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We study positive radial solutions to classes of steady state reaction diffusion
problems on the exterior of a ball with both Dirichlet and nonlinear boundary condi-
tions. We study both Laplacian as well as p-Laplacian problems with reaction terms
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terms and establish existence, multiplicity and uniqueness results. Our existence and
multiplicity results are achieved by a method of sub-supersolutions and uniqueness
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Mathematica to generate the bifurcation curves.
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CHAPTER 1
INTRODUCTION

Study of nonlinear reaction diffusion equations is of great importance in vari-
ous applications such as nonlinear heat generation, combustion theory, chemical reac-
tor theory and population dynamics (see [Sem35]|, [Skebl]|, [Turb2|, [Par61], [Ari69],
[FK69], [Sat75], [Fif79], [KID*79], [Tam79], [ZBLMS85], [OL01], [Mur03]| and [CC04]).

Models are of the form:

u =dAu+ f(u); ze€Q

u(z,0) = Yo(x); =€ (1.1)

Bu=0; x €9

\

where Au := div(Vu) is the Laplacian of uw, d > 0 is the diffusion coefficient,
Q Cc RY; N > 1is a bounded domain with smooth boundary 9, the reaction term
f:[0,00) — R is a continuous function, and Bu = u or Bu = ‘g—z + ¢(u)u where g—z is
the outward normal derivative of u on 9 and ¢ : [0, 00) — (0, 00) is a continuous func-
tion. For above mentioned applications, u describes a temperature distribution, mass
concentration or population density, and only non-negative solutions (u > 0 in ﬁ) are
relevant.

The steady states of (1.1) (if they exist) are of great importance in under-

standing the dynamics of the solutions of (1.1). For the case when Bu = u (Dirichlet



or hostile boundary condition), researchers have built a rich history for nonlinear

eigenvalue problems of the form:

—Au=Af(u); z€Q 12)

u=0; x€df)

1

where \ = 7

is a positive parameter.

S

Figure 1. An Example of a Positone Function.

In the case when f is positive at the origin and monotone (see Figure 1), (1.2) is
referred to in the literature as a positone problem. Classical examples arise in the
theory of nonlinear heat generation (see [KC67| where the authors study the reaction
term f(s) = e®) and combustion theory (see |[BIS81| where the authors study the
reaction term f(s) = ents with & > 0). For results related to positive solutions of such
positone problems, we refer the reader to [KC67|, [CL70], [Lae71|, [Rab71], [AmaT2],
[CRT73|, [Par74], [CR75], [Ama76|, [ACT8|, [GNNT9|, [WL79], [BIS81], [Lio82], [Shi83],
[CS84], [Ang85], [Dan86]|, [Rab86], [Shi&87|, [Lin91]|, [AP93], [Wan94|, [HLI7|, [Du00]
and [HSO06.



//S

Figure 2. An Example of a Semipositone Function.

In the case when f is negative at the origin and eventually positive (see Figure 2),
(1.2) is referred to as a semipositone problem, and is again of great importance in
applications, for example, in population dynamics with constant yield harvesting (see
[OSS02]). The study of positive solutions of semipositone problems is considerably
more challenging since ranges of positive solutions must include regions where f is
negative as well as where f is positive. For results related to positive solutions of
such semipositone problems, we refer the reader to [BS83|, [CS87], [SW8&T7], [CS88],
[BCS89|, [CS89al, [CS89b|, [BSI1]|, [ANZI2|, [CGS9I3|, [AABY4|, [CGS95|, [CHS95],
[AHS96], [CS98|, [HS99], [OSS02], [HS04], [DS06], [DOS06], [CCSU07|, [SY07]| and
[SY11]. Researchers have also studied the case when Bu = g—"; + ¢(u)u (nonlinear
boundary condition). Classical examples arise in combustion theory and population
dynamics (see [CC04] and [MWUUO06]). For results related to positive solutions of
such positone or semipositone problems, we refer the reader to [CC06], [MWUUO06],
[CCO7], [Sht08], [GLS10a|, [GLS10b|, [GLS11]|, [GKS14]| and [GS14].

In the late 80’s, researchers initiated the study of nonlinear eigenvalue problems
that arise in the modeling of physical and nature phenomena involving the p-Laplacian

operator. A typical model is of the form:



—Apu = Af(u); e
(1.3)
Bu=0; x¢€df

where Apu := div(|Vu|P~2Vu) with p > 1 is the p-Laplacian of u. For results related

to positive solutions of such positone or semipositone problems, we refer the reader to
[Dia85|, [DEMS89|, [Jan93|, [DD94|, [HSS96], [CDGI7|, [DDM99|, [DKT99|, [EGI9],
[HSCO1], [BK02], [CHS03], [COS03], [GR03]|, [HS03], [JS04], [RS04], [RSY07], [AS09],
[Haill], [KLS11], [LSS11], [DY12], [CKS13], [CDS15| and [SS16].

Qe

()

Figure 3. Exterior of a Ball.

Recently, researchers have also considered this study on the exterior of a ball
(see Figure 3). However, there are only few results in this direction (see [LSY10],
[CSS12], [GLSS13|, [KLS13|, [Sanl3|, [ACSS14]|, [BKLS14|, [KRS15], [MSSS| and
[CSSS])).

In this dissertation, the focus is to enrich this literature, namely, consider

classes of nonlinear singular eigenvalue problems of the form:



/

—Apu = MK (|z))2%: 2 e Q.

ux )

Bu=0; |z|=r9 (1.4)

u(z) = 0; |z| = o0

where 1 <p < N, 0<a<1,Q :={zeR"||z| >ry> 0}, the weight function
K : [rg,00) = (0,00) is a continuous function such that K(r) < —t for r > 1 for
some o € (0,%), Bu = u or Bu = g—Z + ¢(u)u where g—’y‘ is the outward normal
derivative of u on 02, and ¢ : [0,00) — (0,00) is a continuous function, and the
reaction term f : [0,00) — R is a continuous function. In particular, the main focus

is the case when the reaction term f has a p-sublinear growth at infinity, namely:
(Hy) limg oo 252 = 0.

Existence, multiplicity and uniqueness of positive radial solutions for various classes

of reaction processes are established.

1.1 Uniqueness Results for Classes of Singular Steady State Reaction

Diffusion Equations with Dirichlet Boundary Conditions

Singular steady state reaction diffusion equations with Dirichlet boundary con-

ditions of the form:

—Apu = MK (|Jz))L%: 2 eq,

u=0; |z|=ro (1.5)

u—0; |z] = o0



are studied. Here p, «, Q., K and f are as before in (1.4). Note that restricting

the analysis to positive radial solutions, by a Kelvin type transformation, namely the
N-p

change of variables r = |z| and ¢t = (%) 1=r (1.5) reduces to anaylzing the two point

boundary value problems of the form:

(1.6)

where ,(s) := |s[P7?s and h(t) = (%)pré’t%[( (rotflv;—l;) (see [KLS13| and
Appendix A.1). Then A : (0,1] — (0,00) is a continuous function and there exist
d > 0and n € (0,1) such that h(t) < & for ¢ € (0,1]. Note that since we do not
assume o > %, h may be singular at 0 (i.e., lim; o4 h(t) = 00). For the analysis of
positive solutions of (1.6), p > 1 is assumed in the rest of the dissertation since the
condition p < N is only needed for the Kelvin type transformation.

For the case when f(0) > 0 and 0 < a < 1, the authors in [KLS13| discussed
the existence of a positive solution of (1.6) for all A > 0 and multiplicity results for a
certain range of A provided f satisfies certain additional conditions.

Our first result (Theorem 1.1) in this dissertation is to establish the uniqueness

of a positive solution for A > 1 when p > 1 and a = 0. Assume:

(Hs) f € C*0,00) with limsup,_,o. sf’(s) < oo
(Hs) f' > 0on (0,00)
(Hy) fo:=infsco00) f(5) >0

(Hs) there exist ¢ € (0,p—1) and oy > 0 such that % is nonincreasing on [0, 00).



We establish:

Theorem 1.1. Let p > 1, o« = 0 and (Hy) — (Hs) hold. Then (1.6) has a unique

positive solution u € C1[0,1] for A > 1.

Remark. A simple example satisfying the hypotheses in Theorem 1.1 is f(s) = s? +1

and h(t) = X where 0 < ¢* < p—1and 0 < 5 < 1. Note that @ is nonincreasing

tn q

for all s > 0 when ¢ € [¢*,p — 1) and nondecreasing for s > 1 when ¢ € (0, ¢*).

S

Figure 4. An Example of an Infinite Positone Function.

Our second result (Theorem 1.2) in this dissertation is to extend this unique-
ness result when p = 2 to the case when a # 0, which is referred to in the literature

as an infinite positone problem (see Figure 4). Assume:

(Hﬁ) o+ n <1
(H;) f e CH0,00) with limsup,_,o, sf'(s) < af(0)

(Hg) there exists ¢* > 0 such that % is nonincreasing on (o*, 00).

We establish:



Theorem 1.2. Let p=2,0< a <1, (Hy), (Hy) and (Hg) — (Hg) hold. Then (1.6)

has a unique positive solution u € C*(0,1) N C*0,1] for A > 1.

KS

Remark. A simple example satisfying the hypotheses in Theorem 1.2 is f(s) = ex+s

and h(t) = & where Kk >0 and 0 < a +n < 1.

Remark. Theorem 1.2 can be extended to the case when the weight function h also
has a singularity at ¢ = 1, namely, there exist d > 0, n > 0 and n* > 0 such that

h(t) < £ for t ~ 0 and h(t) < # for t =~ 1 where a +7 < 1 and a +n* < 1.

See |[KLS11]| for existence and multiplicity results of similar problems on bounded
domains . See also [CKS13| for a uniqueness result for A > 1 when p = 2 and 2 is
a bounded domain, namely for the following problem:

“Au=)Y. 20

ux

u=0; z €.

Theorem 1.2 is an extension of this result to radial solutions on the exterior of a ball.
For the case when f(0) < 0 and 0 < o < 1, the existence of a positive solution
of (1.6) was established for A > 1 in [San13|. Further, when p = 2 and o = 0, the
authors in [CSS12| established the uniqueness of a positive solution for A > 1.
Our third result (Theorem 1.3) in this dissertation is to extend the uniqueness

result in [CSS12] to the case when p > 1 and o = 0. Assume:

(Hy) h € C'(0,1] such that h is strictly decreasing on (0, 1]

(Hy) f(0) <0 and f(s) — o0 as s = 0.



We establish:

Theorem 1.3. Letp > 1, a =0, (Hy) — (H3), (Hs) and (Hy) — (Hy) hold. Then

(1.6) has a unique positive solution u € C[0,1] for A > 1.

Remark. A simple example satisfying the hypotheses in Theorem 1.3 is f(s) = s¢ —1

and h(t) = X where 0 < ¢* < p—1and 0 < 5 < 1. Note that @ is nonincreasing

tn q
for s > 1 when q € (¢*,p—1).
Remark. When h is strictly decreasing, it turns out that every nonnegative solution

of (1.6) is strictly positive in (0, 1) (see Lemma 4.1).

Remark. Let Q4 := {z € RY | ry < |z| < Ry where 0 < rg < Ry}, (Hy) — (H3),
(Hs) and (Hjo) hold. If Tp(;v:ll)K(r) is strictly increasing for r € [rg,c0), then the

boundary value problem:

—Apu = AK(|z])f(u); €y
(1.7)

u=0; x €y

has a unique positive radial solution for A > 1. This follows since the change of
_ N-p N—p N—p

variables r = |z| and t = (TH — Ry ") /(ry ™" — Ry ") reduces the study of (1.7)

to analyzing the boundary value problem (1.6) with in fact a nonsingular strictly

decreasing h (see Appendix A.3).



1.2 Existence, Multiplicity and Uniqueness Results for Classes of Singu-
lar Steady State Reaction Diffusion Equations with Nonlinear Bound-

ary Conditions

Singular steady state reaction diffusion equations with nonlinear boundary

conditions of the form:

(

—Apju = MK ()L 2 e,

ue )

g—z +é(u)u=0; |x|=r9 (1.8)

u—0; || — 00

are studied. Here p, a, €., K, f, ¢ and g—;‘ are as before in (1.4). Note that restricting
the analysis to positive radial solutions, (1.8) reduces to anaylzing the two point

boundary value problems of the form:

(1) 4 c(u(1)u(l) =0 (1.9)

where h is as before in (1.6) and c(s) := ]1\’,;_;7’06(3) (see |[BKLS14| and Appendix
A.2). For the analysis of positive solutions of (1.9), p > 1 is assumed in the rest
of the dissertation since the condition p < N is only needed for the Kelvin type

transformation.

10



When p = 2 and o = 0, the authors in [BKLS14| established the existence of a
positive solution for all A > 0, uniquness results for A = 0 and A > 1 and multiplicity

results for a certain range of A\ provided f satisfies:

(H11) f(s) >0 for s € [0,00)

and certain additional conditions.
Our next five results (Theorems 1.4 - 1.8) in this dissertation are to extend

the results in [BKLS14| to the case when p = 2 and « # 0:

Theorem 1.4. Let p =2, 0 < a <1, (Hy), (Hg) and (Hy1) hold. Then (1.9) has a

positive solution u € C?%(0,1] N C[0,1] for all X > 0.

Theorem 1.5. Let p =2, 0 < o < 1, (Hy), (Hg) — (H7) and (Hyy) hold. Assume
that c(s)s is nondecreasing for s € [0,00). Then (1.9) has a unique positive solution

u e C%*0,1] N C0,1] for A = 0.

Theorem 1.6. Let p =2, 0 < a < 1, (Hy), (Hy) and (Hg) — (Hg) hold. Assume
that ¢ is bounded and c(s)s is nondecreasing for s € [0,00). Then (1.9) has a unique

positive solution u € C*(0,1] N C*0,1] for A > 1.

Remark. A simple example satisfying the hypotheses in Theorems 1.4 - 1.6 is f(s) =

KS 1

ewts, h(t) = & and c(s) — eT+s where k > 0 and 0 < a 47 < 1.

Assume:

(Hy2) Sfl(fl is strictly decreasing for s € [0, 00).

The following global uniqueness result is also established:
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Theorem 1.7. Letp=2,0 < o < 1, (Hy), (Hs) and (Hy1)—(Hy2) hold. Assume that
c is nondecreasing. Then (1.9) has a unique positive solution u € C*(0,1] N C[0, 1]

for all X > 0.

KS

Remark. A simple example satisfying the hypotheses in Theorem 1.7 is f(s) = ex+s,

h(t) = L and and ¢(s) = e where 0 < k < 4+ 4a and 0 < a 4+ 71 < 1. Note that

tn
Sfl(fc), is strictly decreasing for all s > 0.

Next existence of at least two positive solutions of (1.9) is discussed for a certain
range of A\ under additional assumptions on f. In order to state this result, note from

[WJ93| that the boundary value problem:

has a positive solution w € C?(0,1) N C'[0,1]. Further, it can be proven that this

solution is unique. Assume:

(H13) h* = il’lfte(OJ] h(t) >0

(Hi4) there exist a; and ap such that a; € (0, %) and % is nondecreasing on (ay, as)

. a1+a a1+a 16 1
(His) there exists az such that a; < az < % and m/f?ag) > 2wl e

We establish:
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Theorem 1.8. Letp =2,0<a<l, (Hl), (Hg), (H6>, (HH) and (H13) — <H15)
hold. Then (1.9) has at least two positive solutions belonging to C*(0,1]NC*0, 1] for
A € (A1, Ao] where

16 az™
)\1 =
h* f(a3)
. (2ay a§ I
Ay = mm{— ) }
2 hi flas)” [lw||ie fa1)

aq ao S

Figure 5. A Function Satisfying (Hy4).

KS

Remark. A simple example satisfying the hypotheses in Theorem 1.8 is f(s) = ex+s,

h(t) = L and ¢(s) = eT where K > 1 and 0 < a +7 < 1. Note that choosing

tn

_ 1 1 1 4 2 _ o
ar = 50 — %+ 301/ 1— =%, a2 = £7a; and a3z = Kay, it is easy to show that for k > 1
a a ajk(k—1)
f('s) 3 3 a}+ a;)+ J— 1 1+}1 K+a
= is nondecreasing on (a1, as) and Ha/ Flayy = mraeC TG0 > 1. Hence the

hypotheses of Theorem 1.8 hold for x > 1.
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/ S

Figure 6. An Example of an Infinite Semipositone Function.

For the semipositone case, when p = 2 and a = 0, the authors in [BKLS14]
established the nonexistence of a positive solution for A ~ 0 and the existence result
for A > 1. In |[LSS16], the authors extended these results to the case when p = 2 and
a # 0, which is referred to in the literature as an infinite semipositone problem (see
Figure 6).

Our next two results (Theorems 1.9 - 1.10) in this dissertation are to extend

the results in [BKLS14| and [LSS16] to the case when p > 1. Assume:
(Hy6) there exist A* > 0 and Iy > 0 such that f(s) > A*s for s > 1.

We establish:

Theorem 1.9. Let p > 1, 0 < a < 1 and (Hy) hold. If f(0) <0, then (1.9) has no

positive solution for A =~ 0.

Theorem 1.10. Lth > 1, 0<ac< 1, (Hl), (Hﬁ), (Hm), (ng) and (Hm) hold.
Then (1.9) has a positive solution u € C*[0,1] for A > 1 such that ||ullec — 00 as
A — o0o. Further, if (Hs) and (Hy) hold, then u(1) > 0 for any positive solution u,

and for any given a* € (0, 1), infyex 1y u(t) — 0o as A — oo.
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Further, in [KRS15|, a uniqueness result for A > 1 was established when p = 2 and
a=0.
Our final result (Theorem 1.11) in this dissertation is to extend the uniqueness

result in [KRS15| to the case when p > 1 and o = 0. Assume:

(Hy7) c(s) is nondecreasing for s > 1.

We establish:

Theorem 1.11. Letp > 1, a = 0, (Hl)—(Hg), (Hg)), (Hg)—(Hlo) and (H16)—<H17)

hold. Then (1.9) has a unique positive solution u € C*[0,1] for A > 1.

Remark. A simple example satisfying the hypotheses in Theorems 1.9 - 1.11 is f(s) =

s —1, h(t) = £ and ¢(s) = €* where 0 < ¢* <p—1land 0 <7 < 1.

In Chapter 2, we introduce several preliminary results that will be used to
establish existence and multiplicity results. Further, some regularities of positive
solutions are investigated. In Chapters 3 - 4, we prove Theorems 1.1 - 1.3 that are
results for the case when the Diriclet boundary condition occurs on the boundary of
the ball. In Chapters 5 - 6, we prove Theorems 1.4 - 1.11 that are results for the
case when a nonlinear boundary condition occurs on the boundary of the ball. In
Chapters 7 - 8, we conduct computational studies providing several examples related
to our results. Here we generate (A, ||u]|o )-bifurcation diagrams, and hence we obtain
detailed (exact) information on the structure of positive solutions as the parameter
A changes. In Chapter 9, we discuss the conclusion of this dissertation and several
open problems that we plan to study in the near future. In Appendix A, Kelvin

transformations are presented. We also prove Theorems 8.1 - 8.4 in Appedix B.

15



CHAPTER II
PRELIMINARIES

In this chapter, we first outline degree theory and several useful properties (see
[Llo78| for more details). Next, a method of sub-supersolutions for (1.9) is established
which we use to show existence and multiplicity results for positive solutions. Finally,

some regularity results of positive solutions for (1.6) and (1.9) are discussed.

2.1 Degree Theory

Degree Theory in Finite Dimensional Spaces: Let O C RY be open and
bounded and ¢ : Q — RY be a continuously differentiable function. Define J4(z)
as the Jacobian determinant of ¢ at x € RY and Z; := {z € Q | Jy(z) = 0}. For

p € RV \ ¢(09Q) and p & ¢(Z), the degree of ¢ at p relative to 2 is defined by

deg(p,,p) = Z sign Jy(x).

z€¢p~1(p)

For p € RV \ ¢(99Q) but p € ¢(Zy), the degree of ¢ at p relative to € is defined to be
deg(¢,Q,p) = deg(o,Q, q)

where ¢ is any point in RY \ ¢(99Q) such that ¢ & ¢(Z,) and |p — q| < d(p, p(09)).
Here d(p, (012)) is a distance function from p to ¢(0%2).
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For a continuous function ¢ and p € RY \ ¢(09), the degree of ¢ at p relative
to ) is defined to be

deg(¢,Q,p) = deg(, 2, p)

where 1) is a continuously differentiable function such that |¢(z) —¥(x)| < d(p, (09))

for z € Q. Then the following properties are satisfied:

Lemma 2.1. Let I be the identity operator. If p € Q, then deg(I,Q,p) =1. Ifp & Q,
then deg(I,2,p) = 0.

Lemma 2.2. If deg(¢,2,p) is defined and non-zero, then there exists q € € such
that ¢(q) = p.

Lemma 2.3. (Homotopy Invariance Theorem) Let H : [0,1] x Q — R satisfy

H(t,) € C(Q2) fort € [0,1] and H(s,-) — H(t,-) in C() as s — t. Let hy(z) =
H(t,z). If p & h(0R2) for 0 <t <1, then deg(h:, 2, p) is independent of t € [0, 1].

Degree Theory in Infinite Dimensional Spaces: Let (X,| - |) be a normed
linear space and  C X be open and bounded. Let ¢ := I — T where T : Q — X

is completely continuous. For p € X \ ¢(012), the degree of ¢ at p relative to € is
defined to be

deg(¢,Q,p) = deg(I — T, Q. p)

where 7' is a continuous function on £ with finite dimensional range such that ||7(x)—
T(z)|| < d(p, p(0R)) for z € Q and Q, := QN span{T(Q),p}. Then Lemmas 2.1 - 2.3

again hold.
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2.2 Methods of Sub-Supersolutions

For (1.6), several methods of sub-supersolutions were established for the case
p > 1 to establish existence and multiplicity results (see [Cui00] and [LSY09)).

For (1.9), authors in [BKLS14| established a method of sub-supersolutions
when p = 2 and o = 0. In [LSS16|, authors established a method of sub-supersolutions
for the case p = 2 and 0 < a < 1. These results are extended to the case p > 1 by
requiring subsolutions to be bounded below by a power of the distance function. In
particular, by a subsolution of (1.9), we mean a function ¢ € C'[0, 1] that satisfies
P(t) > Dd(t,00)* for some D > 0 and x* > 0 such that ax* + 7 < 1 and

— (o)) < AR(HEL; £ e (0,1)

(1) + (1)) <0 (2.1)
$(0) =0

where Q := (0,1). By a supersolution of (1.9), we mean a function ¢ € C*[0,1] that

satisfies ¢(t) > 0 for ¢t € (0,1) and

(

—(ppl¢)) = AR ZE; ¢ e (0,1)
¢'(1) + c(¢(1))e(1) = 0 (2.2)
¢(0) = 0.
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Now, for a subsolution ¢ and a supersolution ¢ such that ) < ¢, we define

the operator T : C0, 1] — C'[0, 1] related to (1.9) by

ru = [ o ([ 0005 ewn) s 23)

v(r, w)e

where 7 : [0,1] x R — R and ¢ : R — R are defiend by

V(E,s)i=qs o) <s<ot) and &(s):=1c(s)s; (1) <s< (1)

It follows that T satisfies the following properties:
Lemma 2.4. T is completely continuous.

Proof. Let {v,} be a bounded sequence in C[0,1]. Let f*(s) := maxo<,<s|f(r)| and

c*(s) := maxo<,<s €(r). Then we have

f(y(s,vn))|

uyol < gt (3 [ a0y g e )

A\

< o' (W llelo) [ 1 s+ (e (1ol

< 80;1 ()\le*<||¢||00) + QDp(C*(Hngoo»)

where D; = o= (foé f(s) ds—i—ff i) ds) and ||¢|l = maxeioq |¢(t)]. This
2

ak® (175)0‘"*

implies that {||(Tv,) ||} is uniformly bounded, and hence {||Tv,|/} is uniformly
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bounded. By the Arzela-Ascoli Theorem, {T'(v,)} has a convergent subsequence in
10, 1].

Next we show that 7" is continuous. Let {w,} C C]0, 1] be such that w,, — w
as n — oo for some w € C0,1]. Since ¢ is continuous, ¢,(¢(w,(1))) converges to

op(c(w(1))) as n — oo. We also have

w) g

/ ‘f SS ywn)) — f((s,

wa)® (s, w)”

)ds

S /lh(s>|f(7(s wa) = fOls )l / ‘f W) f(sw)

(S U}n)a 5 wn - 7<S7w)a

< DillF(( ) = FO ) oo + £ (9]1c) / )| -

ds.
s (s w) |

Since the last term converges to 0 as n — oo by the Lebesgue Dominated Convergence
Theorem, ft Vs(s wn)) 76 converges uniformly to ft fv(zg(’s ) s as n — oo. For

(
each n and for ¢ € [0, 1], we have

f(y(s,wn

eoewn(1) < (e (loll)) and [ 1T ds < by (o)

For t € [0, 1], we also have

f(y(s,w))

e @ S D 1l).

pp(c(w(1))) < @p(c([|¢]lo)) and /th(S)

Let Dy := 2(AD1f*(|[¢l) + ¢p(c*([|0]ls0)))- Since ;! is uniformly continuous on

[—Ds, Dy], we obtain that T'w,(t) converges uniformly to Tw(t) as n — oo. This
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implies that ||[Tw, — Tw||s — 0 as n — oo, so T is continuous. Hence Lemma is

proven. O
Now we establish:

Lemma 2.5. Assume that there exist a subsolution v and a supersolution ¢ of (1.9)
such that v < ¢ on [0,1]. Then (1.9) has at least one solution u € C(0, 1] satisfying

v <u<g¢onl01].

Proof. Note that T defined by (2.3) is bounded on C|0, 1] since

ol < [ ot (3 f 2Dy gy @twin)) ds < g 0a).

This implies that there exists D* > 1 such that (I — T")(w) # 0 for any w € C[0, 1]

satisfying ||w|/s = D*. By Lemmas 2.1 - 2.4, we have
deg(I — T, Bp+(0),0) = deg(I, Bp-(0),0) =1

and there exists wy € C[0, 1] such that T'(wg) = wy. It is easy to show wy € C1[0, 1].

Now we claim that wy(t) € [1(t), ¢(t)] for t € [0,1]. If our claim is true, then
y(t, wo(t)) = wy(t) for t € [0,1]. This implies that wy is a positive solution of (1.9),
and hence Lemma is proven. To show wq(t) > 1(t) for t € [0, 1], assume that there

exists to € (0, 1] such that 1(tg) > wy(tp). Then two cases are followed:

(I) there exists (a,b) C (0,1) such that () > wo(t) in (a,b), ¥(a) = we(a) and
$(b) = wo(b)
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(IT) there exists a € (0,1) such that ¥ (t) > wy(t) in (a, 1] and ¥(a) = wy(a).

For the case (I), there exists t € (a,b) such that ¢'(t) = wj(f) and ¢'(t) > wj(t) for

t € (a,t). However, for t € (a,t) we have

%wv»—%WWDSA[h@(

F@)  F(swe))
v W&wd“)d&_o

Since ¢, is increasing, we obtain v/ (t) < wj(t) for t € (a,?). This is a contradiction.
For the case (II), we have ¢'(1) — wy(1) < —c(1p(1))(1) + é(wp(1)) = 0 since (1) >
wo(1). Thus there exists £ € (a, 1] such that ¢'(f) = wj(f) and ¢'(t) > w}(t) for
t € (a,t). This is a contradiction by the same argument of the case (I). Hence
wo(t) > 1p(t) for t € [0,1]. By a similar argument, we can show that wy(t) < ¢(t) for

t €[0,1]. O
2.3 Regularity of Positive Solutions

In this section, we show that positive solutions of (1.6) and (1.9) have at least

C1" regularities for some a* € (0,1).

Lemma 2.6. Let o = 0. If u is a positive solution of (1.6) or (1.9), then u €

C127(0, 1] for some o* € (0,1). In particular, u € C?(0,1)NCH*7[0,1] for 1 < p < 2.

Proof. Let t,, € (0,1) be such that u(t,,) = ||u||cc. From (1.6) or (1.9), we have

w0 =o' (3 [ npswas).
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If 1 < p <2, then ¢/ is differentiable on (0,1). By the Mean Value Theorem,

we have

it =0l = oy ([ noas) =t (3 7w stwas)|

to

< |l ([ hoyas)

(2.4)
< DA [ (Jfulloo)] 777 82177 — 11177
L, 1 _
< DsAr T [ ([[ulloo)] 7 [tz — 2"
for any ¢; and 5 € [0, 1] where D3 := m (fol h(s)ds) """ Hence u € C?*(0,1)N

C17(0, 1] where a* = 1 — 1.
For the case p > 2, noting that [, (b) —¢, " (a)| < 2%|gpljl(b—a)| fora,b € R,

we have

[ (t2) — u'(t1)] =

- / b ds ) - " (3 / o) )|

_1
p—1

p—2
<257

A/hmgﬂM%

t1

1
< DT [ ([|ufl )] |17 — 1417770

1, L =1
< DA (Julloo)] 7T [ta = ta] =

for any ¢; and ¢, € [0, 1] where D, := 49571, This implies that u € C%[0, 1] where

of = 1*—’17 Hence Lemma, is proven. H

=
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Lemma 2.7. Let 0 < o < 1 and (Hg) hold. Assume that f(s) >0 for s € (0,00). If
u is a positive solution of (1.6) or (1.9), then u € CY*7[0,1] for some o* € (0,1). In

particular, u € C?(0,1) N CY7[0,1] for 1 < p < 2.

Proof. Since f(s) > 0 for s € (0,00), it is easy to show that u(t) > Dsd(t,09) for
some D5 > 0 where Q := (0,1). Let ¢,, € (0,1) be such that u(t,,) = ||u|/cc. From

(1.6) or (1.9), we have

W (t) = ! (A /t " h(s)%ds) .

If 1 < p <2, then o is differentiable on (0,1). By arguments similar to those

in Lemma 2.6, we have

0] - )

o 2—

<| fimil[f%nunmﬂﬁl ( / 1 —d(s’fgé)ads)” / _(’“m "

T E e
< DeAv [f*([u]|oo)] 7T [t2 — 4] 7077

[/ (t2) — v'(t1)] =

)
|
S]

e 1 —1
for any ¢, and ty € [0,1] where Dg := (p2 ;ﬂ(]lea 5 (fo d(:g; )p ', Hence u €

C%0,1)NC27[0,1] where a* =1 — a — 1.
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For the case p > 2, we also have

oy (A /t:m h(s)%ds) — (A /t :m h(s)%ds) |

/tt2 h(s)LZ)ds

u

' (t2) — o' (t1)] =

“ h(s)
J, oy

1—

1 1 a—
< DA (lulloo)]7=7 [t = ta] 77

< ob AT

1 p—1

p=2 ‘%% L 1
< 201 Dy AP [ ([Juflo )]

n

—a
d_Dslf’—'1 2p—44a+n

for any t; and ¢ € [0, 1] where D7 := 27 »1 . This implies that u € C1*7[0, 1]

l-a—n

1—a— :
where a* = ﬁ. Hence Lemma is proven. ]

Remark. Let 1 < p < 2. If u is a positive solution of (1.9) and u(1l) > 0, then
u € C?(0,1] N CY7[0,1]. Further, if u is a positive solution of (1.6) or (1.9) and if &

is nonsingular at 0 and o = 0, then u € C?[0, 1].
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CHAPTER III
PROOFS OF THEOREMS 1.1 -1.2
3.1 Proof of Theorem 1.1

We first define G : [0g,00) — R by G(s) := —=—=—. Then G is strictly
[f(s)]P—T

increasing and lim,_ ., G(s) = oo by (H;), (H3) and (Hs). Further, G™! satisfies:

Lemma 3.1. Let (Hy), (Hs) and (H;) hold. For each C > 0, there exist Ly > 0 and
Ly > 0 (independent of \) such that

LiG' (1) < G 1C0) < LG H(ArT)

for A\ > 1 where Ly := min{l,C’zﬁiﬁQ} and Ly = max{l,C’%}.

This property was first observed in [Hai08]. We follow and extend arguments in

[Hai08] to establish several results.

Lemma 3.2. Let p > 1, o = 0, (Hy) and (Hs) — (Hs) hold. Let u be a positive
solution of (1.6). For A > 1, there exist constants Cy and Cy (independent of \) with
0 < Cy < Cy such that

CL G AFT)A(E, 09) < u(t) < CoG (A7 T)d(t, OQ).

Proof. First we show that for A > 1 there exists C'; > 0 such that

u(t) > C1G Y (A7 T)d(t, 09).
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Let z be the solution of the boundary value problem of the form:
(3.1)

where xg(t) = 1 for t € S and xs(t) =0 for ¢t € [0,1]\ S. Let t,,, € (0,1) be the point

such that z(t,,) = ||| It is easy to show that t,, € (1,3) and z can be written as

2(t) = Ji et (4O [ bz

ftl cpgl ( Lm X(1,2) r)dr) ds; t, <t<lI1.

If t,,, € (1,1], then we have

and

(%) - / ot (700 [ g ) s> o5 (0 (5= 1))

where h := MaX, (1 3 h(t) and h := min,, 3] h(t). Since [|z]ls > 2 (2), we have

1
4

L (100~ ) 2 (03 -1))
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.. . 1 — h
This implies that ¢,, > 7 + K; where K; := 2op)hth) "

that ¢, > %‘ + K. Hence t,, > Ll; + K;. Then we have

(1)1

where Ky := ¢, ' (hf(0)K1). Then we obtain that z(t) > K.d(t,0Q) for some

If t,, € [3,2) then it is clear

N

et (10 [ gy ) s = 2o (00 (1 - 1)) 2 5

W

K, > 0. By the comparison principle, we obtain u(t) > )\ﬁz(zﬁ) > )\ﬁK*d(t,aQ).
Let Ky (> 1) be the largest constant such that wu(t) > )\P%lKAz(t). Then u(t) >

1
K;i = APTIRG K

13
1 on [3,%], and we have

—F(0) (pp()) + AF(E3) (p(2)

= Af(O)A(E) f(u) = Af(0)f(KX)AE) X2 3()

13
11

= MR (f(0) — FEx s 20)

> 0.

By the comparison principle, we have [f(O)]P%lu(t) > AT [f(K;)]ﬁz(t), and hence

u(t) > Ar1 ——2(t).
[£(0)}7=T
) FT
This implies that K > % Thus for A > 1 (so that K5 > 0y), we obtain
[F(0)]7=T

=1 :K;:G_l( Ki ) 2G‘1< AT, )
4 (K] A[f(0)]7
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By Lemma 3.1, for A > 1 there exists C; > 0 such that

en (A—K> > GG (),
4[f(0)]71

Thus for A > 1 we have

C 1 1
u(t) > ArTKy2(t) > Kl G AFT)2(t) > CLGE (A T)d(t, 09).
Next we show that for A > 1 there exists Cy > 0 such that

u(t) < CoG YA T)d(L, 09).

For A > 1, we have ||/ > 0, and hence o < [|ully < 2277 [f(||u]|1)]7T o (H)

where [lul[1 := [[uflo + [[t/||c and H := fol h(s)ds. This implies that

, _ U _ 1
o < G (&> < G (AT (). (3:2)
[£(]
By Lemma 3.1, for A > 1 there exists Cy > 0 such that
G (20T g (H)) < oG (A7 7). (3.3)

Thus we have u(t) < [|u/]|sd(t, 0Q2) < CoG~L(A7T)d(t,09) for A > 1. Hence the

proof is complete. O
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Lemma 3.3. Let p > 1, a =0, (Hy) and (H3) — (Hj) hold. Let vy < v < 1 where
Yo 1= % Let w and v be the positive solution of (1.6). For A > 1, there exists 6 > 0
(independent of \) such that %G’I(Az’%l) < [sv'(t) + (1 — s)yu/ ()] < CoG—1(A7 1)

for s €[0,1] and t € [0,0) U [1 — 0, 1].

Proof. Let s € [0,1] and y := sv' + (1 — s)yu’. From (3.2) and (3.3), we obtain that
)] < slv oo + (1= 8)[[1]|oo < CoGH(AT).

Now we show that |y(t)] > SeG-1(A71) for t € [0,6] U1 — 4,1]. From
(2.4) and (2.5), we obtain that |[u]ia- < A7 TK3[f(||ull1a-)]7T for some K3 > 0.

By Lemma 3.2, we get ||u||1o+ > 0o for A > 1 where ||ulj1 o+ := [Jull1 + ||t/||o+ and

o a0 —ul@)

atbe(0y |0 —al®”

. Thus for A > 1 we have

i

el —G—l( el ) <G,
1

[l 1,07

Without loss of generality, we obtain ||u||; - < CQG_l()\p%l) by Lemma 3.1. Hence

y]lax < CQG_l()\p%l). Let 6 > 0 be such that 6% < %720 Then we have
[u(t) = y(0)] < oG (FT[H™ < GG (AFT)5
for t € [0,0]. By Lemma 3.2, we also have

y(0) = 50/ (0)+(1=5)7u (0) > sC1G (A1) +(1=5)C1y G~ (AP T) > C19aG (A7),
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This implies that

1 vt L C 1
O] 2 O - ()~ 90 > a6 () - o (e > e

G~ (A1),

By a similar argument, we can show that |y(t)| > %G’l()\z’%) forte[1-94,1]. O

Let 6 and 7 be as before (see Lemma 3.3) and u and v be positive solutions

of (1.6). Define a, : [0,6] U[1 —6,1] — R by

ax(t) == (p— 1) / 159 () + (1 — )il (1) 2ds

u v

where & := —*+— and 0 := —*+—. By Lemma 3.3, we obtain that a,(t) €
G—1(AP=T) G=1(ap=T)

[Cy, C*] where

o : Ciyo " p—2 . Civ\" ™ p—2
C, := (p—l)mln{ 5 ,C5 } and C* := (p—l)max{ 5 ,C% }

We prove:

Lemma 3.4. Let ko be the solution of the boundary value problem:

h(t); t € (tr,9)
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where ty — 0 as A\ — oo. Then there exists M > 0 (independent of \) such that
Ko(t) > Md(t,080) for A > 1 where Qf := (0,6).

Proof. Let t,, € [0,0] be such that ro(t,,) = ||ko|l- It is easy to show t,, € (ty,0)

and k(g can be written as

Jo s [ )X ) (r)drds; 0 <t <ty
Ko(t) =
JP ks [ h(r)drds; t, <t <6,

For A > 1,ift,, < g then we have

tm 1 tm H
Ko(tm) = / / R(7) Xty 4] (1) drds < ?tm
0 s *

and

3(5 g 1 S 1 5 %6
2% — L N
Ko ( 4 ) /35 a}\_<8) /tm h(r)drds > oL /i’f/g h(r)drds > K,

4

2
where K, = % and hy = minte[g 33 h(t). This implies that t,, > K5 where
47 4

K5 := X4 (independent of A). For A > 1, if t,,, > £ then we have

o(bm) = /t: %(8) /tm h(r)drds < (0~ 1)

and

) S )

) 1 tm .

- p— > > |

" (4> /o aA(S)/S P )Xo ) (r)drds = = /0 A h(r)drds > K,
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This implies that ¢,, <0 — K5. For A\> 1 and ¢ € (0, %), we obtain

1 [ hKs

1t
/t h($) Xt .t (8)ds = o - h(s)ds > 50

a)\(t)

Ko (t) =
and

K oo 1o hK?
Ko (5 — —5) = / —/ h(r)drds > —*/ / h(r)drds > i
2 s-%s ax(s) Ji, C* Js-5s Jo ks 4C

h(t). Thus ko(t) > Mt for A > 1 and ¢t € [0, 2] where

where h := min, .« K
te[%vé_TS}

M = "2 Similarly, for A > 1 and ¢ € (6 — £ 5), we deduce

) 1 1 2 hK
R — < —— < —
Ko(t) o) /tm h(s)ds < oL /6_1(5 h(s)ds < 50

and

K\ _ [F 1 " L k2
KO( 2 ) /0 ax(s)/s (P)X[ta ) (T)drds > C*/o /K25 (r)drds > i

Then ro(t) > M(6 —t) for A > 1 and ¢ € [,6]. Hence we obtain that ro(t) >

Md(t,00) for A > 1. O
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Corollary 3.5. Let k1 be the solution of the boundary value problem:

, h(t); te€ (1—24,1,]
— (ax(t)r1 (1)) =
0; te (l?)\, 1)

lil(l - (5) =0= Kl(l)

where Ty — 1 as A — oo. Then there exists M > 0 (independent of \) such that

ki(t) > Md(t,@Q?) for X > 1 where QF .= (1-6,1).

Lemma 3.6. Let ay, ty, 0 and vy be as before (see Lemmas 3.3 - 3.4). Let k{ be the

solution of the boundary value problem:

ry(0) = 0 = K;(0).

Then there exists M* > 0 (independent of \) such that r§(t) < M*ty "d(t,0%%) for

A> 1

Proof. Let t,, € [0, ] be such that x§(t,,) = ||k§||co- It is easy to show that ¢, € (0,t,)

and k{, can be written as

fOt aAl(s) fstm h(r)drds, 0<t< tm

6 s
J; #(s) ftm R(T) X[t tn) (T)drds; tn, <t <6
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For t € [0,t,,], we have

o(t) /t—l /tmh( )drds < L /t/tm D oras < — 4oy
K = ryaras < —- —aras .
0 0 CLA(S> s - C* 0 s T - C*(]- - T/) A

Since £} has a maximum at t,,, we obtain that xf(t) < M*t, "t for t € [0, %] where

M* = m. For t € [t,,, 0], we have

d 1 s 1 d tx d .
Ky(t) = R(7) X[ty 5] (7)drds < —- —drds < M*t,""(§ —t).
t tm - o Ji, 17

ax(s)

This implies that «§(t) < M*t,""(5 —t) for t € [3,6]. Hence r(t) < M*t,”"d(t, 052)

for A > 1. O

Corollary 3.7. Let ay, ty, § and 7 be as before (see Lemma 3.3 and Corollary 3.5).

Let k7 be the solution of the boundary value problem:

) 0; te(1—96,1
— (ax(t)ry' (1)) =
h(t); te (i)

Ki(1—8) =0 = (1),

Then there exists M, > 0 (independent of \) such that k*(t) < M.(1—1y)"""d(t, Q7 )

for A> 1.

Now we prove Theorem 1.1. Let u and v be positive solutions of (1.6). By
Lemma 3.2, we have v > you for A > 1 where vy := g—; Let v be the largest constant

such that v > yu.
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We show that v > 1. Assume v < 1. Let @ := Y 5— and v := L

Since G_l(Ap%l) = )\Tllfp%l (G_l(Ap%l)), we obtain that

~n\\/ f(u) ~/\\/
— D u :ht—l and — D v :ht—l.
(¢pp (@) ()f(G—l()\p—l)) (40p () ()f(G—l(/\p—l))

By the Mean Value Theorem, we have
pp(0') = pp(il') = ax(t) (0" — yT)

for t € Q5 :=[0,6] U[1 — 4, 1] where ay(t) := (p — 1) fol |50/ (t) + (1 — s)y@'(t)[P~2ds.

This implies that

fv) ~ vp‘llf ()
F(GH (A T))

Foru) =27 f(w)
F(G-1(07))

—(ax(t) (7" — 7)) = h(t) > hit

Let I:={t € Qs | u(t) = 22}. 1t is casy to show that I = [t;,6] U [L — 4, t7] where
t; == min{t € (0,1) [ u(t) = 2} and t; == max{t € (0,1) | u(t) > 22} On [, it

follows from (Hs) that

JFlyu) =P f(u) > (77 =477 fu) = my(1—7)
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where m; :=(p—1— q)vgf(%) min{1,7.">"?}. On Qs \ I, we have

|flyu) =" f(w)] < | f(yu) — flu)] + (1 =~""1) fu)

< (I =]uf (O] + (1 =) (p—1)max{l, 7(’)’_2}f<%)
< 1;—07|(f/((>| +(1=y)p-1) max{l,yé’”}f(%)
< my(l—7)

where my = %supse(oy%) lsf'(s)|+(p—1) max{l,yg*2}f(%) and ((t) € (yu(t), u(t)).

Then we have

— (—f(G_l(/\pil)) ax(t)(v" — 7’[&/))/ > (e tel
_m2h<t>; t e Qs \ 1.

Let ® be the solution of the boundary value problem:

. mah(t); tel
—(ax(OF'(t)) =
—mgh(t); te Qg \ I
=0 on 0.

By the comparison principle, we have

V
—_
|
)
>

0(t) —~va(t) =
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for t € Q5. Let k be the solution of the boundary value problem:

, mih(t); tel
— (ax(t)s'(t)) =
0; teQy \ 1

k=0 on 0.

We note that t; — 0 and ¢; — 1 as A = oo by Lemma 3.2. Then by Lemmas 3.4 and
3.6 and Corollaries 3.5 and 3.7, we obtain that x(t) > ]\//fld(t, 0Qs) and |k(t) —R(t)| <
J/\/TQIQJ\I\I_”d(t, 0Q;5) for A > 1 where M, = min{M, Z/\\/[/}, M, = max{M*, M,} and
|25 \ I| is the length of Qs \ I. Since |25\ I| — 0 as A — oo, we have

—

R(t) > k(1) — |K(t) = R(8)] > (My — Ma|Qs \ I|*-7)d(t, D) > %d(t, 0s)

for A > 1 and ¢ € Q. Since d(t,08s) = d(t,09) for t € Qs :=[0,2]U[1l — 2,1], we

s
2

have

—

M
"(t) > TId(tﬁQ)
for t € Q 5 This implies that

> 1_—7E(t > ]/\4\1(1 — 71/)
2f(G=1 (A 1))

d(t, Q)
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for t € Qg By Lemma 3.2, we obtain

v(t) = (v + enult)

for t € Qs where €, = My (1) . Thus v(t) > yu(t) + & for t € {2,1 -2
g A ZC’Qf(G’*l()\P%I)) (t) = yu(t) + éx {2 2}

where €, := e,\C’lel(/\ﬁ)g. Further, we have

u(t) > ClG‘l(/\pll)g > 7—“
0

for A\> land te€0,1]\ Qs. By (H;), we have

N[>

— (p((yu+ &))" = M h(t) f(u)

on [O,l]\Qg. Thus v > yu + €, on [0,1] \ Qs. Then

s
2

. C
v > yu + €xd(t,00) > (v + ée,\)u

on [0, 1]\9% Since Cy < Cs, we have v > (v+ g—;e,\)u on [0, 1]. This is a contradiction

for the maximality of 7. Hence v > 1. This implies that v = w on [0, 1] for A > 1.
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3.2 Proof of Theorem 1.2

Lemma 3.8. Let p = 2 and (Hy) hold. If u is a positive solution of (1.6), then

u > dye in (0,1) where 5,7 := A\i-l— and e is the solution of

llellS

(3.4)

Proof. Let u be a positive solution of (1.6) for A > 0. Assuming that Q, := {t €

(0,1) | u(t) < dre(t)} # 0, we have

(u(t) = bre®) = MY syn)

ua
> /\h(t)digﬁ—&h(t)
e
> /\h(t)m— Ah(t)
~ 0

in ), and u — dye = 0 on 092. This contradicts the maximum principle. Hence

Qy = (), which proves Lemma 3.8. O

Now we prove Theorem 1.2. Let u and v be positive solutions of (1.6). Let

g(s) = % Then we have

/O (0 — u)'(v — u)ds = )\/0 h(s)(g(v) — g(w))(v — u)ds. (3.5)
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Integrating by parts, we get

/01—( ds_/| u)'|ds.

Further, by the Fundamental Theorem of Calculus, we have
1 1
3 [ hs)ate) = g = wids = [ b)) o~ wids
0 0
where ((s fo (u+ s(v —u))dr. From (3.5), we obtain
1
/ (v —u)ds = / h(s)¢(s)(v — u)*ds. (3.6)
0

Let © := (0,1) and K¢ > 0 be such that e(t) > Kgd(t,02). For A > 1 where §, > }‘{—;,

o*

Evothe

we define € := By Lemma 3.8, u(t) > dye(t) > 0, Ked(t,00) > o

vl
for t € Q. Let Qg :=(0,1)\ Q1 = (0,0,) U (1 — 0y, 1) where o) := 5;’—;6 = Ko\ T+

* (lells
0

& (5 )lia. Then we have

and K; .=

/ (v —u)|*ds = / h(s)((s)(v —u)*ds + )\/ h(s)((s)(v — u)?ds.

Ql Q2
Since u+ s(v —u) = (1 — s)u+ sv > (1 — s)dre + sdre = dye > o* for s € Oy and by
(Hs), we obtain ¢'(u+ s(v —u)) < 0, which implies ((s fo (u+s(v—u))dr <0
for s € 1. Further, lims_,o; ¢'(s) = —oo and ¢'(s) < 0 for s > ¢* by (H7) and (Hs).

Hence ¢’ is bounded above. Let Kg > 0 be such that ¢'(s) < Kg for all s > 0. Then
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we have

/0 (0 — u)|2ds < A /Q h(s)C(s) (v — w)2ds < K / h(s)(v —u)ds.  (3.7)

Q2

For t € (0,0),), we have

¢
/ v —uds
0
[2DY % (2D
(/ (v — u')2ds) (/ 1 ds)
0 0
1 1 oA %
= )\ 20+ K72 (/ (U, — u’)2d3)
0
1 3
< \TEw Ké (/ (v — u')2d5> :
0

Similarly, if t € (1 — o, 1) then we obtain

o(t) —u@)] =

[NIES

IN

1 1 % 1 1
o) ) < X ([0 apas) <o ([ - atas)
1 0

—o

Hence it follows that

/Q () s < X /0 (W — ) < /0 " h(s)ds + /1 i h(s)ds) - (38)
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If fo u)'|*ds # 0, then from (3.7) and (3.8) we get
1 X 1 @ 1—n @ 1
1 < AK;Kg\™ T (/ h(s)ds +/ h(s)ds) < Ky (AchflTa + )\1Ta*1Ta>
0 1—o)
for some constant Kg > 0, that is a contradiction for A > 1 since o +1n < 1. Hence

fo u)'|?ds = 0. It follows that v — u is a constant. But v(0) — u(0) = 0 =

v(1) —u(1). Hence v = w.
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CHAPTER IV
PROOF OF THEOREM 1.3

4.1 Proof of Theorem 1.3

Let F(s) := [; f(r)dr. By (Hs) and (Hyp), there exist constants 3 and 6
such that 0 < 8 < 60, f(8) = 0 and F () = 0. We first establish several results by

extending the arguments in [CSS12]:

Lemma 4.1. Let (H3) and (Hy)— (Hyo) hold. If u is a nonnegative solution of (1.6),
then w has a unique interior maximum, say at t,, and u(t,) > 0. Further, u is

strictly positive in (0,1).

Proof. 1t is easy to show that «/(t) > 0 for t ~ 0 and «/(t) < 0 for ¢t ~ 1. Let
tm € (0,1) be the first point satisfying u'(¢) = 0. Assume u(t,,) < 0. Define E(t) :=
AF (u(t))h(t) + ’%W(t)\p. Then E(t) is differentiable and E'(t) = AF(u(t))l'(t) on
(0,%,,). This implies that E(t) is strictly increasing on (0, t,,) since u(t) < 6 and by

(Hy). Now integrating (1.6) from ¢ € (0,t,,) to t,,, we obtain

W (t) = 7! ()\ /t " h(s) f(u)ds) <! (Adf—@) .

L—mn

Integrating again from 0 to t € (0,t,,), we have u(t) < AT Kot where Ko =
;! (dllc%?) (> 0). Since f is continuous, there exists K1; > 0 such that |F(s)| < Ki;s
for s € [0,6]. This implies that lim; o E(t) > 0 since lim; o4 A|F(u(t))|h(t) <

limy o4 )\#dKloKntl_" = 0. Since E(t) is strictly increasing on (0,t,,), we have
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E(t,) > 0. This is a contradiction since E(t;) = AF(u(ty,))h(t,) < 0. Hence
u(ty,) > 0.

Now we show that v has a unique interior maximum. Assume that u has two
interior maxima. Let ¢ € (,,,1) be the first point satisfying u'(t) = 0. Integrating
(1.6) from t,, to t, we have )\fttm h(s)f(u)ds = 0. This implies that u(tf) < 8 < 6 <
u(ty,). Thus there exists £ € (t,,,%) such that u(f) = 6. Since E(f) = LW/ (H)]P > 0
and u(t) < 0 on (f,), we obtain E(f) > 0. This is a contradiction since E(f) =

AF(u(t))h(t) < 0. Hence u has a unique interior maximum. O

Lemma 4.2. Let (H3) and (Hg) — (Hip) hold. Let u be a positive solution of (1.6).
Let tg and ts € (0,1) be such that tg < t5 and u(ts) = u(ts) = B. Then ts and

1—%; <O\ 7).

Proof. Let h, := infyco1)h(t) (> 0). Let tz € (0,1) be the first point such that

u(tg) = g Integrating (1.6) from 0 to ¢ € (0, t§)7 we obtain

@p(u/(t)) = ‘PP(U/(O)) — )\/0 h(s)f(u)ds > —)\h*f(§>t'

Thus u/(t) > AT K ot7T where Ky 1= —p (h*f(g)) (> 0). Integrating again from

0tots, we have & = u(tg) —u(0) > )\TilKlg(’%l)tgj. Thus ts < A"# K3 where

2

—1
Ki3:= pT Further, by the Mean Value Theorem, there exists ¢, € (0,t5)
2

=)

such that g = u(ts) — u(0) = v (ts)ts. Since u’ is strictly increasing on (0,t3), we
2 2

have /\%ﬂflg < d(t,) < W(t) fort € [tg,tg]. Integrating from ts to tg, we have

g —ts < )\_%K13. This implies that t5 < O()\_%). By a similar argument, we can
2

show that 1 —#5 < O()\_%). O
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Lemma 4.3. Let (H3) and (Hy) — (Hig) hold. Let u be a positive solution of (1.6)
Let toso and fw € (0,1) be such that tey < f# and u(t#) = u(f#) = @.

Then toso and 1 — [3 o < O()f%).

Proof. Let ty and ty € (0,1) be such that ty <ty and u(ty) = u(ty) = 0. Integrating

(1.6) from t € (0,ty) to ty, we obtain

Integrating again from ¢5 to t € (t3,tp), we have

u(t) = B+ / o' (st + 3 [ o ptwsar) s

Since ¢, (v (tg)) > 0, we have

b~ 5 /t“g o0 (£)) + A /:oh(r)f(u)dr)ds

ER (4.1)
> = 05! <)\h*f(w> (tg — tBQH)) ds

= (t% — tﬁ)g0;1 <)\h*f<¥> (tg - t52+0)) .

By the Mean Value Theorem, there exist ¢; and 5 € (0,1) with tg < t; <t <ty <
2

tp such that u(t s+ )—u(tﬂ) =u (t1)<t6+9 —tg) and u(ty) —u(t6+e) = u'(ta)(tg —t%).
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Since u(tp+o) — u(tp) = % = u(tg) — u(tsre), we have w'(t1)(tsro —tz) = u'(t2)(tg —

tgve). Since u' is strictly decreasing on (¢g,t9), we have u/(t;) > u'(t2) > 0. Thus
2

tgro —tg < tg —tpre. This and (4.1) imply that % > )\TilKM(tH — tg)ﬁ%l where
2 2 2

1 _ p—1

K14 = QO;l (h*f(#)) (> 0) Thus t# - tﬂ S A pK15 where K15 = (QHKE) L

By Lemma 4.2, we have tsro < O()\_%). By a similar argument, we can show that
2

1— 500 <ONT7). O
2

Lemma 4.4. Let (Hs) and (Hy) — (Hip) hold. If u is a positive solution of (1.6),

then there exists K¥ > 0 such that u(t) > AT K# for A\>1 and t € [1,3].

Proof. First assume ¢, > %. By Lemmas 4.2 - 4.3, for A > 1 we have

1

o(3) = o [a () ") ) ds
/tj o' <A f h(r)f(u)dr) ds

>
> /icp‘l()\&j(H))ds
=), U2l

> )\Tlle

where K := %cp;l (

ha

BE9)Y (> 0). Since w is strictly increasing on [+, 3], we have
2 2 1014

u > A\ 1K on [+, 2] for A > 1. Similarly, we can show that if ¢,, < ; then there
exists Kj7 > 0 such that v > )\ﬁKn on [i,%] for A > 1. If ¢, € [i,%], we can
also show that there exists K;g > 0 such that u (%) > )\p%lKlg and u (%) > )\p%lKlg
for A > 1. Hence for A > 1 there exists K# := min{ K6, K17, K15} > 0 such that

u> A\ TK# on 3, 3]. O
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Next we consider the boundary value problem:

Note that since h € L'(0,1), for each A > 0 and B > 0, (4.2) has a unique solution

w € C}0,1] (see [MMOO]). Let Ag := max{4(1+@fl£2))BH, Hf}i, 4(‘p”(2+BH)} where

H = fo s)ds and Kig := 22((2?) We prove:

Lemma 4.5. Let h, := inf;c1) h(t) (> 0). Let B > 0 be fized and A > Ay. Then a

unique solution w of (4.2) satisfies w(t) > d(t, ).

Proof. Let t,, € [0,1] be the first point such that w has a local extremum. First we
show that w has a local maximum at ¢,,. Assume that it has a local minimum at

tm. If £, € [1,2), then integrating (4.2) from t,, to ¢ € (t,, 3) we have —p,(w'(t)) =

A ft s)ds > 0. Thus w'(t) < 0 for ¢ € (t,,,3). This is a contradiction since w has

a local minimum at t,,. If ¢,, € [2,1], then integrating (4.2) from 0 to ¢,, we have

op(w'(0)) = =B [ h(s)ds + Af h(s)ds — B [3" h(s)ds > A= — 2BH > 0. This is
4

a contradiction since w has a local minimum at ¢,, and no local extremum on (0, ,,).

Thus ¢, € [0, ). Then we have

o (<8 Hes) e D)
i) g0p1<Bft ) tE [t )
ep' (BJE h(s)ds — A [{ h(s)ds) s te[,2)
0! (B hls)ds = A [ h(s)ds + B [ his)ds) 5 t e [3,1]
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This implies that w'(t) < ¢, '(BH) on (0, 3). Since A > w, we have

w<%>::¢;<BZjMQ%—A/éMQ$>

_ h.
gopl (BH — Az)

—2¢," (BH) .

ST

IN

IN

Since w'(t) is strictly decreasing on (3,32), we have w'(t) < —2¢,' (BH) on (3, 3).

For t € (3,1), we obtain

1 3

B /tm h(s)ds — A/4 h(s)ds + B /31 h(s)ds)

— h*
0, <—A3 + 2BH>

w'(t) < sop1<

ST

IN

Then we have

This is a contradiction since w(1) = 0. Hence w has a local maximum at ¢,,.
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Next we show that w has a unique interior maximum. If ¢,, € |0, %), then
—pp(w'(t)) = —Bft s)ds < 0 for t € (tm, ). Thus w'(t) > 0 on (fy, 1). This is
a contradiction since w has a local maximum at t,,. If t,, € (3, 1], then @, (w'(t)) =
—B [;" h(s)ds < 0 for t € (2,4,,). Thus w'(t) < 0on (2,4,). This is a contradiction.
Hence t,, € [1,2]. Let i, € [ty 1) be the largest point in (0,1) such that w has a
local extremum. By a similar argument, we can show that w has a local maximum at
tm € [3,2]. Now we claim t,, = {,,. If not, there exists ,, € (t,, tm) such that w has a
local minimum at #,,. Integrating (4.2) from ¢, to f,,, we have A ft s)ds = 0, that
is a contradiction. Thus our claim holds. Hence w has a unique interior maximum at

J

Now we show that w(t) > d(t,0). If ¢, € [3, 3] we have

tm €[5,

»Jklw

w(ty,) > w G)
_ /; 2y </tm h(r) (Axgz,31(r) = Bxgo o (r) dr) -
> %lgopl (AZ* —BH>

and

VAN I
kS S~
S| 3
VRS ésl
:B —
/ VR
~
3 s
| ﬁ
| = 3
N——— >
> —~
— 3
= = QL
N—— =
\/ \_/
&
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Hence

4(1+¢p(2))BH ~ 8BH
s he

and this implies that ¢,, > %1+K 19 where Ky := ?’1((2);3* since A >
4

1+BH

Koo We also have

Since A >

tm
w0 = ot (706 (A5 -~ B sa(e)) ds)

14+ K9
> ¢! Aﬁ h(s)ds — BH

4

> @;1 (AKlgh* — BH)

Further, A > %)jm{) implies that

3 1 B s
w(2) = [ar ([ 20 (d.0) - Bxopuga) ar) ds

(AV4
—_

S

=
7 N

s
| &

|

&

Su
N~

v

ol



Thus w (1) > 1 since t,, € [1,1]. Then we obtain that w(t) > ¢ on [0, 1]. We also

N

have
1
W(l) = - ( 1) (A 19) = Brio o) ds)
tm

—p; ! (A ﬁi h(s)ds — BH)

2

< —g0;1 (A% — BH)

IN

< -1

This implies that w(t) > 1—t on [3,1]. Thusif ¢, € [, 1] then w(t) > d(¢,09). By a

1
4
similar argument, if ¢,, € [5, 3] we can show that w(t) > d(¢t,09) for A > Ay. Hence

Lemma is proven. 0

Lemma 4.6. Let (H3) and (Hy) — (Hip) hold. Let u be a positive solution of (1.6).
Then u(t) > \r1d(t,09) for A>> 1.

Proof. Given M > 0, consider the boundary value problem:

— (p(# (1)) = h(t) (f(M)x;

2(0) =0 = z(1).

1) + £(0)xpo, )u(g,u(t)); te(0,1)

NI
W=

)

s

(4.3)

By (Hs) and (Hyp), choosing M > 1, Lemma 4.5 implies that (4.3) has a unique

positive solution z such that z(t) > d(¢,02). Note that u(t) > M for A > 1 and
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te [}l, %] by Lemma 4.4. Thus for A > 1 we have

— (opt)) + A (2p(=) = ML) Far) = Ne(t) (FM)xq231(8) + FO)xp0.17002 5 (1)) = 0.

=

By the weak comparison principle, we have u(t) > )\ﬁz(t). Since z(t) > d(t,09),
we have u(t) > A\r1d(t, Q) for A > 1. O

Next we establish the following result that estimates upper and lower bound
functions for positive solutions. In fact, it is the same result introduced in Lemma

3.2 but for the semipositone problem:

Lemma 4.7. Letp > 1, a =0, (Hy), (Hs), (Hs) and (Hg) — (Hyo) hold. Let u be a
positive solution of (1.6). For A > 1, there exist constants Cy and Cy (independent
of \) with 0 < C7 < Cy such that

CLG AT T)d(t, 09) < u(t) < CoG 1 (A7 T)d(t, 09).
Proof. First we show that for A > 1 there exists C'; > 0 such that

u(t) > CLG (AP T)d(t, 09).

By Lemma 4.6, we have u(t) > )\Tilz(t) > )\p%ld(t,ﬁﬁ) for A > 1. Let K (> 1) be

_1_
the largest constant such that u(t) > )\ﬁKAz(t). Then u(t) > K} := % on
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[1,2]. For A>> 1 and ¢ € [1, 2], we have

—f M) (p(u)) + M (KR) ((2))

= M (M)A(#) f(w) = Af(K3)RE) (F(M)x2,21() + f(0)xp0, 19021 (1))

=M (M)h@)(f(u) — F(K3))

>0
where M was chosen in the proof of Lemma 4.6. Since K, > 1, we have K} > M for
A> 1. For \> 1l and ¢t € [0,1) U (2,1], we have

1

—f(M) (pp () + M (E3) (2p(2))

= Af(M)h(t) f(u) — Af(K:)h(t)(f(M)X[ ’}(t) + f(O)X[O,%)U(%,l] (t))

= M) (f (M) f(u) = f(0)F(K3))

> 0.

: o 1 1 1
By the comparison principle, we have [f(M)]?=Tu(t) > A\e=1[f(K3)]?=T2(¢) for A > 1.

Hence for A > 1 we have

o4



_1
KO for A > 1. Thus we obtain

This implies that K, > it
[f(AM)]P=T

Sy (Yo ()
4 [f ()] ALf(M)]r=1

By Lemma 3.1, for A > 1 there exists C; > 0 such that

4G (LK*l> > C,G (A T).
A[f(M)]7=

Thus for A > 1 we have

i

u(t) > AN Ko 2(t) > P GI (AP T)z(t) > CLGE(AFT)d(t, 09).

*

Next we show that for A > 1 there exists Cy > 0 such that
1
u(t) < CoGH(AFT)d(t, 092).

We follow the argument in Lemma 3.2. For A > 1, we have ||u/||oc > 09, and hence

oo < Jlull; < 2/\ﬁ[f(||u||1)]ﬁcp;1(H) where H := [ h(s)ds. This implies that
W/l < G (%) <G (201, (H)).
[/ (
By Lemma 3.1, for A > 1 there exists Cy > 0 such that

G (20T g Y(H)) < oG (A7 7).
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Thus we have u(t) < ||v/|wd(t,002) < C’gGil(/\P%l)d(t,(‘?Q) for A > 1. Hence the

proof is complete. O
Using Lemma 4.7 and the ideas in the proof of Lemma 3.3, one can establish:

Lemma 4.8. Let p > 1, a =0, (Hy), (Hs), (Hs) and (Hy) — (Hyo) hold. Let u and
v be the positive solution of (1.6). Let vy < v < 1 where ~ := % For A > 1, there
exists § > 0 (independent of \) such that %Gil(/\ﬁ) < Jsv'(t) + (1 = s)vu/'(t)] <

CgG‘l()\Tll) for s €[0,1] and t € [0,0].

Now we prove Theorem 1.3 by arguments similar to those in the proof of
Theorem 1.1. Let u and v be positive solutions of (1.6). By Lemma 4.7, we have
v > you for A > 1 where v, := % Let v be the largest constant such that v > yu.

We show that v > 1. Assume v < 1. Let « := —*—+— and v := —%—.

1 1 1 1 GTH T GTIPTT)
Since GH(A7-T) = A1 fo-1 (G71(A#»-T)), we obtain that

~\\/ f(u) ~n\\/
— p (U = h(t — T and — p (U = h(t e E—
(o @ = hO) 2 s (o () = O) e Sy

By the Mean Value Theorem, we have

!/ ~/

Pp(0') — pp(yt') = ax(t) (V" —~a')

for t € Q5 :=[0,d] U [1 — 4, 1] where ay(t) := (p — 1) fol |50/ (t) + (1 — s)y@'(t)[P~2ds.

This implies that

f(0) =" f(w)
F(GTH A T))

flyu) =771 f (w)

—(ax(t) (7 —~@)) = h(t .
(ax(t) (0" —~a')) (t) F(G )

> h(t

o6



By (Hs) and (Hyg), without loss of generality, we assume oo > 1 so that 2 > #
and f(%) > [f(0)] hold. Let I := {t € Qs | u(t) = 2¢}. It is easy to show that
I = [t;,6) U[l — §,%;] where t; := min{t € (0,1) | u(t) > 22} and t; = max{t €

(0,1) [u(t) = 22} On I, it follows from (H;) that
Flyu) =" f(u) = (v = A7) fu) 2 ma (1 =)
where m; = (p—1— q)v&f(%) min{1,7.">"7}. On Qs \ I, we have

|flyu) =P f(w)] < | f(yu) = flu)] + (1 =~""1) f(u)

< =-PfOI+T=7F-1) max{1,fyg—2}f<%>
< 01+ 0= - Dmex{1,a ) (2)
< my(1l—=7)

where my 1= %Supse(o,%)) lsf'(s)|+(p—1) max{l,yg*Z}f(%) and ((t) € (yu(t),u(t)).

Then we have

1\ 5T ' mih(t); tel
- (W@A@(” ”)) >
—mah(t); t€ Qs\I.
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Let ® be the solution of the boundary value problem:

, mah(t); tel
—(ax(OFE' (1)) =
—mgh(t); te Qg \ I

By the comparison principle, we have

- _ L=y
v(t) —yu(t) > —— k(¢
() =730) 2 o )

for t € €)s5. Let k be the solution of the boundary value problem:

) mih(t); tel
— (ax()K' (1)) =
0; teQs \ 1

k=0 on 0€s.

We note that t; — 0 and £; — 1 as A\ — oo by Lemma 4.7. Then by Lemmas 3.4 and
3.6 and Corollaries 3.5 and 3.7, we obtain that x(t) > ]T/[\ld(t, 0Qs) and |k(t) —R(t)| <
My |95\ I|d(t, 8%) for A > 1 where M = min{M, M}, My := max{M*, M, } and
|25\ 1] is the length of Qs \ I. Since |25\ I| — 0 as A\ — oo, we have

—~

R(t) > k(t) — k(1) = R(8)] > (My — M|\ I|'~7)d(t, 092) > %d(t, 0%s)

o8



for A > 1 and t € 5. Since d(t,08) = d(t,00) for t € )

s
2

have

A(t) > %d(t, Q)

for t € Q) 5 This implies that

B e B T kel
F(G-1(A)) 2 (G (A7)

(t) — va(t) > d(t, Q)

for t € Q%' By Lemma 4.7, we obtain

u(t) = (v + ex)ult)

Mi(1—7)

for t € Qs where €, = —. Thus v(t) > yu(t) + & for t € {4,1 -4}

202 (G137 T))
where €, := €,C;G™* A1) Further, we have
2

)
u(t) > ClG_l(APj)ﬁ > 70
0

for A\> 1 and t € [0, 1] \Qg By (Hs), we have
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on [0,1] \ Qs. But

(SIS

— (op((yu+ &) = M h(t) f(u)

on [O,l]\Q%. Thus v > yu + €, on [0,1] \ Qs. Then

[
2

_ C
v > yu + Exd(t, 082) > (’y + ég)u

on [0,1] \Qg Since C; < Cs, we have v > (v + g—;@\)u on [0,1]. This is a contradic-

tion for the maximality of y. Hence «y > 1. This implies that v = u on [0, 1] for A > 1.
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CHAPTER V
PROOFS OF THEOREMS 1.4 - 1.8

5.1 Proof of Theorem 1.4

ﬁlfa) — 0 as

Let f*(s) := maxo<,<s f(r). Then f*(s) is nondecreasing and

s — 00. Thus there exists M, > 1 such that (f*(MAHwHoo) < —L . Let ¢y := Myw.

Myllwlloo)' T = XJwl|ad®

Then we have

h(t)

wa

PGS 3 FOB0) T

_ /! — M
! g (Myw)>  — (Myw)~ oF

> Ah(t)
We also have ¢} (1) + c(¢1(1))¢p1(1) > 0 since w'(1) > 0 and w(1) > 0. Thus ¢, is a
positive supersolution of (1.9).

Next we construct a positive subsolution 9 of (1.9). Let e € C?(0,1)NC1[0,1]
be the unique positive solution of (3.4). By (Hy1), there exists my =~ 0 such that

my " lel|% < Amingepo )0y £(5)- Let 1y := mye. Then we have

f(mye)

(mae)e

192

—u{ = mah(t) < Ah(®) s
1

We also have 9] (1) + ¢(¢1(1))11(1) < 0 since /(1) < 0 and e(1) = 0. It is easy to
show that 1 (t) > Md(t,0%2) for some M; > 0. Thus v, is a positive subsolution of
(1.9).

We can again choose m, such that 1 < ¢;. Hence there exists a positive

solution of (1.9) for each A > 0 by Lemma 2.5.
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5.2 Proof of Theorem 1.5

We first prove the following Lemma that we need to establish Theorem 1.5.

Lemma 5.1. Let (H,), (Hg) and (Hy1) hold. There exists X > 0 such that if u is a

positive solution of (1.9) for A € (0,X), then |jul|o < 1.

Proof. Let t,, be such that u(t,,) = ||u|lw. Integrating (1.9) from ¢ to ¢,,, we have

qmﬂlemmgﬂ?@.

u

Integrating again from 0 to t,,, we have

u(tm):/\/otm/:mh

Note that u is concave by (Hyp). Thus u(t) > |ju||t for t € [0,¢,,]. Then we obtain

tm
ulls < / / HUHOO)des
HUHQT’“
f* S (lulls) /tm/
ulle,

L) [,

0 ulls Joostm

drds

IN

Since o + 1 < 1, there exists My > 0 such that fo wrrds < M. Thus we have

f*(lulloo)

s AT

62



Since ilfa) — 0 as s — o0, there exists M3 > 0 such that i) < Ms; for s > 1. Let

Sl+a =

A= M21M3. If [|ul]|oo > 1, then 1 < AMyM3 = % This is a contradiction for A € (0, 5\)

Thus ||ulje < 1 for A € (0, X). O

Now we prove Theorem 1.5. Assume that there exist distinct positive solutions
uw and v of (1.9). Let ¢; € (0,1] be such that ||v — ul|ec = v(t1) — u(ty). If t; € (0, 1),

then v/(t;) — u/(t1) = 0. If t; = 1, then we have
V() = u'(t) = o'(1) = /(1) = —c(v(1))o(1) + c(u(1))u(1).

Since ||v — ulloo = v(t1) — u(t1) and ¢(s)s is nondecreasing for s € [0,00), we have
v'(t1) — u/(t1) = 0. Choose ty € [0,%1) such that v(ts) —u(t2) = 0 and v(t) —u(t) >0

for t € (ta,t1]. Then we have

o) =ut) = X[ [ h0) o) = g(w)aras

_ )\/;/:1 h(r)g (0(r)) (v — w)drds

where g(s) := £ and 0(t) € [min{u(t), v(t)}, max{u(t),v(t)}]. By (Hy), it follows
that ¢'(s) < 0 for s ~ 0. Hence there exists M, > 0 such that ¢'(s) < M, for
s € (0,1]. Thus we have ||v — ul|oc < AMy|lv — u||oof01 h(s)ds for A < X by Lemma
5.1, and consequently 1 < AM, fol h(s)ds. This is a contradiction for A &~ 0. Hence

(1.9) has a unique positive solution for A = 0.
5.3 Proof of Theorem 1.6

We prove the following Lemma to establish Theorem 1.6.
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Lemma 5.2. Let (Hy) hold and ¢ be bounded. If u is a positive solution of (1.9),

then there exists 0y > 0 such that u > 6, in (0,1), where 6,7 = and | €

A
1711

C?(0,1) N C*0,1] is the unique positive solution of the problem (see [BKLS1}]):

;

=U"(t) = f«h(t), te€(0,1)

(1) + (1) = 0

1(0) =0

where ¢* 1= SUP¢[g o) €(5)-

Proof. Let u be a positive solution of (1.9). Suppose u(t) < ,)l(t) for some t €
(0,1]. If u(l) — 6,l(1) > 0, then there exists an interval (a,b) C (0,1) such that
u(t) —o\l(t) < 01in (a,b) and u(a) — dxl(a) = 0 = u(b) — 0,I(b). In (a,b), we have

C(u— )" = Ah(t)% — Oxfeh(t)
> AR() 5;};& — 0 Juh(t)
/.
> Ah(t)éwngo — Oxfuh(t)
= 0.

By concavity, u(t) —0,I(t) = 0 on (a,b). This is a contradiction. Thus u(1) —0,I(1) <

0. Then there exists a € [0, 1) such that u(t)—0,I(t) < 0in (a, 1] and u(a)—dxl(a) = 0.
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By a similar argument, u — d,[ is concave on (a, 1). However, we have
u'(1) — 0xl'(1) = —c(u(1)u(l) + c*o51(1) > dx(1)(—c(u(1)) + ¢*) > 0.

This is a contradiction. Thus Lemma is proven. ]

Now we prove Theorem 1.6. Let v and v be positive solutions of (1.9) with
u Z v on [0,1]. Without loss of generality, there exists t3 € (0,1] such that v'(t3) —
u'(ts) = 0, v(t3) —u(ts) > 0 and v(ts) — u(ts) > v(t) — u(t) for t € [ts, 1] since c(s)s

is nondecreasing for s € [0, 00). Then
t3 t3
| ==y wds = [ hs) (9(0) - g(w) (0~ w)ds.
0 0
By integration by parts, we have

t3 t3
/ —(v—u)"(v—u)ds = / v — 4/ |ds.
0 0

By the Fundamental Theorem of Calculus, we have

A / " h(s) (9(v) — g(w) (v — u)ds

A /Ots hs) (/01 g (u+ (v —u)) (v — u)dr) (v — u)ds

/\/O 3 h(s)¢(s)|v — ul*ds
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where ((t) fo (u+ (v —w))dr. Thus we have

/ﬂu—wmu:A/wqu@w—mm& (5.1)
0 0

(63
e L[S

1(1)
We first obtain a contradiction in the case when t3 < by. By (H7) and (Hs),

Let b)\ =

=\ 1+&M5 where Ms :=

5Al(

we can choose Mg > 0 such that ¢'(s) < Mg for s € (0,00). From (5.1), we obtain

t3 t3
/ [v —/|*ds < AME;/ h(s)v — ul*ds.
0 0

By Holder’s inequality, we have

lv(t) — é(/|v u]%). (5.2)

This implies that

t3 t3 s
/ [ —u|*ds < )\Mﬁ/ h(s) <s/ v — u’|2dr) ds
0 0 0
t3 t3
< by Mg (/ h(s)ds) (/ v — u'|2ds)
0 0
o 2% t3
< ATra M5 Mg (/ h(s)ds) (/ |v" — u'|2ds) .
0 0
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If fJB |v" — u/|*ds # 0, then
b
0

Since h(t) < & for ¢ € (0,1], we have

» & _y ML
/ h(s)ds < / ids = Lbi_" = )\‘iTad 5 .
0 o S 1—n 1—n

a+n—1 dMQinMG
-

f(fs |v/ — u/|’ds = 0. It follows that v — u is a constant on [0,#3]. Since v(0) = u(0),

Thus we have 1 < \ This is a contradiction for A > 1 by (Hg). Hence

we have v(t) = u(t) for t € [0,t3]. This is a contradiction because v(t3) — u(ts) > 0.

Thus t3 > by.

Then again from (5.1), we have

t3 2% t3
/0 W — o/ 2ds = )\/0 h(s)C(8)v — ul’ds + A/bx h(s)C(s)|v — ul?ds.
Since [ is concave, [(t) > (1)t for t € (0,1). For ¢t € (by, 1), we have
u(t) + s(v(t) —u(t)) = (1 — s)u(t) + sv(t) > a\l(t) > o\l(1)t > o™

By (Hs), ¢(t) <0 for t € (by,1). Thus we have )\fbtj’ h(s)¢(s)|v — ul’ds < 0 and

t3 b
/ v —/[Pds < )\/ h(s)((s)|v — ul*ds.
0 0
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Since ¢'(s) < Mg for s € (0,00) and from (5.2), we have

t3 N b t3
/ [v" —/|*ds < \T+a M5 Mg (/ h(s)ds) </ v — u’|2ds> :
0 0 0

If fot?’ |v' —u'|?ds # 0, then we again obtain (5.3), and by the same argument as before,

we have a contradiction. Hence (1.9) has a unique positive solution for A > 1.
5.4 Proof of Theorem 1.7
Let u and v be positive solutions of (1.9) such that u # v on [0, 1]. Without

loss of generality, let ¢, € [0,1) be such that v(ts) — u(ts) = 0, v(t) — u(t) > 0 on
[t4, 1] and v(t) — u(t) > 0 for some (a,b) C (t4,1]. For t € (a,b), we have
10 I

Ve U

) (v oy,

u®*  v* B

—(UUII — UU”) = )\h(t) <U f(u) f(’U)

Thus fti —(uwv” —vu”")ds < 0. We note that v'(t4) > u'(t4) since v(ty) = u(ts). Since

¢ is nondecreasing, we obtain

/ —(w" —vu")ds = —u(1)v' (1) + v(1)u' (1) + u(ts)v'(ts) — o' (ta)v(ts)

tq

v

u(1)o(1) (e(v(1)) = c(u(1)))

vV
o

This is a contradiction. Therefore u = v on [0, 1]. Hence (1.9) has a unique positive

solution for all A > 0.
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5.5 Proof of Theorem 1.8

Let ¢y := lel . For A < ” ”1+a azﬁa) we have
h(t ) f(ay) f(¢2)
—py = > Mh(t)———5 > M\a(t)—=.
Al e 2 MO e 2 MO

We also have ¢,(1) + c(¢2(1))p2(1) > 0 since w'(1) > 0 and w(1) > 0. Thus ¢, is a

positive supersolution of (1.9) with ||¢2|| = a1.

1ta
Next we construct a positive subsolution @Dg of (1.9) for E;‘Z’a 7 < A< 2;*2 fzfg).

Let a* € (0, ay] be such that fa(f ). 1nf0<,4<a1 ra . Define g € C[0, 00) such that g is

nondecreasing on [0, a], §(s) < £

For 0 < e <1 and 4, n > 1, define p(¢) : [0,1] — [0,1] by

and p(t) = p(1 —t) for ¢ € [3,1]. Then

pl(t) =
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Let v(t) := asp(t). Define v as the positive solution of

—3" = Ah.g(v); te(0,1)

5(0) = 0 = o(1).

Define 1, as the positive solution of

(

—f = Mh,g(v); te(0,1)
P5(1) + c(2(1))92(1) =0
19(0) = 0.

\

By the maximum principle, it is easy to show that ¢, > ©. Now we claim that for

alt® 94, a¢
A€ (}L—fm, %1—2%33)] and for ¢t € (0, 1], we have

o(t) > v(t) (5.4)
and

[¥2]]c < ao. (5.5)
If our claim is true, then v is a positive subsolution of (1.9) since

= A(v) < A(B) < M) < A(5)T 2

vy
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and Yo(t) > AM7d(t, 0R2) for some M, > 0. It suffices to show that '(t) > v/(t) for

t € (0,3] in order to show (5.4) since 9(0) = 0 = v(0). It is obvious on [e, 1] since

1
2

'(t) > 0=1'(t). For 0 <t < e, we have

(t) = A/f h.g(v)ds > /\/f h.g(as)ds = Mh.g(as) (% - e> L) (1 - e>.

Noting that |[v/(t)] < ag‘s—g on (0, €), it is easy to see that o'(t) > v'(t) on (0, €) provided

1) (1 . e) > a3,

ag \2 €

Equivalently, if

(5.6)

Note that

it on aste 16 az™

e hoe (L =€) flas) T flas)’

This is achived at € = Returning to the definition of the function p, we choose

1
1

1+« 14«
€ = 1. Since A > i—f%, we can choose ¢ (> 1) and n (> 1) such that A > (57)%;1(”%).

Hence (5.6) holds and consequently (5.4) is satisfied for A >

16 az "

ha f(az)"

Next we show
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(5.5). For t € (0,1), we have

wl) = wn. | t [ atoyirds = ety

1 1
< A / / 3(as)drds
0 s
1
< )\h*g(ag)/ (1— s)ds
0
S
2 ay

Thus [[ths|eo < 2=£18)  Gince A < 222_%_ we have that ||1)s]ls < a. Thus ¢, is a
2 ag A f(a3)
positive subsolution of (1.9) with ag < ||[¢2]|oc < as.
From the proof of Theorem 1.4, we have a sufficiently small positive subsolution
11 such that 1, < ¢9 and a sufficiently large positive supersolution ¢; such that
1y < ¢1. There exist two positive solutions u; and us such that ¥ < u; < ¢ and

e < uy < ¢y. Clearly, uy Z usg since ||92]|co > ||2||co. Hence there exist at least two

positive solutions of (1.9) for A € (\,, A*].
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CHAPTER VI
PROOFS OF THEOREMS 1.9 - 1.11

6.1 Proof of Theorem 1.9

Since f(0) < 0 and (H,), there exists Mg > 0 such that £ < Mgsp=! for

s«

s € (0,00). Assume that u is a positive solution of (1.9). Then we have
t 1
_ f(u
u(t) = / gppl (/\/ h(r)—zia)dr—gop(c(u(l))u(l)) ds
0 s

t 1
/ 90;1 ()\Mg/ h(r)up_ldr> ds
0 s

oy (AMsH [Jull2;)

IN

IA

where H := fol h(s)ds. Thus we obtain that 1 < ¢ (AMgH). This is a contradiction

for A =~ 0. Hence there is no positive solution of (1.9) for A = 0.
6.2 Proof of Theorem 1.10

We first construct a subsolution of (1.9). Let A\; > 0 be the first eigenvalue

and e € C'[0,1] be the corresponding eigenvector of the boundary value problem:

—(ep(€)) = App(e); L€ (0,1)

e(0) =0=¢(1)
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where |le||l.c = 1 and e > 0 on (0,1). Then there exist My > 0 and My > 0 such
that Mod(t, 02) < e(t) < Miod(t,09). Let k = SEr-. There exist m > 0, € > 0 and

> 0 such that A\le(t)|P — (k — 1)(p— D)|e'(t)|P < —m for t € (0,¢) U (1 —¢,1) and

e(t) > pin 6,1 — €]. Choose A* > 0 and Iy € (0, ) such that f(s) > A*s' for s > 1

from (Hig). Let ¢ := \7¢" where ¢ € (p_ha, p—1+1a—l0)' Then we have

~(pp(@) = NI (NPT — (5 = 1) (p — 1) I P|e|P)

)\&(pfl)/{pfl

= ————— (= (k= D(p—1)]).

ep—n(p—l)

Since o > we obtain — -2 mingep,00) f(5) < NTP=1+e)=1 for A > 1. For

1
p—1+a’ mrP—1

A>1andt e (0,€), we have

—APDp=ly N0 U=ty dmin f(s) W)
(o (")) < < < €000 T30 < AR(t) L
(Spp(w )) — eak+n — (Mlot)necm — t”()\"e”)a - ( ) wa
By a similar argument, we have
_ Ny < < SE[O’OO? < \h(t
R T T (e T TS

p—1 —&5(p— —
P—H}a—lo’ we have h)\illi/ﬁlo < Alopmitasio)
*

for A\ > 1andt € (1 —¢,1). Since & <
for A > 1. We also have A*(\%e(t)")l < f(A%(t)") for A > 1 and t € [¢,1—¢|. Then

we have

A= p=l ) ep=n 2T pml) R A (A% pr)lo
—(ep(¥))" < ST <A (Ageﬁ)j < Mh(t) ==
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for A\ > 1 and t € [e,1 — ¢]. We also have ¢/(1) + ¢(¢(1))¥(1) = 0 since e(1) = 0.

Further, we obtain (t) > A\ M&d(t,00)* such that ak +n < 1 since e(t) > d(t,00Q)

and r = ~E-I-. Hence ¢ is a subsolution of (1.9) for A > 1.

Next we construct a supersolution of (1.9). Let Z € C*[0, 1] be the solution of

the boundary value problem:

Then there exists M;; > 0 such that Z(t) > Myt for ¢t € [0,1]. Since f*(s) =

Sff_SiL — 0 as s — o0. Thus there exists

maxo<,<s | f(r)|, f*(s) is nondecreasing and

M3 > 1 such that ¢(t) < M;z(t) for t € [0,1] and (f*(M;HEHM) < _Mi___ Let

Mi|Z[loo)P~TF = N385 TF°
¢ = M;Zz. Then we have
ny et () S (M32]loo) fM3Z) f(¢)
_<90p<¢ )) - M)\ ta 2 )‘h@) (M;,%)a > )‘h’<t) (M;Z)a - )‘h<t) ¢a :

We also have ¢'(1) + ¢(¢(1))é(1) > 0 since 2(1) > 0 and Z(1) = 0. Hence ¢ is a
supersolution of (1.9) such that ¢ (t) < ¢(t) for t € [0, 1].

By Lemma 2.5, there exists a positive solution u of (1.9) for A > 1 such that
W < u < ¢. Further, ||u]lo — 00 as A — oo since |[¢)||oc — 00 as A — 0.

Next we show that u(1) > 0 for any positive solution v and inf,c(,# 1 u(t) — oo
as A — oo for any constant a* € (0,1). Let t,, € (0,1) be the first point satisfying

uw'(t) = 0. Let (H3) and (Hjp) hold. Then there exist unique constants § > 0 and

0 > 0 such that f(3) = 0 and F,(f) = 0 where F,(s) := [’ 10 dr. We also define

0 ro
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E,(t) = AF,(u(t))h(t) + 1%1|u’(t)|p. We first establish the following Lemmas by

arguments similar to those in Lemmas 4.1 - 4.3.

Lemma 6.1. Let (Hs) and (Hy) — (Hio) hold. If u is a positive solution of (1.9),

then w has a unique interior mazimum, say at tp,, and u(t,,) > 0.

Proof. To show u(t,,) > 6, we assume u(t,,) < 6. Integrating (1.9) from t € (0,t,,)

to t,,, we obtain

W (t) = g (/\ /t " hs) fig) ds) <ol <)\ 1dfen)

where gp 1= Sup,e () o) (> 0). Integrating again from 0 to ¢ € (0,t,,), we have

u(t) < AT Myt where My, = ©p (dgen). Let M3 > 0 be such that |F,(s)] <

M35t~ for s € [0,6]. Then we obtain
. < T = l—apr 4l—a-n _
Jim A Fo(u(t) h(t) < lim AT AT Mgt 0.

This implies that lim;_,o4 Fo () > 0. We note that E,(t) is differentiable and E/ (t) =
AF, (u(t))h'(t) on (0,t,,). Then E,(t,) > 0 by (Hy). This is a contradiction since
Eo(tm) = Ao (u(ty))h(t,) < 0. Hence u(t,,) > 6.

Now we assume that u has two interior maxima. Let ¢ € (,,,1) be the first
point satisfying u'(t) = 0. Integrating (1.9) from t,, to £, we have ft h(s)—Z)ds =0
This implies that u(f) < 8 < 6 < u(t,). Let t € (tn,t) be such that u(f) = 6.
Then E,(t) = ’%\u’ ()] > 0. We again note that E,(t) is differentiable on (¢,,,7)

and E/,(t) = AF,(u(t))W'(t) on (t,,,). This implies that E,(t) is strictly increasing
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on (t,t) since u(t) < 6 on (¢,t). Thus E,(t) > 0. This is a contradiction since

E,(t) = AF,(u(f))h(t) < 0. Hence u has a unique interior maximum. O

Lemma 6.2. Let (H3) and (Hg) — (Hip) hold. Let u be a positive solution of (1.9).

Let tg € (0,1) be the first point such that u(tg) = B. Then tg < O()f%).

Proof. Let ts € (0,1) be the first point such that u(ts) = 2. Integrating (1.9) from
2 2

0tote (0,ts), we obtain
2

f(u)

uO{

ds > —Ah,gst

o0t (1)) = (1 (0)) — A / (s)

; T _
where gs = SUDye(q,8) fs(a). Thus u/(t) > Ap=7 My4t?—1 where Myy := —(ppl(h*gg).

P
Integrating again from 0 to ts, we have g =u(ts) —u(0) > = M14(1%1)t§’1. Thus
2 2 5

-1
t§ < )\_%M15 where M5 := (#&71))%. Further, by the Mean Value Theorem,

there exists ¢, € (0,7z) such that 2 = u(ts) — u(0) = «/(t.)ts. Since v’ is strictly
2 2 2

increasing on (0,%3), we have Ab 2]615 < W/(t.) < u'(t) fort € [ts,tg]. Integrating
2

from ts to tg, we have tg3 —ts < A"# M. Hence tg < O()\_%). O
2 2

Lemma 6.3. Let (Hs) and (Hy) — (Hyo) hold. Let u be a positive solution of (1.9).

Let tgwo € (0,1) be the first point such that u(tsso) = 2. Then tpso < O()f%).
2 2 2

Proof. Let ty € (0,1) be the first point such that u(tg) = 6. Integrating (1.9) from
t € (0,t9) to tg, we obtain u'(t) = ¢, ! <gop(u'(t9)) + /\fttg h(s)%ds). Integrating

again from ¢5 to t € (¢3,tp), we have

u(t) = B+ / ot (gpp(ul(tg)) 4 / " b fqiif) dr) ds.

tg
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Since @, (v (tg)) > 0, we have

# _ /t:iji o (@p(u/(té))) + )\/:9 h(r)fiz)dr) ds

> t¥g0_1 A/te h(r)mdr ds (6.1)
t# *

tg P u
> (tazo — 1)y, (Ah*Mlb‘(te - t#))

where Mg := %ﬂ#)' By the Mean Value Theorem, there exist ¢; and t5 € (0,1)
with t3 < 1 < toso <ty <ty such that u(t#) —u(tg) = u’(tl)(t% — tg) and
u(ty) — u(t#) = u/(t2)(tg — t#). Since u(t#) —u(ts) = % = u(ty) — u(t#),
we have u’(tl)(t¥ —tg) = u'(t2)(to — t#) Since v’ is strictly decreasing on (g, tg),
we have u/(t;) > u/(t2) > 0, so toso — 15 < lp —tsso. This and (6.1) imply that

p

2 > NPT Mir(tase — t5)77 where Mg := " (hMig). Thus tase — tg < A0 Mg

‘E

p—1

) 7 . Hence we have tgs0 < O(,\_%), ]

@

where Mg := ( o—

2Mi7

Now we show (1) > 0. Assume u(l) = 0. By Lemma 6.1, there exists
ty € (tm,1) such that u(fy) = 0 and u/(fy) < 0. Then E,(ty) = ’%1|u’(t~9)\p > 0.
Hence E,(1) > 0 since E,(t) is strictly increasing for ¢ € (¢, 1). However, u(1) = 0
implies that «'(1) = 0, therefore F(1) = 0. This is a contradiction. Hence u(1) > 0.
We also show u(1) > 22 for A > 1. Assume u(1) < 2%, By the above

argument, we obtain E, (1) = AF,(u(1))h(1) + 7%1|u’(1)|p > 0. Then we have
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This implies that u(1) ~ 0 for A > 1. Thus ﬁ ~ —oo for A > 1, and hence

p—1

)

1

(- Aﬁ%h@))p > 1 for A > 1. Then c¢(u(1))u(l) » > 1for A> 1. Thisis a
) >

> B0 for A >> 1.

contradiction since u(1) = 0 for A > 1. Hence u(1 5

Next we show that u(1) — oo as A — oco. Let a € (0,1) be any constant,

where a” is independent of \. First we assume t,, > @. By Lemma 6.3, for A > 1

we have
a¥t tm
U (a#) = —l—/ 4,0]:1 ()\/ h(r)—f(:)dr) ds
tg s u
# a#+1
“ o 2 f(w)
Z/Gf 05! )\/a# h(r)u—adr ds
(6.2)
#
@ 1—a” h, B+06
> D) d
. / ot (i (57))
> AP T
[[uf| %"
# # — 1
where Mg 1= %! <1_2a hJ(%)) (> 0). Thus [Jul|l™" > A»=TMjg. By the
Mean Value Theorem, we have
uty) —u(l) = —u' (#)(1 — t,,) < —u/(1) = c(u(1))u(l) (6.3)

where € (tm,1). This implies that (c(u(1)) + Du(1) > [Jufle > Nt My

: # “ :
if t,, > 5. Hence u(l) — oo as A — oo. Next we assume ,, < ==, Since

2
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where My := ¢! (=22 h, F(££2)). By (6.3), we have
P 2 D)

p—1l4a

AT Mg < e(u(L)u(L)Jull & < (c(u(1) + Du(1) 55

p—1
Thus (c(u(1)) + 1u(l) > A1t Mgt if t, < “#2“. Hence u(1) — o0 as A — 0.
Finally we show that inf,c,# 1y u(t) — 0o as A — oo. Let A > 1 be such that

ts < @ and tae < 2. If ¢, > a*, then we have
B 1 - 2

u<§) - 5+/f 07! ()\/:m h(r)%) ds

7 W)

2 _1 U
> /a# ©, ()\/a# h(r) o )ds
> M
- u(a#)p-1

where My, = %gp;l (%h*f(#)). Since u is increasing on [%, a™], we have u(a®) >

” 1 1 f_la
u(%y) = AT a:ff;—z—l. Thus w(a®) > Ae=#e My~ If t, < a¥, then u(a®) >

p—1
(1) since u is decreasing on [a#,1]. Therefore u(a#) > min{\r—17a MJ; ", u(1)}.

Since u is concave on [a#,1], we obtain that inf,c# u(t) > min{u(a®),u(1)} >

p—1
min{)\p—ﬁa My u(1)}. Hence infyepp# qju(t) — oo as A — oo.
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6.3 Proof of Theorem 1.11

We first establish the following Lemmas to establish Theorem 1.11.

Lemma 6.4. Letp > 1, a =0, (Hy), (Hs), (Hs) and (Hg) — (Hyo) hold. For A > 1,

there exist constants Cy and Cy (independent of N) with 0 < Cy < Cy such that
C1G Y (A7 1)d(t, 09) < u(t) < CoG (A7 1)L,

Lemma 6.5. Letp > 1, a =0, (Hy), (H;), (H5) and (Hg) — (Hyo) hold. Let u and
v be the positive solution of (1.9). Let o < v < 1 where  := g—; For A\ > 1, there
exists 0 > 0 (independent of \) such that %G_I(Aﬁ) < sv'(t) + (1 — s)vu/'(t)] <
CyG=Y(\77) for s € [0,1] and t € [0, 4).

The proofs of Lemmas 6.4 - 6.5 are done by arguments similar to those in Lemmas
4.7 - 4.8.

Now we prove Theorem 1.11 by arguments similar to those in the proof of
Theorem 1.3. Let u and v be positive solutions of (1.9). By Lemma 6.4, v > ~yu
on [0, 3] for A > 1 where 7o = % Let v (= ) be the largest constant such that
v > ~yu on [0,1].

First we show v > 79 when A > 1. Assume v < 7 for A > 1. Then
v(t) > ~u(t) for ¢t € (0, 3], and there exists t5 € (3,1] such that v(ts) — yu(ts) = 0
since 7 is the largest constant such that v > ~yu on [0,1]. Let ts € (3,1] be the first
point such that v(ts) — yu(ts) = 0. If tg = 1, then v'(1) — v/ (1) = —c(v(1))v(1) +
ve(u(1))u(l) > 0 by (Hi7). This implies that v'(1) — yu/(1) = 0. Let t7 € (0,1) be
the largest point such that v(t7) — yu(t7) > 0 and v'(t7) — yu'(t7) = 0. We can also

choose t,, € (0,1) such that yu(t,,) = oo since v(1) = yu(1) and v(1) > 1 for A > 1.
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Let ts := max{tr, t,,, 5}. By (H3) and (H;), we have

0 > —pp(v'(1) +wp(vu' (1) = (—pp(V'(ts)) + wp(v(t5)))

= [ b (F0) = ) ds

tg

v

A/’WﬁUWM—V”VWD%

tg

v

1
Ao =2 [ hl)f s
ts
- o 1
This is a contradiction since [, h(s)f(u)ds > 0. Hence t; € (3,1). Then v(ts) —
yu(ts) = 0 and v'(tg) — yu'(ts) = 0. By the above argument, we again get a contra-

diction. Hence v > 7.

Now we show that v > 1. Assume v < 1. Let u = t — and v = L
1 1 1 1 G G
Since G (A7T) = Av=1 fo-1 (G~ (A1), we have
. flu . f(v
(@) =r—Lana (g @) = h) L

F(E107) F(E-0)

By the Mean Value Theorem, we obtain ¢, (7") — ¢, (y@') = ax(t) (7" — y@’) for t €
where Qf := (0,4) and ay(t) := (p— 1) fol |50/ (t) + (1 — s)y@'(t)|P~2ds. Then we have

f(0) ="' f(u)
F(G7 ()

forw) =77 (u)
(G ()

—(ax(t) (7" — 7)) = h(t) > h(t)

Without loss of generality, we assume oy > 1 so that 2> # and f(%) > | f(0)]

hold. Let [ :={t € Qf [u(t) = 22} and J := Q3 \ I. Then I = [¢;,6) and J = (0, )
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where ¢; :=min{t € (0,1) [ u(t) = 2¢}. On I, it follows from (H5) that
Flyu) =" f () 2 (77 =" f(w) = ma(l =)
where my == (p—1— q)’y&f(%) min{1,~747>7%}. On J, we have

[fyu) =) < [f () = f@)] + (1 =771 f ()]

< W=l Q)+ (1 =) = ) max{1,9 2 (7)
< my(l—7)

where ((t) € (yu(t),u(t)) and my := %0 SUPe(0,20) sf'(s)+ (p—1) max{1, 75‘2}1"(%).

Thus we have

- <Mak(t)<~, ~/)>, > mih(t); tel

—moh(t); t e J.

Let % be the solution of the boundary value problem:

o mih(t); tel
— (a7 (1) =
R=0 on 09
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By the comparison principle, we have

L

. —
FGT () "

o(t) —ya(t) =

for t € 5. Let s be the solution of the boundary value problem:

We note that t; — 0 and |J| — 0 as A — oo by Lemma 6.4 where |J| is the
length of J. Then by Lemmas 3.4 and 3.6, we obtain that x(t) > Md(t, 92%) and
|k(t) — R(t)| < M*J]F1d(t,0Q%) for A > 1. Thus we have

vo| g

R(t) > k(t) — |s(t) = R(@)| > (M — M*[J|'"")d(t,0Q5) > —d(t, 0%2)

for A\ > 1 and ¢ € Q%. Since d(t,0Q%) =t for t € % := [0, 2], we have
2

P

®(t) > —d(t,09)

|

for t € (0. This implies that
2

1-v s MOA-9)
F(G A1) 2f(GH (M)

o(t) —va(t) =
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for t € 5. Then we obtain
2

v(t) = (v + enult)

M(1—y)
1 .
2025 (G1 (AP T))
vu (3) + & where &, := e,\ClG_l()\Til)%. Now we claim that v(1) > ~yu(1). If not,

Then we have v (é) >

for t € Qf by Lemma 6.4 where €, := 5
2

o(1) = qu(1). By (Hyr), we have o/(1) — yu(1) = —e(o(1))o(1) + re(u(1))u(l) >
0. This implies that v'(1) = ~u/(1) since v > ~yu. Let t* € (0,1) be such that
v(t) — yu(t) > 0 and v'(t) — yu'(t) < 0 for t € [t*, 1], v(t*) — yu(t*) > 0 and

V' (t*) — yu/(t*) = 0. If t* > t;, then by (H;) we have

0 = —pp(v'(1) + pp(ru'(1))

= [ ) (50 =7 ) ds

> A B (Fl) =7 f(w) ds
> A=) [ herds

This implies that ftl h(s)f(u)ds = 0. This is a contradiction. Thus ¢* < ¢;. Then we

have

0 < —pp(V'(tr)) + (' (tr)) = A/t*l h(s) (f(v) =7*" f(u)) ds.
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Thus we obtain

0 = —pp(v'(1) + pp(ru/(1))

=:A[ImauﬂO—w*ﬂmwm+yZh@wﬂw—v%vw»w

*

ZAW—Wﬂ/Mwww

tr

This implies that f; h(s)f(u)ds = 0. This is a contradiction. Hence v(1) > ~yv(1).

Let é :=v(1) —yu(1). On (2,1], by (Hs5) we have
— (2p(v"))" = Ah(t) f(v) = M) f(yu) = AP~ h(E) f (u).
But

—(ep((yu+€3)) = M h(t) f(u)

where € := min{é,, €,}. Thus v > yu + €5 on (%, 1] by the comparison principle. By

Lemma 6.4, we have

*

€\

UZ’YU"‘EKZ (’7+m1—()\1)>u
2 p=l

on (2,1]. Thus v > (y+ ef)u on [0,1] where € := min {ex, m} This is a

contradiction for the maximality of 7v. Hence v > 1. This implies that v = w on [0, 1].
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CHAPTER VII
COMPUTATIONAL RESULTS FOR BOUNDARY VALUE PROBLEMS WITH
DIRICHLET BOUNDARY CONDITIONS

7.1 Autonomous Problems with Dirichlet Boundary Conditions

Autonomous boundary value problems of the form:

(7.1)

are studied in this section. Here f : (0,00) — R is a continuously differentiable
function that is integrable on (0, €) for some € > 0 and satisfies one of the additional

hypotheses (P) or (5):
(P) f(s)>0foralls>0
(S) there exist unique 8 > 0 and 6 > 0 such that f(s) < 0 for s € (0,3), f(s) > 0

for s € (8,00) and F(#) = 0 where F(s) := [ f(r)dr.

Since the equation (7.1) is autonomous, all solutions are symmetric about
t = 1. For the case (P), positive solutions must be concave on (0,1) (see Figure 7).
For the case (5), positive solutions u must be convex on regions where u(t) < 8 (near

t =0 and t = 1) and be concave on regions where u(t) > 3 (see Figure 8).
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1
2

Figure 7. Positive Solutions of (7.1) in the Case (P).

Y

1
lf - 1-¢
B 2 B

Figure 8. Positive Solutions of (7.1) in the Case ().

In fact, by the quadrature method as described in [Lae71|, solutions are determined

by

(7.2)

Vo — /Ou(t) \/m; te (Q%)

with w(t) = u(1 —¢) for t € (3,1) and u(3) = ||ul| = p. Evaluating (7.2) at ¢t = 3,

it follows that a (A, ||u||s )-bifurcation curve is given by

(7.3)

P ds
VA= ﬂ/ JE(p) - F(s)

Further, (7.1) has a positive solution u € C?(0,1) N C[0,1] of (7.1) with [Jul|s = p

for a given (A, p) satisfying (7.3) (see [Lae71]).
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Now we provide (], ||u||«)-bifurcation diagrams for several examples of (7.1).
The general procedure to generate bifurcation curves is that we first choose several
appropriate values for p and evaluate corresponding A from (7.3) using Mathematica.

In the following examples, more detailed cases of the behavior of f are considered:
(P1) (P) and f(0) >0
(P2) (P) and lim,_o; f(s) = oo
(S1) (S) and f(0) <0
(52) (S) and lim,_o; f(s) = —oo0.
First, we consider the following example related to (P1):

~ 5s

Fls) = e,

(7.4)

This is a particular example of (1.6) with & = 0 and f(s) = est:. Since f satisfies

the hypotheses of Theorem 1.1 with A = 1, the uniqueness result holds for A >
1. Computationally, we seek a value \* such that the corresponding value of p is
unique for all A > A*. According to Figure 9, we have the estimate \* =~ 4.65.
We can also see that a unique p exists for A < 3.51 and three values of p exist for
A € (3.51,4.65). Further, positive solutions satisfy the following properties: as A
increases in (0,3.51) U (4.65, 00), ||u||c and /(0) increase (see Figures 11 - 12).

Second, we consider the following example related to (P2):

(7.5)
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This is a particular example of (1.6) with a = § and f(s) = eTV7 . Since f satisfies
the hypotheses of Theorem 1.2 with h = 1, the uniqueness result holds for A > 1.
Computationally, we seek a value A\* such that the corresponding value of p is unique
for all A > A*. According to Figure 13, we have the estimate \* ~ 35.49. We
can also see that a unique p exists for A < 29.85 and three values of p exist for
A € (29.85,35.49). Further, positive solutions satisfy the following properties: as A
increases in (0,29.85) U (35.49, 00), ||u]|« and «/(0) increase (see Figures 15 - 16).

Next, we consider the following example related to (S1):
fls)=vVs+1-2. (7.6)

This is a particular example of (1.6) with a = 0 and f(s) = s+ 1 —2. It is
easy to show that g = 3, 0 ~ 6.46 and f satisfies the hypotheses of Theorem 1.3.
However, h = 1 does not satisfy (Hy). Hence the result of Theorem 1.3 does not hold.
Nevertheless, computationally we can seek a value A\* such that the corresponding
value of p is unique for all A > A\*. According to Figure 17, we have the estimate
A* &2 141.70. We can also see that two values of p exist for A € (75.57,141.70) and no
such p exists for A < 75.57. Further, positive solutions satisfy the following properties:
as A increases for A > 1, ||u| and /(0) increase, and as A increases along the lower
bifurcation branch, ||ul|s. — 6.46 ~ 6 and u/(0) — 0 (see Figures 19 - 20).
Finally, we consider the following example related to (S2):
= 5—2

f(s) = 75 (7.7)
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This is a particular example of (1.6) with o = % and f(s) = s —2. It is easy to
show that f = 2 and # ~ 6. No uniqueness result is established for the case when
f(0) < 0 and a # 0, but computationally we can still seek a value \* such that the
corresponding value of p is unique for all A > \*. According to Figure 21, we have the
estimate \* ~ 42.73. We can also see that two values of p exist for A € (38.35,42.73)
and no such p exists for A < 38.35 in the bifurcation curves of (7.7). Further, positive
solutions satisfy the following properties: as A increases for A > 42.73, ||u/« and

u'(0) increase, and as A increases along the lower bifurcation branch, ||u|l. — 0 ~ 6

and u'(0) — 0 (see Figures 23 - 24).
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Figure 9. Bifurcation Curve for (7.4).
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. Three Positive Solutions of (7.4) at A ~ 4.00.
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Figure 11. Positive Solutions of (7.4) at A ~ 3.50, A = 2.69 and X ~ 1.80. Along the

lower bifurcation branch, |[ul|o, and u/(0) decrease as A approaches 0.
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Figure 12. Positive Solutions of (7.4) at A ~ 4.70, A = 5.20 and A ~ 5.77. Along the

upper bifurcation branch, ||u|« and «/(0) increase as A approaches oco.
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Figure 13. Bifurcation Curve for (7.5).
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Figure 14. Three Positive Solutions of (7.5) at A\ ~ 33.03.
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Figure 15. Positive Solutions of (7.5) at A ~ 27.19, A &~ 17.62 and A\ ~ 7.80. Along

the lower bifurcation branch, ||ul|s and «'(0) decrease as A approaches 0.
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Figure 16. Positive Solutions of (7.5) at A &~ 35.62, A ~ 38.09 and A ~ 40.37. Along

the upper bifurcation branch, |Ju||. and «/(0) increase as A approaches co.
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Figure 17. Bifurcation Curve for (7.6).

Figure 18. Two Positive Solutions of (7.6) at A ~ 96.00.
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Figure 19. Positive Solutions of (7.6) at A ~ 113.94, A ~ 123.09 and A ~ 141.70.

Along the lower bifurcation branch, ||u||« and u/(0) decrease as A increases.
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Figure 20. Positive Solutions of (7.6) at A ~ 145.06, A ~ 155.05 and A ~ 165.04.

Along the upper bifurcation branch, ||u|| and v/(0) increase as \ increases.
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Figure 21. Bifurcation Curve for (7.7).
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Figure 22. Two Positive Solutions of (7.7) at A ~ 40.14.
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Figure 23. Positive Solutions of (7.7) at A ~ 39.34, A\ ~ 40.43 and A\ ~ 41.56. Along

the lower bifurcation branch, ||u||« and «'(0) decrease as A increases.

Figure 24. Positive Solutions of (7.7) at A =~ 60.00, A ~ 69.99 and A ~ 80.02. Along

the upper bifurcation branch, [|u[|s and u/(0) increase as A increases.
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7.2 Nonautonomous Problems with Dirichlet Boundary Conditions

In this section, nonautonomous boundary value problems (1.6) (when h is
nonconstant) are studied. When dealing with (1.6), depending on the sign of f(0),

positive solutions must be one of the two forms represented in Figure 25.

tm tg tm  tg

Figure 25. Positive Solutions of (1.6).

Since the equation is nonautonomous, the quadrature method does not apply. Hence
shooting methods are used to generate (A, ||u|| )-bifurcation curves. The general pro-
cedure is that we first guess ranges of A and u/(1) using Matlab and/or Mathematica.
Typically, to find an initial solution corresponding to a single (A, u’(1)) pair, a finite
difference discretization of the PDE and Fsolve are used in Matlab to directly ap-
proximate the solution for a given value of A\. Using the finite difference solution, we
can approximate u/(1). This point serves as a starting point for generating the full
bifurcation curve using Mathematica. To this end, we apply the shooting method to

the initial value problem:

(7.8)
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with «(0) = 0 and u(t) > 0 for ¢t € (0, 1) for the case when a = 0, or
—u" = M(t) 2 te(0,1)

u(l) =0, (1) =—q

with ©(0) = 0 and u(t) > 0 for t € (0,1) where € =~ 0 for the case when 0 < aw < 1. The
initial value problems are discretized using NDSolve, an ODE solver in Mathematica.
If successful, p = ||ul|« can be evaluated. Then we again numerically solve the initial
value problems (7.8) or (7.9) to estimate values for A and p after slightly changing g,
exploiting the continuity of the curve. The shooting method can generate all pairs of
the points (), p) since it is based on the bisection method and performs an exhaustive
search, yielding the (), ||u||)-bifurcation curve.

Now we provide several (A, ||ul|o)-bifurcation diagrams for examples corre-

sponding to (1.6). First, we consider the following example related to (P1):

. f(s)= eors and a=0. (7.10)

Since h and f satisfy the hypotheses of Theorem 1.1, the uniqueness result holds for
A > 1. Computationally, we seek a value A\* such that the corresponding value of p
is unique for all A > A\*. According to Figure 26, we have the estimate \* ~ 3.30.
We can also see that a unique p exists for A < 1.51 and three values of p exist for
A € (1.51,3.30). Further, positive solutions satisfy the following properties: as A

increases in (0,1.51) U (3.30,00), ||u||o and «’(0) increase (see Figures 28 - 29).
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Second, we consider the following example related to (P2):
s 1
f(s) = evt: and o= 3 (7.11)

Since h and f satisfy the hypotheses of Theorem 1.2, the uniqueness result holds for
A > 1. Computationally, choosing € = 0.005 in (7.9), we seek a value \* such that
the corresponding value of p is unique for all A > A\*. According to Figure 30, we
have the estimate \* ~ 4.28. We can also see that a unique p exists for A < 3.81
and three values of p exist for A € (3.81,4.28). Further, positive solutions satisfy the
following properties: as A increases in (0,3.81) U (4.28,00), ||u||~ and «'(0) increase
(see Figures 32 - 33).

Next, we consider the following example related to (S1):
f(s)=vs+1—2 and a=0. (7.12)

It is easy to show that h and f satisfy the hypotheses of Theorem 1.3 with § = 3, 6 ~
6.46. Hence the uniqueness result of Theorem 1.3 holds for A > 1. Computationally,
we seek a value A\* such that the corresponding value of p is unique for all A > \*.
According to Figure 34, we have the estimate \* ~ 79.94. We can also see that two
values of p exist for A € (57.59,79.94) and no such p exists for A < 57.59. Further,
positive solutions satisfy the following properties: as A increases for A > 1, ||ul|« and
u'(0) increase, and as A increases along the below bifurcation branch, ||u||. and «/(0)

decrease (see Figures 36 - 37).
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Finally, we consider the following example related to (S2):
1
f(s)=s—1 and a= g (7.13)

No uniqueness result is established for the case when f(0) < 0 and « # 0, but
computationally, choosing e = 0.005 in (7.9), we can seek a value \* such that the
corresponding value of p is unique for all A > A\*. According to Figure 38, we have the
estimate \* ~ 17.71. We can also see that two values of p exist for A € (16.39,17.71)
and no such p exists for A < 16.39. Further, positive solutions satisfy the following
properties: as A increases for A > 1, ||ul|o and «/(0) increase, and as A increases

along the below bifurcation branch, ||ul/o and u'(0) decrease (see Figures 40 - 41).
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Figure 27. Three Positive Solutions of (7.10) at A ~ 1.52.
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Figure 28. Positive Solutions of (7.10) at A ~ 1.50, A ~ 1.00 and A ~ 0.50. Along

the lower bifurcation branch, ||u|l« and «/(0) decrease as A approaches 0.
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Figure 29. Positive Solutions of (7.10) at A ~ 3.40, A ~ 3.60 and A ~ 3.80. Along

the upper bifurcation branch, ||ul|« and u/(0) increase as A approaches oco.
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. Bifurcation Curve for (7.11).
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Positive Solutions of (7.11) at A ~ 4.20.
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Figure 32. Positive Solutions of (7.11) at A ~ 3.50, A ~ 2.50 and A ~ 1.50. Along

the lower bifurcation branch, ||ul|s and u'(0) decrease as A approaches 0.

35
30
25
20
15
10

5

35
30
25
20
15
10

5]

8:0

0.0 0.2 0.4 0.6 0.8 1.0

0.0 0.2 0.4 0.6 0.8 1.0 02 0.4 0.6 0.8 1.0

Figure 33. Positive Solutions of (7.11) at A ~ 4.30, A ~ 4.60 and A ~ 4.90. Along

the upper bifurcation branch, ||u|. and «/(0) increase as A approaches co.
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Figure 34. Bifurcation Curve for (7.12).
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Figure 36. Positive Solutions of (7.12) at A &~ 59.95, A = 69.95 and A\ ~ 79.94. Along

the lower bifurcation branch, [|ul/o, and u'(0) decrease as A increases.
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Figure 37. Positive Solutions of (7.12) at A = 86.15, A ~ 91.15 and A ~ 96.15. Along

the upper bifurcation branch, ||u||w and u/(0) increase as A increases.
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Figure 38. Bifurcation Curve for (7.13).
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Figure 39. Two Positive Solutions of (7.13) at A ~ 16.50.

5 5‘ 5
4 4 4
3 3 3
2 2 2
1 1 1
8o 02 04 06 08 1.0 80 02 04 06 08 10 80 02 04 06 08 1.0

Figure 40. Positive Solutions of (7.13) at A &~ 16.50, A = 17.01 and A\ ~ 17.49. Along

the lower bifurcation branch, ||u||. and «'(0) decrease as A increases.
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Figure 41. Positive Solutions of (7.13) at A &~ 19.00, A = 20.00 and A ~ 21.00. Along

the upper bifurcation branch, |jul|. and «/(0) increase as A increases.
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CHAPTER VIII
COMPUTATIONAL RESULTS FOR BOUNDARY VALUE PROBLEMS WITH
NONLINEAR BOUNDARY CONDITIONS

8.1 Autonomous Problems with Nonlinear Boundary Conditions

One of the goals in this section is to extend the quadrature method for gen-
erating (A, ||ul|o)-bifurcation curves for positive solutions to autonomous problems
with nonlinear boundary conditions.

Consider autonomous boundary value problems of the form:

—u" = \f(u); te(0,1)
§ (1) + c(u(1)u(l) =0 (8.1)

u(0) = 0.

\

Here f is as before in (7.1) and ¢ : [0,00) — (0, 00) is a continuous function.

For the case (P) introduced in Chapter 7, positive solutions have positive
values at ¢ = 1, so solutions must be concave on (0, 1) (see Figure 42). For the case
(S) introduced in Chapter 7, positive solutions u have nonnegative function values
at t = 1. Each solution of (S) is convex on regions where u(t) < 8 (near t = 0 and
possibly near ¢ = 1) and is concave on regions u(t) > (3 (see Figure 43). In order
to preserve the unique challenges posed by the presence of the nonlinear boundary
condition, we only consider solutions where u(1) > 0 in this section, which implies

that /(1) < 0.
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Figure 42. Positive Solutions of (8.1) in the Case (P).
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Figure 43. Positive Solutions of (8.1) in the Case (S5).

We note that any positive solution of (8.1) has a unique interior maximum at some
tm € (0,1) and must be symmetric about t,, (see the proof of Lemma B.2).

Of particular interest is the shape of the bifurcation curves. Laetsch stud-
ied such problems in [Lae71]| with Dirichlet boundary conditions using a quadrature
method (or time map analysis). The ideas of Laetsch have been been adapted to
problems with a number of different boundary conditions, for example Neumann (see
[MS93]), mixed (see [AMS99]), and nonlinear boundary conditions (see [GPS]). In
particular, in [GPS|, the authors study a certain example of ¢ arising in population
dynamics involving density dependent dispersal on the boundary. We expand the
ideas in [GPS] for certain classes of ¢ where f satisfies (P) or (S). In particular, we
provide more detailed analysis of the quadrature method for such two-point boundary

value problems involving nonlinear boundary conditions. Namely, we establish:
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Theorem 8.1. For f satisfying either (P) or (S), there exists a positive solution
ue C*0,1)NCH0,1] of (8.1) with ||ullee = p, u(1) = q and 0 < q < p if and only if

the equations

c(q)q

P ds g ds
/0 F(p) — F(s) +/q VE() —F(s)  F(p) — F(q)

—0  (8.2)

and

VN = c(q)q (8.3)
F(p) — F(q)

hold. Further, for (X, p,q) satisfying (8.2) and (8.3), (8.1) has a positive solution u

gien by

u(t) ds
\/ﬁt:/o AOEYION te0,tm)

\/5(1—75):/%) F(pds L tE (1]

where t,, satisfies

- /p ds / ( /P ds . /P ds )
o VF(p)— F(s) o VF(p)—F(s) Jq /F(p)—F(s)
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A series of Theorems related to (A, ||u||s)-bifurcation diagrams are also established.

Theorem 8.2. ]ff satisfies (P), then for every p > 0 there exists ¢ > 0 such that
(8.2) is satisfied. If f satisfies (S), then for every p > 0 there exists ¢ > 0 such that

(8.2) is satisfied.

Theorem 8.3. If f satisfies either (P1) or (P2) and s+ c(s)s is continuously differ-
entiable and nondecreasing for s > 0, then for each fixed p > 0 there exists a unique

q > 0 such that (8.2) is satisfied.

Theorem 8.4. If [ satisfies either (S1) or (52), ¢(s)s is continuously differentiable

and either

(S3) 7ﬂ is nondecreasing for s € (0, 8) and s+ c(s)s is nondecreasing for s > 0,

or

(S4) (f(s)c(s)s) > 2f(s) for s € (0,5) and c(s)s is nondecreasing for s > 0

is satisfied, then for each fixed p > 0 there exists a unique q > 0 such that (8.2) is

satisfied.

See Appendix B.1 - B.4 for the proofs of Theorems 8.1 - 8.4, respectively.

Now we provide (A, ||u]|«)-bifurcation diagrams for several examples of (8.1).
The general procedure to generate bifurcation curves is that for several appropriate
values for p, we first find corresponding ¢ from (8.2) and evaluate A from (8.3) using
Mathematica.

First, we consider the following example related to (P1):

~ 6s s

f(s) =ed+s and c(s) =eT+s. (8.4)
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Clearly, f satisfies (P1), and s + ¢(s)s is nondecreasing for s > 0. Hence the results
of Theorems 8.2 - 8.3 apply. This implies that for p > 0 there exists a unique
A > 0 satisfying (8.2) and (8.3). The bifurcation diagram is shown in Figure 44.
This is also a particular example of (1.9) with a = 0 and f(s) = ev+:. Note that
the existence and uniqueness results of Theorems 1.4 - 1.6 hold when o = 0 (see
[BKLS14]). Computationally, we seek values A, and A* such that the corresponding
value of p is unique for all A < A, or A > A\*. According to Figure 44, we have the
estimates A\, ~ 1.14 and \* = 2.27. We can also see that three values of p exist
for A € (1.14,2.27). Further, positive solutions satisfy the following properties: as A
increases in (0, 1.14) U (2.27,00), |4/, u(1) and u/(0) increase and t,, decreases (see
Figures 46 - 47).

Second, we consider the following example related to (P2):

and ¢(s) = eT+s. (8.5)

Clearly, f satisfies (P2), and s + ¢(s)s is nondecreasing for s > 0. Hence the results
of Theorems 8.2 - 8.3 apply. This implies that for p > 0 there exists a unique A\ > 0
satisfying (8.2) and (8.3). The bifurcation diagram is shown in Figure 48. This is
also a particular example of (1.9) with o = £ and f(s) = eTVE. Since f and ¢
satisfy the hypotheses of Theorems 1.4 - 1.6 with A = 1, the existence and uniqueness
results hold. Computationally, we seek values A\, and A* such that the corresponding
value of p is unique for all A < A, or A > A\*. According to Figure 48, we have the

estimates A\, = 17.59 and \* ~ 20.88. We can also see that three values of p exist

for A\ € (17.59,20.88). Further, positive solutions satisfy the following properties: as
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A increases in (0, 17.59) U (20.88,00), ||u||s, u(1) and «'(0) increase and t,, decreases
(see Figures 50 - 51).
Next, we consider the following example related to (S1):
= 5+ 2

f(s)=vs+1—2 and c(s):S+1. (8.6)

Clearly, f satisfies (S1) and (S4) with 8 = 3 and 0 =~ 6.46, and ¢(s)s is nondecreasing
for s > 0. Hence the results of Theorems 8.2 and 8.4 apply. This implies that for
each p > 6.46 there exists a unique A > 0 satisfying (8.2) and (8.3). The bifurcation
diagram is shown in Figure 52. This is also a particular example of (1.9) with o = 0
and f(s) = /s + 1 — 2. Since f satisfies the hypotheses of Theorems 1.9 - 1.10 with
h = 1, the existence result for A\ > 1 and the nonexistence result for A\ ~ 0 both
hold. Computationally, we seek a value \* such that the corresponding value of p
exists for all A > A* and no corresponding value of p exists for all A < A*. According
to Figure 52, we have the estimate A* &~ 31.98. We can also see that two values of p
exist for A € (31.98,52.91) and a unique p exists for A > 52.91 in the Figure. Further,
positive solutions satisfy the following properties: as A increases for A > 52.91, ||u/| o,
u(1) and «/(0) increase and t,, and tg decrease, and as A increases along the lower
bifurcation branch, ||ul/s. — 6.46 ~ 6 and «/(0) — 0 (see Figures 54 - 55). For any
positive solution u, u(l) > 3 = 3, so u is convex on (0,%s) and concave on (tg,1)
where t3 is the point where u(tz) = .
Finally, we consider the following example related to (52):
- s—1 s+ 2

f(s) = and c¢(s) = 1 (8.7)
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Clearly, f satisfies (S2) and (S4) with 8 = 1 and 6 ~ 3, and ¢(s)s is nondecreasing
for s > 0. Hence the results of Theorems 8.2 and 8.4 apply. This implies that for
p > 3 there exists a unique \ > 0 satisfying (8.2) and (8.3). The bifurcation diagram
is shown in Figure 56. This is also a particular example of (1.9) with a = % and
f(s) = s — 1. Since f satisfies the hypotheses of Theorems 1.9 - 1.10 with h = 1,
the existence result for A > 1 and the nonexistence result for A ~ 0 both hold.
Computationally, we seek a value A* such that the corresponding value of p exists for
all A > A* and no corresponding value of p exists for all A < A*. According to Figure
56, we have the estimate \* = 11.95. We can also see that two values of p exist for
A € (11.95,12.78) and a unique p exists for A > 12.78 in the Figure. Further, positive
solutions satisfy the following properties: as A increases for A > 12.78, ||u||oo, u(1),
u'(0) and ¢, increase and tz decreases, and as A increases along the lower bifurcation
branch, ||u|l. — 3 &~ 6 and «/(0) — 0 (see Figures 58 - 59). For any positive solution

u, u(l) > 1 =/, so u is convex on (0,t3) and concave on (ts,1).

110



lulle

— A

Figure 44. Bifurcation Curve for (8.4).
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Figure 45. Three Positive Solutions of (8.4) at A ~ 1.32.
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Figure 46. Positive Solutions of (8.4) at A ~ 1.32, A = 0.91 and A =~ 0.37. Along the

lower bifurcation branch, ||u||«, u(1) and «/(0) decrease as A approaches 0.
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Figure 47. Positive Solutions of (8.4) at A\ ~ 2.30, A ~ 2.40 and A ~ 2.50. Along the
upper bifurcation branch, ||u||~, u(1) and «'(0) increase as A approaches oo.
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Figure 48. Bifurcation Curve for (8.5).
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Figure 49. Three Positive Solutions of (8.5) at A ~ 17.83.
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Figure 50. Positive Solutions of (8.5) at A &~ 16.29, A &~ 11.53 and A\ ~ 5.83. Along

the lower bifurcation branch, ||u|lw, u(1) and u/(0) decrease as A approaches 0.
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Figure 51. Positive Solutions of (8.5) at A ~ 21.00, A ~ 22.00 and A\ ~ 22.70. Along
the upper bifurcation branch, ||u||~, (1) and «/(0) increase as A approaches co.
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Figure 52. Bifurcation Curve for (8.6).
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Figure 53. Two Positive Solutions of (8.6) at A\ ~ 33.01.
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Figure 54. Positive Solutions of (8.6) at A\ ~ 40.28, A\ ~ 45.80 and A ~ 50.10. Along

the lower bifurcation branch, ||u||l~, u(1) and u'(0) decrease as A increases.
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Figure 55. Positive Solutions of (8.6) at A &~ 55.00, A ~ 60.00 and A ~ 65.00. Along
the upper bifurcation branch, ||u||~, u(1) and %/(0) increase as A approaches oco.
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Figure 56. Bifurcation Curve for (8.7).
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Figure 58. Positive Solutions of (8.7) at A &~ 11.97, A &~ 12.23 and A ~ 12.78. Along

the lower bifurcation branch, ||ul|~, u(1) and «/(0) decrease as A increases.
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Figure 59. Positive Solutions of (8.7) at A ~ 15.00, A ~ 16.00 and A ~ 17.00. Along

the upper bifurcation branch, ||u||«, ©(1) and «/(0) increase as A approaches co.
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8.2 Nonautonomous Problems with Nonlinear Boundary Conditions

In this section, nonautonomous boundary value problems (1.9) (when h is
nonconstant) are studied. When dealing with (1.9), depending on the sign of f(0),
positive solutions must be one of the forms in Figures 42 - 43. Since the equation
is nonautonomous, the quadrature method again does not apply. As in Section 7.2,
shooting methods are used to generate (A, ||ul|o)-bifurcation curves. The general
procedure is similar to the method introduced in Section 7.2. We first guess ranges of
A and /(1) using Matlab and/or Mathematica. Typically, to find an initial solution
corresponding to a single (A, «'(1)) pair, a finite difference discretization of the PDE
and Fsolve are used in Matlab to directly approximate the solution for a given value
of A. Using the finite difference solution, we can approximate «'(1). This point serves
as a starting point for generating the full bifurcation curve using Mathematica. To

this end, we apply the shooting method to the initial value problem:

(8.8)

with u(0) = 0 and wu(t) > 0 for t € (0,1). The initial value problems are discretized
using NDSolve, an ODE solver in Mathematica. If successful, p = ||u|l« can be
evaluated. Then we again numerically solve the initial value problem (8.8) to estimate
values for A\ and p after slightly changing ¢, exploiting the continuity of the curve.
The shooting method can generate all pairs of the points (A, p) in the bifurcation

curve since it is based on the bisection method and performs an exhaustive search.
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Now we provide several (\, ||ul|s)-bifurcation diagrams for examples corre-

sponding to (1.9). First, we consider the following example related to (P1):
ht)= <=, fls)=evs, a=0 and cs)= et (8.9)

Note that the existence and uniqueness results of Theorems 1.4 - 1.6 hold when
a = 0 (see [BKLS14]). Computationally, we seek values A, and A* such that the
corresponding value of p is unique for all A < A, or A > \*. According to Figure 60,
we have the estimates A\, ~ 0.94 and \* ~ 1.86. We can also see that three values of p
exist for A\ € (0.94,1.86). Further, positive solutions satisfy the following properties:
as A increases in (0,0.94) U (1.86,00), ||u||oo, u(1) and u'(0) increase and ¢, decreases
(see Figures 62 - 63).

Second, we consider the following example related to (P2):

1 s 1 s
f(s) = edts, a= 3 and c(s) = ei+s, (8.10)

Since h, f and c satisfy the hypotheses of Theorems 1.4 - 1.6, the existence and
uniqueness results hold. Computationally, we seek values A\, and A* such that the
corresponding value of p is unique for all A < A\, or A > \*. According to Figure 64,
we have the estimates A\, ~ 2.34 and \* =~ 2.52. We can also see that three values of p
exist for A € (2.34,2.52). Further, positive solutions satisfy the following properties:
as A increases in (0, 2.34) U (2.52, 00), ||u||o0, u(1) and «'(0) increase and t,, decreases

(see Figures 66 - 67).
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Next, we consider the following example related to (S1):
f(s)=Vs+1-2, a=0 and c(s)=eT. (8.11)

Since h, f and c satisfy the hypotheses of Theorems 1.9 - 1.11, the existence and
uniqueness results for A > 1 and the nonexistence result for A &~ 0 hold. Compu-
tationally, we seek values A, and A* such that the corresponding value of p exists
for all A > ., the corresponding value of p is unique for all A > A\* and no cor-
responding value of p exists for all A < A,. According to Figure 68, we have the
estimates A\, ~ 35.51 and \* ~ 46.68. We can also see that two values of p exist for
A € (35.51,46.68). Further, positive solutions satisfy the following properties: as A
increases for A > 46.68, ||u/|s, u(1) and «/(0) increase, and as A increases along the
lower bifurcation branch, |||/, u(1) and «’(0) decrease (see Figures 70 - 71).

Finally, we consider the following example related to (52):
1
f(s)=s—1, a= 3 and c(s) = e’ (8.12)

Since h and f satisfy the hypotheses of Theorems 1.9 - 1.10, the existence result for
A > 1 and the nonexistence result for A ~ 0 hold. Computationally, we seek a value \*
such that the corresponding value of p exists for all A > A\* and no corresponding value
of p exists for all A < A\*. According to Figure 72, we have the estimate A* ~ 12.80.
We can also see that two values of p exist for A € (12.80,12.92) and a unique p

exists for A > 12.92. Further, positive solutions satisfy the following properties: as A
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increases for A > 12.92, ||ul|«, u(1) and «/(0) increase, and as A increases along the

lower bifurcation branch, |||/, u(1) and u’(0) decrease (see Figures 74 - 75).
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Figure 60. Bifurcation Curve for (8.9).

Figure 61. Three Positive Solutions of (8.9) at A = 1.00.
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Figure 62. Positive Solutions of (8.9) at A &~ 0.90, A\ ~ 0.60 and A ~ 0.30. Along the

lower bifurcation branch, ||u|/«, u(1) and «'(0) decrease as A approaches 0.
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Figure 63. Positive Solutions of (8.9) at A ~ 1.86, A =~ 1.87 and A ~ 1.88. Along the

upper bifurcation branch, ||u||«, u(1) and «/(0) increase as A approaches co.
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Figure 64. Bifurcation Curve for (8.10).

Figure 65. Three Positive Solutions of (8.10) at A ~ 2.40.
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Figure 66. Positive Solutions of (8.10) at A ~ 2.00, A ~ 1.50 and A ~ 1.00. Along

the lower bifurcation branch, ||u||., u(1) and «'(0) decrease as A\ approaches 0.
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Figure 67. Positive Solutions of (8.10) at A ~ 2.53, A ~ 2.63 and A ~ 2.73. Along
the upper bifurcation branch, ||u||~, u(1) and «/(0) increase as A approaches co.
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Figure 68. Bifurcation Curve for (8.11).

Figure 69. Two Positive Solutions of (8.11) at A =~ 38.01.
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Figure 70. Positive Solutions of (8.11) at A & 38.01, A\ = 41.04 and \ ~ 44.06. Along

the lower bifurcation branch, ||u||., u(1) and u/(0) decrease as A increases.
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Figure 71. Positive Solutions of (8.11) at A &~ 48.00, A ~ 50.00 and A\ ~ 52.00. Along

the upper bifurcation branch, ||u||., u(1) and %/(0) increase as A approaches oco.
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Figure 72. Bifurcation Curve for (8.12).

BO 0.2 04 06 0.8 1.0 80 0.2 04 06 08 1.0

Figure 73. Two Positive Solutions of (8.12) at A ~ 12.90.
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Figure 74. Positive Solutions of (8.12) at A &~ 12.81, A = 12.85 and A ~ 12.90. Along

the lower bifurcation branch, ||ul|«, u(1) and «/(0) decrease as A increases.
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Figure 75. Positive Solutions of (8.12) at A = 14.00, A ~ 18.00 and A ~ 22.04. Along

the upper bifurcation branch, ||u||«, ©(1) and «/(0) increase as A approaches co.
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CHAPTER IX
CONCLUSION AND FUTURE DIRECTIONS

9.1 Conclusion

In this dissertation, we studied positive radial solutions to steady state reac-
tion diffusion equations on the exterior of a ball with Dirichlet boundary conditions
and nonlinear boundary conditions. In particular, we established existence, mul-
tiplicity and uniqueness results for various classes of reaction processes, including
positone and semipositone problems in both singular and nonsingular cases. Some of
these contributions have already been published or have been accepted for publica-
tion in [KLSS14], [LSS16] and [SSS17]. Others are included in [SS| and [LSSS|, which
are under preparation. We also performed numerical studies generating (A, ||u||oo)-
bifurcation curves of positive solutions for several examples related to our results
yielding more detailed information on the structure of positive solutions as the pa-

rameter \ changes.

9.2 Future Directions

We plan to study the following open questions concerning uniqueness for semi-

positone problems:

(1) Extend Theorem 1.3 to the case o # 0.
(2) Extend Theorem 1.3 to systems.

(3) Extend Theorem 1.11 to the case o # 0.
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(4) Extend Theorem 1.11 to systems.

We also plan to study non-radial positive solutions, first on the exterior of a ball
and next on the exterior of any bounded domain. Recently, a few results have been
reported in this direction (see [DS14], [CDS16] and [CDS]). However, many questions
remain open. In particular, I plan to focus on uniqueness results for semipositone

problems.

() :

Figure 76. Radial and Non-radial Exterior Domains.
Finally, we plan to extend the quadrature method and the shooting method

analysis for autonomous and nonautonomous problems involving the p-Laplacian op-

erator.
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APPENDIX A
KELVIN TRANSFORMATIONS

A.1 Kelvin Transformation for Boundary Value Problems with Dirichlet
Boundary Conditions
Consider boundary value problems of the form:

;

—Apu = MK (|Jz))2%: 2 eq,

ux

u=0; |z|=ro (A1)

u—0; |z] > o0

where 1 <p< N, 0<a<1, Q ={zxeRY||z|>r >0}, f:[0,00) = Ris

a continuous function and K : [rg,00) — (0,00) is a continuous function such that

K(r) < - for 7 > 1 for some o € (0, %). Setting r = |z| and v(r) = u(x), we

obtain

1

rN-1

Apul(z) = (VM () P2 ()

Then (A.1) reduces to the boundary value problem of the form:

(

= (PP ) = VTR ) SR € fro,o0)

v(rg) =0 (A.2)

v(r) = 0; r— 0.

\
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2
S

Setting again t = (£) ™7 and w(t) = v(r), we obtain

0

(P 0) = o (S=1) T (wp o)

and

rN LK (r) /) = rév_lt%f((rotﬁ) J(w) .
v we

Thus (A.2) reduces to the two point boundary value problem of the form:

(1—N) —
where g,(s) 1= [s?~2s and h(t) = (B=) bt "= K (ryt¥5).

(A.3)

A.2 Kelvin Transformation for Boundary Value Problems with Nonlinear

Boundary Conditions

Now we consider the following boundary value problems:

(

—Ayu=AK(lz) % 2 e,

g—Z +c(uw)u =0; |x| =rg

u—0; |z] > o0

(A4)
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where p, «, €., f and K are as before, g—Z’ is the outward normal derivative of u on

0, and ¢ : [0,00) — (0, 00) is a continuous function. Changing variables r = |z| and

N—p
t= (%) =7 we obtain

ou _
8_y($)+c(u($))u($) = —'(ro) + &(v(ro))v(ro)
N - D / ~
= w (1) + c(w(l))w(l
o)+ (1))
for all x satisfying |z| = r9. Then, by arguments similar to those in Section 10.1,

(A.4) reduces to the two point boundary value problem of the form:

— (p(w) = AL ¢ € (0,1)

where p, «, f and h are as before and ¢(s) := ]{’,;_lproé(s).
A.3 Kelvin Transformation for Boundary Value Problems on an Annulus
Next we consider the boundary value problem of the form:

—Ayu= MK (j2))f(u); =€ Qa (A.6)

U,:O; xE@QA

where p, f and K are as before and Q4 := {z € RY | ry < |z| < Ro}. By arguments

similar to those in Section 10.1, setting r = |z| and v(r) = u(x), (A.6) reduces to the
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N-p
boundary value problem (A.2). Setting again t = ('r’llV r—Ry7")/(rg " =Ry "), we

obtain

z

1

(P ()P 2 () = Oy (Cat + Ra 7)Y (Jul (0) 2 (1))’

and

—p (N=1)(1—p)

Pw ) = (o BT TR (0o 4y ) T

N—p N—p

where C := (c o) )P and Cy == (ry * — Ry *). Thus (A.2) reduces to the two

point boundary value problem of the form:

(A7)
w(0) =0=w(1)
N-p —p(N-1) N-p 1-p
where p and f are as before and h(t) := &-(Cat+ Ry ") ¥ K((Cgt—i-ROH’ ) N‘p>.
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APPENDIX B
PROOFS OF THEOREMS 8.1 - 8.4

B.1 Proof of Theorem 8.1

First we establish the following two Lemmas needed to prove the result.

Lemma B.1. If f satisfies (S) and p < 6, then there is no X > 0 for which (8.1) has

a positive solution u satisfying ||ul/s = p-

Proof. Assume to the contrary that u is a positive solution to (8.1) for some A > 0
such that |Jull.c = p < 6. Note that u/(1) < 0 since we are only interested in the case
where u(1) > 0. Hence there exists t,, € (0,1) such that «'(¢,,) = 0 and u(t,,) = p.

Multiplying the differential equation by ' and integrating, we obtain

(u'(t))* = 2A[F(p) — F(u(t))] (B.1)

for t € (0,¢,,). But this implies that (u/(0))* = 2AF(p) < 0, a contradiction. Hence

no such solution can exist. O

Lemma B.2. Any positive solution u of (8.1) has a unique interior mazimum at
some t, € (0,1), is strictly increasing on (0,t,,), is strictly decreasing on (t,,,1) and

18 symmetric about t,,.

Proof. Let t,, € (0,1) be such that ||u|lcc = u(t,n) = p. Suppose there exists another
local maximum. Then there must be a local minimum at some ¢*, € (0, 1), at which

u”(tr,) > 0. This implies that u(t;,) < 8. Let E(t) := AF(u(t)) + 5(u'(t))? for

t € (0,1). A simple calculation will show that E'(t) = 0, and hence E(t) is constant
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on [0,1]. But E(t,,) = AF(p) > 0 while E(t},) = AF(u(t},)) < 0, and hence we have
a contradiction. Therefore ¢, is the unique critical point. From (B.1), we easily see

that

(1) = V2A[F(p) — F(u(t)] > 05 t € (0,t) (B2)

—V2NF(p) = Fu(D))] < 0; t€ (tm,1).

Further, note that both wy(t) = u(t,, +t) and ws(t) = u(t,, — t) satisfy

Hence, by Picard’s Theorem, we have w; (t) = ws(t) which implies that u is symmetric

about t,,. O

We now begin the proof of Theorem 8.1 by showing first that if u € C?(0,1)N
C1[0,1] is a positive solution to (8.1) with ||u]|e = u(t;,) = p and u(1) = ¢, then A, p
and ¢ must satisfy (8.2) and (8.3). We note here that the improper integral in (8.2)

is convergent since f(p) > 0. Integrating (B.2), we obtain
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for t € (0,¢,,) and

u(t) ds
== [ o
for t € (t;, 1). Setting t = t,,, we obtain
r ds
WA= | T e
and
’ ds
(1 —tm)V2\ = /q AOEYI0! (B.6)

Adding (B.5) and (B.6), we obtain

N P ds P ds
5= o=t e

and hence from (B.5) we obtain

L ds L ds P ds
=), 7o =re / (/0 NanErichd) \/W) (0

Further, using the boundary conditions and (B.2), we obtain

c(q)g = —u'(1) = V22X [F(p) — F(q)].
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Hence (8.2) and (8.3) are satisfied.

Next, if A, p and ¢ satisfy (8.2) and (8.3), let ¢,, be defined by (B.7) and define
u: [0,1] — [0, p] via (B.3) and (B.4) for t € (0,%,,) U (¢, 1) with u(0) =0, u(t,,) = p
and u(1) = ¢. Note that u is well-defined on (0,,,) since both [ m and
V2 increase from 0 to fop \/ﬁ as u increases from 0 to p and ¢ increases from
0 to t,,, respectively. Also, u is well-defined on (¢,,,1) since both fqu \/ﬁ and
(1—1)v/2X decrease from fqp ——42% ___ {0 0 as u decreases from p to ¢ and t increases

Fp)—F(s)

from t,, to 1, respectively. Now we define H : (0,t,,) x (0,p) — R by

v ds
H(,v) = — (V2.
(o) /0 VE(p) = F(s)
Clearly H is C*, H(t,u(t)) = 0 for t € (0,t,,) and
Hy [ = ! £0
O R G) = Fu(®)

Hence, by the Implicit Function Theorem, v is C* on (0,t,,). Similarly, u is C* on

(tm,1). From (B.3) and (B.4), we have

vy | VAFG-TGOT: te 0t) s,

—VIATF(p) — F@(OT: 1 € (t, 1).

Differentiating (B.8) again, we have

—u"(t) = Af(u(t)
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for t € (0,tm) U (tm,1). But u(t,) = p and f is continuous, and hence u € C2(0,1) N

C'[0,1]. Further, (B.8) implies that —u/(1) = \/2A [F(p) — F(q)], and hence by (8.3)

we have u/(1) + c¢(u(1))u(1l) = 0. Thus u is a solution of (8.1).
B.2 Proof of Theorem 8.2

Define

B P ds p ds B c(q)q
) _/o VE@) —F(5) +/q VEG) —Fs)  VEp) - Fl@)

Note that if (P) is satisfied, then for every p > 0 there exists ¢ > 0 such that

J(p,q) = 0 since

and  lim J(p,q) = —o0.
g—=p

p ds
-2 NanEaO

Hence p and ¢ satisfy (8.2). Similarly, if (S) is satisfied then the claim holds for all

p > 0. For p =60, we again have lim, 9 J(6,¢q) = —oo and observe that

— lim )

[ ﬁ

hmJ@q ) =2

——— — lim

9
s
2
/o VvV —F(s) qHO+ ~

>0
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for some z € (0, q). Hence there exists ¢ > 0 satisfying (8.2) for all p > 0.
B.3 Proof of Theorem 8.3

Let p > 0 be fixed. The existence of ¢ > 0 satisfying (8.2) follows from

Theorem 8.2. As for the uniqueness of ¢, a straightforward calculation will show

21 + (c(@)a)1(F(p) = F(9) + f(9)e(a)a

) (B.9)
2(F(p) = F(a))

Jo(p,q) = —

Since f(g) > 0 and 1+ (c(s)s)’ = (s + c(s)s)’ > 0 by assumption, J,(p,q) < 0 for all

q > 0. Hence there cannot be two values of ¢ such that J(p,q) = 0.
B.4 Proof of Theorem 8.4

Let p > 0 be fixed. The existence of ¢ > 0 satisfying (8.2) again follows from
Theorem 8.2. If (S3) holds, then we have

<ln< s+ c(s)s )),20
F(p) — F(s)

for s € (0, 3). A straightforward calculation will show that this implies

L+ (c(s)s)" — /()

ste)s - 2F() - F) (B.10)
Further, we observe from (B.10) that
L+ (e(s)9) _ L+ (els)s) . —f(5) ~f(s)
G)s C sres DA S AR - ) M
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for s € (0,8). Hence, using (B.11), we conclude that

2[1 + (c(s)s)|(F(p) — F(s)) + f(s)ec(s)s > 0 (B.12)

for s € (0,5). It is easy to show that the inequality (B.12) also holds for s € [, p).
Therefore we have J,(p,q) < 0 for all ¢ > 0, and hence the result follows from (B.9).
If (S4) holds, then let

and observe that ¢ is continuous on [0, p], g(0) = 2F(p) > 0 and ¢'(s) > 0 for
s € (0,5) by (S4). This implies that g(s) > 0 for s € (0, 3]. Note that (¢(s)s) > 0
implies that 1 + (c(s)s)’ > 1. Therefore J,(p,q) < 0 for ¢ € (0,p]. For q € (8, p),
we also have Jy(p,q) < 0 since f(s) > 0 for s € (8, p). Therefore J,(p,q) < 0 for all

q > 0, and hence the result follows from (B.9).
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