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Abstract

The penalized profile sampler for semiparametric inference is an extension of the profile sampler
method [9] obtained by profiling a penalized log-likelihood. The idea is to base inference on the
posterior distribution obtained by multiplying a profiled penalized log-likelihood by a prior for the
parametric component, where the profiling and penalization are applied to the nuisance parameter.
Because the prior is not applied to the full likelihood, the method is not strictly Bayesian. A benefit
of this approximately Bayesian method is that it circumvents the need to put a prior on the possibly
infinite-dimensional nuisance components of the model. We investigate the first and second order
frequentist performance of the penalized profile sampler, and demonstrate that the accuracy of the
procedure can be adjusted by the size of the assigned smoothing parameter. The theoretical validity
of the procedure is illustrated for two examples: a partly linear model with normal error for current
status data and a semiparametric logistic regression model. Simulation studies are used to verify the
theoretical results.
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1 Introduction

Semiparametric models are statistical models indexed by both a finite dimensional parameter
of interest 8 and an infinite dimensional nuisance parameter #. In order to make statistical
inference about & separately from 7, we estimate the nuisance parameter with 7, its maximum
likelihood estimate at each fixed 6, i.e.

’ﬁgzargmaxqg " lik,(6,1m),

where lik, (8, ) is the likelihood of the semiparametric model given n observations and # is
the parameter space for 7. Therefore we can do frequentist inference about 6 based on the
profile likelihood, which is typically defined as
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pl,(@)=suplik,(6, n).
neH

The convergence rate of the nuisance parameter # is the order of d(ﬁén, no), where d(:, -) is
some metric on #, 6, is any sequence satisfying 6, = 6 + op(1), and (5o, p) is the true value
of (, 0). Typically,

d@é”,no):O},(

16— 6] +n 7, ®

where ||-|| is the Euclidean norm and r > 1/4. Of course, a smaller value of r leads to a slower
convergence rate of the nuisance parameter. For instance, the nuisance parameter in the Cox
proportional hazards model with right censored data, the cumulative hazard function, has the
parametric rate, i.e., r = 1/2. If current status data is applied to the Cox model instead, then the
convergence rate will be slower, with r = 1/3, due to the loss of information provided by this
kind of data.

The profile sampler is the procedure of sampling from the posterior of the profile likelihood
in order to estimate and draw inference on the parametric component 4 in a semiparametric
model, where the profiling is done over the possibly infinite-dimensional nuisance parameter
n. [9] show that the profile sampler gives a first order correct approximation to the maximum
likelihood estimator &, and consistent estimation of the efficient Fisher information for 6 even
when the nuisance parameter is not estimable at the Vn rate. Another Bayesian procedure
employed to do semiparametric estimation is considered in [17] who study the marginal
semiparametric posterior distribution for a parameter of interest. In particular, [17] show that
marginal semiparametric posterior distributions are asymptotically normal and centered at the
corresponding maximum likelihood estimates or posterior means, with covariance matrix equal
to the inverse of the Fisher information. Unfortunately, this fully Bayesian method requires
specification of a prior on 7, which is quite challenging since for some models there is no direct
extension of the concept of a Lebesgue dominating measure for the infinite-dimensional
parameter set involved [8]. The advantages of the profile sampler for estimating 6 compared
to other methods is discussed extensively in [2], [3] and [9].

The maotivation for studying second order asymptotic properties of the profile sampler comes
from the observed simulation differences in the Cox model with different types of data, i.e.
right censored data [2] and current status data [9]. The profile sampler generated based on the
first model yields much more accurate estimation results comparing to the second model when
the sample size is relatively small. [2] and [3] have successfully explored the theoretical reasons
behind the above phenomena by establishing the relation between the estimation accuracy of
the profile sampler, measured in terms of second order asymptotics, and the convergence rate
of the nuisance parameters. Specifically speaking, the profile sampler generated from a
semiparametric model with a faster convergence rate usually yields more precise frequentist
inference of 0. These second order results are verified in [2] and [3] for several examples,
including the proportional odds model, case-control studies with missing covariates, and the
partly linear model. The convergence rates for these models range from the parametric to the
cubic. The work in [3] has shown clearly that the accuracy of the inference for & based on the
profile sampler method is intrinsically determined by the semiparametric model specifications
through its entropy number.
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In many semiparametric models involving a smooth nuisance parameter, it is often convenient
and beneficial to perform estimation using penalization. One motivation for this is that, in the
absence of any restrictions on the form of the function », maximum likelihood estimation for
some semiparametric models leads to over-fitting. Seminal applications of penalized maximum
likelihood estimation include estimation of a probability density function in [18] and
nonparametric linear regression in [19]. Note that penalized likelihood is a special case of
penalized quasi-likelihood studied in [13]. Under certain reasonable regularity conditions,
penalized semiparametric log-likelihood estimation can yield fully efficient estimates for 6
(see, for example, [13]). As far as we are aware, the only general procedure for inference for
@ in this context known to be theoretically valid is a weighted bootstrap with bounded random
weights (see [11]). It is even unclear whether the usual nonparametric bootstrap will work in
this context when the nuisance parameter has a convergence rate r < 1/2.

The purpose of this paper is to ask the somewhat natural question: does sampling from the
exponential of a profiled penalized log-likelihood (which process we refer hereafter to as the
penalized profile sampler) yield first and even second order accurate frequentist inference?
The conclusion of this paper is that the answer is yes and, moreover, the accuracy of the
inference depends in a fairly simple way on the size of the smoothing parameter.

The unknown parameters in the semiparametric models we study in this paper include 6, which
we assume belongs to some compact set ® C RY, and 5, which we assume to be a function in

the Sobolev class of functions # or its subset Hp! = Hy N {:||n|| . < M} for some known
M < oo supported on some compact set on the real line. The Sobolev class of functions % is
defined as the set {: J2(5) = [ z (7®)(2))%dz < «}, where 40 is the j-th derivative of 5 with
respect to z. Obviously J2(5) is some measurement of complexity of 5. We denote # as the
Sobolev function class with degree k. The penalized log-likelihood in this context is:

loglik,, (0, m)=loglik(0, ) — nAz.J* (), @

where log lik(0, ) = nPnlg,(X), Lg,(X) is the log-likelihood of the single observation X, and
An is @ smoothing parameter, possibly dependent on data. In practice, 1, can be obtained by
cross-validation [23] or by inspecting the various curves for different values of 4,. The
penalized maximum likelihood estimators 6, and 7, depend on the choice of the smoothing
parameter 4,. Consequently we use the notation @n and ’fzn for the remainder of this paper to
denote the estimators obtained from maximizing (2). In particular, a larger smoothing
parameter usually leads to a less rough penalized estimator of 7. It is of interest to establish
the asymptotic property of the proposed penalized profile sampler procedure with a data-driven
An. Further studies on this issue are needed, but it is beyond the scope of this paper.

For the purpose of establishing first order accuracy of inference for 6 based on the penalized
profile sampler, we assume that the bounds for the smoothing parameter are in the form below:

A=0,(n"*) and 1,'=0,(n*/*D), Q)

The condition (3) is assumed to hold throughout this paper. One way to ensure (3) in practice
is simply to set 4, = n"¥(k*1) Or we can just choose 4, = N3 which is independent of k. It
turns out that the upper bound guarantees that H}n is Vn-consistent, while the lower bound
controls the penalized nuisance parameter estimator convergence rate. Another approach to
controlling estimators is to use sieve estimates with assumptions on the derivatives (see [6]).
We will not pursue this further here.
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The log-profile penalized likelihood is defined as follows:

logpl,, (€)=loglik(6,7.1,) — nAzJ*(o.a,). @

where 75,5, is argmax,e , 10g lik;,,(6, ) for fixed 6 and 2. Note that J(4, 0) = J(74,,1,), Where
16,0 = 19 = argmax,ey log lik(6, ») for a fixed 6, based on the inequality that log lik; (6,
165,0) < 10g lik; (6n, 14, 1,)- Hence again we verify that the smoothing parameter 4, plays a
role in determining the complexity degree of the estimated nuisance parameter. The penalized
profile sampler is just the procedure of sampling from the posterior distribution of pl;(6) by
assigning a prior on 6. By analyzing the corresponding MCMC chain from the frequentist’s
point of view, our paper obtains the following conclusions:

1. Distribution Approximation: The posterior distribution with respect to pl; (¢) can be
approximated by the normal distribution with mean the maximum penalized
likelihood estimator of 6§ and variance the inverse of the efficient information matrix,

with error 0, (n'2 22);

2.  Moment Approximation: The maximum penalized likelihood estimator of & can be

approximated by the mean of the MCMC chain with error 0,(12). The efficient
information matrix can be approximated by the inverse of the variance of the MCMC

chain with error 0, (n'/?A2);

3. Confidence Interval Approximation: An exact frequentist confidence interval of
Wald’s type for 8 can be estimated by the credible set obtained from the MCMC chain

with error 0, (%)

Obviously, given any smoothing parameter satisfying the upper bound in (3), the penalized
profile sampler can yield first order frequentist valid inference for 6, similar as to what was
shown for the profile sampler in [9]. Moreover, the above conclusions are actually second order
frequentist valid results, whose approximation accuracy is directly controlled by the smoothing
parameter. Note that the corresponding results for the usual (non-penalized) profile sampler
with nuisance parameter convergence rate r in [3] are obtained by replacing in the above

0,(n'? 2y with Op(n~Y2 v n™"*12) and 0, (22) with Op(n~t v n™), for all respective
occurrences, where r is as defined in (1).

Our results are the first general higher order frequentist inference results for penalized semi-
parametric estimation. We also note, however, that some results on second order efficiency of
semiparametric estimators were derived in [4]. The layout of the article is as follows. The next
section, section 2, introduces the two main examples we will be using for illustration: partly
linear regression for current status data and semiparametric logistic regression. Some
background is given in section 3, including the concept of a least favorable submodel as well
as the main model assumptions. One preliminary theorem concerning about second order
asymptotic expansions of the log-profile penalized likelihood is also presented in section 3.
The main results and implications are discussed in section 4, and all remaining model
assumptions are verified for the examples in section 5. A brief discussion of future work is
given in section 6. We postpone all technical tools and proofs to the last section, section 7.

2 Examples

2.1 Partly Linear Normal Model with Current Status Data

In this example, we study the partly linear regression model with normal residue error. The
continuous outcome Y, conditional on the covariates (U, V) € RY x R, is modeled as
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Y=6"U+f(V)+e, )

where f is an unknown smooth function, and & ~ N(0, o2) with finite variance 2. For simplicity,
we assume for the rest of the paper that o = 1. The theory we propose also works when ¢ is
unknown, but the added complexity would detract from the main issues. We also assume that
only the current status of response Y is observed at a random censoring time C € R. In other
words, we observe X = (C, A, U, V), where indicator A = 1{Y < C}. Current status data may
occur due to study design or measurement limitations. Examples of such data arise in several
fields, including demography, epidemiology and econometrics. For simplicity of exposition,
@ is assumed to be one dimensional.

Under the model (5) and given that the joint distribution for (C, U, V) does not involve
parameters (6, f), the log-likelihood for a single observation at X =x = (c, d, u, V) is

logliky ;(x)=6log{®(c — Ou — f(W)}+(1 — o)log{l — D(c — Ou — f(v))}, ®)

where @ is the cdf of the standard normal distribution. The parameter of interest, 6, is assumed
to belong to some compact set in R1. The nuisance parameter is the function f, which belongs
to the Sobolev function class of degree k. We further make the following assumptions on this
model. We assume that (Y, C) is independent given (U, V). The covariates (U, V) are assumed
to belong to some compact set, and the support for random censoring time C is an interval
[lc, uc], where —oo < I < U < 0. In addition, PVar(U|V) is strictly positive and Pf (V) =0. The
first order symptotic behaviors of the penalized log-likelihood estimates of a slightly more
general version of this model have been extensively studied in [10].

2.2 Semiparametric Logistic Regression

Let X1 = (Y1, Wq, Z1), Xo = (Y2, Wy, Z5), ... be independent copies of X = (Y, W, Z), where Y
is a dichotomous variable with conditional expectation P(Y|W, Z) = F(8TW + 5(Z2)). F(u) is the
logistic distribution defined as e¥/(e¥ + 1). Obviously the likelihood for a single observation is
of the following form:

likg,y(X)=F (6" wan(2))’ (1 = F@ wn@)' " Y2 (w, 2). @

This example is a special case of quasi-likelihood in partly linear models when the conditional
variance of response Y is taken to have some quadratic form of the conditional mean of Y. In
the absence of any restrictions on the form of the function #, the maximum likelihood of this
simple model often leads to over-fitting. Hence [5] propose maximizing instead the penalized

likelihood of the form loglik(6,n) — nA2J*(n7); and [13] showed the asymptotic consistency of
the maximum penalized likelihood estimators for 6 and #. For simplicity, we will restrict
ourselves to the case where ® C R and (W, Z) have bounded support, say [0, 1]2. To ensure
the identifiability of the parameters, we assume that PVar(W|Z) is positive and that the support
of Z contains at least k distinct points in [0, 1], see lemma 7.1 in [15].

Remark 1—Another interesting potential example we may apply the penalized profile
sampler method to is the classic proportional hazards model with current status data by
penalizing the cumulative hazard function with its Sobolev norm. There are two motivations
for us to penalize the cumulative hazard function in the Cox model. One is that the estimated
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step functions from the unpenalized estimation cannot be used easily for other estimation or
inference purposes. Another issue with the unpenalized approach is that without making
stronger continuity assumptions, we cannot achieve uniform consistency even on a compact
set [10]. The asymptotic properties of the corresponding penalized M-estimators have been
studied in [12].

3 Preliminaries

In this section, we present some necessary preliminary material concerning least favorable sub-
models and assume some structural requirements to achieve second order asymptotic expansion
of the log-profile penalized likelihood (21).

3.1 Least favorable submodels

In this subsection, we briefly review the concept of a least favorable submodel. A submodel
t > liky,, is defined to be least favorable at (6, #) if £y, = d/ct log lik ., given t = 6, where
Ly, is the efficient score function for 6. The efficient score function for 6 can be viewed as the
projection of the score function for 6 onto the tangent space of #. The inverse of its variance
is exactly the efficient information matrix 7, .- We abbreviate hereafter Egom) and 190 no With
Eo and I, respectively. The “direction” along which #; approaches 7 in the least favorable
submodel is called the least favorable direction. An insightful review about least favorable
submodels and efficient score functions can be found in Chapter 3 of [7]. We assume that in
our setting a least favorable submodel always exists. By the above construction of the least
favorable submodel, log pl;,, (¢) can be rewritten in the following form:

logpl,, (0)=n(B,£(6,6,79.4,) — o> (1(6, o 1,))), ®)

where £(t, 6, 7)(X) = Lt 0,7 (X), t > 1t(0, n) is a general map from the neighborhood of & into
the parameter set for #, with 54(0, ) = n. The concrete forms of (8) will depend on the situation.

The derivatives of the function £(t, 8, ) are with respect to its first argument, t. For the
derivatives relative to the argument &, we use the following shortened notation: £4(t, 6, #)
indicates the first derivative of £(t, 6, #) with respect to & and £ ¢(t, 9, 1) denotes the derivative
of L(t, 6, n) relative to 6. Also, €;(6) and £ o(17) indicate the maps 6 — L(t, 6, ) and 5 +—
e o(t, 6, i), respectively. For brevity, we denote o = £(6p, 6o, 10), Lo = £(0o, b0, 7o) and

f(”—f”’(ﬁo, 0. no), where g and g are the true values of  and . Of course, we can write
Lo(X) as £p(X) based on the construction of the least favorable submodel. All the necessary
derivatives of £(t, 8, n) w.r.t. t or 8 in this paper are assumed to have integrable envelope
functions in some neighborhood of (6, 8o, 10)- In the following, we use Py ,U to denote the
expectation of a random variable U at the parameter (6, #7), and use PU to represent Py, .U
for simplicity.

3.2 Main Assumptions
The set of structural conditions about the least favorable submodel are the “no-bias” conditions:

P f (00, gn» ) Op(/lll+ “gn 60”) 9)

Pf(f/)(), an ‘l ) P50+O (/ln"" “911 - 60”) (10)
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for any sequence 6, satisfying 6, = 6y + op (1). The verifications of (9) and (10) depend on the
smoothness of £(t, 6, #) and the convergence rate of the penalized nuisance parameter based
on the functional Taylor expansions around the true values. The convergence rate typically has
the following upper bound:

dﬁé,,_,{,,’ n()):Op(/ln"' “én - 60”) (11)

The form of d(#, 7o) may vary for different situations and does not need to be specified in this
subsection beyond the given conditions. (11) implies that ﬁén,in is consistent for 7g as 6, —
6 in probability. Hence (9) and (10) hold provided the Fréchet derivatives of the maps 5 —
U(6o, 6o, ) and 5 — Lt ¢(o, Bo, 1) are bounded, and

P £ (60, 60, m=0(d* (1, m0)), (12)
which is usually implied by a bounded Fréchet derivative of 5 — £(6q, 6, 1) and second order

Fréchet differentiability of the map # —> lik(&, 7).

The empirical version of the no-bias conditions,

i s ~ ~ 2
Pn 4 (90» Ons Uénq/l”):PnfO"'Op(/ln"' “911 - 00”) ) (13)

Pn{.?.(‘)()s Hﬂ’ﬁé”l/l”):PZ}O-FOP(/{I‘I-F 1 On — HO”)’

(14)

where P, represents the empirical distribution of the observations, ensures that the penalized
profile likelihood behaves like a penalized likelihood in the parametric model asymptotically
and therefore yields a second order asymptotic expansion of the penalized profile log-
likelihood. Obviously the empirical no-bias conditions are built upon (9) and (10) by assuming
the sizes of the collections of the functions £ and  are manageable. This condition is expressed
in the language of empirical processes. Provided that { and £t 9(0p, 0o, 170) are square
integrable, (14) follows from (10) if we assume

Cullll. 0,77, ) = l)=0,(1), 5

where G, = vVn(P, — P) is used for the empirical processes of the observations. If we further
assume that

G(Cro(00, 071, ) = Lr(60- 60, M0))=0,(1), 16
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. - - 1 ~
Gn(€ (00’ 009 Tlé’“d’,) - f()):OP(n4L+1 (/ln+ “0)1 - 00|

), 7)

for any sequence 4, satisfying &, = 6y + op (1), then (13) follows. Note that the conditions
(15)—(17) are concerned with the asymptotic equicontinuity of the empirical process measure
of [, £y pand ¢, respectively. Thus we will be able to use technical tools T2 and T5 given in
the appendix to show (15)—(17). We next present the preliminary theorem about the second
order asymptotic expansion of the log-profile penalized likelihood which prepares us for
deriving the main results about the higher order structure of the penalized profile sampler in
the next section.

Theorem 1—Let (13) and (14) be satisfied and suppose that

_ PG o 7 )=
(P" P)f (911# 0,1, ,]()n-/ln)_OP(l)’ (18)

W@, =0,k [l = o], -

for any sequence én and 0, satisfying én =0p + op (1) and B,, = 6y + op (1). If 6 is an interior
point in ® and éxn is consistent, then we have

. 1 n ~—l~
Vn(6,, - 00)27210 (o(X)+0,(n' 1 23),
ni= (20)

) (21)

where g, (w)=nw>+nw?1,+nwa>+n'/? A2, provided the efficient information I is positive
definite.

For the verification of (18), we need to make use of a Glivenko-Cantelli theorem for classes
of functions that change with n which is a modification of theorem 2.4.3 in [22] and is explained
in the appendix. Moreover, (19) implies that J(;,,) = Op(1) if the @n is asymptotically normal,
which has been shown in (20).

Remark 2—The results in theorem 1 are useful in their own right for inference about 6. (20)
is a second higher order frequentist result in penalized semiparametric estimation regarding
the asymptotic linearity of the maximum penalized likelihood estimator of 6.

4 Main Results and Implications

We now state the main results on the penalized posterior profile distribution. A preliminary
result, theorem 2 with corollary 1 below, shows that the penalized posterior profile distribution
is asymptotically close enough to the distribution of a normal random variable with mean
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Theorem 2

Corollary 1

@n and variance (nlp) " with second order accuracy, which is controlled by the smoothing
parameter. Similar conclusions also hold for the penalized posterior moments. Another main
result, theorem 3, shows that the penalized posterior profile log-likelihood can be used to
achieve second order accurate frequentist inference for 6.

"‘/ln
Let Pgl,; be the penalized posterior profile distribution of 8 with respect to the prior p(6). Define

Ay, @)=n""{logpl, (6) - logpl, (6,,)}.

Let (20) and (21) be satisfied and suppose that
Ay, (B)=0,(1) implies G,=0y+0,(1), 22)

for every random {én} € 0. If proper prior p(6g) > 0 and p(-) has continuous and finite first
order derivative in some neighborhood of 8, then we have,

s 2 B.aB
sup |P (VnIy (0-6y,) <& —DuE)I=0,(n'"Ay),
£eRd Hlx (23)

where ®4(') is the distribution of the d-dimensional standard normal random variable.

Under the assumptions of theorem 2, we have that if 6 has finite second absolute moment, then

6,,=E" (0)+0,(2),
ax (24)

To=n"'(Var @) +0,(n'242),
olx (25)

/l,, /lu . - . H H
where Em\((e) and V4" m;((g) are the penalized posterior profile mean and penalized posterior

profile covariance matrix, respectively.

We now present another second order asymptotic frequentist property of the penalized profile
sampler in terms of quantiles. The a-th quantile of the penalized posterior profile distribution,

~ Ay
Tpe=INf{&:P (< &) > a}
ax

Tnao 1S defined as , Where the inf is taken componentwise. Without

—_
loss of generality, we can assume P g,i(e < Tna)=C pecause of the assumed smoothness of both
the prior and the likelihood in our setting. We can also define «,, = V(T —@”), ie.,
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Theorem 3

Remark 3

Remark 4

Remark 5

~Ay —_
Pyl,;( Vn(®-6,,) < Kna)=C Note that neither Tne NOT K, are unique if the dimension of 6 is
larger than one.

Under the assumptions of theorem 2 and assuming that EO(X) has finite third moment with a
nondegenerate distribution, then there exists a k,,, based on the data such that

P(Vn(), — 6)) <Ko= aNd Ky, — kna=0,(n'"/222) for each choice of kpg.

Theorem 3 ensures that there exists a unique o-th quantile for 6 up to 0, (42) in the frequentist
set-up for each fixed tp,. Note that Ty is not unique if the dimension of 0 is larger than one.

Theorem 2, corollary 1 and theorem 3 above show that the penalized profile sampler generates
second order asymptotic frequentist valid results in terms of distributions, moments and
quantiles. Moreover, the second order accuracy of this procedure is controlled by the smoothing
parameter.

Another interpretation for the role of A, in the penalized profile sampler is that we can view
Ap as the prior on J(n), or on n to some extent. To see this, we can write lik;,, (0, n) in the
following form:

lik, (6, 1)=lik,,(6,17) X exp

2(;5)

»
2
247

() ]

This idea can be traced back to [23]. In other words, the prior on J(n) is a normal distribution

with mean zero and variance (2/1,2,11)71. Hence it is natural to expect A, to have some effect on
the convergence rate of n. Other possible priors on the functional parameter include Dirichlet
and Gaussian processes which are more commonly used in nonparametric Bayesian
methodology.

5 Examples (Continued)

We now illustrate verification of the assumptions in section 3.2 with the two examples that
were introduced in section 2. Thus this section is a continuation of the earlier examples.

5.1 Partly Linear Normal Model with Current Status Data

In this section we verify the regularity conditions for the partly linear model with current status
data as well as present a small simulation study to gain insight into the moderate sample size
agreement with the asymptotic theory.

5.1.1 Verification of conditions—We will concentrate on the estimation of the regression

coefficient 8, considering the infinite dimensional parameter f € (H{,” as a nuisance parameter.
The strengthened condition on #, together with the requirement that the density for the joint
distribution (U, V, C) is strictly positive and finite, is necessary to verify the rate assumptions
(27) and (28) in the below lemma 1. The score function of 6, Ly, is given as follows:
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Lo, r(X)=uQ(x:6, ),

where

©(qo,7(X)) A ¢(qo.5(X))

X0, /)=(1-A - ’
QX8 D=0 = Mg 3~ g, X))

o, (X) = ¢ —6u —f(v), and g is the density of a standard normal random variable. The least
favorable direction at the true parameter value is:

Eo(UQ*(X:6, [)IV=v)
Eo(Q2(X:6, [)IV=v) °

ho(v)=

where Ej is the expectation relative to the true parameters. The derivation of £y and hg(:) is
given in [3]. Thus, the least favorable submodel can be constructed as follows:

(.6, [)=loglik(1, f,(6, /), (26)

where f(6, f) = f + (6 — t)hg. The concrete forms of L(t, 4, ) and the related derivatives are
given in [3] which considers a more rigid model with a known upper bound on the L, norm of
the kth derivative. The remaining assumptions are verified in the following three lemmas:

Lemma 1: Under the above set-up for the partly linear normal model with current status data,
we then have for A, satisfying (3) and g, % 4,

|7, = foll =0 [Jn ~ o] @)
/I”J(J?é,,.a,,)zof’(’{”J’ “g)” - 00”)’ (28)

where ||-||2 represents the regular L norm. Moreover, if we also assume that f € {g: ||g]|e + J
(9) < M} for some known M, then

I, - 0,075

provided condition (3) holds.

Remark 6: Lemma 1 implies that the convergence rate of the estimated nuisance parameter is
slower than that of the regular nuisance parameter by comparing (27) and (29). This result is
not surprising since the slower rate is the trade-off for the smoother nuisance parameter

estimator. However, the advantage of the penalized profile sampler is that we can control the
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convergence rate by assigning the smoothing parameter with different rates. To obtain the
convergence rate of the non-penalized estimated nuisance parameter, we would need to assume
that the Sobolev norm of the nuisance parameter has some known upper bound. Thus we can
argue that the penalized method enables a relaxation of the assumptions needed for the nuisance
parameter. Lemma 1 also indicates that |f,, — follo = Op (An) and |[f, — foll2 = Op (n~K/(k+2)).
Note that the convergence rate of the maximum penalized likelihood estimator, Op (A), is
deemed as the optimal rate in [23]. Similar remarks also hold for lemma 4 in semiparametric
logistic regression model example below.

Lemma 1 and 4 imply that J(ﬁxn) =0p (1) and J(fxn) = Op (1), respectively. Thus the maximum
likelihood estimators of the nuisance parameters in the two examples of this paper are consistent
in the uniform norm, i.e. ||ﬁ>»n —Nolle = 0p (1) and |[ﬁn — folle = 0p (1), since the sequences
ﬁxn and ﬁn consist of smooth functions defined on a compact set with asymptotically bounded
first-order derivatives.

Lemma 2: Under the above set-up for the partly linear normal model with current status data,
assumptions (13), (14) and (18) are satisfied.

Lemma 3: Under the above set-up for the partly linear normal model with current status data,
condition (22) is satisfied.

5.1.2 Simulation study—In this subsection, we conducted simulations for the partly linear
model with two different sizes of smoothing parameter, i.e. 2, = n"3 and A, = n™2/>. Since we

assume that f € (Héw in the model, the above smoothing parameters satisfy (3). Our experience
indicates that, in applications involving moderate sample sizes, specification of M is not needed
and 4, = n~Y3 (n72/) appears to work most of the time. Perhaps using cross validation to choose
An May improve the performance of the estimator in some settings, but evaluating this issue
requires further study and is beyond the scope of the current paper. The contrast of the above
two simulations agrees with our theoretical results that we can control the accuracy of
inferences based on the penalized profile sampler by adjusting the related smoothing parameter.

We next discuss the computation of fglin in the simulations. For the special case of k = 2, we
can use a cubic spline for estimating f given a fixed §and A,,. In practice, we take a computational
sieve approach suggested by Xiang and Wahba [24], which states that an estimate with the
number of basis functions growing at least at the rate O(n/) can achieve the same asymptotic
precision as the full space, see section 8.2 in [10] for details.

In the following, the simulations are run for various sample sizes under a Lebesgue prior. For
each sample size, 200 datasets were analyzed. The regression coefficient is = 1 and f(v) = sin
(mzv). We generate U ~ Unif[0, 1], V ~ Unif[-1, 1] and C ~ Unif[0, 2]. For each dataset, Markov
chains of length 20, 000 with a burn-in period of 5, 000 were generated using the Metropolis
algorithm. The jumping density for the coefficient was normal with current iteration and
variance tuned to yield an acceptance rate of 20% — 40%. The approximate variance of the
estimator of  was computed by numerical differentiation with step size proportional to n-1/3
(n~2/%) for the model with smoothing parameter 4, = n~1/3 (n"2/) according to (21), see remark
1in [3] for details.

Table 1 (2) in the below summarizes the simulation results for 8 with smoothing parameter
Jn =718 (n72/3) giving the average across 200 samples of the penalized maximum likelihood
estimate (PMLE), mean of the penalized profile sampler (CM), estimated standard errors based
on MCMC (SEyp), estimated standard errors based on numerical derivatives (SEy), boundaries
for the two-sided 95% confidence interval for 6 generated by numerical differentiation and
MCMC. Ly (Ln) and Uy (Uy) denote the lower and upper bound of the confidence interval
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from the MCMC chain (numerical derivative). According to the above theoretical results, the
terms nZ3|PMLE — CM|(n*3|PMLE — CMyJ), n/8SE, — SEn| (319|SEp — SEN|), nZ3|Ly —
Ln| (N*3]Ly — L)) and n23|Up — Un| (N¥3|Up — Uy) in Table 1 (2) are bounded in probability.
And the realizations of these terms summarized in Table 1 and 2 clearly illustrate their
boundedness. Furthermore, we can conclude that the penalized profile sampler with respect to
different sizes of smoothing parameter can yield statistical inference with different degree of
accuracy.

5.2 Semiparametric Logistic Regression

In the semiparametric logistic regression model, we can obtain the score function for § and 7
by similar analysis performed in the first example, i.e. {g,,(x) = (y — F (6w + 5(2)))w and

Ag o, (X) = (y — F(Ow + 1(2)))hg,,(2) for I(h) < oo, where A, , and hg , are the score operator
for n and least favorable direction at (9, 7), respectively. And the least favorable direction at

the true parameter is given in [15]:

Pol W F (6oW+ny(2))1Z=z]

ho(z)= . 5
Pol F (oW +n0(2))|Z=2]

where F{u) = F(u)(1— F(u)). The above assumptions plus the requirement that J(hg) < o ensures
the identifiability of the parameters. Thus the least favorable submodel can be written as:

f(lv 9’ U):IOgllk(’v U/(Hs ’7)),
where (0, n) = n + (6 — t)hg. By differentiating £(t, 8, ) with respect to t or 6, we obtain,

£ (1,0,m)=(y — F(tw+n(2)+(0 — Hho(2)(w — ho(2)),
£t,0,m)=— F (tw+n(2)+(0 — Dho(2)(w — ho(2))*,
(1,0, m)=— F (tw+1(2)+(8 — H)ho(2))(w — ho(2))ho(2),
€, 0,m)= — F(tw+n(2)+(0 — Dho(2)(w — ho(2))*,
Cro(t,6,m)= = F(tw+11(2)+(6 — Dho(2)(w — ho(2))*ho(2),
Cro0(t, 0,m)= — F(tw+n(2)+(6 — Dho(2))(w — ho(2)h3(2),

where F(:) is the second derivative of the function F(-). The rate assumptions will be shown in
lemma 4. The remaining assumptions are verified in the last two lemmas:

Lemma 4—Under the above set-up for the semiparametric logistic regression model, we have
for A, satisfying condition (3) and any Z)” 2 6, that

|rﬁb,,./l,, - 770”2:0‘,,(/1"+ |én - 90”),

(30)

/i”J(ﬁé”l/l")ZOP(/ln‘F “én - 90”) (31)

If we also assume that n € {g: ||9]l. + J(9) < M} for some known M, then
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“77\(\}” - '70”2:0;1(’17](/(2]&&)"' “én - gOl ),

(32)

provided condition (3) holds.

Lemma 5—Under the above set-up for the semiparametric logistic regression model,
assumptions (13), (14) and (18) are satisfied.

Lemma 6—Under the above set-up for the semiparametric logistic regression model,
condition (22) is satisfied.

6 Future Work

Our paper evaluates the penalized profile sampler method from the frequentist view and
discusses the effect of the smoothing parameter on estimation accuracy. One potential problem
of interest is to sharpen the upper bound for the convergence rate of the approximation error
in this paper, like the typical second-order asymptotic results in Edgeworth expansions, see,
forexample [1]. A formal study about the higher order comparisons between the profile sampler
procedure and fully Bayesian procedure [17], which assigns priors to both the finite
dimensional parameter and the infinite dimensional nuisance parameter, is also interesting. We
expect that the involvement of a suitable prior on the infinite dimensional parameter would at
least not decrease the estimation accuracy of the parameter of interest.

Another worthwhile avenue of research is to develop analogs of the profile sampler and
penalized profile sampler to likelihood estimation under model misspecification and to general
M-estimation. Some first order results for this setting in the case where the nuisance parameter
may not be root-n consistent have been developed for a weighted bootstrap procedure in [11].
The studies about second order asymptotics under mild model misspecifications can provide
theoretical insights into semiparametric model selection problems.
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7 Appendix

Definition

We first state classical definitions for the covering number (entropy number) and bracketing
number (bracketing entropy number) for a class of functions, and then present some technical
tools about the entropy calculations and increments of empirical processes which will be
employed in the proofs that follow. The notations 2 and < mean greater than, or smaller than,
up to a universal constant.

Let A be a subset of a (pseudo-) metric space (£, d) of real-valued functions. The §-covering
number N(J, 4, d) of 4 is the smallest N for which there exist functions ay, ..., ay in £, such
that for each a € 4, d(a, aj) < J for some j € {1, ..., N}. The J-bracketing number Ng(é, 4,

, . N , LopN o
d) is the smallest N for which there exist pairs of functions {laj,a; J}jzl , with

d(af,af/) <6,j=1,...,N,such that for eacha € 4 thereisaj € {1, ..., N} such that
ajL» <a< af’. The J-entropy number (5-bracketing entropy number) is defined as H(d, 4, d) =
log N (4, 4, d) (Hg(d, 4, d) =log Ng(d, 4, d)).

T1. For each 0 < C < o and ¢ > 0 we have

[k

C 1
H, @, or:[nll,, < . am < L [[lo s ) .
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H(, i:||n]|, < €. I < €,

C 1/k
LSEICORE (34)

T2. Let & be a class of measurable functions such that P 2 < §2 and ||f]|,, < M for every f in
. Then

E,

K6, Z,Ly(P
Gl < K6, eg“,Lz(P))(nMM),

82 +/n

=15y 1+Hae, 7 e

T3. Let & = {fi: t € T} be a class of functions satisfying |fs(x) — fi(x)| < d(s, t)F (x) for every
s and t and some fixed function F. Then, for any norm |||,

where |||l ¢ = supse |Gnf| and K(6, -7,

N,Qe||F||. Z.

) < Ne. 1. a).

T4. Let & be a class of measurable functions f: Dx W +— R on a product of a finite set and
an arbitrary measurable space (W, W). Let P be a probability measure on @ x W and let » be
its marginal on W. For every d € D, let &4 be the set of functions w +— f(d, w) as f ranges
over &. If every class 74 is Py-Donsker with supsez [Pw f(d, W )| <« for every d, then & is
P-Donsker.

T5. Let & be auniformly bounded class of measurable functions such that for some measurable
fo, supsez |If — follo < 0. Moreover, assume that Hg(e, &#; Lo(P)) < K & for some K < oo and
0. € (0, 2) and for all ¢ > 0. Then

: |(Bp — PY)(J = fo)
s B 1-a/2 _
fez ||[ - _/0”2 v nl@-2/12@+a)]

=0,(n™').

T6. For a probability measure P, let &1 be a class of measurable functions fi:  — R, and let
#, denote a class of continuous nondecreasing functions f,: R +— [0, 1]. Then,

Hy(e, 72(F1), Lo(P)) < 2H (g3, 71, Lz(P))+s1&pHB(s/3, F2, L2(Q)).

T7. Let # and g be classes of measurable functions. Then for any probability measure Q and
any 1 <r<oo,

HB(2€, y+g’ LI(Q)) < HB(Ss '%\v LI'(Q))+H3(€’ g9 LI(Q))’ (35)

and, provided «* and g are bounded by 1 in terms of ||-||..,
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Remark 7

—~ —~ T_ ~ n—~ T~ —~
logpl,, (61,)=logpl,, @0)+n(B, = 60) Bulo = 5(02, = b0) o, = 60)+0,(n'? 12).

£ ~ & o T n~ = T~ ~ ~
logpl, (6.)=logply (6a,)+n(6, — 6a,) (Pnfo = Io(6a, — 90)) - E(en =6, To(6n — 9,1,,)+0p(g,l,,(||9n - 911,,”)1

HB(zs’ ’? : gv L!(Q)) = HB(E’ ‘(%\’ LI(Q))+HB(87 g’ LI(Q))7 (36)

where & - g ={fxg:f€ & and g € g}.

The proof of T1 is found in [22]. T1 implies that the Sobolev class of functions with known
bounded Sobolev norm is P-Donsker. T2 and T3 are separately lemma 3.4.2 and theorem 2.7.11
in [22]. T4 is lemma 9.2 in [16]. T5 is a result presented on page 79 of [20] and is a special
case of lemma 5.13 on the same page, the proof of which can be found in pages 79-80. T6 and
T7 are separately lemma 15.2 and 9.24 in [7].

Proof of theorem 1—We first show (20), and then we need to state one lemma before
proceeding to the proof of (21). For the proof of (20), note that

0=Fy £ 0,00, T, )+245 [T (g @)z

Combining the third order Taylor expansion of ;. +—> Pl(6),,, 6, 1) around 6y, where 6 =
éin, andn = ﬁzn, with conditions (13), (14) and (18), the first term in the right-hand-side of the
above displayed equality equals Ppto — Io(d;, — 60) + Op (An + 1|63, —00ll)%. By the inequality
24 Zﬁf,k”)(z)hgA "(2)dz < (2@, )+ (ho)) and assumption (19), the second term in the right-
hand-side of the above equality is equal to Op (A, + ||<9A,1n — 0g||)2. Combining everything, we
obtain the following:

1 no . _ 2
— "Iy £oXi)= (@, — Bo1+0,n 2t [, — 6ol -
Vn4& @37

The right-hand-side of (37) is of the order O, ( VnA2+ Vnw,(1+w,+4,)), where wy, represents
||67,1n — 6g||. However, its left-hand-side is trivially Op (1). Considering the fact that

VnA2=o,(1), we can deduce that g, — 6y = Op (n"*/2). Inserting this into the previous display
completes the proof of (20).

We next prove (21). Note that 9Ani 0y = Op (n ~12). Hence the order of the remainder terms
in (13) and (14) become Op (A +1/6n — 6;,,[1)? and Op (in + [0 — 6, ]I), respectively. Expression
(56) in lemma 7 below implies that

(38)

The difference between (38) and (56) generates
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(21) is now immediately obtained after considering (20).

Proof of theorem 2—Suppose that F,,, (*) is the penalized posterior profile distribution of

. . . . ~2
v/no, With respect to the prior p(6), where the vector g, isdefinedas 7, (6 — 6,,). The parameter
set for g, is Ep. F;, () can be expressed as:

1
~ 7
Pl Oy, +10 % on)

_L
fL)ne(—OO.n"/35105”'0(8/1:1+10 ©n)

Pl ©Oa,) "

1

1 1
~ T2 PlLa, @, 41 2 0n)
fo,, EE”p(a/l,, +1 On) —=2""do,

Pla, 6,)

Fo, (&)=

(39)

Note that dgy, in the above is the short notation for dg,1 % ... X dgng. TO prove theorem 2, we
first partition the parameter set =, as {Zn N {|lenll > 3} U {En N {llenll < rn}}- By choosing
the proper order of r,, we find the posterior mass in the first partition region is of arbitrarily
small order, as verified in lemma 2.1 immediately below, and the mass inside the second
partition region can be approximated by a stochastic polynomial in powers of n=1/2 with error
of order dependent on the smoothing parameter, as verified in lemma 2.2 below. This basic
technique applies to both the denominator and the numerator, yielding the quotient series,
which gives the desired result.

lemma 2.1—Choose r = o(n"3) and /5, — co. Under the conditions of theorem 2, we
have

1 bl 2
—~ ~1  ply,Oa,+1y 0n) _
Ji 1L, PO,y o) —————d0,=0, ("™,

> Pl/l,, (6a,) (40)

On

for any positive number M.

Proof—Fix r > 0. We then have

1 ) 2
—~  ~3 Pl Oa,+1y On)
_P(9,1,, +I() Qn) — e
> pl,,(64,)

19

doy < I{A,, < — ™ lexp(~ Vi) [ p(O)do+1{A, > —n"*},

f |Qn|

—1)2

A}, =sup >,~A’l” @a,+only )

On

where . According to lemma 3.2 in [2],

HA), > —n-%}zop(n—’”)for any positive decreasing r — 0. Note that the above inequality holds
uniformly for any decreasing r,, — 0. Therefore, we can choose a positive decreasing sequence
rn = o(n~3) with v/, — co such that (40) holds.

lemma 2.2—Choose r,, = o(n"1/3) and \nr, — oo. Under the conditions of theorem 2, we
have
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pl,l (01,,+10 Qn)

. T, 1o on) - exp(—ze,,@,,)p(m,,) X doy=0,(n" V2.
<rp pll”(g)

On

(41)

Proof—The posterior mass over the region ||gn||2 < ry is bounded by

pl,, @1y 0n) — -
P 0@, - exo (- Sekon) @) don )
R pla,(62,)

On

-5 l
Pll,,(H/l,,+[() ©n) ~3 [711,,(91”‘”0 Qn)

T e A R L L

all <l ply (@2,) ply, 6,

By (21), we obtain

()= f“ |« |p<91,,)exp( )Iexp(o (g, (len]p) — 11| don.

Obviously the order of (*) depends on that of [exp(Op (9, (llenll))) — 1| for 4y satisfying (3)
and ||gn|| < rp. In order to analyze its order, we partition the set {4, = op (n"/4) and

=0,(n*/®*+ D)} with the set {1, = Op (N"13)}, i.e.
,,:{/l":o,,(n Y4y and 2,'=0,(n*/®** D) 0 {2,=0,(n"*)} and
L,={4,=0,(n"*)and 1;'=0,(n*/ @+ D)} n {A,,:O,,(n“/3)}c. For the set U,,, we have | exp
(Op (97, (llenl))) = 11 = 9z, (lenll) * Op (1). For the set L, we have
0,81, (||en|)=0,(||0u|| A3+n"">A3). We can take r,,=n~'~9 1% for some 6 > 0 such that
Vir, — coand ry = o(n"¥3). Then lexp(0, (g4, (||oa|) — 11=(n]|on|| A7+n"247) x O, (1).

Combining with the above, we know that (+)=0,(n=@~1/2 22). By similar analysis, we can also
show that (**) has the same order. This completes the proof of lemma 2.2.

We next start the formal proof of theorem 2. By considering both lemma 2.1 and lemma 2.2,
we know the denominator of (39) equals

]

n -~ —(d—
<r,)NE lexp (_ EQZQH)F)(HA”)] dQn"'Op(n @ l)/2/1121)~

{lQn[ =
2

The first term in the above display equals

pdl2 p(@,,) f e—u,{u,, /2 du,,:n‘d/z p(@”) fw eﬂz,{u,, /2 duy+ O(né(d—l)/z /1121)’

{ |”n|
2

<IN Vng,
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where i, = v/no,. The above equality follows from the inequality thatf e Pdy < xle

for any x > 0. Consolidating the above analyses, we deduce that the denominator of (39) equals

0 p(gl )2n) 240, (n~ @172 22). The same analysis also applies to the numerator, thus
completmg the whole proof.

Proof of corollary 1—We only show (24) in what follows. (25) can be verified similarly.

Showing (24) is equivalent to establishing Egl\(g,,) 0,(12). Note that EGM(QM) can be written
as:

1
~ ~3
PLa, O, +1g “on)

_L
~ Ay fg,,eE,,g”p(H’l” +1y ©n) P, @)
EOI'\-(QI‘I): 1 1

-~ 72 ply, @y 1 2 on)
[y e O, +1y o) ettt g,

Ly, @)

doy

By analysis similar to that applied in the proof of theorem 2, we know the denominator in the
above display is n=%/>(2m)%?p(6,,)+0,(n~@"/? 22) and the numerator is a random vector of
order 0, (n~9/? 2%). This yields the conclusion.

R ~=1/2
Proof of theorem 3—Note that (23) implies k,,=1, z,+0,(n"/?22), forany ¢<a<1-
¢ where £ ¢ (0, Ly Note also that the a-th quantile of a d dimensional standard normal
distribution, z,, is not unique if d > 1. The classical Edgeworth expansion implies that

P(n‘”zzizllo fo(Xf) < Zotan(@)=a, where an(a) = O(n~Y2), for £ < o < 1 — ¢ Note that
an(a) isuniquely determined for each fixed z,, since £ (X;) has at least one absolutely continuous

. ~12 —~ _ 1/2
component. Let =y  Za+(Vn(0, = 60) — I/ZZ I fo(X D+lo  an(@), Then

P(Vn(8,, — 6)) < Kya)=c. Combining with (20), we obtain &, =k,,+0,(n'/>4%). The
uniqueness of xp,, up to order 0, (n'/22) follows from that of a,(e) for each chosen z,.

Proof of lemma 1—We first present a technical lemma before the formal proof of lemma 1.
In lemma 1.1 we define

_ {fa.q(x) - (%)

ool < -l < cl,.umm},

for a known constant Cq < c0. Combining with T5, we use condition (42) below to control the
order of the increments of the empirical processes indexed by €y,
H,(&, K, Ly(P)) s & '/%. (42)

We next assume two smoothness conditions about the criterion function (6, n) — P&y, i.e.,

||£€.I] - €0||2 < ||H - 00” +d9(779 UO)v (43)
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2 2
P(Lyy — Lony) S —dg(m.m0)+]|0 — 60| (44)

Here dﬁ(q, no) can be thought of as the square of a distance, but the following lemma is valid

for arbitrary functions n — dﬁ(q, no)- Finally, we assume a somewhat stronger assumption on
the density, i.e.,

Po.p/ Po.p, isbounded away from zero and infinity. (45)

But (45) is trivial to satisfy in our first model.
Lemma 1.1—Assume conditions (42)—(45) in the above hold for every § € ®, and n € V».

Then we have

d;)” (ﬁ;),,./l,,’ 770):0;: (/ln+ “én - 90”)’
/ln-l(ﬁé”./l”)zop(/ln'*' “011 - 90”)»

for (0, Non,n) Satisfying P, € O, Ninin € V) — 1.

Proof of lemma 1.1—The definition of ’fén,in implies that

272 272 _ . — P " —{-
A”J (ﬁg)n-/ln) S /l”J (770)+(P" P) ([‘)”Aﬁan./ln é’HH'nO) +P (6971",—]\;‘”"‘” g‘)n-ﬂo)
< TP (po)+I+I1.
Note that by T5 and assumption (42), we have
{’!9 7 -ty l_ﬁ
nin _ _2k-1
I< (1+J(77é . )0, (n/%) x ||—1+J“’(,'7’j"' 5l Vo 2D
mn On.An 2

1/2 Conmg 00 P
+(1+J(770))0p(n_ / ) XAl 1+.‘](z,]0) ”2 Vi 2@ o,

By assumption (44), we have
I < — dz (,\ |” | 2
~ (:}” ’7\7”./1”7 1}()) 9!1 60 .

Combining with the above, we can deduce that
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— 1-5%
— dp+||0n—b0 B 2%-1
P+ 2T2 < (1+J,,)0P(n71/2) X [%] V n_ 22D

n nvn ~

- -5
_12 “Un*(’o| 2kl
+(1+Jp)O, (") x 7 V o 20k

~ 2
272
+/l,,JO+||0,, —90|| , o)

where dy = dg, (74,2 710), I(0) = Jo and Jy, = I(74;,.1,,)- The above inequality follows from
assumption (43). Combining all of the above inequalities, we can deduce that

1-5
=0, (D+0,(Duy ™, “n

P Y [N
V=V, Op( |011_60|| )'H/tn - OP(/ln)"'Op(n z,l” “911_00” )v

(48)

where Un = (dn + [16n ~ Goll)/(in + AnJn) and vy, = Ay + An. The equation (47) implies that up =
Op (1). Inserting uy = Op (1) into (48), we can know that v, = Op (A *+ ||6n — &g, which implies
Uy has the desired order. This completes the whole proof.

We now apply lemma 1.1 to derive the related convergence rates in the partly linear model.
Conditions (43)—(45) can be verified easily in this example because {4 has finite second
moment, and pg ¢ is bounded away from zero and infinity uniformly for (9, f) ranging over the
whole parameter space. Note that dy(f, fo) = [IPs = Poll2 2 [1ds,f — dggfoll2 by Taylor expansion.
Then by the assumption that PVar(U|\() is positive definite, we know that ||q§n‘f§n’,1n -
Qogfoll2 = Op(An + [0n — Ooll) implies [[fg, 1, — foll2 = Op(4n + [0 — oll). Thus we only need to
show that the e-bracketing entropy number of the function class © defined below is of order
¢ Yk to complete the proof of (27)-(28):

[ loyX) |
OZ{HKD'

[0 60| < Cu.||F - Al < cl,./<f><oo},

for some constant C;. Note that £g ¢ (X)/(1 + J(f)) can be rewritten as:

AAog®(g,, [A)+(1 — A)A ' log(1 - (G, A)), (49)

where A =1+ J(f) and gy € O, where

e

o {1+J(f)’ 660l < .|l - Aol < CuJ(f)<°°},

and where we know Hg(e, ©:, Lo(P)) S ¢ Yk by T1.
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We next calculate the e-bracketing entropy number with L, norm for the class of functions
Ry = {ka(t): t+—> a1 log ®(at) for a>1and t € R}. By some analysis we know that ka(t) is
strictly decreasing in a for t € R, and super [Ka(t) — kp(t)| < |a — b| because |6/0a(ka(t))] is

bounded uniformly over t € R. In addition, we know thatsup,,,.., . ka() = kp(D)] < Ay 'because
the function u+— u log ®(u~t) has bounded derivative for 0 < u < 1 uniformly over t € R.
The above two inequalities imply that the e-bracketing number with uniform norm is of order
O(s 2 fora € [1, ¢ 1 and is 1 for a > & 1. Thus we know Hg(s, Ry, Ly) = O(log £ 2). By
applying a similar analysis to Ry = {ka(t): t— a1 log(1 — ®(at)) fora>1and t € R}, we
obtain that Hg(e, Ry, Ly) = O(log £ 2). Combining this with T6 and T7, we deduce that Hg(e,
0, Ly) S ¢ Yk This completes the proof of (27)-(28).

For the proof of (29), we apply arguments similar to those used in the proof of lemma 1.1 but
after setting 4, Jg and J,, to zero in (46). Then we obtain the following equality:

2 ~ 1-1/2k ~ —~ 1-1/2k
10,07 )|, —6ol| 0,07 )6 - ol +d T By

and ||6,, — G| > n~K(2k+1) differently in the above equality, we

treating ||y — fol| < n~K/(k+1
obtain (29).

Proof of lemma 2—Based on the discussions of (13) and (14), we need to verify the
smoothness conditions and asymptotic equicontinuity conditions, i.e. (15)—(17), for the
function £(t, 6, ) and its related derivatives. The first set of conditions are verified in lemma
5 of [3]. For the verifications of (15)—(17), we first show condition (17). Without loss of
generality, we assume that /, is bounded below by a multiple of n™K/(2k*1) and bounded above
by n"4 in view of (3). Thus

. — . \2 —~ 2

£ (00,00, f; ) — o | Lo =Jo |

P (),,N,/l,, < | OnsAn |2 -0 (n’ﬁ)
)

L
n#z (A, +

L ~ 2_ P
n3T A+l — 6ol

where (27) implies the equality in the above expression.

By (28), we know that J(g,, ) = Op(1 + 116n— Goll/2n) and [[f6i,,251oo is bounded by some constant,
since f € (Hk’,”. We then define the set <. as follows:

¢ (60,60, f) — o ”9 - 90”

n%2 (A, + |6 - 60|

J(f) < Cu(1+ ). |

. <m.

- 0 - 6o|| < 6} n {g € Ly(P):Pg* < C,,n"lkl—fl},
n

for some ¢ > 0. Obviously the function n"Y@*2(0(6y, b, fj,1,) — O/(n + [16n — 6oll)) € ©
on a set of probability arbitrarily close to one, as C,; — oo. If we can show limp_,,, E*||5:]|c.
< o0 by T2, then assumption (17) is verified. Note that £(6g, 6o, f) depends on f in a Lipschitz
manner. Consequently we can bound Hg(e, €, Lo(P)) by the product of some constant and H
(&, Rp, Lo(P)) in view of T3. &y, is defined as

{H,(N):JHy () $ 4, 07 V2D, || s 4, 0@y,

where H(f) = fi(n4<*2z + 10 - 6oll)). By [22],
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we know that
_1 1/k
H(g, Ry, Ly(P)) < (4;'n@D) /) .

Note that d,, = n~Y/(4k*2) and M, = n(2k-1/(4k+2) jn T2, Thus by calculation we know that
K(8, Quy Lo(P)) < ;1 /%5~ 1/@+2) Then by T2 we can show that limy_., E*[|%]|o. < c.

For the proof of (15), we only need to show (15) holds for 6, = d,, + o(n~/3) based on the
arguments in lemma 2.2. We then show that

Gl 00,6n T, ) = ly=0,(1+n'" [l6, - b )=0,, (1)

By the rate assumptions (27), we have

2

2=0p(”_1/2)~

L~ SN2 2 |~
[5(90,0mf[;wl”)—fo] 3 ||0n—90|| +“f”'"_/1” —fo”

L4nl/2 “5,, - 90” T (4B ||5,1 - Ho||)2

We next define <. as follows:

-

—J(f) < C,(1
B fo—a )= T,

{ 60,6, f) - o ||0—50||), ||f||oo <M. ”9_90”<5} A {g € Ly(P):PS < Cyn

b

Obviously the function (£(6o, O, fj,.2,) — O/(L + n3|6n — 6oll) € - on a set of probability
arbitrarily close to one, as C, —oo. If we can show limp,_,, E*[|+||o. — 0 by T2, then the proof
of (15) is completed. Accordingly, note that £(6, 6, f) depends on (6, f) in a Lipschitz manner.
Consequently we can bound Hg(e, @+, Lo(P)) by the product of some constant and (H(e, &,
Lo(P)) + log(1/¢)) in view of T3. ®,, is defined as

(|| < 1+ P,

Ho(f):TH () < 14+,
where Hy(f) = f/(1 + n13||0 — ). By [22], we know that
H(s, R Ly(P)) < (1+n7 1301 /6)' .

Then by analysis similar to that used in the proof of (17), we can show that lim,_,,, E*||¢-
|le. — 0in view of T2. This completes the proof of (15).

For the proof of (16), it suffices to show that <. (£ o(6o, G, fén, i)~ Lo(6o, 0o, fo)) = op(1) for
0, = 0, + o(n"3) and for 4}, between &, and 6y, in view of lemma 2.2. Then we can show that
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(04,0000, O T, — L1600, G0, F0)) = 0p(L + n¥3]|6, — Ggl) = 0p(1) by similar analysis as
used in the proof of (15).

In the last part, we show (18). It suffices to verify that the sequence of classes of functions

V. is P-Glivenko-Cantelli, where V. = {LC)(G,, On, fénv;hn)(x)}, for every random sequence G,
— g and 6, — 6y in probability. A Glivenko-Cantelli theorem for classes of functions that
change with n is needed. By revising theorem 2.4.3 in [22] with minor notational changes, we
obtain the following suitable extension of the uniform entropy Glivenko-Cantelli theorem: Let
&7, be suitably measurable classes of functions with uniformly integrable functions and

H(e, 7y, L\(Py)=0,,(n) for any & > 0. Then |[P, — P||z, — 0 in probability for every ¢ > 0. We
then apply this revised theorem to the set 7, of functions L3)(t, 6, f) with t and 6 ranging over
a neighborhood of 6y and 4,J(f) bounded by a constant. By the form of ¢3)(t, 6, f), the entropy
number for V. is equal to that of

Fn = 10(150.nDR@rf,0.0/0):(1,0) € Vi 4,J(f) < G ||f]|.. < M.

By arguments similar to those used in lemma 7.2 of [15], we know that

7 IRENY: ~ ) .
sup ,H(e, F, Li(Q)) < (1+4," /&) ""=0,(n). Moreover, the <, are uniformly bounded since

fe€ ‘H{,”. Considering the fact that the probability that v is contained in cén tends to 1, we have
completed the proof of (18).

Proof of lemma 3—By the assumption that Aﬂn(én) = op(1), we have Azn(én) = A;,(00) =
op(1). Thus the following inequality holds:

L& ke, x|
n log| ——=———|-4,lJ (f(} )= o)1 2 0,(1)
lik(Bo, fo5.,» Xi) G

i=1

By considering assumption (19), the above inequality simplifies to

< H(g)m i X))
Y log | ——22—1 > 0,(1),
i=1 H(60, fop,0,:Xi)

where H(8, f; X) = A®(C — U —1(V)) + (1 — A)(1 — ®(C — 6U —1(V))). By arguments similar
to those used in lemma 2 and by T4, we know H(8, fén,zni X;) belongs to some P-Donsker
class. Combining the above conclusion and the inequality « log x <log(1 + a{x — 1}) for some
o € (0, 1) and any x > 0, we can show that

H(ena f;),,./l,, ;Xi)

Plog EE—~—
H(HO’ ,/.U(),/{,, ’XI)

1+« -1

‘ > 0,(1).
(50)

The remainder of the proof follows the proof of lemma 6 in [3].
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Proof of lemma 4—The boundedness condition (45) in Lemma 1.1 can not be satisfied in
semiparametric logistic regression model. Hence we propose lemma 4.1 below to relax this
condition by choosing the criterion function my, = 10g[(ps,;, + Pg,;0)/2P0,40]- Obviously,

Mg, is trivially bounded away from zero. It is also bounded above for (¢, ») around their true
values if pg,,4(x) is bounded away from zero uniformly in x and pg,, is bounded above. The
firstcondition is satisfied if the map 6+ py,,4(X) is continuous around 6 and po(x) is uniformly
bounded away from zero. The second condition is trivially satisfied in the semiparametric
logistic regression model by the given form of the density. The boundedness of my , thus
permits the application of lemma 4.2 below which is used to verify condition (52) in the
following lemma 4.1. Note that lemma 4.1 and lemma 4.2 are theorem 3.2 and lemma 3.3 in
[15], respectively.

Lemma 4.1—Assume for any given 6 € @, i satisfies Pnhmg,;9 = Pamg ;o for given
measurable functions x = mg ,(x). Assume conditions (51) and (52) below hold for every &
€ Oy, every n € Vv and every ¢ > 0:

P(mo.l] - ’nOJ]o) = —d(z;(’], 770)+|IH - 90”2’ (51)

E* sup |Gn(m0.1] - ’n().l]o)[ < ‘Fn(é‘)-

He(a,,.z]e'v,,.“é)—élo[ <edy(n.no)<e

(52)

Suppose that (52) is valid for functions ¢, such that 6 — ¢ (6)/0* is decreasing for some o <

2 and sets @, x V. such that P(0 € ©p, 175 € ) — 1. Then &, (1. 10) < O, (6, + ||9 —90”) for
any sequence of positive numbers &, such that ¢,,(5,) < Vns2 for every n.
Lemma 4.2 below is presented to verify the modulus condition for the continuity of the

empirical process in (52). Let S: = {X > mg ,(X) — Mg ,0(X): dg(, 10) < 6, |60 — Ool| < 5} and
write

K(5, S5, La(P)= [ \[1+H,(e. S5, Lo(P))de. (59

Lemma 4.2—Suppose the functions (x, 8, ) —> my ,(x) are uniformly bounded for (6, »)
ranging over a neighborhood of (g, 7o) and that

P(mgyy — may o) < d21, n0)+]|0 = 60|

Then condition (52) is satisfied for any functions ¢, such that

K(6,S;5, Lo(P))

en(6) > K5, S5, L(P)) (1+ St
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Consequently, in the conclusion of the above theorem, we may use K(d, i, Lo(P)) rather than
¢n(9).
We then apply lemma 4.1 to the penalized semiparametric logistic regression model by

including A in 6, i.e. M 3 =My — LA2(J2(n) — J%(n0)) in the proof of lemma 4. First, lemma
7.1in [15] establishes that i

1P, = Poosll +AT G, =0t || = 60l
ns Onin 2 nsn (54)
after choosing
DPoytDpo, 1
mo 1 p=log———" = ZA*(J*(n) = (o))

2p 0,10 2

in lemma 4.1. Note that the map 0 +— pg’,m/fW’Z(W, 2) is uniformly bounded away from zero
at § = G and continuous around a neighborhood of 8y. Hence my , ,, is well defined. Moreover,
PnMg ;g > PaMg .y by the inequality that ((ps,, + P6,;0)/2P6,10)° = (Po,4/P6,ng)- (54) now
directly implies (31). For the proof of (30), we need to consider the conclusion of lemma 7.4
(i), which states that

lP6. = Pavoll, 2 (6 = 60| A 1+l =m0l A 1]|,) A 1. 59)

Thus we have proved (30). For (32), we just replace the my ; , with mg g ,, in the proof of lemma
7.1 in [15]. Thus we can show that dy(77, 70)_= || Pg,; — Pag,oll2- BY combining lemma 4.2 and
(55), we know that ||;f§n = 10ll2 = Op(n + |16n — G0ol|), for oy, satisfying

K(6,,Ss,, La(P)) < Vns2. Note that K(d, s Lo(P)) is as defined in (53). By similar analysis as
used in the proof of lemma 7.1 in [15] and the strengthened assumption on #, we then find that

K(5,.S5,. Lo(P)) < 6571/, which leads to the desired convergence rate given in (32).

Proof of lemma 5—The proof of lemma 5 follows that of lemma 2. The smoothness
conditions of €(t, 6, #) and its related derivatives can be shown similarly since F(-), /-) and
F(:) are all uniformly bounded in (—oo, +0), and hq(') is intrinsically bounded over [0, 1]. Note
that we can show (12) directly by the following analysis. P£(6g, 89, #7) can be written as P(F
(Gow+n0) — F(Gow+ 7(2)))(W—ho(2)) since Plo = 0. Note that P(w—ho(2)) Fléow-+0(2)) (1-710)
(z) = 0. This implies that PL(6g, 8g, 1) = P(F(OgW+10) — F(Bow+n(2))+ FOow+n0(2)) (1—10) (2))
(w—hg(z)). However, by the common Taylor expansion, we have [F(6ow + i) — F(6ow + 770) —
FOow + 10)(7 = 10)] < [IFllcly — n0l? This proves (12).

We next verify the asymptotic equicontinuity conditions, i.e. (15)—(17). For (17), we first apply
analysis similar to that used in the proof of lemma 2 to obtain

. . \2
6o, 00,17~ -
n%2(A,+ “911 - 60||)
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By lemma 7.1 in [15], we know that J(ﬁén, ) =0p(1+ ||0~n = 6oll/An) and ||I7Ag~n’;vn||w is bounded
in probability by a multiple of J(;i(;n, i) + 1. Now we construct the set - as follows:

{ ¢ (80, 60,m) — €o T < C (l+||0—6)0||

: ) [ll., < G+ 1an). |0 - 6] <8t {g € Ly(P):Pg* < Cnn—ﬁ}.
nw=z (4, + |6 = 6o A

Clearly, the probability that the function n~Y4k*2)(0(8o, 6o, 75, 1) — Lo (An + 116n — Goll)) €
2. approaches 1 as C,, — . We next show that lim,, _, ,E*||5:||o. < oo by T2. Note that £(6,
6o, n7) depends on 7 in a Lipschitz manner. Consequently, we can bound Hg(e, <, Lo(P)) by
the product of some constant and H(e, ®.,, Lo(P)) in view of T3, where &, is as defined in the
proof of lemma 2. By similar calculations as those performed in lemma 2, we can obtain

K8y Qu Lo(P)) < A; /2142 Thus limy,_, o, E*||]|e. < oo, and (17) follows.
The proof of (15) and (16) follows arguments quite similar to those used in the proof of lemma

2. In other words, we can show that &.((6g, 6n, 74, 2,) — Lg) = Op (1 + n3]|6, — Ogll) = 0p (1)
and (L ¢(00, On, 16, 1) — Lt6(00, B0, 10)) = 0p (1 + N3]0 — Goll).

Next we define v = {t®)(d,, 6, Hén, 2n)(X)}. Similar arguments as those used in the proof of
lemma 2 can be directly applied to the verification of (18) in this second model. By the form
of LO)(t, 6, ), the entropy number for v. is bounded above by that of Z, = {F(tw + #(z) + (9
~)ho(@)): (t, 6) € Vg, And() < Cr llo Cu(L + I(7))}. Similarly, we know

sup, H(e, V., L1(Q)) < sup, H(e, 7. Li(Q)) < (1+4;")/e) =0, (n). Moreover, the 7, are
uniformly bounded. This completes the proof for (18). This concludes the proof.

Proof of lemma 6—The proof of lemma 6 is analogous to that of lemma 3.

Lemma 7—Assuming the assumptions in theorem 1, we have

=5 G T ~ n ~ T~ ~ ~ —
logply, (6)=10gpL,, (B0} +n(6 = 60) Balo — 5(6 = 00) To(6 = 60)+0, (g, (|6 = 0o, . o6

for any sequence én satisfying én =0y +op (1)

Proof—n~(log plkn(én) —log pl. , (60)) is bounded above and below by

Bu(l(Ons O,

o)~ (00,607, ) = (TG,

i)~ Jz(no"(g”’ﬁb,,.,l,,)))

and
Bo((6n- 0. 0.2, = £(0. 60.T7.,)) = A2 (>0, (B0.h00.1,)) = I W2,

respectively. By the third order Taylor expansion of 8, — P(6y, 6, n) around &, for 6 =
Ohand 5 = ’7A¢9~ny/1n' (18) and the above empiricaINno:biaAs conditions (13) apd (14), we can find
that the order of the difference between Pn(€(0n, On, 76y, 2,) — 800, On, 116y, 2)) @nd (On —
00)" Pnlo — (6n — 00)" (10/2)(6n — o) is Op(n~1g;,,(I16n — 0;,]1)). Similarly, we have

J Multivar Anal. Author manuscript; available in PMC 2010 April 28.



1duasnuey Joyiny vVd-HIN 1duasnue Joyiny vd-HIN

1duasnuey Joyiny vd-HIN

CHENG and KOSOROK Page 29

~ ~ i 5 ~ T 5 i ~
PP, ) = T Ons T, = = 24360 — o) fz'rﬁk)lhg)dz+2/l,2,((9n—90) J 11" a6 ~ 60)

()/h/l!l
-1
=0,(n""ga,(

nsn

6 = 02,

by Taylor expansion. The last equation holds because of the assumptions (3) and (19). Similar
analysis also applies to the lower bound. This proves (56).
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Table 1

Partly Linear Model with &, = n"1/3 (85 = 1 and 200 samples)

n n23PMLE-CM| nY§|SEn—SEn nZ¥Ly—Lyl  nZ¥Uy - Uyl
50 0.8735 1.5007 21653 3.4984
100 0.2269 0.9240 0.6927 1.9507
200 0.2565 1.1440 0.7592 0.7182
800 0.0840 0.9539 0.7756 05171
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Table 2

Partly Linear Model with &, = n"?/> (6, = 1 and 200 samples)

N n¥PMLE-CM| n¥OSEpm—SEn n*SlLy—Lyl  n*5Up = Uyl
50 0.7866 0.6826 2.3963 2.9725
100 0.8161 0.2389 0.7007 1.0669
200 0.6654 0.5806 0.5614 0.9427
800 0.6032 0.7836 0.1465 0.3782

Page 31

n, sample size; PMLE, penalized maximum likelihood estimator; CM, empirical mean; SE\, estimated standard errors based on MCMC; SEN,
estimated standard errors based on numerical derivatives; L\ (UM), lower (upper) bound of the 95% confidence interval based on MCMC; LN

(UN), lower (upper) bound of the 95% confidence interval based on numerical derivatives.
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