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Abstract

In the first part of this note we give a rather short proof of a generalization of
Stenger’s lemma about the compression Ay to §, of a self-adjoint operator A in
some Hilbert space = 9y & 9. In this situation, S := A N A is a symmetry in
with the canonical self-adjoint extension Ay and the self-adjoint extension A with
exit into $. In the second part we consider relations between the resolvents of A and
Ap like M.G. Krein’s resolvent formula, and corresponding operator models.
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1 Introduction

Let A be a closed densely defined operator with nonempty resolvent set p(A) in a
Hilbert space $ which is the orthogonal sum of the two Hilbert spaces $, and
H1: D =9D0D H1; Py, denotes the orthogonal projection in $ onto H,. We study

the compression Ag := Pg, of A to §,. Our starting point is the block

A|$50ﬁ domA
matrix representation of the resolvent of A:

L (S0 L)
“-3 1:(M<z> D<z>)’ ce )

Under the assumption that D(z) in $, is boundedly invertible (meaning that D(z)71
exists and is defined on all of $, and bounded) we show (see Theorem 1) that the
compression Ay is also a closed densely defined operator with nonempty resolvent
set. Since D(z) for z € p(A) \ 6,(Ao) is injective (see Lemma 1), it is boundedly
invertible e.g. if dim £; <oco. Hence Theorem 1 implies the well-known results of
Stenger [11] and Nudelman [10] about self-adjointness or maximal dissipativity of
finite-codimensional compressions of a self-adjoint or maximal dissipative operator
as well as corresponding results for maximal symmetric operators and dilations.

If A and also its compression A are self-adjoint, then S := A N A is a symmetric
operator in $, with equal defect numbers. Clearly, Ay in $, is a canonical self-
adjoint extension of S, and A in § is a self-adjoint extension of S with exit from
into the larger Hilbert space $. So if we choose for S and its canonical self-adjoint
extension Ay a corresponding y-field and Q-function, M.G. Krein’s resolvent
formula connects the compressed resolvent of A with the resolvent of the
compression Ay through a parameter which is a (matrix or operator) Nevanlinna
function (see the Appendix). If the y-field and the Q-function are chosen properly
and ker L(z) = {0}, this parameter is the function 7(z) = z/. In the general case this
parameter is considered in Theorem 3. Finally, in Theorem 4 we extend Krein’s
resolvent formula for A and Ay to a model for the resolvent of A.

This note is a continuation of our studies in Refs. [3-5], but it can be read
independently.

About notation: sometimes also for (single valued) operators 7 we use the
relation or subspace notation, that is the operator is described by its graph in the
product space: instead of y = Tx we write {x,y} € T. Let T be a densely defined
operator on a Hilbert space $ with inner product (-, -)g. T is called dissipative if
Im (7f,f)g > 0 for all f € dom T, the domain of 7, and maximal dissipative if it is
dissipative and not properly contained in another dissipative operator in $. If T is
dissipative, then it is maximal dissipative if and only if C_ N p(T) # (), and then
C_ C p(T). The operator T is called symmetric if T C T*, the adjoint of T'in $, and
then the upper/lower defect number ny(T) is

ni(T) := dim(ran (T — z))" = dim(ker(T* — z)), ze€ Cs.

T is called maximal symmetric if it is symmetric and not properly contained in
another symmetric operator in $. If 7 is symmetric, then it is maximal symmetric if

W Birkhiuser



938 A. Dijksma and H. Langer

and only if at least one of its defect numbers equals zero. Finally, T is called self-
adjoint if T = T* and this holds if and only if 7 is symmetric and its defect numbers
are zero. We assume that the reader is familiar with the spectral properties of such
operators. We denote by p(T') the resolvent set, by o(T') the spectrum, and by o, (T’)
the point spectrum of 7. An operator A in a Hilbert space R is called a dilation of T,

if § is a subspace of ], p(A) N p(T) # 0 and Pg(A — z)71|55 =(T—z) ' forze
p(A) N p(T) (see [8]); here Pg is the projection in K onto . The dilation A is called
minimal if for some w € p(A)

span{ (I + (z—w)(A—2) ) : z€ p(A), he S} =&

Finally we recall the Schur factorization of a 2 x 2 block operator matrix of a
bounded operator on a Hilbert space $ = 9, D H; in which D is boundedly
invertible:

(e 0)= (G ") D)l D) (5)-(5)
= : — .

C D 0 I 0 D)\D'C 1 9, 9,

The entry A — BD~'C is called the first Schur complement of the matrix on the left.

2 A general Stenger—-Nudelman result

Let A be a closed densely defined operator in a Hilbert space $ with a nonempty

resolvent set p(A) and resolvent operator R(z):= (A —z) ', z€ p(A). We
decompose § into two orthogonal subspaces $, and H;: H = Hy D 9;. Then the
resolvent R(z) can be decomposed as a 2 x 2 block operator matrix:

o= (30 50 (9)-(3) om0

It follows that, written as a relation,

et ) (i) e nes)
(2)

Recall that the compression Ay of A to the space §, is the operator defined by

Ap = PS:’OA’;’)OQ dom Ao
= {{S(Z)fo + L(2)f1,fo + 2(S(2)fo + L(z) 1)} : (3)
M@y + D =0, fo € S0, fi € 1 }-

Lemma 1 Ifz € p(A)\o,(Ao), then D(2) is injective.

& Birkhauser



W. Stenger’s and M.A. Nudelman’s results and resolvent formulas... 939

Proof Assume D(z)f; = 0 for some f; € ;. Then with f; = 0 from the relation (3)
we obtain {L(z)fi,zL(z)fi} € Ao. The assumption z¢ g, (Ao) implies L(z)f; = 0 and

hence
“0(5) (o)

Apply A — z to both sides of this equality to obtain f; = 0. O

Theorem 1 If z € p(A) and D(2) in (1) is boundedly invertible, then A, is a closed
densely defined operator in §, given by

Ao = {{(5@)~LEDE) MG,

)
fo+2(8() = L@DE) M@} < fo € Ho}f-

Moreover, z € p(Ao) and

Ro(2) == (Ao —2) 7' = 5(z) = L(2)D(2) "' M(2). (5)

The relation (5) means that the resolvent of the compression A of A is the first
Schur complement of the block operator matrix of the resolvent R(z) of A in (1).

Proof of Theorem 1 The relation (4) follows from (3). It implies that A is closed
and the equalities

domAg = ran (S(z) — L(z)D(z) "' M(2)) (6)

and (5). The latter relation implies that (A¢ — z)_l is a bounded operator on $), and
hence z € p(Ap). The Schur factorization of R(z) takes the form

with

To show that domAg is dense in $, we assume that an element gy € 9, is
orthogonal to ran (S(z) — L(z)D(z)"'M (z)). Then we have in the inner product of
H =9y D P, that for all fj € H, and f; € H,;

W Birkhiuser



940 A. Dijksma and H. Langer

Since ranR(z) is dense in 9, U(z)_*(%o) =0 and hence gy = 0. By (6), this

proves that dom Ay is dense in £. O

The first and the third of the following corollaries of Theorem 1 contain the
results of Nudelman [10] and Stenger [11] (see also [1, Section 3], [2, Sections 3
and 4] and [6, Theorem 3.3]), and the fourth corollary contains the operator case of
[2, Theorem 5.3]. These references concern the case dim$; <oo. Under this
assumption Lemma 1 assures the invertibility of D(z).

Corollary 1 Assume that T is a densely defined maximal dissipative operator in the
space © = o & D, with the block matrix representation (1) of its resolvent. If, for
some z € C_, D(2) is boundedly invertible, then the compression Ty of T to 9 is
densely defined and maximal dissipative in .

Corollary 2 Assume that S is a densely defined maximal symmetric operator with
lower defect number n_(S) = 0 (upper defect number n,.(S) =0)in H = Hy ® 9.
Suppose that the block matrix representation of the resolvent of S is given by the
right-hand side of (1). If D(z) is boundedly invertible for some z € C_ (z € C,),
then the compression Sy of S to 9 is a densely defined maximal symmetric operator
with n_(Sp) =0 (n4(So) =0) in Hy.

Corollary 3 Assume that A is a densely defined self-adjoint operator in =
Do ® D, with the block matrix representation (1) of the resolvent. If D(2) is
boundedly invertible for some z € p(A), then the compression Ay of A to 9, is a
densely defined self-adjoint operator in 9 and z € p(Aop).

As to the proof of Corollary 3, by the observation preceeding the relation (11)
below, D(z) is boundedly invertible on an open subset of p(A) around z and z*. By
Theorem 1, this set is also contained in p(Aj). Hence the symmetric operator A is
in fact self-adjoint.

Corollary 4 Assume that T is a densely defined maximal dissipative operator in the
space = Hy D D, with the block matrix representation (1) of its resolvent in
which D(z) is boundedly invertible for some 7 € C_. If the operator A in the Hilbert
space K is a minimal self-adjoint dilation of T, then its compression Ay to the space
KO 9, is a minimal self-adjoint dilation of the compression Ty of T to the space

Do-

& Birkhauser



W. Stenger’s and M.A. Nudelman's results and resolvent formulas... 941

3 Resolvent formulas based on the compression of a self-adjoint
operator

3.1 A first decomposition

In this subsection let A be a self-adjoint operator in the Hilbert space = o @ 9.
With respect to this decomposition of the space £ we write again

RR)=(A—z) "= <1€I((Zz)) IL)((ZZ))), z€ p(A). (7)
The relation R(z)" = R(z*) implies
S(2)" =8@"), D()" =D["), L(2) =ME"), z€pA). (8)

Moreover, the resolvent equation

R(z) — R(w)"

7 — w* = R(W)*R(Z)a Z, W& ,O(A),

is equivalent to the relations

%fv(*w)* =S(w)"S(z) + L(w )M (), z, w € p(A), )
9

égfégQ:SWVM@+MWﬂWL o we p(A),

W = D(W)*D(Z) + L(W)*L(Z), z, wE ,()(A) (10)

Now we assume that D(z) is boundedly invertible for some z € p(A). As an analytic
function of z it is also boundedly invertible in a neighborhood of z and because of
(8) also for z*. For those points z, w the relation (10) implies

D(w) " —D(z)"

= (LD ) LD (11)

We introduce the operator functions
Q@) =-D(x)"' —z, [I(z):=L()D()". (12)
Then (5) and (8) imply that Ry(z) = (Ag —z)~' is given by
Ro(2) = 8(2) + L(2)(Q(2) +2)L(z")" = S(2) + T(2)(Q(z) +2) ' T'(z")".  (13)
Theorem 2 Let A be a self-adjoint operator in the Hilbert space $ = o D 9 with

the block matrix representation (1) of the resolvent. Suppose that for some z € p(A)
the operator D(z) is boundedly invertible. Then, with the operator functions Q(z)

W Birkhiuser



942 A. Dijksma and H. Langer

and I'(z) from (12) and the compression Ay = Pg, the matrix

A‘Sjoﬁ domA’
representation (7) takes the form

(A—z)'= <(Ao —2)'=T@QE) +2)7' @) ~TRQE)+2)" )
—(Q() +2) ' T —(0(z) +2)"

_ <(Ao —2) 0> ) (F(z)>(Q(Z) PRSI .
0 0 1
(14)
The functions Q(z) and I'(z) satisfy the relations
%ﬁfw = Tw)'T(), (Ag—w) 'T(2) = w o we plA).
(15)

Proof The equality (14) follows from (7), (12) and (13). It remains to prove the
relations (15). The first relation follows from (11) and (12). To prove the second
one, we use (9), (13) and (11) to obtain

W = Ro(w")L(z) — L(w")(Q(w) + w)L(w)"L(z) + L(w")D(z)
= Ro(W")L(z) + L(w*)D(w) "L(w)*L(z) + L(w")D(z)
= Ro(W")L(z) +L(w") (D(w) *L(w)*L(z)D(z) ") D(z)

_ RO(W*)L(z) + L(W* — D(Z)
= Rolw )i + 0 D) L0

This implies

L L(w*)D *D
Q) _ pywyne + LVIP0) D)
—Ww —Ww
or
B 1 L@@)DE) —Lw)Dw)™!
Ro(w)L()D() " = (z)D(z) (* )D(w”) 7
Z—w
which yields the second equality in (15). O

The left upper corner in the first matrix in (14) is in general not yet the right-hand
side of a Krein resolvent formula (see the Appendix) since I'(z) may have a
nontrivial kernel. In the next subsection we replace I'(z) by I'; being injective.

& Birkhauser
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3.2 Krein's resolvent formula

In the following we establish a connection between (14) with Krein’s resolvent
formula (see the Appendix). Assume that the conditions of Theorem 2 are satisfied.
The second equality in (15) implies that the kernel ker I'(z) of I'(z) is independent
of z. We decompose H; = H,; © 9, with H,, := kerI'(z). Then I'(z) and Q(2)
have the block matrix representation

r=(r, 0): (2“) — % (16)
12
with ker I', = {0}, and

01(z) On D11 D14
00 - (%) () -2 (1)
0, O»n D12 D12
By the first equality in (15), the entry Qy;(z) in the representation of Q(z) is a
bounded operator function satisfying

QuE =o' _ .. "
—Ww

the other two entries Qj, and Oy, are bounded operators independent of z, and

O»n = 05,.

Theorem 3 In the situation of Theorem 2, the operator S :==AyNA=AN 55(2) is
symmetric in § with equal defect numbers dim $, . For the canonical self-adjoint

extension Ao of S in 9, and the self-adjoint extension A of S in $ the following
formula holds:

Pg,(A—2)"'g = (A0 —2) = TI(Qu(z) +T() T3 (19)
with the Nevanlinna function

T(z) :==z2— 012(0n + Z)_IQE. (20)

Here I'; is a y-field and Q11(2) is a corresponding Q-function for the symmetric
operator S and its canonical self-adjoint extension Ay.

Clearly, (19) is a Krein resolvent formula, where the function 7(z) plays the role
of the parameter. In the particular case ker I'(z) = {0}, that is ker L(z) = {0}, this
parameter becomes T(z) = zI. Formally, in Krein’s resolvent formula, on the left-
hand side A is often replaced by the minimal self-adjoint operator in $ which
contains the restriction of A to $, N domA.

Proof of Theorem 3 Since A is a self-adjoint operator, S is a closed symmetric
operator in $,. From (2) we obtain that

S=AN95 = {{SEfo.fo + 2@} : M(2)fo =0, fo € Ho} = AN A.

W Birkhiuser



944 A. Dijksma and H. Langer

From § C Ay = Aj it follows that S has equal defect numbers.
By Theorem 2, ran (S —z) = kerM(z) = ker I'(z*)". The decomposition (16)
implies that the defect numbers are equal to the dimension of the space 9, ;:
ker(S* —z) = (ran (S —2°))" = (ker['(2)") = Tan I'(z) = Tan I', = H, ;.
(1)
The relations T(z)* = T(z*) and

Im7(z)
Imz

=1+ 00,(0n + Z*)il(sz +Z)71Q12 >0, zeC\R,

show that 7(z) in (20) is an operator Nevanlinna function. The equality (19) is
obtained from Theorem 2, the relation (16) and the relation

() = I.(011(z) +z2— 012(0n + z)leTZ)le}

= I.(0u(@) +T() 'I%,

which follows from the form of the inverse of the 2 x 2 block matrix for Q(z) + z.

To prove the last statement we only need to show (see the Appendix), that I,
maps ), into ker(S* —z) and has zero kernel, I'. = (I + (z — w)(Ao — )OI,
and Q11(z) — Qui(w)" = (z = w*)I[5 T, z,w € C\R. But this follows from (21), the
second equality in (15) and (18). O

I'(z)(0(z) +z)

We end this subsection with a simple example. Let the self-adjoint operator A in
C? be given by the symmetric matrix

1 10 Ho 9o
A=11 0 1]:99 =] 9u with Ho=9,, =9, =C.
0 1 1 Do Do

Then, with d(z) := (z — 1)(=2> + 2+ 2),

2
L(z):M(Z*)*:ﬁ(FI 0, D(Z)%@((zz—_ll) zzz—_zl_1>'
Hence
R
Diz) '=—-(0@k)+z) with 0x)=|1-2z |,
-1 -1
and
1%=<Ao—z>*1=s<z>—d(1—d

& Birkhauser
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3.3 A refined decomposition

In analogy to [4, Theorem 2.4] and [5, Proposition 3.3], the formulas in Theorem 2
and Theorem 3 can be given a more symmetric form, which is at the same time a
refinement with respect to the self-adjoint parts of the operator A in £,. To this end
with the function 7(z) in (20):

T(z) =2 - Qu(Qn +2) 'O} (22)
we associate the following operator model:
(i) 9 is the Hilbert space H7 = 9, @ 531"2 C 9, where
531.2 = span {(sz +Z)71QTJ11 c S €94, ZE€ C\R} C9Hio

(i) By is the self-adjoint relation in $; with resolvent

,7 1 _ (0 0 (D D1
Rr(z) == (Br—z)” = (0 —(Q22+Z)71> : <§)1$2> — (512)7 z € C\R,

(iii)  J, is the operator function
5 ( ! > $ Du € C\R
= _ : - | ~ , Z .
) —(0n+2)7'05 o Dia

Note that 531"2 contains ran Q7, and that Oy, maps 531,2 to 5312 and is bounded.
The proof of the following proposition is straightforward and therefore omitted.

Proposition 1 The operator Nevanlinna function T(z) from (22) in the space 9,
has the representation

T(z)=TWw) + (z— w*)éfv(l + (z—w")(Br — 2)71)%*, z, we C\R,

which is minimal in the sense that

97 = Span {5zh11 thit €914, Z€ (D\IR}. (23)
Moreover, for z, w € C\R
T(z) —T(w)’

=00, O, =+ (z—w)(Br—2)")d.

*

—w

W Birkhiuser



946 A. Dijksma and H. Langer

In the following we set 55’1’2 =91,60 53 1.2- From the inclusion ran Q7 , C 53 12
it follows that Ql,zg’m = {0}. Since 0, maps 531,2 to 53172 and is self-adjoint on

912, O has a diagonal form with respect to the decomposition , , = 53 12® 55'172:

O — (ézz 0 ) : (531,2> . (512)
0 lez S5/1,2 5172

This implies that the resolvent Ry(z) can be written as

0 0 551,1 D
R = ~ 3l I - | - , C\R.
(@) (0 (—Q22—Z)1> (51,2) (51.2) ce e

The theorem below shows that in general A need not be $,-minimal with respect to
the decomposition $ = H, @ H; in the sense that for some w € C\R

9 :m{(1+(z_w)(A_z)l)(}g)) : hy € 9, zeC\IR}.

In fact the theorem implies that the gap 9 © (H, D H7) = 55/1‘2 between the space

on the right-hand side and $ is an invariant subspace for A on which A coincides
with the self-adjoint operator —(Q),.

Theorem 4 Under the conditions of Theorem 2 and with respect to the decompo-
sition H = Ho D H7 D 55'1’2 the resolvent (A — z)fl, 7 € C\ R, has the 3 x 3 block

matrix representation

Ro(z)—FZA(z)fll“; —FZA(Z)fl(sZ* 0
A-z2)7" = -3, A(Z)AF; Rr(z) — 0 A(z)fléz* 0
0 0 (052"
Ro(z) O 0 I,
= 0 Rz 0 —| 6. |47 (rn &L 0),
0 0 (-0y-3"' 0

where A(z) :== 011Q+T ). Moreover, for each w € C\R
soan {(1-+ - w)a =) (7 ) she s ce iR} = (), s)

and under the identification of 9 © (9o D Hy) with 5’172 the restriction of the
operator A to 9 S (99 ® Hr) coincides with the self-adjoint operator —Q%, on

!
551,2-

& Birkhauser



W. Stenger’s and M.A. Nudelman's results and resolvent formulas... 947

Proof The first equality in (24) follows from Theorem 2, the decompositions (16)
and (17) and the inverse of the Schur factorization of Q(z) + z. We find relative to

the decomposition H; = H;; & H,, and with X(z) := Q12(0xn + 2)~" the relation

On(z)+z Oz )1
_D(z) =
® ( 12 O»n +z

:( ()7 4(2)7'X(2) >
XE@)'4@)7 X@E@) 4@ 7X@+ Qe+ )
Now we write §;, = 531’2 & 55'12 and use that, since the operator X(z*)" =
(0 +2)7' 0}, maps $,; to 531,2 C 9o

X(2)91, = 012(0n + 1)7155/1,2 = {0},

to obtain with respect to the decomposition $; = 55131 @ S?) 12D 55’1_2

A(z)"™ A(x)"'X(2) 0
—D(z) = | X(z)'4(2)""  X(&)'4(:z)7'X@) + (0p+2)" 0
0 0 (Qn+2)7"

A straightforward calculation shows that the left upper 2 x 2 block matrix in this
3 x 3 matrix is the block matrix representation of the operator

0; A(Z)Aé; —Rr(2) : 7 — 97

relative to the decomposition H7 = H,; 531_’2. Hence relative to this decompo-
sition of $ we have

Ry(z) — 0. 4(2) "' 5% 0
b — B0 =475 )
0 — (05 +2)

In a similar way we find that

L(x) =M(z) = -T: 4@)7' (3> 0),
and that S(z) = Pg,(A —2)'| $, is as in (19). The second equality in (24) follows
from the first one. As to the equality (25), it holds if and only if

h
span {(SZA(z)_'F} ( 00) thy € 9Dy, Z € C\R} = 9.

Denote the space on the left-hand side by ®. Then, by (23), ® C $;. We prove the
reverse inclusion. For fixed z € C\R the range of I'.. is dense in , ;, and therefore

A(z)™! I'.9 is also dense in $, ;. Since J; is continuous, we see that §.%, | belongs
to ® for every z € C\R. By (23), 7 C ®. This proves the third equality.

W Birkhiuser



948 A. Dijksma and H. Langer

We prove the last statement using the identification of the space $ S (Hy D Hr)
with the space 9 ,. Let h € 9], and set g = (=05, — z)h. Then g € H',. If we
apply both sides of the equality (24) to g then we obtain

-1 / -1
(A-z) g=(-0n—2) g=h
Hence h € domA and Ah = —Q),h. O
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Appendix

In the following we recall Krein’s resolvent formula from Refs. [7] and [9] as
needed in this paper. Let S be a closed densely defined symmetric operator in a
Hilbert space £, with equal defect numbers n = n_(S) = n,(S) <oco. Let A be a
self-adjoint extension of S in $,. Let ® be a Hilbert space with dim ® = n. Fix a
point zg € p(Ayp), a bijection I',, : & — ker(S* — z) and define the so called y-field

I= I+ (z—2)(A0—2) Wy, z€p(Ao).
Then I, is a bounded bijection from & onto ker(S* — z) and satisfies the relation
.=+ (z—w)(Ao—2) W, 2z, we p(Ag).

Associate with I'; a so called Q-function Q(z). It is a bounded operator on ®,
defined for z € p(Ao) and it satisfies the relation

0(z) — Q(w)"

" =TT, z, we p(Ao).
—w

This relation uniquely defines Q(z) up to an additive bounded self-adjoint operator
on ®. Let A be a self-adjoint extension of S in a Hilbert space $ D 9. The function

-1
Pg,(A—2)" g,

where Pg, is the projection in $ onto £, is defined for z € p(A) and is a bounded
operator on ). It is called a generalized resolvent of S. Krein’s resolvent formula
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Po (A—2) g, = (Ao —2) ' = T(Q() + T(2) "' T

Z

establishes a one-to-one correspondence between the generalized resolvents of S
corresponding to self-adjoint extensions A of S satisfying A NAg = S and the op-
erator Nevanlinna functions T(z) on ®. The latter are bounded operators on &,
defined for and holomorphic in z € C\R and satisfy the relations

T(z) —T(z)"

T(z") =T(), p—

>0, zeC\R.

For example Q(z) is a Nevanlinna function with the property

0(z) — 0(2)

- >0, zeC\R.
72—z

If in Krein’s formula the assumption A NAg D S holds, then the operator Nevan-
linna functions 7(z) have to be replaced by relation Nevanlinna functions, see Ref.

[9].
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