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Causality and Network Graph in General Bilinear
State-Space Representations

Ménika Jozsa

Abstract—This article proposes an extension of the well-known
concept of Granger causality, called GB-Granger causality.
GB-Granger causality is designed to relate the internal structure of
bilinear state-space systems and statistical properties of their out-
put processes. That is, if such a system generates two processes,
where one does not GB-Granger cause the other, then it can be
interpreted as the interconnection of two subsystems: one that
sends information to the other, and one which does not send infor-
mation back.This result is an extension of earlier obtained results
on the relationship between Granger causality and the internal
structure of linear time-invariant state-space representations.

Index Terms—Interconnected systems, stochastic systems, sys-
tem realization.

|. INTRODUCTION

Detecting interactions among stochastic processes and relating them
to the internal structure of the generating systems can be of interest
for several applications, such as mapping interactions in the brain,
predicting economical price movements, or understanding social group
behavior. The first step toward detecting such interactions is to propose
a formal mathematical definition of the concept of interaction. In this
article, we propose two formalizations of one directional interactions
between two stochastic processes. The stochastic processes are assumed
to be outputs of a nonlinear dynamical system. Both formalizations
will try to capture causal interactions, i.e., that one process causes the
other one. The first formalization concentrates on the information flow
between the dynamical systems that generate the processes. The second
one focuses on statistical properties of the processes.
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More precisely, let y be a process that is partitioned into two
components, such as y = [y?, y2]7. For the first approach, assume
that y is the output of a dynamical system that can be represented as
an interconnection of two subsystems: the first generates y;, and the
second generates yo as its output. Furthermore, assume that the first
subsystem sends information to the second, but there is no information
flowing in the opposite direction. In other words, the network graph!
of this dynamical system has two nodes and one directed edge. Then,
according to the first approach, we say that y; influences ys.

This approach offers an intuitive mechanistic explanation of how
one component of the output process influences the other. However,
the same output process can be generated by systems with different
network graphs. As a result, the presence of an interaction between two
output components depends on the exact dynamical system representing
the output process.

The second approach is based on statistical properties of the joint
process y = [y?,yZ]7. A widely used example of this approach is
Granger causality [3]. Intuitively, y; Granger causes y if the best linear
predictions of yo based on the past values of y are better than those
only based on the past values of y,. We then say that y; influences
Y2, if y1 Granger causes y2. Concepts that follow from this second
approach lead to definitions that depend only on properties of y and do
not depend on which dynamical system we use to represent y. However,
they do not always offer an explanation of the mechanisms according
to which the interaction takes place.

In summary, the first approach focuses on the mechanism inside a
dynamical system but is too sensitive to the choice of the system itself.
The second approach solves the issue with the first; however, it generally
does not capture the inner mechanism of the interaction. It is thus of
interest to relate these approaches to benefit from the advantages of
both.

In [1], [3]-[5], Granger causality was formally related to the network
graphs of autoregressive (AR), moving-average (MA), and linear-time-
invariant state-space (LTI-SS) models. These results show that Granger
causality, despite being defined based on statistical properties of a
process, can be related to structural properties of linear models of
that process. In most of the fields, however, where Granger causality
is applied (e.g., econometrics and neuroscience), linear models are
insufficient to represent the observed process.

In this article, we extend the result on the relation between Granger
causality and linear systems to a more general concept of causality
and a class of nonlinear systems. That is, we define a new concept of
causality that can describe interaction between processes that relate to
each other in a nonlinear way. Compared to other reformulations of

!Informally, by the network graph of a system, we mean a directed graph,
whose nodes correspond to subsystems, such that each subsystem generates a
component of the output process. There is an edge from one node to the other,
if the subsystem corresponding to the source node sends information to the
subsystem corresponding to the target node (see also [2, Sec. 1.4]).
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Y1 SUMMARY OF NOTATIONS
u Yy = y
2
— 2 {1,2,...,d}
DILID Yuu the set of all finite sequences of elements of

Fig. 1. lllustration of the results: Cascade interconnection structure
in a GB-SS representation S with input u and output y. S is decom-
posed into subsystems S; and S with outputs y; and y2, when yo
GB-Granger causes y; but y; does not GB—Granger cause y2 with
respect to u.

Granger causality (see, e.g., [6]), our concept is designed to have a
structural interpretation in the chosen class of nonlinear systems.

In order to achieve the objective of this article, we will

1) focus on a specific class of nonlinear dynamical systems;

2) define a new concept of causality as interaction among the compo-
nents of a process generated by a system chosen in point 1) based
on statistical properties of the process at hand;

3) characterize the causality defined in 2) by properties of the internal
structure of the system generating the process at hand.

As a first step toward nonlinear systems, a natural choice is to
study bilinear systems, which include, e.g., LTI-SS, switched linear,
AR MA, and jump Markov linear models. Bilinear systems produce
richer phenomena than linear systems, yet many analytical tools for
linear systems are suitable to analyze them. In this article, we focus
on general bilinear state-space (GB-SS) representations for which
stochastic realization theory exists [7]. This theory serves as a basis
for the technicalities of the article.

To formalize causality for the outputs of GB-SS representations,
we introduce an extension of Granger causality, called GB—Granger
causality, that coincides with Granger causality, when applied to outputs
of stochastic LTI-SS models.

In the main results, we consider a GB-SS representation with
output process y = [y¥,yZ]T and input process u. Then, we show
that GB—Granger noncausality from y; to y» with respect to u is
equivalent to the decomposition of the GB—SS representation into the
interconnection of two subsystems, one generating y;, and another
one generating yo, where the former sends no information to the latter
(see Fig. 1).

The results of this article are based on realization theory of bilinear
systems [7]—[12] and results on Granger causality in linear systems [3],
[13]-[17]. We adopt the concept of GB-SS representation from [7] and
rely on the realization theory presented there. The advantage of GB-SS
representations in [7] is that, contrary to [10] and [12], the input process
is not necessarily white, which therefore includes, e.g., jump Markov
linear systems. However, contrary to [8]-[10], it does not allow additive
input terms in the system. Note that our results depend on realization
theory of GB—SS representations. Hence, in order to extend our results
to GB-SS representations with additive inputs, realization theory of the
latter system class has to be developed. This remains a topic of future
research.

Granger causality between stochastic processes was studied for AR,
MA models [3], transfer functions [4], [5], [18], and for stochastic
LTI-SS representations [1], [13]-[16], [19]. To extend the concept
of Granger causality in GB—SS representations, we rely on similar
methodology as in [1], [14], [15], and [17]. However, in contrast
to [1], [14], [15], and [17], which consider LTI-SS representations,

> with, and without the unit element e

My, the product of matrices { M, }le along the
elements of the sequence w = o1 -+ -0} € X*

rw(t) product of the processes indexed by the
elements of the sequence w € ¥*

us(t) input process indexed by o € X

Do,y Qo parameters of admissible input processes

23, (8).2," (1)

ZMWSSI, SII

the past and future processes of r

w.rt. {us }oex along the sequence w € 3*
classes of stochastic processes to which the
output of GB-SS representations have to belong

in this article, we consider the more general class of GB-SS
representations.

The structure of this article is as follows, first, we introduce the
terminology in Section II, which is followed by a brief summary on
realization theory of GB-SS representations in Section III. Then, in
Section 1V, the main results on GB-Granger causality and GB-SS
representations are presented. Finally, the proofs of the results can be
found in the Appendix.

[I. PRELIMINARIES AND NOTATIONS

The terminology adopted from [7] that GB—SS representations rely
on is presented next; see Table 1 for the summary of notations.

We consider discrete-time, square-integrable, multivariate, wide-
sense stationary stochastic processes with real entries. Throughout the
article, we fix a probability space (£2, F, P) and all the random variables
and stochastic processes are understood with respect to (€2, F, P). The
random variable of a process z at time ¢ is denoted by z(¢), where ¢
is from the discrete-time axis of integers Z. Using standard notation,
the expected value of a random variable z(t) is written as E[z(t)]
and the covariance matrix between two random variables z; (¢) and
z5(t) is denoted by E[(z1(t) — E[z1(t)])(z2(t) — E[z2(t)])*]. Note
that if the processes z; and z, are zero-mean, the latter simplifies
to E[z1(t)zZ (t)]. The conditional expectation of a random variable
z to a o-algebra F is denoted by E|[z|F]. When a process z or a
random variable z(t) takes its values from R™, then we write z € R™
and z(t) € R™. Consider a process z and a present time ¢ € Z. The
o-algebras generated by the random variables in the present, past,
and future of z are denoted by FZ = o(z(t)), F2 = o({z(k)}i* ).
and F7, = o({z(k)}3L,). respectively, where for a set Z of random
variables, o(Z) denotes the smallest o-algebra, which contains each
o-algebra generated by an element of Z.

In the rest of this section, we will introduce tools that will help us to
define GB-SS representations in Section III.

Throughout this article, we denote the finite set {1,2,...,d} by X,
where d is a positive integer.

Let T be the set of finite sequences of elements of X, i.e.,
an element of X7 is a sequence of the form w = oy - - - 0, where
O1,...,0r €3, k > 0. We define the concatenation operation on 3+:
fw=0y -0, €XT and v =6, ---6; € X7, then the concatena-
tion of w and v, denoted by ww, is defined by wv = o1 - - - 01,61 - - - 7.
It will be convenient to extend YT by a formal unit element € ¢ 3T,
We denote this set by ©* = 31 U {e}. The concatenation operation is
extended to * as follows: ee = ¢, and forany w € XT, ew = we = w.
We define the length of asequencew = oy - - - 0 € X7 by |w| = kand
the length of € by |e| = 0. Consider a set of matrices { M, },x, where
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M, e R™" n>1foralloc € Yandletw = oy --- 0, € 7. Then,
we denote the matrix M, - -+ My, by M,, and we define M, = I.In
addition, for a set of processes {u, },ex and forw = oy -+ -0}, € 2T,
we denote the process u,, (t) - - - Uy, (¢ — |w| + 1) by u,,(t) and define
uc(t) =1.

In order to describe the behavior of the processes of GB—SS repre-
sentations, we introduce the following processes.

Definition 1: Consider a process r and a set of processes {U, }yex-
Let 0 €Y and w =0y -0, € X7, Then, we define the process
z! (t) = r(t — |w|)u, (t — 1) which we call the past of r with re-
spect to {u, },ex along w, and we define the process z%,(t) =
r(t + |w|)u, (t + |w| — 1) which we call the future of r with respect
to {u, }ocx along w.?

Note that for w = €, both the past zZ(¢) and the future zZ*(¢) of r
w.r.t. {u, }oex equals r(t).

Next, we define admissible sets of processes, see [7, Definition 1],
which will help us to formulate a Markovianlike property of the input
processes of GB—SS representations.

Definition 2 (admissible set of processes): A set
{u, }sex is called admissible if the following holds.

1) [ul';uZ]T is wide-sense stationary for all v, w € X*.
2) There exist {ot, }oex; € Rsuchthat o a,u,(t) = 1.
3) There exist (strictly) positive numbers {p,},ex, such that

Blttyy o, ()00, (0], 7]

_poyuy, (t—1uy, (t—1) o1 =0z andviv, € B
o o1 F# 02
forany 0,09 € ¥ and vy, vy € 37, where \/E}'t“f is the smallest
S
o-algebra, s.t. \/E}'t“_" D Fleforallo € X.
[eAS]

The next definition is based on [7, Definitions land 5] and it intro-
duces a class of processes that the output, state, and noise processes of
GB-SS representations belong to. The definition involves the concept
of conditionally independent o-algebras [20]: Two o-algebras F; and
JFo are conditionally independent w.r.t. a third one F3, if for every
Al S .7:1 and A2 (S ]:2, P(Al ﬂA2|]:3) - P(Al‘]:3)P(A2|]:3)

Definition 3 (ZMWSSI and ZMWSSI-SII processes): A stochastic
process r is called zero-mean wide-sense stationary w.r.t. an admissible
set of processes {u}y,cx (ZMWSSI) if f(‘“t 1) and F}, are condi-

tionally independent w.r.t. F* , and [r7, (z5)7, (z%,)T]7 is zero-mean
wide-sense stationary for all v,w € ¥F. Furthermore, a ZMWSSI
process r is said to be square integrable with respect 10 {Uy }ocx

(ZMWSSI-SII), if forallw € X7, the process z%," is square integrable.

of processes

Ill. GB—SS REPRESENTATIONS

This section introduces GB-SS representations and innovation GB—
SS representations, see also [7]. To begin with, we define GB-SS
representations.

Definition 4 (GB-SS representation): A system of the form

X(t+1) =Y (Aex(t) + Kov(t)u, (t)
oex (1)
y(t) = Cx(t) + Dv(t)
where A, € R K, € R™™ C € RF*" D € R¥™ x(t) € R",

v(t) e R™, y(t) € R*, and u,(t) €R, o € ¥ are called GB-SS
representation of ({u, },ex,y) if the following holds.

2We can obtain the processes in Definition 1 by multiplying the parallel
processes used in [7] with a scalar, see, e.g., [7, eq. (6)].

1) {u,}sex is admissible.

2) [xT,vT]is ZMWSSI with respect to {u, },es.

3) Forw € %, E[zY (t)vT(t)] = 0 and E[zX (¢t)vT(¢)] = 0.

4) For 6,0 € X, E[zX(t)(z2(t))T] = 0.

5) D oes PoAoe ® A, is stable, i.e., all its eigenvalues are inside the
open unit disk.

We refer to a GB-SS representation (1) as GB-SS representa-
tion ({As, Ko}oex, C, D, v,{us}sex,y) or as GB-SS represen-
tation ({A,, Ko }oex, C, D,v) of ({u,}sex,y), where note that
{A,,K,,u,},ex and v determine the state process. Furthermore,
notice that y is the linear combination of x and v and, thus, it is also
ZMWSSI w.r.t. {u, }oes.-

Depending on the choice of the input processes, the behavior of
a GB-SS representation can significantly vary. The constraint on the
input, formulated in Definition 2, gives scope to choosing {u, }ses,
for example, in the following ways.

1) ¥=1 and uy(t) =1, then u; is admissible and the GB-SS
representation defines an LTI-SS representation.

2) u,(t) is zero-mean, square-integrable, independent identically
distributed (i.i.d.) process for all 0 € ¥ and u,, (¢) and u,, (¢)
are independent for all oq,05 € 3,01 # 02, then {u, }yex is
admissible [7, Example 1].

3) u,(t) = x(O(t) = o), where © is an i.i.d. process taking values
in X, then {u, },ex is admissible [7, Example 2].

More examples can be found in [7]. Note that Definition 2 gives a
stricter definition of admissible set of processes than [7, Definition 1].?
The results of this article remain valid with the definition of admissible
set of processes in [7]; however, we use Definition 2 in order to avoid
technicalities.

A. Innovation GB-SS Representations

Below, we define innovation processes and innovation GB—SS repre-
sentations. The latter class of representations plays a key role through-
out the rest of this article.

To this end, we recall from [7] the following notations. The real val-
ued zero-mean square integrable random variables form a Hilbert space
‘H with the covariance as the inner product (see [21] for details). Let r be
aZMWSSI process w.r.t. a set of admissible processes {u, } 5. Then,
the one-dimensional components of r(¢) and 2%, (¢) (see Definition 1)
belong to H for all ¢t € Z. We denote the Hilbert spaces generated by
the one-dimensional components of r(¢) and of {z% (¢)},,cx+ by HZ
and Hfiﬁjez . respectively. The (orthogonal) linear projection of r(t)
onto a closed subspace M of H is meant elementwise and it is denoted
by E;[r(t)|M]. If all the components of r(¢) are in M C H, then we
write r(t) € M.

Definition 5 (GB—innovation process): The GB-innovation pro-
cess of a ZMWSSI process y w.r.t. the processes {u, }cx is defined

zY
by e(t) = y(t) — Eily(t)[H,% .+ ]-
Definition 6 (innovation GB-SS representation): A GB-SS repre-

sentation (1) is called innovation GB-SS representation if the noise pro-
y(t) ~ Bly (O ]
of y with respect to the input {u, },cx and the matrix D of (1) is the
identity matrix.

In the specific case, when ¥ = {1} and u; (¢) = 1, innovation GB—
SS representations define innovation LTI-SS representations (called
Kalman representation in [1] and [2]).

Finally, we make a technical assumption that requires the definition
of full rank processes.

cess v is the GB—innovation process e(t) =

3The set of admissible words used in [7] is here the trivial 37 set.

Authorized licensed use limited to: University of Groningen. Downloaded on September 07,2020 at 07:03:53 UTC from IEEE Xplore. Restrictions apply.



3626

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 65, NO. 8, AUGUST 2020

Definition 7: An output process y of a GB-SS representa-
tion is called full rank if for all o € ¥ and ¢ € Z, the matrix
Ele(t)eT (t)uZ(t)] is strictly positive definite, where e is the GB—
innovation process of y w.r.t. the input {u, }yes.

Definition 7 is equivalent to that the random variable z¢(¢) has
positive definite variance matrix for all o € ¥ and ¢ € Z. The next
assumption will be in force in the rest of this article.

Assumption I1: The output process y is ZMWSSI-SII with respect
to the input {u, },ex and it is full rank.

Among innovation GB-SS representations, we will focus on the
so-called minimal ones: We define the dimension of a GB-SS rep-
resentation as the dimension of its state process. Then, a GB-SS
representation is called minimal if it has minimal dimension among all
GB-SS representations of the same input—output processes. Minimal
innovation GB-SS representations have several advantageous proper-
ties as described in Remark 1 below.

Remark 1 (Realization theory): According to [7, Th. 3, 5, 6], if
Assumption 1 holds, then ({u,},ecs,y) has a minimal innovation
GB-SS representation. The latter GB-SS representation can be cal-
culated from any GB-SS representation of ({u,}ses,y) using [7,
Algorithm 1], or from suitable high-order moments of ({u, }yes,y)
using [7, Algorithm 2]. Finally, any two minimal innovation GB-SS
representations of ({u, },ex, y) are isomorphic (see [7, Sec. I11.B]) for
the formal definition of isomorphism. That is, without loss of generality,
we can restrict attention to minimal innovation GB—SS representations.

IV. GB—GRANGER CAUSALITY IN GB—-SS REPRESENTATIONS

In this section, we present the main results of this article on an
extended form of Granger causality, called GB—Granger causality and
properties of GB—SS representations. First, we introduce GB—Granger
causality, and then, we present its characterization by properties of GB—
SS representations. Throughout the rest of this article, y is partitioned
asy = [yT,yF]T, where y; € R¥: for some k; > 0,7 =1,2.

A. Extending Granger Causality

Informally, y; does not Granger cause yo, if the best linear predic-
tions of y, based on the past values of y are the same as those based
only on the past values of y». Recall that #7_ denotes the Hilbert space
generated by the past {z(t — k)}72_, of z. Then, Granger causality is
defined as follows.

Definition 8 (Granger causality): [1,Definition 5] Consider a zero-
mean square integrable, wide-sense stationary processy = [y1,y2]7.
We say that y; does not Granger cause y» if for all t,k € Z, k >
0FE[y2(t + k)|HY_] = Ejly2(t + k)|HY?]. Otherwise, we say thaty;
Granger causes ys.

Recall that a GB-SS representation defines an LTI-SS representa-
tion if ¥ = {1} and u;(¢) = 1. Accordingly, the innovation process
of an output y in an innovation LTI-SS representations is e(t) =
yv(t) — Eily(t)|HY_]. It is easy to see that in an innovation LTI-SS
representation, the output process can be expressed by the linear com-
bination of its own past values. However, it is no longer true in the more
general class of GB-SS representations. In fact, an innovation GB-SS
representation defines a linear relationship between the future of its
output w.r.t. the inputs, denoted by z¥ " (¢) and the past of its output
w.r.t. the inputs, denoted by z¥ (), see Definition 1. This motivates our
extension of Granger causality, where we use the process z¥ * () rather
than y (¢ + |v|) and z¥~ (¢) rather than y (¢ — |v]).

Definition 9 (GB-Granger causality): Consider the processes
({us}toes,y = [yF,yI17T), where {u, }yex is admissible and y is
ZMWSSI w.r.t. {u, },ex. We say that y; does not GB-Granger cause

Y2 W.r.t. {u, }oex if forallv € * and t € Z

Y2

| = Ei232" ()1 1] 2

23
iz (1) M -

t,awent
Otherwise, y; GB-Granger causes ys W.I.t. {U, }yes.

Informally, y1 does not GB—Granger cause y, if the best linear
predictions of the future of y» w.r.t. {u,},ex along v is the same
based on the past of y or based on the past of y5 w.r.t. {u, },x along
{w} wext -

Remark 2: 1f y, does not GB—Granger cause y», then it implies
that y; does not Granger cause ys. Moreover, in the specific case,
when 3 = {1} and u;(¢) = 1, the processes z¥ 1 (t) and z(t) are
y(t+ |v|) and y (¢ — |w|), respectively, and thus Definitions 8 and 9
coincide. The relationship between GB—Granger causality and other
concepts of causality, such as conditional independence [6], seems to
be more involved and remains a topic of future research.

Notice that Granger causality is defined purely by statistical prop-
erties of a stochastic process. However, if this process is the output
of an LTI-SS representation, Granger causality can also be related
to the internal structure of the representation ([1, Th. 1]). In the next
section, we derive an extension of the latter results, on the relationship
between GB—Granger causality and the internal structure of GB-SS
representations.

B. Main Results

Next, we present the main results of this article on the relationship
between GB—Granger causality and network graphs of GB-SS rep-
resentations. The representations in question are minimal innovation
GB-SS representations that can be constructed algorithmically (see
Remark 1 and Algorithm 1 later on in this section).

Theorem 1: With Assumption 1, consider a GB-SS representa-
tion of ({u,}oes, ¥ = [y¥,y¥]T) and let e = [e?,el]T be the
GB—innovation process of y w.r.t. {u,},cs, where e; € R¥i i =
1,2. Then, y; does not GB-Granger cause ys W.r.t. {Uy}sex if
and only if there exists a minimal innovation GB-SS representation
({As, Ko }oes, C I, e,{u,}sex,y) such that for all o € &

AO- _ Aa,ll Aa,12
0 A(r,22
K, K, Cn C
Ko': ,11 ,12 C = 11 12 (3)
0 K, 22 0 Cu

where for some nq,k; >0, no, ko >0 A, ;; € R"*™i, K, i €
an‘Xk]” Cij S Rki’nj, 1,7 =12, and ({14,_.,-’227 KJ,QQ}D-ez, 0227 1,
e,) is a minimal innovation GB-SS representation of ({u, }sex, y2).

The proof can be found in the Appendix. If ¥ = {1} and u; (t) = 1,
the GB-SS representation reduces to an LTI-SS representation and
Definitions 8 and 9 coincide, see Remark 2. As a result, Theorem 3 re-
duces to earlier results on LTI-SS representations and Granger causality
(see [1, Th. 1]).

An innovation GB-SS representation ({A,, Ky}gex,C, I, e,
{u, }sex,y) that satisfies (3) can be viewed as a cascade intercon-
nection of two subsystems. Define the subsystems

x1(t+1) =3 x(As1x1(t) + Ko 11 (t))us (1)
S1 + 2 e (Ao 12X (t) + Ko 12€2(t))us (2)
y1(t) = 37 Crixi(t)) + ea(t)

8 {Xg(t + 1) = (Ao-722x2 (t) + Kg,22e2(t))u0 (t)
Z ya(t) = Caoxa(t) + ex(t) .
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y2 y1
Fig. 2. Cascade interconnection in a GB-SS representation

{Ao, Ko }oex, C, I, e,{us}sexn,y) With system matrices as in (3).

Algorithm 1: Block Triangular Minimal Innovation GB-SS
Representation.
Input A, ¢ R¥" K, e R™™ g e %, C € RF*n
Output ({A4,, K, }sex, C)
Step 1 Define the submatrix consisting of the last k; rows of C'
by Cs € R*2*™ and take the observability matrix o) M (n) Of
({flg}aeg, C’g) up to n. If OM(n> is not of full column rank

then define the non-singular matrix 77~ = [TI TQ] such

that 73 € R™ ™1 spans the kernel of O~M(n). If O~M(n) is of
full column rank, then set 7" = I.

Step 2 Define the matrices 4, = TA, T, K, = TK,, for
ceYandC =CT .

Notice that S, sends its state xXo and noise e, to S; as an external
input, whereas S; does not send information to S,. The corresponding
network graph is illustrated in Fig. 2.

The necessity part of the proof of Theorem 1 is constructive, and it is
based on calculating an innovation GB—SS representation described in
Theorem 1. For this calculation, we present Algorithm 1 below, along
with the statement of its correctness.

Before presenting Algorithm 1, we define a (complete) lexicographic
ordering (<) on ¥*: v < w if either |v| < |w| or if v =11 ...1y,
w=o0y...05, and 3 1 € {1,...,k} such that v; =0y, i <[ and
v; < 0. Let the ordered elements of >* be v = €,v9 = 01, ... and
define M (j) as the number of words of length at most j. We then
define the observability matrix &, up to [ of ({4, }sex,C) as 0; =
[(CA,)T - (CA,,)T]T, where {As }oess € R™™ and C' € R,

Lemma 1: Denote the GB-innovation process of y by e. As-
sume that ({A,, K, },ex, C, I, €) is a minimal innovation GB-SS
representation of ({Uy },ex,y) of dimension n. Let {A,, Ky }oex
and C' denote the matrices returned by Algorithm 1. Then,
({As, Ko }oes, C, I, e) isaminimal innovation GB—SS representation
of ({us}oex,y), and the matrices { A, }»cx and C are in the form of

Ao’,ll Ao‘,12
0 Ao,22

Cii Chp
0 Caa

Ay = = @)

where A, ;;€R™™ and C;; € RF¥i:7 4, j=1, 2 for some nq, k1 >0,
na, ko > 0. In addition, if y; does not GB—Granger cause y-, then the
matrices { K, }yex are in the form of

K
Ka- _ o,11 Ko',12
0 KU,22

(5)
where Ko',ij S Rniij y Z,j € {17 2} and ({AJ’QQ, Kgyzg}o-ezh 022, I,
€2) is a minimal innovation GB-SS representation of ({u, },ex, y2)-
The proof of Lemma 1 can be found in the Appendix.
Remark 3: From Lemma 1, it follows that if y; does not GB—
Granger cause ys, then Algorithm 1 calculates the system matrices
of the GB-SS representation described in Theorem 1. A minimal

innovation GB-SS representation can be calculated from any GB-SS
representation of ({u, },cx,y) using [7, Algorithm 1], see Remark 1.
Having a minimal innovation GB—SS representation as the input, Algo-
rithm 1 provides a constructive proof of the necessity part of Theorem 1
by calculating a minimal innovation GB-SS representation in the form
of (3) that characterizes GB—Granger noncausality.

Remark 4 (Checking GB—Granger causality): Algorithm 1 can be
used for checking GB—Granger causality as follows. Apply Algorithm 1
and check if the matrices { A, , K, }yes. and C returned by Algorithm 1
satisfy (4) and (5), and if 82 = ({AU,QQ, KO—’QQ}GEz, CQQ, I, eg) is
a minimal innovation GB-SS representation of ({u,}scx,y2). By
Lemma 1 and Theorem 1, both tests are positive if and only if y;
does not GB-Granger cause yo. We check whether S, is a minimal
innovation GB-SS representation as follows. We use [7, Algorithm 1]
to compute a minimal innovation GB-SS representation S, of
({1, }oes, y2) and the covariances Q, = E[v(t)vT (t)u2(t)],c € &
of the innovation process v of y5. Then, S» is a minimal innovation
GB-SS representation, if and only if Sy and S have the same dimension
and the same noise process, i.e., v = ey. To check the latter, we can
use the following lemma.

Lemma 2: v(t) =eq(t) if and only if for all i =1,..., ko,
Yoes e Qoii = Y pes @2 Qo (ky i) (k1 +i)» Where {ag }oex are as
in Definition 2, and @, ,; and Q, x; denote the (k,l)th entry of the
matrices Q,, and Q,, respectively.

The proof of Lemma 2 is presented in the Appendix. Since a minimal
innovation GB-SS representation can be calculated from suitable high-
order moments of ({u, },ex,y) using [7, Algorithm 2], and the latter
moments can be estimated from sampled data, the procedure above
could be a starting point of a statistical test for checking GB—Granger
causality, similar to the one of Granger causality in [2]. This remains a
topic of future research .

Example 1: Consider a GB-SS representation ({A,, K, }ex,
C,D,v,{u, }sex,y), where ¥ = {1,2}, u, () = x(0(t) = o) with
X being the characteristic function and 6(¢) € {1, 2} being an i.i.d.
process; v(t) is a normalized Gaussian white noise process, s.t. the
o-algebras generated by {v(t)}icz and {0(t)}icz are independent.
The system matrices are given by

[0.8 0.9 —0.8 0.3 1.1 1.5
_ 1. 4 —-1.4 1. _ 1.1 .
A, = 9 0 5 R, = 0.9
29 1.7 =23 0.9 23 3
109 04 —-06 0 0.6 0.7
[—1.38 —0.42 124 —1.64 0.2 1.24
— —0.66 —0.58 0.68 —0.52| - 0.2 0.84
A2 = K2 =
—2.76 —1.08 2.48 —-2.84 0.44 2.52
|-0.68 —0.32 0.6 —0.56 0.12 0.56
s 5 -8 11| - [1
G 85 5.5 8 h_ 0 — 1,
3.5 —-15 -2 4 0 1

By [7, Example 2], {u,(¢)}2_, satisfies Definition 2 with o, =
1, po = P(0(t) =0), 0 € ¥. Notice that E[v(t)vT(t)uz(t)] =
pola, o € 3. We assume that p; = 0.3 and p, = 0.7. We trans-
form this GB-SS representation to a minimal innovation GB-SS
representation using [7, Algorithm 1] and then we apply Algo-
rithm 1 with the partitioning of the output y=[y?,y7]?, y:€R.
The output matrices of Algorithm 1 define an innovation
GB-SS representation ({Ay, Ky }oes, C, 1, €,{u,}sex,y), wWhere
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Q. = Ele(t)eT (t)u2(t)] = p, I, and the matrices are
[—1.72 —2.64 —2.75 —0.68
L | 086 142 245 076
oo 0  —062 —003
L0 0 111 —0.18
[0.98 153 423  1.32
—0.56 —0.9 —2.47 —0.89
Ay =
0 0 —026 —0.02
L0 0 104 014
[ 2.33 3 045 2.5
~1.63 —1. 0.3 —1.
K 63 83| j, _ |03 59
0  —0.09 0 —0.02
L0 0.45 0 032
o |224 539 1441 676
) 0 —5.86  0.43

Hence, they satisfy (4) and (5) withn; = ny = 2. Following Remark 4,
we can check that ({Ay 22, Ky 22 }oes, Ca2, I, €2, {05 }oex,y2) isa
minimal innovation GB-SS representation: the condition of Lemma 2
is satisfied, minimal innovation GB-SS representations of y, have
dimension 2, and the variance of their noise process is 1. From this,
we can conclude that y; does not GB—Granger cause yo.

V. CONCLUSION

In this article, we proposed a new concept, called GB—Granger
causality for defining causality in a statistical manner between pro-
cesses that are outputs of GB-SS representations. We showed that
GB-Granger causality can be characterized by structural properties
of GB-SS representations, namely, we showed that the absence of
GB-Granger causality is equivalent to the existence of a GB-SS
representation, which is a cascade interconnection of two subsystems.
Moreover, we proposed an algorithm for calculating such a GB-SS
representation. When applied to LTI-SS representations, these results
boil down to the known correspondence between Granger causality and
structural properties of LTI-SS representations [1], [14], [17].

The results could be used for developing statistical hypothesis testing
for GB—Granger causality, in a similar manner as it was done for linear
systems and Granger causality [2]. This extension, which would have
potential applications in, e.g., neuroscience and econometrics, remains
a future work.

APPENDIX
PROOF

Proof of Lemma 1: In order to prove Lemma 1, we use the following
result.

Lemma 3: Consider an innovation GB-SS representation ({A,,
K,}pes, O, 1,e,{u, },cx,y) with state process x. Then, E;[z¥ T (t)]

o | =CA,x(t), forallv € 7.

t,west
Proof: Recall that 1%
past {z¥ } ,cs+ of y wrt. {u, },ex. From [7, eq. (38)], we know
that E[zY* () (2%, (1)"] = Ely(t)(z%,,,(t))"] = CA,AuG, for
all ceX,ve Xt weX*, where for c €Y G, = A, P,CT +
K,Qqand P, = E[x(t)(x(t))Tu?(t)]. Also, from [7, Lemma 12], we
know that F[x(t)(zY,, (t))T] = A, G, forallo € %, w € X*. Hence,

. is the Hilbert space generated by the

B2+ (t)(2%,,(t)"] = CALE[x(t)(2¥
Considering that x(t) € Hf “{U, ts
El [Z%’Jr( )|H o €E+] CAUX( ) |
Cont. proof of Lemma 1: The following statements should be proven:
1) C'is of the form (4);
2) A, is of the form (4);
3) if y; does not GB—Granger cause y2, then first, K is of the form
(5);
4) second, ({Ag 22, Ky 22}oes, Caz, I, €2) is a minimal innovation
GB-SS representation of ({u, }yex, y2)-
Below, we prove statements 1)-4) one by one. Throughout the proof,
T = [Ty T»] ' denotes the matrix defined in Step 1 of Algorithm 1.
1) Since the first ko rows of 17 M (n) €qual Cs and the columns of T

[0 Cas] with some Cog €

w(t )) ] for all v,ow € LT,
and that H=» C ’H

i C we obtain that

span ker 5A4(n>, we have that Cy, T 1 =
R™2%72 () < ny < n.

2) We first show that ker OM(n) = ker OM(n+1) Define X =
ker OM(k) for k=0,...... n + 1, where OM<k) is the observabil-
ity matrix of ({Ag}geg, 6’2) up to k. Then, either Cy =0, in
which case ker OM(n) = ker OM(n+1) trivially holds, or dim(X,) =
dim(ker C~’2) < n. Notice that X_1 D X for k=1,...... n+1,
which together with that dim(X,) < n implies that there exists an
le{l,...,n},suchthatforallk = [,...,ndim(Xy) = dim(Xx41)
and X, = Xk+1 By using that X,, = X,,; and that the rows of
OM(n) and OM(n)A are rows of OM(n+1), we obtain that X, is
A, -invariant for all o € . Hence, considering that the columns of
T} span X,,, we obtain that AUTI =T1N € X,, for a suitable matrix
N € R™7™ Let

Ao’,ll
AU,21

Ao‘,12

A, =TA,T' =
Ao‘,22

where A, ;; € R™*"i and notice that
TA T = [TA, Ty AT =[TTiN AT,

Then, (T3 N)T = [NO] implies that A, »; = 0.

3) In order to see that the matrices { K, } ,x are as in (5), we prove
a sequence of statements 3a—3b-3c—3d-3e and 3f, in the following,
where 3f states that {K, }oes satisfy (5).

a) x2( ) € ,Htlzuuez“*'
b) E[zY(t)(z8(¢))T] = 0 forall |v| < |w|, w,v € =+,
c)

Ht wez+ =9 (Ht+1 wes+ @HtH)

oex

where @ denotes the direct sum of orthogonal closed subspaces
and H” tﬂ’ wes+ denotes the Hilbert space generated by {z2 (¢ +
1)}ex+, see also 3d in the following.
d) There exist {Ny}oex € R™27F2 ¢ € @ Htfﬁ’wew.,
Xo(t+1)=r+ > Nyz&2(t+1).

oceY

such that

e) Let K, = [K0721K0-722}, such that K0,21 € RnQXkl, K0-722 €
R"™2*k2 Then, foro € ¥
[Ko.21Ko,22] B2 (t + 1) (25 (t +1))7]
= N, B[22 (t + 1)(z5 (t +1))"].

f) Ky01 =0forallo € X.
Next, we prove 3a—3f, one-by-one.
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Proof of 3a: By using (4), for any v € X+

Cll(Av)ll N

CA, =
0 Caz(Ay)22

(6)

where (A,)11 € R™7™1 and (A, )22 € R™*"2 are the upper and
lower block diagonal submatrices of A, and N € R*1%72 i5 an appro-
priate matrix. From this, it is easy to see that by choosing an appropriate
permutation matrix P, we have that

Ny Ny

Pﬁ]\/l(n): |:0 O]\{( )

where Oy (y,) is the observability matrix of ({A, 22} ses, C22) up to
n and N;, N, are appropriate matrices. Notice now that x(t) =

O BULZE (DML, where Z3(t) = (a2 (1)7 ., (2},

M(n) UM (n-1)
(t))T]7 is a vector of the future of y (£) w.r.t. the input (see Definition 1).

Since PT P = I, and hence, (PﬁM(n )t ﬁM( ) T it follows that
X(t)= (PO ) EL[PZ3 ()% Note that P23 ()= [(Z31 (£)"
(@@ where Z(0) = (@O .o (2, OFT"
1 =1,2, and thus, for x5, we have that x,(t) = OM(n) 222 (1)
H? tfu s+ |- Then, the GB-Granger noncausality condition £ [Z Y2 (t)]
H;ﬂem] EZ32(t)| M weEJr] implies that x, () € 7—lt‘fU€E+

Proof of 3b: From [7, Lemma 14], it follows that [yT,eT]T is
ZMWSSI. Hence, we can apply [7, Lemma 7] for [y7T, T] Let
w=wp...w, € X andv =wv; ...y € X*, st\v|<|w| If wy_; #
v;—; forsome i = 0,...,l — 1, then [7, Lemma 7] implies that the co-
variance E[zY,(t)(z¢(t))T] = 0. If wy,_; = v;_; foralli = 0,...,1 —
1, then E[zY,(t)(25(4)"] = puy..o, B[2Y, o, (1)(28, (t))T] =
pE[2Y, ., (t)e"(t)] = 0 where for the last equation, we used
that from Definition 4, E[z3,, . (t)e”(t)] = 0.

Proof of 3c: Consider an innovation GB-SS representation of
({us}oes,y2) and note that by the GB-Granger noncausality con-
dition, the GB—innovation process of ys is es. Then, by [7, Lemma

Y2
z .
16], we can decompose H * 4 asin3c.

s

Proof of 3d: From 3a, we havethath(t +1) ¢ Ht+1 wes - Then,

by usmg 3¢, xp(t+1)=r+3 v Noz2(t+1) for some r €
@ Hwo 4 and {N, },ex € RM27F2,

sex t+1,weX

Proof of 3e: To shorten the expressions, define k=1¢+ 1.
Notice that by using the block triangular form of {A,},cxn, we
obtain that X9 (k) = ZJEE ZAU,22Z§2 (k) + [K0,21K0,22}Z§ (k’)
From [7, Lemma 14], it follows that [e”,yT xT]T is ZMWSSI,
and hence, [eT,x%]T is also ZMWSSI wrt. {u,}scs. By
applying [7, Lemma 7] for [eT,xZ]T, we have that if o # o,
then E[z8(k)(z32(k))T] = E[z2(k)(z2.(k))T] = 0. Also, by
Definition 4, E[zS.(k)(zX(k))T] =0 for 0 =0o*, and since for
any o € X, zX2 is formed by a component of zX, we have that for
o =o', Bla.(K)z2(K)T] = 0. Hence, Eixa(k)(z2 (k)] =
(Koo Ko 22)Oy, where  Q, = Elz2 (k) (22 ())"]. By using
3d, we also obtain that E[xy(k)(zS.(k))T] = E[rzs.(k))T] +
>oes No E[ e2(z2,(k))”]. Notice from 3b and from

that
re & H: Mez+’ we know that E[rzS. (k))T] = 0. Hence, F[x2 (k)
oeX

(25 (k)] = No B[22 (k)(z5 (k)) "], which equals [y 21 Ko,22] Qo
Substituting k£ = ¢ + 1, we obtain 3e.

Proof of 3f: Since ey is formed by the last k5 components of
e, we have that N, E[ze2(t + 1)(z8(t +1))T] = [0 N,]Q,, and

hence, [0 N,]Qo = [Ks21 Ko 20|Q,. By Assumption 1, Q, is

positive definite, which implies that [0 N, ] =
K0-721 == 0

4) Denote the state process of the minimal innovation GB-SS repre-
sentation G of ({u, },ex,y), that the output matrices of Algorithm 1
define, by [xT,xT]7, where x; € R™ and x> € R"2. To see that
Go = ({As.22, Ky 22} oex, Cao, I, €2), with state process xo, defines
a minimal innovation GB-SS representation of ({u, }sex, y2), notice
that from the GB—Granger noncausality condition, and from Defini-
tion 4, it follows that G, is an innovation GB-SS representation. Assume
indirectly that Gs is not minimal, i.e., that there exists a minimal innova-
tion GB-SS representation Go = ({1210,22, Ro—722}ggz, Coa, I,es5) of
({u, }oex, y2) with state X, € R™2, where 71 < n2

From Lemma 3, it follows that E;[Z¥2 (t)|H}" 1062+]

Xo(t), where OM(n2) is the observability matrix of ( {AU 2 }oes, (722)

up to no. Then, by defining L = OM(M)OM (ns)> Where Onrn,y is

the observability matrix of ({ Ay 22}sex, C22) up to na, we have that
= Lx,.

By using L, we can transform G into an innovation GB-SS repre-
sentation G of ({u, },cx,y) with state process [x7,%7]7.

However, Q has dimension ny + ny < 1y + no = n, which is a
contradiction since n is the dimension of a minimal innovation GB-SS
representation. |

Proof of Theorem 1: The sufficiency part of the proof follows
Lemma 1.

To prove the necessity part, let ({A,, Ky }oes, C, I, €) be a mini-
mal innovation GB-SS representation of ({u, }sex,y = [y7,y2]7),
such that (3) holds and that Go = ({As 22, Ks 22} oes, Coz, [, €2) isa
minimal innovation GB-SS representation of ({u, }ycx, y2). To prove
that y; does not GB—Granger causes y», we need to see that

(K521 Ko.20], hence

O~M(n2)

B[z (1) H] B[22 (t)| 1] wem} @)

t, weEJr]

for all v € ¥*. For v = ¢, (7) directly follows form that e, is the GB—
innovation process of y3 w.r.t. {u, }sesx.
By (3), the matrices { A, },cx and C are block triangular, hence
C'A, is as in (6). It then follows from Lemma 3 that
Eyfay>* (1)1

= Coa(Ay)22x2(1). (8)

tawest

By prOJectmg both side of (8) onto ’H w and by using that

wexn+?
Xy (t) € sz;ez+ (see [7,Th.5]), wegetthat Ey[z32t ()| M w62+]
Ca2(A,)22%2(t). By considering (8), the latter implies (7), i.e., that

there is no GB—Granger causality from y; to y». |
y

ProofofLemma 2: Notice that 7-[ Y st © fiezﬁ-’ (t)=y2(t)

— Eilya(t) | 1y wem} and ey(t) IY2( )= Eily2(t) | H w€g+]

hence by the minimal distance property of orthogonal projections,
ey (t) = v(t) if and only if E[(v(t))?] = E[(ea2(t))?],i=1,..., ko,
where (v(t)); and (e2(t)); are the ith entry of v(¢t) and
ey(t), respectively. Note that ey(t) = .5 asez(t)us(t),
v(t) =D ses aov(t)us(t). As ey, v are ZMWSSI processes,
Elex(t)ed (t)u, (t)u (1)) = 0, E[v(t)vT (t)u,(t)u, ( )] =0 for
all 0#0,0,0 €%. Hence, E[(v(t)?] =3, c52t)(Q0)iis
E[(e2(t))?] = Zaez «@ ( )(Qa)thl ky+i- u
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