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Abstract

Standard models of flow of two immiscible fluids in a porous medium make use of an expression
for the dependence of capillary pressure on the saturation of a fluid phase. Data to support the
mathematical expression is most often obtained through a sequence of equilibrium experiments. In
addition to such expressions being hysteretic, recent experimental and theoretical studies have
suggested that the equilibrium functional forms obtained may be inadequate for modeling dynamic
systems. This situation has led to efforts to express relaxation of a system to an equilibrium
capillary pressure in relation to the rate of change of saturation. Here, based on insights gained
from the thermodynamically constrained averaging theory (TCAT) we propose that dynamic
processes are related to changes in interfacial area between phases as well as saturation. A more
complete formulation of capillary pressure dynamics is presented leading to an equation that is
suitable for experimental study.
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1 Introduction

When modeling flow of two immiscible fluids in porous media, the capillary pressure
between the fluids is typically modeled as a function of the saturation of one of the fluids
according to p¢ = f(sV). This capillary pressure function is also set equal to the pressure in
the non-wetting phase minus the pressure in the wetting phase. This approach suffers from
two major shortcomings.

First, the capillary pressure, although measured at equilibrium, is not a unique function of
saturation. At the same saturation, capillary pressure is found to be higher following a
drainage event than following an imbibition event. All values between the high and low
equilibrium capillary pressure at a particular saturation can be reached as equilibrium values
by creatively using sequences of wetting and drying steps. This situation suggests that
capillary pressure may be a function of other variables in addition to saturation [7, 16]. In
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fact, this should not be surprising. At the microscale, the capillary pressure is dependent
upon the properties of an interface and is equal to the interfacial tension multiplied by the
interfacial curvature. This functional dependence is unique. Thus, suggesting that the
averaged capillary pressure is a function only of saturation implies that saturation is a
surrogate for curvature. Depending on how a fluid is distributed in the pore space, its surface
area may take on different forms and curvatures. Thus rather than concluding that the
macroscale capillary function is intrinsically hysteretic, it is reasonable to consider that the
functional dependence is incomplete when cast in terms of fluid saturations alone. As a first
step toward reducing hysteresis, one can obtain expressions for capillary pressure as a
function of interfacial area between fluids as well as saturation [4, 18, 19].

The second shortcoming relates not to the functional form of the equilibrium capillary
pressure relationship but to setting it equal to the pressure difference between phases.
Because the capillary pressure is a property of an interface, it relates to the difference in
pressure at the interfaces at equilibrium. Although the error is likely small in most cases, the
distinction between a pressure averaged over a phase and averaged over a fluid-fluid
interface is typically ignored. Furthermore, for a dynamic system, capillary pressure is not
equal to a difference in fluid-phase pressures. During a redistribution of phases in a region,
saturation, interfacial curvature, interfacial tension, and pressures will all be changing. The
requirement that an interface thermodynamic property be equal to a difference in properties
of adjacent phases seems unreasonable. The difference in phase pressures is sometimes
referred to as a “dynamic capillary pressure” [3, 6, 17]. However, this is a misnomer as a
dynamic capillary pressure should refer to a transient value of an interface property, such as
capillary pressure and/or curvature. For example, the expression “dynamic capillary
pressure” has been employed more appropriately to describe relations that are proportional
to the interfacial tension [5, 23].

Because capillary pressure is equal to the pressure difference between phases only at
equilibrium, efforts have been made to develop equations that account for system dynamics.
The first attempts to account for this disequilibrium seem to have been in the 1970’s [1, 21].
As described in Barenblatt et al. [2], one approach to accounting for the disequilibrium is to
make use of a transient effective saturation. Stauffer [21] postulated that the disequilibrium
is proportional to the rate of change of saturation. The difference between an observed p®
and an equilibrium thermodynamic form of this function has also been hypothesized to be
proportional to the rate of change of saturation [13]. A more complex analysis based on
rational thermodynamics postulated to hold at the macroscale has also led to a similar
relation [10].

Despite these advances in modeling the dynamics of capillarity, the models are still lacking.
Efforts to obtain values for the coefficient that appears in dynamic models have shown a
wide range of variability [11, 15, 20, 22]. One reason for variability in coefficients is that
they are being used to account for some physics that are otherwise overlooked in the
problem formulation. In the present instance, it seems likely that relaxation to an equilibrium
capillary pressure expression would involve both saturation adjustments and redistribution
of fluid within the medium. This redistribution could involve reshaping of interfaces (and
thus alteration of the capillary pressure of the interface) as well as formation and destruction
of interfaces. These processes can occur at constant pressure, but the current formulations
would only allow for disequilibrium due to changing saturation.

This unsatisfactory situation is due, at least in part, to the use of a postulated rational
thermodynamic formulation at the macroscale. Such a formulation is useful in allowing for
dependence on an expanded set of variables to be employed. However, this approach
overlooks subscale variations in thermodynamic variables such as interfacial area density.
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However, the thermodynamically constrained averaging theory (TCAT) offers a means to
develop an improved dynamic expression. TCAT involves averaging established microscale
thermodynamic principles to the macroscale. In doing so, it inherently assures consistency
between microscale and macroscale forms. Additionally, terms arise naturally that account
for microscale variations in macroscale quantities.

Here, we will review the expression that arises in the full TCAT formulation of two-fluid-
phase flow. We will then work with this expression to develop expressions for dynamics in
the capillary pressure equation. We note that this formulation allows for relaxation to
equilibrium based on both saturation changes and changes in interfacial area density. The
functional forms generated can be studied experimentally or through highly resolved
microscale simulations to obtain values or functional forms for the coefficients that appear
in the closure relations that are derived.

2 Entropy Inequality Force-Flux Pair

A full TCAT analysis has been performed for two-fluid-phase flow in porous media [12]. As
part of this analysis a term arises in the entropy inequality that hints at a useful and desired

force-flux form. This expression is denoted here as eﬁT,, with

QWTII:(DW “(Vin — V?) [pw—pn— (V/ “Iy)Yin+Pun iy - g])an,Q 20 1)

where T, is the actual term that appears in the entropy inequality and g™ is the macroscale
temperature of the wn interface obtained using microscale entropy per area of the interface
used as a weighting function in averaging it from the microscale. The microscale terms
inside the averaging operator are beautifully arranged into a force-flux form. This is the term
that gives rise to dynamic aspects of capillary pressure. However, converting the microscale
form to a macroscale force-flux pair is not straightforward. Here, we will examine this term
in detail with the objective of analyzing existing formulations for capillary pressure, and we
will also provide an improved formulation.

We note that a full formulation would require consideration of other force-flux types of
expressions to account for cross-coupling of phenomena. Here we will not make use of these
couplings as they are thought to be of lesser importance than the terms that appear in Eqn
(1). As insights grow, it may be deemed appropriate to make use of these other forces that
impact relaxation of capillary pressure toward equilibrium.

3 Definitions

For convenience, let us first define some of the macroscale quantities that will appear in the
subsequent discussions. First denote as A, one of the microscale quantities that appears in
Eqgn (1) according to

A=y - (Vi — Vg)- (2)
This quantity is averaged over the wn interface so that we obtain the macroscale quantity:

A=A =(0y - (Vo — Va0 ®)
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Similarly, we can define the macroscale quantity By, as:
BH'n:nH' . (vwn - VE)V' i LIS (4)
The microscale curvature of the interface is denoted as J,, where:
=V -, )
so that:
Bun:-I\a,'Awn- (6)
Then the macroscale average of B, is
BW:EWHB“.”:(HW . (an - VK)V, : nn‘)QW",Q- (7)
The macroscale average of the curvature is defined as:
J‘\::'z:<v’ . n“.>meg‘m_ (8)

Although microscale quantities A, and B, are directly related as in Eqn (6), a

corresponding macroscale relation between 47z and g will only exist necessarily when J,
is constant within the averaging volume. We use J,,; to denote the constant value of
microscale curvature in this situation where

_]“,(.:JW:J:::”, 9)

when J,, is a constant. Thus, when the microscale curvature is constant:

B™=J,,cA™. (10)
At equilibrium, Eqn (9) will apply. This relation may also apply in other situations, for
example in the case of spherical gas bubbles expanding in a liquid phase.
For shorthand convenience, we will use the designation

Pwn:pw - pn+pn'nnw ‘g (1 1)

to indicate the microscale pressure difference between the wetting and non-wetting phases
as modified due to the mass contained in the interface between the phases. The macroscale
counterpart of this quantity is:
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P"'=(Pun)q,,.0,,=Pw' = Pp +p""m," - & (12)

where p." (pi™) is the microscale pressure of the w(n) phase averaged over the wn interface

and n""™ is the wn interfacial density weighted average of the normal to the wn interface
oriented to be positive outward from the w phase. Making use of the notational
conveniences, we may rewrite Eqn (1) in three equivalent alternative forms:

eﬁT;/=<An'n(Pwn = JYwn)g,,.0 =0 (13)
or
eﬁT,]=<Bm, (% - ywn)> >0
w Q0 (14)
or
0" Ty =(AunPon = Bun¥un)a,, 0> 0. (15)

Note that the first two forms involve products of factors that all go to zero at equilibrium.
Thus, these are in force-flux forms at the microscale. However, Eqgn (15) is not in this form.
Thus, it is more difficult to see how to make use of Egn (15) in determining macroscale
closure relations for the dynamic evolution of pressure.

One additional term that arises involves the average of the difference between the

microscale and macroscale curvature multiplied by Ay, which is denoted as ,;m according
to:

ewn:((-]w - J::u) n,, - (V\m - VS)>Q“_”.Q’ (16)

which may be integrated to:

=BT — JAT, ()

The quantity 7 equals zero at equilibrium and also under dynamic conditions when
D=

With various macroscale quantities defined, we now perform some manipulations aimed at
examining the possibility of rearranging Eqgn (1), or its equivalent forms of Eqgns (13)—(15)
to obtain macroscale force-flux pairs. As will be seen, this task cannot be accomplished
solely in terms of the macroscale variables thus far defined.
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4 Analysis Based on Ay,

For this analysis, we start with Eqn (13). We add and subtract macroscale terms to obtain;

_n I] (Aun(P“n ::ny‘1’1)>Q Q+<Aun(Pnn - “n - Jw)’lm+J;v::nﬁywn)>gwmg > 0 (18)

The first term may be integrated directly since the macroscale quantity may be removed
from the averaging operator. This calculation gives:

gﬁ 7]=AW(P“" J\‘: ”‘y“n)'i'(Awn(Pwn - Pwn - Jw‘)’uw"']:: ")’M»QWQ 2 0. (19)

For convenience, we will write this as the leading term plus an error term, e“” such that:

HWTU:AW(P"." - rz \1n)+e 0, (20)

where:

n—<AHn(Pun - PM” - ]\1 7/\111+ ]“" Mn))Q‘ oy (21)

Alternatively, we can rearrange this error expression to:

= Pllll )
e:n:(A\m [(szn - )’\rnjw) J“” (_]”" Y‘l’])]> .
Q2 (22)

In both of these forms of the error term, quantities that go to zero at equilibrium are
contained in parentheses and multiply A,,. As demonstrated by Eqn (20), the force-flux

Mn

form in terms of macroscale quantities cannot be achieved unless the term e
accounted for.

is properly

5 Analysis Based on By,

For this assessment, we also start with Egn (13) for convenience. Multiply the factors
together to obtain the expanded expression:

_n

0" Ty=(AvnPun — AwndwYwnda,, 0 = 0. (23)

“wns

Then addition and subtraction of the term A,,,,P,,,,J,./J.." yields:

: Pw PII
0“"T,,:<Am —= Jut+AvwnPun — Aun J;,,’J A\mJ\.y“,,> > 0.

wn
S Q2 (24)

Eqgn (24) may be factored to:
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= P v _.]“-
0“”T;]:<Awn]\1‘ (ﬁ — ’ynv,;) +Au'nP\m (1 - Jn )> >0
s w Q. Q

Wi >

or:

= P, Jw
9“)1TI]:<B\(?1 ( o - ‘yH‘)Z) +Al4'nP\('n (1 = )> 2 0
QM'II'Q

wn ~ Twn
Ji Ji

Now addition and subtraction of the quantity B,,,(P"" — """/ J." yields:

= P I " T
0"’1Ty]=<Bwn (W - Y“")) +<Bn-n (‘IJT - y\u'n‘l"y ‘")> +<A|\'11Pwn (1 - jv‘m )> > O
w Q. Q2 w Q. Q w10y,

The first term may be integrated to provide:

— —=(p"n —

Wn _ pwn wn wn

0"T,=B (]W -y )+ek > 0.
w

—_ P.. — pwn J..
¢"=(B,,. wn — YY" +H A Pon |1 - L .
B ( n ( J-s:n 7 n )’ )>Q‘le < n n ( ]:1',” o 0

Wi

To prepare this error to be compared with ", we first rearrange this expression to:

A

= <A (PWJ::"—P“'"’"‘ Tty )>
e = Wi - wn —'}’mz v y "
; . VG Q.02
and then to:
= " "
e;;"=<AW [(Pwn = Yunhe) = J (, i 7)]) |
7 w Qun- Q2

Wi >

We note that e;__"' will be equal to zero at equilibrium since both A, and the factors in

Page 7

(25)

(26)

27)

(28)

(29)

(30)

(31)

parentheses in this equation will be zero at equilibrium. Furthermore, Eqn (28) indicates that

wn

e must be properly accounted for to obtain a macroscale force-flux form.

6 Comparison of the Error Terms

Eqgns (20) and (28) would be macroscale force-flux pairs if ej:;” and e‘;;”, respectively, were

zero or were themselves macroscale force flux pairs. However, neither of these

circumstances will necessarily be the case. Comparison of Eqns (22) and (31) reveals that
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" and e" differ only by the scale of the curvature that multiplies the second term in
parentheses. Therefore, we can subtract these two error terms to obtain:

_ prn
wn__ _wn Wi wn
eB —eA - <AM,71(JW - ‘]u' )(an -Y )> '
w Q. Q

(32)
The integral expression can be evaluated exactly making use of definition Egn (16) to
obtain:
pr— P— (PM’H ) Pr—
eM'n:e“ﬂ _ e y“ n wn
R Wt (33)

7 Approximations

To this point, none of the equations and identities developed involve any approximations.

wn wn

However, the five variables A™, B™, ", €™, and ;7 have not been specified in terms of
physical macroscale quantities. To be able to proceed toward useful expressions for the
system dynamics involving capillary pressure, we need to evaluate these terms. Exact
expressions are not attainable in general. However, under conditions that are commonly
encountered in porous medium flows, approximations with minimal error are achievable.
We will now develop some approximations that will prove to be helpful. To be clear, in
contrast to the derivation that has preceded, these approximations may be subjected to
improvement based on new insights or information. We believe, however, that the forms to
be proposed are quite workable and useful, and are certainly improvements compared to
currently used formulas for the analysis of the dynamics of capillary pressure evolution.

The need to obtain expressions for 4 and gim in the study of the evolution of interfacial
areas has led to some work to obtain these in [8]. Neither quantity can be evaluated exactly,
but some reasonable approximations have been obtained. These expressions are based on the
exploitation of the averaging theorems as applied to volumes, surfaces, and curves.

It has been shown [8] that if one considers any motion of the solid-phase surface to be
independent of the fluid phase it contacts, the expression for A"" is:

= D"  D'e
AM'IT: + w _ SS e
& Dt (7 = Xuws) Dt (34)

where ¢ is the porosity, sV is the saturation of the w phase, y:* is the fraction of solid surface
in contact with the w phase, and the material derivative moving with the average velocity of
the solid phase is given by:

Dt 0t o (35)

When the solid-phase dynamics are very slow in comparison to the redistribution of the
fluids in the pores, as is usually the case, Eqn (34) may be simplified to:

Adv Water Resour. Author manuscript; available in PMC 2012 June 1.



1duasnuey Joyiny vd-HIN 1duasnuey Joyiny vd-HIN

1duasnuey Joyiny vd-HIN

Gray and Miller Page 9

o’ (36)

Eqn (36) is exact for the case of a non-deforming solid with time independent porosity.

The evaluation of gim is more difficult. For this term, we will make use of the [2, (3, 0), 0]
averaging theorems [9]. When applied to averaging of a constant, the time averaging
theorem T[2, (3, 0), 0] provides:

wn

<(V : nu')nw . an)QM.,,,Q:T—FV . <nwn\\' : V“-">Q“.,,,Q - <nwn . Vuv1s>Q“m.Q' 37

The averaging theorem for the gradient of a function, G[2, (3, 0), 0], provides the following
identity when the function is a constant:

—((V -mn)g, o=Ve" = V- mm)g,, o+Muna,,. 0 (38)

The dot product of Eqgn (38) with the macroscale solid-phase velocity gives:

, _ — ) — = —
—(V -n)n, - VS>Q‘.,~,,,Q:VS'V‘9“ "-V-(n,n, - VS>Q.V,,~Q+(nwnn'>9n-n.Q:dx+<n"‘" : VS)Q\-,”.Q' (39)

Addition of Eqns (37) and (39) provides:

D’?Ewn 5 5 3
Dt +V'<nu'nw ) (vu'n - VA»Q“.”,Q_(IIM'H ) (vwns - v“))Q“m,Q+(nwnw>Q“.n_Q:dba (40)

((V, : nw) n,, - (vwn - v;)>Q,|.,,_Q:

where the quantity on the left is gim. A useful rearrangement can be obtained by adding and
subtracting ™ to the second term on the right. With this step, and evaluating other integrals
as possible, we obtain:

= D" e, T L = Y T o 23 -
BH”: Dt +V.[EHIIGMH‘(V\IH_VX)]_%V.[SH l‘l(w\lf‘l_Gl1n.v\‘ln)]+8Hl"lGHl'l:dAS_<n“vn . (vh.ns _ V3)>Q“‘”j.Q, (41)

where the rate of strain tensor for the solid is defined as:

< 1 < <
== [W+(Vv5)T] ,
2 (42)
w is the average of the normal velocity of the wn interface defined as:
W=,y - Vinda,, 0> (43)

and GW" is the macroscale orientation tensor for the interface defined as:
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Gml:(n“,n“,>Q"wQ‘m . (44)

No approximations have been used in developing Egn (41), but the last term is an integral
term that cannot be evaluated exactly. This integral accounts for the movement of the
common curve relative to the average solid-phase velocity.

The integral in Eqn (41) may be be approximated following [8] as:

Sy e WNS TYS o5
(n . (V _ VE» _SSSD Xws cos s &€ D’e
wn wns Qs Q™ Dr ") = Dr

(45)

where &% is the solid-phase surface per unit volume, y*% is the fraction of the solid-phase

ws
surface in contact with the w phase, (""" is the average contact angle at the solid surface
between the ws and wn interfaces, and £"" is the common curve length per unit volume.
This approximate relation assumes that the contact angle average is decoupled from the
velocity of the common curve. This approximation inherently neglects the contributions of
the dynamic nature of the contact angle to the changes in ", For the case where the contact
angle within an averaging volume is approximately constant, the approximation is exact.
Substitution of Eqn (45) into Eqgn (41) and cancellation of terms involving g . 7 yields

an approximate expression for gi in the form:

Dg"" = .5 . 43 DSy = " D%’ —
+V.[85ﬂ(w“II_GMH.VS)]+83!’IG\1}7:dS_(gSS “SCOS W S,M'ﬂ+ Sil’l ‘45.“",
Dt Dr 7 e Dr ¥ (46)

B

When the solid-phase movement is insignificant, this expression reduces further to:

— a wn — ws

B\1'11= 6t +V . (8\17’1W\A’I’l) _

COS m
o ¥ (47)

We can obtain an alternative approximation for g based on the identity of Eqn (17).
Arrangement of this equation yields:

Bﬁzj:f”Aﬁwﬁ. (48)

Approximation of this expression proceeds first by substituting Eqn (34) to eliminate 4 so
that we have:

D'g" [ D¢’ =
ws +e
Dt Dt

B=T) (—+X -
4

In [8], arguments were made that because == accounts for movement of the wn interfaces
when the microscale interfacial curvature within the averaging volume is not constant, it
may be approximated using a linear representation as:
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ﬁ_ Zwn wno o wn
e"'=—k (8 geq )s (50)

wn

where K" is a parameter that may depend on system variables, and . is the equilibrium
value of ¢"". With this expression, Eqn (49) provides an alternative approximation to gi:

D?sw +XSS DESS
Dt 7" Dt

B=J" ( ) )

(51)

This form also may be simplified for the case where the solid is relatively immobile to the
expression:

= 0" =, ,
B\‘l n =J\4.I‘l _ kN n 8“'}’, _ 8“ n .

Eqns (46) and (51) are alternative forms. Additionally, their simplified versions based on
relatively slow solid dynamics given in Eqns (47) and (52) may be used interchangeably.

Although we have expressions for averages of Ay, and By, we cannot make use of these
directly in Eqn (20) or Eqgn (28) to obtain a force-flux pair in terms of macroscale physical

variables because of the presence of the residual terms €' and €. Thus to proceed with
this analysis, we must make suitable approximations for these residual terms under various
conditions. One way to do this is to consider the way in which experimental studies are

performed to determine capillary pressure-saturation relations [14].

8 Estimates of Residual Terms

The relationship between capillary pressure and fluid saturation is typically investigated
experimentally by making stepwise changes in the difference between the pressure of the
two fluids and allowing the system to equilibrate before quantifying the resultant fluid
saturations. The equilibration process involves rearrangement and reshaping of the interface
surfaces as well as flow of the phases into or out of the study cell. It is reasonable to
consider that the pressures of the phases and the interfacial tension are constant during the
equilibration process. Thus we will consider the case where:

Pwn:le (53)

and:

Ywn =)’wn . (54)

With these stipulations, Eqn (22) for €' simplifies to:

e:'n: _ )’“W<An-n(-/w _ J:::"))meg: _ yn-neW. (55)
This suggests further that the more general Egn (22) be arranged to the following form:
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‘:_ ,yun Mn+(Ahr1(Pnn - PM") Bun()’un y“ﬂ))QW,,,Q' (56)

For purposes of subsequent discussion, we denote the error due to the difference in pressure
differences and surface tension differences between the microscale and macroscale,
respectively, as:

€' =(Aun(Pun — P"" o, 0 57)

and:

6;712(31\71(7un 7 n)>Qun ! .

Therefore Egn (56) may be written as:

\4 11 WH _WF 1 ’l n

-y e —e; . (59)

In this expression, ,# accounts for disequilibrium due to the distribution of the microscale

wn )1

interfacial curvature within the REV, e," accounts for the distribution of pressure

wn ﬂ

differences across an interface, and e, accounts for the distribution of interfacial tension.
Thus whenever variability of either curvature, pressure difference, or interfacial tension
within the REV may be considered negligible, its corresponding residual term may be
neglected in the formulation.

For the special case under consideration here with the pressure difference and interfacial

tension distributions neglected, Eqn (31) for e“" reduces to:
— prn P =
M= — — <Aun(«]\| ]::”)) - _ Twewn.
? Jw Qom0 (60)

Therefore rearrangement of Eqn (31) such that this portion of the error is the leading term
gives:

L/ p——

W P 1) Wi
eBn: J]‘:" i +<Ann(P1m P n) - Bwn()’wn - n))Q",",Q ©61)

or, making use of definitions given in Eqns (57) and (58):

P o= = .
v wn wn wn
=——€e '+e —e, .
B wn P Y
I (62)

wn 11 wn 11

Based on these expressions, we will be neglecting e,” and e,". Typically studies of capillary
pressure relations are performed under conditions Where the interfacial tension is a constant.
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This, of course, precludes the study of cases where the interfacial tension is evolving due to

coincident heat transfer or compositional changes of the phases. The neglect of e;_'” is
employed in consideration of the fact that pressure equilibration occurs at a faster rate than
the shape of the interface, which will reshape in response to the pressure in the phases.

mn__ \1 Il

Finally, in cases where J,, = Jyc, We obtain e“ . =0. This corresponds to a case where the
microscale interfacial curvature within the averaglng region is a function of time, but has the
same value at any point on any interface segment as the system approaches equilibrium.

9 Expressions for Capillary Pressure Evolution

HN

Eqn (59) is the general expression for €. When disequilibrium due to a non-uniform
pressure difference profile and non- unlformlty in surface tension are ignored, substitution
back into Eqn (20) provides the relation:

_’ =

6 ”_A\\TI(PHH ]\1::}’1,}/\471) _ ,ywnen'n Z O’ (63)

or after substitution of the approximation given by Egn (50):

Q)WITI]:AH'V[(P\\‘H _ J:::n’)/‘1'n)+y\1"7k\1"l (Sll'l‘l _ 8‘61‘;;2) Z 0. (64)

The coefficient K¥" is a function of system variables. In an effort to obtain a force-flux form,
let us write this coefficient in terms of another variable k"™ where:

— J:::ﬂ Wn —
khn:( y _ l)k\]l”.

Pu‘n (65)
Substitution of Egn (65) into Eqn (64) and rearrangement gives:
J— J— )/“'"A ( )
0{1'717" - [AM’H _ _.k\l'l‘l 8“‘]7 _ \|I1 ](PHIT J‘\::l1yl1'l7) 2 O.

n pyn 1 (66)
This is a force-flux form that suggests the linear relation:

- Aﬁ _ ﬂpl'l? ( wn _ A\ I'l) PH n jh'n wn

Ty pwn 1 \é ’eq w Yo ©7)

Then substitution of the approximation for 47 as given by Eqn (34) and for P"" as given by
Eqgn (12) yields:

S W s wn
P - w ss D’e Y 'I;u'n wn wn\| _ wn___wn, wn_wn J\an wn
T, (€ Dt +(s _/\/n'x) - — & =& =Py —Py to My, 8- i

Dr pur— pyneprmi” g ! i (68)

For purposes of examining the most important processes, we can consider the solid-phase
motion to occur at a much longer time scale than the time scale over which fluid-fluid
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interface dynamics are operative. Also, consider the mass per area of the interface to be
negligible and denote the capillary pressure as:

c

pr==y"I" (69)

Thus Eqn (68) becomes:

wn

as” y -~
- wn W wn — WH C
Ty € ot + wn n'nkl (é‘ - geq) =Pw — Pn TP

Pn — Pw (70)

This is an extended form of the usual equation for relaxation of the capillary pressure to
equilibrium. Before discussing this relation further and considering special cases, we will
develop an alternative form based on Eqn (28).

Substitution of the expression in Eqn (62) into Eqgn (28) retaining only the term accounting
for disequilibrium in curvature gives:

eﬁT _Bﬁ( Wi B y“.”) B Pnﬂ eﬁ S 0
n— Twn ; = U
T T an

Substitution of Egns (50) and (65) into Egn (71) yields:

— = (P P Sy n
g\lﬂT’]:B\\”( _ ,y""l) + k\in( y _ 1)(8“" _ 8“”) Z 0'

T Bt o\ pen e (72)
This relation can be rearranged into the force-flux form:
=57 Ty o) ) 2o
This suggests the linear relation:
R e

Then substitution of Eqn (46) and introduction of the expression for pressure from Eqn (12)
into Egn (74) gives:

D_fs\rn — _ _ DFXSS gns S 5 .
?B +V. [8\111 (w\uz —G". VA)] +8"GdE — &5 ws COS(/J“ swn - Singo“ SR _ k»lm (g“" _ ‘S;(;)
Dt ! Dt g Dt
wn Wiy WR W
_pw ~ Pn ton, - g _ _yn'n
T (75)

This general form is simplified when the interfacial density per area is negligible and the
solid-phase dynamics can be ignored to obtain:

Adv Water Resour. Author manuscript; available in PMC 2012 June 1.



1duasnuey Joyiny vd-HIN 1duasnuey Joyiny vd-HIN

1duasnuey Joyiny vd-HIN

Gray and Miller

wn ws
68 +V ( wn \| l'l) _ 68 COS(P” s.wn kl\n( wn _ 8\!"7):| pl\

Page 15

wn

- P
nr (76)

eq

ot ot

Despite their different appearance, Eqns (70) and (76) must be equivalent forms since they
were developed under the same set of assumptions. Because of the equivalent definitions of

B given by Eqns (47) and (52), it is straightforward to rearrange Eqn (76) to show that:

7, =T (7

Eqgn (76) indicates that the relaxation to equilibrium can be monitored in terms of the
interfacial area density changes without inclusion of the rate of change of saturation.
However, this approach does require knowledge of the average of the normal component of
the microscale wn interface velocity, the rate of change of the ws interfacial area density,
and the contact angle. Egn (70), though no more valid than Eqn (76), seems easier to work
with.

10 Discussion

The combination of terms that has resulted from the TCAT analysis, including averaging of
thermodynamic relations, has given rise to Egn (20), which can be rewritten making use of
Egns (12), (36), (59), and (69) as:

W

S :
\|}’l hn_ H}’l‘ wn “n wn H"I W wn
0" Ty=e—— £ (p“ +p""'n;, g+p) y"e +ep -, >0 78)

This equation is obtained with the following considerations:

» solid-phase dynamics are considered to be negligible in comparison to fluid-phase
dynamics related to capillary pressure transients;

» the phase pressures that impact capillary pressure dynamics are the averages of the
fluid-phase pressures over the fluid-fluid interfaces;

» capillary pressure at the macroscale is the average interfacial tension multiplied by
the average interfacial curvature;

o relates to the dynamics of interface reconfiguration during dynamic changes of
capillary pressure and is zero when the microscale interfacial curvature is constant
and at equilibrium;

e relates to the dynamics of pressure equilibration within an averaging volume
and is zero when the difference between microscale fluid-phase pressures is
constant and at equilibrium; and

e} relates to the dynamics of interfacial tension and is zero when the microscale

interfacial tension is constant and at equilibrium.

We can now examine some special cases, proceeding from the simplest to the more
complex.
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10.1 Equilibrium

The equilibrium statement of a capillary pressure relation arises directly from the microscale
rather than as a special case of Eqn (78). At any point on the interface, the microscale
capillary pressure, p. is defined as:

Pe=— Ywndw. (79)

This definition is independent of the pressures in the fluids on each side of the interface. At
equilibrium, the statement of a balance of forces at a microscale point on the interface is:

Pw — PrntPwnlly - 8+ p=0. (80)

Averaging of this expression over the interface then yields:

wn whn Wn__wn

Py = pn ey - g+ pt=0. (81)

When the product of the density of the interface with the average vertical component of the
unit normal outward from the phase on the interface is negligible, the term accounting for a
pressure jump across the interface due to gravity can be neglected. Additionally, the
distinction between the fluid-phase pressure averaged over that phase or averaged over the
fluid-fluid interface is typically implicitly considered to be unimportant so that the
equilibrium capillary pressure is given as:

p" = p"+p=0. (82)

10.2 Simple Dynamic Model

The simple dynamic model is one that has appeared as the model for inclusion of capillary
dynamics. In fact, it is a simplified model of these dynamics. To obtain this model

wn

proceeding from Eqn (78), one assumes that the pressure difference deviation term, e,,", and

the interfacial tension deviation term, €,", are both negligible. Of particular note is the fact

that the term, i, involving rearrangement of the interfacial curvature distribution is also
neglected. Additionally, the interfacial mass density term is considered small, and the
surface average pressures are replaced by the volume averaged pressures so that Egn (78) is
reduced to:

AL}

S
HH'I‘IT — W _ I1.+ C 2 O.
n=E5 (p" = p"+p°) 83)

Then, based on the idea that this is a force-flux form, the linearized expression is given as:

_— asw' W }7+ C
T,.E—=p —p +p°,
A& 5 I P i ®4)

which may alternatively be obtained directly by manipulating Eqn (70).
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This equation indicates that the only dynamic process that gives rise to disequilibrium
between capillary pressure and the phase pressures is the rate of change of saturation. This is
an important observation on a number of scores. First, the formulation of Eqgn (84) is
obtained directly when using a rational thermodynamics approach at the macroscale. Such
an approach inherently applies the concept of local equilibrium to an averaging volume such
that thermodynamic variables are ascribed at that scale. Thus, specification of capillary
pressure as a single variable at that scale overlooks the possibility of subscale variation of
this thermodynamic property. On the other hand, if one makes use of the TCAT approach
and averages microscale thermodynamics to the macroscale, the impact of subscale
variations is retained in the formulation. It can be eliminated through assumptions, but one is
forced to identify explicitly any assumptions and therefore consider them as sources of error
in matching data to theory.

Second, Eqgn (84) does not account properly for disequilibrium due to the dynamics of
interfacial rearrangement at constant saturation. This process would seem to be important. In
fact, when running an experiment to measure the capillary pressure-saturation relation, some
relaxation of the system will occur even after the flow into the test cell has ceased. The
rearrangement of interfaces is an important process that is not accounted for in the
expression on the left side of Eqn (84). This means that experimental observations employed
to obtain the parameter, 75, by measuring pressures and saturation as a function of time will
not provide particularly useful information if interface non-uniformities are important. The
problem is that based on Eqn (84), za will have to serve as the parameter that relates to the
influence of saturation changes on capillary dynamics and also will have to account for the

physical dynamics of interface reshaping as embodied in the term 7. Not surprisingly,
experimental studies have demonstrated great variability in 74, which has not been
explained. Based on the present analysis, at least one component of this variability seems to
lie in the neglect of some of the system dynamics in formulating the equation for capillary
pressure evolution. When the curvature is uniform within the averaging volume, Eqn (84)
might seem to have greater utility in modeling the system. However, the presence of a solid
phase with its distribution of pore sizes and corners would seem to preclude the case of
uniform curvature in most instances.

10.3 More Complete Dynamic Model

With reference to Eqn (78), a complete model of capillary dynamics will result if all of the
terms are accounted for in the formulation. However, in most studies, the interfacial tension

wn

is considered constant so that e, as defined in Eqn (58) will be zero. Additionally, the
difference in pressure difference is expected to become uniform much more quickly than the

wn

interfaces will reach a uniform profile. Therefore, ¢,” can be neglected relative to y“‘”eﬁ,
except, perhaps, at very small times after a change in pressure. The challenge then becomes

to develop a form for ;7 that both properly accounts for the physics and is useful in
obtaining a linearized force-flux form. In [8], the assumption was made that 7= is linearly

wn wn Wn__ _wn

proportional to £"" — &.g where &.q'=g¢4 (s”, J;,") and the coefficient of proportionality is
denoted as K"". Whether, indeed, this relation is linear should be studied experimentally.

wn

The state function &&q (s™, Ji.") is an inversion of the function p® (s%, £¥")/y"" obtained under
equilibrium conditions. This observation carries the implication that if p° is not a function of

", then the importance of J# in describing capillary dynamics is negligible. The parameter
KW must be a function of system properties, and the considerations for obtaining the force-
flux form have resulted in the form given by Eqgn (65), indicate it can be expressed in terms
of the macroscale variables when contributions due to interface density are negligible as:
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7(\“'”: ( 1) _ 1)7(\?71.

pn _ pn' (85)

For the case where the macroscale fluid pressure obtained as an average over the wn
interface is approximately equal to the average of the pressure over its phase, Eqn (70)
becomes:

- os" “w y ) , .
[8 Y Ak‘;n (gnn 8:&1)} pn pn 1)( .
(86)

This equation contains two parameters that must be obtained to model capillary dynamics.

Experimental studies may indicate an appropriate functional form for z, and for 75}”’. For the
expressions here, if they are treated as constants, we see that the approach of the interfacial
area densities to equilibrium will be slower at small saturations where p" — p¥ becomes
large. This seems reasonable from physical considerations of the reduced mobility of the
wetting phase at low saturations and also has implications for the measurements of the
equilibrium capillary pressure as a function of saturation and interfacial area. Measurements
made at low saturations will require a longer equilibration time than those made at larger
saturations.

Finally, based on Eqns (76) and (77) as well as the considerations in this section, the
alternative to Eqn (86) that can be used to model capillary dynamics is:

+V'(8W”Wﬁ)— cos m_?m & _ Y| = (0" = ).
£ 5 COS® ) ( eq) (P =p"+p°) -

This equation can be compared to Egn (86). Note that the right sides differ only by a minus
sign. Therefore, the expression in brackets in Eqn (87) scaled by —""/p® will equal the
expression in brackets in Eqn (86). This equality is consistent with the evolution equation
for &M derived in [8].

11 Conclusion

The issue of capillary dynamics is one that has received increasing interest in modeling
multiphase fluid flow in porous media. Here, we have shown that based on thermodynamic
expressions averaged from the microscale to the macroscale, the relaxation of a system
toward the equilibrium equality between fluid pressure differences and capillary pressure is
dependent on both the rate of change of saturation and the rate of adjustment of the
interfacial area density to an equilibrium configuration. This latter feature does not emerge
in methods that propose system thermodynamics at the macroscale. Based on the TCAT
approach to thermodynamics, the elements and assumptions that are incorporated in a
dynamic expression for capillary pressure dynamics become explicit. The expectation that
interface rearrangement as well as saturation changes are important to the dynamics suggests
that efforts to parameterize an equation that does not account for this process neglects
important system physics.
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Abbreviations

Roman letters

A

B

PWn

velocity of the normal fluid-fluid interface velocity relative to the macroscale solid-
phase velocity

velocity of the normal fluid-fluid interface velocity relative to the macroscale solid-
phase velocity multiplied by the interfacial curvature

rate of strain tensor

error or deviation terms relating to interface curvature dynamics

error or deviation terms relating to pressure dynamics
error or deviation terms relating to interfacial tension dynamics

geometric orientation tensor
gravity vector

microscale surface curvature defined as the surface divergence of the outward
normal from phase w

denotes case when J,, is constant within an REV

macroscale surface curvature defined as the average over the wn interface of the
surface divergence of the outward normal from phase w

generation rate coefficient for interfacial area
modified generation rate coefficient for interfacial area

outward normal vector from w phase on its boundary

= (nw)gwn, Qun, pwry density weighted average of ny, over the wn interface

tangent vector to the wn surface and outward normal from the bounding common
curve wns

microscale function at the fluid-fluid interface equal to the pressure in the wetting
phase minus the pressure in the non-wetting phase plus the jump in pressure due to
the density of the material in the interface and gravity

average of P,,, over the wn interface

fluid pressure

saturation

term appearing in the full entropy inequality
time

velocity

average of the normal component of the velocity of the wn interface over the wn
interface
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Greek letters

wns

M

L FU TS

interfacial tension

porosity

volume fraction of the s phase

specific surface area of the s phase

volume fraction of the w phase

area of the wn interface per averaging volume

length of the wns common curve per averaging volume

temperature

mass density

coefficient in linearized force-flux relation for capillary pressure dynamics

average contact angle between the ws and wn interfaces

fraction of the solid surface in contact with the w phase

spatial domain of the averaging volume

domain of the wn interface within the averaging volume

Subscripts (for microscale) and superscripts (for macroscale)

A
B
c

C
eq

ns

SS

wn

wns

WS

Symbols
v

subscript associated with average of A

subscript associated with average of B

constant value

used with p to indicate capillary pressure

equilibrium value

non-wetting-phase qualifier

qualifier for interface formed by the intersection of the non-wetting and solid phases
solid-phase qualifier

solid surface qualifier

wetting-phase qualifier

qualifier for interface formed by the intersection of wetting and non-wetting phases

qualifier for common curve formed by the intersection of the wetting, non-wetting,
and solid phases

qualifier for interface formed by the intersection of wetting and solid phases

surface divergence vector
above a superscript refers to a density weighted macroscale average

above a superscript refers to a uniquely defined macroscale average with
the definition provided in the text
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! vector tangent to a surface
n a parameter defined at the scale indicated by the subscript or superscript
on the parameter
(Fa)ﬂb,ﬂc,f
[ fFade|/| [ fde o
=\g, o. ), general average of a property associated with entity
a
(Fdo,0,
Fo=| [Fodr|/| [dr
= o, o, ) macroscale volume average of a a phase
(interface) property over the phase (interface)
(Fa)ﬂa,ﬂa,pa _
Fa: fp(l'F(l’dr / fp(l/dr . -
= Q, Q, , density weighted macroscale average of a

property of an entity over that entity

o = (Fa>Qaﬂygaﬂ, average of a property of phase a over the af interface
D4/Dt material derivative, /& + v&.V

Abbreviations

REV representative elementary volume for averaging from the microscale to the
macroscale
TCAT thermodynamically constrained averaging theory
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