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Derivation of moment equations for a nonlinear gene expression model
with initial condition and parameter uncertainty

Notation and definitions
Given a multivariate random variable X € R" with probability density function p(x):

e Moment u, of order « is defined as

Ho = Epi) [XY] = ﬁw x%p(x)dx, (1)

+

| @ ay
1 )Cz Lo X

where the multi-index « = (a1, a2, ...,ay) and x¥ = x N

o The joint moment-generating function (MGF) Mx(0) is

Mx(6) = By |exp(67X)| = > %u )
laj>0 "

lal = a1 +as + -+ + ay,

a'=ala! ... ay!

for @ € RN belonging to a open rectangle that contains the origin, and for which the above expec-
tation is finite.

ODE model of an autoinhibitory gene circuit dynamics for 1-dimensional case

We assume that in this case only the protein concentration A is uncertain where the dynamics of A is
governed by the following ODE:

dA P(A) 1 4-4-.0.014 -0.0143
— =FA) = = -0.014 = 3
dt “) 0) 1+A%/4 4+ A2 3)

Moment generating function
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Formula to derive moment equations using MGF

% f Q*(A) exp(6A)p(A, )dx = f (2%P(A) + QP(A)Q(A)) exp(6A)p(A, 1)dA 4)

e 0%(A) =16 + 8A% + A*
o 29CP(A) =2-2A(4-4-0.014 - 0.014%) = 164 - 0.16A% - 0.04A*

e OP(A)O(A) = 160 — 0.16 - 6A + 4 - A% — 0.08 - 6A® — 0.01 - 6A°



Left-hand side integral in ({@):

% f 0%*(A) exp(BA)p(A, HdA = dit f (16 + 8A? + A*) exp(6A) p(A, 1)dA @
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Right-hand side integral in (@):

dt
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—00
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We substitute the results from (3) and (6] in the main relation in (2) and expand the power series by
writing down the terms associated with 6°, 6!, 6%:

dllz duy  dus d,u4 dps | dps
e+ 88— +8—0+4— et —
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Then we collect the corresponding terms:

duy duy
— + — -1 1 Ay =

dt+ 7 6u; +0.16u, +0.04u4 =0
16d’u1 8d,u3 L ks d,u5

dt dt dt

6.8
— 16 +0.16p1 — 20u; + 0.24u3 + 0.05u5 = 0

Finally, we arrive to the equations for the first and the second moments of A for 1-dimensional case:



Moment equations for 1-dimensional case:

d d dus
o - 5;_ 0553 00625d +1-0.01g; + 1.25u3 — 0.015u3 — 0.003125p5
dpr dus
02— 01252 2 —0.02uy - 0.
dt 0.125 g 0.02u7 — 0.005u4

ODE model of an autoinhibitory gene circuit dynamics for 2-dimensional case

)

In this example we consider both the protein concentration A and the parameter g of the maximal rate
of expression to be uncertain, Since the parameter g is constant in time, the original ODE model (3] is

expanded to the following system:

dA _PAg _ g _OOIA_4g-4-0.01A-0.01A3
dt  Q(A,g) 1+A2/4 4+ A2
dg
=0
dt

Moment generating function
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Formula to derive moment equations using MGF

d
Efoz(A,g)exp(QlA+92g)p(A,g,t)dAdg:
dQO(A,
-[[ (2Q,fl—Ag)P<A,g>+9P<A,g>Q<A,g>)exp(91A+ezg>p<A,g,z>dAdg

e 0%(A,g)=16+8A% + A*
o 29RO P(A, g) =224 (4g - 4-0.014 — 0.01A%) = 16Ag — 0.16A2 — 0.04A*
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e OP(A,2)0(A, g) = 160g — 0.16 - OA + 4 - HgA> — 0.08 - HA3 — 0.01 - HAD

Similar to derivation (5) and (6) in 1-dimensional case, we derive the following relations between the
power series of 01, 65:

duao o G420 o dﬂ(l D
16 1+38 —07 + 16 016, + .
dt dar ! 1
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+0.0145,001 + 0.01416.0)67 + 0.01p15.110162 + ... = 0

Then we collect the corresponding terms:
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Finally, we get the equations for the first and the second moments of A for 2-dimensional case.

Moment equations for 2-dimensional case:

d
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