
 

 

 University of Groningen

Derivation of moment equations for a nonlinear gene expression model with initial condition
and parameter uncertainty
Milias Argeitis, Andreas; Kurdyaeva, Tamara

IMPORTANT NOTE: You are advised to consult the publisher's version (publisher's PDF) if you wish to cite from
it. Please check the document version below.

Document Version
Final author's version (accepted by publisher, after peer review)

Publication date:
2020

Link to publication in University of Groningen/UMCG research database

Citation for published version (APA):
Milias Argeitis, A., & Kurdyaeva, T. (2020). Derivation of moment equations for a nonlinear gene expression
model with initial condition and parameter uncertainty.

Copyright
Other than for strictly personal use, it is not permitted to download or to forward/distribute the text or part of it without the consent of the
author(s) and/or copyright holder(s), unless the work is under an open content license (like Creative Commons).

The publication may also be distributed here under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license.
More information can be found on the University of Groningen website: https://www.rug.nl/library/open-access/self-archiving-pure/taverne-
amendment.

Take-down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Downloaded from the University of Groningen/UMCG research database (Pure): http://www.rug.nl/research/portal. For technical reasons the
number of authors shown on this cover page is limited to 10 maximum.

Download date: 19-11-2022

https://research.rug.nl/en/publications/308a8fe5-27f7-4331-9f7e-b964f7bf24ea


Derivation of moment equations for a nonlinear gene expression model
with initial condition and parameter uncertainty

Notation and definitions

Given a multivariate random variable X ∈ RN with probability density function p(x):

• Moment µα of order α is defined as

µα = Ep(x)
[
Xα] = ∫

RN
+

xαp(x)dx, (1)

where the multi-index α = (α1, α2, . . . , αN) and xα = xα1
1 xα2

2 . . . xαN
N .

• The joint moment-generating function (MGF) MX(θ) is

MX(θ) = Ep(x)
[
exp

(
θT X

)]
=

∑
|α|≥0

θα

α!
µα, (2)

|α| = α1 + α2 + · · · + αN ,

α! = α1!α2! . . . αN!

for θ ∈ RN belonging to a open rectangle that contains the origin, and for which the above expec-
tation is finite.

ODE model of an autoinhibitory gene circuit dynamics for 1-dimensional case

We assume that in this case only the protein concentration A is uncertain where the dynamics of A is
governed by the following ODE:

dA
dt
= F(A) =

P(A)
Q(A)

=
1

1 + A2/4
− 0.01A =

4 − 4 · 0.01A − 0.01A3

4 + A2 (3)

Moment generating function

MA(θ) = 1 + µ1θ +
µ2

2!
θ2 + ...

∂MA(θ)
∂θ

= µ1 + µ2θ + µ3
θ2

2!
...

∂kMA(θ)
∂θk = µk + µk+1θ + µk+2

θ2

2!
... =

∞∑
n=k

θn−k

(n − k)!
µn

Formula to derive moment equations using MGF

d
dt

∫
Q2(A) exp(θA)p(A, t)dx =

∫ (
2

dQ(A)
dA

P(A) + θP(A)Q(A)
)

exp(θA)p(A, t)dA (4)

• Q2(A) = 16 + 8A2 + A4

• 2 dQ(A)
dA P(A) = 2 · 2A

(
4 − 4 · 0.01A − 0.01A3

)
= 16A − 0.16A2 − 0.04A4

• θP(A)Q(A) = 16θ − 0.16 · θA + 4 · θA2 − 0.08 · θA3 − 0.01 · θA5
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Left-hand side integral in (4):

d
dt

∞∫
−∞

Q2(A) exp(θA)p(A, t)dA =
d
dt

∞∫
−∞

(
16 + 8A2 + A4

)
exp(θA)p(A, t)dA

(2)
=

=
d
dt

16
∞∑

n=0

θn

n!
µn + 8

∞∑
n=2

θn−2

(n − 2)!
µn +

∞∑
n=4

θn−4

(n − 4)!
µn

 =
= 16

∞∑
n=1

θn

n!
dµn

dt
+ 8

∞∑
n=2

θn−2

(n − 2)!
dµn

dt
+

∞∑
n=4

θn−4

(n − 4)!
dµn

dt
(5)

Right-hand side integral in (4):

∞∫
−∞

(
2

dQ(A)
dA

P(A) + θP(A)Q(A)
)

exp(θA)p(A, t)dA =

=

∞∫
−∞

(
16A − 0.16A2 − 0.04A4+

+16θ − 0.16θA + 4θA2 − 0.08θA3 − 0.01θA5
)

exp(θA)p(A, t)dA
(2)
=

= 16
∞∑

n=1

θn−1

(n − 1)!
µn − 0.16

∞∑
n=2

θn−2

(n − 2)!
µn − 0.04

∞∑
n=4

θn−4

(n − 4)!
µn+ (6)

+ 16
∞∑

n=0

θn+1

n!
µn − 0.16

∞∑
n=1

θn

(n − 1)!
µn + 4

∞∑
n=2

θn−1

(n − 2)!
µn − 0.08

∞∑
n=3

θn−2

(n − 3)!
µn − 0.01

∞∑
n=5

θn−4

(n − 5)!
µn

We substitute the results from (5) and (6) in the main relation in (2) and expand the power series by
writing down the terms associated with θ0, θ1, θ2:

16
dµ1

dt
θ + 8

dµ2

dt
θ2 + ... + 8

dµ2

dt
+ 8

dµ3

dt
θ + 4

dµ4

dt
θ2 + ... +

dµ4

dt
+

dµ5

dt
θ + 0.5

dµ6

dt
θ2 =

= 16µ1 + 16µ2θ + 8µ3θ
2 + ...

− 0.16µ2 − 0.16µ3θ − 0.08µ4θ
2 − ...

− 0.04µ4 − 0.04µ5θ − 0.02µ6θ
2 − ...

+ 16θ + 16µ1θ
2 + ...

− 0.16µ1θ − 0.16µ2θ
2 − ...

+ 4µ2θ + 4µ3θ
2 + ...

− 0.08µ3θ − 0.08µ4θ − ...

− 0.01µ5θ − 0.01µ6θ
2 − ...

Then we collect the corresponding terms:

θ0 : 8
dµ2

dt
+

dµ4

dt
− 16µ1 + 0.16µ2 + 0.04µ4 = 0

θ1 : 16
dµ1

dt
+ 8

dµ3

dt
+

dµ5

dt
− 16 + 0.16µ1 − 20µ2 + 0.24µ3 + 0.05µ5 = 0

Finally, we arrive to the equations for the first and the second moments of A for 1-dimensional case:

2



Moment equations for 1-dimensional case:

θ1 :
dµ1

dt
= −0.5

dµ3

dt
− 0.0625

dµ5

dt
+ 1 − 0.01µ1 + 1.25µ2 − 0.015µ3 − 0.003125µ5

θ0 :
dµ2

dt
= −0.125

dµ4

dt
+ 2µ1 − 0.02µ2 − 0.005µ4 (7)

ODE model of an autoinhibitory gene circuit dynamics for 2-dimensional case

In this example we consider both the protein concentration A and the parameter g of the maximal rate
of expression to be uncertain, Since the parameter g is constant in time, the original ODE model (3) is
expanded to the following system:

dA
dt
=

P(A, g)
Q(A, g)

=
g

1 + A2/4
− 0.01A =

4g − 4 · 0.01A − 0.01A3

4 + A2

dg
dt
= 0 (8)

Moment generating function

MA,g(θ1, θ2) =

∞∫
−∞

∞∫
−∞

exp(θ1A + θ2g)p(A, g, t)dAdg

=

∞∫
−∞

∞∫
−∞

1 + θ1A +
θ2

1

2
A2 + ...

 1 + θ2g +
θ2

2

2
g2 + ...

 p(A, g, t)dAdg

=

∞∫
−∞

∞∫
−∞

1 + θ1A + θ2g +
θ2

1

2
A2 +

θ2
2

2
g2 + θ1θ2Ag + ...

 p(A, g, t)dAdg

= 1 + µ(1,0)θ1 + µ(0,1)θ2 +
µ(2,0)

2
θ2

1 +
µ(0,2)

2
θ2

2 + µ(1,1)θ1θ2 + ... =

∞∑
n=0

∞∑
m=0

θn
1θ

m
2

n!m!
µ(n,m)

∂MA,g(θ1, θ2)
∂θ1

= µ(1,0) + µ(2,0)θ1 + µ(1,1)θ2 + ...

∂MA,g(θ1, θ2)
∂θ2

= µ(0,1) + µ(0,2)θ2 + µ(1,1)θ1 + ...

∂p+qMA,g(θ1, θ2, t)

∂θ
p
1∂θ

q
2

=

∞∑
n=p

∞∑
m=q

θ
n−p
1 θ

m−q
2

(n − p)!(m − q)!
µ(n−p,m−q)

Formula to derive moment equations using MGF

d
dt

∫ ∫
Q2(A, g) exp(θ1A + θ2g)p(A, g, t)dAdg =

=

∫ ∫ (
2

dQ(A, g)
dA

P(A, g) + θP(A, g)Q(A, g)
)

exp(θ1A + θ2g)p(A, g, t)dAdg (9)

• Q2(A, g) = 16 + 8A2 + A4

• 2 dQ(A,g)
dA P(A, g) = 2 · 2A

(
4g − 4 · 0.01A − 0.01A3

)
= 16Ag − 0.16A2 − 0.04A4
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• θP(A, g)Q(A, g) = 16θg − 0.16 · θA + 4 · θgA2 − 0.08 · θA3 − 0.01 · θA5

Similar to derivation (5) and (6) in 1-dimensional case, we derive the following relations between the
power series of θ1, θ2:

16
dµ(1,0)

dt
θ1 + 8

dµ(2,0)

dt
θ2

1 + 16
dµ(1,1)

dt
θ1θ2 + ...

+ 8
dµ(2,0)

dt
+ 8

dµ(3,0)

dt
θ1 + 8

dµ(2,1)

dt
θ2 + 4

dµ(4,0)

dt
θ2

1 + 4
dµ(2,2)

dt
θ2

2 + 8
dµ(3,1)

dt
θ1θ2 + ...

+
dµ(4,0)

dt
+

dµ(5,0)

dt
θ1 +

dµ(4,1)

dt
θ2 + 0.5

dµ(6,0)

dt
θ2

1 + 0.5
dµ(4,2)

dt
θ2

2 +
dµ(5,1)

dt
θ1θ2 + ...

− 16µ(0,1)θ1 − 16µ(1,1)θ
2
1 − 16µ(0,2)θ1θ2 + ...

+ 0.16µ(1,0)θ1 + 0.16µ(2,0)θ
2
1 + 0.16µ(1,1)θ1θ2 + ...

− 16µ(1,1) − 16µ(2,1)θ1 − 16µ(1,2)θ2 − 8µ(3,1)θ
2
1 − 8µ(1,3)θ

2
2 − 16µ(2,2)θ1θ2 + ...

− 4µ(2,1)θ1 − 4µ(3,1)θ
2
1 − 4µ(2,2)θ1θ2 + ...

+ 0.16µ(2,0) + 0.16µ(3,0)θ1 + 0.16µ(2,1)θ2 + 0.08µ(4,0)θ
2
1 + 0.08µ(2,2)θ

2
2 + 0.16µ(3,1)θ1θ2 + ...

+ 0.08µ(3,0)θ1 + 0.08µ(4,0)θ
2
1 + 0.08µ(3,1)θ1θ2 + ...

+ 0.04µ(4,0) + 0.04µ(5,0)θ1 + 0.04µ(4,1)θ2 + 0.02µ(6,0)θ
2
1 + 0.02µ(4,2)θ

2
2 + 0.04µ(5,1)θ1θ2 + ...

+ 0.01µ(5,0)θ1 + 0.01µ(6,0)θ
2
1 + 0.01µ(5,1)θ1θ2 + ... = 0

Then we collect the corresponding terms:

θ0
1θ

0
2 : 8

dµ(2,0)

dt
+

dµ(4,0)

dt
− 16µ(1,1) + 0.16µ(2,0) + 0.04µ(4,0) = 0

θ1
1 : 16

dµ(1,0)

dt
+ 8

dµ(3,0)

dt
+

dµ(5,0)

dt
− 16µ(0,1) + 0.16µ(1,0) − 20µ(2,1) + 0.24µ(3,0) + 0.05µ(5,0) = 0

θ1
2 : 8

dµ(2,1)

dt
+

dµ(4,1)

dt
− 16µ(1,2) + 0.16µ(2,1) + 0.04µ(4,1) = 0

θ2
1 : 8

dµ(2,0)

dt
+ 4

dµ(4,0)

dt
+ 0.5

dµ(6,0)

dt
− 16µ(1,1) + 0.16µ(2,0) − 12µ(3,1) + 0.16µ(4,0) + 0.03µ(6,0) = 0

θ2
2 : 4

dµ(2,2)

dt
+ 0.5

dµ(4,2)

dt
− 8µ(1,3) + 0.08µ(2,2) + 0.02µ(4,2) = 0

θ1θ2 : 16
dµ(1,1)

dt
+ 8

dµ(3,1)

dt
+

dµ(5,1)

dt
− 16µ(0,2) + 0.16µ(1,1) − 20µ(2,2) + 0.24µ(3,1) + 0.05µ(5,1) = 0

Finally, we get the equations for the first and the second moments of A for 2-dimensional case.

Moment equations for 2-dimensional case:

θ1
1 :

dµ(1,0)

dt
= −0.5

dµ(3,0)

dt
− 0.0625

dµ(5,0)

dt
+

+ µ(0,1) − 0.01µ(1,0) + 1.25µ(2,1) − 0.015µ(3,0) − 0.003125µ(5,0)

θ0
1θ

0
2 :

dµ(2,0)

dt
= −0.125

dµ(4,0)

dt
+ 2µ(1,1) − 0.02µ(2,0) − 0.005µ(4,0) (10)
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