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ABSTRACT

RUITUO FAN: Learning Latent Community Structures in Network-based Data
(Under the direction of Shankar Bhamidi, Nicolas Fraiman and Andrew Nobel)

In this thesis we study two models that incorporate latent group structure related to net-
works. In particular, for the first part we introduce a new multitype recursive tree model
called Community Modulated Recursive Tree (CMRT) that assigns group labels to vertices in
a way similar to the popular stochastic block model for random graphs. Then we introduce a
closely related population dependent branching process, and proceed to derive some of CMRT’s
asymptotic properties based on that, including limiting degree distribution, a tightness result
for maximal degree and almost sure convergence of height. For the second part, we study
a collection of random processes driven by certain latent community structure in a network
and show that global optimum of K-means criterion can recover the groups exactly with high
probability given enough observations across time. We shall also discuss other algorithms, and
their performance is assessed in a simulation study. For the third part, we focus on a vector
autoregressive model driven by stochastic block model, as a special case under the framework
considered in the second part, but with change points. We show that this model can be studied
under the structural break framework, given that the community structure is fixed and known
(or can be recovered from algorithms). We also propose an algorithm for the general case where
both communities and edge probabilities change across time, and its performance is compared

with other methods in numerical experiments.
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CHAPTER 1

Introduction

Graphs representing real systems are not reqular like. They are objects where

order coezists with disorder. —— Santo Fortunato [{1]

Given a population, oftentimes we can divide it into groups such that objects within the
same group are more similar to each other than outsiders. In different contexts, these groups
may be referred to as classes, types, clusters, blocks, modules, communities, etc. And in some
cases groups are known explicitly, and the focus is on predicting group assignment based on a
set of covariates. This problem is known as classification under the framework of supervised
learning. In other cases however, the groups are not given and have to be learned. And a
central issue in this unsupervised learning problem is that of clustering, which aims to partition
the population into groups consisting of similar objects. To these ends, various algorithms have
been developed: the distribution-based Gaussian mixture model [103], the centroid-based K-
means algorithm [65], the dissimilarity-based hierarchical clustering [55], just to name a few.
Naturally, there is no universal clustering scheme that works for all problems, and successful
algorithms have to adapt to the population of interest. Throughout this thesis, we shall focus
on problems motivated by a special class of population, namely that of networks and graphs.

Over the past decades, the world has seen an emergence of networks in various fields such as
computer science, biology, sociology and physics. Driven by the need to understand these net-
works, many classic statistical problems have been reformulated in the context of networks and
became active research fields on their own. As a canonical example, the problem of clustering
for networks now takes on the name “community detection”, borrowing the terminology from
social science. These “communities” can be found in many networks representing real systems.
In sociology from which the term is coined, people are organized by hierarchies of communities,
from families to nations, and these communities have been studied for decades [26][42]. In com-
puter science, websites form communities based on relevance of topics and these communities
may be detected by hyperlinks for example [40]. The advent of internet era has also given rise

to online communities such as those in social networking service (SNS). In biology, communities



may correspond to compartments in food webs [58], or modules in protein-protein interaction
networks [100]. In all of the examples given above, there typically exist more “links” within
each community, and fewer between different communities. However, the communities per se
are not defined through these links, but rather that we hope to detect them using information
encoded in the links.

Community detection is important for multiple reasons [41], and we will just list a few
here. First, networks have grown so large, to the size of millions or even billions of nodes,
that we need better tools just to represent them, and community structure can provide a
parsimonious way to achieve that purpose. This may, for example, lead to better visualization
of large networks. Moreover, many real world network systems display a hierarchical structure
characterized by nested communities, e.g. the pyramidal organization in business. In these
cases, communities are essential building blocks of the whole system. Second, communities
can reveal structural properties of the network. Nodes sharing a large number of edges with
other community members may play a central role in maintaining the community structure,
such as hubs in traffic networks and opinion leaders in the network of media users. Nodes
lying on the boundaries between communities, on the other hand, may serve crucial mediation
or communication role. Finally, communities also has important practical implications, e.g. in
building efficient recommendation system for online retailers, or designing better data structures
for navigation. After all, these applications are intrinsically related to communities being a
useful tool to better understand networks.

The study of community structure can be traced back to Stuart Rice [91], who in 1927 did a
research on the identification of blocs in small political parties based on voting behavior. Now,
almost a century later, sociologists, computer scientists, biologists, physicists, statisticians, etc.
all enter the game and much work has been done to develop various community detection
algorithms. While clustering algorithms for non-network data like hierarchical clustering can
be carried over to community detection, these generic methods are known to work not so well
for real-world network data [81] and this has led to active development of clustering algorithms
tailored for networks. In modern days, any practitioner who wishes to conduct some kind of
community detection has to choose from a mass of algorithms. To list just a few popular ones,
there are the divisive algorithm based on edge betweenness proposed by Girvan and Newman
[46][82], a large variety of modularity-based methods starting from the seminal work of Girvan

and Newman [82], and spectral clustering [92].



While there is some truth to the saying “clustering is in the eye of the beholder” [38], it is still
important to have models under which algorithms can be assessed through their performance.
As an example, popular clustering algorithms such as expectation-maximization (EM) and K-
means are known to perform well under Gaussian mixture model [66][103]. In the context of
community detection, stochastic block model arguably plays a similar role.

In random graph theory, stochastic block model (SBM) generates a graph as follows. First,
vertices are partitioned into two or more groups (usually referred to as blocks). And in many
cases the group labels are chosen independently for each vertex according to a vector specifying
the probabilities of belonging to each group. After the labels are determined, each pair of
vertices are connected independently at random with probability that depends only on their
group labels.

To assess the performance of community detection algorithms, most results focus on either
exact recovery (also called perfect recovery), which seeks to recover the true partition with
high probability, or partial recovery, which only requires a constant proportion of objects to be
clustered correctly. For stochastic block model with n nodes, both recovery problems depend
on how edge probabilities scale as n increases. The cases where edge probabilities are of order
©(1), O(logn/n) and O(1/n) are called dense, semi-sparse and sparse, respectively. As graph
gets sparser, it becomes harder to recover the communities, and two types of barriers show
up: statistical and computational. Statistically, one is interested in when recovery becomes
impossible. For partial recovery, the barrier is shown to lie in the sparse domain under the
special case of two equal-sized communities [71][76], and for exact recovery of (any number of)
equal-sized communities it is in the semi-sparse domain [2]. For both problems the thresholds
are known explicitly, under which recovery becomes impossible. On the computational side
of things, one is interested in the existence of feasible algorithms (e.g. polynomial-time) that
can get the job done. Typical algorithms studied in the literature include spectral methods
[59][71][19][61], belief propagation [29][77] and semi-definite programming (SDP) [1][48][49][4].

In the two models we consider however, we shall deal with two classes of population that
are related to yet different from the random graphs stochastic block model is used to model.
The first population is random recursive trees. Contrary to usual graphs, here we have built-in
hierarchical structure and the problem is connected to that of information flow on trees [78].
The second model is for collections of Gaussian processes with network-based correlations. In

this case we do not have access to the network itself and aim to extract information about latent



communities from noisy signals observed across time. And as we shall see, the problem here

can be reformulated to relate to Gaussian mixture model.

1.1 Community Modulated Recursive Tree

A recursive tree of size n is a rooted tree labeled {1,2,...,n} such that paths from the root
to any vertex have increasing labels. The word “recursive” comes from the fact that these trees
can be generated recursively and are used to model a growing population. Therefore, instead of
thinking about a single tree, it is better to have in mind a collection of growing trees, which are
sometimes referred to as a recursive tree without specifying the size. In these cases a recursive
tree is viewed as a stochastic process of nested labeled trees. As an example, consider a private
club where members meet weekly. At each meeting, one member is asked to invite a new
member next week. Then as long as everyone accepts the invitation and no one quits, the club
will keep growing and we can model the invitation process by a recursive tree. More precisely,
we treat members as vertices, and label them by the order in which they join the club. Each
time a newcomer arrives, we connect that person to the member who invited her. It is clear
that the random graphs generated this way form a recursive tree. Moreover, if the member who
sends out invitation each week is selected uniformly at random, we get the so-called uniform
recursive tree (URT).

From a statistical point of view, URT serves as a natural null model for recursive trees.
Given that, the next thing one may look for is possible alternatives. For our work, we introduce
an alternative to URT that allows for group structure in the spirit of the celebrated stochastic
block model. Just as stochastic block model can be viewed as an alternative to the Erd6s-Rényi
model, where each pair of vertices are connected independently with the same probability, our
model, which we shall refer to as Community Modulated Recursive Tree (CMRT), generalizes
URT in a similar way to allow for latent group structure. Specifically, whenever a new vertex
gets added in CMRT, it is assigned type ¢ with probability p;. Then it chooses type j with
probability ¢;; and connects to one vertex of that type uniformly at random. When there is
only one type, CMRT reduces to the usual URT.

Since URT has been studied extensively in the literature and many of its properties are
well-known, it makes sense to compare CMRT with URT in hope of understanding their differ-
ence. Therefore we look at three important properties of random trees, namely limiting degree

distribution, maximal degree and height. For CMRT of two types, we derive the limiting degree



distribution explicitly and note that it is different from that of URT except for certain special
cases. For maximal degree and height however, we show that they both scale like logn asymp-
totically in non-trivial cases, just as in URT. In fact, we are able to establish almost convergence
of height to the same limit as that of URT, except for some special cases. We shall also mention

the study of subtree sizes and the related root-finding algorithm.

1.2 Recovering clusters from covariance structure

Under the Gaussian setting, Gaussian mixture model is one of most prevalent models
around. The model consists of n i.i.d. observations, each distributed as a mixture of K Gaussian
distributions called components. There are also n latent variables specifying the component for
which each observation belongs to. Typically these latent variables are sampled from a multi-
nomial distribution.

While there are many things one can do with Gaussian mixture model, we are particularly
interested in using it to assess performance of clustering algorithms through error rate. As could
be expected, separation between Gaussian components in the mixture is an essential factor here.
Intuitively, the larger the gaps are between means of components compared to variances, the
easier it is to recover the true partition.

From the point of modeling group structure, we see that groups in a mixture model are char-
acterized by difference in parameters of their distributions, while the observations themselves
are independent. In our work we take a different perspective and consider a collection of corre-
lated Gaussian vectors with the same mean. We index their coordinates by time, making them
Gaussian processes. In fact, our model is motivated by a vector autoregressive model where
the coefficient matrix is specified by an adjacency matrix with certain community structure.
The correlation we consider here are two-fold. First, each process is correlated across time, so
the vector we observe will have dependent coordinates. Second, the processes themselves are
correlated based on some group structure. Roughly speaking, we assume that processes within
the same group are more correlated than those from different groups. Then under certain con-
ditions, we are able to show that global optimum of K-means criterion can recover the true
group partition exactly given enough observations across time.

We shall also consider algorithms applied to the sample covariance matrix, including K-

means, spectral clustering and an iterative algorithm, similar in spirit to Lloyd’s algorithm for



K-means, that fits a blockwise constant approximation to a given matrix. Performance of these

algorithms are then assessed in a simulation study.

1.3 SBM-driven VAR model with change points

As a special case and motivating example for what we consider in the previous part, we
focus on a vector autoregressive model where the coefficient matrix is a scaled adjacency matrix
generated from certain stochastic block model. In addition, we introduce change points into
the model, and allow both communities and edge probabilities to change across time. Our goal
is to detect the true change points, given that their number is known explicitly.

Gudmundsson [47] studied a similar and more general model (with normalization instead
of scaling) without change points, and showed that a spectral clustering based method can
partially recover the communities. While one may also choose to use other algorithms, e.g.
K-means based methods discussed in previous part, existing theoretical guarantees typically
break down. On the other hand, in cases where the community structure is fixed and known (or
can be recovered from algorithms), we show that this SBM-driven VAR model can be studied
under the structural break framework.

We will also propose a change point detection algorithm for the general case where both
communities and edge probabilities vary across time, and compare its performance with other

methods using simulated data.



CHAPTER 2

Community Modulated Recursive Tree

Trees are everywhere. From real botanical trees seen in daily life, to abstract data struc-
tures used in computer science, these hierarchical forms first created by nature are also adored
by us humans. Quite naturally, trees are often grown recursively. In probability models for
rooted trees labeled {1,2,...,n}, this means that paths from root to any vertex have increasing
labels. These recursive trees have been studied for decades, with applications to epidemics [74],
pyramid schemes [43][44], convex hull algorithms [70] and modeling family trees of preserved
copies of ancient or medieval texts [80], where vertices represents people or texts that arrive
chronologically and are labeled by time.

In many applications, uniform recursive tree (URT) is the model actually used. As any
recursive tree, it can be defined recursively. First, URT of size 1 is just a single vertex 1.
Assuming that URT of size n is already defined, then URT of size n + 1 is a tree formed by
attaching vertex n + 1 uniformly at random to a vertex in a URT of size n. It is not hard to
verify that this actually produces a recursive tree. Alternatively, a URT of size n can be formed
by choosing uniformly at random a tree from all recursive trees of size n.

Of course there are other alternatives for modeling recursive trees. For example, preferential
attachment [13], because of its power law degree distribution, is favored in the complex network
community where real data exhibits this scale-free property. There are also variants of URT that
introduce choices to the attachment rule. Instead of choosing one existing vertex, these models
choose k previous vertices (with or without replacement) as candidates, and connect the new
vertex to one of them based on certain optimization criterion. D’Souza et al. [37] investigated
criteria such as selecting the candidate with maximal or minimal depth (i.e. distance from
the root) or maximal degree, and Mahmoud [68] discussed models where the candidate with
largest or smallest label is chosen. These models typically lead to improvement in statistics
used as the optimization criterion (e.g. asymptotic maximal degree becomes larger if candidate
with largest degree is chosen). Related to these models there is the so called scaled attachment

random recursive tree (SARRT) [34], where at the n-th step the new vertex n is connected



to vertex |nX,|, with X;, Xs,... being a sequence of i.i.d. random variables taking value in
[0,1). When X, follows uniform distributions, SARRT reduces to the usual URT. And when
the random variable tends to take smaller values, new vertices are more likely to connect to
existing vertices with small labels.

However, all of these alternatives are still homogeneous in the sense that attachments are
made according to the same rule for each vertex, no matter how complicated. In hope of
modeling heterogeneity, we introduce an alternative to URT that incorporates group structure
so that vertices in different groups behave differently. Just as stochastic block model can be seen
as a heterogeneous alternative for the Erdés-Rényi model, our model, which we shall refer to as
Community Modulated Recursive Tree (CMRT), generalizes URT in a similar way to allow for
latent group labels.

The rest of this chapter is organized as follows: Section 2.1 reviews related work on recursive
trees and highlights some of the main findings. Section 2.2 gives a brief introduction to branching
processes and their applications to the study of random trees. Section 2.3 introduces CMRT
and derives results on its asymptotic properties, including limiting degree distribution, maximal
degree and height. Section 2.4 studies structure of subtrees in CMRT, with potential application
to root-finding algorithms. Finally, Section 2.5 extends the limiting degree distribution results

in Section 2.3 to two variants of the model.

2.1 Literature review

In this section we shall review known results on various global and local properties of
recursive trees. The summary here is by no means comprehensive and for a more detailed
survey on classic results interested readers are referred to Smythe and Mahmoud [98]. Unless

otherwise specified, results stated here are for URT.

2.1.1 Terminology

We gather here terminology on rooted trees we shall use extensively later on.

First, a rooted tree is just a tree with one vertex identified as the root. And since trees are
connected (undirected) graphs with no cycles, there exists a unique path from any given vertex
v to the root. Any vertex u # v in this path is called an antecedent of v, and v its descendant.
In addition, if u and v are adjacent, we call u the parent of v and v its child. The length of this

path (i.e. the number of vertices in the path) is called the depth of v. And the maximal depth



among all vertices in a rooted tree is called its height. Note that depth essentially measures the
graph distance between v and the root, and height is the number of levels if one visualizes the
whole tree in a hierarchical way. Finally, the subgraph induced by v and all of its descendants
is called the subtree rooted at v.

For degree, people typically consider out-degrees, i.e. the number of children associated
with each vertex. This is consistent with the definition of out-degree in directed graph, if one
treats each edge in a rooted tree as directed from the parent to its child. In fact, there are
authors who view recursive trees as directed graphs, but we shall stay with the undirected
definition. It is easy to see that out-degree of the root is the same as its degree, and for other
vertices out-degree is equal to degree minus 1. In addition, maximal degree is defined as the

largest out-degree among all vertices.

2.1.2 Degree distribution

For graphs, degree is one of the most important quantities to look at and trees are no
exception. Throughout we shall use Ni(n) (k > 0) to denote the number of vertices with out-
degree k in a recursive tree of size n. Na and Rapoport [79] first derived recursive formula for
the expected values E Ni(n) and from that showed nlgroloENk(n)/n = 1/2%1. Moon [74] later
proved this convergence in probability as well.

More recently, Janson [54] established a central limit result:

n_%(Nk(n) — 27k=1p) 4, Vi
jointly for all k£ > 0, where any finite subset of {V},},~ is jointly Gaussian and covariances can
be computed from a generating function. This rather strong result is proved using generalized
Pélya urns, where vertices of different degrees are treated as balls of different colors. And the

main tool applied there is a functional limit theorem derived by the author earlier [53].

2.1.3 Internodal distance

For trees, distance is measured by the usual graph distance. Given any two vertices u and v,
the distance between them is length of the unique path from u to v. These internodal distances
are some of the first properties studied in recursive trees. Because of its prevalence, some of the

key results are summarized here though we will not study internodal distance in CMRT.



Let d;; denote the distance between vertex ¢ and j, and D,, := d1, be the depth of vertex
n. Moon [74] was able to find recursive formulas for expectation and variance of d;; and solved

them exactly, yielding the following result:

i

Ed Z + ;+7—2
=1

k=1
4 iy i 1 .« 1 =1 1
k‘:l =1 k=1 =1

As a corollary, we have E D,, ~ logn and Var(D,,) ~ logn.

Devroye [32] proved the asymptotic normality of D,, using theory of records. Mahmoud
[67] later gave a more elementary proof by computing moment generating function of D} =
(D,, — logn)/+/logn from the exact distribution of D,, and showed that it converges to that of

a standard normal variable.

2.1.4 Extremal statistics

Let M, and H,, denote respectively the maximal degree and height in a recursive tree with
size n. Devroye and Lu [35] showed that maximal degree, when scaled properly, converges both

almost surely and in £;:

M, E M,
" 2% 1 and lim = =1
logy n n—oo logy n

The proof involves writing the degree of each vertex as a sum of indicator functions, the deriva-
tion of tail bounds from that and some sort of union bound device.
As for the height, Pittel [88] proved that

HTL a.s.
e
logn

using results on first birth problems of Crump-Mode-Jagers branching processes [57]. The proof
involves embedding the recursive tree into a continuous time process, which is also crucial in
our work. In fact, our proof for convergence of height essentially follows the same procedure.

We shall give a more detailed discussion about this technique later in Section 2.2.
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2.1.5 Structure of subtrees

Asymptotic properties of subtrees in URT can be studied through two observations [69].
First, distribution of the subtree rooted at vertex k, conditioning on its size, has the same
distribution as a URT of that size. Second, if we let Si(n) be size of the subtree rooted at k in
a recursive tree of size n, then

(1)

2% Beta(1,k — 1).
n

To see that, note the problem can be formulated into a Pdélya urn. Specifically, treat vertex k
as a red ball and 1,2, ...,k — 1 as blue balls. Following the rule of Pélya urns, at each time step
a ball is chosen uniformly at random and put back, together with another new ball of the same
color. It can be shown that Si(n) has the same distribution as the number of red balls when
there are a total of n balls. The rest follows immediately from classic results on asymptotics of
Pélya urns.

In light of these two observations, asymptotic distribution of a statistic of the subtree rooted
at some vertex k is a mixture of asymptotic distributions corresponding to URTSs of various sizes
with Beta(1l, £ — 1) as the mixing density. For concrete examples, see Smythe and Mahmoud

[98)].

2.1.6 Preferential attachment tree

The preferential attachment tree and its variants have also been studied extensively in the
literature. In linear preferential attachment trees, instead of uniform attachment, a new vertex
connects to an existing vertex with probability proportional to o plus that vertex’s out-degree,
where o > 0 is a parameter. The linear preferential attachment tree is known to have a limiting
power law distribution with exponent depending on the model parameter « [18]. And maximal
degree, when scaled by nl%a, converges a.s. to a positive random variable as n goes to infinity
[75]. As for height, in the same paper as that of URT Pittel [88] proved that H,,/logn converges
a.s. to a positive constant dependent on «.

In terms of models with multiple types, which shall be our focus, an extension of preferential
attachment based on genealogy of a multitype branching process has been considered in [93].

And more related to the Community Modulated Preferential Attachment (CMPA) tree that we

11



shall study, Deijfen and Fitzner [30] computed the limiting degree distribution for a special case

of CMPA with two types heuristically and conducted a simulation study.

2.2 Branching processes applied to trees

It is becoming folklore, however, that global properties such as the maximum of
some quantity in the tree, are not easily amenable to combinatorial analysis, but

follow from probabilistic reasoning. —— Smythe and Mahmoud [98]

Since a key step in our proof is to embed the recursive tree into a continuous-time process
related to branching processes, we will include a short introduction here, with a focus on their
applications to the study of random trees.

In discrete time, the customary formulation is that of Galton-Watson process, often used
to model reproduction of a population. Mathematically, it consists of a sequence of random
variables Zy, Z1, Zs, ... representing population sizes of the zeroth, first, second, ... generation.

By default one assumes that Zg = 1. Then the process is defined recursively via:

Zn,
ZnJrl = g gn,i-
=1

Here &, ; denotes the number of children born to the i-th individual in the n-th generation,
and are i.i.d. over all n € N and i € {1,2,...,Z,}. The equation essentially states that
individuals reproduce independently following the same probability distribution, and the (n+1)-
th generation consists of all children born to the n-th generation.

The most basic result on these processes is about extinction probability, formally defined
as P(3n : Z,, = 0). Note that if Zy = 0 for some N, then Z,, = 0 holds for any n > N as well.
Thus we have P(In : Z,, = 0) = P(T}Lrgo Zy = 0) and the latter can be used as an alternative
definition for extinction probability. Let pp = P(Z,, = k) for k = 0, 1,2, ... be the probability
that an individual in the population gives birth to exactly k children, and g = >"77 | kpy, be the

mean of this offspring distribution. Then the theorem states:

Theorem 2.1. When u <1, we have P(In : Z, = 0) = 1 except for the degenerate case where
p1 = 1. Otherwise if p > 1, then P(3In : Z,, = 0) < 1. Moreover, in the latter case we have
P(3n: Z,=0)+P(lim Z, =00) =1.

n—oo

12



In other words, a Galton-Watson process becomes extinct when each individual gives birth
to at most one child, except for the case of course, when all individuals have exactly one
child. What might seem more interesting is the fact that the process either goes extinct or
explode in terms of population size. And accordingly, a process is called subcritical, critical and
supercritical respectively when u < 1, p =1 and p > 1.

In connection to random trees, Galton-Watson processes are largely used to study global
properties such as height [31]. Interested readers are directed to Devroye [33] for a nice summary
of these results. Now, we shall not dwell too much in discrete time and will proceed to consider
branching processes in continuous time, which are more relevant to us.

As a starting point, consider a Crump-Mode-Jagers (CMJ) branching process [27]. It starts
with a single ancestor at time ¢t = 0 and the number of its children by time ¢ follows some
counting process Z(t). All individuals, from the time of their births, reproduce independently
of each other according to random processes with the same (joint) distribution as Z(-). In
general Z(t) can be arbitrary, and when between-birth intervals are exponentially distributed
with parameters A1, A, ... we call it a Poisson CMJ branching process.

To produce a rooted random tree from a CMJ branching process, one simply treat the
ancestor as the root and connect each individual to its parent. Moreover, the random tree
generated is recursive as long as births do not occur at the same time, which is satisfied by the
Poisson CMJ process. We give two special cases here. When )\; = 1, each individual has the
same probability giving birth to the next child in the population, or equivalently, we choose
a parent uniformly at random when growing a tree. This leads to a uniform recursive tree.
When \; = ¢ + 1, parents are picked with probabilities proportional to the number of children
(i.e. out-degree in the rooted tree) plus one. This leads to the so-called plane-oriented tree,
sometimes discussed under the broader context of preferential attachment.

Now, given the embedding of a recursive tree into some CMJ branching process, in theory
we can transform any problem about the original tree into its counterpart with respect to the
branching process: out-degrees become the number of children and height becomes the number
of generations. Similar to Galton-Watson process, CMJ branching process has been used to
derive global properties of recursive trees, notably their height [88].

This continuous-time embedding technique is not limited to the study of global properties
and also sees success in local properties such as degree distribution. Historically, most results on

degree distribution were derived via combinatorics. However, the instant one asks for more than

13



the distribution itself and wants, for example, to establish some kind of central limit theorem,
combinatorics quickly becomes insufficient. In these cases the problems of interest are often
formed as an urn scheme. The embedding hereto can be traced back to Athreya and Karlin [7],
who first introduced the embedding of urns into continuous-time Markov branching processes.
For URT, Janson [54] was able to prove central limit results for its joint degree distribution using
a functional limit theorem of generalized Polya urns that builds on continuous time embedding.
Moreover, as we shall see in our application, continuous-time embedding is particularly useful
when the attachment rule is too complicated for combinatorics. For an example other than our

own, see Bhamidi et al. [15] where a change point is present in preferential attachment model.

2.3 Community Modulated Recursive Tree and its asymptotic properties

We shall first focus on a special case of CMRT with two types (say A and B) for simplicity.

Extension to the general case is discussed in Section 2.3.10.

2.3.1 Model formulation

Recall that a uniform recursive tree (URT) can be constructed as follows: starting with a
root vertex, at each step choose uniformly at random an existing vertex, and add a new vertex
connected to the chosen vertex. This procedure yields a growing tree-valued process, which
we shall denote by {Un}nzh where U,, is the random recursive tree given by the process as it
reaches size n. Then {Uy,},~; is a URT and U, a URT of size n.

Now we are ready to introduce Community Modulated Recursive Tree (CMRT) with two

types:

e Start with a type A vertex 1 and a type B vertex 2. We shall refer to them as roots of
each type. A CMRT of size 2 is the tree containing vertex 1 and 2, with an edge between

them.

e Given a CMRT of size n —1 (n > 3), a new vertex n is added to the tree at the next time
step and assigned type A with probability p € (0, 1] and type B with probability 1 — p.
Note here that we do not lose any generality by excluding the case where p = 0 because

one can just switch the types.

e Vertex n then chooses its own type with probability ¢ € [0,1] and the other type with

probability 1 — ¢. Similar to stochastic block model, we call it assortative when ¢ > 1/2

14



]
[ | l..
n
]
m N g
m Em
[
u T
] E =
R
...
i’ |
u
B} . ] n -
]
——-x n n
] " n u
.l
[
"
[

Figure 2.1: A (two-type) Community Modulated Recursive Tree of size 100, with parameters p = 0.5
and ¢ = 0.8. The type A and B roots are plotted as blue circle and orange diamond respectively, and
other type A and B vertices as black squares and yellow triangles.

and disassortative when g < 1/2. In general the probability for a vertex to choose its own
type may vary across types. Here we assume that they are the same for simplicity and

the general case is discussed in Section 2.3.10.

e Finally vertex n chooses uniformly at random an existing vertex of that chosen type, and

connect to it, forming a CMRT of size n.

The process then uses the above dynamics recursively to yield a growing tree-valued process,
which we shall denote by {%}nzz, where 7, is the random recursive tree given by the process
as it reaches size n. Then we call {7}, -, a Community Modulated Recursive Tree (CMRT)
and 7, a CMRT of size n.

Since both vertices 1 and 2 are called roots, notions of out-degree and depth change slightly
for CMRT. Out-degree is still defined as the number of children, and in CMRT that is equal
to degree minus 1 for all vertices including the roots. Depth of a vertex in this case is the
distance between that vertex and the nearest root. Although one can define things differently,

asymptotically we will get the same results.
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2.3.2 Special cases

1. When p = 1 and ¢ = 1, CMRT becomes a URT consisting of type A vertices plus an
additional type B vertex (i.e. the type B root) connecting to the type A root. Thus one

may consider this case to be degenerate.

2. When p =1 and ¢ # 1, all new vertices are of type A and have a fix probability 1 — ¢ to
connect to the unique type B vertex. This case is degenerate too in the sense that one can
construct such a CMRT from a URT. To do so, take a URT consisting of type A vertices,
and add a single type B vertex connected to the root of that URT. Treat this type B vertex
as the type B root. Then remove each edge between type A vertices independently with
probability 1—gq. For each edge removed this way, add an edge between the corresponding
child and the type B root. The recursive tree formed this way has the same distribution

as a CMRT with p=1 and ¢ # 1.

3. When ¢ = 1, CMRT can be partitioned into two disjoint subtrees, one for each type, if one
removes the edge between the two roots. Furthermore, each of these subtrees, conditioning
on its size, has the same distribution as a URT of that size. However, existence of this
edge makes it non-trivial to separate the two subtrees even in this simple case. Although
not fully comparable, we note that in stochastic block model the recovery problem (i.e.
recovering the block assignment for each vertex) becomes trivial if each block is connected

and the probability to connect to vertices in other blocks is zero.

4. When g = 0, each new vertex will connect to a vertex of the other type. Therefore we
would observe an alternating behavior if we know the types: for any path, the types of

vertices along this path will be alternating.

2.3.3 Continuous time embedding

In this section we will introduce a continuous time embedding which plays a crucial role

“vertices” in our continuous time process as

in later proofs. To fix ideas, we shall refer to
“individuals” to differentiate them from vertices in the corresponding discrete time recursive
trees. To state the embedding result, we need to introduce a (two-type) continuous time process

which we shall refer to as a population dependent branching process (pdBP). As we shall

see, this process is not a branching process in the common sense, not even a time inhomogeneous
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Figure 2.2: A URT of size 1000.

one, since reproduction processes of different individuals are not independent. We now describe

this in more details:

Initialization: start with two individuals at time ¢t = 0, with one of each type, which we shall
refer to as “ancestors”. For any time ¢ > 0 let n4(t),np(t) denote the number of type A
and type B individuals respectively. We have n4(0) = np(0) = 1. For future reference
denote by F(t) the o-field generated by the process until time ¢ and let {F(¢) : t > 0} be

the natural filtration of the process.

Types: Each individual in the system has a type € {A, B} and lives forever, while giving

birth to other type A and B individuals (which we shall refer to as its “offsprings”).
Reproduction: At any time ¢, the rates at which a living individual gives birth are as follows:

e For a type A individual, it gives birth to type A individuals at rate r44(t) = ¢ and

type B individuals at rate r4p(t) = (1 —p)(1 —q)/p.

e For a type B individual, it gives birth to type A individuals at rate

(1—-4q)
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Figure 2.3: CMRTSs of size 1000 with p=0.5, q=1 (top) and 0.5 (bottom). The type A root 1 is used
as the root to make these plots.
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and type B individuals at rate

na(t) 4t —p)

S T

Write n(t) := na(t) +np(t) for the total number of individuals alive at time ¢. Let pdBP ()
denote the recursive tree corresponding to the genealogical structure of the process until time
t: treat each individual as a vertex and ancestors as roots, label them according to birth order,
and include edges between each vertex and all of its offsprings. For roots, label the type A root
as 1, the type B one as 2, and add an edge between them.

Now we are ready to state the following embedding result:

Lemma 2.2. Consider the process {pdBP(t):t > 0} above and for fired n > 2 define the
stopping time T,, = inf {t > 0 : n(t) = n}. Then pdBP(T},) 2 7., where {Tn}n>o is @ CMRT. In

fact, {pdBP(Ty)},,5o £ {Tn}tnso as processes.

We postpone the proof to Section 2.3.5.

2.3.4 Asymptotics for CMRT

The first result we have deals with limiting degree distribution.

Theorem 2.3. For each fized k, let Ni(n) denote the number of vertices with out-degree k in

Tn. Then
Nkn P
()—>pk;
n
where
p Ak 1—p Bk
= . 2.1
Ph 1+r;(1+r;) +1+r*B(1+rj§) (2.1)
Here
(1-p(1—9q) « . p(l—2q)
o= —_ = d = +q.
rpi=q+ » and Tp 1= +4q

Note that when p =1 the second term in py should be interpreted as 0.

Remark 2.1. This limiting degree distribution is a mixture of two geometric distribution shifted
by 1 (to the left), with parameters 1/(1+ %) and 1/(1 4 r}). It is not hard to see that this is

identical to that of URT if and only if p=1/2 or ¢ = 1.

19



Also, note that when p # 1/2 and g # 1, the limiting proportion of leaves pg satisfies:

1 p l-p 1 _ (p=10-q°
P T, Ty, 2 20— (1—2p)2%)

Thus one characteristic of CMRT is a larger proportion of leaves. In fact, pp — 1 as p — 1 and
g — 0. For this extreme case, 7, looks like a “star” where n — 1 type A vertices are connect to

the type B root.

To better understand Theorem 2.3, we shall make the following heuristic calculations which
are made possible by continuous time embedding. First we consider cases where p < 1 and
note that in discrete time (i.e. for {7,},,) the proportions of type A and B vertices converge
almost surely to p and 1 — p respectively as n — oo by strong law of large numbers. Turning
back to continuous time (i.e. for {pdBP(t)},5,), one may imagine similar things to hold (and

even prove it rigorously using stopping times). So we can reasonably expect

to hold for large t. This suggests the following approximations to the rates defined in Section

2.3.3:

1—
TBA(t)'&a’ilfp'<1—Q)a rea(t) ~ 1€p-q( 5 p)

:q.

Combine the rates we get r44(t) + rap(t) = r’ and rpa(t) + rar(t) = rj;. This suggests that
one might be able to approximate our population-dependent branching process with a time
homogeneous multitype branching process with rates given by the approximations above. By
results from Jagers and Nerman [52], for such an approximating process, the type of a randomly
chosen individual v in pdBP(¢) and its age have limiting distribution 7= x Exponential(«) as
t — oo, where x denotes product measure, 7 is a discrete measure on {A, B} with 7(A) =p
and 7(B) =1 — p, and a = 1 is the Malthusian parameter.

Thus we have by simple calculus that

[e.9]
P(v is of type A and has k offsprings) ~ p/ P(Poisson(rys) = k)e °ds = P —( A )k
0 1 + TA 1 + TA
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Here s in the integral denotes the age of v, and the number of its offsprings born in a time
period of length s follows a Poisson distribution with parameter r%s (given that v is of type A).
Similar calculation can be done for type B individuals.

One may check a similar approximation for URT, for which the corresponding process is a
(unitype) continuous time branching process with Poisson offspring process (say of rate 1). The
limiting age distribution for a randomly chosen individual v, again by results from Jagers and

Nerman [52], is Exponential(1) and simple calculus readily gives
[e.9]
P(v has k offsprings) ~ / P(Poisson(s) = k)e *ds = 27 %71,
0

This is exactly the limiting degree distribution of URT.
Now suppose p = 1, using the construction in special case 2 of Section 2.3.2 we have that

for a randomly chosen individual v of type A in pdBP(t)

. > hic1 (ki i e = (k+i 1—q 1 q
P(v hask:offsprlngs)%ZQ k 1( & )qk(l—Q) :2k+12< k >( 9 ) :q+1(q+1)k'
i=0 =0

Here the infinite sum is calculated using binomial series, which is equivalent to summing up the
probability mass function of a negative binomial distribution in this case.

As oftentimes is the case in mathematics, these intuitive calculations agree with the actual
theorem. In fact, the last step of our formal proof ends up with exactly the same integral. This,
to some extent, shows the power of continuous time embedding in transforming intuition into
fact.

Based on this limiting degree distribution, we can derive consistent estimators of model
parameters p and ¢q. One will need at least two statistics to do this and what we choose here

are No(n), the number of leaves, and Ni(n), the number of vertices with out-degree 1:

Corollary 2.4. Given that p # 1/2 and q # 1, there exist consistent estimators p and q for
p and q that can be computed by solving a quadratic equation that depends only on No(n) and

Nl(n)

Remark 2.2. In practice, with a large number of vertices, one might want to use a subsample
to estimate Ny(n) and Nj(n) instead of counting the exact number. As long as one replaces

No(n) and Np(n) with their consistent estimators, p and ¢ will remain consistent.
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The second and third results we have deal with two global statistics of the tree: maximal

degree and height.

Theorem 2.5. Let M, denote the mazximal degree in T,. Then when p,q # 1, there exist

constant C1,Cy > 0 that depend only on p and q such that

M, M,
liminf —~ >y and limsup —— < Cy a.s.
n—oo logn n—oo 10gMN

When q = 1,
Mn a.s
logn log 2
and when p =1 but ¢ # 1,
My as, g
n

Theorem 2.6. Let H,, denote the height of T,. Then when p#1 orq=1,

Hy  as
— €.

logn

When p =1 but ¢ # 1,

n
<e a.s.

lim inf > qe and limsup
n—oo logn n—oo logmn

Remark 2.3. When p =1 and ¢ = 0, 7T, looks like a “star” where n — 1 type A vertices are

connect to the type B root. And height of this tree is H, = 1. In this case lim H,/logn = 0.
n—oo

2.3.5 Proof for continuous-time embedding and some basic properties

In this section we shall first give a proof of the continuous-time embedding (Lemma 2.2).
Proof: Assume that {pdBP(T},)}o<, < 4 {Tn}ocn<y, for a fixed integer k > 2 (which holds
for k = 2 by definition). Conditioning on {pdBP(T,)},<, <}, it can be checked using properties

of exponential distribution that the probability for the next individual born to be of type A is

na (Tn)TAA (Tn) +ng (Tn)rBA (Tn)
nA(Tn)(raa(Th) +ra(Tn)) + np(Tn)(rBa(Th) + (1))

=P
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and the probability for the next type A individual born to have a parent of type A is

na (Tn)TAA (Tn)
na(Tn)raa(Ty) +np(Ty)rea(Ty)

Also, given a type € {A, B}, the probability for each individual of this type to give birth to
the next type A individual is equal. Similarly one can check the corresponding probability for
type B individuals. Thus the dynamics of pdBP(7}.1) conditioning on {pdBP(7},)}5<,, <, is the
same as that of Tg41 conditioning on {7}y, ;. Therefore by induction we have the desired
result.
|
Now that we have the continuous-time embedding, we shall proceed to derive some of its
basic properties that will come in handy. In what follows, we shall assume that natural filtration

{F(t) : t > 0} is used throughout.

Lemma 2.7. The process {e*tnA(t)}DO is an L2-bounded positive martingale. In particular

there exists a strictly positive finite random variable W such that

e“tna(t) 2 W, as t — oo.
Remark 2.4. As will be evident from the calculation below, the marginal distribution of n.4(-)
is identical to that of a rate one Yule process starting with a single individual. In particular
the limit random variable W < exp(l). Recall that a Yule process with rate A is a time-

inhomogeneous Poisson process with birth rate Ai, where ¢ is the current population size.

Proof: First we introduce some preliminary notations that will be used extensively through-
out the proofs. Recall that for a jump diffusion {X(t) € R"},-,, its infinitesimal generator A

is defined for functions f : R — R by

Af(x) = lim S(E(F(X(£)X(0) = ) — f())

t—0t &

if the limit exists. Then by Dynkin’s formula (see @Qksendal and Sulem [83, Chapter 1.3] for a
formulation) and Markov property of jump diffusion we have that {X (t) — f(f AX (s)ds}t>0 isa
martingale. Note that if the diffusion term is not present and the jump part is an inhomog(;neous
Poisson process, we have that AX(t) = d(X(£))A\(X(¢)) where 6(x) and A(z) are size and

intensity of jump when the process is at x € R™.
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Now we are ready to introduce some martingales. Denote exp(—t)na(t) by na(t). Using

the rates in Section 2.3.3 we have
Ana(t) = e 'na(t) —e nat) =0
and
AR (1) = e (2na(t) + Dna(t) — 2e 202 (t) = e 2 na(t).

Thus by Dynkin’s formula we have that both {na(t) : ¢ > 0} and

are martingales. Taking expectation of both martingales we get E(na(t)) = exp(t) and
E(7%(t)) = 2 — exp(—t). Therefore {7is(t) : ¢ > 0} is L? bounded and the second statement

follows from standard martingale convergence theorem.

Lemma 2.8. Define Z(t) := pnp(t) — (1 — p)na(t). Then {Z(t) :t > 0} is a martingale and

further et Z(t) 2% 0. This implies e tng(t) 2> (1 — p)W/p where W is as in Lemma 2.7.

Proof: Again using the rates in Section 2.3.3 we have

AZ(t) = p—Lia(t) — (1 - p)na(t) =0
and
AZ(t) = p? Ang(t) + (1 — p)* An%(t) — 2p(1 — p)Ananp(t),
with
And(t) = @np(®) + )2 Pra(t),  And(t) = @na(t) + Dna(t)
and

1-p

Ananp(t) = na(t) naA(t) + np(t)na(t).

Thus by some elementary algebra and Dynkin’s formula we have that both {Z(¢) : ¢t > 0}

and

M(t) = 22(t) — /Otu _pna(s)ds, 130
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are martingales. From Lemma 2.7 we get that E(na(s)) = exp(s). Taking expectation of
E(M(t)) shows

E(Z*(t)) = (1= p)(e' = 1)+ (2p - 1)*.
Now apply Markov’s inequality to exp(—4logn)Z2(2logn) we have for any € > 0:

e (L —p)(e B — 1)+ (2p— 1)) _1-p 4’ —3p
€ n2e nie

P (e*MOg"ZQ(Zlogn) > e) <

Thus by the Borel-Cantelli lemma exp(—2logn)Z(2logn) 2 0. Since we know by Lemma 2.7
that exp(—2logn)na(2logn) =2 W, we get exp(—2logn)np(2logn) =2 (1 — p)W/p.
Finally for any ¢ > 0 we can find a positive integer n such that 2logn <t < 2log(n + 1).

By monotonicity of np(-) we have np(2logn) < np(t) < np(2log(n + 1)) and further
e~ 2108y 2 (210gn) < e tnp(t) < e 218" np(2log(n + 1)).

Since the left hand side

2
as. (1—
ef2log(n+1)nB(2 log n) — 67210gnnB(2 logn) . ( _7:’_1)2 ( p)W
n p

and similarly the right hand side converges a.s. to the same limit, we have exp(—t)np(t) =2

(1 — p)W/p. This immediately implies exp(—t)Z(t) = 0.

|
Remark 2.5. This lemma essentially proves that ng(t)/na(t) =3 (1 — p)/p, which is used in
Section 2.3.4 for heuristic calculations. As noted there, the corresponding statement in discrete
time (i.e. the original tree-valued process) follows easily from strong law of large numbers.
Judging from this point alone, it might seem that continuous-time embedding is making things
more complicated. However, as we shall see later, all this hard work is well worth the effort and

the embedding really facilitates our analysis of degree asymptotics.

Lemma 2.9. The population size process n(t) satisfies e ‘n(t) == W + (1 — p)W/p := W.

In particular, the sequence of stopping times T, satisfy
T, —logn 2% —log(Wa),

where W is a strictly positive finite random variable.
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The first statement here is a direct corollary of Lemma 2.7 and 2.8, and the second statement
follows by replacing t with T,,. Note that the first statement essentially says that the Malthusian

parameter for process {n(t) : t > 0} is 1.

2.3.6 Proof for limiting degree distribution

In this section we shall prove Theorem 2.3.

To work in continuous time, we need to reformulate Theorem 2.3 via the embedding. Let
Ny, a(n) and Nj g(n) denote the number of type A and B vertices with out-degree k in 7,,. The
plan is as follows: first we focus on type A vertices and prove the result below, and as similar
result holds for type B vertices, using Ni(n) = Nj a(n)+ Ny g(n) we completes the proof. Note

that when p = 1, there is no need to consider type B vertices.

Theorem 2.10. For a fized integer k > 0, let ny_4(t) denote the number of type A individuals
with k offsprings in pdBP(t). Then

— Dk, A, as t — oo.

Here

o0
L . * o — _ p A k
PhoA = p/o P(Poisson(r}s) = k)e *ds = o sz‘(1 n TZ)

where 17 is the total reproduction rate of type A individuals:

rz—q+(1‘p)pf1‘”. (2.2)

Thus by the embedding in Lemma 2.2 for {Ty},~o we have

Nia(n) p
T—)pk,A, as n — 0o.

Proof: Throughout the proof we work with the continuous time embedding. For any fixed
constant 0 < a < t, let ny [t — a,t] be the number of type A individuals born in the interval
[t — a,t] that have exactly k offsprings by time ¢. Given Lemma 2.9, it is enough to show the

following two propositions.
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Proposition 2.11.

limsup limsup e ™" (ng 4 (t) — ngalt — a,t]) =0, a.s.
a—0o0 t—ro0

Proof: Since the population size n4(t) grows exponentially, most type A individuals are
born after time ¢ — a. Indeed, ng A(t) — ngalt —a,t] = npa(t —a) < na(t —a), and by Lemma
2.7 we have

limsup e (npa(t) — npalt — a,t]) < e @ lim e~ Dny(t —a) = e *W, a.s.
t—00 ' ' t—0o0

Letting a — oo proves the proposition.

Proposition 2.12. Recall the random variable W in Lemma 2.8. Then for each fized a > 0,
we have

e 'npalt — a,t] il W/ P(Poisson(rys) = k)e *ds
0
ast — oo.

This assertion needs some work and the proof follows a similar procedure as that in Bhamidi
et al. [15, Section 4.2.2]. First, recall from Lemma 2.7 that n4(t) ~ We' for large ¢t. For our

proof we will need a finer concentration result that goes as follows:

Lemma 2.13.

IP( sup |na(s) — We°| < \/tet> —1

t—a<s<t
as t — oo where W is as in Lemma 2.7. Equivalently, we shall say that w.h.p. ast — oo,

SUp;_q<s<t [n4(s) — Wexp(s)| < v/t exp(t).

Proof: First note that

e*na(s) —e T Dna(t —a), s>t—a

is a martingale by Lemma 2.7 and recall that E(exp(—2s)n?(s)) = 2 — exp(—s) from the proof.
Now fix any T > t — a, Doob’s L?-maximal inequality (here we use the version stated in
Oksendal [83, Theorem 3.2.4], see also Karatzas and Shreve [56, Theorem 3.8] for a proof)

applied to the above martingale gives, for any C > 0:
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E(e"na(T) — e~ na(t — a))

P < sup  le*na(s) — e Dyt —a)| > C) < o2

t—a<s<T

Recall that {724(t) := exp(—t)na(t)};5, is a martingale so we have

(2.3)

E(7aA(T)ia(t—a)) = E (ia(t — a)E (ia(T)|a(t — a))) = BE(7%4(t —a)) = E(e 2002 (t — a)).

It follows that

E(e Tna(T) — e Dyt — a)? = E(e 2902 (t — a)) — E(e 2 n3(T)) = e 0 — ¢ T,

Plug this in (2.3) we get

e—(t—a) _e T

02

P ( sup  |e " na(s) — e T Vny(t — a)| > C’) <
t—a<s<T
Now, let T'— oo and use the a.s. convergence result from Lemma 2.7 to yield

ef(tfa)

CQ

P (|W et —a)| > 0) <
On the other hand, let T'=1¢ in (2.4) we get

—(t—a)

—(t—a) _ —t
P (i e =t > €) £ s

Finally, combine the above two inequalities we have

2¢~(t—a)

IP’< sup e Tna(t) — W| > 20) < —r

t—a<s<t

(2.4)

Let C' = \/texp(—t)/2 and after some simple algebraic manipulation we get the wanted

result.

Now that we have Lemma 2.13, we will proceed to approximate the integral in Proposition

2.12 by e 'ny_a[t—a,t]. To do so, we divide the interval [t—a, t] into intervals of length § := e~

t/3

and denote by Z;(1 < i < a/d) the i-th interval [t — a + (i — 1)0,t — a + 9] (for simplicity we
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treat a/0 as if it is an integer but this should not matter). Let t; = ¢ — a + (i — 1)d and write
n4(Z;) for the number of type A individuals born in Z;.

On the event given in Lemma 2.13, we have

Ina(ti +0) —na(t;) — Weli(e? —1)| < 2Vtet.

Since W exp(t;)(exp(d) — 1) = 6W exp(t;) + op(/exp(t)), we can further get

a/d
PN {|nA(L-) —SWeli| < 3\/tet} 1 (2.5)
i=1

as t — oo. This shows that the number of type A individuals born in Z; is approximately W e':.

Unfortunately, even individuals born in the same interval could start reproducing at different
times (i.e. have distinct birth times), and we need to at least align these individuals. To
facilitate the analysis, for each type A individual born in Z;, we call it “good” if it gives birth
to no offspring (type A or B) in Z; and “bad” otherwise. Since the interval is small, we expect

most individuals born to be good:

Lemma 2.14. There exists a constant M > 0 such that

a/d
PN {nf’fd(Ii) < MWtet/?’} =1
=1

as t — oo, where n%14(Z;) is the number of bad individuals born in T;.

Proof: Call a bad individual in Z; a “direct” bad individual if it is an offspring of individuals
born before Z; and write n%r(Ii) for the number of direct bad individuals born in Z;. As
non-direct bad individuals in Z; must have an antecedent that is direct bad in Z;, we have
nb84(Z;) < ndes¢(T;), where n%s¢(Z;) is the number of descendants of direct bad individuals in
Z;.

Note that a direct bad individual in Z; has to satisfy the following two conditions:

e First it has to be an offspring of individuals born before Z; and the number of such

offsprings is at most n4(Z;).
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e Secondly it has to give birth to at least one offspring in Z; and the corresponding (condi-

tional) probability is at most

Poad = P(Exp(ry) < 8) ~ r}0.

Combining the above conditions we have

4" (Z;) = Bin(na(Z:), Phaa)-

where =< denotes stochastic dominance. By (2.5) we have that wh.p. as t — o0,
Wexp(2t/3)/2 < na(Z;) < 2W exp(2t/3) for all i. Condition on this event and use Hoeffd-

ing inequality for binomial distribution we get

. 1 4
P (n%"(Z; wd + /151 < <
(nA ( ) > N§Pbad T V1§ Og(’flg)) = 92 (I’L) = W2 6Xp(4t/3)

LY

where ns := 2W exp(2t/3). Since there exists C; > 0 such that ngpyag++/ns log(ng) < C1Witet/?

for large enough t, and

d W?Z2exp(4t/3)
as t — oo, using a union bound we have
a/d
P {n%’”(zi) < C’1Wtet/3} =1 (2.6)
i=1
as t — oo.
Conditioning on the event in (2.6) we have
H%T(Ii) C1Wtexp(t/3)
nUT) 2 Y Y00 = Y;(9)
j=1 j=1

where {Yj(:) : 7 > 1} is an sequence of i.i.d. Yule process with rate r%. Since Y;(t) follows a

geometric distribution with parameter exp(—r7t), we have that for any positive integer Co:

P(Y;(8) 2 C2) = (1 — exp(—r36)) 1 < (158)
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Using a union bound it follows (for simplicity the conditional is suppressed) that
P(nf*(Z;) > C1C,Wte'’?) < CiWte! B P(Y;(8) > Cy) < CLW (ry) > He(e!/3)2 2.

Apply union bound once again we get

a/d
P U {n%esc(l-i) Z CICQWtet/?’} S
i=1

S O ) (% 0
as t — oo for Cy > 4. Recall that n%4(Z;) < n%¢(Z;) and we can get rid of the conditional
that was suppressed with the aid of (2.6). Then letting M = 4C completes the proof.
|
Now that we get the bad individuals under control, we can turn our attention to those good

individuals. To start, combine Lemma 2.14 with (2.5) we have

a/d
PN {mgfod(zi) _SWeli| < 4\/tet} 1 (2.7)
=1

as t — 0o, where n%°*(Z;) is the number of good individuals in Z;.

Next, note that good individuals in Z; reproduce independently at rate r% starting from
time t; + 0 = t;41. In particular the probability that a good individual has k offsprings by time
t is

g (t — tir1) := P(Poisson(ry (t — tit1)) = k).

Here t — ;11 refers to the time left until time ¢. Since reproductions are all independent, we

have (conditioning on pdBP(t;11))
00 d : 00
”i,Ad(Ii) = Bin(nf d(zi)79k(7f —tit1)) (2.8)

where niojd(L) is the number of good individuals in Z; that have k offsprings by time ¢. Similar

to the proof of (2.6), by (2.7), (2.8) and Hoeffding inequality for binomial distribution together

with a union bound, there exists C' > 0 such that

a/d
PN { nd%U(T) — SWeligy(t — tig1)| < CW1og(W)tet/3} 1 (2.9)
=1
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as t = oo.
With both good and bad individuals under control, we are ready to prove what we started

out for. Note that

a/d a/é
anwd <npalt —a,t] < Z gOOd (Z;) + n%4(T;)].
=1

For the bad individuals we know from Lemma 2.14 that

a/d
et Zn%d(ﬂ) 50 as t — oo.

On the other hand, for the good individuals we have from (2.9) that

a/éd a/é
et good 5 (t—t:) _ P
E ny, E We™ ge(t —tiy1) — 0 as t — oo.
=1

Finally, note that by definition of Riemann integral we know
a/d

ZéWe =) g (b — tigp1) — W/ (Poisson(rys) = k)e °ds as t — oo.
i=1

This completes the proof for Proposition 2.12.

2.3.7 Estimation of model parameters

In this section we derive consistent estimators for model parameters p and g based on the
limiting degree distribution (i.e. Corollary 2.4).

Specifically, from Theorem 2.3 we know

No(w) P p  1-p
n T+ 1475

and
Ni(n) p,_ prj (L-p)rp
n 1+ 1+ rB)
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Let 04 :=1/(147%) and p := 1/(1 + r%). If we can solve for unique p, 64 and p (up to a

switch between two types) that satisfy the following equations

N, " .
my = OTEn) =pla+ (1—p)ip (2.10)

No(n) — Ni(n A A
my = NN gy o g, (2.11)

then p, 0 4 and 0 p are consistent estimators of p, 84 and 8. We can further solve for a consistent
estimator ¢ for ¢ from either 64 or Op together with p. Note that all estimators are consistent
because (as we shall see) they are continuous functions of m; and mao.

To solve three unknowns from two equations (2.10) and (2.11), we need a third equation

A~

Db 1-p
04 Op

— 2= p(1+75) + (L= p)(1+75) (2.12)

where the second equality can be verified from the definitions of 7% and r7%.

From (2.10) we have

p=T1=0 (2.13)
64— b5

Plug it back to (2.11) and (2.12) we get ml(éA —i—ég) — 0405 =mo and 04 + 05 —my = 20405.

Then we can solve for

2
PN mg — mj A A 2mo — my
0pp=——— and 0 bp=—"—
BT oy — 1 AT = 1
so 04 and g are roots of the following quadratic equation:
2_2m2—m1 mz—m%ZO
2m1 -1 2m1 -1 '

After we solve for 4 and 65 we can compute p from (2.13) and

from definitions of 64 and 6p.
Note that these estimators fail when mj —1/2, mg — m% or 2ms — my is negative. However,

these cases are unlikely to occur for CMRT as all three quantities have positive limits as n — oo
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(recall that m; and mg both depend on n). When m; = 1/2, these estimators also fail: from
the remark under Theorem 2.3 we know m; has limit 1/2 if and only if p = 1/2 or ¢ = 1, and

parameters p, g are not identifiable from the limiting degree distribution in these special cases.

2.3.8 Proof for maximal degree

In this section we shall prove Theorem 2.5. Throughout the proof we work with the con-
tinuous time embedding unless otherwise noted.
First we consider cases where p,q # 1. By Lemma 2.9 and Egoroff’s Theorem, given any

e > 0, we can choose K > 0 such that (the dependence of K on € is suppressed throughout):
P (sup T, — logn| < K> >1—e. (2.14)
n

To ease notations, write 7,7 =logn + K and T,, = logn — K.
Lower bound: Here it is enough to consider just the type A root. Recall from Section

2.3.3 that this vertex reproduces at constant rate

SEE ) 215

Denote by D(t) the out-degree of type A root at time t. Then D(t) follows a Poisson(r%t)

distribution. So for any 0 < v < 1, by standard tail bound for Poisson distribution we have
P (D(T;,) < yrilogn) <P (D(T,,) < yrilogn) < exp{—Mlogn} (2.16)

for large enough n, conditioning on the event in (2.14). Here M > 0 is a constant that depends
on both v and r%.
Denote by M (t) the maximal number of offsprings an individual has by time ¢. Since

M (t) > D(t), it follows from (2.16) that
P (M(T;) < ~riylogn) <n ™M (2.17)

conditioning on the event in (2.14).
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Let {ny}r>1 be an increasing sequence of positive integers such that n; > k%M Then from
(2.17) we know

. 1
P (M(Ty,) < yrilogng) < =

(2.18)
for large k, conditioning on the event in (2.14). By Borel-Cantelli lemma and (2.14) it follows
that

M (T,
P (lim inf M < yrj‘4> <e.
k—oco logng

From that we can also get

P (lim inf M < 'yrj‘) <e.

n—00 ogmn

Recall that M, < M (T,,) from the embedding, let v — 1 and ¢ — 0 we have

M,
I[D(liminf1 = ZTZ) =1.

n—oo logn

This completes the proof for the lower bound part, with C7 = 7.

Alternatively, we provide here another proof for the lower bound part that works when
q # 0. Ideas used in the proof shall become useful later on.

Consider type A individuals alone. We call a type A individual “pure-blooded” if all of its
antecedents are type A individuals. Define pdBP 4() to be the branching process consisting
of all pure-blooded type A individuals in pdBP(t). Let T}, 4 := inf {¢ > 0: | pdBP 4(t)| = n}.
Note that pure-blooded type A individuals give birth to new pure-blooded type A individuals
at constant rate ¢, mimicking the results for CMRT (i.e. Lemma 2.2 and Lemma 2.9 ) it is not

hard to see that:
o {pdBP4(Th4)},,51 4 {Un},> as processes, where {Uy,},~; is a URT.

e The sequence of stopping times T;, 4 satisfy
]- a.s.
Tya — —logn — —log(Wjy) (2.19)
q

for a finite positive random variable W4 4 exp(1).
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Since we can transform results for URT into that of the branching process pdBP 4(t) through

embedding, using Devroye and Lu [35] we get

Mzure(Tn,A) a.s. 1
—
logn log 2

where M4"°(t) is the maximal number of offsprings a pure-blooded type A individual has by
time t. Similar to (2.14) we have that by (2.19) and Egoroff’s Theorem, given any € > 0, we
can choose K4 > 0 such that (again for simplicity the dependence of K4 on € is suppressed
throughout):

1
P (sup T4 — —logn| < KA> >1—e. (2.20)
n q

For each t > 0, let n*(¢) be the positive integer satisfying %log(n* )+ Ka<t< %log(n*(t) +

1) + K4. Conditioning on the event in (2.20) we have

Mﬁure(t) . Mﬁure(% log(n* (t)) + KA) S MzuTe(Tn*(t)vA) as, q
t - élog(n*(t) +1)+K4q4 %log(n*(t) +1)+ Ky log 2

as t — oo, and it follows that

MPuTe 4
P ( liminf —4 ()2 4 >1—¢€.
t—00 t log 2

Denote by M (t) the maximal number of offsprings an individual has by time ¢. Let ¢ — 0 in

the above inequality and note M (t) > M%""“(t), we have

P<liminfM(t) > 4 ) -1

too t  log2

Finally, since

In_asy, (2.21)

logn

by Lemma 2.9, and M, 4 M (T,,) from the embedding, we get

M,
P (liminf —% > L) = 1.
n—oo logn — log2

q
log2*

This completes the proof for the lower bound part when ¢ # 0, with Cq =
Upper bound: First we consider the simpler type A individuals. Given {deP(t)}tzm

we couple it with another process where: whenever a type A individual is born to a type B
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individual in {pdBP(¢)}., chose uniformly at random a living type A individual, and treat
the newborn individual as an offspring of that chosen individual. In this new process, if we look
at type A individuals alone, it is not hard to see that they give birth to new type A individuals
at constant rate 1. Denote by M4(t) and M A(t) respectively the maximal number of offsprings
a type A individual has by time ¢ in {pdBP(t)},, and new process. Using the same argument

as in the proof for lower bound we see that

Ma(t 1
P { lim sup Alt) < =1.
t—o0 t log 2

Since MA(t) > M4(t), this immediately implies

P(limsupw< 1 >—1

t—oc0 t ~ log2

Denote by M, 4 the maximal degree of type A vertices in 7,. Then it follows from (2.21) and
M, 4 2 MA(T,) that

M, 1
P ( lim sup n,A < =1
n—oo logn — log?2
Next we consider the more complicated type B individuals. For a given type B individual v

and time T € [0,t), write n,[T, t] for the number of offsprings this individual produced in time

interval [T, t]. This is a pure birth process with rate

Cc

na(t) _ (1 e 4 —pp)q> nalt)

TLB(t)

Therefore for a fixed T, the following process

X (t) = ny[T, 1] — /thzggz; ds, t>T, (2.22)

is a martingale (here the infinitesimal generator is exactly the rate).
To handle the variability of X (¢), we will need its predictable quadratic variation process

(X)(t). Note that

AX2(t) = An2[T, ] + A </Tt an(S)ds>2 — 24 (nv[T, 1] /t Rz ds)

np(s) v np(s)
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with

AR2[T, 1] = (20, [T, 1] + 1)022 Eg ,
t na(s) 2_ tCnA(s) San(t)
A </T CnB<s>d5> =2 en ey

and

A <nv[T, 1] /tc”f‘@ ds) — T, gAY 4 (/tan<S§ds)an(t).

v np(s) np(t) v np(s np(t)

It then follows from some elementary algebra that AX2(t) = cna(t)/np(t) and

(X)(t):/tan(S)ds, t>T. (2.23)

T np(s)

Now use Lemma 2.8 to choose T such that

nalt) p
P | su ——|>¢| <e. 2.24
(tgg np(t) 1-p ) B (224
Also, define the stopping time
S—inf{tZT:nA(t)—p >6}.
nB(t) 1— P

Observe that by our choice of T we have P(S < o0) < e. The idea here is to bound n(t)/np(t)
around p/(1 — p) after some finite time 7', and show that what happened before time 7" does
not have a noticeable effect in the long run.

Recall that we write T, = logn + K and T, = logn — K. Consider the process
{X({tANS):t>T} and note that for n large enough we have 7,7 > T. By the exponential

martingale inequality from Liptser and Shiryayev [64, Section 4.13, Theorem 5] with choices

we have for any § > 0,

P| sup X(t)zdc(p—ks)T;r §exp<—ﬁc(p+5>Trj>
t<TFAS L-p L—p

FP(X)TFAS) 2 20(TF)),  (2.25)
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where k = (0 +2) log 5%2 —d. By definition of S and the expression of (X)(-) in (2.23), we have
that with probability one
(XN, AS) < (T)),

so the second term on the right hand side of (2.25) vanishes. Further, using the expression of

X(+) in (2.22) we get

P <nv[T, T AS] > (5+1)c <1pp + 5) Tn+> < exp (—m <1fp + 5) Tn+> . (2.26)

For a < b, denote by Mpa,b] the maximal number of offsprings produced by a type B
individual in time interval [a, b] and let Mp(t) = Mp[0,t]. Then using a union bound and note

that Mg[T, T, A S| < Mg[T,T,f A S] with probability at least 1 — &, we have

P(MB[T,TH/\S] Z(5+1)c<1€p+z—:>Tj> <e+nexp <—I€C<1fp+€)T7j_>.

Further, from our choice of T" in (2.24) it follows that

P (MB[T, T,] > (6 + 1)c <1p —|—<€> TJ) < 2+ nexp <—/4;c <1p +a) T,j) .
—p —p

Next, note that there exists L > 0 such that
P(Mp(T)> L) < e.
As Mp(T,) < Mp(T) + Mg[T,T,], combining the above results readily yields

P (MB(TN) >L+(6+1)c (ﬁp + 5) Tn+> < 3¢+ nexp (—m <1fp + 5) Tn+> . (2.27)

Denote by M,, p the maximal degree of type B vertices in 7. Letting ¢ — 0 in (2.27) and note
M, B 4 Mpg(T,), we have

P <M,LB >L+(0+ 1)lcprn+> < nexp <— ffppT,j) . (2.28)

Recall that & = (6 + 2)log %2 — §. So given any & > 0, for § > max{2e? — 2, W — 4}

we have £ T.;F > (2 + &)logn for large enough n, which makes the right hand side of (2.28)
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summable. By Borel-Cantelli lemma this implies

M, ~
P <limsup"’B < (0 + 1)i +6> =1.
n—oo logn 1—p

Letting £ — 0 we get

M,
P <lim sup B < Cb) =1
n—00 log n

_ (2¢>~1)cp o _ 3ep
where Cy = max{ﬁ, 2—- 12

}. This completes the proof for the upper bound part.

This left us with the cases where p =1 or ¢ = 1. When ¢ = 1, as noted in Section 2.3.2,
{7;1}”22 looks like two disjoint URT's connected by a single edge between roots. By strong law
of large numbers, with probability one these two subtrees have sizes proportional to p and 1 —p

asymptotically. Therefore, appealing to existing results on maximal degree of URT [35] we have

My as. 1
— .
logn log 2

Last we consider the special case where p = 1 but ¢ # 1. We shall use the same notations as
defined before. First, note that what we proved for type A individuals still holds. Specifically,

recall that

P <li7rl]r1_>s;ip]l\gg’;L4 < 10;2> =1
However, we can no longer define T' by (2.24). In fact, consider the unique type B vertex
(i.e. the type B root) in 7, and note that all type A vertices other than the root have a fixed
probability 1 — ¢ to connect to the type B root independently. By strong law of large numbers
applied to binomial distribution we have

M, B

n

M,
2% 1—¢, and therefore — %1 —q¢.
n

This completes the proof for Theorem 2.5.

2.3.9 Proof for height

In this section we shall prove Theorem 2.6. Instead of proving the result from scratch using
continuous time martingales as what we did for maximal degree, we present here a proof that

appeals to existing results on first birth problem of branching processes.
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Once again, we consider first cases where p, ¢ # 1. The basic idea here is still the same, i.e.
to bound n(t)/np(t) around p/(1 — p) after some finite time and prove that what happened
in the beginning does not really matter in the long term.

To obtain strong convergence, it is enough to prove that for any d,¢ > 0,

H,
limsupP [ sup|—- —¢| > 6| <e (2.29)
n—o0 k>n logk
Define the event
nat) p ‘ p
FE1 =< sup — < . 2.30
! {t>T ng(t) 1-p = (2.30)

where 0 < 1 < 1 is any given constant. By Lemma 2.8 there exists 7" > 0 such that P(E;) >
1 —¢/3. Also, choose N € Z* such that P(n(T) > N) < &/3, and define another event
Es> = {n(T) < N}. Moreover, choose T, and T, in the same way as in Section 2.3.8, with
replaced by /3, and define our last “good” event E3 = {T,; < T,, < T} for alln € Z*}. In
what follows, we condition on the event E; N Es N E3 and note that P(E; N Es N E3) > 1—¢
(for simplicity the conditional is suppressed throughout).

On this event, we have at most N individuals alive at time 7" and the ratio of n4(t) to
np(t) is bounded around p/(1 — p) after that time. For a fixed individual v alive at time 7" and
t > 0, denote by H,(t) the height of the subtree root at v in pdBP(T + t). To bound H,(t),
we now construct two processes. Recall our continuous time process as defined in Section 2.3.3,
and consider a process where each type B individual gives birth to type A individuals at rate
(I =n)p(1—q)/(1 —p) and type B individuals at rate (1 — n)q, while everything else stays the
same. Denote by Hpin(t) the height of this tree at time t, Bpin(n) the time when the first
individual in the n-th generation is born, and define H,,q,(¢) similarly using 1 + 7 instead of
1 — n in the rates. Since the reproduction rates of type A individuals are constants, and those
of type B individuals only depend on ny4(t)/np(t), we have Hypin(t) < Hy(t) = Hpao(t) where
= denotes stochastic dominance as processes (i.e. for any monotone increasing functional f we
have f(Hpmin(t)) = f(Hy(t)) < f(Hmaz(t)) where < denotes the usual stochastic dominance).

From Biggins [17, Theorem 2| we know that

Bin(n)

lim = Tmin,
n—o00 n
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where v,,,;, can be calculated following the procedure given in the paper. First, compute the

matrix ®(0) with entries
Biy(0) = 0 / e VE(Zis (1))t = "
0

Here Z;;(t) denotes the number of type j individuals born to a type ¢ individual by time ¢, and
r;; denotes the rate at which a type 7 individual gives birth to type j individuals. Then take

the largest eigenvalue ¢(0) = A\pin /6 of ®(0). In our case we have

v (2-mg+ VP + A1 - )1 — q)?
man — 2

by calculation. Finally, define
wu(a) = inf {69“¢(9) 10> 0},

and compute Vi, = inf {a sua) > 1} = 1/(Amine)-
Since

Bmzn(Hmzn(t» <t< Bmin(Hmin(t) + 1)7

dividing by H,in(t) and letting t — oo we get

Hypin (t

m;”( ) as, Amine- (2.31)
Similarly we have

Hppo(t

””Z“”( )22 ) are, (2:32)

where

N L5 VRg? +4(1+n)(1 —q)?
maxr — 2 .

As the eigenvalues are continuous with respect to 7, and A\jaz = Amin = 1 when n = 0, we can

choose 1 in (2.30) small enough such that both A\, — 1 and 1 — Ay, are smaller than §/3.

Remark 2.6. Since we will need to generalize the result to CMRT with more types, we include
here an alternative argument using Perron-Frobenius theory of positive matrices [73, Chapter

8]. Note that when 1 = 0, the rate matrix consisting of r;;’s is a positive matrix (i.e. a matrix
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where all entries are strictly positive)

with left eigenvector (p,1 — p) corresponding to eigenvalue A = 1. Since this eigenvector has
strictly positive coordinates, we have that A = 1 is the unique largest eigenvalue of that rate
matrix. Therefore the largest eigenvalue of rate matrix is continuous with respect to n around

n = 0, and the previous result we established on Apqe and Ay, follows.

By (2.31), (2.32) and stochastic dominance (as processes) we see that

H,(t 0 . H,(t )
lim P ( inf *) < Amine— =] =0 and lim P |(sup ®) > Apaz€e+ =] =0
$—00 t>s 3 §—00 t>s t 3

hold for all v € V', where V denotes the set of individuals alive at time T'.

Since Hy, > H,(T,7 —T'), we have

S§—00 t>s

H,
limsup P < inf k

H,
- < Amin€ — 5) < lim P <inf () < Amin€ — 5) —
n—00 k>n Tk - T 3 ¢ 3

On the other hand, note that H,, < max,cy Hy(T,7 —T) + N. Using union bound with

V| < N we get

. Hy— N 5 . H,(t) 5
llﬂso%pP(Z‘;ET,:_T”we*s) <3t P (sup 5 > dowse +3) =0

With
4]

Hy, Hy,
<
3

Tk_—T_ log k

H,— N  Hy
T;—T log k

1)
| < - and |

for large enough k, by our choice of 1 and triangle inequality it follows that

H
limsup P <sup \—k —e| > 5) =0. (2.33)

Finally, do not forget that we are conditioning on the event F1 N E N Es, which occurs with

probability at least 1 — e. Therefore we have (2.29) as desired.
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Once again we are left with cases where p =1 or ¢ = 1. When ¢ = 1, recall that {’7}0}7122

looks like two disjoint URTSs in this case. Using results for URT [88] we have

Hy s,
— €.

logn

Last we turn to cases where p = 1 but ¢ # 1. Consider only pure-blooded type A individuals

as in Section 2.3.8 and use the same argument there we have

H
P (lim inf — > qe> =1

n—oo logn

For upper bound we construct {7,},>, from a URT {Uy,},-, as described in special cases of
Section 2.3.2 and note that by construction the height of 7, is at most equal to that of U,.

From results for URT [88] we know that

H,
P <limsup o< e> =1.
n—oo 10gN

This completes the proof for Theorem 2.6.

2.3.10 Extension to general case

To extend our results to more types, first we need to define Community Modulated Recursive
Tree (CMRT) with K > 2 types precisely. As in CMRT with two types, we start with one vertex
of each type to make sure new vertices always have a vertex to connect to. When K = 2, these
two vertices must be adjacent. However, when K > 2 one has to specify the starting tree.

The choice we make is as follows. To construct a CMRT with K > 1 types:

e Take a URT of size K and randomly assign each vertex to one of the K types based on

uniform random permutation. We shall refer to these vertices as roots of each type.

e Given a CMRT of size n — 1 (n > K + 1), a new vertex n is added to the tree at the
next time step and assigned type i (1 < i < K) with probability p; € [0,1]. W.L.O.G. we

assume that p; = maxi<;<x p; > 0.

e Vertex n then chooses type j (1 <1i < K) with probability ¢;; € [0, 1].
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e Finally vertex n chooses uniformly at random an existing vertex of that chosen type, and

connect to it, forming a CMRT of size n.

The process then uses the above dynamics recursively to yield a growing tree-valued process,
which we denote by {77"0}”2 x> Where 7, is the random recursive tree given by the process as it
reaches size n. Then we call {7}, a Community Modulated Recursive Tree (CMRT) with
K types and T, a CMRT of size n.

Accordingly, we will need a population-dependent branching process with K types as follows:

Initialization: start with K individuals at ¢ = 0, with one of each type. For any time t > 0
and 1 <1i < K, let n;(t) be the number of type i individuals. We have n;(0) = 1. Denote

by F(t) the o-field generated by the process until time ¢.

Types: Each individual in the system has a type € {1,2, ..., K'} and lives forever, while giving

birth to individuals of all types.

Reproduction: At any time ¢, a living type ¢ individual gives birth to type j (1 < j < K)

individuals at rate:
ni(t) pjgi
ni(t)

rij(t) =

Then using the same arguments as in the proofs for CMRT with two types we can prove

similar results in the general case:

Theorem 2.15. For each fized k, let Ni(n) denote the number of vertices with out-degree k in

Tn. Then
Niln) o,
n
where
K
c :Z Di ( T )k
k — 14+7r " 14+7r;
Here

1 K
Ty = — ijqji-
pi 3

When p; = 0 the i-th term in c should be interpreted as 0.

Remark 2.7. Similar to CMRT with two types, the limiting degree distribution is a mixture
of K shifted geometric distributions, and coincides with that of URT if and only if the balance

equation Z]K:1 Pjqji = p; holds for all 1 <7 < K. Note that ZJK:1 P;qji is the probability for the
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parent of a new vertex to be of type ¢. So the balance equation essentially states that the type
distribution for parents is identical to that of children. For the continuous time embedding, the
condition implies that all individuals will reproduce at approximately the same rate once the

population stabilizes.

Theorem 2.16. Let M,, denote the maximal degree in T,. Then when p1 < 1 and q;; < 1 for

some 1 <1i < K, there exists constants C1 and Co that depend only on p; and q;; such that

M, M,
liminf —~ > C; and limsup —— < Cy a.s.
n—oo logn n—oo logmn

When q;; =1 forall1 <i< K,

and when p1 = 1 but q11 < 1,

Theorem 2.17. Let H, denote the height of T,,. Then when p1 <1 or g11 = 1,

Hy  as,
—
logn

€.

When p1 =1 and q11 < 1,

n

<e a.s.

lim inf > quie and limsup
n—oo logn n—oo logmn

2.4 Structure of subtrees

As mentioned in Section 2.1.5, subtree rooted at a fixed vertex in URT has conditional
distribution identical to URT of the same size. This is obvious from the continuous embedding
since rates are constant. For CMRT however, similar result does not hold. Still, one can ask if
subtrees in CMRT retain some properties of CMRT. In this section, we shall consider CMRT
with two types and prove that the ratio between type A and B vertices is retained asymptotically

in subtrees. We will also relate the convergence of branch sizes to root finding algorithms.
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2.4.1 Ratios between population size of different types

For a fixed positive integer k, let Sy.(n) be size of the subtree rooted at k in 7y, and Sii(n)
and SB(n) be the number of type A and B vertices in this subtree. As the type sequence is
i.i.d. Bernoulli random variables, we have that ratio between population size of different types

in 7, converges a.s. to (1 — p)/p. We shall prove that this holds for all subtrees as well:

Theorem 2.18. For any fized positive integer k,

B _
S/jq(”) as, 1 P‘
Sit(n) P

Proof: Once again we shall work with the continuous embedding in Section 2.3.3.

Denote by si(t) and s2(t) the number of type A and B descendants of individual & in
pdBP(t), and define Y (t) := (1 — p)si(t) — psP(t) and Z(t) := (1 — p)na(t) — pnp(t).

Denote f(t) := EY?(t), by calculations similar to those in Lemma 3.2 we can compute f'(t).

Then take its absolute value and we get:

f(t) <22 = 1| f(t) + 2|2 = U E|Y () Z(t)| + |2pg — p — q| E|Z(t)]

1 —p—q+2pqg| E|Z(t)sy ()| + pE si (¢)

<212 — 1| (t) +2[2¢ — UYVE[Y (1) PE|Z(t)]? + [2pg — p — ¢| E|Z(1)]

+1—p—q+2pq|VE|Z(t)2E|np(t)]> + pEnp(t)

<2|2q — 1|f(t) + C1et?\/f(t) + Caet

for some positive constant C; and Cy. Here we use results obtained in Section 2.3.5 on moments
of np(t) and Z(t).
Since f(t) is strictly positive, we can define g(t) = / f(t) and derive:

Cyet
g(1)

g'(t) < 12¢ = 1g(t) + Cse' + (2.34)

for C3 = Cy/2 and Cy = C3/2. W.L.O.G suppose C5,Cy > 1. We want to show that g(t) <
C(exp(t/2) + texp(At)), Vt > 0 for some C' > 0, where A = |2¢ — 1].

For given t > 0, note that g(¢) is deterministic and let

s =sup{0 < t* < t:g(t*) <e'/?).
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If s =t then letting C = 1 we have g(t) < C'exp(t/2) trivially. Otherwise we have s < ¢t and by

continuity ¢(s) = exp(s/2). From (2.34) we get

9(t) = g(s) = g(t) —e*/? < /t Ag(u)du + (C5 + Cy) /t e"/*du,

S S

and

t
g(t) < / Ag(u)du + Cset/?

follows, where C5 = max{1, (C3 + C4)/2}.

By Gronwall’s inequality,
t
g(t) < Csell? + )\05/ e/ 2A=1) gy
S

If A > 1/2 we have
g(t) < Cset’? + XCste,

and if A < 1/2 we have

g(t) < e

1—2\
Letting C' = max{C5,C5/(1 — 2\)} we have g(t) < C(exp(t/2) + texp(At)).

Thus we have EY?2(t) < 20?(exp(t) + t? exp(2)t)). Note that C; (i = 1,2,...,5) do not
depend on p and ¢, so we can take C as a constant independent of p and ¢ as well. For large

enough K > 0 using Markov inequality and Borel-Cantelli lemma just as in Lemma 2.8 we get

exp(—Klogn)Y (K logn) % 0. Note that Klogn <t < K log(n + 1),

le”'Y ()| < max {n_K|(1 - p)s,‘?(K log(n + 1)) — ps2 (K logn)|, 2.35)

|1 = p)sit (K logn) — psf (K log(n +1)| }.

For the first term on the right hand side we have

(1= p)sit (K log(n + 1)) — ps (K logn)| <|Y (K log(n + 1))| + plsf (K log(n + 1)) — s (K log n)|

<Y (Klog(n +1))| + plnp(Klog(n + 1)) — np(K logn)|.
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and second term can be bounded similarly to yield
le='Y (t)| < n B (p|np(K log(n+1))—ng(K logn)|+max{|Y (K logn)|, Y (K log(n+1))|}) =% 0.

Here we use the facts that (HLH)K — Land {n Knp(Klogn)} is a.s. Cauchy by the previously
established a.s. convergence of exp(—t)ng(t). It follows that e 'Y (t) 22 0 as t — oc.

Since |si(t1) — si(ta)| < |na(t1) — na(tz)| and e7tna(t) == W, {e7tsi(t)} must be a
Cauchy sequence a.s. and e~'sil(t) == V for some nonnegative r.v. V. Note that W ~ Ezp(1)
is positive a.s. so we also have sii(t)/na(t) == U for some nonnegative r.v. U. Then e~'Y () =

e (1 —p)sii(t) — psP(t)) 2% 0 as t — oo readily gives sB(t)/si(t) 2> (1 - p)/p.

2.4.2 Convergence of subtree sizes

We observe that types of vertice 1,2, ..., k are not specified in Section 2.4.1. Therefore, the
results there actually hold more generally. To state this precisely, we need to define some terms.
For K > 2 and 7 < K, denote by %i’K) the tree containing vertex ¢ after removing all edges
between vertices {1,2,..., K}. Then let Ny(n) (or NX’K) (n)) and Np(n) (or Ng’K) (n)) be the
number of type A and B vertices in T, (or 771(i’K)). For fixed K and a partition X UY of
{1,2,...,K}, let ax (or ay) and bx (or by) be the number of type A and type B vertices in X
(or V). Define

N () =D NGO m), NE ) =Y NG ).
1€X 1€X

Then conditioning on (ax,bx,ay,by), it can be proved using the same argument as in Section
2.4.1 that N (n)/Na(n) and N3 (n)/Np(n) converge a.s. to the same nonnegative r.v. U. It
follows that (N4 (n) + Na (n))/n also converges a.s. to U. Here the law of U depends only on
(ax,bx,ay,by), so we shall use U(ax,bx,ay,by) to denote the law of the limiting r.v..

It is not hard to see by monotonicity that the following lemma holds:

Lemma 2.19. Ifx <o/, y <y, 2 > 2w > ', then U(x,y, z,w) U2,y , 2", w'), where <

denotes stochastic dominance.

Let bx = by = 0 and p = ¢ = 1, which cannot happen in CMRT because the type B root

is always present. Still we can see that U(ax,0,ay,0) is well defined in this case and has a
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Beta(ax,ay) distribution. Therefore, it seems natural to compare U(z, z,y,y) with Beta(z,y).

Indeed, we hypothesized the following moment bounds:

Hypothesis 2.20. For any positive integer k, we have
EU*(z,z,y,y) <EV"

where V' ~ Beta(x,y).

Much work has been done in an attempt to prove this hypothesis, and we include a discussion
in Appendix A. For the rest of this section, we will show that this hypothesis, if it were indeed
true, has important implications for understanding branching structure of CMRT.

First we examine subtrees rooted at the two roots, i.e. 771(1’2) and 7}(2’2). Since we know
that both \7;(1’2)]/71 and \7;(2’2)]/71 converges a.s. to some nonnegative r.v., we can expect to
obtain tail bounds on the limiting distribution.

Let 7 be the stopping time n when the first type A vertex is added to
’7;1(2’2). Then conditioning on 7, we have that |7}(1’2)\/n converges a.s. to r.v.
UNY2 (1), NS 2 (1), NOP(7), NG (7)). Note that N2 (7), Ny 2 (7) < 7—2, N¢? (r) = 1
and Ng’Q) (1) > 1, so the r.v. above is stochastically dominated by U(7 — 2,7 — 2,1, 1) using
Corollary 2.19. Therefore, conditioning on 7 we have by Markov inequality and Hypothesis 2.20

that

EU*(r —2,7—2,1,1) T—2

. (1,2) _
limsup P(|T,?| > (1 —e)n) < S o2 R

n—00 (1 _5)k

for all positive integer k.
Let k= [1/e] — 7+ 2 we get

limsup P(|7,"%] > (1—e)n) < (7= 2)e(1 —e)7 5 <d(r - 2)e

n—oQ

for e < 1/2.
On the other hand, let C; = p(1 — ¢) and note the following fact. At time ¢+ 1, a type 4
vertex is added and connect to a type B vertex with probability C';, and there are at most ¢t — 1

type B vertices to choose from. Since the subtree rooted at vertex 2 has at least one type B
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vertex (i.e. the root itself), we have

Cy
t—1

Pr>t+1)<(1- VP(T > t)

It follows that
t_

P(r>t) <

)

[\

Cr, Nt—-—1-0C4)
(1==)= T(t—1)I(1—Ch)

1

Then using Stirling’s approximation we know there exists a universal constant C'y > 0 such that

Co Co

Fr=sGoi-aye S a-go

Combine the above results we have (unconditionally)

C:
: 12| > (1 — )n) < 4(F — 2
h;n_)sgp P(| 7,77 > (1 —¢)n) <4t —2)e + (t—2)C1

for all t <24 [1/e]. Let t = [1/e/(0+CD] we get

C
limsup P(|7,M?| > (1 —e)n) < Cg&‘ﬁ

n—oo

for some universal constant C3 > 0.

Similarly we can establish bounds for |7}L(2’2) |. Then from

lim sup ]P’{]’];L(l’z)\ > (1—¢e)nor [T, < en} = limsup P(|7,52] > (1 — e)n)

n—oo n—oo
+limsup P(|T,>?| > (1 —e)n),
n—o0
we get,
: (1,2) e
limsup P{|T\"%|/n ¢ (e,(1 —¢))} < CHe™T-a (2.36)
n—oo

where w = min(p, 1 — p) and C* > 0 is some universal constant.

Next we consider general subtrees ’ﬁl(k’K) for 1 < k < K. Intuitively we would expect that
these subtrees should be small when K is large. We shall see that this is indeed true assuming
the moment bounds given in Hypothesis 2.20.

Using Hoeffding’s inequality for binomial r.v., we know that with probability at least 1 —
2/k?, min(N4(k), Ng(k)) > Kw — /Klog K. Denote Kw — /Klog K by M. Then for any
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1 < k < K, we have that \7}(kK)|/n converges a.s. to a r.v. stochastically dominated by

U(1,1, M, M). By Markov inequality and Hypothesis 2.20 we see that

EU%(1,1,M, M) 2
li P {|7,*K)| > < o) < .
msup P75 > en) < e = MM 1 1)
Using union bound we get

2K 2

lim sup IP’{EIl <k<K: |7;(k’K)| > 5n} <

~ 2.37
n—o0 M(M+1)e2 Kw?e? (2:37)

where the approximation holds for large K. This shows that all subtrees 771(k’K) are relatively
small when K is large. Note that we can always take higher moments in Markov inequality and

get better bounds asymptotically (with respect to €), but the coefficient will increase accordingly.

2.4.3 Root-finding algorithm

As shown by Bubeck et.al. [21], convergence of subtree sizes in URT has important implica-
tion for root-finding algorithms. Following their notations, given a (unrooted) tree 7" and one of
its vertex v, let 1)(v) be size of the largest subtree rooted at a child of v when regarding v as the
root of T'. Then given an integer K, let H(K) be the set of K vertices with the smallest values
of ¢(v) (with ties broken arbitrarily). Bubeck et.al. [21] showed that H(K) gives a root-finding
algorithm for URT. In this section, we shall apply results in Section 2.4.2 to show that H(K)
also gives a root-finding algorithm for CMRT, assuming Hypothesis 2.20.

First observe directly from (2.36) that

limsup P {3(1) > (1 -&)n or $(2) > (1 —)n} < limsup P{T /n ¢ (e, (1 -¢))}

(1-q)w
< CHet+-gw

where w = min(p, 1 — p) and C* > 0 is some universal constant.
Next we proceed to bound (i) for large i. Fix a large K and assume ¢ > K. We shall use

the following inequality from Bubeck et.al. [21]:

K
¥6) > min 12:¢k| == max [T,5.
J=L47
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Then using (2.37) we have

limsup P{3i > K : ¢(i) < (1 —e)n} <limsup P{31 <k < K : |75 | > en}

n—oo n—oo

< 2K 2
T M(M+1)e2 Kw?e?

Finally, combine these results we get

_(-qw 2K
T . * (1—q)w -
1 hnrglcgf P({1,2} C H(K)) < C7e*0-0% + M(M + 1)’

Therefore if K > 1/, we have

(1-q)w

P({1,2} C H(K)) =1 — O(c0-9%)

as € — 0, where w = min(p,1 — p). This shows that H(K) gives a confidence set for roots in

CMRT.

2.5 Extension to other variants of the model

There are other variants of the model that could be of potential interest, and we shall focus
on two of them in this section.

Construct a random recursive tree with K > 1 types as follows:

e Take a URT of size K and randomly assign each vertex to one of the K types based on

uniform random permutation. We shall refer to these vertices as roots of each type.

e Given a tree of size n—1 (n > K +1), a new vertex n is added to the tree at the next time
step and assigned type i (1 < i < K) with probability p; € [0,1]. W.L.O.G. we assume

that p; = maxi<i<i p; > 0.

e Vertex n then connects to an existing type j (1 < j < K) vertex with probability propor-
tional to w;; > 0. Specifically, for an existing type j vertex v, the probability for vertex n

to connect to v is given by
K )
D=1 Wil
where n; is the number of existing type [ (1 <[ < K) vertices. We shall refer to these w;;

as weights.

93



The process then uses this dynamics recursively to yield a growing tree-valued process,

which we denote by {72} K where 7,, is the random recursive tree given by the process as it
n>

reaches size n. Then we call {’R} o 2 Community Weighted Recursive Tree (CWRT) with
n_

K types and T, a CWRT of size n.

Similar to CMRT, we can define a population-dependent branching process with K types
for CWRT as follows:

Initialization: start with K individuals at ¢ = 0, with one of each type. For any time t > 0
and 1 <1i < K, let n;(t) be the number of type i individuals. We have n;(0) = 1. Denote

by F(t) the o-field generated by the process until time ¢.

Types: Each individual in the system has a type € {1,2, ..., K'} and lives forever, while giving

birth to individuals of all types.

Reproduction: At any time ¢, a living type ¢ individual gives birth to type j (1 < j < K)

individuals at rate:
ni(t)  pjwji
1 .
P Y wirn(t)

ri(t) =

Then following the same procedure as in the proof for CMRT we can derive the limiting

degree distribution of CWRT:

Theorem 2.21. For each fized k, let Ni(n) denote the number of vertices with out-degree k in

’771. Then
Ni(n) P, &
n
where
K ~
: :Z Dbi ( Ty )k
e R A
Here
_ PjWji
”i:Z K :
j=1 21:1 biwsi

Remark 2.8. Similar to CMRT, the limiting degree distribution of CWRT is a mixture of K
geometric distributions, with a different set of parameters. As a special case, when w;; = 1, the

limiting distribution becomes identical to that of URT.

Next we consider a “preferential attachment” version of CMRT which we shall refer to as

Community Modulated Preferential Attachment (CMPA) model. To construct a CMPA tree
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with K types, we follow the same rule as that of CMRT, except for the attachment step. Given
that vertex mn is of type ¢ and chooses to connect to vertices of type j, instead of choosing
uniformly among vertices of type j, vertex n now connects to a type j vertex v with probability
proportional to D, + «;;, where D, is the out-degree of v, and «;; are positive parameters. We
denote by {7}~ a Community Modulated Preferential Attachment (CMPA) tree with K
types and 7,F a CMPA tree of size n.

Accordingly, we need to adjust the reproduction rates for our population-dependent branch-

ing process as follows:

Reproduction: For any time ¢ > 0, 1 <,j < K and individual v, let n;;(t) be the number
of type j individuals born to type i individuals, and d,(t) be the number of offsprings
born to individual v. Then at any time ¢, a living type ¢ individual v gives birth to type

Jj (1 <£j < K) individuals at rate:

ni(t)  pigii(du(t) + aji) .
proagima(t) + 0 malt)

Tv(taj) = (238)

Note here that Zfi 1 nil(t) is exactly the total number of offsprings born to type ¢ indi-
viduals.

Let p; = Z]K:1 pjqji be the probability for the parent of a new vertex to be of type .
Following the same procedure as in the proof for CMRT we can derive the corresponding

limiting degree distribution:

Theorem 2.22. For each fized k, let Ni(n) denote the number of vertices with out-degree k in

T.r. Then
N,
k() P, ¢t
n
where
K
s NP Lk + a)T(1/v; + o) (2.39)
ke viD(a)T(k+14+1/vi+a;)’ '
Here
K
V; = Z Vji
j=1
with
Vi = Pjdji -
jipi + D;



and

ZK Ui Ol ZK Ui Ol

_ 2uj=1Y5i%  2=1V5i%i

al_ K - U .
Zj:l Vji v

And T'(-) is the gamma function. When pf = 0, the i-th term in ¢}, should be interpreted as p;

when k =0, and 0 otherwise.

Since the proof mimics that of CMRT, we will only include here the computation for the

final step. Recall that for CMRT we have the integral

1 ( 4
T+7y 1471y

/ P(Poisson(rys) = k)e *ds = )k,
0

For CMPA, the (time-homogeneous) Poisson process is replaced by a time-inhomogeneous Pois-
son process. To get the birth rates, observe that similar to the proof of CMRT we have
ni(t)/n(t) 2> p; and ng;(t)/n(t) == p;qji as t — oo. Therefore from (2.38) the reproduc-

tion of a type 7 individual v is approximately

K
Piji(do(t) + v0)
K
iD1 Qi 2 Pudii

= Vi(dry(t) + Oéi).

This leads to a pure birth process with rate v;(m + «; — 1), where m is the current population
size. We shall denote this process by {Y (v;,t) : t > 0} (with Y (14,0) = 1). Then similar to
CMRT we need to compute the integral [;° P(Y (v;,8) = k + 1)e~%ds.

Since transition probability function of {Y (v4,t) : t > 0} can be computed explicitly (see
e.g. [94, Proposition 6.1]), we have

—QiViS (1 _ oTViS k.
T+ D° A=)

Plugging it into the integral we get

& _ F(k + Ozz') R —uis\k —
P(Y (13, 8) = k + 1)e~*ds = —— + 2) aivis(1 _ o=vis\k =S g
/0 (Y (v, s) + 1)e ’ds (o) Tk 1 1) /0 e (1 —e %)% *ds

1%

Let x = e7%® and by change of variable we have

o0 1/t 1T(k+DI (1 /v + oy
/ e—aiuis(l _ e—l/is)k‘e—sds — / ml/[/i-‘raz‘—l(l _ flf)kdl' _ ( + ) ( /V + o )
0 vi Jo v D(k+14+1/vi + o)

This leads to the constant in (2.39).
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Remark 2.9. Similar to CMRT, the limiting degree distribution of CMPA tree is a mixture
of K distributions, and coincides with that of preferential attachment model [18] when a;; = «
and the balance equation p; = Zszl pjqjii = p; holds for all 1 < ¢ < K. Moreover, for
large k, using Stirling’s approximation we get c; = O(kz_l_l/ ¥) where v = max; v;. Consider
the special case where aj; = a. we have Zfilpf = Z]K:1 D) Zfil gji = Z]K:1 pj = 1, and
S pr(1 /v —1) = a XK pi = a. Tt follows that —1 —1/v > —2 — a and equality holds if and
only if the balance equation holds. Therefore, the limiting degree distribution of CMPA tree
typically has a heavier tail than that of preferential attachment tree with the same parameter

a. The tail is heavier when p; is larger compared to p;, which agrees with intuition.
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CHAPTER 3

Recovering clusters from covariance structure

Clustering, a central problem in unsupervised learning, aims to partition a set of objects
into similar groups. Among the various algorithms developed to this end, many are based on the
K-means criterion, e.g. the standard iterative algorithm first proposed in 1957 by Stuart Lloyd
of Bell Labs [65]. To analyze these algorithms theoretically and computationally, one popular
choice is to consider their performance under Gaussian mixture model. Under this framework,
we have independent observations from a mixture of Gaussian components, and the goal is to
examine the clustering error rate using certain algorithm.

However, given that the goal of K-means is to minimize within-cluster sum of squares, it
might be more natural to think about covariances instead of means. Intuitively, K-means should
work when covariances within the same group are larger than that between different groups.
In this work we take this prospective and consider a collection of correlated Gaussian vectors
that have certain latent group structure. For better illustration we index the dimensions by
time and treat these vectors as processes. Specifically, we have n Gaussian processes and each
process is observed at the same T time points. Moreover, each process belongs to one of the K
groups, and information about group labels are encoded in the covariance structure. Our goal
is to recover the groups using as few observations as possible.

In this chapter we shall provide conditions under which exact recovery from covariance
structure is possible via K-means. Compared with previous results, which mostly focus on the
mean structure and require observations to be independent, we assume that no information is
contained in the group means and impose covariance structure based on group partition instead.
For a motivating example, consider the following vector autoregression (VAR) model with n
nodes as dimensions. Write X(t) = (X1(t), X2(t), ..., X, (t))" and €(t) = (e1(t),e2(t), ..., en(t))’

for the observations and white noise at time ¢. Suppose

X(t+ 1) = AX(t) + e(t) (3.1)
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where A is the adjacency matrix of some graph with certain community structure. For example,
consider a simple case where each node belongs to one of the K groups, and the (i, j)*" entry
of A is equal to 1/n if i and j are in the same group, and 0 otherwise. Here the normalizing
factor n is needed to ensure stationarity of the process.

Then as a special case of the model we shall consider in the main theorem, we have the

following exact recovery result:

Theorem 3.1. Suppose each group has size at least rn for r > 0. Then for all n > 1 and
T > Cnlogn, with probability at least 1 — n=2, global optimum of K-means is unique and

recovers the K groups exactly. Here C = C(r,K) > 0 is a constant that depends on r and K.

As an application, (3.1) can be used to model brain activity, where the n processes repre-
sent signals observed from voxels and the K groups represent brain regions. Indeed, PECOK
algorithm [24], based on convex relaxation of K-means, is used to analyze fMRI data [23], and
theoretical guarantees are given under a variable clustering scheme called G-block covariance
model. However, G-block covariance model assumes that observations are independent across
time, and in this sense (3.1) could be a more reasonable choice for brain data.

In general, we do not require a generative model like (3.1) and instead impose conditions
on covariances. And as in Theorem 3.1, instead of any specific algorithm, we work directly with
the global optimum of K-means.

We shall also conduct a simulation study to compare performance of various algorithms,
including K-means, spectral clustering and an iterative algorithm, similar in spirit to Lloyds
algorithm for K-means, that fits a blockwise constant approximation to the sample covariance
matrix.

The rest of this chapter is organized as follows: Section 3.1 gives an overview on related
work. Section 3.2 formulates the model and introduces assumptions we make on the covariance
structure. Section 3.3 states the main theorem, with applications to several special cases.
Section 3.4 contains the proofs. Section 3.5 discusses algorithms based on sample covariance

matrix. And Section 3.6 is devoted to simulation study.
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3.1 Literature review

3.1.1 Notation

For an N x N square matrix A = (aij)%:lv we write Tr(A) = Zf\;l ay for its trace,
l|A|lF = (ZZNj:l aizj)l/2 = /Tr(A’A) for its Frobenus norm, ||Al|,, = inf{c > 0 : ||Av|| <
c||v|| for all v € RV} for its operator norm (here || - || denotes the usual Euclidean norm in RY),
[|Alloo = max; Zé\;l la;j| for its Lo, norm (i.e. maximal absolute row sum), and ||Al|mee =

max; j |a;;| for its max norm. Denote by Iy an identity matrix of order N and by

N 1, ifi=j
8(i,j) =

0, otherwise.

the delta function.

3.1.2 Recovery rate of clustering algorithms

Under the framework of Gaussian mixture model, much work has been done to estimate
the model parameters, but less was devoted to the study of clustering error rate. In the context
of K-means, theoretical guarantees for the standard Lloyd’s algorithm and other variants were
given under different signal to noise conditions. For Lloyd’s algorithm (with appropriate ini-
tialization), Lu and Zhou [66] give the minimax optimal rate in partial recovery. Another line
of work is based on the convex relaxation of K-means proposed by Peng and Wei [85], where
various exact recovery results [95] [62] have been derived and generalized to partial recovery
[45]. There are partial recovery results based on other convex relaxations as well [39].

Since estimation of model parameters is not an issue in recovery problem, most of these
results apply to the more general sub-Gaussian mixture model. Also, these results are often
stated in terms of certain signal to noise ratio (SNR). For simplicity let us consider a Gaus-
sian mixture with K groups of equal size n/K and covariance ¥ (in general the sizes and
covariance matrices need not be the same). Use 6 to denote the minimum Euclidean dis-
tance between means of different components and define the following two notions of SNR:
s? = min{ﬁ, #SI%} and s3 = 6?/||Z||op. Then for perfect recovery, Royer [95] provides a
sufficient condition s? > C' max{K,logn} for some constant C' > 0. For partial recovery, Giraud

and Verzelen [45] prove that the proportion of mis-clustered observations decay exponentially
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with respect to s} as long as s3 > CK for some constant C' > 0. Lu and Zhou [66] and Fei and
Chen [39] prove similar exponential decay rate with respect to s3 under stronger minimal SNR
conditions. For our work we do not have a notion of SNR, but as we shall see in Section 3.13,
our results are comparable with that of Royer [95] under special cases.

Performance of these algorithms have been analyzed under other probabilistic model as well,
e.g. the stochastic ball model [9] [51]. Closer to our work, Bunea et al. [24] derive exact recovery
results based on the aforementioned PECOK algorithm under G-block covariance model. In
the deterministic setting, Kumar and Kannan [60] and Awasthi and Sheffet [10] prove that
under certain proximity or separation conditions, Lloyd’s algorithm with an initialization step
will recover all groups exactly with high probability. These results have the advantage of not
requiring any distributional assumption. However, they do not apply to the high dimensional

setting we shall consider.

3.1.3 K-means based methods

Let X € R™P be a n x p matrix, whose rows X; (i = 1,...,n) are observations to be
clustered. The K-means objective function with respect to a partition {1,2,...,n} = UK ,C, is

given by the within-cluster sum of squares (WCSS):

K
WCSS({Cataly) =D Y 1% = X3 (3:2)
a=1ieC,
where X (@) = > icc, Xi/|Cal are the cluster means, and ||-||2 denotes the usual Euclidean norm.
K-means algorithm aims to find the partition that minimizes the above objective function, given
the number of clusters K.

The K-means optimization problem is NP-hard in worst cases, and most practical algorithms
are only guaranteed to find local optimums, e.g. the standard Lloyd’s algorithm [65], sometimes
also referred to as “naive K-means”. This iterative algorithm takes K initial cluster centers
(usually chosen from the n observations), and alternative between two steps. In the assignment
step, each observation is assigned to the nearest cluster center in terms of Euclidean distance
and this leads to K clusters. In the update step, cluster centers are updated as means of the
K clusters formed in the assignment step. There are many variants of K-means, and some

of them has better theoretical guarantee than just local optimums. For example, k-means++
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[6] includes a randomized seeding step to choose the initial cluster centers, and a competitive
provable upper bound on the objective function (3.2) can be established accordingly.

As another alternative, semi-definite programming (SDP) relaxations of K-means are also
well-developed. While there are many variants in the literature, we are only going to introduce
the one used in [45] to derive the state-of-the-art recovery results.

Note first that any partition {1,2,...,n} = Uff:lC’a can be represented uniquely by an xn
matrix Z such that Z;; = 1/|C,| if i and j are in the same group C,, and Z;; = 0 otherwise. Peng

and Wei [85] show that minimizing (3.2) is equivalent to the following optimization problem:

min < XX',Z >
Z is symmetric, Z > 0, (3.3)

Z?=27,71=1,Tr(Z) = K.

Here Z > 0 means that the inequality holds entry-wise, i.e. all entries of Z are nonnegative.
Given a maximizer Z, clusters can be constructed by grouping ¢ and j together for Zij #0.
To relax (3.3), Peng and Wei replace the non-convex constraint Z? = Z by positive semi-

definiteness and consider the following SDP problem:

min < XX',Z >
Z is positive semi-definite, (3.4)

Z>0,21=1,Tr(Z) = K.

To construct the clusters from maximizer Z of (3.4), one has to apply a rounding procedure.
In the original work [85] Peng and Wei use a procedure based on principal component analysis,

and in [45] this is replaced by clustering rows of Z using an approximate K-medoids algorithm.

3.1.4 (G-block covariance model

In this section we give a brief introduction to the G-block covariance model considered in
[22] as a framework for variable clustering, and relate that to the covariance-based clustering

problem we shall study.
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Let X = (X1, ..., X)) be a p-dimensional zero-mean random vector, and suppose its covari-

ance matrix X has the following block structure:
Y =207"+T, (3.5)

where the p x K matrix Z is the membership matrix corresponding to partition {1,2,...,p} =
UK |G, with entries Zj, := 1{j € G,}, Q is a K x K symmetric matrix, and I'is a p x p
diagonal matrix with I'j; = v, > 0 for j € G,.

An important sub-class of G-block covariance model is studied in [24], when
Xj=M,+¢e;, foralljeG,, (3.6)

where M = (M, ..., M) is a K-dimensional zero-mean vector independent of the p-dimensional
zero-mean error vector € = (€1,...,6p). In addition, Cov(M) = Q, and ¢ is assumed to have
independent coordinates with variances given by Cov(e) =I'. Not all G-block covariance model
is of this form because () is not necessarily positive semi-definite in general.
For the general G-block covariance model (3.5), separation between clusters can be measured
by
MCord(¥) := min max |X;, — Xji],

] ki,
where ¢ ~ j is the equivalence relation induced by partition {G,}, i.e. i ~ j when ¢ and j belong
to the same block. MCord(X) = 0 if and only if all off-diagonal entries of ¥ are identical. For
the special case (3.6), separation can be the within-between group covariance gap, which is

equivalent to distance between the latent means M,:
A(Q) := min(Qua + Qpp — 2Q4) = minE(M, — Mb)Q.
a#b a#b

A(R2) = 0 if and only if all coordinates of M are identical.

Suppose we have n i.i.d. observations X1, ..., X of X from a G-block covariance model,
the goal of variable clustering is to recover the true partition {G,}. Note that here the block
structure is encoded in the covariance matrix, which fits into our framework. Indeed, if we
index the observations by time and consider p processes X J(t) (j = 1,...,p), variable clustering

is equivalent to clustering the processes. However, these processes are independent across time.
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In terms of perfect recovery, the CORD algorithm introduced in [22] is minimax-optimal
with respect to the separation measure MCord(X) in the general case (3.5), and a penalized
convex relaxation of K-means called PECOK is near minimax-optimal with respect to A(£2) in

the special case (3.6).

3.1.5 Stochastic block network VAR model

In this section we give an introduction to a class of vector autoregressive (VAR) model
considered in [47], in which coefficient matrices are specified by certain generalized stochastic
block model. For simplicity we shall only describe the undirected case.

Let X(t) = (X1(t), Xa2(t), ..., Xn(t))" be a n-dimensional vector, with dynamics given by the
following VAR(p) model:

X(t) = zp: OX(t—1) + ()
=1

where ®; (I = 1,...,p) are n X n coefficient matrices, and {&(¢)} is a zero-mean covariance-
stationary stochastic process.

Assume that ®; is specified by a latent undirected weighted graph G;. Let A; be the n x n
adjacency matrix of G;, with (A4;);; equal to the edge weight wj; if there exists an edge between
vertex i and j, and 0 otherwise. Define also the n x n diagonal degree matrix Dy, with (Dy); =
2?21(141)17‘7 and the symmetric normalized Laplacian matrix L; = Dl_l/QAlDl_l/Q. Then ®, is
defined as follows:

o, = ¢D; P AD = g1,

where ¢; > 0 is called the stationarity parameter. Assume further that G; are i.i.d. realizations

of a generalized stochastic block model defined below.

Definition 3.2 ( (Generalized stochastic block model [89])). Let Z be the n x K membership
matriz, with entries Z;, = 1 if vertex i belongs to community a, and 0 otherwise. Let P be the
K x K symmetric edge probability matriz, and © be the n x n diagonal matriz of nonnegative
vertex-specific weights. Let F be a probability distribution supported on a bounded interval.

In a generalized stochastic block model with n vertices, the probability that an edge exists
between vertex i and j which belong to community a and b, respectively, is ©4;0;; Py, < 1, and all
edges are formed independently. Moreover, each edge (i, 7) is assigned a weight w;; that follows
the distribution F', independent of all edges and other weights. Write G ~ GSBM(Z, P,©, F)

when a random graph G is generated this way.
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Note that P and © are only unique up to a multiplicative constant, so we can normalize ©

such that ©;; sums to 1 within each commumnity.

Remark 3.1. If one treats the observations at each vertex, namely {X;(¢)}, as individual
processes, we get n correlated stationary processes, and the covariance matrix of X(¢) has an
underlying block structure. This fits into our framework perfectly. However, as we shall see
in simulation study, algorithms tailored to this VAR model perform much better than more

generic methods like K-means.

As in [47], we call the VAR model generated above the stochastic block network VAR(p)
model. And community detection aims to recover the block structure given a sample of obser-
vations X(t) (t = 1,...,T). To this end Gudmundsson proposes an algorithm called VAR Block-
buster. First, derive the ordinary least squares (OLS) estimates of coefficient matrices. Write

A

R(t) = (X(t —1),...,X(t — p)') for the lagged values. Then the OLS estimate ® = (&, ..., &)

is given by . .
@:( 3 X(t)R(t)’)( 3 R(t)R(t)’)_l
t=p+1 t=p+1

when ZtT:p L1 R(H)R(t)" is invertible. Compute the sum of symmetrized coefficient matrices
Zle(ci)l + @2) and gather eigenvectors corresponding to its K largest eigenvalues into a n x K
matrix U. Finally, apply k-means-+-+ [6] to the row-normalized version of U.

Gudmundsson establishes the following clustering error rate bound for the VAR Blockbuster

algorithm:

Theorem 3.3. Consider a stochastic block network VAR (p) model with fivred © and F. Define
pn = ming Py,. Let v be the proportion of mis-clustered vertices. Then under Assumption 3.4

and 3.5 we have:

n  logn
= 0=
r (T+ .

)

with high probability as n — oo, if T = Q(n?7~1), where v is as in (g) of Assumption 3.5.
The first assumption here concerns edge probabilities:

Assumption 3.4. P is positive definite and p, = ming Py, = Q(logn/n).

Recall here that p, = O(logn/n) is the “semi-sparse” domain, the sparsest regime where

exact recovery is possible.
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Assumption 3.5. Let {X(t)} be a stochastic block network VAR(p) model. Write G =
{G1,...,Gp}.  Define covariance matrices Y. = Cov(e(t)) = E(e(t)e(t)) and Ex =
E(X(t)X(t)'|G). Assume that:

(a) {(t)} is covariance-stationary and serially uncorrelated.

(b) E(X(t)e(t)'|G) = 0 for all t.

(c) ||Zellop < C1 and ||E71||op < Ca, where Cy,Cy > 0 are constants.
@) S o< 1.

(e) {Z;/QX(t)} is strongly mixing with mixing coefficient

a(m) < e~am™

for all positive integer m, where c1,v1 > 0 are constants.

(f) For arbitrary n-dimensional vector ¢ with unit Euclidean norm,
P(|C/E;(1/2X(t)‘ > S|G) S el—(S/CQ)’O

for all s > 0 and t, where ca,v9 > 0 are constants.

(9) v <1 where 1/y=1/v1+1/7.

Assumptions (a),(b) and (d) guarantee that {X(¢)} is covariance-stationary. (c) bounds
eigenvalues of Y. from both sides. The remaining assumptions are needed for the concen-
tration inequality of Merlevade [72] to apply. Note that the mixing coefficient in (e) is
defined conditioning on G. Specifically, let F¢ _ = G{E;ﬂX(s) : —oo < s < t} and

F = U{E;/QX(S) :t < s < oo}. Then the a-mixing coefficient is defined as

a(m) = sup sup |P(AN B|G) —P(A|G) P(B|G)].
t AeFt ,BEFX,,
Remark 3.2. In the special case where {e(¢)} is Gaussian, we have 7 = 1 and 72 = 2

from [72, Corollary 3|. It follows that v = 2/3 and the condition in Theorem 3.3 becomes
T = Q(n*7~1) = Q(n?). Suppose further that inf, p, > 0, then Theorem 3.3 states that the
number of mis-clustered vertices is of order O(logn), which is the best bound one could hope

for from the theorem.
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3.2 Model formulation and assumptions

We use X;(t) to denote value of process i observed at time ¢, and write X; =
(Xi(1), Xi(2), ..., X;(T))" for process i. The first assumption we need is joint Gaussianity of

these processes.
Assumption 3.6. {X;}" , are jointly Gaussian.

Let {1,2,...,n} = UleGa corresponds to the partition of n processes into K groups such
that processes in group a have indices in G,. Let n = |G,| be the size of group a. We assume

that each group has size of order n:
Assumption 3.7. min, nS > rn/K for some r € (0,1].

The normalizing factor K here ensures that r» does not necessarily depend on K, and r =1
if and only if we have K groups of equal size n/K.
For simplicity we center and scale the process and introduce some notations to better

describe the group structure:

Assumption 3.8. Foralll1 <i<nand1l <t<T,
E(X;(t)) = 0.
Forall1 <i,j <n withi € Gg, j € Gy for some 1 <a,b< K, and 1 <t1,to <T,
Cov(X;(t1), X;(t2)) = 0(4,7)0(t1,t2) + pap(ti, t2) + &j(t1, t2). (3.7)

Here pgp(t1,t2) and &;(t1,t2) are fixed parameters. pgp(ti,t2) should be interpreted as
the part of autocovariance that can be explained by the group labels (similar to a “groupwise
average” ), while &;;(t1,t2) is some kind of perturbation.

For convenience we define 7' x T matrices P(i,j) = Cov(X;,X;) — 0(4,5)Ir, Zij =
(&j(t1, 1)), =1 and Pay = (pap(ti,t2))f 1=y for 1 < i,j < nand 1 < a,b < K. Then
(3.7) can be rewritten as

Cov(X;, Xj) =0(4,7)Ir + P + Eij (3.8)

for i € G, and j € Gy,

To recover the groups, we need the following assumptions on the covariance structure:
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Assumption 3.9. For all 1 < 4,5 < n withi € Gg, 7 € Gy for some 1 < a,b < K, and

1<¢t,t,t2a < T,

pab(t1,t2) > |€i(t1,t2)| > 0, (3.9)
= M
Z || Papl|loo < —, for some constant M > 0, (3.10)
b=1 "
2
Paa(t,t) + pep(t,t) — 2pap(t,t) > —’y, for some constant v > 0 when a # b, (3.11)
n
- ry
1E55]loc < AK3n2 (3.12)

Note that from (3.10) and (3.11) we have v < M.

We briefly explain the motivation behind these assumptions. First, (3.9) ensures nonneg-
ative correlation between observations at different points and time. This condition can be
relaxed and it is obvious from the proof that we only need sign of p.p(t1,t2) to be the same
for all 1 < a,b < K, given any pair of time points ¢; and t2. Violation of this assumption can
cause larger variability in the objective function of K-means and makes recovery harder. (3.11)
tells us that correlation within the same group is stronger than that between different groups.
Since K-means aims to minimize within-cluster sum of squares, larger within group covariance
will encourage the optimum to include points from the same group in the same cluster. (3.10)
controls long-range dependence of processes across time. If observations at different time are
highly correlated, we gain little information by adding more time points. Note that instead of
the sum over b, we can assume ||Py|loc < 2% instead. However, as (3.11) and examples in
Section 3.3 suggest, ||Paal|oo is usually much larger compared to || Pap|loc With b # a. In cases
where they are of the same order, we can choose M as a multiple of K. Finally, (3.12) controls
magnitude of the perturbation terms.

Although M and ~ are not necessarily independent of n, K and T, the results are more
natural when that is indeed the case. To see that, note that (in this case) (3.10) and (3.11)
readily give pqq(t,t) = O(1/n) for large n. Moreover, from (3.12) we know that &;;(t1,t2) =
O(1/n?) for fixed K. It follows that Var(X;(t)) = 1+ paa(t, t) +&i(t,t) = 1+ O0(1/n) for i € G,
and pap(t1,t2) + &j(t1,t2) is approximately equal to the auto-correlation function. Order 1/n
here comes from the normalizing factor n in (3.10), and we shall see in Section 3.13 that this is

a reasonable choice.
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3.3 Main theorem and special cases

Theorem 3.10. Under Assumptions 3.6, 3.7, 3.8 and 3.9, for alln > 1 and T > CK°nlogn,
with probability at least 1 — n_QKQ, global optimum of K-means is unique and recovers the K

groups exactly. Here C = C(r,M,~) > 0 is a constant that depends on r, M and ~y.

3.3.1 Time-independent case

For a special case where the process is independent across time, consider:
Xi(t) = pa(t) +ei(t) if i € G (3.13)
Here 114(t) ~ N(0,1) and £;(t) ~ N(0,1) are mutually independent.
In this case Assumption 3.6, 3.8 and 3.9 hold without further assumptions if we let
pav(t1,t2) = £6(a,b)d(t1,t2) , &;j(t1,t2) =0, M =1 and vy = 1.
Note that if we condition on py(t), we actually have a Gaussian mixture model here, and the

minimum Euclidean distance between means of different components 6 satisfies 62 = O(T'/n).

Recall from Section 3.1 that signal to noise ratio s3 = min{ ||29|2|Dp7 Kﬁgl% }. In this case ¥ = Iy
and s = O(T/n) if one treats K as a constant. From Royer [95] we know that perfect recovery
can be achieved by the Peng-Wei convex relaxation of K-means when s > Clogn for some
constant C' > 0. This is exactly the same condition as given by Theorem 3.10 with respect to
n.

In general, under time-independence our model is similar to the G-block covariance model

described in Section 3.1.4, for which (3.13) is also a special case. So the case above also shows

a relationship between G-block covariance model and Gaussian mixture model.

3.3.2 Block VAR model

Write X(t) = (X1(t), Xao(t),..., Xn(t)) and e(t) = (e1(t),e2(t),...,en(t))’. Consider the

following vector autoregression (VAR) model:
X(t+1)=AX(t) + e(t) (3.14)

where €(t) ~ N(0,1,) are mutually independent. Suppose entries of the coefficient matrix A

are specified by A; ; = p,, when 7 € G, and j € Gy. Consider the following assumptions:
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Assumption 3.11.

Pab > 0. (315)
K
ny pa<1-7. (3.16)
b=1
Paa — Pab > L, when a # b. (3.17)
n

Here a,b € {1,2,..., K} and 0 < 7 <1, n > 0 are constants.

Then we have the following proposition:

Proposition 3.12. Under assumption 3.7, Assumption 8.11 implies Assumptions 3.8 and 3.9
with M = 2K /72 and v = rn?/K.

In the simple case of (3.1), we have p,, = d(a,b)/n and Assumption 3.11 obviously holds.

3.3.3 Stationary case

The previous two examples are both special cases of stationary processes. In general, (with

a slight abuse of notation) if pay(t1,t2) = pap(|t1 — t2|) is a function of |t; — t2|, we have

p® () pa(T 1)
Py, — pab'(l) pab.(o) : pab(Tj -2) ‘ (3.18)
pab(T)  pap(T —2) --- pab(0)

Also, (3.10) in Assumption 3.9 can be replaced by

K 00
> (an(0) +2)  par(t)) < - (3.19)
b= t=1

1

M
n

which is a more natural condition on autocovariances in the stationary case. In fact, from (3.18)
we know that (3.19) is equivalent to the stronger assumption that (3.10) jointly holds for all
T>0.

Note that we only require pqp(t1,t2) to be stationary here, so the process is not necessarily
stationary. For that to be the case, &;;(t1,t2) also has to be a function of |t; — ta|.

Further if we assume no perturbation altogether, i.e. &;(t1,t2) = 0, we may replace As-

sumptions 3.8 and 3.9 with the following assumptions:
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Assumption 3.13.

E(X;(t)) =0.
Var(X;(t)) =1+ paa(0) when i € G,

Cov(X;(t), X;(t)) =pap(0) when i # j,i € G4 and j € Gy.

COV(Xi(tl),Xj(tg)) :pab(|t1 — tg‘) when t1 75 to,1 € G4 and j € Gy.

Assumption 3.14.

Pab(t) > 0.
K e
nZ(|pab(0)\ +2 Z lpab(t)]) < M, for some constant M > 0.
b=1 t=1
2
Paa(0) + ppp(0) — 2p4p(0) > l, for some constant v > 0 when a # b.
n

Here a,b € {1,2,...,K}.

In this case we have the following theorem:

(3.20)

(3.21)

(3.22)

(3.23)

Theorem 3.15. Under Assumptions 3.6, 3.7, 3.13 and 3.14, for alln > 1 and T > CK°nlogn,

with probability at least 1 — n_2K2, global optimum of K-means is unique and recovers the K

groups ezactly. Here C' = C(r,M,~) > 0 is a constant that depends on r, M and ~y.

3.4 Proofs

In this section we give a proof for Theorem 3.15. Proof for the more general Theorem 3.10

essentially follows the same argument, with lengthier computations. For completeness we still

include a proof for Theorem 3.10 in Appendix B.

3.4.1 Proof of Theorem 3.15

Recall that K-means aims to partition the n nodes into sets {C,}X ;| that minimize the

within-cluster sum of squares:
K

WCSS(H{CHE) =" 1% = X3

a=11ieC,

where XU) = > icc, Xi/|Cal are the cluster means.
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Our goal here is to show that under the assumptions, with probability close to 1, global
optimum is uniquely achieved when the clusters coincide with the latent groups, i.e. {C,}5 | =
{Gp}HE . For clarity we shall refer to {C,}X | as clusters and {G,}{, as groups throughout.

We proceed in two steps. First we show that WCSS({C,}E ) > WCOSS{Gp}E ) with
high probability for a given partition {Cy}X | # {Gp}£,. Then we use a union bound on all
possible partitions to establish the desired result.

Step 1: For a given partition {C,}5 |, write n{ = |C,| and ngy = [Co N Gyl (a,b €
{1,2,..., K}). First note that

WESSUCH) =3 3 X — KO = 33 Xl Gl [X9 )

a=11ieCy a=1 ieC,

n K ‘
=Y IIXill3 = |Cal - X913
=1 a=1
n K 2
. X
:ZHX”@*ZHZZGCG %H2.
i=1 |Cal

a=1

Therefore we have

X; X;|[2
AI: WCSS({Ca}é(Zl)_WCSS({Gb}gil) ZHZlEnGb H2 _ZHZ’LECQ H2
b=1 b

Instead of expressing A as a quadratic form in {X;}!",; with nT dimensions, we shall
view it as a quadratic form in group and cluster means with 2K7T dimensions. Formally, let
YYo= icq. X;//n€ for 1 < a < K be the scaled group means and Z;, = dico, Xif n§ for
1 < b < K be the scaled cluster means. Then A = Zle 1Y a|[3 - Zi(zl [|Zy]|3 = U'QU, where

Ik

—Ikr

and U = (Y, ... Y. Zh, ... Z}.) .
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We proceed to derive the distribution of U from (3.20). Specifically, we know that U is

multivariate Gaussian with mean 0 and covariance matrix

G oo nG Y1 o Yk
e ... NG Sk - Yk
¥ ~K1 ~KK 1 (3.24)
Xy Yig DIV EICK
Y o Ykk T o Yk

where EbGd = Cov(Yy, Yy), X8 = Cov(Z4,Z.) and Yoy = Cov(Z4,Yy). For clarity in what
follows we shall use a, ¢ to index the clusters and b, d to index the groups. These matrices can

be computed explicitly using (3.20). Covariances between scaled group means are

»& = Cov(Yy) = Cov () Xi) = —5(n§'Ir + (n§)?Py) = It + nf Py, (3.25)
i€Gy

and similarly

56 = 1/nSnG Py (3.26)

when b # d. By symmetry we have EbGd = 2%.

Covariances between scaled cluster means are

¥ = Cov(Z,) = Cov Z X;) (nSIr + Z NabNad Pod)
i€Cy 1<b,d<K (3.27)
=Ir+ —& nC 1<bZd<K NabNad Pod,
and similarly
See = . Z NabNed o, (3.28)

¢ /-C,C
NaNe 1<pd<i

when a # c¢. Again by symmetry we have ¢, = ¢ .
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Finally covariances between scaled group and cluster means are
K

——— Cov Z X, Z X;) nabIT + Z ny naded)

Yap = Cov(Za, Yp) =
\/ncnb i€Ca  jEGy \/
= K (3.29)
IT + % Z NadPa-
\/ nb N d=

Going back to the quadratic form A = U’'QU, we decorrelate U so that A can be expresses in
terms of a white noise. Let € be multivariate Gaussian with mean 0 and covariance matrix Iox

such that U = $/2¢. Then we have EA = EU'QU = E&/'S1/20%1/2e = Tr(21/2081/2) =

r(Q2Y). Block matrix algebra readily gives

»& T S HY Y1
na& .. N Yk o Yk

Oy = o o : (3.30)
=¥ o Yk —2101 T —Zch
ZlKl _E/KK 2%1 _E?(K
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And from that we know

K K

EA =Tr(Q%) =Y Tr(SH) — > Tr(2G,)
b=1 a=1
K
=KT+T Z ng o (0) — KT — T Z Z NabNadPbd(0)
b=1 = a 1<b,d<K

(by (3.25) and (3.27))

:T(Z Z NabPib(0 Z n% NabTadPod(0))

a=1 b=1 a=1 % 1<bd<K

=

(wsing nf = 3 )

a=1 (3.31)
K K
1
Z Z NabTadPob(0 ch Z NabTadPrd(0))
a=1 “ 1<b,d<K a=1 % 1<b,d<K
usmgn Zn“d

K

K
1 NabNad
D) > anca (Peb(0) + pad(0) — 2ppa(0))T
a=1b,d=1 a
b;éd

T
Z Z nabnad 'Y . (by (3.23) in Assumption 3.14)

a=1b,d=1 ng
b£d

To make this lower bound more amenable to analyze, we introduce a measure s to quantify
the difference between {C,}X | and {Gy},. W.L.O.G. we can reorder {C,} | and {G,}X |

such that n,, = maxa/,b?a{na/b/} . Let
_ C
s = max{n; — Naa}- (3.32)
a

Then we have the following lower bound on 4:

Lemma 3.16.

rsy T
§> ——
~— 2 K?n

Since {C,}E | # {Gp}E |, we have s > 1 and § > 0. This should come as no surprise:

since covariances within groups are larger than those between groups, we should expect larger

within-group sum of squares when clusters coincide with the groups.
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Define 6 := EA > 0. We should expect P(A < 0) to be small. To bound this probability,

we use Hanson-Wright inequality in the form introduced by Rudelson and Vershynin[96] :

Lemma 3.17 ( (Hanson-Wright inequality [96])). Let & = (e1,...,en) € RY be a random vector

with independent, mean zero, sub-Gaussian coordinates. Let A be an N x N matriz. Then for

all A > 0,

A2 A

P(e' Ae < E(e'Ae) — \) < —c1 mi
(e <Blede) =) < expl-amint iermgsie fisveas e, M

where c¢1 depends on the largest sub-Gaussian norm among coordinates €1, ...,EN.
Using Hanson-Wright inequality with A = 9, we get

52 5
IZ12Q82) 3 HEV?QEWH@}}’ (3:33)

P(A = &'S120%12e < 0) < exp{—c| min{

where ¢; > 0 is some universal constant because coordinates of € are i.i.d. N(0,1) random
variables. Note that if we replace Assumption 3.6 by (joint) sub-Gaussianity of {X;} , we
have that U is sub-Gaussian. However, it is not clear if there exists a random vector € with
independent coordinates such that U = X1/2¢.

The following two lemmas bound the two norms in (3.33) from above.

Lemma 3.18. ||XY/2Q¥%1/2||,, < 2K (M +1), where M is the constant in (3.22) of Assumption

3.14.
Lemma 3.19. |[Z120%12)12, < K(1+ % + %)5

Using Lemma 3.18 and 3.19 we get

P(A <0) < exp{—c2 0

=}, (3.34)

where ¢ = ca(r, M,~) > 0 is a constant that depends on r, M and . This completes step 1 of
the proof.

Step 2: Now, for fixed {nq}X,_,, the number of possible partitions {C,}X , is at most

K el K X
H ( ny ) < Hnnbc—nbb _ nzazl(nac—naa) < nKs.
507 \Tks o KK
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Here s as defined in (3.32) is a function of {nq}X,_,. Moreover, we have that for fixed s > 0,

the number of possible partitions {C, }X | is at most

Z ks < (n+ 1)K2nKs < nQKQnKs7

{”ab}szl

as ngy € {0,1,....,n} and 1 < a,b < K.

Using (3.34), Lemma 3.16 and union bound we get

rysT

n ) .
P(A <0 for any {CoHy # {GH,) €30 n?nt exp{—cal L)

s=1

< Z exp{2K?s(logn —

s=1

< Z exp{2K?s(1 — Ccary/4)logn}

s=1

<nexp{2K%(1 — Ccarvy/4)logn}

cory T
4K° n

)}

(3.35)

<exp{2K?(2 — Ccory/4)logn}.

Here we used the fact that T > CK®nlogn.

Choose C = % and the proof is complete.

3.4.2 Proof of Lemma 3.16

First note that n§’ > rn/K by Assumption 3.7. If there exists (a/,b',d’) such that ngpy >

ngf/K and ng g > nﬁ/K, then we have

K K C
NabNad N’y (na/ — na’b’) Mgt/ Mo/ d! AL rs
DD D e 2 > 517 2 g
n Ny + Ng’dr 2K 2K

bd—1j—1 @ N
b£d

Here we used the fact that na/b/(ng —Ngry )/ naq is increasing in naq and ngyNarg [ (May + Narar)
is increasing in both ngy and ngg .

If such (a/, ', d") does not exist, we have ng, < an /K whenever b > a. Otherwise let a’ be the
smallest a such that there exists b > a with n.y > ng /K. Choose that b so that ngp > an, /K.
Moreover, for all a < a, ng, < nf /K whenever b > a. Set a = a’ to yield ngy < ng /K for

all @ < a/. Since 25:1 Nga! = ng, there must exist a > a’ such that n,, > ng/K Thus we
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have ngq = max, p>a {New} > maxg>a{nea} > ny,/K, and (a’,0,d’) satisfies the condition of
(a',b,d"), a contradiction.

Furthermore, we have n,, > nS/K for all 1 < a < K. Otherwise there exists a’ such that
ng;// K > ngg = maxgp>a {Nep} > Maxg>q{nee }. But we have n,y < ng /K whenever a < o
and together we get n,, < ng/ K for all a, contradicting the fact that Eff:l Naa! = ng

Let o' = argmax,{n$ — n4q}. We have nge > nG /K and it follows that

a =

K K C Ie
NabNad  Na'a’ (Mg — Nara?)  SNgrar _ SNgrar _ SN TS
DD > c =—c 2 Z Z 73
bt a1 ng ng ng n nk K

btd

Lemma 3.16 then follows.

3.4.3 Proof of Lemma 3.18

Since operator norm is sub-multiplicative and |||, = 1, we have
15120812 lop < 1122 lopl 1 |opl 152 lop = |1 lop-

Next, note that we can upper-bound the operator norm by the Lo, norm. And from (3.22)

in Assumption 3.14 we have
K

n> || Prallsc < M (3.36)
d=1

for 1 < b,d < K. We use this inequality to bound L., norms of components in 3 part by part.

For £¢ in (3.25) and (3.26) we have

K K K
D =Gl 14> A/ nfnG | Podlloc < T+n ) |[Poalloc < 1+ M.
=1 =1 d=1

using n{’,n§ < n and (3.36).
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Similarly, for ¢, in (3.27) and (3.28) we have

158 oo <14 — NapNed|| Podl|
Z oo Z nC CC Z ablc e}

c=1 1<b,d<K

<1+nZ none 2 man || Phallec
a

Te 1<b,d<K

C n¢ <nandng <nf)

—1+nKZ abz || Ppal] oo

b=1 “dl

(using n,

K
<1+ Zn—c—lJrKM (by (3.36)).
b: (l

and for 3, in (3.29) note that ng, < min{ng,nf} < \/ncnb and nb < n, we get

[1Zablloo < \/7 \/>Znad!|Pbd||oo
a

<1 +nZ”Pbd||oo <14 M.
d=1

It follows that S5 [|54]|ee < K(1+ M) and

12]lop < K(1+ M)+ 1+ KM < 2K(M +1)

and this proves the lemma.

3.4.4 Proof of Lemma 3.19

First note that
212081212 = Tr(2Y2Q50%/?) = TH(QZOY)

by properties of traces. And from (3.30) we can compute the trace as

rQLOX) = ) T((SH)) 4+ D Tr((BH)P) -2 Y Tr(SE).

1<b,d<K 1<a,c<K 1<a,b<K
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Divide this trace into two parts and write Tr(QXQX) = I} + I2, where

SoomEERH - Y, m(EE)

1<b,d<K 1<a,b<K

and

L= Y T((Z5)%) - Y. Tr(Z%).

1<a,c<K 1<a,b<K

Plugging in (3.25), (3.26) and (3.29) we get

K
L = Z Tr(Ir + 2anPbb) + Z anTLCCi Tl"(szd)
b=1 1<b,d<K
n? 2ngp n’ K 9
a
- Z Tf(nC‘:GIT + Z NadPod) — Z n% Tr ((Z NadPod) )
1<a,b<K a’’b 1<ab<K @ d=1

Divide it further into Iy = Ji1 + Ji2, where the linear term

K

n? 2n
Ji1 = ZTI“(IT + anGPbb) - Z TI‘( CabG I+ ab Znadpbd
b

b=1 1<ap<k  al

and the quadratic term

G K
n
Jiz= Y afn§Te(pE) - Y n%Tr((Znaded)2).
d=1

1<b,d<K 1<ab<K ¢

For the linear term we have

K 2 K
n 2n4p
Ji1 = Z TI“(IT + 2anPbb) — Z TI“( CabG Ir+ ng Z naded)
b=1 1<a,b<K Ta Ty, @ g=
n2
- nab b NabNad Tr(Pop + Pyg — 2P5q)
=T Y (-l Y e
1<a,b<K a’"b 1<a,b,d<K a
(using Tr(I7) = T and n§’ = Z Nab)
a=1
NgbN NN + 0)—2 0
_T(ZZ nacb (gl_i_zz abMad (Pep(0) Pciid( ) Poa )))
a=1b,d=1 a=1b,d=1 "a
btd b£d
(using n§ — nap = Y _naa, Tr(Pog) = Tppa)
d+b
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From (3.31) and using Assumption 3.7 we know that

NN KT L NgpN K
TZZ yom i B Wl o)
C — c -
a=1b,d=1 Na n rm a=1b,d=1 Na ™
b£d b£d
and
0)—2 0
TZ Z MabMad (Pvb ( )+pcdd( ) = 2p0a(0)) _ o5
a=1b,d=1 "a
b£d

Combine these terms we get Ji1 < (2 + )5.

For the quadratic term we have

K
J12 = Z nb nd Tl" Pbd Z Tr ((Z naded)2)

1<b,d<K 1<a,b<K a

K
Z n$n§ Tr(P2) — Z % Z JTr(PZ)  (by (3.21) in Assumption 3.14)

1§b d<K a,b< Na d=1
c,G G K
Ng Ny Nad — Ny nad 2 . G
= Z nC Tr(Pyy) (using ng = Z Nad)-
1<a,b,d<K a a=1

Since n? Tr(PZ) < Tn?(pz,(0)+2 372, p2,(t)) < TM? by (3.18) and (3.22) in Assumption 3.14,
it follows that Tr(P2) < TM?/n? and
TM? nacannad — nfngd

nC
1<a,b,d<K @

J12 <

using n& <n
g ny

2 C 2
_TKM Z NgNad — Mgy
= 7’”0
1<a,d<K @

TKMQ Z Z nabnad (using nC — ngq = Znab)

a=1b,d=1 ng btd
b£d

KM?
<

5. (by (3.31))

Similarly, for Io we can plug in (3.27), (3.28) and (3.29) and get

I —ZTr (Ir+ —= e Z NavNad Pod) + Z ngn¢ Tr ( 0 Z NabNed Pod) )

a=1 @ 1<h d<K 1<a,c<K ngng 1<b,d<K
2 K G
n 2n n
b ab b 2
- > Tﬁf(nc‘;GITJr C > naaba) = > nchl“((Z NadPhd) )
1<a,b<K a’’b @ g=1 1<a,b<K @ d=1
=Jo1 + Joz,
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where the linear term

K

K
2 n? 2N
Jor =) Te(Ir + & > nanaaPa) = Y, Tr(—2elr + ng > " naaPoa)
a=1 @ 1<hd<K 1<ap<k  a™ a g1

and the quadratic term

G K
n
J22 = E ’I’LaCnCC TI‘( nC g E abnchbd > - E TL%TT (( E naded)Q).
b,d< d=1

1<a,c<K 1<a,b<K ¢

The linear term J2; can be bounded similarly as Jiy:

2
Tr(2Pyg — 25,
J21 —T Z nab a,b )+ Z NabNad I'( bd bd)

c,,G nC
1<a,b<K Na My 1<ab,d<K a
K K
Ty Y e
nCn&
a=1lbd=1 @b
b#d
K
<—4.
Yy

For the quadratic term we reverse the first term back to Frobenius norm and get

Z ngnCCTr( oo Z nabnchbd))

1<a,c<K Ma Te 1<b,d<K

Z ngng || Z NabNedPod| |7

1<a,c<K a7°C 1<b,d<K

< Z napNed||Poa| |+ (by convexity of squared Frobenius norm)
1<a,c,b,d<K

Z anng Tr(PZ).
1<b,d<K
It readily follows that Jay < Jip < K225,

Collect all the above inequalities we get

K KM? 2 2M>
TT(QEQE)=J11+J12+J21+J22§2(1+H—|— S )5§K(1+E—|— 5

)6.

Lemma 3.19 then follows from (3.37).
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3.4.5 Proof of Proposition 3.12

Since (3.16) implies ||A]loc < 1 — 7, it follows that [|A||,, < 1 — 7, and the process is
stationary (in time). For ease of notation we shall follow Section 3.3.3 and use ppqa(|t1 — t2|),
&ij(|t1 — ta]) instead of ppq(ti,t2), &ij(t1,t2).

From (3.14) we get

Cov(X(t), X(tp)) = Altr=tl i A%
=0

This readily implies Assumption 3.8. Specifically, for i € Gy and j € Gy, ppe(0) is equal to
the (i, )" entry of Doy A%0 and pyg(t) is equal to the (i, )" entry of A Doty A% for t > 0.
&ji(t)=0forall 1 <i,j<n.

We now proceed to examine Assumption 3.9. All of these matrices have nonnegative entries
by (3.15) so (3.9) holds. To verify (3.10) (or the equivalent (3.19)), we need the following simple

lemma:

Lemma 3.20. For all positive integer q, we have

1 — )
147 g < 2T (3.38)
n
Proof: From (3.16) we have pyq < =T so (3.38) holds for ¢ = 1.
Suppose Lemma 3.20 holds for ¢q. Then we have for the (4, 7)"" entry of A7+!
YN g , (1-7)  (1-7)r*
(A7), = ;Az,k(Aq)k,J < |[Allool|A[maz < (1 —7) n = n .
It follows that (3.38) holds for all positive integer ¢ by induction.
|
Going back to (3.10), Using Lemma 3.20 we have
K K oo oo 00 2 +t
(1-171) (1 —7)%
W3 (w0 + 23 prat) <3 U ZZ
dil t ]. d:l q:l : q=
=K» (1-7) )2+221—T
q=0 t=
<2KY (1-7)7) (1—-1)==
SONELDWELEE

Therefore (3.10) and (3.19) holds with M = 2K /72
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To verify (3.11), note that for any symmetric n x n matrix B = (b;;), we have
n n

(BY)ii+ (B%);5 — 2(B%)ij = Y (b + b3y — bixbjr) = Y (bix — bjx)* > 0.
k=1 k=1

Recall that for i € Gy, and j € Gy, ppa(0) is equal to the (i, )™ entry of Py A%, Therefore

K
ps(0) + paa(0) — 2pa(0) > (A?)i; + (A%);; — i =Y nf (oo — par)’
k=1
> ng (pos — Poa)” + nG (pad — Poa)”
2rn(77) 2rn?
K 'n Kn

when b # d. Here the last inequality follows from Assumption 3.7. Thus we have that (3.11)
holds with v = m?/K.

Finally (3.12) holds trivially since &;;(t) =0 for all 1 <4,j < n.

3.5 Other algorithms

Since our goal is to recover the clusters from block structured covariance structure, it makes
sense to consider algorithms based on sample covariance matrix $x. And in this section we
shall describe three different approaches.

The first approach simply applies K-means clustering to rows of the sample covariance
matrix 2%, Specifically, given the number of clusters K, it aims to find the partition

{1,2,....,n} = UK |C, and K n-dimensional vector O, = (Oa,1s -5 Og ) that minimizes:

WCSS{C. Y )) Z > Z (BX - 0,4,)% (3.39)

a=1ieCy j=1

The second approach applies spectral clustering to i]x, treating it as a weighted graph.
Notice however that entries of X can be negative in general so a symmetric normalized Lapla-
cian does not always exists. Specifically, we compute the eigenvectors of »X corresponding to
its K eigenvalues that are largest in absolute value, and combine them into a n x K matrix U.
Then we normalize the rows of U so that they have unit Euclidean norms, and apply K-means
clustering.

The third approach fits a blockwise constant approximation to uX (with permutation on

the indices). Specifically, it aims to find the partition {1,2,...,n} = UK ,C, and K x K matrix
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M that minimizes:

K K
({Calamt) =YD > D (55 — Ma)*. (3.40)

a=1b=1i€C, jECy

Similar to Lloyd’s algorithm, we alternative between two steps. In the assignment step, each
i € {1,2,...,n} is assigned to the cluster that minimizes [({C,}% ;). This is done in a greedy
way, i.e. cluster assignment is updated sequentially for i € {1,2,...,n}, treating membership of
other indices and M as fixed. Note that for each ¢ we need to compute the objective function
(3.40) K times, each time summing over 2n — 1 terms so each step has time complexity ©(Kn?).

In the update step, M is updated as the entry-wise average within and between clusters:

I, — L X
AT PP

i€Cq jECy

For initialization we apply naive K-means (i.e. Lloyd’s algorithm) to rows of $X. This procedure
can be viewed as a biclustering version of Lloyd’s algorithm, and finds a local minimum of the

objective function (3.40). We shall refer to this algorithm as “block k-means”.

3.6 Simulation

For each setting considered below, clustering error rate is measured by the proportion of
mis-clusterd indices. 100 independent simulation runs are made and the error rates shown are

averages.

3.6.1 G-block covariance model

Consider a G-block covariance model as described in (3.6):
Xi(t) = My(t)+ei(t), forallie Gy,and 1<t <T,

where M (t) = (M;(t), Ma(t)) is a 2-dimensional Gaussian vector with zero mean and covariance
matrix ({1), independent of the i.i.d. standard normal white noises £;(t). Here n = 100
and G; = {1,2,...,70} and Gy = {71,72,...,100} are the two blocks. Moreover, M(t) are
independent across time therefore so are {X;(t)}.

Figure 3.1 shows the error rate as T increases. The four algorithms considered here are
kmeans++ and the three sample covariance based methods described in Section 3.5. We can

see that kmeans++ on the original data works reasonably well. Performance of kmeans++ and
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Figure 3.1: Clustering error rate for G-block covariance model

block k-means on sample covariance are comparably the best. However, we remark that perfect
recovery is not achieved up to 7' = 1500. Spectral clustering does not seem to work very well in
this setting, when M () is heteroscedastic. In cases where M, (t) have similar variances, spectral

clustering works reasonably well and is only slightly worse than kmeans++ and block k-means.

3.6.2 G-block covariance model with auto-correlation

Write n;(t) for X;(t) defined in the previous setting. Consider a G-block covariance model
with auto-correlation as follows: Xi(t) = n1(¢) and X;(t) = 0.5X;(t — 1) + n;(¢t) for 2 < t <
T. Figure 3.2 shows the error rate as T increases for the same four algorithms. The overall

performance degrades in the presence of auto-correlation, especially for spectral clustering.

3.6.3 Stochastic block network VAR model

Consider a stochastic block network VAR model as described in Section 3.1.5: X(1) = (1)
and

X(t) = ¢D V2ADTV2X(t — 1) +&(t), for2<t<T.

Here {X(t)} is a n-dimensional stationary process and {e(¢)} have ii.d. standard normal

coordinates. A is an adjacency matrix generated from an undirected unweighted stochastic
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Figure 3.2: Clustering error rate for G-block covariance model with auto-correlation

block model without vertex-specific weights. In our simulation, n = 100 and G; = {1, 2, ...,60}
and Go = {61,62, ...,100} are the two blocks. The edge probability matrix is (§-2), that is the
probability of an edge within communities is 0.8 and that between communities is 0.2. D is the
diagonal degree matrix with D;; = 2;21 A;j so that D~1/2AD~1/2 is the symmetric normalized
Laplacian. ¢ = 0.9, and that ensures stationarity of the process.

Figure 3.3 shows the error rate as 1" increases. We consider three more algorithms here, all
based on the ordinary least squares (OLS) estimate of coefficient matrix ¢D~Y2AD~1/2 which
we shall denote by ®org. The three algorithms applies spectral clustering, k-means+-+ and
block k-means to (AI’O LS, respectively. Note that spectral clustering on (i>o Ls is exactly the VAR
Blockbuster algorithm in [47]. We can see that all three algorithms are comparable and perform
much better than the four generic algorithms. This should not come as a surprise as these
algorithms explicitly exploit the VAR model assumption. Among the four generic algorithms
considered before, k-means++ on sample covariance matrix performs relatively well compared
to the others. However, k-means++ on the original data can achieve a comparable recovery
rate for large T. We remark here that for 7" = 2000 the average error rates for algorithms based

on <i>o s are less than 0.002 so that in most cases the blocks are recovered perfectly.
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Figure 3.3: Clustering error rate for stochastic block network VAR model. kms stands for k-means
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3.6.4 SBM-driven VAR model

Consider an unnormalized version of stochastic block network VAR model where the sym-

metric normalized Laplacian is replaced by the scaled adjacency matrix:

X(t) = qﬁ%X(t — 1) +(t).

Here the factor n is required to ensure stationarity of the process, since degrees are of order n in
dense graphs. We set ¢ = 1.5 and the other parameters are same as in the previous stochastic

block network VAR model setting. Figure 3.4 shows the error rate as T increases.

We can see that OLS based algorithms still perform significantly better than generic algo-
rithms that do not assume a VAR model. However, spectral clustering suffers in this setting,
presumably as an effect of unnormalized adjacency matrix on the eigenstructure. Moreover,

the discrepancy between performance of k-means++ on sample covariance and other generic
algorithms becomes larger.

We remark here that for T = 3000 the average error rates for

k-means++ and block k-means applied to OLS are less than 0.001 so that in most cases the
blocks are recovered perfectly.
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Figure 3.4: Clustering error rate for SBM-driven VAR model. kms stands for k-means and sc for
spectral clustering.

3.6.5 Summary

Overall, k-means++ (applied directly to the data) performs reasonably well, but is outper-
formed by k-means++ applied to the sample covariance matrix. However, in cases where the
processes follow an underlying VAR model with coefficient matrices specified by community

structure, clustering algorithms should be applied to estimate of coefficient matrices instead.
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CHAPTER 4
Change point detection in SBM-driven VAR model

In time series analysis, parameters governing the underlying model are usually assumed
to be constant across time. However, in many applications these parameters are subject to
abrupt changes at unknown time points. Examples include quality control and fault detection
in industrial processes, and automatic segmentation of a signal into stationary segments in signal
processing. Change point detection addresses this problem by allowing model parameters to
vary across time segments, and aims to estimate the time points where changes occur.

In this chapter, we consider change point detection in the SBM-driven VAR model described
in Chapter 3. Specifically, let X (¢) = (X1(t), X2(t), ..., X»(t))" be a n-dimensional vector, with

dynamics given by the following VAR(p) model:

X(t) =Y VX(t — 1) +e(t), t=T0,+1,..,T7, (4.1)
=1

where <I>l(j) (j=1,...,mandl=1,..,p) are n x n coeflicient matrices, and 1 = Té) <T<..<
TS < T,%H = T are the m > 1 change points. Moreover, CIJI(j) = ¢l(j)Al(j)/n where Al(j) is an
adjacency matrix generated from a dense unweighted stochastic block model without vertex-
specific weights, independent of {&(¢)}, and qﬁl(] ) > 0is called the stationarity parameter. Recall
that factor n is required here to ensure stationarity of the process, since degrees are of order n
in dense graphs. Parameters of the underlying stochastic block model, including both the block
partition and community-specific edge probabilities, are allowed to change across time segments,
but are the same for different [ within each segment. Our goal is to estimate the change points
TY < ... < TV, given the observations X(t) (t = 1,...,7) and the number of change points m.
More precisely, we want to understand what is the minimum number of observations 1" needed
to detect change points in underlying networks of size n.

Closely related to our problem is the change point detection in general VAR model with
changing coefficients, also known as structural breaks in the econometrics literature. However,

dimension of the process n is usually treated as a constant, and asymptotic analysis mostly focus
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on consistency of estimated change points as T' goes to infinity. While it is true that changes
in a single coefficient can be hard to detect, things should be easier when groups of coefficients
are changing in a structural way as in our case. To exploit that community structure, we need
to either know the communities explicitly, or extract that information from observations, e.g.
through community detection.

There has also been some work done in the temporal network literature on dynamic com-
munities. Most work in this area studies a deterministic sequence of evolving networks [3][101],
with a focus on social networks [84][99][63][104]. Temporal networks with underlying probabilis-
tic model are less explored, and typically assume a static network and independent snapshots.
Specifically, static network has a fixed size so its evolution across time is restricted compared to
dynamic network where size of the network is allowed to change across time, e.g. a growing so-
cial network. Moreover, observations at different time points, called snapshots, are taken to be
independent, which makes the analysis even simpler. In most cases, statistics are computed for
each snapshot, and traditional change point detection techniques are applied. As an example,
consider the sequence of adjacency matrices in our model, which are independently generated
from stochastic block model with changing communities and edge probabilities. Recall that
communities can be perfectly recovered, and model parameters consistently estimated, from
just one realization of a dense stochastic block model. Based on that, one can show that both
change points and model parameters within each time segment can be consistently estimated
as well, using the standard least squares criterion [16]. On the other hand, very little work has
been done to model dynamic networks under a probabilistic framework. For an example, see
[15] for a growing linear preferential attachment graph with changing parameter. In our model,
the underlying network is static and independently generated across different time segments.
However, we do not has access to the underlying network directly, and estimates of the adja-
cency matrix are noisy and correlated across time, which makes the two problems connected
but different.

The rest of this chapter is organized as follows: Section 4.1 gives an overview on related
literature. Section 4.2 connects our model to structural breaks when communities are fixed and
known. Section 4.3 introduces our proposed algorithm. And Section 4.4 contains numerical

experiments and discussion.
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4.1 Literature review

4.1.1 Change point detection

We shall not dwell on the general change point detection problem, as any overview of this
vast literature, even a brief one, will amount to a chapter on its own. Instead, we refer the
interested readers to [14] for an exhaustive overview of classic literature, and [20][97][5][102][8]
for more recent results. Nevertheless, we will give a short note on the typical consistency results
that can be found in asymptotic analysis of change point detection, e.g. [28][25][87].

Write 1 < T < ... < T, < T for the m change points, and Ty < ... < T, their estimates.
The usual notion of consistency as 1" goes to infinity would be Tj £, Tj for 1 < j < m.
Since both T] and Tj are integer-valued, this is equivalent to lim7p_, }P’(TJ =T;) =1. As can
be expected, this is not achievable in most nontrivial cases, and consistency in estimation is
defined in terms of T;/T instead, that is, the relative location of change points. Alternatively,
write T; = |Ta;| and consider consistency of a;. In many cases, however, one can hope for a
stronger result of the form Tj —Tj = O(1), that is, for any € > 0, there exists M > 0 such that

P(|Tj — Ty| > M) < ¢ for large T.

4.1.2 Structural breaks

In this section we give a brief introduction to structural breaks in multivariate regression, for
which vector regressive model is a special case. Our focus here is on key assumptions needed for
consistent estimation of break dates. Interested readers are directed to [86] for a more detailed
review from the viewpoint of econometric applications, which notably addresses the interplay
between structural breaks, unit root and long range dependence.

For simplicity we present the framework in univariate case only, and note that the same
result holds in multivariate case, with properly extended assumptions. Consider the following
multiple linear regression with m > 1 breaks:

Y =T} + zé)\j +e, t= T]Q_l + 1, ...,TJQ.

where 1 =T < T} < ... < T? < Ty, = T are the break dates. Here y; denote the observed
dependent variable at time ¢, x; and z; are covariates of dimension p and ¢, 8 and A; are the

vectors of corresponding coeflicients, and ; is the noise. For a given partition of time into
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segments 1 =Ty <11 < ... < Ty, < Tipy1 =T, denote by Bj and 5\j the least squares estimates

of 8 and A; based on observations in ¢t € (Tj_1,7}]. Define the least squares loss function:

m+1 Tj
Ty Ton) o= Y > (e — By — 21y)°
j=1 tZTj,]_-‘rl

The estimated break dates are given by

(Ty,....Tn) = argmin (T4, ..., Tpn). (4.2)
1< <..<Tm<T

Then under suitable assumptions Tj - TJO =0(1) as T — 0.
While some assumptions like invertibility are technical, others are crucial as they limit
the range of models the results can be applied to. Next we proceed to examine these key

assumptions, as stated in [86], which are based on [12] and [90].

Assumption 4.1. Denote u; = (x},2)'. For each 1 < j < m+1 and l; = T) =T},

2

(1/1; )ZtJTl()+ £, Qj(v) uniformly in v € [0,1], where Q;(v) is a deterministic positive

definite matriz.

This assumption requires the covariates to be covariance-stationary processes, e.g. as in a

stationary VAR model.

Assumption 4.2. Denote by || X||, = (32, >, E|X;|")Y" the L, (r > 1) norm of a random
matriz X. With some increasing o-field {F;}, assume that {uies, Fr} forms a L"-mizingale
sequence with r = 4 + 0 for some § > 0. That is, there exist nonnegative constants {c; : t > 1}
and {1pj : j > 0} withp; L 0 as j — oo, such that for allt > 1 and j > 0: (a) || E(ues| Fe—j)||r <
cehj, (b) ||ueer — E(we| Figg)|lr < ctpjpr, (¢) supyer < oo, (d) ZﬁojHKQﬁj < oo for some

k>0, (e) sup; ||2z¢]|r < 00 and supy |||, < 0.

This set of assumptions is needed to establish certain functional central limit theorem that
plays an important role in the proofs. It allows for a wide range of correlation (e.g. lagged
dependent variables) and heterogeneity in covariates and errors.

Assumption 4.3. T]Q = LTa]QJ where 0 =ap < ad < ...<ad <ad ;=1 and oz?“ — oz? > e
for some (small) € > 0.

This assumption specifies the minimum separation between break dates, which is standard

for offline change point detection. Note that it does not make sense for online detection where
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more and more observations are collected chronologically so that only the last time segment is

increasing.

4.1.3 Factor model

In this section we relate our SBM-driven VAR model to dynamic factor model (DFM) and
show that they are similar yet different. Let X (¢) = (X1 (¢), X2(t), ..., X»(t))" be a n-dimensional

stationary process, with dynamics given by the following factor model:
X(t) = AF(1) + n(t), (4.3)

where F(t) is a r-dimensional stationary process representing latent common factors, A is a nxr
matrix consisting of factor loadings, and 7(t) is a n-dimensional stationary process corresponding
to the idiosyncratic component. For identifiability assume EF(¢)F(¢t)" = I,.

Recall that our SBM-driven VAR model (without change points) is:
A
X(t) = qSEX(t —1) +e(2). (4.4)

where A is an adjacency matrix generated from a stochastic block model. Note that E(A) =
ZPZ' where Z is the n x K membership matrix with entries Z;, = 1 when vertex 7 belongs to
community a and 0 otherwise, and P is the K x K edge probability matrix with entries Py,
specifying the probability of an edge between two vertices in community a and b. Then (4.4)
can be rewritten as:

_9ZPZ ) WA= ZPZ)

n n

X(t)

X(t—1) +(2).

Write Y, (t) = > icc, X(t — 1)/4/|Ca] where {1,2,...,n} = UK |C, is the community partition.
Write Y (t) = (Y1(¢),...Yk(t)). Then by stationarity of X(¢) we have that Y (¢) is also sta-
tionary with fixed covariance Yy that does not depend on n. Write F(t) = 2;1/ 2Y(t) and
C = diag{|C|,...,|Ck]|}. It follows that EF(t)F(t) = Ix and Z’X(t — 1) = CY?Y(t) =
CV253*F(t). Let r = K and write A = ¢ZPCY25Y? /n and n(t) = (A — ZPZ)X(t—1)/n+
(t). Then (4.4) can be formulated into a DFM of the form in (4.3).

However, in asymptotic analysis of dynamic factor models (cf. [36]) eigenvalues of A’A are

assumed to be of order n. In our case, entries of A’/A = ¢22¥201/2PZ’ZP01/2E¥2/7L2 =
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d)zZy *ci2pcpcY 2E¥ 2 /n? are of constant order, assuming that community sizes are of order
n. Intuitively what this means is that the signal, in terms of factor loadings, is diminishing
as n increases. It is not clear if this weak signal case can be handled within the factor model
framework.

As a side note, there is work done in the dynamic factor model literature on change point
detection [50], where factor loadings are allowed to vary across time. Since the algorithm
proposed does not seem to work very well in numerical experiments under our model, we will

not include it in Section 4.4.

4.2 Structural breaks with fixed communities

For simplicity we consider a VAR(1) model, but the results have obvious extension to

VAR(p) model. Recall that our SBM-driven VAR(1) model can be written as:

~ AW
X(t) = gb(J)TX(t — D) +e(t), t=T),+1,..,T}. (4.5)

Here AU is an adjacency matrix generated from stochastic block model with K fixed and known
communities {1,2,...,n} = UleCa, and edge probability matrix PU). The superscript 0 here

denotes true change points. We make the following assumptions:

Assumption 4.4. {e(t), F:} is a martingale difference sequence, where F; = o{e(1),...,e(t)}
(i.e. E(e(t)|Fi_1) = 0). In addition, E(e(t)e(t)'|Fi—1) = I and sup, E(||(t)]|37°) < oo for some
6>0.

Assumption 4.5. PY) % PUTY and each pair of (gb(j),A(j)) gives rise to a stationary VAR

model in (4.5).

Assumption 4.6. T]Q = LTO(?J where 0 = ap < o <...<ad <al ;=1 and O‘?H — ozg) >

for some (small) € > 0.

By recursion we have that

0 0
for T, <t—1<t<T
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Write n, 1= |Cq| for size of community a. Define Yo(t) = > ..o Xi(t)/na and Y (t) =

(Y1(t), ..., Y (t))". Denote by a(i) the community for which vertex i belongs to. We have

_ j _ m0 0
Y(t)=BYY(t—-1)+n(t), t=T",+1,.,T

Here B(%) = (b(j)P(Z)na/n and n(t) = (m(¢t),...,nx (t))" where

a

Siee,cilt) | Tt S (41— Pl ) X0 -

Ng NnNg

Na (t) = (47)

This falls into the structural break framework described in Section 4.1.2. For the change point
detection method based on least squares loss there to work, we need to verify a collection of
assumption. Assumption 4.4 is the same as in [11] and ensures the technical assumptions in [90]
to hold. Assumption 4.5 ensures stationarity of the process, and corresponds to Assumption
4.1. Assumption 4.6 is identical to Assumption 4.3. Finally we need to verify the multivariate

counterpart of Assumption 4.2:

Assumption 4.7. With some increasing o-field {Fi}, {Y (t —1)'n(t), Fi} forms a L"-mizingale
sequence with r = 4 + 0 for some § > 0. That is, there exist nonnegative constants {c; : t > 1}
and {1; : j > 0} with ¢; | 0 as j — oo, such that for allt > 1 and j > 0: (a) ||E(Y (t —
') Fe-i)llr < cetpy, (b) [IY (¢ = 1)n(t) = EY (¢ = 1)'n(0)| Feij)llr < cithjpr, (¢) supper < oo,

(d) Z;’iojH“wj < oo for some k >0, (e) sup, ||Y ()|, < oo and sup, ||n(t)||r < oc.

Let Fy = of{e1,...,e0, AD, .., A DY From (4.7) we have that

n n (4) ()
Y (b 1)n(t) = i(zieca Xi(t—1) )/(ZiGCa ei(t) N Di1 2k—1 (Az‘,k - Pa(i),a(k))Xk(t — 1)).

n
a=1 a

Ng nng

Plug in (4.6) and note that from Assumption 4.4 we have E(e(t1)e(t2)|F:) = 0 for all 1,5 > t.
Also, AEJIS — P{E{z')),a(k) is a centered Bernoulli random variable with bounded moments, indepen-
dent of all e(t). It follows that ||E(Y (t — 1)'n(t)|Fe—;)|lr < CN, where A < 1 is the largest
eigenvalue among all AY), and C' > 0 is some constant. Let r = 4+6, ¢; = C and Yj = M, where
d > 0 is the constant in Assumption 4.4. Then both (c) and (d) are satisfied. Since Y (t—1)"n(¢)
is Fi-measurable, (b) is satisfied as well. Finally, (e) follows from (4.6) and Assumption 4.4.

It then follows from the structural break framework that:

Theorem 4.8. TJ - TJQ = 0,(1) where Ty (j =1,...,m) are as in (4.2).
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To summarize, in this case the known communities are used to reduce dimension of the
problem from n to K: the n-dimensional observations X(t) are replaced by averages among
observations within X communities, and the n x n coefficient matrix ®) is approximated by

its rank- Kmean matrix.

4.3 Algorithms

We start with the algorithm described in Section 4.1.2 that applies to general VAR model

with structural breaks. Write R(t) = (X(¢t—1)/, ..., X(t—p)")’ for the lagged observations. Then

the OLS estimate ® = (&1, ..., ®,) is given by

~( XT: X(R(1) ) XT: R()R())
t=p+1 t=p+1

given that Z;F:p—i-l R(t)R(t) is invertible.
Recall from Section 4.1.2 that the estimated break dates are given by (Tl,...,Tm) =

argming ., < <1, <7 11 (11, ..., Tp) with loss function

m+1 T; P )
ll(T17"'7 Z Z HX Z ]Xt_l HQ’
J=1t=T;_1+1 =1

where <i>l(j ) is the OLS estimate of <I>l(j ) based on observations in t € (Tj-1,T}].
For our model, however, we want to utilize the latent block structure. Therefore we propose

the following loss function instead:

m+1 T} p
(T Tw) = > > |IX(®) =Y Z0BP (2D yx(t 1|3,
=1 t=T;_1+1 =1

where Z) is the membership matrix given by certain community detection algorithm ap-
plied to observations in ¢t € (7;_1,7j] (e.g. the ones described in Chapter 3), and ij)
is the OLS estimate with the constraint that <I>§j) = Z(j)Bl(j)(Z(j))’ for some K x K ma-

trix Bl(j ), Change points are then estimated by minimizing the loss function: (Tl, ,Tm) =

al“gmiml<T1<...<Tm<T l2(T17 ey Tm)-
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4.4 Simulation

In this section we present numerical results for three algorithms: the algorithm for general
VAR model with structural break and the algorithm proposed for our model as described in
the previous section, with communities estimated by either spectral clustering or kmeans++
on OLS estimate as in Section 3.6.3. We shall refer to them as “OLS method”, “restricted
OLS with spectral clustering” and “restricted OLS with kmeans++" respectively. All cases

considered here are SBM-driven VAR(1) model as defined in (4.1), with single change point.

4.4.1 Fixed communities

We first consider cases where community structure is fixed and only edge probabilities
are changing across time. We start with a simple case with n = 100 and K = 2 equal-
sized communities where edge probabilities change from strictly assortative P(1) = (89) to
strictly disassortative P(2) = (91). The true change point is set to T3 = 0.57 and stationarity
parameter is ¢ = 1.5. Figure 4.1 shows standard error of estimated change point for a range
of T'. Here standard error is computed from just 10 independent simulation runs so the curves
shown, especially for that of OLS method, are not very smooth. We can see that restricted OLS
methods perform much better than unrestricted OLS when T is moderately large. Moreover,
there seems to be a threshold around T' = 500, above which estimation of change point becomes
much more accurate.

Next we examine the performance of algorithms for different K, i.e. number of communities.
Table 4.1 shows standard error of estimated change point for a range of K computed from 10
independent simulation runs. Here n = 100 and T = 1200, with equal-sized communities
and edge probabilities changing from strictly assortative to strictly disassortative as in the
previous case. The true change point is set to 77 = 0.37', and stationarity parameter is o) =
0.8K/||PY]|, where || - || denotes spectral norm of a matrix. We see no substantial effect of K
on accuracy of estimated change point, and restricted OLS consistently performs better than
unrestricted OLS for different K.

Finally we consider a case with n = 100 and K = 2 equal-sized communities where edge
probabilities change from P = (-73) to P? = (). The true change point is set to
Ty = 0.5T where T = 2000, and stationarity parameter is ¢\/) = 0.8K/||PV)|| as before. Figure

4.2 shows the averaged loss function computed from 10 independent simulation runs, where
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Figure 4.1: Standard error of estimated change point as T increases, with fixed communities

Restricted OLS w/ sc

Restricted OLS w/ kms

K || OLS
2 || 16.6
3 || 22.5
4 1 21.2
o || 29.8

13.3
14.1
11.7
7.5

7.4
7.2
8.8
9.6

Table 4.1: Standard error of estimated change point as K increases, with fixed communities
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Figure 4.2: Averaged loss function, with fixed communities

“oracle restricted OLS” stands for restricted OLS method using the true community partition
as constraint. The curves are normalized such that the range is always [0,1]. We can see
that the averaged loss function for both OLS and oracle restricted OLS methods shows a clear
minimum around ¢ = 1400, the true change point. For the other two restricted OLS algorithms,
however, the minimum is not so clear. One possible cause is that error rate for recovered
communities is not ignorable in this case (cf. Section 3.6.4). Figure 4.3 shows the combined
error rate, computed as the sum before and after each time ¢. We can see that the combined
error rate is approximately 0.37 around the true change point. Note that this does not imply
that OLS method performs better than restricted OLS, since the loss function curves shown
here are averages. In fact, while the estimated change point from oracle restricted OLS lies in
the interval [950, 1050] 10 times out of 10 simulation runs, but only 2,2,4 times respectively for
OLS, spectral clustering and kmeans++-.

If one increase the number of observations, however, restricted OLS starts to work and
Figure 4.4 shows an example when T increases to 4000. The standard error computed from 10

runs is 98.9, 42.8 and 32.1 respectively for OLS, spectral clustering and kmeans++-.
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Figure 4.3: Combined error rate, with fixed communities
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Figure 4.4: Loss function, with fixed communities
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Figure 4.5: Standard error of estimated change point as T increases, with changing communities

4.4.2 Changing communities

We start with a simple case with n = 100 and K = 2 communities where edge probabilities

stay strictly assortative P() = P(2) = (39) across time, and the block partition changes from

GV = (1,...60}, G = {61,..,100} to G = {1,..,40}, G¥ = {41,..,100}. The true

change point is set to Ty = 0.57 and stationarity parameter is ¢\9) = 0.8n/(||PY)|| max, n((zj)),

(

where n{) = \G((lj )\. Figure 4.5 shows standard error of estimated change point for a range of T'.
We can see that OLS method does not work so well in this case, indicating that the algorithm is
not very sensitive to changes in community structure. On the other hand, restricted OLS with

kmeans++ performs better than that with spectral clustering, which is consistent with the fact

that restricted OLS with kmeans+-+ has higher recover rate (cf. Section 3.6.4).
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APPENDIX A
DISCUSSION ON HYPOTHESIS 2.20

This appendix is devoted to the discussion of Hypothesis 2.20. The first key observation
is that coin flips do not seem to matter. Note that there are two kinds of coin flips here, one
determining the types, and the other determining the type of vertices a new vertex connects to.
More precisely, for n > 2, let I(n) € {A, B} denotes the type of vertex n. Also, let J(n) =1 if
vertex m connects to a vertex of same type, otherwise let J(n) = —1.

For simplicity we treat z,y in U(x,z,y,y) as fixed and suppressed them in notations
throughout. Define Ux(n) := N4 (n)/Na(n) and Ug(n) := Ni (n)/Np(n). We condition
on the entire sequences of I(n) and J(n), and note that if I(n+ 1) = A and J(n+ 1) = 1, by

the recursive construction we have (again the conditioning is suppressed for simplicity)

_ Nk(n)
k—1 .
k (3
(1+NA (14 Na(n))F @:0< ) n)' EUL™ ()Up(n).
However if I(n+1) = A and J(n+ 1) = —1, we have
_ N

+ 1+NA k;kz:l<> Ua(n)Ug ™ (n)

1=

instead. When I(n + 1) = B we have similar recursive formulas.
Conditioning on N4(n) and Np(n), we suspect that the largest moments occur in one of

the two extreme cases:

e I(m)=Aand J(m)=1for2(z+y) <m < Na(n)+z+y, I(m) =B and J(m) = —1 for
Na(n)+z+y < m < n. We denote by ga(Na(n), Ng(n),k,1) the value of EU% (n)Uk(n)

corresponding to this case.

e I(m)=DBand J(m)=1for2(x+y) <m<z+y+Np(n), I(m)=Aand J(m)=—1 for
z+y+ Np(n) < m < n. We denote by gp(Na(n), Ng(n),k,1) the value of EU% (n)Uk(n)

corresponding to this case.
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What this essentially says is that the extreme cases are either a string of type A vertices
connecting to type A vertices, followed by a string of type B vertices also connecting to type A
vertices, or the other way around.

Let M = = + y. To better understand this claim we consider a reference sequence f(n,k)
(n > M, k > 1) which corresponds to the moments of classic Pélya urn. To be precise, the

sequence is defined by the following recursive formula:

FOLE) = ()"
k k—1 ;
fln+1,k) = S kfnk +Z(> kf(nz—i—l) n> M.
=0

It is easy to see that f(n,k) gives the k-th (raw) moment of the ratio of red balls in a classic
two-type Pdlya urn that starts with x red ball and y blue balls, stopped when the model reaches
n balls in total.

In fact, we can calculate the explicit formulas for f(n, k), ga(a,b,k,1) and gp(a,b, k, 1) using
method of undetermined coefficients. Specifically, f(n, k) is of the form Zi‘:ol C;/nt. C; satisfy
a system of linear equations, kK — 1 of which come from equating the coefficients in recursive
formulas (the one corresponding to the leading degree is always equal), and the last one is
determined by the initial values. In general, given any initial values of f(M, k), one can derive
the explicit formulas by solving this linear system.

As for ga(a,b,k,1), it is easy to see that ga(a, M, k,1) = f(a,k)f(M,1) = (%)lf(a,k).
Then g4(a, b, k,1) can be calculated by applying formula (A.2) b — (z +y) times. Similar to the
calculation of f(n, k), ga(a,b, k,1) is of the form Zé:o C;/b', where C; satisfy a system of linear
equations, one of which is determined by the initial values (35)' f(a, k).

Unfortunately, there does not seem to be an obvious pattern for these coeflicients and
formulas are hard to generalize to arbitrary order.

We gather some useful properties of f(n, k) in the following proposition.

Proposition A.1. (i) f(n,k) is strictly increasing in n and converges to the k-th moment of

Beta(z,y) distribution, which is Hf:_ol Zf]\x/[ (ii) The following equality holds:

S Cini f(nyi+ 1)
1o (n+1) -

104



where C; is the coefficient of n® in Hi‘:ol (n+1).

The first statement follows from the convergence of the ratio, as a martingale, to a Beta(x,y)
r.v.. Thus its k-th power is a submartingale and has increasing expectations.
The second statement can be proved by induction on n and k.

Now we are ready to state the following hypothesis.

Hypothesis A.2. Conditioning on I and J,
E Uﬁ(n)UlB(n) S max(gA(NA(n), NB(n)u k7 l): gB(NA(n)7 NB(TL), k? l))

for all n. Also,

-1 ; .

Lol flak — 1 1
lim max(ga(a,b, k1), g5(a, b,k 1)) = im gg(a,b,k,1) = Lizo it ff“ il
b—soo b—roo Hi:% (a+1)

The second equality here is not part of the hypothesis and can be proved by induction on a.

When 1 =1 or 0, both limits are defined as f(a,k).

This hypothesis can be verified for any finite n by computer program, where at each time

step E U,]Z(n)UlB(n) is replaced by maX<gA<NA(n)7 NB(n)a k, l): gB(NA(n)7 NB(n)a k, l))
Remark A.1. When [ = 2, the limit is

af(a,k)+ f(a,k—1)
a+1 '

When [ = 3, the limit is

a’f(a, k) +3af(a,k—1) +2f(a,k —2)
(a+1)(a+2)

And so on and so forth. Note that this is consistent with (A.3). In fact, the limits are calculated
by first sending b to infinity and then apply (A.2) a times.

Explicit formula for g4(a,b,k,1) and gg(a,b, 1, k) are easily calculated to be

M b— M
gA(aa ba ka ]-) = ?/‘Llf(ch k:) + Tf(aa k + 1)

a—M

gp(a,b,1,k) = %,ulf(b,k‘)—i— f(bk+1)
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Explicit formula for ga(a, b, k,2) are more complicated:

2 _
gt b,k 2) = S o k) + O g
+ (b_M)(Zz_M_ 1)f(a,k+2) + b_bing(a,k—kl).

Formulas for more complicated moments again seem to have no obvious pattern.

For some special cases we know which one of g¢g4(Na(n),Np(n),k,l) and
9(Na(n),Ng(n),k,1) is larger: max(ga(a,b,k,0),95(a,b,k,0)) = ga(a,b,k,0) = f(a,k)
and max(ga(a,b,k,1),95(a,b,k,1)) = ga(a,b, k,1) = %,ulf(a, k) + %f(a, k+1). And from
simulations it seems that for | > 1, max(ga(a,b, k,1),gp(a,b,k,1)) = gp(a,b, k,1) would hold

for large enough b.

Next we present some actual proofs for the lower moments.

Proof of Hypothesis A.2 for k + [ = 1: Trivial, since EUg(n) = EUg(n) = z/(x + y).

Proof of Hypothesis A.2 for k+1 = 2: Surprisingly, we have g4(a,b,1,1) = gp(a,b,1,1)
5o type sequence doesn’t matter at all and since ga(a,b,1,1) < f(a,2) and gg(a,b,1,1) < f(b,2)
we are done.

Proof of Hypothesis A.2 for k + ! = 3: By symmetry we only have to proof that
if EUA(n)Ug(n) = ga(Ua(n),Up(n),2,1) and EUZ(n)Ua(n) = gp(Ua(n),Up(n),1,2) then
EU%(n+1)Ug(n+1) < ga(Ua(n)+1,Up(n),2,1) if I(n+1) = A. Turns out that this requires

b—Maf(a,3)+f(a,2)
b a+1

)

M
gB(au b7 17 2) S ?,ulf(av 2) +

which further requires that

05(0,5,0,3) = £(b,3) < %Mlaf(a,Q)—i-f(a,l) n b— M a*f(a,3) +3af(a,2) + 2f(a, 1).

b a+1 b (a+1)(a+2)
But
M af(a,2)+ f(a,1)  b—Ma*f(a,3)+3af(a,2) +2f(a,1) M b— M
b M at1 L @+ 1)(at2) = ket s
= lim gA(CL,b,].,Q)
a—r0o0
_ bf(6,2) + f(b,1)
B b+ 1
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so the requirement is satisfied.
Proof of Hypothesis A.2 for k + [ = 4: In this case ga(a,b,2,2) > gp(a,b,2,2) when
a>band ga(a,b,2,2) < gp(a,b,2,2) when a < b. However the proof is more involved, since in

proving the third moment we used something like:

nk S\t nf(nyi+2) + flni+ 1)
f(n+1’k+1):(’n—i—l)kf(n’k—i_l)—i—i:o(i)(”“‘l)k n+1 )
(n+ DSk +2) + fnk+1) 0k nf(nk+2)+ fnk+1)
n+2 S (n+ 1)k n+tl
+ kf (’f) i nf(n,i+3)+3nf(ni+2)+2f(ni+1)
= \i (n+ 1)k (n+1)(n+2)

(so on and so forth also holds). But for forth moment if we want to do the same thing we would

need something like

1 n?f(n,3)+3nf(n,2)+2f(n,1)
n+1 (n—+1)(n+2)

f(n,3) + < f(n+1,3)

n

n+1

and things like these don’t seem to hold in general. Still one can brute force prove it and the
fact that ga(a,b,2,2) > gg(a,b,2,2) when a > b is useful.

Proof of Hypothesis A.2 for £+ > 4: In general there does not seem to be any obvious

way to determine whether g4(a, b, k,l) > gp(a,b, k,l), and this prohibits generalization of our

proofs.
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APPENDIX B
PROOF OF THEOREM 3.10

The proof of Theorem 3.10 essentially follows that of Theorem 3.15. In particular, Step 2
of the proof remains the same. For step 1, we need to consider the perturbation term &;;(t1, t2).
In particular, for the matrices in (3.24), we have that covariances between scaled block means

are

5 = Var(Yy) = T: ar(d Xi)=—(ngIp+ Y P
b i€Gy 1,7J€GY (B 1)
1 — 1 _ ’
= fG(n?IT + (nG)gpbb + Z Zij) =1Ir + anbb + = Z Zij
T Nen KORN=ren

and similarly

G

—=>_ ) %y (B.2)
nb nd 1€Gy jEGy
when b # d.

Covariances between scaled cluster means are

= Var(Z, Var ZX )=1Ir+ e Z

i€Cy "a 1,j€C,

(B.3)
=Ir+ & > NapnagPea + el Z Eij
"a 1<b,d<K "a 1,j€Cq
and similarly
Zc?c - Z NapNedPrg + —— Z Z =g (B4)
V ncncc 1<b,d<K VT Cncc i€Cy jeC.

when a # c.

Finally covariances between scaled block and cluster means are

5 1
Sap = Cov(Yy, Z,) = W Cov() Xi, > X)) = ———(nalr+ »_ > P(

1€Cy JEGY na nb i€Cq jJEGY
n 1
b —_—
==l + e —=2 2%
ngng a g5 \/n§n§ iec, jea,
(B.5)

Note that all of these expressions have a leading part with the blockwise defined P,q, and

a perturbation part with the node-wise defined Z;;. The two parts will be analyzed separately,
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so for convenience we introduce the following notation:
G(1
s — (b, d)IT +4/nEnG Py,

G(2)
Y = =2 > Zu
nb nd i€Gy jEG,

1
> napncaPoa,

Vngng 1<b,d<K
c(2) (B.6)
o W 2, 2 S

i€Cq ]ECC

S ==y + \/ Z Nad Py,
\ /ncnb ng

i(

w = == 2. 2 5
\/n n$ icC, jea,

The following lemma summarizes some of the useful inequalities involving FPq and =;; that

anc(l) =d(a,c)Ir +

we shall need along the proof.

Lemma B.1. Foralll1 <i,j<nand1<a,bc,d <K,

i

1Eijllmar < 755 (B.7)
[Eilloe < min{—, 51 (B.8)
max{[| oo, [1ESD Joos 15 oo} < 1+ M, (B.9)
max ({25 oos 1202 foos 1267 lloc} < min{M, -}, (B.10)
ISG% ~ eI < 2222 T (B.11)
IS — lIsgW)3| < 2EX2 (B.12)
ISl ~ 1513 < 22T (B.13)
Next we turn to EA in (3.31) and note that we still have
K K
EA=Tr(Q%) =Y Tr(SH) - > Tr(SG,).
b=1 a=1

109



Using (B.1) and (B.3) we have

T T
Te(S5) =T +n5 Y pw(t,t) + Z > &t

t=1 t=1 JeGb

and
T

T
Tr(xC) T+niz Z NapNadpea(t, t) nlc Z Z &ij(t,1).
a Vi=te;

@ =1 1<bd<K t=11, @

The first term will cancel out and we can write EA = 61 + §o, where

T K
61 = Zanprb(t t) ZZ Z NabNadPbd(t,t)

t=1 b=1 t=1 a=1 a 1<b,d<K

and

T K 1 T K 1
DNICD WL 9 I A

n
t=1 b=1 i,j€Gy t=1a=1 % ijeC,

For the leading part d; we have

Z nabnad ’YT (B 14)
a=1b,d=1 “
b;ﬁd

as in (3.31). And in place of Lemma 3.16 we have the same lower bound on d;:

Lemma B.2.

rsy T
0> ———.
1= "9 K2

The proof of this lemma is identical to that of Lemma 3.16, with ¢ replaced by &;.

For the perturbation part d9 we have

T K T K
1
B 5 3 D OCTES 99 & AN

t=1 b= 1,J€EGy t=la=1 % i,jeCq
T K T K

SZ el Z HE”H"“”—FZZW Z |1Zj|lmaa
t=1b=1 b ijeG, t=1a=1 % §jeC,

B ) S A M N 4 N

o ng = ong TAK3n? C4K3n? 2 K3n

The last inequality here follows from (B.7) in Lemma B.1. Since K > 2 and s > 1 we have
|02] < d1/2 by Lemma B.2.

In place of Lemma 3.18 and 3.19 we have the following lemmas:
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Lemma B.3. ||X1/20%1/2||,, < 2K (2M +1), where M is the constant in (3.10) of Assumption
3.9.

Lemma B.4. [[S/208'2|% < (5+ 2 + 2% 4 8M) K4y

The rest of the proof stays the same.

B.1 Proof of Lemma B.1

The first two inequalities are straightforward. (B.7) follows from ||Z;j||maz < ||Zij]/c and
(3.12). Since (3.9) implies that ||Z;j||cc < || Pod|loo for i € Gy and j € Gy, (B.8) follows from
(3.10) and (3.12).

For (B.9), using (3.10) in Assumption 3.9 we have
125 oo < 1+ y/nfnG | Paalloe < 1+ nl| Palloo < 14 M,

126V oo <1+ —— Y napneal | Pralloo

1
[ C.C
Na e 1<bd<K

n
<1+ oo > napncal | Pollso
a’’c 1<pd<K

(using nS, n¢ < n)

a >’ C
M
=+ & D Mabied
Na Te 1<b,d<K
=14+ M
and
Nab G K
1
1S 1o < —22— + Znadnpbdnw§1+n§j||Pbd|roos1+M
n&n¢ ng d=1

For (B.10), note that

G
G(2 nSn .M
12507l < ———3" 3 IEglloe < —A=min{ -, s} < min{M, -},
\/15nG icG, jecy \/ns'nG

Similarly we have maX{HEC(z)HOO, HE(Q)H } < min{M

’4K3
For (B.11), we have

G G G G
12613 = Te((Z5)'8) = [[SED)12 4+ I=EP)2 4+ 2 Tr((2) 280,
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And by (B.9) and (B.10) we know that

2.2 2.2
rey <T’I"’}/

G(2)2 G(2))12
||Ebd ”F < T”Ebd || < T16K6n2 - 2K3n

and
G(2 G(1
T (S S DI < TS Nl 125 oo < T (M + 1),
Now, recall that r € (0,1) and v < M. Therefore we have
G112 ryM Ty 2M +1 rT
E by <T 2T M+1)=

Similarly we have (B.12) and (B.13). This completes the proof of Lemma B.1.

B.2 Proof of Lemma B.3

Same as in the proof of Lemma 3.18 we have
1212052 lop < 11ZY2]lopl [ lopl =Y lop = IIZlop-

Next, note that we can upper-bound the operator norm by the L., norm. Therefore from

(3.24), (B.9) and (B.10) we know that

[[Eflop < 2K _ max {H2 illoos [ Z6elloos 11Zabl oo}

<2K(1+ M+ M)

= 2K (2M +1).

This proves the lemma.

|
B.3 Proof of Lemma B.4
Same as in the proof of Lemma 3.19 we have
[=Y20512) 2 = Tr(2Y/2020512) = Tr QDY) (B.15)
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by properties of traces. And from (3.30) we can compute the trace as

TOZeE) = Y T(EHEH+ Y TELE) -2 Y TEEa)

1<b,d<K 1<a,c<K 1<a,b<K
G C N
= Z szdH%—i_ Z Hzac||%’_2 Z HECLbH%
1<b,d<K 1<a,c<K 1<a,b<K

Divide this trace into three parts and write Tr(QXQX) = I + Iy + I3, where

G(1 (1
L= Y 1= Y =Y,

1<b,d<K 1<a,b<K
c(1)12 (1)2
L= > I=EO1- S 1ER1%
1<a,c<K 1<a,b<K

and
G(1 lad (1
L= (ZGIR-150+ Y UESE-1SD13 -2 S (a3 1IEG 1)
1<b,d<K 1<a,c<K 1<a,b<K

Since I; and Iy are identical to those defined in the proof of Lemma 3.19, we use the same

bounds to get

2 2M?
L+L<KQ1+—+ )d1.
Ty o
For I3, we have
2M +1 T ryT
I3 < 4K? —4K(2M + 1
3= K 2K2n (2M + )2K2n

by (B.11),(B.12) and (B.13). Using Lemma B.2 we get I3 < 4K (2M + 1)d;.
It follows from the above inequalities that
2 2

2 2M 2 2M
Tr(OEOQY) = [+ Lo+ I3 < K(14+ — + Z—)6, + 4K (2M +1)6; < (5+ — + —— +8M)K6).
oy o

Lemma B.4 then follows from (B.15).
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