if [;;p=0forallt=1,...,D.

For the last step we may assume that the limit current is of the form
T = 2 1i([m] + [misp]), where we do not specify which orientation is
chosen for m;, m;4 p. Assume that there is at least one pair of half-planes, say
Ty, Tp, whose orientations are misaligned. Let mg be oriented by ng and 7p
by —ng. There cannot be any mass cancellation at these half-planes, and for
large j > J(0,7,0) we have (N;(X),ng) > 1—0 for all X € spt||V;||N({Apo |
0/2 < A < o})r, and (Nj,ng) < —1 + ¢ near Rp. We may then argue
precisely as above, when we derived the lower bound (4.8) with the constant
w3. Write ¢4 for the constant obtained for the lower bound here. This

exhausts all the possible ways in which (4.1) can fail, and we conclude by

letting ¢ = min{p1, p2, p3, pa} > 0. -

Next we use this result to give a proof of Theorem 4.2.1.

PROOF. We argue by contradiction, supposing that either P or T' (or
both) is not of the desired form. Using Lemma 4.2.2, we pick any unbranched
point x € U; and find T € {T}’m,...,Tfm} with ¢ < supy yey|N;(X) —

N;(Y)|. Identify T with a smooth parametrisation defined on [0,1]. We
may then take s; < t; € (0,1) so that £ < [N;(Y(¢;)) — N;(Y(s;))|- Then

g < /S_y.j\uvj o T (1) dt = /Sjjlwvij(T(t)), ()] dt,

which in turn can be bounded in terms of the second fundamental form to
yield

(49)
tj
2 < [l < [ jaylan < Ay, dH.
S

/reg V;n{z}x B2
As the point x € U; was chosen arbitrarily, we can use the coarea formula

to integrate the lower bound (4.9) over U; C B} ' x {0}, combining this with
the Cauchy—Schwarz inequality to get

(@10) <2 [ Av, | dH”

reg V;NU; x B2

1/2
< 2H"(regV; N B! x 33)1/2(/ |Avj|2dH”) .
reg V;NB ! x B2

The last integral can be bounded via the stability inequality, using a test

function ¢ € Ccl(B"f;/l2 X B} ) with 0 < ¢ < 1,[Dg| < 8 and ¢ = 1 on
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Bl % Bijy Provided o € (0,1/4) we get

| Ay, |7 W™ < /
rengﬂB"71 B

\/7771)/2 X
(

/regvijfleg 34

n—1 2
ﬁB\ﬁ/szl/2

< 64H" (reg V; N B%IZ x B3 )y)

< 198[P||(BL, < B2y).

This in turn is equal to 32w,—1(v/7/2)" 1Y, m;, although from this we

only retain that there is a constant B > 0 independent of j and o so that

3/ Vv, ¢|* dH"
reg V;

fregvij?_leg |Av,|> < B for all large enough j. A similar mass bound gives

H(reg V; N B 1 N B2) < |P||(B? ! x B2) = 2w,_10 .. m;. Substituting
J 1 o 1 o i

both back into (4.10) we get that

/ |Av,| dH™ < Bo'/?,
reg V;NBT ! x B2

for some constant B independent of j and o. This is absurd provided ¢ > 0

is small and j is large enough, which concludes the proof. O

4.3. CLASSICAL LIMIT CONES: NON-VERTICAL CONES

Let o € (0,1) and (u; | j € N) be a sequence of two-valued minimal
graphs with u; € CY¥(Dy;A2). Let D € Zsg and for i = 1,...,D let
II; € Gr(n,n + 1) be n-dimensional planes which meet along a common
axis L € Gr(n —1,n 4+ 1). Recall a plane is called vertical if it is of the
form IT =TIy x Rep41. Suppose that not all planes IIy, ..., Iy are vertical.
Equivalently, at most one of the planes is vertical. We may relabel the planes
to arrange for II; to be non-vertical. Assume that |G| — 32 my|Tl;| =
P and [G)] — Zi’il LIL] = T as j — oo. Note that we allow for the
possibility that D = 1 and the cones are supported in a single plane, although

technically these would not be called classical.

4.3.1. Slicing at an acute angle. Broadly speaking we again use an
approach based on [SS81]. However from a technical standpoint the argu-
ments from the previous section are maladapted to the current situation,
as we want to exploit the two-valued graphicality of the G;. Instead of
taking slices orthogonal to the axis L of the cone, we proceed as follows.
Let v € R™! be a unit vector with (v,e,11) = 0, so that v, e, 1, L span
R Let V = span{v,e,.1}, and write Z = tv + ze,p1 € V. Then
R = L 4V, and every point X € R"*! can uniquely by written X =
Y+Z7Z = y—i—Y”“enH +tv+ze,11. We emphasise that in general L and V' do
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not meet at a right angle, and this decomposition is not orthogonal. (The ex-
ception being the case where L = R x {0}.) The slices we take are adapted
to this decomposition, using sets of the form {Y + Z | Z € V,|Z| < o},
where 0 < 0 < 1 and Y = (y,Y"*!) € L is a fixed point with |y| < 1. We
abbreviate this {Y + Z | |Z| < ¢}, and in the same vein write for example
{lyy <L |Z|<o}={Y+Z|YeL ZecV,|y <1,|Z] <o}

The corresponding projection map is written Q : X =Y + Z € Rl
Y. Analogously to (4.4) we have H" 1 (Q(B(G,) Nn{ly| < 1,]Z] < 1})) = 0.
Let 0 > 0 be given. Together with Sard’s theorem we find that for all j there
is an open subset V;, C LN{|y| < 1}\ Q(B(G;) N{ly| <1,|Z| < 1}) of full
measure, so that forall Y € V,,, G;N{Z+Y | |Z| <o} = UkP:1T§,y where
the Tﬁy are smooth properly embedded Jordan arcs with endpoints in the
set {Y+Z | |Z] = o}. (This cannot contain any Jordan curves because of the
graphicality of G;.) In the same vein, given £ > 0 we write Vj (k) C Vj o
for the measurable subset of V;, formed by those points Y € V;, with

fregcjm{Z‘FYHZKa}‘AGj’dHl < K.

LEMMA 4.3.1. For all £ > 0, H" 1(V, \ Vjs(k)) = 0 as 0 — 0 and
j=>J(o) = oo.

PRrROOF. By definition of V; ,(k), we can integrate over points Z € V; , \
Vj (k) to obtain the inequality

(4.1) H'" ' Vio \Vjo(r))s

g/ {/ ]Agj\d’Hl}dH”’l(Y).
Vi .o \Vj,o (k) reg G;N{Z+Y||Z|<o}

J
On the right-hand side we may increase the domain of integration to now
be over the set {|Y| < 1,|Z] < o}. By the Cauchy—Schwarz inequality, this

larger integral is bounded like

(4.2) / Ag, | dH"
reg G;N{|Y|<1,|Z|<c}

< H " (regG;N{|Y| < 1,]Z] < U})(/ G;n{|Y|<1,|Z|<c}
reg G; <Llzl<e

|AGJ\2dH")1/2

From here on, although the notation is different, the proof is essentially
identical to the argument used to conclude Theorem 4.2.1. Using the stability
inequality along with area estimates in terms of the limit cone, we find
a constant B > 0 independent of j,o so that provided o € (0,1/4) and
j>J(0),

/ |AGj‘2d/Hn < B.
reg G;N{|Y|<1,|Z|<o}
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Combining this with the fact that there is another constant C' > 0, also
independent of 7,0 so that

H'(reg Gy N{|Y]| < 1,|Z] <o}) <Co

provided again j > J(o), we find combining the two with (4.2) that there is
a constant D > 0 so that for all j > J(7),
/ |Ag,|dH" < Bo'/2.
reg G;N{|Y|<1,|Z|<0o}
Comparing this with the initial inequality (4.1) we find that

'Hn_l(ijg \ Vj,o’(l‘{/))/ﬁ; < 301/27

at least for j > J(o) large enough. To force H"1(V;, \ Vj»(k)) — 0, it
suffices to let 0 — 0 and j > J(0) — 0. O

Using this lemma, we see in particular that given any k > 0, we can
choose j large enough to ensure that Vj,(k) # 0. The resulting integral
curvature estimates in the slice {Z +Y | |Z]| < o} at one of these points
Y € V;,(k) give us good control over G; in the same region. This in turn,

we will later see, is the first step of our contradiction arguments.

LEMMA 4.3.2. Let G — P = >, m;|IL;|. There is a constant ¢ > 0
depending only in P so that given any T > 0 and large enough j > J(71,0)
the following holds. If Y € Vj 5(p) then for each T € {le-y, cey Tfy} there
is a plane 11 € {I1y,...,IIp} so that

(4.3) disty (Y, IIN{Z+Y | |Z| <o}) <.

PrOOF. Given some 7 > 0, no harm is done by adjusting its value to
ensure that 7 < 0/2. For j > J(1,0) sufficiently large we find that for all
Y S Vj7g7

Gin{Y +Z |7 <|Z| <o} = UiLafy.,
where M = Zszl m; and the ’yjy are smooth embedded Jordan arcs with
endpoints in {Y + Z | |Z] = Toro}. Let § > 0 be a small constant,
depending only on the cone, so that the regions (IL;)s, {Y+Z | 7 < |Z] < 0}
are two-by-two disjoint, and each has two connected components, which
respectively contain m; curves.

Perhaps after updating j > J(7,0) to a yet larger value, we may write

disty Uiy, {Y + Z | 7 < |Z| < o}) < o7.

Moreover, using either Allard regularity near those planes in the support
with multiplicity one, or Wickramasekera’s stable sheeting theorem [Wic20]
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near those with multiplicity two, we find that we may assume that say

ie{rlr,l.l.?D} Xs'elif’%ylyj o= Nil<r
where NV; is a unit normal to II;.

If o > 01is picked small enough in terms of P, then arguing as in the proof
of Lemma 4.2.2 we find that for all T € {T}’Y, . .,Tfy} there is a plane
IT e {Iy,...,IIx}so that dist(YN{Z+Y |7 < |Z| <o} ,IIN{Z+Y | T <
|Z] < o}) < é7. (For example 7, < 1/3min;zjeqq,.. py|Ni £ Nj| ensures
that this is true.) We relinquish precise control over YT close to the axis,
but there automatically YN{Z +Y | |Z] < 7} C (II),. Finally, conclude
by noting that the reverse inclusion required for (4.3) holds essentially by

construction, as the curves T € {T},Y, e Tfy} are all connected. O

4.3.2. Initial reduction. If at least one of the planes in spt||P| is
non-vertical, then the axis L along which the planes meet cannot be vertical
either. However, any vertical II € {II;,...,IIp} must contain L, and thus
be of the form IT = span{L, e;,+1}. This uniquely determines the plane, and
thus at most one plane in the support of P is vertical.

LEMMA 4.3.3. Suppose G; — >, m;|IL;|, and that I1; is not vertical.

(1) If Iy is vertical then P = |II1| + ma|Ils|.
(ii) If Iy is not vertical then P = |II1| + |[IIa].

PrOOF. We start by proving that
(44) P= TTL1|H1| + m2|H2\

regardless of whether or not Il is vertical, arguing by contradiction. Suppose
that there are at least three distinct planes IIj, Iy, I3 C spt||/P]||. Let the
constant ¢ > 0 be as in Lemma 4.3.2, let 7 > 0 be small and take j >
J(7,0) large enough that H"*(V;,(¢)) > 0 as per Lemma 4.3.1 and so
that additionally the conclusions of Lemma 4.3.2 hold. We may thus take
any point Y € V;,(¢) and decompose G;N{Z +Y | Z € V,|Z| < o} as
above. Next let T1,7 9, T3 € {le-y, . .,Tfy} be three of the curves, lying
respectively near Iy, I, II3, that is

Y, C (L), N{Z+Y |ZeV,|Z| <o} fori=1,23

Possibly after extending Y5 slightly beyond its endpoints, we have that
{tv | |t| <o} C Py(Y1). Now if 7 > 0 is small enough in terms of o > 0 then
To and Y3 intersect in at least one point, say Y + Zg = Y + tgv + zpen+1
with |Zg| < o. This is absurd because the density of ||G;|| at such a point is
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at least two, and hence writing Y = (y, Y1) we get

> oG5, X)
XePy ! ({y+tov})
> > olG;l, X) +odlG;l, Zo+Y) = 3.
XeP; ({y+tovH)NT1
This is impossible for a two-valued graph.

This proves (4.4); when we additionally know that Ils is not vertical then
proving ((ii)) is even easier. Indeed, without resorting to the decomposition
of the graph Gj inside the slice {Z +Y | Z € V,|Z| < o} we may reason
as follows. Pick any point x € Dy \ Py(L). Then there exist two distinct
points X7, Xo in II;, ITs respectively so that Py(X1) = x = Py(X2). As both
planes have multiplicity two at most, we can apply the regularity theory of
Wickramasekera if either of the two planes has multiplicity two, and Allard

regularity otherwise, to guarantee that when j is large enough, then

(45) S OIG 1, X) > mi +my > 2

XeFy ' ({z})
where my, mq are the respective multiplicities of 11, I[T3. Anything but equal-
ity in (4.5) would be absurd for a two-valued graph, whence m; = 1 = my
as required.

It remains to prove (i), namely that the multiplicity of II; is one even
when the second plane is vertical. This turns out to be relatively easy
also. Taking values for 0,7 > 0 as in the earlier stages of the proof above,
and accordingly large j > J(7,0), we may find two Jordan arcs Y1, 1o €
{T}y, Cee Tf y + from among curves into which G; decomposes in the slice
{Z+Y | ZeV,|Z| <o} at apoint Y € Vj(p), so that

T,Ty C (Hl)Tﬂ{Z+Y’Z€V,|Z| <U}.

Arguing as above, we may extend the two arcs slightly beyond their respec-
tive endpoints and get that {y +tv | [t| < o} C Py(T1) N Py(Y2), where we
recall Y = (y, Y™*1). If there were another curve Y3 say in that slice, then
at any point Zo +Y = tvg + z0ent1 +Y € T3\ (T1 U T2) we would obtain

a contradiction, as

> o([|G;ll, X)
XePy ' ({y+two})
> > oG, X) + ©(|G;ll, Zo +Y) > 3. O
XePy  ({y+tvo})NT1UT2
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4.3.3. Horizontal multiplicity one. We introduce some useful addi-
tional notation. As the arguments only simplify when L C R" x {0}, we as-
sume throughout that this is not the case. For an arbitrary point X € R"+!
we write X =Y + sf + zep+1 where Y € L and s,z € R. Sometimes it is
also convenient to write Y = (y, Y"™!) where y = Py(Y).

We define open domains Q,Q; C R" x {0} by Q@ = {y+sf | |y| <
1,s2 <1} and Q, = QN (1), = {y +sf | |y| < 1,s* < 72}. A point
X =Y +sf+zeptr1 € Q x R is said to lie north of 11 if z > 1 and south
of IT; if z < —1. In the same vein we say that a set £ C Q x R lies north
(resp. south) of II; if all points in E lie north (resp. south) of II;.

LEMMA 4.3.4. Let 111,11y € Gr(n,n + 1) be so that 111 is not vertical,
but Iy is. Suppose |G| — |II1| + 2|Ilz|. For all 7 > 0 there is J(1) € N
so that for all j > J(7), singG; N Q x R C Qr x R and we can decompose
Gin(Q\Q,) xR = E}’f U E}’Jr U Z?’f U E?Hr, into four embedded connected

surfaces with

(4.6) E},i C (I1y); and ZJQ-’_ U Z?A— C{z>1} or{z < —1}.
Moreover if EJZ’? U 2]27+ C {z > 1} then

(4.7) singG; N (Q x R) C {s? < 7%,z > —1},

and likewise if E?,i C {z < -1}

Before we give a proof of the lemma, we use its conclusions to obtain the
following corollary, showing that in fact |II;| 4 2|IIz| cannot arise as a limit

of two-valued minimal graphs.

COROLLARY 4.3.5. Let 11,115 € Gr(n,n+1) be so that Iy is not vertical,
but Iy is. Then |G;| — |II1| 4 2|Il2| is impossible.

Proor. Fix a small value for 7 > 0, depending only on II,Ilo and
J(7) € N so that without loss of generality, G;NQ xRN{z < —1} is a non-
empty subset of Q- xRN{z < —1} and sing G;NQ-xRN{z < —1} = (. Then
G;LQxRN{z < —1} is equal to the graph of a single-valued, smooth function
uj s defined on some subset ;g C (. From this we only retain that the
current [G;]LQ x RN {z < —1} is area-minimising. As j — oo we get that
|G;ILQxRN{z < —1} — 2[IIL|LQ xRN{z < —1} in the varifold topology.
At the same time, by inspection [G;]LQ xRN {z < -1} - 0as j — oo
in the current topology. This mass cancellation is absurd in light of the

compactness of area-minimising currents, quoted in Proposition 2.2.1. O

We now give the proof of Lemma 4.3.4.
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ProOOF. Note first that every singular point X =Y + sf + zepy1 in
singG; N @ x R automatically belongs to Q- x R, that is has 5?2 < 12
Indeed the Allard regularity theorem can be applied near II; because it has
multiplicity one in the limit, which guarantees that away from L the G
converge to the plane like smooth single-valued graphs. Counting the pre-
images of points z € Q\ @, we find that singu; NQ\ @, = 0, or equivalently
singG;, NQ xR C @, xR.

Although @Q\ @, is not simply connected, its two connected components,
which lie on either side of 1y, both are. We may thus make a smooth selection
u}’T, ujz-ﬁ € C™(Q\ Q,) for u;, arranging for the graph of ujl-vT to lie near II;.
Both graphs are disconnected, and we write graph ujl-ﬁ = 231-77 U E]{ 4 and
graph uiT = Zi_ U E?’ 4 As the graphs G; locally converge to Iy UIly in
the Hausdorff distance, we may take an even larger j > J(7) to get

G;NQ xRN{z* <1} c (I} UTly),.
Thus 3}, C {2° < (1 —(e,enq1)?)7'7%} and
Sipc{?>1}={z>1}u{z< -1}

We show that in fact either E?,i C{z>1}or E?,i C {z < —1}. Recall
from our initial analysis that using Sard’s theorem one finds an open subset
of ‘unbranched’ points U; C LN {|y| < 1} with H* " Y(LN{|y| < 1}\U;) =0
so that for all Y € U,

Gjﬂ{Y—i-sf—i-zenH\32<1,22<1}ﬂl3c;j =0,

and in fact can be decomposed into a union of three, smooth properly em-
bedded Jordan arcs T]ly, Tiy, T?Y with endpoints in {Y + sf + zept1 |
s2=1or22=1}.

Given k > 0 we define the subset U;(k) C U; by

Uj (k) = { Ag,|dH" < H.}

Y € Uj‘ /
reg G;N{Y +sf+zeny1|s?,22<72}
Arguing as in Lemma 4.3.1 we can show that here we can take 7 > 0 small
enough (independently of j) and j > J(7) to guarantee that H" 1 (U;\U; (k)
is as small as we like, regardless of the value for k we had originally chosen.
For our purposes we may take for example k = 1/2, 7 > 0 small and j > J(7)
large enough that H"~1(U;\U;(k)) < wy—1, as then automatically U; (k) # 0.
If we then take a point Y € U;(k), then we may relabel the curves so that
T},Y C (I1y),, and T?‘,Y U T?,Y C (IIg).
Consider Y = (y,Y"") e Y; and let [, = {y +sf | s> < 1} C R" x {0}.
On this line segment we can make a smooth selection u;’y, u?’y € C>®(-1,1),
where we identify I, with (=1,1) C R. Then G; N{Y + sf + zent1 | 8% <
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1,22 < 1} C graph uj{y Ugraph uiy We may furthermore make our selection
in such a way that T]{Y C graph u;y C (I1;), and Tiy U TiY C graph ugy
In what follows we also write ly(a,b) = {y + sf | a < s < b}, where —1 <
a < b < 1. The graph of U?,y restricted to the short segment [, (—27,27)
is a single smooth curve, which by inspection has both its endpoints lying
on the same side of II1, that is either both lie north or both lie south. But
graph “?,y Nly(—=27,—7) xR C Z?ﬁ and likewise graph u?’y Ny (7,27) xR C
2]2’ n whence we find that Zi_ and Ei 4 too must lie on the same side of
II;—that is either both lie north or both lie south of IIy. This concludes the
proof of (4.6).

To prove (4.7) we start by making a few general observations. First,
by (4.6) we may assume without loss of generality that ¥; + C {z > 1}.
Let Y = (y,Y""!) € L be an arbitrary point with |y| < 1, not necessarily
in U;. By the two-valued sheeting theorem of [Wic20] applied in the region
Q x RN {r? < s> Vv 2% < 1}, we find that in this slice the graph can be

decomposed into six differentiable curves,
(4.8) GiN{Y +sf+zep |72 <s?V2i<1}= U]%Zl"}/]l"y’k U U?:fyiy,l,

where 'Y},Y,k C (II1), and 'y]%w C (II3)r. (Were the slice {Y + sf + zepnt1 |
72 < 52V 2% < 1} to contain a branch point of B(Gj), then some arbitrary
choices would have to be made in this decomposition, with no impact on the
argument.) These curves taken together have two endpoints {z = —1,s% <
72}, counted with multiplicity. Hence #G; N{Y +sf —ent1 | 8% < 72} <2

and

(4.9) Z O(IGI,Y + sf — en+1) = 2.

s2<r2

There exist two functions ujl-y, u?y € C1(—1,1) so that

GiN{Y +sf+zept1 | s?<1,zeR} = graphujl-vy U graphuiy.

Moreover their graphs graph u;y are two differentiable curves which do not
meet the region south of II, except in the thin strip near IIy where s? < 72
In other words, (graph uiy U graph uiy) N{s?>7%2< -1} =0.

Notice that sing G; N {Y + sf + zent1 | 82 < 1,2 € R} = graph ujl.7y N

graph ugy Hence, if {Y +sf + zen11 | 2 < 1,2 < —1} contained a singular
1

5y’
that region. This is impossible, because if both curves intersected that region

they would both need to pass through the set {Y +s%—e,11 | s2 < 72} twice
each, because neither meets the set {52 > 7'2, z < —1}. This in turn would

point of G, then graphu;  ,graph U?,y would both contain portions lying in

be a contradiction to the decomposition of the graph as we obtained in (4.8)
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above, and (4.9) in particular. As the point Y was chosen arbitrarily, we
have sing G; N {s? < 1,z < —1} =, which concludes the proof. O

4.4. CLASSICAL LIMIT CONES: VERTICAL CONES

Let o € (0,1) and (u; | j € N) be a sequence of two-valued minimal
graphs u; € C1%(Dg; Az). Let D € Z~o and for i = 1,...,D, let II; =
9 x Rept1 € Gr(n,n + 1) be vertical planes which meet along a common
(n — 1)-dimensional axis L = Ly x Re,41, and suppose that as j — oo,
|G| — >, m;|lL;| and [G;] — >, L;[11;]. Here 0 < 1; < m; < 2 are integers
and we pick arbitrary orientations for those planes with [; = 0. When this
notation is convenient we write P = Y . m|ll;| and T" = >, [;[II;]. To
make statements less awkward, we allow the possibility that P and T are
supported in a single plane, although technically these would not be called
classical cones.

Label the planes Iy, ...,IIp so that they lie in counterclockwise order
around L. From now on we consider their indices modulo D, and write
1I; = m U miyp, where m;, m;4p are two half-planes which meet along L.
The indices of the half-planes are considered modulo 2D. For every m; let
N; be its unit normal pointing in the counterclockwise direction; note that
N; = —N;yp. Write n; for the unit normal induced on II; as limits of the
[G;], and let s; = (n;, N;), equal to £1 depending on whether or not n; agrees
with the counterclockwise orientation. With this notation, s; = —s;+p. We
say that two half-planes m;, m; are oriented in the same direction if they are
both oriented in the clockwise or counterclockwise direction, or equivalently
if 5; = s;.

Let Q = {x € R" | dist(x, L) < 1,dist(x, L*) < 1}. Extend the func-
tions F7 from (4.2) to @ using the same formula, counting the number of
points in G; lying below x with multiplicity. These functions are eventu-
ally constant away from U;II;, that is given 7 > 0 we can take j > J(7)
large enough that the FV are constant on every connected component of
Q \ (UIL;) . Write @ \ U;I1; as a disjoint union of wedge-shaped connected
components Vp, ..., Vaop. Each V; lies between m;, w41,

Vi={r € Q| (x,N;) > 0,(x, Niy1) < 0}.

By the above there is F; = F(V;) € {0,1,2} so that F/(z) = F; at all
x € Vi \ (m; Umiy1), provided j > J(7). Although the notation is slightly
ambiguous, no confusion should arise between the value F; = F(V;) and the

functions FY.

REMARK 4.4.1. Notice that [graph —u;] — —T'. If we counted the num-
ber of sheets of graph —u; eventually lying below V;, we would obtain 2 — F;.
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4.4.1. Results in arbitrary dimensions. Applying Lemma 4.1.5 in
the present context, we can relate consecutive values of F;.

LEMMA 4.4.2. For all i, F;, — F;,_ 1 = s;l;.
Similarly using Lemma 2.2.9, we obtain the following result.

LeEMMA 4.4.3. If F; =1 and 7 # w41 then both half-planes have multi-

plicity one and are oriented in the same direction.

ProOOF. Start with the observation that 1 = F; = Fij41 — Sip1lip1 =

Fi_1 + sili, so 1,111 € {0,1}. The possibilities are as follows:

(1) mi =1=myy1 and l; = 1 = l;41,

(2) m; =2,mjy1 =1and [; =0, l;11 =1,

(3) mi=1,mjz1 =2and l; =1, l;;1 =0,

(4) m; = 2 = mi4+1 and li =0= lz‘_:,_l.
The proof is similar in all four cases. Every case is argued by contradiction,
eventually reaching a conclusion which is forbidden by Lemma 2.2.9. We
give a detailed proof for m; = 1 = m;4; and [; = 1 = ;41 and explain the
necessary modifications for the remaining cases.

Assume without loss of generality that m; and m;41 both point into V;,
that is n; = N; and n;41 = —Nj41. (Otherwise we may consider graph —u;
instead, and use Remark 4.4.1.) Let two small 0 < 7 < ¢ < 1 and a large
A > 1 be given, and define the open subset U;; C Q \ [L], by

Uj,i == jﬂ‘(’T, g, A)
= (Vi)r \ [L]o N {u; <24}
={z € Q\ [L]o | (Ni,z) > =7, (Niy1,2) < 7,u; (z) < 24},

where recall u; = ujl A u?

As F; = 1 we know that for large enough j > J(7,0, A),
Vi\ ([m]- U [mia]r U[L]o) C Uj,

and sing G; NU;,; N (—oo0, —2A) = (). Hence any singular points of u; would
have to lie in U;; N [m; U mit1]r. As my = 1 = m;p1 we may use Allard
regularity inside @ x (—9/4A4,9/4A) N (m; U mit+1)2- and find that in fact

singu; NU;; = 0,

at least provided j > J(7, 0, A) is large enough.

o — T o — ot ; ;
Let us rename u;; 5 = (O and uj; N = (OFF These two functions give a

7
smooth selection for u; on Uj;. By construction

(4.1) GjN(Vi)r \ [L]s x (—o0, A) C graphu;; g.
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From this we obtain a contradiction with Lemma 2.2.9. Indeed as we let
o,7—0,A—ooand j> J(r,0,A) = oo, we have disty(U;;, V;) = 0 and

(4.2) [graphu;; s] — [mi] + [mit1]L Q@ x R.

This concludes the proof in the first case. In the next case m; = 2,
miy1 = land l; =0, ;11 = 1. As l; = 0 the half-plane 7; has no well-
defined orientation induced by 7. The half-plane m;11 may be assumed
oriented in the clockwise direction without loss of generality, that is n;41 =
—Nit+1. (This can be justified in the same way as above, working with —u;
if necessary.) By Lemmas 4.1.5 and 4.1.4 we may take j > J(7,0) large
enough that

singu; N (Vi U Vie1) \ ([mi1Ums U il U [L]o) = 0,
Buj N (‘/%71 JVu 7TZ') \ ([7TZ;1 U 7TZ']7— U [L]U) = 0.

Additionally the set (V;—1 UV;Um;)\ ([mi—1 U] U[L],) is simply connected,
so we can make a smooth selection {u;; s, u;;n} for u; on it, arranging the
indices in a way that graphu;; g lies south of V. (Here u;; g is not equal uj_z
anymore.) Define the region U;; = (V)7 \ [L]o N{ujs9 < 24} C (Vi)-\ [L]o.
As above (4.1) holds, and near m; we have that given any § > 0,

(4.3) <I/j(X), Nz) >1-90

for all X € graphu;; sNreg G;N(m;),N{|X"T1| < A}, at least after updating
Jj>J(r,0,A,9). As we let 7,0,6 — 0 and A — oo both disty(Uj;, Vi) = 0
and (4.2) hold as j > J(1,0,A,9) = oco. The last inequality (4.3) guarantees
that the limit current has the right orientation to apply Lemma 2.2.9, which
immediately yields a contradiction. The third case, when m; = 1,m;4; = 2
and l; = 1,1;41 = 0 can be argued in precisely the same way, with reversed
roles of m; and ;1.

The last remaining case is m; = 2 = m;y1 and I; = 0 = [;11. Arguing as

above we find
singu; N (Vi—1 UV U Vigr) \ ([mim1Um U T U miga] - U (L)) = 0,
By, N (Vict UViU Vi Um Umigr) \ ([mim1 U miga)r U [L]) = 0.
We may make a smooth selection {u;;g,uj;n} for u; on the latter set

(Vz’_l UvV;uVigaUm U 7TZ'+1) \ ([7Ti_1 U 7Ti_|.2]7— U [L]g). We arrange for Uji S
to lie south of V;, and moreover

<l/j(X),Ni> >1-—46 and <Vj(X),*NZ‘+1> >1—-6

at all points X € graphu;; sNreg G;N(m;),N{|X""!| < A} and graphu;; sN
reg Gj N (mi+1)r N {| X" < A} respectively. From that point on we can
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argue in the same way as above, ultimately leading to a contradiction with
with Lemma 2.2.9. This exhausts the list of possible cases, and concludes
the proof. O

Using this, we can immediately conclude mass cancellation in all but
one case. Indeed |T| # P if and only if I; = 0 for at least one plane. But
then F;_1; =1 = F; by Lemma 4.1.5, which contradicts Lemma 4.4.3 unless
m; = mi+1 and D = 1. For the remainder of this section, we may assume
that I; = m; for all 7. As a consequence also F; — F;_1 = s;m; for all 4.

LEMMA 4.4.4. Let |G| — 2 my|TT;). Then

(i) any consecutive Tit1, ..., i+ have \E;Izl SitiMivj| < 2,
(i) of m; has multiplicity two then Zf;ll SitjMip; = 0.

PROOF. (i) Iterating Lemma 4.4.2 we find that Fiy j—F; = 3271 si1jmit;.
As Fipg, Fy € {0,1,2} we get |3, siyjmitj| < 2 as desired.

(ii) Here we consider the D — 1 consecutive planes mji1,...,Tit+D—1,
which stop just shy of m; and m;+p. Because m; Um;.p = Il is a plane, they
must have s; = —s;4p; without loss of generality s; = 1. By Lemma 4.4.2,
F,=F_1+2and Fi;p = Fiyp-1 —2,s0 F;, = 2 = F;.p_1. lterating
the same lemma over the half-planes m;41,...,myp—1 we find Fi4p_1 =
F; + Z]D:_ll Si4+jMitj, whence Zj[-):_ll Si+jMiyj = 0, as desired. O

COROLLARY 4.4.5. Let |G4] — S22 my|TL|. Then

(i) if my =---=mp =1 then D=2 (mod 4),
(ii)) f my =---=mp =2 then D is odd,
(iii) if m1 =2, mo=---=mp =1 then D =1 (mod 4).

PRrOOF. The result is obtained by listing the orientations of the half-
planes 71, ..., mop weighted by their respective multiplicities, and excluding
certain subsequences from this. We start by considering three consecutive
half-planes 7;_1, m;, 7,01 with multiplicities m;_1,m;, m;21 = 1, and show
that then (si—1,s;,si+1) € {£(1,—1,—-1),£(1,1,—-1)}. First note that the
two sequences (8;—1, 8i, Si+1) = =(1,1,1) are excluded by Lemma 4.4.2. The
remaining cases are argued by contradiction, assuming that (s;—1, si, Si+1) =
(1,—1,1). Then on the one hand by Lemma 4.4.3, applied between 7;_1, 7;
and m;, m; 41 respectively we find that F;_1, F; # 1. This is absurd, as on
the other hand F; = F;_1 + 1. One reasons similarly when (s;_1, s;, S;i4+1) =

(—=1,1,1).
(i) When the multiplicities are all equal mq,...,mp = 1 then the only
pOSSibﬂity is that (mlsl, ey m2D32D) = (81, ey S2D> = (1, 1, —1, —1, .. )

or a cyclic permutation thereof. Hence D must be even. As s1,80 = 1 we
get Spt1,Spt2 = —1, whence sp_1,sp =1 and D #Z 0 (mod 4).
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TABLE 1. The possibilities for the multiplicities afforded by
the improved area bounds of Corollary 3.3.4, up to cyclic

permutations.
D ‘ (m17 7mD)
2 (272)?<2?]‘)
3 (27171)7(]‘7]‘7]‘)7(2?2’ ]‘)
4 (2717171)?(1’]‘7]‘7]‘)
5 (1,1,1,1,1)

(ii) From Lemma 4.4.4 (i) either (s1,...,s2p) = (1,1,—1,—1,...) or a
cyclic permutation thereof, so D must be odd.

(iii) Without loss of generality s; = 1, and by Lemma 4.4.2 the sequence
(mjs;) starts (2s1, s2,s3) = (2, —1,—1). The orientations of half-planes with
multiplicity one alternate in pairs, so this continues (sq4, S5, S6, $7,...) =
(1,1,-1,-1,...). As 2spi1 = —2 we get (sp-1,Sp,2sp+1) = (1,1,-2).
Combining the two observations, D — 1 =0 (mod 4). O

4.4.2. Classification in dimensions up to seven. Here too, as in the
previous section, we consider a sequence of two-valued minimal graphs u; €
Ch*(Day; Ag) which converge in the varifold topology, |G| = |graphu;| —
>;milll;| as j — oo. These planes are assumed to meet along a single
n — 1-dimensional vertical axis L = Ly X Rep41 € Gr(n — 1,n+1).

COROLLARY 4.4.6. Let |G| — SS2 my|[;|. If 2 < n < 6 then this is
either 2|I11| or |II1| + |I2].

PROOF. As the graphs have dimension up to six, the area estimates of
Proposition 3.3.5 give } . m; < [nwy/wp—1] < 5. Hence D < 5, and the

possibilities for (my,...,mp) are listed in Table 1 up to cyclic permutation.
Of these, the only not forbidden by Corollary 4.4.5 is (my, ma, m3) = (2,2, 1).
However note 2s9 + s3 # 0, which contradicts Lemma 4.4.2. OJ

4.4.3. Multiplicity and mass cancellation.
COROLLARY 4.4.7. Suppose 2 <n < 6. Let
|Gj| =V #0€IV,(D1 xR) as j — .
Then either O(||V]],X) = 2 for H"-a.e. X € regV and there is a smooth,

stable minimal surface ¥ so that
V=23,

or O(||V]|,X) =1 for H"-a.e. X € regV and
(i) spt||V|| s immersed near points of S*~1(V)\ S"2(V),
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(ii) the set S"~2(V)UB(V) is countably (n — 2)-rectifiable.

ProOF. We only need to show that the multiplicity of regular points of V'
is either one or two; the conclusion follows by combining our limit cone clas-
sification with the results of [SS81, KW20, Wic20]. We may assume without
loss of generality that G; N Dy x R is connected for all j. As the graphs con-
verge locally in D; x R with respect to Hausdorff distance, spt||V| N D; xR
is also connected. Let R be the set of connected components of reg V', which
we group into the two sets R1 and Rs according to their respective multiplic-
ities. (The multiplicities are constant on every component by [Sim84, Thm.
41.1].)

We use a contradiction argument to show that one of the two is empty.
Let Vi = > scr,|X] and Vo = > i, 2|T|. These are both stationary in
Dy x R away from spt||Vi|| N spt||[Va]| N D1 x R. By our classification of
limit cones, C(V) Nspt||Va]| = 0. As B(V) US"2(V) is countably (n — 2)-
rectifiable, this means H"!(spt||V1|| N spt||V2||D1 x R) = 0, whence V;, Vs
are in fact stationary in D; x R without restrictions. One argues in the same
way to justify their stability in D x R. As the support of V5 contains neither
genuine branch points nor classical singularities, [SS81| implies that there is
a smooth embedded minimal surface X9 C D; X R so that Vo = 2|%5|. Take
X e spt||Vi[[Nn¥2n Dy xR, and p > 0 small enough enough that B,(X)\ X2
has two connected components, say Uy. Let VljE be the two varifolds made up
of the portions of V; lying in Uy respectively. Arguing as above we find that
ViE are both stationary in B,(X). Without loss of generality X € spt||V;"|.
As Vfr lies above Yo, we have reached a contradiction with the maximum
principle of Wickramasekera [Wicl4c| quoted in Theorem 2.1.9. O

COROLLARY 4.4.8 (No mass cancellation). Let 2 <n < 6. Suppose that

as j — oo,
|G| =V €IV,(D; xR)
[G;] =T €L,(D: xR)
If T #0 then |T|=V.

PROOF. The limit current T necessarily has |T'| < V, with equality if
and only if it there is no mass cancellation. This cannot occur at points of
multiplicity one, so by Corollary 4.4.7 we may assume that O(||V||, X) = 2
for H"-a.e. X € regV and there is a smooth embedded minimal surface
Y with V' = 2|X|. Thus also spt||T|| C X, and by the Constancy Theorem
[Sim84, Thmn. 41.1] there is m € Zsg so that [T'| = m|X|. As m < 2, and
m # 1 as otherwise we could use Allard’s regularity theory, we have that
eitherm =2 and |T|=V orm=0and T =0. O



CHAPTER 5

BLOWDOWN CONE ANALYSIS AND THE BERNSTEIN
THEOREM

5.1. BLOWDOWN CONES AND ASYMPTOTIC ANALYSIS

In this section we derive two different results, which respectively hold for
graphs of arbitrarily large dimension and when n < 6. For now let n € Z~g
be arbitrary, and consider a two-valued minimal graph u € CY*(R"; As).
Without loss of generality we may assume that «(0) = 0 and that G is
singular there. Let C € IV,(R""1) be a stationary varifold obtained as
a blowdown cone of |G| at infinity, along some sequence of positive scalars
Aj — oo. By this we mean that for every j € N we set

uj(z) = A7 (X (2)) for all z € R,
write GG; = graphu; and take their weak limit in the varifold sense,
|G| = C as j — oo.

Passing to the limit, the cone inherits both the stationarity, and stability
with respect to compactly supported ambient deformations from the two-
valued graphs.

5.1.1. Entire graphs with bounded growth.

LEMMA 5.1.1. Let a € (0,1) and n > 2 be arbitrary. Letu € CH*(R"; Ap)

be an entire two-valued minimal graph. If

limsup (||ullo;p, /) < +o0

7—00
then u is linear. Otherwise the support of every blowdown cone at infinity
contains the half-line Ly = {te,+1 |t > 0} or its reflection —L.

PROOF. Suppose first that u has bounded growth, say sup, 7~ {jul|o.p, <
C for some C' > 0. Let (A\; | j € N) be a sequence of positive scalars
with A\; — oo, along which we blow-down u. For all j € N, define u; €
CL(R™; A2) by setting uj(z) = A;lu(Aja:) for all z € R™. Using the interior
gradient estimates, we find that for all » > 0 there is a constant C(r) so that
sup;|lugll1;p, < C(r). Next, by the two-valued Lipschitz theorem we can

extract a subsequence which guarantees that there is a two-valued Lipschitz
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function U € Lip(R™; A2) so that simultaneously uj — U locally uniformly
and |G| — |graph U|. By the monotonicity formula graph U is a cone, and
hence U is homogeneous. Next by Lemma 3.5.3, U must be linear, and its
graph is a union of two possibly equal planes. In particular H"(graph U N
B1) = 2w,. Thus O(||G||,c0) = 2. But by assumption O(||G||,0) = 2, so
by the monotonicity formula the graph G is the union of two possibly equal
planes and w is linear. This concludes the proof of the first half of the lemma.

Now assume instead that this diverges. Up to considering —u we may
assume that sup,-or~ ! maxp, {u1,us2} = +00 which will ultimately allow us
to conclude that, if C is a blowdown cone of w at infinity, then necessarily
{tens1 | £ > 0} C spt|C].

We argue as follows. As above, let () | j € N) be an arbitrary sequence
of positive scalars with \; — 400 along which we blow down |graphu| to
obtain a sequence with limiting behaviour |graphu;| — C as j — oo. It
is well-known that the supports of these graphs converge to spt||C|| in the
Hausdorff distance, disty (spt||/G;|| N K,spt||C|| N K) — 0 as j — oo for all
compact K C R""!. Here we take K = Ds x [—1,1] depending on a small
parameter 6 — 0 which we eventually let go to zero.

For now however let us fix a value for §. Inside the disc Ds the functions

u; have
max{u], u}} — 400 as j — +
e 1, Ug J 00,
Ds

so that for large enough j > J(9) we get

max{uf, uj} > 1.
§
Hence there exists a sequence of points X; = (z;, X;-LH) € spt||G;||NDs xR
with X?H > 1 for all j. As spt||Gj|| N Ds x R is connected there is a
continuous path ~; : [0,1] — R™"! with image v;([0,1]) C spt||G,|NDs x R
and endpoints v;(0) = 0 and ~;(1) = X;. This path must cross the solid disc
Ds x {1} at height one, so that by picking a point in this intersection we can
construct a sequence of points (Yjs | j > J(6)) each of which belongs to

Yis € 7;([0,1]) N Ds x {1}.

Now of course we may proceed similarly regardless of the size of §, so that
taking a positive sequence (d,, | m € N) with ,, — 0 as m — co we obtain
via a diagonal extraction argument a subsequence of indices (j,, | m € N)
and (Yy, | m € N) with

Y, = G sOm € Gjm N D5m X {1}
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In particular we obtain convergence Y, — (0,1) € R""! which thus nec-
essarily belongs to spt||C||. As C is a cone, its support in fact contains the
entire line directed by (0,1), that is {te,+1 | t > 0} C spt||C]|. O

5.1.2. General results in low dimensions. Combining the results
from 3.5.1 with the work of [Wic20| we obtain the following.

COROLLARY 5.1.2. Let V € IV, (D x R) be the limit of a sequence of
two-valued graphs G; = graphu;, where there is o € (0,1) so that u; €
CY9(Dg; Ag) for all j. Suppose that at the point Z € spt||V||, there is a

tangent cone of the form
9| x Rept1, 2| x Rept1, or (JIIY] + [TI3]) x Reyq1 € VarTan(V, 2),

where 119,119 are two distinct n — 1-dimensional planes in R™. Then there
is p > 0 so that

(V(X),ent1) =0 for all X € regV N B,(Z).

This result holds in arbitrary dimensions, but in the remainder we con-
sider 2 < n < 6. Nonetheless this is a useful prerequisite for the following
theorem, which is the main result of this section.

THEOREM 5.1.3. Let a € (0,1) and 2 < n < 6. Let u € CH*(R™; As)
be an entire two-valued minimal graph and C be a blowdown cone of |G| at
nfinity. Then

(i) either C is cylindrical, that is of the form C = C° x Rep 1,
(i) or C = || + C° x Reyyq where I1 € Gr(n,n + 1),
(iii) or C is the sum of two possibly equal planes 111,113 € Gr(n,n + 1),
C = || + ILy].

The remainder is dedicated to proving this theorem, starting by decom-
posing the blowdown cone C into a vertical and a horizontal part. We
construct this decomposition as follows. We consider the set R of connected
components of reg C. (This set has at most countably many elements by a
classical separability argument.) By [Sim84, Thm. 41.1] every ¥ € R has has
constant multiplicity Oy € Zso. We say that ¥ is vertical if (v,ep41) =0
on X, and horizontal if instead (v, e, 1) > 0. Thus R = R, U Ry, either of

which is allowed to empty.

LEMMA 5.1.4. Let o € (0,1) and 2 < n < 6. Let u € CH¥(R"™; As)
be an entire two-valued minimal graph and C € IV ,(R"™1) be a blowdown
cone of |G| at infinity. Then C, = C) X Repy1 = Y 5cp. Ox|X| and Cp =
> _rer, OrlL'| are stationary integral varifolds, and

(5.1) C=C,+Cj € IV, (R").
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PrOOF. First, the convergence of the two sums can be justified be-
cause their weight measures are bounded by ||C||. Let us write the ar-
gument out explicitly for C,. Assume that R, is countably infinite, enu-
merated by R, = {¥; | i € N} say. For every compact subset K C R"*!,
> ser, OslIEI(K) < [|CJ[(K) < Ck, so that the partial sums ) 7%, Ox, || —
0 when k — oo as varifolds. Thus the sum > 2, Ox,|%;| is convergent, with
limit C, € IV,,(R""1). Asevery |¥;| € IV,,(R""1) is invariant under homo-
theties, the same holds for their limit, which we are thus justified in denoting
by C,. Similarly one may check that indeed C, is vertical, meaning it is of
the form C, = C? x Re, .1 for some C? € ITV,,_;(R").

Proceeding similarly one can justify the construction of Cp, and confirm
that C = C, 4+ Cj, as in (5.1). Moreover, the stationarity of C means that
C, is stationary in the open set R"*!\ spt|Cy,|| and vice-versa for Cj,. The

only way either of the two cones could fail to be stationary in R"*! is if
H" L (spt||C, || Nspt||Chll N By) > 0.
By construction spt||C,|| N spt||Cy|| C sing C, which is stratified like
Slc...c8?csvicsn,

where we abbreviate S¢ = SY(C). By Corollary 4.4.7, we further have
H"1(B(C)US"2) =0, whence

H" 7 (spt]| Col| Nspt|Crll \ (8™ 8"72)) = 0.
Now assume H"1(spt||C,|| Nspt|Cr| N B1) > 0, and take a point
Xo € (8" 1\ 8" ) Nspt||C, || Nspt||Cr|| N By.

The classification of classical tangent cones established in the previous sec-
tion (e.g. see Corollary 4.4.7 again), and valid for the range of dimensions
2 < n < 6 prescribed in the hypotheses, implies that spt|C|| must be im-
mersed near Xg. Therefore both C, and Cj, must be embedded near X, say
B(Xo, po)Nspt||C|| C reg CpUreg C, for some py > 0, which are transversely
intersecting. Both reg Cp and reg C, have separately pointwise vanishing
mean curvature, and in particular they are both stationary near Xy. As X
was chosen arbitrarily, this proves that both C, and Cj are stationary as
varifolds in IV, (R"1). O

The three cases (i), (ii) and (iii) listed in Theorem 5.1.3 correspond to
the following situations. In the first case Cp = 0, and the conclusion is
immediate, while in the last C, = 0 and we conclude using the uniform
gradient bounds for u, as demonstrated in Lemma 5.1.1. Probably the most
complicated case of the three remains, in which both C, # 0 and Cp # 0.
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LEMMA 5.1.5. Let a € (0,1) and 2 < n < 6. Let u € CH*(R"™; As) be
a two-valued minimal graph and C = C, + Cj, € IV,,(R"!) be a blowdown
cone of |G| at infinity. If C, # 0 and Cyj, # 0 then Cp = |II| for some plane
IT € Gr(n,n+1).

In proving this lemma we will use a function @ : D; — [0, +00] defined
by

(5.2) Q)= Y. O(|Cull,Y) for all y € Dy,
YeP, ({y})

where we convene that Q(y) = +oo at points y € D;p for which the set
(Y € Py ({y}) | ©(||Ch, Y) > 0} is infinite, should they exist.

LEMMA 5.1.6. Let o € (0,1) and 2 < n < 6. Let u € CH*(R"™; As) be
a two-valued minimal graph and C = C, + Cj, € IV,(R"*1) be a blowdown
cone of |G| at infinity. Then the set K = Py(S" 2(C) U B(C) UsingC,) N
D1 C Dy is closed and has H" 1 (K) = 0. Moreover Q is finite and constant
on D1\ K, with value either 1 or 2.

Proor. Recall that by Corollary 4.4.7 the support of C = Cp, + Cy, is
immersed away from S"~2(C)UB(C). This is true in particular at singular-
ities in (S"71\ 8"~2)(C), which are all classical, immersed singularities. For
the remainder we thus write C(C) = (S"~!\ 8"2)(C). These form an open
subset of sing C, meaning that the projection of the set of non-immersed
singularities onto R™ x {0} C R"*! yields a closed subset of D; with

(5.3) H"H(Py(S"2(C)UB(C)) N D) = 0.

This last identity (5.3) is preserved if we additionally project the singu-
larities of C,. Indeed the only singularities of C, not contained in the set
S"2(C)UB(C) are those in (§"71\ 8"2)(C,). Now, because the cone has
the form C, = C? x Re,, 11, the same holds for its singular set, meaning that
(8" 1\ 82 (C,) = [(8" 2\ 8" 3)(CY)] x Rept1. Therefore

H U P((S"H\S")(C))) = HPH(S" 2\ S"H)(Cy) = 0.

The same is true for the closedness of Py(S" 2(C) U B(C) Using C,) N
D; inside Dy, because the set Py(sing C,) = sing C! is closed. Then an
argument similar to the one used in [SW16]| to prove their Lemma A.1 can
be applied here to conclude that the complement of K = Py(S" 2(C) U
B(C) Using C,) N Dy in the unit disc D; is path-connected.

Let us assume for now the validity of the conclusions of Claim 5 below,
namely that @ is locally constant on the set Dy \ K, with value either 1 or
2. As this set is path-connected, the function ) must in fact be constant,

precisely what was to be shown. O
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CrAmM 5. The function @ is finite and locally constant on D; \ K, with

value either 1 or 2.

PROOF. Consider a point y in this set D; \ K. Let Yi,..., Yy be any
finite collection of points contained in Py '({y}) N spt|/Cyl|. Every point
Y, € {Y1,...,Yy} is either a regular point of C = C, + Cj, or else is
singular, in which case by construction Y¥; € C(C) and its unique tangent
cone is of the form

Iy, | + |13, | € VarTan(C,Y;),

where H%/i ,H%/i € Gry. There are then two possibilities, namely either Y; €
C(C)NregCy, or Y; € C(C) NC(Cp). In these two cases the density with
respect to Cy,

©i = O([[Crl], Yi)

is equal to one or two respectively. By Corollary 5.1.2 this corresponds
precisely to whether one or both of the planes H%,H%@ one or two of the
planes H%/i ,H% are horizontal respectively. When only one is horizontal, it
will simplify our notation somewhat to denote this plane Ily, € {H%,Z , H%,Z}
Moreover, when Y; € reg C then automatically Y; € reg C;, as well, so

and there is a unique plane Ily, € Gr(n,n + 1) so that
VarTan(Cp, Y;) = Oy; |Ily,|.

(When ©y; = 2 the point Y is a false branch point, a possibility we allow in
our analysis.) When this is the case, then the tangent plane Ily; is horizontal,
meaning its normal is not orthogonal to e,y1, regardless of whether ©; = 1
or 2. We write Ny, for the upward-pointing unit normal to this plane.
Next, consider one of the preimages Y; € {Y1,..., Y} say, and take some
small radius p > 0 so that the balls B(Y1,p),...,B(Yn,p) are two-by-two
disjoint and U; B(Y;, p)Nspt||C|| C reg CUC(C). Forevery Y; € {Y1,..., Yy}
either Y; € reg Cj, and we write Xy; for the smooth minimal surface so that

Oy [%y;| = |Cn|L B(Y;, p),

orelse Y; € C(Cy,) and we write Z%,i, E%,i for the two smooth minimal surfaces
so that

25| + 55| = |Chl L B(Y, p).

Before continuing our argument, let us relabel these surfaces to avoid

having to distinguish between different cases depending on whether or not
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Y; € reg Cp. We simply write X1,...,2p for the entire collection
UM {3, | Vi € C(Ch),j = 1,2} U{Sy, | Vi € reg Cp}

and ©1,...,0p for their respective multiplicities in Cj. With this nota-
tion we have that, for example, U;Xy, = UpY, and |Cp|L U;B(Y;, p) =
> i Ok|Xk|. Further write IIy, ..., IIp for the corresponding tangent planes,
and Ny, ..., Np for their respective unit normals, which we all choose upward-
pointing.

Next let m = ming (Ng, en41) > 0, and adjust p > 0 so that

(5.4) (W(X),ent1) > m/2

for all X € UpXy = spt||Ch|| NU; B(Y;, p), where we write v for the upward-
pointing unit normal to reg Cy,.

Write G; = graphwu; for the two-valued minimal graphs obtained by
blowing down G, where we have already extracted a subsequence to en-
sure that |G;| — C. Then using our relabelled notation, we have |G;| L
UiB(Yi, p) = > Okllli| as j — oo. For every surface ¥y, € {¥1,...,Xp}
write Y;, for the unique corresponding point in X5 N {Y7,...,Yar}. Then,
potentially after adjusting the radius p > 0 we may take j large enough so
that, depending on the density of the point Y;, we may distinguish between

the following cases.

(1) If ©(J|C||,Y;,) = 1 then by Allard regularity, we can take j large
enough that there is a smooth function Uy, € C°°(Ba,(Y;, )N ; 1)
so that |G| B,(Y;,) = |graph Uji| L B,(Yi,) — |Xk| as j — oo.

(2) If ©(||CJ|,Y;,) = 2 and Y;, € C(C) then write ¥; € {¥4,...,Xp}
for the other surface with Y;, € ;. Then there exist two smooth
functions Uk, Uj; € C%°(Ba,(Yi, ) N IIE) so that |G4|LB,(Y;,) =
(lgraph Uj|+|graph Uj| )LB,(Y;, ). Moreover |graph Uj; |_B,(Y;,) —
|2k| as 7 — oc.

(3) If ©(||C|,Yi,) = 2 and Y;, € regC then there is a two-valued
function Uy € CHP(Ba,(Yi,) Ny; Ag(IT3H)) for some S8 € (0,1) not
depending on j, so that |G;|L B,(Y;,) = |graph Uji| L B,(Y;,) —
2|Xk| as j — oc.

In all three of these cases, we may additionally impose that
(5.5) (Vj(X), eny1) > m/3 for all X € regG; NU;B,(Ys),

potentially after taking j even larger if necessary, as this is a strictly weaker
version of the lower bound (5.4) that holds in the limit. Once this is done, we
know there is § = 6(m) > 0 so that for all z € Dy,(y) and all k € {1,..., D},
graph Uj;, contains ©y, points lying above x (counted with multiplicity), and
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thus

M

(5.6) >, oGl x) =) e
XePy ' ({x}) k=1

On the other hand the graphs G are all two-valued, and therefore we get

> Ok < 2from (5.6). As ©f > 1 for all k this means that M < 2.

This way we have established that for all points y € Dy \ Py(S"2(C) U
B(C) Using C,) there lie at most two points of spt||G;|| above y, meaning
precisely that Q(y) < 2 for all such points. Our analysis shows that then
the only two possible values are Q(y) € {1, 2}.

To show that @ is locally constant in this set Dy \ Py(S™"2(C)UB(C)U
sing C,), pick an arbitrary point y lying in it. Although the arguments
are essentially identical, we distinguish between cases depending on whether
Py(sing C) or not.

If y € Dy \ Py(sing C) then there lie ¢ = Q(y) € {1,2} points, say
Yi,...,Y, in spt|C|| N Py '({y}). Then there is p > 0 so that D,(y) C
D1\ Py(sing C), and consequently we can find ¢ smooth minimal surfaces
1,...,%g so that C, L D,(y) x R =) _,|%;|. Then clearly for all other z €
D,(y) we also have Q(2) = ¢ = Q(y). (Note that in this analysis we allow for
the possibility that there lies a unique, regular point Y € Py ! ({y})Nspt||C|
which however has O(||C||,Y) = 2. Such a point is called a false branch point,
and we would count such a point twice, meaning ¢ =2 and Y13 =Y =Y5.)

If instead y € D1 \ Py(S"2(C) U B(C) Using C,) is the projection of
a singular point, then automatically Py ' Nspt||C|| = {Y} and YV € (C).
Moreover its density with respect to Cy, is exactly O(||Cpl,Y) = ¢ = Q(y).
Similar to the above, we may pick p > 0 so that D,(y) C D1 N Py(reg C U

C(C)). There are then ¢ smooth embedded minimal surfaces ¥1,...,%, so
that C, L D,(y) x R = ) _,|¥;], and thus for all points z € D,(y) we get
Qz) =q=Q(y). O

PROOF (OF LEMMA 5.1.5). As we are working with cones, we work over
the unit disc without restricting our conclusions. Using the same notation
as in Lemma 5.1.5, we let K = Py(S"2?(C) U B(C) Using C,) N Dy, which
is a closed subset of Dy with H" }(K) = 0. In the same lemma we showed
that the function @, defined on the unit disc D; by the expression (5.2) is
constant either equal to one or two.

We start by showing that necessarily @ = 1 on D; \ K, using a contra-
diction argument assuming that instead ) = 2 on the same set. Speaking in
very rough terms, the conclusion will follow by examining the intersection of
spt||C,|| and spt||Cp||. By a blow-up argument we will derive a contradiction
with our classification of tangent cones from the previous section. To obtain
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this we distinguish between the following two cases:
(5.7) either reg CY \ Py(sing Cy) # 0 or reg CY C Py(sing Cp,).
We treat the former case first, and pick a point
y € reg CY N Dy \ Py(sing Cp,).
Because Q(y) = 2, this has two pre-images
Y €regCrN Pyt ({y}) i=1,2

which by assumption also belong to reg C,. Using Corollary 5.1.2 we see
that they must both lie on an axis along which of reg Cj, and reg C,, intersect

transversely, and we may write
ITI?| + [TI?| € VarTan(C, Y;)
where as our notation suggests
Y| = [T1%Y] X Reyy € VarTan(C,, ;)
and
17| € VarTan(Cp,, Y;).

Recall that we write |G| = |graphu;| for the blowdown sequence which
converges to C. As the graphs are stable, we may use the results of [Wic20] to
conclude that there is a small radius p > 0 so that B(Y1,2p) N B(Y2,2p) =0
and there exist Uj; € C’OO(H]{,%_ N B(Y;,2p)) so that

|G| L B(Yi, p) = [graph Uji| L B(Y;, p) i =1,2.

Write Nl-h for the upward unit normal to H;‘ and let m = mini:Lg(Nih, Ent1) >
0. Then for large enough j we get

(vj(X),eny1) >m/3  forall X e regG; N{B,(Y1) UB,(Y2)},

arguing as above when we derived (5.5). As neither of the planes is vertical,
we can find § = 6(m) > 0 so that graphUj;; N D(y;,0p) x R C B(Y;, p)
at least provided j is large enough, where we write Y; = (yi,Yi”H) for
both ¢ = 1,2. We moreover know that with respect to Hausdorff distance
sing G; N B,(Y;) — (I N11Y) N B(Y;, p) as j — oo. Focus on the first graph,
pick a singularity Z; € sing G; N Dy,(Y1) x R which also belongs to Z; €
graph Uj; N B,(Y1). Then there is also a point Zs € graph Ujs N Dy, (y) with
Py(Z1) = Py(Z2). Adding their densities we obtain the absurd inequality

> 06, 2) = oGl Z1) + ©(|G;l, Z2) = 3.
ZePy ({2))
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We may now turn to the second case described in (5.7), where reg C? C
Py(sing Cp,). As H" L(reg CON Dy) > 0 but H" 1 (Py(sing C, \ C(Cp))) =0
we may pick a point

y € reg Cy \ Po(sing Cy, \ C(Ch)),
whence
Py ({y}) Nspt||Call € C(Ch).

Indeed by assumption there lies at least one singular point Y3 € Py ' ({y}) N
C(Cp). If we assumed the existence of a point Y2 € Py '({y}) NregCy, we
could derive a contradiction along much the same lines as above, in the first
case of (5.7). Therefore Py ' ({y}) Nspt||Ch| C sing Cy,. In fact one can even

use the same argument to prove the disjointness
(5.8) Po(C(Cp)) N Po(sing Cp, \ C(Ch)) =0,

and deduce that in particular Py ' ({y}) Nspt||Cp| € C(Cp).

Indeed, if 2 € D1 N Py(C(Cy)) then automatically Py ({z})Nspt|Cpll C
sing Cyp, and by assumption there must be at least one classical, immersed
singularity Z in this preimage. Again arguing as above we obtain that
Pyl({z})nC(Ch) = {Z}. Write |z1| + |Tz2| € VarTan(Cy, Z) for the
unique tangent cone to Cj at Z, and let

mz =min{(Nz1,ent1), (Nz2,€nt1)} > 0.

Then pick p > 0 for large enough j, there are two smooth functions Uj; €
C>(Iz; N B(Z,2p): 113, so that |G;|L B,(Z) = |graph Uj1| + [graph Ujs|L
B,(Z). Next take # = 6(m) > 0 so that above all x € Dg,(2) there lie a
point in each of the two graphs, say X;; € graphUj; N Py ' ({x}). (Should
x € Py(C(Cy)) then we allow them to coincide, X;1 = Xja.)

Counting the densities of these points, we see that

(5.9) Dy,(z) x RNspt||G,|| C graph Uj; U graph Ujs.

To confirm that (5.8) holds, write Z; = Z and assume that there exists a
point Zy € Py *(2) Nsing Cy, \ C(Cp). Then necessarily O(||Cp|, Z2) > 1,
and thus no matter how small ¢ > 0 is chosen we must have, at least for
J large enough, that G; N By(Z2) # 0. If we choose o < 6p so small that
By (Z2) N B,(Z1) = 0, then this contradicts (5.9). Thus there could be no
point in Py *(z) Nsing Cp, \ C(Cp), and instead we must have (5.8).

Thus we may take a radius p > 0 small enough that

(5.10) reg Cy N Dy(y) C Ro(C(Ch)).
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Next let Y € Py ({y}) NC(C},) be the unique singular point lying above ¥,
and denote its tangent cone

Iy 1| + [IIy2| € VarTan(Cp,Y),

with planes Ily,1,Ily2 horizontal. By assumption the point Y also belongs
to reg C,, with respect to which it has the tangent cone

| = i1y

x Reny1 € VarTan(C,,Y).

Blowing up the cone C at Y, we see that the splitting C = C, + Cy, is
reflected at the tangent level in the sense that the tangent cone is

Iy 1

+ [y 2| + |1I§-| € VarTan(C,Y).

We may deduce a contradiction with our classification of classical limit
cones from this provided we can show that this indeed is a classical tangent
cone. For this we need to prove that the three planes Ily,q, Iy, Iy, pairwise
intersect along the same (n — 1)-dimensional axis Ly say. This is the case

precisely if setting Ly = IIy,; N1ly2 we have
(5.11) 1,0 = Py(Ly).

As both spaces have the same dimension, this is equivalent to the in-
clusion HZ’O C Py(Ly), which can be obtained by blowing up the inclusion
reg CY N D(y,r) C Py(imm C). To confirm this rigorously, take a sequence
(1x | k € IN) of positive rescaling factors i, — 0 so that simultaneously

(M) #(Co L Doy () — [TI°| L Dy
(Mo )¢ (Cr L By (Y)) = (|| + [T o) L By,

where the constant 6 is chosen in terms of the planes Ily;,Ilys in the fol-
lowing manner, analogous to have been proceeding above. Adjust the value
picked for p > 0 in (5.10) to have it small enough that we can find two
smooth functions Uj; € C*(Ily; N ng(Y);H}L,i) so that Cy, L B,(Y) =
(lgraph Uj1 + graphUja|) L B,(Y'). Decrease the value of p > 0 again to
get that (V(X),ent1) > my/2, for all X € regCp, N B,(Y) where my =
min{(Ny 1, en+1), (Ny2, ent1)}. By smoothness of the two graphs, there is
a constant # = 6(my) > 0 so that for all points x € D,(y) each graph
contains precisely one preimage Y; € Py '(y) Ngraph U;; N B(Y;, p). Arguing
as above using the convergence of the two-valued graphs |G| L Dg,(y) —
(lgraph Uj1| + |graph Ujz|) L Dg,(y) as j — oo, we deduce that

spt||Chl| N Do, (y) x R C (graph Uj; U graph Ujo) N B, (Y)

for all 7 € (0, p). In particular this holds for » = py, provided this is small
enough. Moreover, an analogous inclusion holds for their respective singular
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sets, namely
(5.12) sing Cp, N Dy, (y) x R C (graph Uj; N graph Ujz) N By, (Y),

where perhaps it is useful to recall that these are all immersed, classical
singularities.
Let a small § > 0 be given. Abbreviate

Chk = (u.y)#Ch for all k € N,

whence by assumption éh,k — |Hy1| + [IIy2| as & — co. Because this limit
is regular with multiplicity away from the axis Ly where the two planes
intersect, by Allard regularity we can choose k large enough to ensure that

(5.13) sing (A}h,k NB; = C((A?h,k) NB; C (Ly)5 N Bj.
Abbreviate as well, for all £ € N,
CY ) = (M) #CY € IV,,_1 (R™).

Again by assumption égk — |I° as k — oo because y € regCO. In
particular, their supporting sets converge locally with respect to Hausdorff

distance, and we may take large enough k that
disty (spt[|CY || N Dy, T4 N D) < 6.
Equivalently at the original scale
dista (spt]| CYl N Doy, (), (y + T15°) N Dy (y)) < Spag

where y + HZ’O is the affine plane parallel to HZ’O attached to the point y. If
we combine this with (5.10) and (5.13) we get that

(5.14)

(y +1I1;°) N Dy C (reg C) N Doy, (4))ap, € (Po(C(Ch)) N Doy, (y) X R)sp-

(Note here that, as y € reg C¥ the support of C coincides with its regular
set near the point, reg C) N Dy, (y) = spt||CY|| N Dy, (v) at least provided
urd < p. We may thus equivalently use either expression in our identities.)

By (5.12) the right-most set of (5.14) satisfies Py(Cp) N Doy, (y) =
Py(Ch N Dy, (y) x R) € Py(C(Ch) N By, (Y)), whence this becomes

(5.15) (y +11;°) N Dy C (Po(C(Ch) N By (Y)))sy,-

The convergence of the singular set we obtain from (5.13) says that, for

k as large as imposed there,
(5.16) C(Cp)N B, (Y) C (Y + Ly)su, N By, (Y),

where recall we explained above that the singularities of Cp in sing Cp N

By, (Y) are automatically classical singularities. Note moreover that this is



5.1. BLOWDOWN CONES AND ASYMPTOTIC ANALYSIS 123

the main step where (5.12) was useful, because it meant we can use the local
convergence in the Hausdorff distance valid in compact domains to draw the
conclusion above, namely (5.16).

As the projection Py is a continuous linear map of norm one we get
combining (5.15) and (5.16) that

(y +11°) N Di(y) € (Po(Y + Ly))2s N Di(y),
whence after translating to the origin
19N Dy C (Po(Ly))2s N Dy

As 6 > 0 was an arbitrarily small constant, we may let it tend to zero to
obtain the desired inclusion

15N Dy )y C Py(Ly) N Dy,

which confirms the validity of (5.11).

As we have already explained in the paragraph preceding this identity,
this means that we have shown that the tangent cone to C at the point
Y € sing C is a classical cone. This is a contradiction, regardless of whether
H;’,’O is distinct from the other two cones or not, because in any case one
would have

ITTY, | + [T 5| + [T [|(B1) /wn = 3,

which our classification of classical limit cones of two-valued graphs demon-
strates is impossible, see Corollary 4.4.6.

This concludes the argument in the second of the two cases described
in (5.7). Therefore, if both C,, Cy, # 0 then

(5.17) Q=1onD;\K,

with K C D; asin Lemma 5.1.6. From this we can draw the conclusion that
the support of Cy, is smooth embedded inside the open set (D \ K) x R. In

fact we can go further.

CrAM 6. There is a smooth function U, € C*°(D; \ K), satisfying the
minimal surface equation, so that |Cy|L (D1 \ K) x R = |graph Up|.

PrROOF. Let y € D; \ K be any point. Because of (5.17) there lies
precisely one point Y € Py '({y})spt||Cy|. Moreover, as O(||Cp|,Y) =
1 this point must be regular, and we may write |IIy| € VarTan(Cj,Y)
for its unique tangent plane at the point. Either by inspection or using
Corollary 5.1.2 we see that this cannot be vertical, meaning we may write Ny
for the upward-pointing normal. Thus, using the Allard regularity theorem
there is a radius p = py > 0 and a smooth function Uy € C*°(IIy N Byy; H%,)
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so that at least in a small ball |Cy|L B,(Y) = |graph Uy |L B,(Y). Write
moreover m = my = (Ny,ep41) > 0, and take 6 = 0y > 0 small enough that
above every x € Dg,(y) there lies precisely one point of graph Uy. Write Y =
(y, Y"*1) and define a function Uy, : D1 \ K — R by setting Up,(y) = Y"1,
Then at least locally we are guaranteed to have |graph Uy|L Dg,(y) x R =
|graph Uy | L Dg,(y) x R. This shows that Uj is smooth. Patching these
local observations together we see that |graph Uy| = C, L (D1 \ K) x R. In
particular the varifold |graph Up| is stationary inside this region, and Uy, is
a classical solution of the minimal surface equation on D; \ K. a

Recall moreover from Lemma 5.1.6 that H"~}(K) = 0. Moreover K is
a closed subset of Dy, and thus is locally compact. This places us precisely
in the situation described by L. Simon in [Sim77|. The results proved there
demonstrate that v can be extended smoothly across K, and thus there is
a smooth, classical solution of the minimal surface equation defined on D;
which restricts to Uy on Dy \ K. Denote his extension of Uy to Dy by Uy
also. Since Uy, is homothety-invariant on D; \ K, this must in fact hold in the
entire unit disc. It is then a standard fact that Uy must in fact be linear, and
its image is a plane, say |graph Uy| = |II,| where II;, € Gr(n,n +1). Then

also Cj, = |II|, which is precisely what was to prove in Lemma 5.1.5. O

REMARK 5.1.7. The work of Simon in [Sim77] is a generalisation of an
earlier result of de Giorgi and Stampacchia, who in [DGS65] manage to
draw the same conclusion, but only under the stronger condition that K is
compact. Allowing locally compact K, as Simon does, means that the subset
K C D can extend all the way up to the boundary of the domain. This
is crucial in the application above. Both of these results could have been
replaced by the regularity theory of Wickramasekera [Wicl4al, or indeed
that of Schoen—Simon [SS81]. We briefly sketch this alternative argument.
If we had allowed ourselves to use the (significantly stronger) former results,
then we simply need to make the following observation. If C(Cj,) were non-
empty, then necessarily C(Cp,)N(D1\ K) xR because H" 1 (Py(Cy)ND1) >0
but H"~1(K) = 0. This however would contradict would contradict the fact
that @ = 1 on Dy \ K, derived in (5.17). Therefore necessarily C(Cy,) = 0,
and the results of [Wicl4a] yield immediately that Cj is smooth, and thus
must be a plane. If we had tried instead to only use the weaker version of
these results from |SS81|, we only need to notice the following. The singular
set of Cy, stratifies as usual, like S*71(Cy) € SY(C) for all i = 1,...,n. The
conclusions of Corollary 4.4.7 do not quite apply here, because Cy, itself is
not a limit of two-valued graphs, only C = Cj, + C,, is. This complication
notwithstanding, we already know that (S"~1\ 8"2)(C},) = 0. Moreover by
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inspection B(Cy) C B(C)US™2(C) and is thus countably n — 2-rectifiable,
and for all the lower strata, that is i € {0,...,n — 2}, we have S'(C},) C
S(C). The statements of [SS81] still do not quite apply, because they call
for H"~2(sing Cp,) = 0, but going through their argument one sees that it
suffices to have sing Cj, countably n — 2-rectifiable, as is the case here.

5.2. THE BERNSTEIN THEOREM IN FOUR DIMENSIONS

The aim of this section is to prove the following result.

THEOREM 5.2.1. Let a € (0,1) and u € CH*(R?; A2) define an entire

two-valued minimal graph. Then u is linear.

5.2.1. Stability and the logarithmic cutoff trick. Let o € (0,1)
and u € CL*(R3; A2) be an entire two-valued minimal graph. If we had
sing G = () then G would decompose into a disjoint union of two smooth,
single-valued entire minimal graphs. Moreover by the classical, single-valued
Bernstein theorem they would be two parallel planes. From now on sing G #
(). In fact we may assume 0 € sing G after translating the graph, in which
case O(||G||,0) = 2. Let C € IV3(R*) be a blowdown cone of |G| at infin-
ity. By the monotonicity formula, the desired conclusion follows by showing
O(||CJ,0) = limg o ||G||(Br)/(wsR?) = 2. Indeed then G is a union of
two, possible equal planes and w is linear.

By Theorem 5.1.3 the cone C must take one of the following three forms:

(5.1) CY x Rey, |II;| + C° x Rey or |II;| + [Ty,

where IIy, I3 are two non-vertical, possibly equal planes, and CY € ITV(R?)
is a stationary integral cone. The remainder of this section is dedicated to
excluding the first two cases, that is necessarily C = |II;| + |II2|. The proof
starts with the observation that C° inherits the ambient stability from C,
which allows the application of the so-called logarithmic cutoff trick.

LEMMA 5.2.2. Let V € IVo(R?) be a stationary integral varifold. Sup-
pose that V' is ambient stable in the sense of (Sy), and that it has quadratic

area growth,
IVII(Br) < AR? for all R > 0

for some constant A > 0. Then |Ay|(X) =0 at all X € regV.

Proor. This follows from a classical application of the so-called log-
arithmic cut-off trick. The details of the argument used below are taken
essentially verbatim from [CM11], and are reproduced solely for the conve-

nience of the reader. Let N € N be a large integer, and define the radial
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compactly supported function

1 if r <elV,
n(r)=42—logr/N if eV < < 2N,
0 if r > eV,

We may use this function in the stability inequality (Sy), which yields
[1Av|>n?d||V]| < [IVvn*d||[V]|. Then note that for all [ = N +1,...,2N,
Supp \B, , |Vyn[? < N~2e272 Therefore

2N
/ VynPdVII< > N2 |V[|(By) < Ae?N 71
Bean \B.n I=N+1

Substituting this estimate into the stability inequality we get

[ AvPav) <aen

eN
Finally, letting N — oo one obtains that [gs|Av|*d[V]| = 0, and therefore
that Ay =0 on reg V. O

Applying this to C° € IV, (R3) we find that it is totally geodesic, that
is Aco = 0 on reg C°.

LEMMA 5.2.3. Suppose n > 2. Let C € IV, (R"") be a stationary
integral cone, with support immersed outside of the origin and |Ac| =0 on

reg C. Then C is supported in a finite union of n-dimensional planes.

ProOOF. Let II ¢ R™*! be any n-dimensional linear plane with reg C N
IT # (). The set II'\ {0} is connected because n > 2. As spt||C|| NI\ {0} is
a relatively closed subset of IT'\ {0}, we only need to show that it is open to
obtain II C spt||/C|. A point X € spt|/C| NII\ {0} is either regular or an
immersed classical singularity. In both cases the fact that |[Ac| = 0 on reg C
means that near X the support of C is either a plane or a union of planes. By
assumption X € II, so one of these planes must be II itself. This shows that
spt||C||NIT\ {0} is open inside IT\ {0}, and thus IT C spt||C||. Repeating this,
we find a finite collection of planes ITy, . . ., IIp so that H"(spt| C||\U,;IL;) = 0,
and hence spt||C|| C U;II; using the monotonicity formula. O

To apply Lemma 5.2.3 to C° we first need to show that it is immersed
outside the origin. This is essentially a consequence of Corollary 4.4.7, which

lays out the following two possibilities.
(1) Either ©(||C||, X) = 2 for H3-a.e. X € reg C, and then C is smooth

embedded. This makes it impossible that C = C° x Rey 4+ II;, and
in the case where C = C% x Rey we find that C° = 2|TI°| for some
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two-dimensional plane II' € R?. Thus C = 2|II° x Rey|, and we
can conclude by the monotonicity formula.

(2) The second possibility is that the density of C is H3-a.e. equal
one, and thus automatically also O(||C°||, X) = 1 for H?-a.e. X €
reg C°. Recall that the singular set of CY is stratified like S°(C°) C
S1(CY% c 8?(CY). Invoking Corollary 4.4.7 again we find that
that spt||CP|| is immersed near points of S'(C)\ S°(CY), and the
remaining singularities necessarily have S°(C°) U B(C") c {0}.

In both cases C° is immersed outside the origin, and by Lemma 5.2.3 we find
that C° is supported in a union of planes. In the remainder we need only
consider the second possibility, where the density of C° at all regular points
is one, and the cone is equal to a sum of planes, all of which are vertical and
have multiplicity one. (Note Lemma 5.2.3 only gives that C is supported
in a union of planes.) In the remainder we write C° = P? = ijzz\l'[?] to
reflect this. At this stage of the proof we have reduced the possible forms of

the blowdown cone given in (5.1) to
P% x Rey or || 4+ P? x Rey.

The two require different approaches, and we treat the latter first.

5.2.2. Non-vertical blowdown cones. Write L° ¢ R? for the union
of one-dimensional lines along which the planes in the support of P meet.
The singularities of the blowdown cone are sing C = (IT; Nspt||P? x Rey||) U
L° x Rey, and those lying in IT; Nspt|C|| \ (L x Rey4) are all immersed.
Let 7 > 0 be given. Using Allard’s regularity theorem near the points
of I} Nreg C and Wickramasekera’s stable sheeting theorem near those in
II; Nsing C \ (LY x Rey) we find the existence of a smooth function uj1 €
C>®(Dy \ [LY];) with Gj1 = graphu;; C G; N (I}),, at least provided j >
J(7) is large enough. We obtain a smooth selection u;1,u;2 € C*°(D1\[L"];)
by picking the remaining value of u; for u;2 above every point. (It is not
enough to observe that eventually B, N D1 C [L%, as the set Dy \ [L°]; is
not simply connected regardless of how small 7 > 01is.) As7 — 0 and j >
J(1) = oo we find that by construction |G}| — |II;| and |Gj2| — P% x Rey.
As the sz_ are all single-valued graphs their limit P is supported in a single
plane, say P? = |II9|. (There are various ways of confirming this in more
detail, all boiling down to the fact that P° cannot be the limit of a sequence
of area-minimising currents if it is supported in more than one plane. To
give but one example, revisiting the arguments used to prove the improved
area estimates we obtain that there is § > 0 so that ||PY||(D;) < (2 — §)wa.)
Therefore |G| — |II1| + |II2|, as desired.
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5.2.3. Vertical blowdown cones: the adjacency graph. Here the
blowdown sequences converges to a vertical cone, |Gj| — P = P? x Rey =
ijzl ]H9| x Rey. In the current topology [G;] — ijzl[[l'[?]] x Rey where the
planes are respectively oriented by unit normals ni,...,np. The improved
area estimates give D < 3, see Corollary 3.3.4.

The only problematic value is D = 3. We exclude this by a combinatorial
argument, constructing what we call the adjacency graph by a kind of dual
cellular decomposition. The planes II1, IIp, II3 divide R into a finite number
of connected components Q1,...,Qy C R3. These are all polyhedral, with
respective boundaries 9€,...,90y C 111 UIl, UIl3. We decompose these
into faces, edges and vertices, and say that two regions Q # ' are adjacent
if they meet along a face. To every component {2 we associate a vertex v,
forming a set V. Connect two distinct vertices v,v’ € V by an edge e if the
corresponding regions €2, ' are adjacent. If 2, Q) are adjacent then they meet
along a single plane II;. We orient e so that it agrees with the orientation of
this plane, meaning if n; points away from Q and into ' then e is directed
from v to v' and vice-versa. Thus we obtain a set of directed edges denoted E.
We call the finite, directed graph H = (V| E) the adjacency graph of P. Label
the vertices of the graph by a function F': V — {0,1,2} which returns the
number F'(v) of sheets of G; eventually lying over the corresponding region
QND;. This is well-defined by Lemma 4.1.5 for example. Let v,v" € V be two
adjacent vertices, and suppose that e points from v to v/. By Lemma 4.4.2,
F(v') = F(v) + 1. As an immediate consequence we find that H cannot
contain directed paths of lengths more than two. Indeed if H contained
three edges e1, e2, e3 so that e; points from v; to v;11 then F(vg) = F(v1)+3,
which is absurd.

There are essentially only two ways in which the planes I1;, Iy, II3 can be
arranged. Let 11} = {z € R?| (z,n3) = 1} C R3 be the affine plane parallel
to IT9 at height one. The two planes I1J and I19 intersect this transversely in a
pair of affine lines [1, lo. If these lines were parallel, then the planes ITy, I1o, I3
would meet along a common axis, making P = P% x Rey a classical cone.
As we have already dealt with these, we may assume this is not the case.

Hence we may assume the two lines [, lo intersecting, and compute the
adjacency graph. The set II3 \ (I; Ul) has four connected components. Each
of these leads to a pair of adjacent vertices in V', which correspond to regions
meeting along a face in II3. Thus H contains eight vertices, arranged as four
pairs of vertices lying on either side of II3. Additionally the four vertices
corresponding to the regions contained inside {z € R3 | (z,n3) > 0} are
arranged in a square in H, with parallel edges oriented in the same direction.
The same holds for the regions lying in the half-space {x € R3 | (z,n3) < 0}.
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In short, H is a cube with eight vertices and twelve edges, with parallel edges
pointing in the same direction. As this graph contains a directed path of

length three, we have reached a contradiction.



CHAPTER 6

MORSE INDEX, MINIMAL SURFACES, AND THE
ALLEN-CAHN EQUATION

6.1. STABILITY AND STATEMENT OF THE MAIN THEOREM

The setting is as follows: (M™*!, g) is a closed (that is, compact without
boundary) Riemannian manifold of dimension n+1 > 3, and U C M is an
arbitrary open subset, possibly equal to M itself.

6.1.1. Stability and the scalar Jacobi operator. Throughout this
section V' will be a stationary integral n-varifold in U C M. We call V
two-sided if its regular part regV is two-sided, that is if the normal bundle
NV := N(regV) admits a continuous non-vanishing section. When this
fails, V is called one-sided. (Recall that when the ambient manifold M is
orientable, then reg V' is two-sided if and only if it is orientable.)

Suppose that V is two-sided, and fix a unit normal vector field N €
CY(NV), so that every function ¢ € Cl(regV) corresponds to a section
#N € CLNV) and vice-versa. After extending the vector field ¢N to
CH(U, TM)—the chosen extension will not matter for our purposes—we can
deform reg V' with respect to its flow (®;). As V is stationary, the first vari-
ation vanishes: 0V (¢N) = 0. A routine calculation, the details of which
can be found for instance in [Sim84, Ch. 2| shows that the second variation
satisfies

2

PV (BN) =

Sl I@vim)

t=0

- /U Vvof? — (|4 + Ricar (N, N)$ |V

where Vv is the Levi-Civita connection on reg V', A is the second fundamen-
tal form of regV C M, and Ricys is the Ricci curvature tensor on M.

The expression on the right-hand side can be defined for one-sided V' by
replacing N by an arbitrary measurable unit section v : regV — NV, but it

loses its interpretation in terms of the second variation of the area.

DEFINITION 6.1.1 (Scalar second variation). The scalar second variation

of a stationary integral varifold V is the quadratic form By defined for

130
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¢ € C;(regV) by

By(6.6) = / Vvof2 — (|4 + Rieyr (v, v)é? [V

reg V

REMARK 6.1.2. When V is one-sided, the second variation of its area has
to be measured with respect to variations in C}(NV)—we refer to [Sim84,
Ch. 2] or [CM11, Sec. 1.8] for further information on this. We called By
scalor in order to highlight its difference with the second variation of area
in this case, but emphasise that for the remainder second wvariation refers
exclusively to the quadratic form By from Definition 6.1.1. (For the same
reasons we also call the Jacobi operator Ly scalar in Definition 6.1.3 below,

but omit this adjective in the remainder of the text.)

One can consider reg V' as a stationary integral varifold in its own right
by identifying it with the corresponding varifold with constant multiplicity
1. Its scalar second variation

Bugv(6.0) = | [Vvo = (JAP + Ric (1)) di”
reg V
differs from By only in that the integral is with respect to the n-dimensional
Hausdorff measure instead of ||V|. This means exactly that while By is
weighted by the multiplicity of V, the quadratic form B,es1 measures the
variation of ‘unweighted’ area; we will briefly use this in Section 6.2.2.

After integrating by parts on regV, the form By corresponds to the
second-order elliptic operator Ly, = Ay + |A[? + Ricy (v, v), where Ay is
the Laplacian on reg V.

DEFINITION 6.1.3 (Scalar Jacobi operator). The scalar Jacobi operator
of V, denoted Ly, is the second-order elliptic operator

Lyvé = Avo + (A2 + Ricy(v,v))¢  for all ¢ € C%(reg V),
where v : regV — NV is an arbitrary measurable unit normal vector field.

The curvature of reg V' can blow up as one approaches sing V', in which
case the coeflicients of the operator Ly would not be bounded. To avoid this,
we restrict ourselves to a compactly contained open subset W CC U \sing V;
moreover we require W NregV # () to avoid vacuous statements.

We use the sign convention for the spectrum defined in [GT98, Ch. §],
where A € R is an eigenvalue of Ly in W if there is ¢ € H} (W Nreg V) such
that Ly ¢ + Ap = 0. By standard elliptic PDE theory the spectrum

M <A< -s = F00

of Ly in W is discrete and bounded below. We will sometimes also write

Ap(W) instead of A, in order to highlight the dependence of the spectrum
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on the subset W. The eigenvectors of Ly span the space Hi (W NregV) =
W01’2(W Nreg V), which we abbreviate throughout by H{.
The index of By in W is the maximal dimension of a subspace of Hg on

which By is negative definite; equivalently
indy By = card{p € N | \,(W) < 0}.

Moreover ind By := supyy (indy By ), where the supremum is taken over all
W cc U\ singV with W NregV # (.

REMARK 6.1.4. We will see in Section 6.2.2 that the index of By coin-
cides with the Morse index of reg V' with respect to the area functional, at

least when reg V' is two-sided.

6.1.2. Statement of main theorem. Let (¢;) be a sequence of positive
parameters with e, — 0 and consider an associated sequence of functions (u;)
in C3(U) satisfying the following hypotheses:

(A) Every u; € C3(U) is a critical point of the Allen—Cahn functional

2
Ee,(u) = / el W) gy,
U 2 €;

that is u; satisfies the equation —e?Au; + W'(u;) = 0in U.
(B) There exist constants C, Ey < oo such that

sup||ui| ooy < C and sup E, (u;) < Ep.
g i

(C) There exists an integer k > 0 such that the Morse index of each
u; is at most k, i.e. any subspace of C}(U) on which the second
variation

W// Wi
B w)(6,0) = [ alver+ 1 e
U i

is negative definite has dimension at most k. We write this ind u; <
k, and if k = 0, say that u; is stable in U.

REMARK 6.1.5. More generally indy u; denotes the index of 62E,, (u;)
with respect to variations in C}(U’) (or equivalently in HE(U’)) for all open
subsets U’ C U. When indyr u; = 0, we say that u; is stable in U’

We follow Tonegawa [Ton05], using an idea originally developed by Il-
manen [[Im93| in a parabolic setting to ‘average the level sets’ of u; € C3(U)
and define a varifold V' by

U\ T 2
(6.1) Vl(ﬁb) = 1 /Um{V o) €i|v2()|¢($,Tx{ui = ui(z)}) dHTHl(x)

g
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for all ¢ € C.(Gr,(U)). Here Tp{u; = u;(x)} is the tangent space to the
level set {u; = u;(z)} at v € U, and 0 = fil VW (s)/2ds is a constant.
REMARK 6.1.6. In [HT00,Gual8] the varifold V? is defined by the expres-
sion Vi(¢) = %fUm{vu#OﬂVwi(ac)\(b(x,Tm{ui = u;(x)}) dH" M (z), with w;
as in Theorem 6.1.7. The ‘equipartition of energy’ (6.3) from Theorem 6.1.7
shows that the two definitions give rise to the same limit varifold V as i — oo.

The weight measures ||V?| of these varifolds satisfy

3 1 Vul n E
(6.2 viw=2[ GVl B
o Am{wﬁéo} g

for all Borel subsets A C U, where the inequality follows from the energy
bound in Hypothesis (B). The resulting bound V¢(Gr,(U)) < 22 allows us
to extract a subsequence that converges to a varifold V', with properties laid

out in the following theorem by Hutchinson-Tonegawa [HT00].

THEOREM 6.1.7 ( [HTO00]). Let (u;) be a sequence in C3(U) satisfying
Hypotheses (A) and (B). Passing to a subsequence V' — V as varifolds, and

(a) V is a stationary integral varifold,
(b) [VI[(U) = liminf; o0 55 Ee; (ui),
(c) forall p € C.(U):

2
(6.3) lim W“” / W) o iy / IVwi| 6,
l—}OO 12— 00

1—00 U

where w; :== Vo u; and V(¢ fo /W 2ds.

Up to a factor of ¢; the second variation 52E5i corresponds to the second-

order elliptic operator L; := A — 6;2W”(ui). As in the discussion for the
Jacobi operator, L; has discrete spectrum \¢ < A, < .-+ — 400, which we
denote by )\;(W) when we want to emphasise its dependence on the subset

W. The following theorem is our main result.

THEOREM 6.1.8. Let M"™*! be a closed Riemannian manifold, and U C
M an open subset. Let (u;) be a sequence in C3(U) satisfying Hypotheses
(A), (B) and (C), and V' — V. Then dimyg; singV < n — 7 and
(i) Ap(W) > limsup; o, Xo(W) for all open W CC U \ singV' with
WNregV # 0 and all p € N,
(ii) ind By < k.

REMARK 6.1.9. The spectral lower bound remains true if the assump-
tions are weakened and one assumes that for some k£ € N there is p € R
such that

N(U)>p forallieN
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instead of an index bound—this observation is inspired the work of Ambrozio—
Carlotto-Sharp [ACS16], where a similar generalisation is made in the con-
text of minimal surfaces. One obtains the spectral bound via an inductive
argument on k similar to the argument in Section 6.3, noting for the base
case of the induction that bounds as in Corollary 6.2.5 hold if A} > pu.

The following corollary is an immediate consequence of Theorem 6.1.8.

COROLLARY 6.1.10. IfregV is two-sided, then its Morse index with re-
spect to the area functional satisfies indyn regV < k.

If V is the stationary varifold arising from Guaraco’s 1-parameter min-
max construction |[Gual§8| (resp. from the k-parameter min-max construction
of Gaspar—Guaraco [GG18]) and its regular part is two-sided, then by Corol-
lary 6.1.10 its Morse index is at most 1 (resp. at most k).

6.2. PRELIMINARY RESULTS

The preliminary results are divided into three parts. In the first, fol-
lowing [Ton05] we introduce ‘second fundamental forms’ A’ for the vari-
folds V? and relate them to the second variation of the Allen-Cahn func-
tional. The last two sections are dedicated to the spectra of the operators
Ly = Ay + |A2 + Ricy(v,v) and L = A — ¢, 2 W (u;).

6.2.1. Stability and L?>-bounds of curvature. To simplify the dis-
cussion fix for the moment a critical point u € C3(U) N L>®(U) of the Allen—
Cahn functional F., with associated varifold V¢ defined by (6.1).

Let x € U be a regular point of u, that is Vu(z) # 0. In a small enough
neighbourhood of z, the level set {u = w(z)} is embedded in M. Call ¥ C M
this embedded portion of the level set, and let A* be its second fundamental

form. We use this to define a ‘second fundamental form’ for V€.

DEFINITION 6.2.1. The function A€ is defined at all x € U where Vu(z) #
0 by A¢(z) = A*(2).

REMARK 6.2.2. Second fundamental forms can be generalised to the con-
text of varifolds via the integral identity (B.5)—see Appendix B, or [Hut86]
for the original account of this theory. Strictly speaking it is an abuse of
language to call A€ the ‘second fundamental form’ of V¢, as it satisfies this

identity only up to a small error term (B.3).

By definition VxY = VY + A¥(X,Y) for all X,Y € C}(T). Making
implicit use of the musical isomorphisms here and throughout the text, write

v(z) = ;Zg;‘, so that

A(X,Y) = (VxY,v)° = —(Y, Vxvo)re.
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LEMMA 6.2.3. Let x € U be a reqular point of u. Then

. 1
(6.1) A% () < W(W%IQ(%) — [VIVul*()),

where V2u(x) is the Hessian of u at .

PRrROOF. The second fundamental form A is expressed in terms of the
covariant derivative V¢ by

A% = =V | pegrs ® V5.

We can express Vv°© as

_ Vu e V|Vul
|Vl V|’
whence after restriction to 7> ® T3 we get

\Y %

1
¥ 2 €
A" = _|Vu|v u’TE@TE Qv

On the other hand V|Vu| = (V2u, v¢) where Vu # 0, so after decomposing
the Hessian V?u in terms of its action on 7Y and N, we obtain

IV2ul? = [V|Vul* = [Vul* | A% + V20 gyl > [Vl A O

When considering the second variation, it somewhat simplifies notation
to rescale the energy as & = ¢ 1 FE,. Its second variation is 62 (u)(¢, ¢) =
fU|ng|2 + w&, defined for all ¢ € C}(U), which by a density argument
can be extended to H{ (U). The following identity will be useful throughout;

a proof can be found in either of the indicated sources.

LeEMMA 6.2.4 ( [FSV13,Ton05]). Let u € C3(U) N L¥(U) be a critical
point of E.. For all ¢ € CL(U),

(6.2) 8%E(u)(IVulg, |Vulg) =

/ VPV — (1V2ul? — V|Vl + Ricar(Vu, V) ¢ dH™.
U

Combining (6.2) with the ||V ¢|l-a.e. bound (6.1) yields for all ¢ € CL1(U)
(63) 5 0E(w)(Vulor[Valo) < [ V6 —(AP+Ricys (v, v V7.

When v is stable, that is when 62€.(u) is non-negative, then this identity
yields L?(V¢)-bounds for A¢.

COROLLARY 6.2.5. There is a constant C = C(M) > 0 such that if
u € C3(U) N L*(U) is a critical point of E. and is stable in an open ball
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B(z,r) C U of radius v < 1 then

€ € C €
(6.4) / AP Ve < S IVEIl(B(, 7).
B(z,%) r

’2

PrROOF. The Ricci curvature term in (6.3) can be bounded by some
constant C'(M) > 1 as the manifold M is closed, so fB(Lr)\AEPQZFdHVe” <
C(M) [ ¢*+|Ve|*>d||Ve| for all ¢ € CH(B(x,r)). Plug in a cut-off function
n € CH(B(z,r)) withn = 1in B(z, %) and |Vn| < 3r~! to obtain the desired
inequality. O

We now turn to a sequence (u;) of critical points satisfying Hypothe-
ses (A)—(C). If the u; are stable in a ball as in Corollary 6.2.5, then the
uniform weight bounds (6.2) imply uniform L?(V?%)-bounds of the second
fundamental forms, which we denote A’ from now on. Under these con-
ditions the A’ converge weakly to the second fundamental form A (in the

classical, smooth sense) of reg V.

PROPOSITION 6.2.6. Let W CC U \ sing V' be open with W NregV # ().
If sup; [iy| A" d||V|| < 400, then passing to a subsequence A*dV' — AdV
weakly as Radon measures on Gr,(W), and

/ AP V] < limint / AP AV,
W 11— 00 W

where A is the second fundamental form of regV C M.

The weak subsequential convergence follows immediately from compact-
ness of Radon measures; the main difficulty is to show that the weak limit is
AdV. The proof is a straight-forward adaptation of the argument used for
the stable case in [Ton05|; we present a complete argument in Appendix B

for the reader’s convenience.

6.2.2. Spectrum of Ly and weighted min-max. Throughout we
restrict ourselves to a compactly contained open subset W CC U \ sing V'
to avoid blow-up of the coefficients of Ly near the singular set, and assume
W NregV # 0 to avoid vacuous statements. As W NregV is compactly
contained in reg V, it can intersect only finitely many connected components
Cy,...,Cn of regV. By the constancy theorem [Sim84, Thm. 41.1] the
multiplicity function © of a stationary integral varifold V is constant on
every connected component of reg V'; we write ©1,..., Oy for the respective
multiplicities of Cq,...,Cn.
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By classical theory for elliptic PDE [GT98, Ch. 8|, the spectrum of Ly

has the following min-max characterisation:

(6.5) Ap = Biegv (9, 9)

~ for all p € N,
dim S=p ¢€S\{0} Héf)“?ﬂ

where the infimum is taken over linear subspaces S of H} (recall this is our
abbreviated notation for H} (W NregV)). From this we easily obtain a min-
max characterisation that is ‘weighted’ by the multiplicities ©1,...,0xN in
the sense that

B
M for all p € N.

6.6 Ap = in
(6.6) P dim S=p pe5\{0} H¢||%2(v)

To see this, observe the following: as functions ¢ € H} vanish near the
boundary of every connected component C' C regV, the function ¢c on
W NregV defined by

¢ onC

0 on WnregV\C

¢c =

also belongs to HE. Moreover

By (¢c, ¢c) = OcBregv (dc, dc) and [[dc |72y = Oclldclli2,

where O¢ denotes the multiplicity of C. We then define a linear isomorphism
of H via normalisation by the respective multiplicities of the components.
This sends ¢ — ¢ := Z;\le @]-_1/2¢Cj; then

BV(QE, Qg) BregV(¢7 (b)

Therefore the ‘unweighted’” and ‘weighted’” min-max characterisations (6.5)

and (6.6) are in fact equivalent. In the remainder we mainly use (6.6),

and abbreviate this as A\, = infgim s=p maxg\ (0} Jv, where Jy- denotes the

‘weighted’ Rayleigh quotient

_ Bv(¢,¢)
o120,
The min-max characterisation implies the following lemma, which high-

lights the dependence of the spectrum \,(W) on the subset W.

Jv () for all ¢ € H} \ {0}.

LEMMA 6.2.7.

(a) If Wy € Wy CcC U \ singV, then \,(W1i) > A,(Wa): the spectrum
1§ monotone decreasing.

(b) If W1,Wy CC U \ singV have W1 N Wy = (), then indw, By +
indw, By = indw,uw, By .
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(c) IfW cc U\singV andy € WnregV, then \py(W) = limp_0 Ap(W\
B(y, R)).
REMARK 6.2.8. The same properties hold for the spectrum and index of

L;, and the proof is easily modified to cover this case.

PROOF. (a) This is immediate from the min-max characterisations, or
simply by definition of the spectrum. Similarly for (b).
(¢) By monotonicity of the spectrum we have

Ap (WA By, R)) = \p(W A\ B(y, B)) = Ap(W)

for all R > R’ > 0. The limit as R — 0 therefore exists and is bounded below
by A,(W); it remains only to show that limg o0 A\, (W \ B(y, R)) < A, (W).

By monotonicity of the spectrum it is equivalent to show that for a
fixed radius R > 0, limpy,—00 A\p(W \ B(y,27™R)) < A\py(W). Let (pm)meN
be a sequence in C}(B(y, R) Nreg V) with the following properties (such a
sequence exists provided n > 2, see Remark 6.2.9 below):

(1) pmlp(y2-mRr)rwegv = 0 and pp = 1 H"-ae. in W\ {y} NregV,
(2) IVvpmllLe(woreg vy = 0-
Let a small § > 0 be given and choose a family (¢1, ..., ¢,) in CL(W Nreg V)
whose span(¢1, ..., ¢p) =: S has maxgoJy < A\p(W) + 6. Write pp,,S for
span(pmd1, - - -, pmdp) C CLW \ B(y,2 ™R) NregV )—for m large enough
the functions p,,¢; are indeed linearly independent. By the weighted min-
max formula (6.6),

max Jy > A\,(W \ B(y,2"™R)).
p'mS\O

Let t,, € SP~1 ¢ RP denote the coefficients of the linear combination
tm - Pm® = Pm Z§:1 tmj®j € pmS that realises max, ¢\ Jv. Passing to a
convergent subsequence t,,, — t € SP~! C RP we get Jy (tm-pm@) — Jv (t-¢),
and hence

im Jv(tm - pm@) < IglsgC Jy.

On the one hand maxg\o Jy < Ap(W) + & by our choice of S, on the other
hand limy, 0 Ap(W \ B(y,27™R)) < limym—00 Jv (tm - pm@) by our choice
of ty,. The conclusion follows after combining these two observations and
letting & — 0. O

REMARK 6.2.9. A sequence of functions (p,,) with properties (1) and
(2) exists provided n > 2, as we assume throughout. When n > 3 one can
use the standard cutoff functions; for n = 2 a more precise construction is

necessary, described for instance in [EG15, Sec. 4.7].
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6.2.3. Spectrum of L; and conditional proof of Theorem 6.1.8.

The main result in this section is Lemma 6.2.12; essentially it says that
Ap(W) > limsup A;(W)
1—00

holds under the condition that sup; f[j;,|A%|* d||V*|| < +o0o. What precedes it
in this section are technical results required for its proof.

Again, by classical elliptic PDE theory the eigenvalues )\;(W) of L; =
A — €, *W"(u;) on HE(W) have the following min-max characterisation in

terms of the rescaled Allen-Cahn functional &, = ;' E,:

N(W)= inf max LRACDICX))

for all p € N,
dim S=ppes\{0}  [|¢]l7,

where the infimum is over p-dimensional linear subspaces S C H}(W). De-
fine the Rayleigh quotient J; by

B (ui)(6,0)
1612

so that we can write the min-max characterisation more succinctly as A, =

Ji(¢) for all ¢ € Hy(W)\ {0},

infqim 5=p maxg\ 1oy Ji-

To compare the spectrum of Ly in H& with those of the operators L;
in Hi(W), extend functions in CH(W NregV) to CL(W) in the standard
way, which we now describe to fix notations. Pick a small enough 0 <
T < inj(M) so that B,V := exp N,V is a tubular neighbourhood of W N
regV, where N.V := {s, € NV | p € WnregV,|sy| < 7}. We abuse
notation slightly to denote points in B;V by s,, and identify the fibre N,V
with (exp,)«NpV C Ts,(B;V). The distance function dy : z € B;V
dist(z,reg V') is Lipschitz and smooth on B,V \ reg V. By the Gauss lemma
graddy (sp) = —sp/|sp| for all s, € B,V \regV. A function ¢ € C1(B,;V) is
constant along geodesics normal to reg V' if ¢(s,) = ¢(0,) for all s, € B;V,
or equivalently if (V¢, Vdy) =0 in B;V \ regV.

LEMMA 6.2.10. Any ¢ € C2(W NregV) can be extended to CL(W) with
(V¢,Vdy) =0 in Bz V \regV for some 7= 7(¢) > 0.

ProOF. Extend ¢ € CH(W NregV) to B,V by setting ¢(s,) = o(p), s0
that (Vdy,Ve) = 0in B,V \regV. Let n € C'[0,00) be a cutoff function
with 0 <n<1,n=1on [0,1/2) and sptn C [0,1). Then

(nody/T)$ € Ci(B;V) and (nody/7)p = ¢ on B, V.

Moreover even though B,V ¢ W in general, as spt¢ is compactly con-
tained in W NregV we still have (o dy /7)¢ € CLH(W) provided 0 < 7 <
dist(spt ¢, OW). d
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The following lemma gives an asymptotic lower bound for the Rayleigh
quotient Jy in terms of the J;.

LEMMA 6.2.11. Let B,V be a tubular neighbourhood of W NregV with
width 7 > 0, and let (¢; | i € N) be a sequence of functions in CH(W) with

(a) (V@i,Vd) =0 in W N B3V for all i,
(b) ¢i — ¢ in CH(W) as i — oo, where ¢ # 0 in W NregV.

If sup,; fW\Ai|2d||ViH < 400, then Jy(¢) > limsup,_, . Ji(|Vui|¢p;).

PROOF. Before we start the proof proper, note that for all ¢ € H(U),
dividing both sides of (6.3) by 5t [ ¢?|Vu;[2dH" ™! = [ ¢?d||V7|| yields

O1) 10l [ V08 = (AT + Ricas(vs,4))6? V| = Ji( Vil

provided of course that HgﬁHm Vi) # 0.

We treat the terms on the left-hand side separately in the calculations
(1)-(4) below. Once these are completed, we combine (1) with our assump-
tion that ||¢||L2(V # 0 to obtain that || ¢;[[z2(1+) # O for large enough i. The

conclusion follows by combining (6.7) with the remaining calculations:

1) [¢*d|V] = limiseo [ o7 AV
( ) JIVvel? AV = limiseo [[Ves]* [V,
(3) [IAP¢*d|[V] < liminfi oo [|A"P7 AV,
(4) [Ricy (v,v)¢? d||V]] = limy o0 [ Ricar(vi, vi)67 dl[V].

(1) By assumption ¢? — ¢? in C.(W), whence by Corollary A.3 we
get [*d||V] = lim;—oo [ ¢? d||V|. The same argument proves (2), after
noticing that (V¢;, Vdy) = 0 implies |[V|> = [Vy¢|? on W Nreg V.

(3) The sequence (Aig; d||V||) converges weakly to A¢d||V||, as we can
show by testing against an arbitrary ¢ € C.(U):

/ Aipd| V] / Appd|[V] =
/ Ay — $)pd|[VF + / Aigpd|[Vi] - / Appd|V].

The first integral is bounded by

| [Ai@i- o]

because ¢; — ¢ in C.(W) as ¢ — oo. The remaining terms tend to 0 by the
weak convergence of A'd||[V|| — Ad||V|| tested against ¢ € C.(W). Then
inequality (A.1) gives [|A]?¢*d||V|| < liminf; .~ [|A%?¢2d||V).

(4) For each S € Gry,(T,M) pick a unit vector vg in T, M orthogonal to
S, and define a smooth function Ry; on Gry,(U) by Rar: S — Ricas(vg, vs).

< |1¢i — dllellel 2oy lA | 2y — 0
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Then ¢? Ry — ¢? Ry in Ce(Gry,(U)) as i — oo, and by Corollary A.3,
[ ¥ Ricw(wi,m) alvi|
= /¢$RM dv' — /¢2RM dv = /¢2 Ricps(v,v)d||V]. O

We conclude the section with a proof of Theorem 6.1.8(i) in the case

where there is a uniform L?(V*)-bound on the second fundamental forms

(A7).

LEMMA 6.2.12. Let W CC U \ sing V' be open with W NregV # (. If
sup; [y | A2 A VY| < 400, then Ay(W) > limsup;_, ., AL(W) for all p.

PrROOF. We may assume that every connected component of W inter-
sects spt||V|| (or reg V, equivalently as W Nsing V' = () without restricting
generality: if C' is a connected component of W with C' NregV = (), then
Ap(W\ C) = Xp(W), and by monotonicity AL(W \ C) > X, (W) for all i.

Given 0 > 0 there is a p-dimensional linear subspace S = span(¢1, ..., ¢p)
of CHW NregV) with
(6.8) ANp(W) +6> g\l?@i Jy.

Extend the functions ¢; to C1(W) as in Lemma 6.2.10; for large enough i the
family (|Vui|¢1, ..., |Vuilgp) is still linearly independent. Indeed, otherwise
we could extract a subsequence such that (|Vuy|¢1,. .., |Vuy|¢p) has a linear

dependence, with coefficients ay # 0 € RP say. Then notice that
\Vui/\ai/ p=0¢& Hai/ . (z)HL2(Vi') =0,

where we abbreviated a; - ¢ := Z§:1 aij|Vui|¢;. We may normalise the
coefficients a; so as to guarantee |a;y| = 1 and then, possibly after extracting
a second subsequence, assume that a;y — a € SP~! as i/ — co. The resulting
strong convergence a; - ¢ — a-¢ in C.(W) combined with ||[V|| — ||V]| yield
lair - @l 2y = lla- @llz2v); this contradicts [la - ¢l|rzr > 0.

From now on take i large enough so that (|Vu;|é1,-- -, |Vu,|¢p) is lin-
early independent. For such large i, we may let t; € SP~! C RP be the (nor-
malised) coefficients of a linear combination t; - |Vu;|¢p = ?:1 tij| Vuilo;
that maximises the Rayleigh quotient J;:

Jl’ ti . Vuz = max Jl Z )\z W).
(1 Vulg) = _max  Ji > X()

Extract a convergent subsequence ty — t € SP™! so that ty - ¢ — t- ¢ in
CL(W)asi' — co. Lemma 6.2.11 gives Jy (t-¢) > limsup;_, ., max|gy, s\ o} /i,
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which in turn is greater than limsup, ., A, (W). Using (6.8),
Ap(W) +6 > Jy(t-¢) > limsup A (W),
1—+00

and we conclude by letting § — 0. O
Lemma 6.2.12 has the following immediate corollary.

COROLLARY 6.2.13. Under the hypotheses of Lemma 6.2.12,

indy By < liminf(indy w;).
1— 00

6.3. PROOF OF THE MAIN THEOREM (THEOREM A)

We briefly recall the context of the proof: M"*!is a closed Riemannian
manifold and U C M is an arbitrary open subset. The sequence of functions
(u;) in C3(U) satisfies Hypotheses (A), (B) and (C)—the last hypothesis says
that indu; < k for all . To every u; we associate the n—varifold V? from
(6.1). By Theorem 6.1.7, we may pass to a subsequence of (V?) converging
weakly to a stationary integral varifold V.

6.3.1. Spectrum and index of V: proof of (i) and (ii). The main
idea, inspired by an argument of Bellettini-Wickramasekera [BW18], is to fix
a compactly contained open subset W CC U \ sing V' and study the stability
of u; in open balls covering W NregV # (). We then shrink the radii of the
covering balls to 0, and prove the spectral lower bound of Theorem 6.1.8(i)
by induction on k. The upper bound on ind By of Theorem 6.1.8(ii) is then
an immediate consequence.

In the base of induction the u; are stable in U. Let € C(U) be a cutoff
function constant equal to 1 on W. The stability inequality (6.3) gives that

/ |A 2 || V|| < C(M) dist(W, 0U)~2|[Vi|(U) for all .
w

Combining this with (6.2) we get sup; [;;/|A*d||[V’| < +oo, and thus
Ap(W) > limsup;_, ,, AL(W) by Lemma 6.2.12.

For the induction step, let k& > 1 and assume that Theorem 6.1.8(i)
holds with £ — 1 in place of k. Consider an arbitrary W CC U \ singV
that intersects reg V. Fix a radius 0 < r < dist(W, sing V'), and pick points
r1,...,ony € WNregV such that W NregV C Ué\leB(xj, 5)- We define the

following Stability Condition for the cover {B(z;, 5)}1<j<n:
(SC) For large i, each u; is stable in every ball B(z1,7),...,B(zN,T).

CLAIM 7. If for the cover {B(.Tj, %)}1§j§1\7:

(a) (SC) holds, then A,(W) > limsup,_,,, A,(W);

%
P
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(b) (SC) fails, then A,(W \ B,) > limsup;_,,, AL(W \ B,) for some ball
B, € {B(xj,7)}.

PROOF. (a) Let W, = WﬁUé-V:lB(xj, %), so that W,.Nreg V' = WnregV
and hence A\,(W;) = Ap(W). Moreover W, C W, so A\ (W) > A, (W) for
all ¢ by monotonicity of the spectrum. Therefore it is enough to show that
)‘p(WT‘) > lim SUP; 00 )‘;;(Wr)

Because (SC) holds, summing (6.4) over all balls we get

NC

/ AR AV < DS v, < ko
W, r

for all 1,
2r2o

s0 Ap(W;) > limsup;_,,, AL(W,) by Lemma 6.2.12.
(b) If (SC) fails, then some subsequence (u;) must be unstable in one
of the balls B, € {B(xj,)}, in other words indp, u; > 1 for all /. On the

other hand
indp, uy + indW\E wy < indyy ug

because B, and W \ B, are disjoint open sets. As indy uy < k, we get
indW\B—T uy < k —1 for all ¢/, and we conclude after applying the induction
hypothesis to (u;) in W\ B,. O

REMARK 6.3.1. This argument shows that when (SC) fails there is a ball
B, € {B(xj,7)} with \,(W\ B,) > limsup,_,, Al (W) for p > k, and thus
also indW\E By < k — 1, but the induction step only requires the weaker

conclusion from Claim 7.

Now consider a decreasing sequence r,,, — 0 with 0 < r,,, < dist(W,sing V)
and reason as above with = ry,. For each m, pick points z7",...,2% €
W NregV such that

W NnregV C U;y;”lB(ac}", %n)

If (SC) holds for a cover {B(z]", 5*)}, then Ap(W) > limsup;_, )\;(W) by
Claim 7, and the induction step is completed.

Otherwise (SC) fails for all constructed covers, and by Claim 7 there is
a sequence (yn,) in W NregV with

Mo (WA By, 1m)) 2 limsup A (W \ B(Ym, 7m))
1—00
and thus by monotonicity of the spectrum
(6.1) Ao (WA B(Ymy ) > limsup)\;(W).
1—+00

Passing to a subsequence if necessary, we may assume that (y,,) converges to
a point y € W Nreg V. If we fix a radius R > 0, then B(ym,rm) C B(y, R)
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for large enough m, so by monotonicity and (6.1),

Ap(W \ B(y, R)) > limsup Ap(W\ B(Ym,7m)) > limsup A;)(W).

m—o00 1—00

The conclusion follows after combining this with A\,(W) = limg_0 Ap(W \
B(y, R)) from Lemma 6.2.7.

Together with the base of induction, we have proved Theorem 6.1.8(i)
for all sequences (u;) with sup; ind u; < k for some k € N. The index bound
indy By < k follows immediately: the spectral lower bound implies that Ly

must have fewer negative eigenvalues than the L; as ¢ — oco. Therefore
indy By = card{p € N | \,(W) < 0} <k.

As the subset W was arbitrary we get ind By < k; this proves Theo-
rem 6.1.8(ii).

6.3.2. Regularity of V: proof of dimy singV < n—7. The approach
is the same as in the proof of Theorem 6.1.8(i)—(ii) with one difference: we
again proceed by induction on k, but we now cover the entire support spt|| V||
(including the singular set), instead of constructing covers a positive distance
away from sing V.

The base of induction, where the u; are stable in U, was proved in [TW12].

For the induction step, suppose that dimy (U'Nsing V') < n—7 holds with
k — 1 in place of k, and for arbitrary open subsets U’ C U. Fix r > 0, and
choose points 1, ...,xy € UNspt||V|| such that UNspt||V]| C U;VZIB(arj, 7).
The Stability Condition for the cover {B(z;,7)}1<j<n is defined in the same
way as above, except the radii need not be doubled:

(SC) For large i, each u; is stable in every ball B(x1,7),...,B(zN,r).

CraivM 8. If for the cover {B(xj,7)}h<j<n:
(a) (SC) holds, then dimy singV <n —T,
(b) (SC) fails, then dimysingV \ B, < n — 7 for some ball B, €
{B(x;,7)}-

ProOOF. (a) The results from [TW12| give dimy B(z;,r)NsingV < n—7
for every j =1,...,N. As the balls {B(z;,7)} cover U Nspt||V]|, the same
holds for sing V.

(b) When (SC) fails, there must be a subsequence (u;) that is unstable
in one of the balls B, of the cover, so that in its complement

indU\E U/ < k—1 forall i/.

The conclusion follows from the induction hypothesis applied to (uy) in
U\ B,. O
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Now consider a decreasing sequence 7, — 0. For every m, choose points
o, .. af € Unspt||V]| such that U Nspt||V| € UNm B(a?", 7). Then
either (SC) holds for the cover {B(z}", 7, )} constructed for some m, in which
case we can conclude from Claim 8, or else there is sequence of points (Y, )
in U Nspt||V]| for which

dimy sing V' \ B(Ym, m) < n —T.

Possibly after extracting a subsequence, the sequence (y,,) converges to
a point y € UNspt|V]]. As U\ {y} C Un>oU \ B(Ym,rm), we get
dimy (sing V' \ {y}) <n—-7.

If n > 7, then dimy sing V' < n — 7 holds whether or not y € singV', as
points are zero-dimensional. If however 2 < n < 6 then we need sing V' = ),
which amounts to the following claim.

Cramm 9. If 2 < n < 6 then y ¢ sing V.

PRrROOF. Choose B(y, R) C U, and consider balls {B(y, R;) }men with
shrinking radii Ry, := 27" R. If for some m there is a subsequence (u;/) with

indp(y g,,) ue <k—1 forall @,
then we can conclude from the induction hypothesis. Otherwise for all m
indp(y,R,,) ui =k for i large enough,

and the u; are eventually stable in the annulus B(y, R) \ B(y, Rm).- By
Theorem 6.1.8(ii)

and thus indB(y,R)\{y} By = 0.

By contradiction, suppose that y € singV. Then indpg ) By = 0
holds in the whole ball B(y,r) away from sing V, and the regularity results
of [Wicl4a] give dimy B(y, R) NsingV < n — 7, so that y ¢ sing V. O

Claim 9 concludes the induction step; together with the base of induc-
tion, we have proved that dimy singV < n — 7. This finishes the proof of
Theorem 6.1.8.



APPENDIX A

MEASURE-FUNCTION CONVERGENCE

In this appendix we give two elementary measure-theoretical lemmas
that are used in the proofs of Lemma 6.2.11 and in Appendix B. Essentially
they give a weak compactness result for sequences of the form (f;du; | i €
N), with p; Radon measures and f; € L?(p;). The weak convergence in
question is sometimes called measure-function convergence in the literature.
It appears in the work of Hutchinson [Hut86| on so-called curvature varifolds;
there one also finds a proof of Lemma A.1 under more general hypotheses

on the sequence (f;).

LEMMA A.1 ( [Hut86, Ton05]). Let X be a locally compact Hausdorff
space, let (u; | i € N) be a sequence of Radon measures on X, and (f; | i €

N) be a sequence of real-valued Borel-measurable functions. Suppose that

sup pi(X) < 400,
K3

sqp/ ff dp; < 4o00.
z X

Then there is a Radon measure u and f € L?(u) such that for some subse-
quence i — b oand fir dpy — fdp weakly as Radon measures, i.e.

/ fird dp —>/ fodu  for allp € Co(X).
X X

Moreover, the weak limit f du satisfies
(A1) / fAdu < liminf/ f2du;.
X 1—00 X

REMARK A.2. In our applications X is either an open subset of U C M

or its Grassmannian Gr,,(U), and p; is either ||[V?|| or V.

Proor. The signed Radon measures v; := f; du; have bounded total
variation, so that the sequences (p;) and (1;) have convergent subsequences,
with limits the Radon measures p and v respectively. We extract these
subsequences without relabelling their indices.

Consider an arbitrary ¢ € C.(X). By the weak convergence v; — v,

[odr=tim [ ofidn < 6ll2g it 200,
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where we used the weak convergence p; — p to get lim;ool|®l 12y,

9l z2(u). As Ce(X) is dense in L?(p), the measure v defines a bounded
linear functional on L?(u), and by duality there is f € L?(u) with || f]|12(,) <
liminf; o0 || fill £2(p;) such that v = fdp. O

If the densities f; are in C.(X) and converge strongly, then their limit
coincides with the density of the weak limit of (f; du;).

COROLLARY A.3. Additionally to the hypotheses of Lemma A.1, assume
that f; € C.(X), and that ||fi — fllLee — 0 for some f € C.(X). Then,

additionally to the conclusions of Lemma A.1,
(4.2) [ Pan=tim [ £2du.
X 1—00 X

PROOF. We first show that f;du; — fdu. Let ¢ € Co(X) be arbitrary,
then

/fzsodm /fsodu / Hedpi + /fsodm /fgpdu

The first term | [(fi — f)odu| < ||fi = fllellllL1 () — 0 as i — oo. The
remaining terms [ fodp; — [ fedp — 0 as i — oo by the weak convergence
i — . We reason similarly to show (A.2):

/deu /fl dpus| < ‘/ F2du - /f s

The first term goes to 0 by the weak convergence u; — p, and so does the
second as sup; p;(X) < +oo and || f2 — f?||~ — 0. O

+ (X7 = f2llne.




APPENDIX B

GENERALISED SECOND FUNDAMENTAL FORMS

Our main aim in this appendix is to give a proof of Proposition 6.2.6. We
follow the approach of [Ton05|, where the case of stable u; is treated using
notions from [Hut86]. Our account is self-contained but for the fact that we
refer to these two works for some technical, but routine calculations.

Throughout this section, we assume that U C M is isometrically embed-
ded in some R?, and W CC U \sing V is an open subset with W Nreg V' # (.
The fibre of the Grassmannian Gr,(U) at « € U is identified with the sub-
spaces

{SCR?|SCT,M,dimS =n} CU x Gr(n,q),

where Gr(n,q) = {S C R? | dim S = n} is the set of n-dimensional linear
subspaces of R?. We furthermore identify an element S € U x G(n, q) with
the corresponding orthogonal projection R? — S, so that Gr,(U) C UxR?.
Throughout, P(z) € R? represents the orthogonal projection RY — T, M
and (e1, ..., eq) is the standard basis of RY; 0; and 8;} denote differentiation
with respect to e; and e; ® ej € R? respectively.

Consider first a smooth embedded hypersurface ¥ C U, which we im-
plicitely identify with the varifold Vs := Vs 1 with constant multiplicity. We
consider test functions ¢ € CH(U x qu) with compact spatial support, that
is with compact support in the first variable. We associate to it a function
¢ € CH(D) defined by ¢(x) = ¢(x, S¥(x)), where S*(z) € R? is the or-
thogonal projection RY — T, Y. Define a vector field X € C}(X,TM) by
X = ¢P(ej), where e; is one of the standard basis vectors. Its component
tangential to X is goSE(ej), and by the standard divergence theorem we get

divs(¢S¥e;) = 0. A routine calculation shows that in coordinates
Js PO E
(B.1) divs(pS™e;) = Syi0rd + 055;0:S;, + S5:0:97.05 0,

with summation over repeated indices [Hut86]. Abbreviate szkr = Sﬁ@iSkET
and substitute this into the divergence formula:

0= /Z Sy50r¢ + B¢ + B, 050 dH”

= / SriOr ¢ + BTEqub + B]%ﬂﬁ;rgb dVy(z, S).
Gryp(U)
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This identity is the basis of the following definition by Hutchinson [Hut86].

DEFINITION B.1 (Generalised curvature, [Hut86]). An n-dimensional in-

tegral varifold V in U is said to have generalised curvature if there exists a
function B = (Bjx) with values in R? defined V-a.e. on Grp,(U) with

(a) Be Ll (V),

(b) fGrn(U) S,0r¢ + Brjrd+ Bjgr 05,0 AV (x, ) = 0 for all ¢ € C1(U x
qu) with compact spatial support.

The following lemma shows that the function B is well-defined V-a.e. on
Grp(U); it is taken from [Hut86].

LEMMA B.2 ( [Hut86]). Any two B and B satisfying (a) and (b) coincide
V-a.e. on Gr,(U).

PROOF. Let ¢(x,5) = a(x)B(S), where o € CL(U) and 8 € CH(RT).
Letting 8 = 1 we see that [ Byj;adV = [ ETjTa dV, and thus B, = Erjr
V-a.e. on Gry(U). If we now let 5(S) = 1if S = Sk, and 0 otherwise then
[ BjjradV = féjkra dV, whence the conclusion follows. O

In particular, applied to the smooth hypersurfaces, the following is an

immediate consequence.

COROLLARY B.3. If¥ is a smoothly embedded hypersurface, then B;ji(x,S) =
Bizjk(ij) for Vs-a.e. (z,5) € Grp(U), where Bi%-k(x, S) = Silalsﬁ.
The following elementary calculation relates B> to the second funda-

mental form A>.

LEMMA B.4. Let A* be the second fundamental form of a smoothly em-
bedded hypersurface X C U. Then

(A¥(S%¢;, S¥e;), Pey) = Pkrsfssﬁals,i = P, S5.BE (x, S%).

jsirs

PROOF. Write A instead of A in this proof to simplify notation. The

covariant derivative on M is the component of D = VR’ tangent to M, so
A= (DTm)ls = (D1=)Tv | As eZM = Pyrer, we get

Afj = (A(Szei,SEej),egM)
= ((Dg=,,S%¢;)*=, Pey) = Py (Dgs,,S™¢ej, e;%).
Similarly e = (6,5 — S )es, 50
Af; = Pry(8rs — Sp5)(Dsze, 57€j,€5) = Prp(0rs — S73) Dz, S5i
As 8283 = S~

rs™js Ty’

we finally get Af’j = PkJTS]ZDSEeiSEq = P, S>S529,5%, as

s 7s™il TS

required. O
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This expression can then be used to generalise second fundamental forms

from the smooth to the varifold setting.

DEFINITION B.5 (Generalised second fundamental forms, [Hut86]). Let
V be an integral n-varifold with generalised curvature. Then its generalised
second fundamental form is the function A = (Af]) with values in RY’ and
defined at V-a.e. (z,5) € Gr,(U) by

Ak x,S) = PrSjsBirs-
1) J

For a smoothly embedded ¥ C U, we see after combining Corollary B.3
with Lemma B.4 that the generalised second fundamental form A of Vy is

equal to the classical second fundamental form A* in the sense that
Ali(x,8) = (A% (Se;, Se;), Pey)  for Va-ae. (x,5) € Gry(U).

We now want to relate these notions to the varifolds V? defined in the main
body. To simplify notation, we fix a critical point v = u; with associated
varifold V¢ = Vi, We define a ‘second fundamental form’ for V¢ using the

coordinate expressions from Lemma B.4.

DEFINITION B.6. Define the functions A€ = (A%k) and B¢ = (B¢

f;x) With
values in R?" at all (2, S) € Gry(U) where Vu(z) # 0 by

B (x, S) = SudiSjy,
Af:]?e(x> S) = PkrSjSSilalS;s = P]WSJ'SB'6

rs?

where S¢ = S¢(z) € R? represents the projection R? — Ty {u = u(z)}, and
P = P(z) € R? the projection R4 — T, M.

Technically speaking the function A€ is not the second fundamental form
of V¢ as B¢ satisfies the integral identity of Definition B.1 only up to a
small error term. This can be seen as follows: take an arbitrary vector
field X € CY(U,TM), multiply the Allen-Cahn equation by (X, Vu) and

integrate by parts twice to obtain

(!Vu2 _ W

/|Vu|2divX—<VvuX,Vu> :/ 5
U 2 €

>diVX,
U

which using integration with respect to V¢ is equivalent to

1 2
(B.2) / divg X dV¥(z, §) = / <e’v“‘ - W(“)> div X,
Grn(U) U

20 2 €

where dive X = >°7 | (Dge, X, Se;). As before let X = ¢(x, 5€)S¢(e;), where
¢ € CHU x Rq2) has compact spatial support. Substitute this into (B.2)
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and perform routine coordinate computations as before in (B.1) to get

(B.3) /G o SrjOrd + B¢ + By, 0k, 0 AV (2, S)

1 6|vu|2 _ W(u)
2 €

= div X.
20 U > v

The integral on the right-hand side goes to 0 as € — 0—this is (6.3) in
Theorem 6.1.7. This justifies the abuse of language that is calling A€ the
‘second fundamental form’ of V©.

We now compare A€ with the second fundamental form A* of the level
sets of u near regular points: take a point x € U with Vu(xz) # 0. Then
the level set {u = wu(z)} is embedded in a neighbourhood B around =;
write ¥ = {u = u(z)} N B. The calculations from Lemma B.4 show that
A¢(z,8) = A¥(x), so the second fundamental forms from Definitions 6.2.1

and B.6 agree V¢-a.e. Combining this observation with (6.1), we get

1
A62 e:AE2 <
AP (w5 = 147) < g

Therefore, when 02E.(u)(|Vul¢,|Vu|¢) > 0 for some ¢ € CH(U), then
fGrn(U)\AE\quQ dve < [;IVé[* — Ric(v, v°)¢? d||V€| as in (6.3), and Corol-
lary 6.2.5 also remains valid.

(IV2ul? = [V|Vul[).

The results in this appendix are valid for every term in the sequence (u;)
satisfying Hypotheses (A)—(C). Let (V%) be the corresponding varifolds as in
(6.1), and let (A%) be their second fundamental forms as in Definition B.6.
We restate Proposition 6.2.6 in the following equivalent form, with A% in
place of A’

PROPOSITION B.7. If sup; [;;,|A%[*d||[V?]] < +oo, then some subse-
quence A% AV — AdV weakly as Radon measures on Gr, (W), and

/ |A|2d”V|| < liminf/ |A€1:|2 dHVZH,
w 1—00 w

where A is the classical second fundamental form of regV C M.

PRrROOF. Routine calculations as above in the proof of Lemma B.4 show
that B is related to A% as follows for all i:

(B.4) BSi (@, 5%) = A%t + AN 4 Si S50, P + 851510, P

If we square (B.4) and sum over j, k,l =1,...,q, we get
|B|? < 8(]A%|? + |DP|*) V'-a.e. in Gr,(U)

The term |DP|? := gk 1(0;Py)? can be bounded by some constant C(M),
so that sup; [i;,|B%|? d||V'|| < +oc as well.
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By Lemma A.1 we can pass to convergent subsequences A% dV? — AdV
and B dV’ — BdV with limits related by Al = Py, SksBjrs V-ae. in
Grp(W). The limit AdV also satisfies

/ |AP?dV < liminf/ |A% |2 AV,
Grp (W) 10 JGr, (W)

and the analogous inequality holds for BdV. Moreover the error term on
the right-hand side of (B.3) tends to 0 as ¢ — oo, so the weak limit BdV

satisfies

(B.5) / S1j0nd + Brirs + By dV (2, 8) = 0
Grp (W)

for all ¢ € CH(W x qu) with compact spatial support. By Corollary B.3 we
have B = B™8" and thus also A = A™8Y V-a.e. in Gr,(W). This concludes
the proof. O
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