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Theory for Measuring Bivalent Surface Binding Kinetics Using Total
Internal Reflection with Fluorescence Photobleaching Recovery

Helen V. Hsieh* and Nancy L. Thompson
Department of Chemistry, University of North Carolina, Chapel Hill, North Carolina 27599-3290 USA

ABSTRACT Total internal reflection with fluorescence photobleaching recovery (TIR-FPR) is a method for experimentally
examining coupled diffusion and reaction kinetics at surfaces. In a previous work (Thompson et al. 1981. Biophys. J.
33:435-454), a theoretical basis for interpreting TIR-FPR data was described for monovalent ligands that undergo a revers-
ible reaction with monovalent surface sites in a single step. Here, the theory for TIR-FPR has been extended to two different
surface binding mechanisms that involve sequential, bivalent surface attachment. Methods for obtaining the intrinsic surface
association and dissociation kinetic rates from measured fluorescence photobleaching recovery curves are described. The
new theory should be applicable to the association of bivalent protein ligands such as antibodies with supported planar
model membranes.

GLOSSARY

A concentration of molecules in solution
B density of unoccupied surface binding sites
b as a subscript of A, U, or V, denotes concentration of

bleached molecules
Ci constants that depend on q and A
D surface diffusion coefficient (D-DU = Dy)
DA,U,V diffusion coefficients of A, U, or V
eq as a subscript of A, U, or V, denotes concentration at

equilibrium
F(t) fluorescence at time t
F(O) fluorescence at time t = 0
F(-) fluorescence before the bleach pulse
f fraction of surface bound molecules in U form
g amplitude of a, term in H(O, t) (in the reaction

limit)
G(t) monotonically decreasing function that describes the

TIR-FPR recovery curve
h overall length of an evanescent intensity pattern

along x
H(q, t) function describing U and V as a function of q and t
Io intensity at r = (0, 0)
I(r) evanescent illumination profile
Io, 1(qA) modified Bessel functions
K1 equilibrium association constant, first step of

mechanisms I and II
K2 equilibrium association constant, second step

of mechanism I
K3 equilibrium association constant, second step of

mechanism II
Ka apparent association constant in mechanism I
ki kinetic rate constants
kb kinetic reverse rate in second step of mechanisms I

and II
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kf kinetic forward rate in second step of mechanisms
I and II

kobS inverse of time when G(t) = e-'
k,, inverse of time when the reaction-limited form of

G(t) = e-'
L-1 inverse Laplace transform

characteristic distance of the evanescently illuminated
area

N maximum surface density of bound molecules
ni refractive index of denser medium
n2 refractive index of rarer medium
P period of an evanescent interference pattern
Q product of the efficiencies of excitation light absorption

and fluorescence emission and detection
q Fourier transform variable (from r)
R bulk diffusion rate
Ro bulk diffusion rate for monovalent binding and Aeq = 0
r vector in the sample plane (x, y)
s semi-minor lie2 width for a Gaussian-shaped, elliptical

evanescent intensity
t time
U initial membrane-bound complex formed as A and B

bind
u as a subscript of A, U, or V, denotes unbleached

molecules
V final membrane-bound complex formed asA andB bind
x intersection of the incidence and sample planes
X(q, a) numerator of function defining H(q, t)
y with x, defines the sample plane
Y(q, a) denominator of function defining H(q, t)
z normal to the sample plane
a Laplace transform variable (a = a + DAq2)
N roots of Y(q, a)
i3 fractional bleach
'Y constant term related to the eccentricity of the ellipse for

a Gaussian-shaped evanescent intensity profile
parameter that describes the depth of bleach

0 spatial periodicity of an evanescent interference pattern
K constant related to bleaching depth
A visibility of a periodic evanescent interference pattern
p sum of rate constants (p = kLI + kb + kf)

incidence angle in TIR (measured from normal to
interface)
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critical angle in TIR (4r = sint (n21n1))
Laplace transform variable (from t)

(C

INTRODUCTION

The rates of biochemical reactions that occur between li-
gands in solution and receptors on cell membranes may de-
pend in a complex manner on a number of factors other than
the intrinsic receptor-ligand kinetic rates. For example, pre-

vious theoretical considerations have demonstrated that
receptor-ligand kinetics can depend on the ligand diffusion
coefficient in solution and on the ligand solution concen-

tration. In addition, receptor-ligand kinetics may depend on

the receptor density and diffusion coefficient if the ligand is
bivalent or multivalent for the receptor, or if the ligand in-
duces receptor clustering and the association and/or disso-
ciation kinetic rates depend on the state of receptor oligo-
merization (Berg and Purcell, 1977; Dembo and Goldstein,
1978; Kaufman and Jain, 1991; Erickson et al., 1987;
Goldstein et al., 1989).
One method for experimentally examining coupled dif-

fusion and reaction kinetics at surfaces is to use total inter-
nal reflection with fluorescence photobleaching recovery

(TIR-FPR) (Thompson et al., 1981). In this technique,
fluorescent ligands that are reversibly adsorbed to a liquid/
solid interface are illuminated with the evanescent field
created by a totally internally reflected laser beam (Fig.
1 a). Adsorbed molecules are bleached with an intense la-
ser pulse, and subsequent fluorescent recovery occurs as

bleached molecules exchange with unbleached molecules
by surface association and dissociation or by diffusion
along the surface (Fig. 1 b). In general, TIR-FPR recovery
curves depend on the surface binding mechanism and its
intrinsic rate constants, the bulk and surface diffusion co-

efficients, the surface site densities, and the shape of the
evanescently illuminated area.

Previous experimental work has demonstrated the appli-
cability of TIR-FPR to the adsorption of proteins on quartz
or polymer-coated quartz (Burghardt and Axelrod, 1981;
Tilton et al., 1990a; Tilton et al., 1990b; Schmidt et al., 1990).
TIR-FPR has also been used very recently to examine the
kinetics of surface reactions that have biological specificity,
i.e., anti-dinitrophenyl Fabs at phospholipid Langmuir-
Blodgett films containing dinitrophenyl-conjugated phos-
pholipids (Pisarchick et al., 1992), bovine prothrombin frag-
ment 1 at supported planar phospholipid membranes
containing phosphatidylserine (Pearce et al., 1992; Pearce
et al., 1993), and antibodies at planar membranes containing
antibody receptors (Hsieh and Thompson, manuscript in
preparation). In principle, TIR-FPR should be applicable to
a large variety of protein ligands at substrate-supported mod-
els of cell membranes. This technique has also recently been
used to examine the binding kinetics of epidermal growth
factor to its receptor on human epidermoid cells adsorbed to
quartz (Hellen and Axelrod, 1991).
A theoretical basis for interpreting TIR-FPR recovery

curves has previously been developed (Thompson et al.,
1981). This previous work describes how one can obtain a

measure of the dissociation rate constant and/or surface dif-
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FIGURE 1 Conceptual basis for TIR-FPR. (a) Light traveling through a
medium of higher refractive index (nl) encounters a medium of lower re-
fractive index (n2) at an angle 4, which is greater than the critical angle
c = sin-1(n2/nj), and undergoes total internal reflection at the interface.
The internal reflection generates a thin evanescent wave which excites fluo-
rescent molecules that are close to the interface. (b) In TIR-FPR, the ex-
change of bleached, surface-bound, fluorescent molecules with unbleached
molecules from solution or the surrounding non-illuminated surface area is
investigated by monitoring the evanescently excited fluorescence intensity
before and after an intense pulse of light as a function of time.

fusion coefficient for monovalent ligands that undergo a re-
versible reaction with monovalent surface sites in a single
step. However, the four biologically specific model systems
that have thus far been examined with TIR-FPR exhibit more
complex surface reaction mechanisms (Pisarchick et al.,
1992; Pearce et al., 1992; Pearce et al., 1993; Hellen and
Axelrod, 1991; Hsieh and Thompson, manuscript in prepa-
ration). Also, receptor-ligand kinetics measured by other

899Hsieh and Thompson
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methods often demonstrate multi-step mechanisms (Muller
et al., 1993; Ortega et al., 1991). In this paper, we develop
a theoretical basis for TIR-FPR using two different surface
binding mechanisms in which the ligand is bivalent for the
surface. The results should be applicable to the binding of
bivalent protein ligands, such as antibodies, to planar model
membranes.

MODELS FOR BIVALENT SURFACE BINDING

Two different models for bivalent surface binding are con-
sidered (Fig. 2). Here, A denotes ligands freely diffusing in
solution, B denotes free surface binding sites, and U and V
are surface-bound complexes. In mechanism I, one segment
of moleculeA is bound to one binding siteB to form a surface
complex U. The monovalently bound complex U then isom-
erizes to a bivalently bound state, denoted by V. In mecha-
nism II, the formation of the monovalently bound complex
U is identical to the first step in mechanism I. In the second
step, the complex U combines with an additional binding site
B to form a bivalently bound complex V. The two mecha-

nisms differ in that the formation of V consumes only one
binding site B in the first mechanism, whereas two binding
sites B are consumed in the second. Both models have been
used to describe the association of bivalent ligands with sur-
faces (Pisarchick and Thompson, 1990).
The relationships between the equilibrium association

constants (Ks), the equilibrium concentrations (denoted by
the subscript eq), and the kinetic rate constants (ki) are

Ueqe k

AeqBeq k_ 1

(1.1)K =
Veq_=2
Ueq k_2

UeqBeq k_ 3

The shapes of the equilibrium binding curves for mecha-
nisms I and II have been described previously (Pisarchick
and Thompson, 1990). For mechanism I, the surface density
of bound molecules (Ueq + Veq) as a function of the solution
concentration (Aeq) has the following shape

KaAeqNUeq eq 1 +KaA (1.2)

whereN = Beq + Ueq + Veq is the maximum surface density
of bound molecules and

Ka =Kl(l +K2) (1.3)

B

A

(b)

k2

4- IV

Eq. 1.2 has the shape of a conventional saturation curve with
an apparent association constant, Ka. A measure of Ueq + Veq
as a function ofAeq will give a value for Ka but will not give
values for both K1 and K2. For mechanism II, the surface
density of bound molecules (Ueq + Veq) as a function of the
solution concentration (Aeq) has a different shape, i.e.,

Ueq + Veq = [1 + 4KiAeqK3N - (KiAeq)2 + (KiAeq - 1)
*y'\(1 + KiAeq)2 + 8KiAeqK3NI]

.8KjAeqK3 (1.4)
where N = Beq + Ue + 2Veq is the density of bound mol-
ecules at saturation. Theoretically, measuring Ueq + Veq as
a function of Aeq and N will yield independent measures of
K1 and K3. The surface is half saturated when A = K '
For monovalent binding, eq

B

k./ U

I -~~~~~~~~~~~~~~~~~~

k3
k3

FIGURE 2 Mechanisms for bivalent surface binding. (a) In mechanism
I, molecules A are bound to single binding sites B; the surface-bound com-

plexes then isomerize between monovalently (U) and bivalently (V) bound
states. (b) In mechanism II, moleculesA may be surface bound by attaching
to either one (U) or two (V) binding sites B.

KiAeqNeq1 + KjAeq (1.5)

where N =Beq + Ueq The binding curve for mechanism I
(Eq. 1.2) reduces to this expression when K2 -* 0. The bind-
ing curve for mechanism II (Eq. 1.4) reduces to Eq. 1.5 when
K3 - .0.

GENERAL SOLUTION FOR THE TIR-FPR
RECOVERY CURVE

It is convenient to normalize the TIR-FPR recovery curve,

F(t), by the prebleach value, F(-), and to write the nor-

(a)

IA

m
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malized function in terms of the fractional bleach, 3, and a
function G(t):

F(t_) = 1 - fG(t)

F(-) - F(O)
R =

F - ) (2.1)

Y(q, a)

= V/; + kl[{0t + kb + (Dv-DA)q2}

{a + kf + k- + (Du - DA)q2} - kfkb]

k2f
-

-f[a + kb + (DV - DA)q2]
kf=R

G()=F(-) -F(t)

F(-) -F(O)

G(t) describes the rate and shape of the fluorescence recov-

ery. This function is unitless, monotonically decreasing,
equals one at time 0, and equals 0 at infinite time. The quan-
tities G(t), /, and F(-) completely describe the TIR-FPR
fluorescence recovery curve F(t) (Fig. 3).
As shown in the Appendix, F(t) is (and therefore G(t), ,

and F(-) are) determined by the densities of the two surface-
bound species as a function of time and space, by the shape
and intensity of the evanescent illumination, I(r), and by a

constant that defines the bleaching depth, K. Here, r = (x, y)
is a vector that lies in the sample plane (i.e., the plane where
total internal reflection occurs), q is a Fourier transform vari-
able (from r), and

f d2r f d3r' f d2qI(r)[1 e-KI(r')]eiq (r-r')H(q, t)
G(t) = 4r2 f d2rl(r)[1 -e#(r)]

(2.2)
where

H(q, t) = e-q2DAIL-[IX(q, a) (2.3)[-tY(q, a)J(23

X(qa)=F -fkilX(q, a) = V[ a + [a + kf + kb+ (1-f)k I
~~~NR(2.4)

+ {(l1- f)Du + fDv - DAq21 _ k_1f(1-f)

bleach

c)
u

0

F(-)

F(0)

1-- T F(-)

0~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

0

time t

FIGURE 3 Relationship between F(t), F(-), G(t) and (3. Shown is a sche-
matic of a TIR-FPR fluorescence recovery curve. F(-) is the fluorescence
before to the bleach pulse, F(O) is the fluorescence at the bleach pulse, 13

is the depth of the bleach, and the function G(t) describes the rate and shape
of the fluorescence recovery.

k k3Beq

kb { k

(mechanism I)
(mechanism II)

(mechanism I)
(mechanism II)

(2.6)

(2.7)
A 2

A

e eq/

LaLt denotes an inverse Laplace transform, f = Ueq/(Ueq +
Veq) = kbl(kb + kf) is the fraction of membrane-bound mol-
ecules in the initial state of attachment, DA is the solution
diffusion coefficient, andDu andDv are the surface diffusion
coefficients of the two bound species. The method of partial
fractions may be used to carry out the inverse Laplace trans-
form in Eq. 2.3. G(t) is given in general by Eq. 2.2 with

H(q, t) = [X(q, ad)\/aexp[(ai- DAq2)t]erfc(-Vat)]
i=l

[(-/i aj)(Va; /ak) (2.8)
(xaJ Val)(V Am)]

where X(q, aO) is given by Eq. 2.4 evaluated at a = a,

\ai (for i = 1 to 5) are the five roots of Eq. 2.5, and /a,
\ak, Val, and -\a are the four roots of Eq. 2.5 that are

different from \/V4

CHARACTERISTIC RATES

As shown in Eqs. 2.2-2.7, G(t) depends in general on seven

characteristic rates. Two of these rates (k.1 and kb) are dis-
sociation rate constants that are intrinsic to the binding
mechanisms. A third rate (kf) differs for the two mechanisms.
In mechanism I, kf = k2 is an intrinsic association constant;
in mechanism II, k4 = k3 Beq depends on the density of free
surface sites (i.e., on the solution concentration). Here
(Pisarchick and Thompson, 1990)

Beq
- (1 + KiAeq) + V(i + K1Aeq)2 + 8K1AeqK3N

4KL1AeqK
(3.1)

When Aeq -> 0 (far from saturation), the density of free sites

is approximately equal to the maximum density of bound
molecules and kf -* k3N. When Aeq -° (at saturation),

Beq -O 0 and kf -* 0. The dependence of on the solution

concentration is shown in Fig. 4 a.

Three of the seven characteristic rates that determine
G(t) are transport rates which describe diffusion through a

characteristic distance, 4, of the evanescent area. One rate
depends on the diffusion coefficient of molecules in

(2.5)
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FIGURE 4 Rates kf and R as a function of the solution concentration A,. (a) For mechanism I, ke= k2 and does not depend on Aq. For mechanism II,
kf ranges from k3N to 0 with increasing values of KiAeq. Curves were calculated using Eqs. 2.6 and 3.1 and are shown for K3N = 0.1, 1, and 10. (b) For
mechanism I, RI/O increases with KaAeq and also depends on K2. Curves were calculated using Eq. 3.4 and are shown for K2 = 0, 0.1, 1, and 10. (c) For

mechanism II, RIRO increases with KiAeq and also depends on K32 . Curves were calculated using Eq. 3.5 and are shown forK32 =0, 1, 10, and 100.

solution (DA//2) and the other two rates depend on the dif-
fusion coefficients of the two bound species (DuIll' and
Dv//2).

The last of the seven rates, R (Eq. 2.7), describes diffusion
in solution through a characteristic distance (Ueq + Veq)/Aeq.
This distance gives the depth of solution which contains a

density of solution molecules equal to the density of surface
bound molecules. For monovalent binding,

R = RO(1 + KiAeq )2 (3.2)

where

=DAR = (3.3)

is the value ofR when Aeq = 0. For mechanism I, R may be
written as (see Eq. 1.2)

R = Ro [ + Kaeq (3.4)

The dependence of the diffusion rate R on the value

of Ka4eq is shown in Fig. 4 b for different values of K2. For
mechanism II, the expression for R is more complex. Here
(see Eq. 1.4),

R = [Ro64(KiAeq )4(K3N)2] (3.5)
* [1 + 4KiAeqK3N - (KAeq )2

+ (KiAeq - 1)v'(1 + KiAeq)2 + 8KiAeqK3N]2

The dependence of the diffusion rate R on the value ofKiAeq
is shown in Fig. 4 c for different values ofK3N. Eqs. 3.4 and
3.5 reduce to Eq 3.2 when K2->O or K3N--O, respectively.

SOLUTIONS FOR A LARGE OBSERVATION AREA

General solution

If the evanescently illuminated area is large or if the diffusion
coefficients DA, DU and DV are small, then contributions to
G(t) that arise from lateral diffusion along the surface or in
solution are negligible and the terms in Eqs. 2.3-2.5 that are
proportional to q2 approach 0. Because H(q, t) no longer

1.0

Z 0.8

cs 0.6

0.4

X 0.2

0.0

K2
0

0.1

10
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depends on q, the integral over q in Eq. 2.2 may be evaluated
analytically. This calculation shows that, for a large obser-
vation area, G(t) does not depend on the evanescent intensity
profile I(r).

Furthermore,

G(t) = H(O, t) = L 2[y(o a)J

where (Eqs. 2.4 and 2.5)

X(0, a) = a3'2 + fk_

+ [kf + kb + (1 - f)k 1]a112 + kb1

Y(0, a) = a[a2 +f &a312 + (kf + kb + k- )a

kbk+
V\+kbklVR~~~1

k -/R

1.0

0.8

(4.1)

4-'

(9

(4.2)

0.6

0.4

0.2

0.0 L
0.0

(4.3)

The method of partial fractions may be used to derive the
following general expression for G(t) when the evanescently
illuminated area is large:

4 X(O, ati)eailerfc(- ait)G(t) = I - - - (4)

(4.4)
where the \/a are the four non-zero roots of Eq. 4.3,
X(O, ai) is given by Eq. 4.2 evaluated at a = \/a, and
-\/, \/a, and \/a are the three roots of
Eq.4.3 that are different from \/a.

Monovalent binding
When kf «. kb, all bound molecules are in the initial state of
attachment. Here, f = 1 and Eqs. 4.1-4.3 reduce to

G(t) = La-1at(k( 1/\/R) (4.5)

Eq. 4.5 yields the previously derived expression for large
observation areas and monovalent binding (Thompson et al.,
1981):

G(t) = [\/aexp(a2t)erfc( - /a2t)

--\/a2exp(alt)erfc(- \/a1 t)] (4.6)

[VA - Va]

where

k+1
V'al -+- -4k (4.7)

When k-, << R, the recovery curve is reaction-limited (i.e.,
G(t) depends only on the intrinsic dissociation rate ki1), and

0.5 1.0

t (I /k1)
1.5 2.0

FIGURE 5 G(t) for a large observation area and monovalent binding. G(t)
is shown as calculated from Eq. 4.6. When k-1 << R, G(t) is reaction-limited
(Eq. 4.8). When k-, >> R, G(t) is diffusion-limited (Eq. 4.9).

Eqs. 4.6 and 4.7 reduce to

G(t) = exp(-k-1t)
When R <<k«1, the recovery curve is diffusion-limited (i.e.,
G(t) depends only on the solution diffusion rate R), and Eqs.
4.6 and 4.7 reduce to

G(t) = exp(Rt)erfc(\/Rt)

Note: this equation contained a sign error in an earlier
publication (Thompson et al., 1981). These two limiting
cases for TIR-FPR recovery curves when the surface bind-
ing is monovalent and the illuminated area is large are il-
lustrated in Fig. 5.

Bivalent binding, reaction limit

When R --0oo, Eqs. 4.1-4.3 reduce to

G(t) = L a lt[-1
a+(kf+ k + k_ l

1 fk_+la-tLa2+(kf+kb+kk )a±+k lkbJ-
(4.10)

By using the method of partial fractions, one finds that

G(t) = g exp(-a,t) + (1 - g)exp(- a2t) (4.11)

where

a1,2 = [p + \/p2-4k lkb] (4.12)

p = k 1 + kf + kb

fk 1 - a2

a1 2

(4.13)

(4.14)

This result agrees with expressions that have been used

1000
100

10

0.1

1 0

(4.8)

(4.9)
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previously to interpret data for three different model bio-
chemical systems (Pisarchick et al., 1992; Pearce et al., 1992;
Hsieh and Thompson, manuscript in preparation).
The shape of G(t) (Eqs. 4.11) for different relative values

of kA1, kf and kb is shown in Fig. 6. There are several con-
ditions for which this equation assumes simpler forms: 1) In
a system where kf kb <<k.1, significant amounts of both
membrane-bound states are occupied, but the conversion be-
tween the two states is much slower than membrane disso-
ciation from the initial attached state. In this situation, a1
k-1, a2 kb, g -f and G(t) is biexponential with slow and
fast rates that correspond to the two intrinsic dissociation
rates. 2) When kb kf>> k1l, significant amounts of both
membrane-bound states are occupied, and the conversion

between the two states is much faster than membrane dis-
sociation from the initial attached state. Here, g 0, and
G(t) is monoexponential with rate a2 -fk. (3) When
kf << kb, most of the surface-bound molecules are in the
initial state of attachment and f 1. In this case, g 0,
and G(t) is monoexponential with the membrane dissocia-
tion rate a2 k.1. (4) When kb<<kf, most of the surface
bound molecules are in the second state of attachment and
f 0. Here, g 0 and G(t) is monoexponential with rate
a2 k.lkb/(k.l + kf). If, in addition, kf << k-1, then
a2 kb. Note that for these limiting cases, G(t) is biexpo-
nential only when the populations of both bound species
are significant, and the intrinsic off rate k-1 is faster than
the kinetic rates in the second step of mechanisms I and II.

Bivalent binding, diffusion limit
kf/k,l In the diffusion limit (R 0), the four roots of Eq. 4.3 are

-\VR,\/~+X i(kf + kb)1/2, and v

-fk. I/\/R-. The amplitudes of three of the four terms in
Eq. 4.4 are approximately 0, the amplitude for the \ term
is approximately equal to one, and the form of G(t) is iden-
tical to that for a monovalent system in the bulk diffusion
limit (Eq. 4.9). The recovery curves for this diffusion limit

0.01 and intermediate cases are illustrated in Fig. 7.

0.1

100

kf/kb

J1io

TIR-FPR RECOVERY CURVES FOR FINITE-SIZED
EVANESCENT FIELDS

Intensity profiles

In one geometry for TIR-FPR, a laser beam of circular Gaus-
sian intensity profile is totally internally reflected at the pla-
nar interface (z = 0), creating a region of evanescent intensity
which varies approximately as an elliptical Gaussian in the
x-y plane (Burghardt and Axelrod, 1981; Schmidt et al.,

K10 1.0

0.8

0.2 .

[ -k,t.* .

-~~~~~~~~~~~~~~~~.........
0 2 4 6 8 0.01

t (1/k-,)
FIGURE 6 G(t) for a large observation area and bivalent binding (reaction
limit). G(t) is shown as calculated from Eqs. 4.11-4.14. (a) Here, kb = kf.
As kf -O 0 and kb -O 0, G(t) approaches an upper limit in which the fluo-
rescence recovery is due to the dissociation of U molecules only (first step
in mechanisms I and II). G(t) decays only to 0.5 because the V molecules
take a very long time to convert to U molecules. As kf -X o and kb -->, G(t)
approaches a lower limit in which the shape is exponential with rate fk_.
Note that when kf = kb = k.1, G(t) is nearly at the lower limit. (b) Here,
kf # kb and kdk_l = 0.1 (solid), 1 (dash), or 10 (dot). As kf/kb -- co, G(t)
is monoexponential with rate k_lkhJ(k.l + kf). As kflkb -O 0, G(t) is mono-
exponential with rate k.. (see Fig. 5).

(.D

0.6

0.4

0.2

0.0
10

t (1/k_,)

FIGURE 7 G(t) for a large observation area and bivalent binding. G(t) is
shown as calculated from Eqs. 4.1-4.4 with kf = kb = k.. (solid) and kf =
kb = 0.1 k.. (dot). As k../R approaches 0, G(t) approaches the reaction limit
and depends on k-1, kf, and kb (see Fig. 6). As kAz/R approaches infinity, G(t)
approaches the bulk diffusion limit and depends only on R.

(a)

0-l

t (1/k )

(b)

40

400
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1990; Pisarchick et al., 1992; Pearce et al., 1992; Pearce et al.,
1993; Burghardt and Thompson, 1984; Zimmermann et al.,
1990; Hsieh and Thompson, manuscript in preparation).
Contributions to the fluorescence recovery arising from sur-
face diffusion for this illumination pattern depend on the
lie2- widths of the elliptical Gaussian intensity profile. The
functional form for I(r) may be written as (Thompson et al.,
1981)

I(r) foIoe-2x2l(yS)2e-2y2/s2

Monovalent binding
When kf << kb and all bound molecules are in the initial state
of attachment (f = 1) (see Eqs. 2.3-2.8)

X(q, a)
Y(q, a)

(5.1)
where Io is a constant, s is the semi-minor lie2 width, the
x axis defines the intersection of the incidence plane and the
sample plane, and y > 1 defines the eccentricity of the ellipse.

In some experimental arrangements, a periodic evanescent
interference pattern is created by the collision of two totally
internally reflected laser beams (Tilton et al., 1990a; Tilton
et al., 1990b; Abney et al., 1992; Weis et al., 1982; Huang,
Pearce, and Thompson, manuscript in preparation). Here,
contributions to the fluorescence recovery that arise from
surface diffusion depend on the period of the interference
pattern, P. For this geometry,

I(r) IO[1 + A cos(Oy)] (5.2)
where 0 = 2ir/P and the x axis lies in the sample plane and
bisects the angle between the two incidence planes. The vis-
ibility A is related to the contrast of the interference pattern
and ranges from 0 to 1 for different experimental conditions
(Abney et al., 1992).

(5.6)

a+ k1

[a + - [a + k-1 + (Du-DA)q -

and

H(q, t) = {[N/-- Nl-][Va- V-a+ k=/V k]
{e(ai 2DA)terfc( - NIi)

(5.7)

where \/a, N/a, and \/a are the three roots of the de-
nominator of Eq. 5.6. Using Eqs. 5.1 and 5.7 in Eq. 2.2 gives
the shape of the TIR-FPR recovery curve for a Gaussian-
shaped evanescent intensity, monovalent surface binding,
and surface diffusion. This form for G(t) is equivalent to the
previously derived expression (Thompson et al., 1981). By
using Eq. 5.7 in Eq. 5.3, the shape of the TIR-FPR recovery
curve for a periodic evanescent intensity with monovalent
surface binding and surface diffusion may be found.
Of special interest is the reaction-limited case (k_1 << R),

where (Eq. 5.6)

X(q, a) 1

Y(q, a) a + k1 + (Du -DA)q2General solution

The general solution for G(t) is found by using Eq. 5.1 or 5.2
in Eqs. 2.2-2.7. For the Gaussian-shaped evanescent field,
G(t) may be calculated numerically. For an evanescent in-
terference pattern, further analytical calculations are pos-
sible. In this case, the denominator of Eq. 2.2 may be evalu-
ated directly (with y ranging from 0 to P and x from -h to
h where h is large). In the numerator of Eq. 2.2, the integral
over d2r is an expression that is a sum of terms proportional
to 8(qx)8(qy), 8(q.)8(qy + 0) and 8(qx)8(qy - 0). By sub-
sequently carrying out the integrals over d2q and d2r', one
finds the following expression for G(t):

C1H(0, t) + C2H(0, t)
G(t) c, + C2 53

where

C1 = 1 -e-7I(71A)
(5.4)

C2 = Ae-I11(qA)
H(O, t) and H(0, t) are given by Eqs. 2.3-2.5 or Eq. 2.8 with
q = O or q = 0, = Klo and Io(qA) and I1(rqA) are modified
Bessel functions. In the limit of shallow bleaching, Eq. 5.3
simplifies to

G(t)
H(O, t) + (A2/2)H(0, t) (i << 1) (5.5)

1 + A2/2

By using the inverse Laplace transform of this expression
together with Eq. 5.1 in Eq. 2.2, one finds G(t) for a Gaussian
intensity profile in the limit of shallow bleaching (rg << 1);
G(t) for an evanescent interference pattern may be found
using Eqs. 5.3,5.8, and 2.3 (Table 1, third row). These equa-
tions are equivalent to the previously given expressions for
monovalent surface binding in the reaction limit (Thompson
et al., 1981; Abney et al., 1992). When k-1 is small, these
equations reduce to previously published forms for pure sur-
face diffusion (Thompson et al., 1981; Abney et al., 1992;
Axelrod et al., 1976; Davoust et al., 1982); whenDu is small,
the equations reduce to Eq. 4.8.

Bivalent binding
The general solution for G(t) with bivalent binding and sur-

face diffusion is given by Eqs. 2.2, 2.8, and 5.1 (for a
Gaussian-shaped evanescent intensity) or by Eqs. 2.8 and 5.3
(for a periodic evanescent intensity). In the reaction limit
where k1c << R, Eqs. 2.4 and 2.5 reduce to

X(q, a)
Y(q, = [a+kf+kb+(1 -f)k1

+ [(1 -f)Du + fDv-DA]q2] (5.9)

* {[a + kb + (Dv - DA)q2]

[a + kf + k-1 + (Du DA)q2] -kfkb}

(5.8)
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TABLE 1 Limiting cases for a reaction-limited bivalent system with D Dv = Dv
Limiting case G(t) for Gaussian intensity profile G(O,t) for periodic interference pattern

kf kb <<k«L fexp(-k-1t) + (1 -f)exp(-kbt) [fexp(-k.1t) + (1 - f)exp(-kbt][Cl + C2exp(-DO2t)]
V'(1 + 4s-2Dt)(1 + 4ys)-2Dt) V(1 + 4s2Dt)(1 + 4ys)-2Dt) C1 + C2

kf kb>> k-.z exp(-fk-lt)I'(1 + 4s2Dt)(1 + 4Qys)2Dt) exp(-fk 1t)(Cl + C2exp(-Do2t))/(Cl + C2)
kf << kb (f 1) exp(-k-1t)/V'(1 + 4s2Dt)(1 + 4(ys)2Dt) exp(-k-1t)(Cl + C2exp(-Do2t))/(Cl + C2)

and Ic «kff-1 exp(-kbt)IV'(1 + 4s2Dt)(1 + 4(ys)2Dt) exp(-kbt)(Cl + C2exp(-DO2t))/(C, + C2)

Limiting cases for reaction limited G(t) and G(O, t) in a bivalent system, examined with Gaussian and periodic intensity profiles. G(t) is derived from Eqs.
2.2, 5.1, and 5.10-5.12, for shallow bleaching depths (7 << 1). G(O, t) is derived from Eq. 5.3, and 5.10-5.12, for all bleaching depths.

so that (Eq. 2.3)

H(q, t) = g exp(-a, t) + (1 - g)exp(-a'2 t) (5.10)
where

a1,2 = p(p + Duq2 + Dvq2) (5.11)

+ -\(p + Duq2 - Dvq2)2 - 4kb(kl + Duq2 - D Vq2)

fk- 1 + fDuq2 + (1 - f)Dvq2 - a2
Eq. 5.3 i Es (5.12)

Eq. 5.3 in conjunction with Eqs. 5.10}5.12 has been previ-

(a)

01-

Du 2/k1

0N

0

100

(c)

0s

10

t (1/k 1)

ously derived in the limit where Du = Dv (Huang, Pearce,
and Thompson, manuscript in preparation). Eqs. 5.11 and
5.12 reduce to Eqs. 4.12-4.14 when q2 = 0. Of special in-
terest is the case in which the diffusion coefficient of the two
bound species are equal (Du = Dv D). Here, for an eva-
nescent interference pattern, H(O, t) (Eq. 5.10 with q = 0)
is given by the product of the right hand side of Eq. 4.11
(with Eqs. 4.12-4.14) and exp (-DO2t) and G(t) is given by
Eq. 5.3. For a Gaussian-shaped evanescent intensity and
shallow bleaching, G(t) is given by the product of the
right hand side of Eq. 4.11 (with Eqs. 4.12-4.14) and
[(1 + 4Ds-2t) . (1 + 4Dy-2s-2t)] 12.
The shapes of G(t) at the reaction limit for limiting cases

are shown in Table 1 for both Gaussian intensity profiles and

(b) D 02/k

0
1
100

D 02/k

0

100

FIGURE 8 G(t) for evanescent interference patterns with variable periods at the reaction limit. G(t) has been calculated from Eqs. 5.3 and Eqs. 5.10-5.12
with (a) Du02 = DvO2; (b) DUO2 = 0; or (c) Dv62 = 0. The visibility A = 1 is equal to its maximum value, the bleaching parameter q = 0.75, and the
reaction rates k-1, kf, and kb are fixed so that kb/k.l = kf/k.l = 0.1. As the evanescent period P increases (and the spatial periodicity 0 decreases), G(t)
approaches a limit in which the recovery is due only to surface kinetics. Conversely, when P decreases and 0 increases, GQ) approaches a limit in which
the recovery is due only to surface diffusion. If U and V do not diffuse, G(t) does not change with 0. If only one of the two complexes diffuses, with all
other conditions equivalent, G(t) decays much faster when V diffuses (b) than when U diffuses (c).
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the periodic interference pattern. The shapes of G(t) for eva-
nescent intensity patterns are illustrated in Fig. 8.

1.0

0.8

DATA ANALYSIS

Equilibrium binding measurements

This paper addresses the measurement of surface binding
kinetics using TIR-FPR, for bivalent molecules at membrane
surfaces. In particular, two surface binding mechanisms are
considered, mechanism I (Fig. 1 a) and mechanism II (Fig.
1 b). Experimentally, one may measure the evanescently ex-
cited fluorescence (which is proportional to the surface den-
sity of bound molecules, Ueq + Veq), as a function of the
solution concentration Aeq. These data will give an absolute
(if the fluorescence is calibrated) or relative (if the fluores-
cence is not calibrated) measure of the surface site density
N. Referring to Eq. 1.2, one sees that, for mechanism I, this
curve will yield a measure of the apparent association con-
stant Ka (Eq. 1.3), but that these equilibrium measurements
will not provide an independent measure of K1 and K2. For
mechanism II, equilibrium binding curves will yield inde-
pendent measures of K1 and K3N (Eq. 1.4).

-o0

0.6

0.4

0.2,

0.0
20 40 60 80 100

vn1
eq

FIGURE 9 Dependence of k0b. on the solution concentration for mono-
valent binding and a large observation area. As the solution concentration
Aeq is increased, the value of the diffusion rateR increases and the measured
rate, kObs, approaches the true membrane dissociation rate, k-1. Curves were
calculated numerically using Eqs. 4.6 and 4.7 and are for Ro/k-, = 1
(circles), 0.1 (triangles), and 0.01 (squares).

Kinetic measurements at large observation areas

TIR-FPR recovery curves have the simplest theoretical
shapes when the observation area is large enough so that
surface diffusion and solution diffusion parallel to the surface
do not affect the measurements. Experimentally, one may
confirm that the illuminated area is large enough for the more
simple theoretical expressions to be applicable by confirming
that the shape of the recovery curve does not change when
the size of the illuminated area is changed. In this case, the
shape of the recovery curve is given by Eq. 4.4 and depends
on four rates: k-1; kf = k2 (mechanism I) or kf = k3Beq
(mechanism II); kb = k_2 (mechanism I) or kb = kL3 (mecha-
nism II); and R, which is given in Eq. 3.4 for mechanism I
and in Eq. 3.5 for mechanism II. TIR-FPR recovery curves
using a large observation area should give information about
these rates.
One may first obtain a set of TIR-FPR recovery curves

using a large observation area and as a function of the so-
lution concentration Aeq. For monovalent binding, the meas-
ured recovery rate, kobs, defined as the inverse of the time for
which G(t) = e-1, increases with the solution concentration
Aeq until kobs reaches a constant value equal to the membrane
dissociation rate k-, (Fig. 9). For bivalent binding, kobs also
increases with the solution concentration Aeq until it reaches
a reaction-limited value. This rate, denoted by krx, is the
inverse of the time for which G(t) = e-1, where G(t) is given
by Eqs. 4.11-4.14 (Figs. 10 and 11). For mechanism I, kr,
is a constant that depends on ki1, kf = k2, and kb = ki2. For
mechanism II, kr,,, depends not only on the constants k.. and
kb = k_3 but also on kf = k3Beq, which is a function of K3N
and KiAeq (Eq. 3.1); however, at very high concentrations,
the surface becomes saturated with monovalently bound
complexes and krx,, k.1.

To measure k-1 for monovalent binding, one may examine
the recovery rates for a set of TIR-FPR recovery curves that
have been measured as a function of the solution concen-
trationAeq for the region in which the data do not change with
an increase inAeq. These curves are reaction-limited and will
report the true membrane dissociation rate kI1. The mem-
brane association rate k, may then be obtained from the
measured value of the equilibrium association constant K1
and the measured value of ki1. Alternatively, if K1, DA, and
N are known, one may curve-fit any TIR-FPR curve to Eq.
4.6 with R as a fixed parameter and ki1 as a free parameter.

For bivalent binding according to mechanism I, the same
analysis may be applied, except that the reaction-limited
curves will be, in general, biexponential. For the reaction-
limited concentrations of Aeq, one may use the following
procedures to obtain values of kl, ki1, kf = k2 and kb = k_2:
1) The value of the apparent equilibrium association constant
Ka is obtained from an equilibrium binding curve (Eqs. 1.2
and 1.3). 2) The values of the two rates, a1 and a2, and the
fractional amplitude of the first rate, g, may be obtained from
reaction-limited TIR-FPR recovery curves (Eq. 4.11). 3) The
value of p is found as the sum of a1 and a2 (Eq. 4.12). 4) The
value of ki1 is found by using the following expression

= ,1(p - a1)
k-1 = P ga + (1 - g)a2 (6.1)

which follows from Eqs. 4.12-4.14. 5) The values of kb =
k.2 and kf = k2 are found by sequentially inverting Eqs. 4.12
and 4.13. 6) The values of ki and K2 are found from Eq. 1.1.

For bivalent binding according to mechanism II, the be-
havior is more complex; even when the concentration Aeq is
high enough for the TIR-FPR recovery curves to be reaction-
limited, kobs = kr, can still change with Aeq because of the
dependence of kf on Aeq, For this mechanism, the six-step
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FIGURE 10 Dependence ofk0b. on the solution concentration for bivalent
binding by mechanism I and a large observation area. As the solution con-

centration Aeq is increased, the value of the diffusion rate R increases, and
the measured rate, kObS, approaches the reaction-limited value, k.. Ka, Ro,
and R are defined in Eqs. 1.3, 3.3, and 3.4, respectively. The values of k0b.
and kr were calculated numerically, with Ro = k-1, using Eqs. 4.1-4.4 or

Eqs. 4.11-4.14, respectively. When kf << kb, most of the molecules are in
the initial state of attachment and the system behaves as though only mono-
valent binding occurs (see Fig. 9). (a) Equal quantities of both membrane-
bound states are present (kf = kb). (b) Most of the surface-bound molecules
are in the second state of membrane attachment (kf = 1000 kb).

procedure outlined above for mechanism I may be applied to
recovery curves obtained for different solution concentra-
tionsAeq* The reaction-limited conditions will correspond to
values of Aeq for which the obtained values of k1, k-1, and
kb do not change with Aeq and for which kf = k3Beq changes
with Aeq according to Eq. 3.1.

If reaction-limited data for a large observation area

are available for at least two solution concentrations,
Aeqi and Aeq2, then one may distinguish between the two
types of bivalent surface-binding mechanisms in that
kf(Aeql) = kf(Aeq2) in mechanism I and kf(Aeql) # kf(Aeq2) in
mechanism II.

Measuring surface diffusion rates

As shown above, the TIR-FPR recovery curve depends in
general on seven characteristic rates (k-1, kf, kb, R, DA//2,

(a)
1.0

x 0.8
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0.6
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x 0.8

C(

0

0.6

0 4 8 12 16 20

KiAeq

(b)
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FIGURE 11 Dependence ofk0b. on the solution concentration for bivalent
binding by mechanism II and a large observation area. As the solution
concentration Aeq is increased, the value of the diffusion rate R increases,
and the measured rate, k,b, approaches the reaction-limited value, k,. Ro
and R are defined in Eqs. 3.3 and 3.5, respectively. The values of k0br and
krx were calculated numerically, with Ro = k.1, using Eqs. 4.1-4.4 or Eqs.
4.11-4.14, respectively. As seen in the insets, kr, approaches k.. as KlAeq
increases. For given values of K1A,q and K?3N, the rate kf (relative to k-1)
was determined using Eqs. 2.6 and 3.1, with k3N/k 1 = (K3N)(kbk -).
When K3N << 1, most of the molecules are in the initial state of attachment
(see Fig. 9). For these plots, (a) K3N = 1 and (b) K3N = 103.

DUlf/2, and DV/I 2, where = s or = 2'r/O). The surface
diffusion coefficients Du and Dv are most easily measured
when the system is reaction-limited, and the recovery curve

depends on only five of these rates (k.1, kf, kb, Du//2 and
DV//2). If the rates k-1, kf and kb have been previously de-
termined by measurements at large observation areas, then
recovery curves obtained with evanescent interference pat-
terns and small periods may be curve-fit to Eqs. 5.3 and Eqs.
5.10-5.12 with the three kinetic rates and 0 as fixed constants
and with Du and Dv as free parameters. The surface diffu-
sion coefficients Du and DV might also be found from re-

covery curves that are not reaction-limited by determining
and fixing DA and R. The solution diffusion coefficient is

\
tn
0

0

kf/k_, =kb/k_,
A 1000

r 109,0~~~~~~~~~~lol(k,./k_,)

r tt--............. , 0.00 1

-1s
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usually known; R may be determined from measurements
for large observation areas and low solution concentrations
(Eq. 4.9).

write G(t) as

f I(r)[Ub(r, t) + Vb(r, t)] d2r
G(t) = f I(r)[Ub(r, t) + Vb(r, t)]to d2r

SUMMARY

The shapes of TIR-FPR recovery curves have been derived
for two mechanisms by which a bivalent molecule may bind
to a planar surface. The theoretical approach is a generali-
zation of the previously developed method for monovalent
binding (Thompson et al., 1981). The results show that the
rate and shape of the recovery curves depend in general on
four kinetic rates and three transport rates. For evanescent
interference patterns, the general solution for the recovery
curve is a sum of five terms that contain complementary error
functions. For Gaussian-shaped interference patterns, the
general solution is an integral over the product of the five-
term summation and the intensity profile. Conditions for
which the recovery curves are reaction-limited and report
information about the intrinsic surface dissociation kinetics
have been defined. Methods for retrieving the intrinsic ki-
netic rate constants and for distinguishing between different
binding mechanisms have been outlined. In addition, the use
of this type of experiment to measure the surface diffusion
coefficient(s) of the weakly bound molecules has been de-
scribed. This theory will be applicable primarily to the char-
acterization ofweak interactions between protein ligands and
substrate-supported planar membranes.

APPENDIX

Derivation of general expression for G(t)

For many experimental conditions, the fluorescence arising
from molecules in solution which are within the finite depth
of the evanescent field but not bound to the surface is neg-
ligible, and the fluorescence collection efficiency is equiva-
lent for all adsorbed species. In this case, the fluorescence
F(t) is

F(t) = Q I(r)[U (r, t) + Vj(r, t)] d2r, (Al)

where Q is the product of the efficiencies of excitation light
absorption and fluorescence emission and detection; the in-
tegral is over all two-dimensional space; I(r) is the spatial
intensity profile of the evanescent field in the sample plane;
the subscript u denotes unbleached; and t is the time that has
elapsed from the midpoint of the duration of the bleaching
pulse. Also, r = (x, y) is the position in the sample plane, and
the spatial origin is defined as the center of the surface area
illuminated by the totally internally reflected laser beam. The
fluorescence intensities before the bleaching pulse, F(-),
immediately after the bleaching pulse, F(O), and after an
infinite time, F(oo), are found from Eq. Al by replacing
Uu and Vu with Ueq and Veq, and [Uu(r, t)],O. and
[Vu(r, t)]to,., respectively. These definitions of F(-),
F(O), and F(oo), with Eq. Al and Eq. 2.1 may be used to

Ub(r, t) = Ueq - U,(r, t)

Vb(r, t) = Veq - Vu(r, t)

(A2)

(A3)

where the subscript b denotes the surface density of the
bleached species.

Differential equations

There are three differential equations that describe the spatial
and temporal dependence of the concentrations shown in the
surface binding mechanisms of Fig. 2. The solutions to these
equations for bleached fluorescent molecules are used to cal-
culate G(t) in terms of the kinetic rate constants, the solution
and surface diffusion coefficients, and the experimental con-
ditions. Although bleached, surface-bound molecules ex-
change with unbleached molecules from solution, the free
binding site density remains constant at the equilibrium value
(Thompson et al., 1981). Thus, because B(r, t) = B is a con-
stant, one can define two general constants, kf and kb (see text
Eq. 2.6) so that the mathematical formalisms for both models
of bivalent surface attachment are equivalent.
The solution concentrations of bleached and unbleached

molecules are denoted by Ab(r, z, t) and Au(r, z, t), respec-
tively, where z is the position in solution relative to the
sample plane. Changes in Ab(r, z, t), Ub(r, t), and Vb(r, t)
arise from diffusion in solution, complex formation/
dissociation, and surface diffusion. The three coupled dif-
ferential equations for these functions are

a
atAb(r, z, t) = DAV zAb(r, z, t)

a
,j Ub(r, t) = klB[Ab(r, z, t)],o

(A4)

(A5)

+ [DUV2 - (k-1 + kf)]Ub(r, t) + kbVb(r, t)
a~~~~~~~

- Vb(r, t) = kfUb(r, t) + DVV - kb]Vb(r, t) (A6)at

where DA is the diffusion coefficient ofA in solution, andDu
and Dv are the diffusion coefficients of U and V on the sur-
face. These differential equations describe the surface bind-
ing mechanisms for both binding models, without specific
reference to a given experimental technique.

Boundary and initial conditions

The difference in the number of adsorptions and desorptions
per area per time is the net flux of molecules to the surface.
Thus, using Fick's first law, one may write

a
DA ;- [Ab(r, z, t)],o = k,B[Ab(r, z, t)]zo - k_ 1 Ub(r, t)

(A7)
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In addition, Ab(r, z, t), Ub(r, t), and Vb(r, t) far from the
bleached region are negligible during photobleaching and
subsequent fluorescence recovery, so that

[Ub(r, t)]lrlo = [Vb(r, t)]1r° °0 (A8)
[Ab(r, z, t)]lrlc = [Ab(r, z, t)],:. = 0

Immediately after the bleaching pulse, surface-bound,
bleached fluorophores have not yet desorbed and

[Ab(r, z, t)], o = 0 (A9)
Assuming that both complexes are bleached with equal ef-
ficiency and that the bleaching process follows first-order
kinetics, then the initial densities of bleached, surface-bound
species are (Axelrod et al., 1976)

[Ub(r, t)]to = Ueq[l-e- KI(r)I UeqKl(r) (small K)
_e-#d(rKIr (mallK(AlO)[Vb(r, t)]to = Veq[ll - VeqKI(r) (small K)

where K is proportional to the bleaching duration, the bleach-
ing power, and the bleaching efficiency, and the approxi-
mations hold for shallow bleaching depths.

Solution

Eqs. A4-A7 may be solved by calculating the Fourier trans-
form with respect to the surface position vector (r -> q) and
the Laplace transform with respect to the normal to the sur-
face (z -* p) and time (t -- co). The equations in Laplace and
Fourier space are

+ q2 _ p2]Ab(q,p ) (All)

-P[Ab (q, z, co)],0 - [Ab(q z, co

[c + Duq2 + k1 + kf]Ub(q, c)-[Ub(q,t)]g o (A12)

= k1B[Ab(q, z, co)]zo + kbVb(q, co)

[Cl + Dvq2 + kb]Vb(q,cg)- [Vb(q, t)]to (A13)

= kfUb(q, a))

DA [dAb(q, Z' ('))(A4

= k1B[Ab(q,z,zc)]zo- k- 1 Ub(q, Co)

In Eqs. All-A14 and in subsequent discussion, transforma-
tions which have been carried out are denoted solely by the
variables in parentheses.

Eqs. All and A14 may be used to solve for Ab(q, p, ) as
a function of [A(q, z, w)],O and Ub(q, co). By inverse
Laplace transforming (p -* z) the resultant expression and
using the boundary condition for z -X o (Eq. A8), one may
obtain an expression for [Ab(q, z, w)],O as a function of
Ub(q, c). This equation together with Eqs. A12 and A13
forms a system of three equations that may be used to

calculate [Ab(q, z, a))]ZO, Ub(q, to), and Vb(q, co) in
terms of kinetic and diffusion parameters. The obtained
expressions for Ub(q, Cl) and Vb(q, Cl) give solutions for
Ub(q, t) = L lUb(q, co) and Vb(q, t) = L't b(q, co). De-
fining a = Co + DAq2, the sum of these solutions is

Ub(q, t) + Vb(q, t)
(A15)

-DAq2TU~ ~ ~ ~ 1X(q, a)1
= e DA '[Ub(q, t) + Vb(q, t)]t,La-t Y(q, a)]

whereX(q, a) and Y(q, a) are given in the main text (Eqs. 2.4
and 2.5). Using the inverse Fourier transform of Eq. A15
(q -> r), and Eq. A10 in Eq. A2 gives a general solution
for G(t) (Eq. 2.2).
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