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We study positive radial solutions for classes of steady state reaction diffusion
problems on the exterior of a ball with both Dirichlet and nonlinear boundary con-
ditions. We consider p-Laplacian problems (p > 1) with reaction terms which are
superlinear at infinity and semipositone.

In the case p = 2, using variational methods, we establish the existence of a
solution, and via detailed analysis of the Green’s function, we prove the positivity of
the solution. In the case p # 2, we again use variational methods to establish the
existence of a solution, but the positivity of the solution is achieved via sophisticated
a priori estimates. In the case p # 2, the Green’s function analysis is no longer
available. Our results significantly enhance the literature on superlinear semipositone
problems.

Finally, we provide algorithms for the numerical generation of exact bifurca-
tion curves for one-dimensional problems. In the autonomous case, we extend and
analyze a quadrature method, and using nonlinear solvers in Mathematica, gener-
ate bifurcation curves. In the nonautonomous case, we employ shooting methods in

Mathematica to generate bifurcation curves.
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CHAPTER 1
INTRODUCTION

Consider the nonlinear reaction-diffusion problem

up = dAyu+ f(u); z et >0,
u(z,0) =vo(z); =€, (1.1)
Bu = 0; x €N, t>0,

where d > 0 is the diffusion coefficient, A,z = div(|V2|P72V2) with p > 1, f :
[0,00) — R is a continuous function, 2 C RY and B is a generic, possibly nonlinear,
operator to be specified later. Such problems arise in the study of nonlinear heat
generation, combustion theory, chemical reactor theory and population dynamics.
For such applications, only non-negative solutions (v > 0 in Q) are relevant. The
study of steady states (if they exist) for (1.1) is of great importance in understanding
the dynamics of the solutions of (1.1), and researchers (since 1967, see [KC67|) have

focused on the study of nonlinear eigenvalue problems of the form:

—Apu = Af(u); xe€Q,
Bu = 0; x € 010,

where A = é is a positive parameter.
In the case that f is positive and monotone, (1.2) is referred to in the litera-
ture as a “positone" problem (see Figure 1). Classical examples arise in the theory of

nonlinear heat generation (see [KC67] where the authors consider the reaction term



f(u) = ¢e*) and combustion theory (see [BIS81] where the authors consider the reac-
tion f(u) = eats; a > 0). For a rich history of results related to positive solutions
of such positone problems in the case p = 2, we refer the reader to |[KC67|, [Ama76],
[Rab71], [CL70], [CR73|, [CR75], [Par61], [Sat75], [Par74], [Tam79], [Ari69], [Ama72],
[WL79], [KID*79], [Lae71], and [AC77]. In particular, the celebrated STAM Review
paper of P. L. Lions in 1982 (see [Lio82]) provides an excellent overview of results for

positone problems, as well as a list of open problems at the time.

£(0)

Figure 1. An Example of a Positone f

Of particular interest in this dissertation is one such problem, the case where

f satisfies,
(F1) f(0) <0, f is monotone and eventually positive.

which is referred to in the literature as a semipositone problem (see Figure 2). The
study of positive solutions to semipostone problems is considerably more challenging,
since the range of a solution must include regions where f is negative as well as where
f is positive. Such problems were discussed in |[Lio82], and it was noted that they

posed signficant challenges, a fact later confirmed by H. Berestycki, L.A. Caffarelli,
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and L. Nirenberg in 1996 (see [BCN96]). The study of semipositone problems was
first formally introduced by Castro and Shivaji in 1988 (see [CS88|) in the case of
Dirichlet boundary conditions, where several challenging differences were noted in
their study when compared to the study of positone problems. See also [BS83|, where
Brown and Shivaji, in 1982, first encountered the difficulty with semipositone prob-
lems in a study of perturbed bifurcation theory. Castro and Shivaji’s initial work
in [CS88| has lead to a plethora of work in recent years, particularly in the case
Bu = u (Dirichlet boundary conditions) and € is a bounded domain in RY. See
[ANZ92], [AAB94], [CG09], [CG13|, [CHS03], [HSCO1], [JS04], [BCS89], [CS89al,
[CS89b], [BS91], [CGS93], [CGS95], [CHS95|, [AHSI6], [CS98|, [HS99|, [OSS02],
[HS03|, [HS04], [DOS06|, [CCSUO0T|, [SYO07], [SY11], [CSS12|, and [SSS13]| for results
for problems with Dirichlet boundary conditions on bounded domains. An important
application of semipositone problems arises in the study of population dynamics with
constant yield harvesting, as was illustrated by Oruganti, Shi, and Shivaji in 2002
(see [0SS02]).

£(0) T'/

Figure 2. An Example of a Semipositone f



The focus of this dissertation is to enrich the literature on a class of semi-
positone problems, namely, when the reaction term f is p-superlinear at infinity
(lims_ 00 Sfp(—f)l = 00). In the case p = 2, Castro and Shivaji in 1989 made significant
breakthroughs in the study of such problems when € is a ball in RY, N > 1, by first
proving that non-negative solutions are in fact positive and, hence, radially symmet-
ric (see [CS89b]), and then establishing an optimal existence result for A = 0 (see
[CS89a]). Also, in 1989, Brown, Castro, and Shivaji established a non-existence re-
sult for A >> 1 (see [BCS89|). Further, in 1993, Ali, Castro, and Shivaji established
the uniqueness of this positive solution for A ~ 0 under additional assumptions on f
(see [ACS93]). The existence result was extended to a general bounded domain by
Allegretto, Nistri, and Zecca in 1992 (see [ANZ92|); Ambrosetti, Arcoya, and Buffoni
in 1994 (see [AAB94]); and Sumallee in 1988 (see [Uns88|). Further, non-existence for
A >> 1 was extended to a general bounded domain by Allegretto, Nistri, and Zecca
in 1992 (see [ANZ92]).

See [ACS93|, [ANZ92], [AAB94|, [AHS96], [AZ94], [BCS89], [BS91], [CCSU07],
|[CDS15], |CAFL16]|, [CS88], |CS89a|, [CS89b|, |[CG09], [CG13], [DOS06|, [HSCO1],
[Haild], [HSS98|, [JS04], [SW8T]|, [Uns88| for results on p-superlinear, semipositone
problems in both p = 2 and p > 1 cases where () is a general bounded domain.

To date, the extension of the uniqueness result to general bounded domains remains

open.



A more challenging problem is to consider such superlinear, semipositone prob-

lems on unbounded domains. In this dissertation, we will consider the problems

—Apu = AK([z]) f(u); = € Qe
u = 0; |x| = 7o, (1.3)

u—0; |z| — o0,
and
—Apu = AK([z]) f(u); = €L,

g—;‘%—é(u)u: 0; |z| = ro, (14)

u — 0; |x| — oo,

where A > 0 is a parameter, A,z = div(|Vz[P~2Vz) with p > 1,
Qe:{xeRNHﬂ >r0,r0>O,N>p},

K € C ([rg, 00), (0,00)) satisfies K(r) < —m; > 0 for r >> 1 and K is eventually
decreasing, a% is the outward normal derivative, and ¢ € C ([0, 00), (0, 00)).

We assume the reaction term f satisfies the additional condition

(F2) there exist A, B € (0,00) and ¢ € (p — 1,00) such that for s > 0 sufficiently
large, As? < f(s) < Bs9.

In addition to (F1) and (F2), we make the following technical assumptions:

(AR1) there exists 6 > p such that for s sufficiently large, sf(s) > 0F(s), where

P = [ 1) e



and

(AR2) for 6 satisfying (AR1),

c(s)s? < 9/08 c(2)pp(z) dz

for s sufficiently large, where ¢,(2) = [2|P~22.

Remark. If we take f(s) = s?—1 with ¢ > p—1 and ¢(s) = s°+1 with 0 < § < ¢g+1—p,
then for any 6 € [0 + p, g + 1], it is easy to show that (AR1) and (AR2) are satisfied

(in fact) for all s > 0.

In an effort to find positive, radial solutions of (1.3) and (1.4), we apply the

p—N

change of variables ( = |z| and t = <£> " to transform (1.3) and (1.4) to the

To

boundary value problems

and

respectively, where ¢,(s) = [s[P~2s,

-1 P pavoy 1-p
h(t) = (]Z\)[_pro) NS K (rgtN*p>,




-1
and ¢(s) = (%jp})é(s))p . Due to our earlier assumptions on K, the weight function
h e C(0,1] N L'(0,1) and inf,eo1 h(z) > 0. See Appendix A.1 for full details of the

transformation.

Remark. We may consider the related problems on the annulus, namely

—Ayu = AK(|z])f(u); x € Q,,
u(z) = 0; |z| = Ry, (1.7)
u(z) = 0; |z| = Ry,

and
u(z) = 0; 7| = Ry, (1.8)

where Q, = {z € RY|Ry < |z] < Ry; Ry > Ry > 0,N > p} and K € C([Ry, Rs], (0, 00)).
Applying a change of variables from [GLS10] (see Appendix A.2), we may transform

the problems into (1.5) and (1.6), respectively, where now h € C[0, 1].

In the case p = 2 with Dirichlet boundary conditions, Abebe, Chhetri, Sankar,
and Shivaji proved existence of a positive, radial solution on the exterior of a ball in
RY for A =~ 0 in [ACSS14] using degree theory. The more general p > 1 case and the

case of nonlinear boundary conditions both remained untreated until now.
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(a) Dirichlet Boundary Condition as in (b) Nonlinear Boundary Condition as in

0 0

(1.3) (1.4)

Figure 3. Exterior Domains with Boundary Conditions

We consider the semilinear (p = 2) cases of (1.3) and (1.4), where Ay = A is

the usual Laplace operator. In this case, (1.5) and (1.6) become

and

_0, (1.10)

(N—1)
N-2

T‘2
where h(t) = et

K (rotﬁ> and c(s) = 25¢(s).

N-2

We establish the following result for (1.9) and (1.10), respectively.



Theorem 1.1. Let p = 2 and f satisfy (F1), (F2), and (AR1). There exists X > 0

so that (1.9) has a positive solution, uy € C*(0,1) N C0,1], for all A € (0, )).

Theorem 1.2. Let p = 2 and [ satisfy (F1), (F2), and (AR1), and let ¢ satisfy
(AR2) with p = 2. There exists A > 0 so that (1.10) has a positive solution, uy €

C2(0,1) N CY0,1], for all A € (0, X).

We prove Theorem 1.1 and Theorem 1.2 by employing variational methods,
namely the Mountain Pass Theorem, to establish the existence of a solution. In
particular, conditions (AR1) and (AR2) are Ambrosetti-Rabinowitz-type conditions
which are used to establish that the functionals associated to (1.9) and (1.10) satisfy
the Palais-Smale compactness condition. Since f(0) < 0, it is challenging to establish
that the mountain pass solution is in fact positive. Crucial a priori estimates of the
solutions when A ~ 0 and estimates of the Green’s function near the boundary will be
used to overcome this difficulty. We note that positive solutions to (1.9) and (1.10)
give rise to positive radial solutions of (1.3) and (1.4), respectively.

We also treat the quasilinear (p # 2) cases of (1.3) and (1.4), where A, is the

p-Laplace operator. We establish the following results for (1.5) and (1.6), respectively.

Theorem 1.3. Let f satisfy (F1), (F2), and (AR1). There exists X > 0 so that (1.5)

has a positive solution, uy € C[0,1], for all A € (0, \).

Theorem 1.4. Let f satisfy (F1), (F2), and (AR1), and let ¢ satisfy (AR2). There

exists A > 0 so that (1.6) has a positive solution, uy € C'[0,1], for all X\ € (0, ).

Remark. Note that solutions to (1.9), (1.10), (1.5), and (1.6), by reversing the earlier
change of variables, guarantee positive, radial solutions to (1.3), (1.4), (1.7), and

(1.8), respectively, in the both the p = 2 and p # 2 cases.



While the variational framework developed in the semilinear case can be
adapted with only minor modifications, we face a more difficult challenge in prov-
ing positivity of the solutions for the quasilinear case, since the Green’s function is
no longer available. Though some recent work had been done in this direction on
bounded domains without singular weights (see [CdFL16] and [CDS15]), we address
(1.3) and (1.4) for the first time on exterior domains, which leads to the presence
of singular weight functions. Again obtaining crucial a priori estimates of the solu-
tions, we show by contradiction that, for A =~ 0, the mountain pass solution must be
positive.

Finally, we establish numerical and computational schemes for generating bi-
furcation curves of positive solutions to problems (1.9) and (1.10). Of particular
interest in the study of (1.9) and (1.10) is the shape of bifurcation curves of positive
solutions. Laetsch studied the autonomous case (h(t) =1 for all t € (0,1)) of (1.9)
in [Lae71] using a quadrature method (or time map analysis) and here, we establish
such a method for the autonomous case of (1.10). We also employ shooting methods
and nonlinear solvers to plot bifurcation curves in the nonautonomous cases of (1.9)
and (1.10).

In order to prove Theorems 1.1-1.4, we employ variational methods, and in
particular the Mountain Pass Theorem. In Chapter 2, we introduce the necessary
background material. In Chapter 3, we deal with the case p = 2, proving Theorems 1.1
and 1.2. In Chapter 4, we deal with the more general p # 2 case, proving Theorems 1.3
and 1.4. In Chapters 5 and 6, we provide the numerical and computational methods
for generating exact bifurcation curves in the autonomous and nonautonomous cases,

respectively, as well as their application to some superlinear problems.

10



CHAPTER II
PRELIMINARIES

In order to establish the existence of solutions to (1.5), (1.6), (1.9), and (1.10),
we will employ variational methods. The fundamental idea behind variational meth-
ods is to reformulate the search for solutions of an equation as a search for critical
points of an appropriate functional. To this end, we employ several Banach spaces,

C10,1], €0, 1], L*(0,1), and W, (0, 1), whose definitions we now recall.

Definition 2.1. Given 1 < s < oo and 1 < p < oo, we define the following function

spaces as,

C10,1] =={w : [0,1] — R | u is continuous on [0, 1]}
C'0,1) =={u:1[0,1] = R|u € C[0,1] and v’ € C[0, 1]}
1
L#(0,1) = {u :[0,1] = R | u is measurable and / lu(r)|® dr < oo}
0

WP(0,1) :={u:[0,1] - R |u € LP(0,1) and v’ € LP(0,1)}

WyP(0,1) ={u:[0,1] > R |ue W"(0,1) and u(0) = 0 =u(1)}

To give the idea of the variational method, consider the case p = 2 with

Dirichlet boundary conditions. We define a weak solution to (1.9) as follows.

Definition 2.2. A function uy € Wy(0, 1) is said to be a weak solution to (1.9) if
1 1
/ ugv’ dx — )\/ flug)vdr =0 Yo e Wy?(0,1).
0 0

11



To find a weak solution directly, we seek a functional J : W,*(0,1) — R such

that .J'(u) at any u € W,%(0, 1) satisfies
1 1
< J(u),v>= / u'v' dx — >\/ fluyv dz Yo € W20, 1).
0 0

Critical points of such a functional are clearly weak solutions of (1.9).
Now, we may turn our focus to finding critical points of a functional J. In
order to do this, we recall the celebrated Mountain Pass Theorem which is stated

below.

Theorem 2.3 (Mountain Pass Theorem (see [AR73|)). Let X be a Banach space,
and let J € CH(X;R) satisfy:

(PS) any sequence {u,} C X such that J(u,) is bounded and J'(u,) — 0 as n — oo

possesses a convergent subsequence,
(MP1) J(0) =0,
(MP2) there exist oo, R > 0 such that J(u) > a Y||u||x = R, and
(MP3) there exists v € X such that ||v||x > R and J(v) < 0.

Further, let
I':'={y € C([0,1]; X) [ v(0) = 0,~(1) = v},
and

¢ = inf J(y(t)).
¢ = Inf max (v(t))

12



Then ¢ is a critical value of the functional J.

The condition (PS) is the well-known Palais-Smale condition developed by R.
Palais and S. Smale (see [Pal63], [Pal66], [PS64], and [Sma64]) which is sufficient to
prove the existence of ¢. The condition ensures an appropriate sense of compactness
in the functional J by ensuring that the set {u € X|J(u) = cand J'(u) = 0} is
compact for each ¢ € R. The other three conditions (MP1)-(MP3) ensure that the
functional has the correct geometry. See Figure 4 for a visualization of the Mountain

Pass Theorem.

Figure 4. A Visualization of the Mountain Pass Theorem. The red points correspond
to 0 and v, and each orange curve represents an element of I'. The orange points
are the maximum value of each curve, and by taking the infimum of all such orange

points, we find a critical value.

13



It is well known (see [Ada75]) that each of the spaces C[0,1], C'[0,1], L*(0,1),
Whr(0,1), and W, 7(0,1) are Banach spaces when paired with the norms
00 = )l
Julle = max )

luller = lJullee + fl4lloc,

= [ o dr)1 ,

1
lullp = (lullp + 1¥]17) 7, and

lullipo = llwllp,

respectively.

In the special cases s = 2 or p = 2, we recall that the spaces L?(0, 1), W2(0, 1),
and W,?(0,1) are all Hilbert spaces. We also recall that W'?(0,1) is compactly
embedded in C0,1], which implies the existence of a constant k& > 0 such that
oo < E|lull1, for every u € WHP(0,1) (see [AdaT75]).

We will also be interested in a particular subspace of W'?(0,1), namely the

subset
W(0,1) = {u € WH(0,1) | u(0) = 0}

The subspace is well defined due to the compact embedding of W'?(0,1) into C|0, 1],
and, further, we may show that the norms || - ||1,0 and || - |1, are equivalent on

Wt (0,1).

Proposition 2.4. Let ||u||;, and ||ul|1,0 be defined on Wl’p((), 1). Then | - |1 p0 s

equivalent to || - ||1,, on W'P(0,1).

14



Proof. Let u € W“’(O, 1). Then clearly, ||u|1p0 < ||u|1,. Further, applying Jensen’s

inequality, we have

p

dx

/01 ()P dx:/ol /Omu’(s) ds
g/ol </Oz|u'(s)|ds>p iz
g/ol (/01 1 (s) ds)p d
g/ol/ol\u'(s)yp ds dz

1
= [ W s
0

which implies that

1 1 : 1 N X
by = ([ 1 do [Ty ar) < (2 [ do)” =2l
0 0 0

Hence, || - ||1 0 is equivalent to || - ||1, on Wl’p([), 1). O

We also recall the concept of the (ST) condition (see [Bro70]). The proof of

the following proposition can be found in [GP04].

Proposition 2.5 ((S7) Property). Let ¥ : W'?(0,1) — [0,00) be defined by ¥(u) =

%fol |W'|P dx. Then V' exists,
1
(W'(w), v) :/ W/ P72 de Yo € WHP(0, 1),
0

and if u, converges weakly to u and limsup,,_, . (V' (un), u, —u) < 0, then u, — u

strongly in Whr(0,1).

15



While we will use the Mountain Pass Theorem to prove the existence of weak
solutions to (1.5) and (1.6), we show that these solutions have higher regularity. In
particular, by solution to (1.5) or (1.6), we mean u € C'[0,1] and ¢,(u') € W1(0,1)
satisfying equation (1.5) or (1.6), respectively. In the case p = 2 (ie., (1.9) and
(1.10)), we further mean that v € C*(0,1) N C[0, 1].

Finally, we state the following proposition, which provides alternative forms
of the growth condition (F2) and Ambrosetti-Rabinowitz type conditions (AR1) and
(AR2).

Proposition 2.6. Given the extension of f(s) = f(0); s <0, (F2) implies that there

exrists constants 121, B >0 so that

f(s) > Als|"— A V¥s>0,

and

f(s) < B|s|"+B Vs e€R.

Furthermore, there exist constants Ay, By, fll, Bl > 0 such that

F(S) 2 A1’S|q+1 — /11 Vs 2 O,

and

F(s) < Bys|”™ + B, Vse€R.

16



Similarly, if [ satisfies (AR1), then there exists a constant 0 > 0 such that
sf(s) > 0F(s)—60 Vs>0.

Finally, (AR2) combined with the extension c(s) = c(—s); s < 0 implies that there

exists él € R such that
0, < 9/8 c(2)pp(2) dz — c(s)|s|?
0
for all s € R since c(2)pp(2) = —c(—2)p,(—2), and hence
/ c(2)pp(2) dz = /_ c(2)pp(2) dz,
0 0

for all s < 0.

The proposition follows directly from (F2), (AR1), and (AR2).
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CHAPTER III
THE SEMILINEAR CASE

3.1 Proof of Theorem 1.1

We will work primarily with three spaces, W,*(0,1), C[0, 1], and L?(0,1) for
p = 1,2 with the standard norms on each space. For ease of notation in this chapter,
we set H = W,2(0,1), Q= (0,1), and let || - |z = || - |l.20-

Let J : H — R be defined by

The second term in the definition of J is well-defined, since H — C0, 1] and

< Alh|li max  |F(s)| where M; = ||u]|co-

—M;1<s<M

‘)\/01 hF(u) dz

Since f is a C* map, we find that the map .J is continuous, differentiable and

J’(u)(v):/olu'v' da:—/\/olhf(u)v dr Yv € H.

Next we will show that J is a C' map. Define

L,(v) ::/0 hf(u)v dr Yv e H.

18



If ||uy — usllm < €, then

Loy (0) — Loy (0)] = | / W) (f () — f(u)) do]
< / (@)1 r — ] Jo] iz,

where 7(z) is such that min{u(x),us(z)} < n(x) < max{u;(z),us(x)} for any fixed

x. Since uy,us € H and f’ is continuous we have
| Ly (v) = Luy (v)| < Cellhl1[[v]|

for some C' > 0, and hence J is C'. The critical points of the functional J are weak
solutions of (1.9).
We will first establish the existence of a solution for (1.9) using the Mountain

Pass Theorem and then prove that the solution thus obtained is positive.

3.1.1 Euxistence of a Mountain Pass Solution

We wish to apply the standard Mountain Pass Theorem.
3.1.1.1 J Satisfies (PS)

Lemma 3.1. The map J satisfies the Palais-Smale condition.

Proof. First, we wish to show that any sequence, {u,} C H, satisfying the hypotheses
of (PS) must be bounded. Assume to the contrary that {u,} is such that J'(u,) — 0,

there exists some M > 0 such that |J(u,)| < M for alln > 1, and ||u,||g — oo. Then

(un)=(J"(un) tn
lunlle

consider the quantity 2/ >, where 6 > 2 is chosen as in (AR1). Taking a

limit as n — oo, we see that lim,,_,«. HJ(“")‘TJJ"'SLn%WJ = 0, since J(u,) is bounded and
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J'(u,) — 0. Also we can write

0. () — (T (tn), ) = <g - 1) /Ol(u;z)Q dx

— )\/0 h(z) (O0F (u,) — f(up)uy,) dz.

Note that when u, > 0, 0F (u,) — f(uy)u, < 6 and when u, < 0, 0F(u,)

f(un)u, = (0 —1)f(0)u,. Hence

0 0) = (o) = (5 -1) [ @t)? do = 2011

A= DI
0 .
> (5 - 1) Il = M
KO~ DOl

where k£ > 0 satisfies ||z]|oo < k||z||x for all z € H. Dividing both sides by ||u, ||z and

taking a limit as n — oo, we get a contradiction. Hence, {u,} is bounded in H. Since

it is bounded in H, there exists a subsequence, call it again {u,}, which converges

weakly in H and strongly in C[0, 1].

Now, since J'(u,) — 0, it is easy to show that {u,} is Cauchy in H and

therefore, converges strongly in H. Hence, the Palais-Smale compactness condition

holds.

]
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3.1.1.2 Geometry of J

First, note that J(0) = 0. Now for any v € H such that |[v||g = 1, v(z) > 0

for all z € (0,1) and any parameter s > 0, we have

2 1

S
J(sv) = = —
(s0) =5

2 /\A 1
< S— r)vdr | — st ( / h(z)vit! dm) ,
2 2(¢+1) Jo

since F(3) > q%(é)q“ — A5 for all 5 > 0.

wly

sv) dx

Now, letting s — oo, we note that lims ., J(sv) = —oo since ¢ > 1. Choose
s* >> 1 such that J(s*v) < 0.

Now, in order to apply the Mountain Pass Theorem we need a lemma which
will show that there exists an » > 0 and an a > 0 such that J(u) > « for all ||u|| = .
Later, however, we will also need information on how J grows when » — 0" in order

to show that the mountain pass solution is positive. We prove:

Lemma 3.2. There exists A > 0 such that if A € (0,)), then for any v € H such

that ||lu||lg = a1 1

2

J(u) > —X"a1,

| =

Proof. Let ||u||g = r, where r = AT Now, rewriting J(u) as

J(u)z%rQ—A/g hF(u)dm—)\/Q hF(u) d:U—)\/ hF(u) dx (3.2)

Q3
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obtain,

T() > %72 1 /Q O e — ) /Q HF() . (3.3)

Hence, applying (AR1) to (3.3), we obtain,

1 AB .
J(u) 2 5r* + A O) [l klullr = q—HhHl/fq“HUH%r+1 — AB|[h|l k[l

+1
—2

Aa-T, [l

2q+2
1

—2 (1 ~ q B
= \a1 | = — ||h]|1k B\t 1 — —||h|| kT N\
(5 - £+ B =

Hence, for A sufficiently small, J(u) > i

Hence, the hypotheses of the Mountain Pass Theorem have been satisfied, and
we have the existence of at least one weak solution uy of (1.9).

3.1.2  Positivity of Solution uy for A = 0.

We first establish an upper bound on ||u,||eo-

Lemma 3.3. There ewists \ € (0,\) and ¢y > 0, independent of N\, such that for

A€ (0,), [luallo < esA7a 1

Proof. Let v; denote the eigenfunction corresponding to the principal eigenvalue, A,

of —u” with Dirichlet boundary conditions with v; > 0 and ||v1||[g = 1. Then, for
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1
J(sv1) = %32 - )\/0 hF(svy) dx
1
2_ )\/ h <A1<Sl)1)q+1 - A1> dx
0

1

< -s

-2
1 AAsatt 1 .

— 2 A / hol™ dx + )\A1/ h dx
2 0 0
1
—s
2

qg+1

AAcy g9t N
2 — ﬁ + AA1|| 2|y

=p(s) (say),

1 1
where ¢; = [ ho{™! da.

Now p(s) is maximized when s = (/\Acl)q%ll, and hence for A = 0,

1 1 —4 —4 e i
J(sv1) < (5 B m) (Act)TTATT + AA|[A]ly < e2d T,

for some ¢ > 0 independent of \. Hence, J(uy) < 02)\;*721, for A =~ 0.
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as? + bAs — 3coa 1. In other words, [|uy||g <

Now, recalling that F(s) — f(s)s < 6 for s > 0,

hF(uy) dz + 2)\/ hF(uy) dz

lunl% = 27(uy) + 27 /
Qf

1951

< 26, \TT + 2)\/

Q1

)

_ 2,\/ h (u”;(o) + é) dx

L 1 )
=201 +2\ 1 — = / huy f(0) dox — 2)\/ hQ dx
9 Ql Q1 9

oA (! 0
+ — huy f(uy) dx 42Xk
0 J, 0

-2 2
< 3e AT 20| F(O)[[[ Al |lual e + 5HuAH?p

for A > 0 small.

huy f(0) da + 2)\/1 h (%(“A) + g) dx
0

Now, this implies that alluy||% + 0|z —3e\TT < 0,fora=1-2>0and

—2k[f(0)|||h]l1 < 0. So, ||ux||z must be less than the largest root of the quadratic

-1
constant ¢, for A > 0 small. Hence, ||u)||cc < csAe=T where ¢y = kes.

3.1.2.1 Proof of Main Result

First we note that

1 1
)\/0 hf(uy)uy de = 2J(uy) + 2)\/0 hF(u) dx

1. _ .2 !
= —1+2)\F(ﬁ)/ h dz
0

> Ao

—2
_ \/ B2A2412 q—1 =1
bA+VD ’\22: aco) < ¢3Ae 1 for some

O

(3.4)
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for A > 0 sufficiently small. Now, choose v > 0 such that B||h|j;74" = =, where

B = max{B, B}, and define Q := {z|u,(z) > ’yA_qul}. Then for A sufficiently small,

ux(z) will be sufficiently large on €, and hence f(uy(z)) < Bux(z)? on Q. Then

1
)\/0 hf (uy)uy d:zc:)\/QA hf(uy)uy dx+)\/ hf(uy)uy dx

5
< )\/ hBult! da:+>\/
Qa Q

h (B lun|? + B) up| dz,  (3.5)
~ 1
since f(s) < B|s|?7+ B for all s € R. Now, recalling that on Qf, u,(z) <\ a1 and,

c
A

by Lemma 3.3, on Qy, uy(z) < c@fﬁ, from (3.4) and (3.5) for A & 0 we have,

T < IO AT + B~ [
+ B(1— ) [[h1AT
< BIhlATT (Ief™ +97 4 9A7 )
< BIRJAT (|0 + 297

Hence, by the definition of v, we may conclude that |Q,| > W = K, (say).
€4

Let N, := [0,¢) U (1 — ¢, 1] for € € (0, %), where ¢ is chosen sufficiently small such
that |N.| < % Letting K := Q) — N, we also have that |K,| > % Recall that the
Green’s function for the second derivative operator with Dirichlet boundary conditions

is given by

Gla, ) = (I-2)§ 0<§<z <1, (3.6)
(1—=8z; 0<z<E<1.
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Define d(¢) = min{¢,1 — ¢} and h = infiey h(t). Then for = € K, and

¢ € N, we have that G(z,&) > ed(§). So, for any & such that d(&) < e, for A = 0, we

have

w(©) =X [ Gle.ghsw) da

Z/\/K G(z,&)hA(uy)? dx+)\f(0)/0 G(z,&)h dx

ZAA;@/’w@w¢HmﬂmMm
Ky

. K
> AN TThed(§)y"— + A (0) Al

(P

for some c5 > 0.

We define wy and z, such that

—wy = Mhft(uy); =€ (0,1),
w,\(O) =0= w)\(l),

and

—z28 = A f(uy); =€ (0,1),
Z,\(O) =0= Z)\(l)

where f*(s) = max{f(s),0} and f~(s) = min{f(s),0}.

Clearly, u) = wy + zy, and also z,(§) = /\fol G(z,&h(z)f~ (ur(x)) dz

(3.7)

< 0since f~(upr(z)) < 0and G(z,§), h(xz) > 0. Furthermore, since f~(uy(z)) > f(0),

we see that 2y(€) = A [ hG(x, &) f~(ur(x)) dz > AF(0)[|R]l1. So AF(0)[|R]]s
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< 2)(€) < 0. Also, for ¢ such that d(§) = €, we have wy(§) = ur(§) — 2x(&) >
ux(§) > C5€)\_’1%1. Hence, by the maximum principle, we have wy(§) > 056)\_‘1%1 for
all £ € Q — N.. Therefore, uy(&) = wx(&) + 21(§) > CsENT T + Af(0)||7|l1, and hence,
for A > 0 small enough, uy > 0 on 2 — N,.. This, combined with the earlier proof that

ux(§) > c5d($))\_q%1 for all £ € N,, completes the proof of the theorem.
3.2 Proof of Theorem 1.2

Here we establish the existence result for A ~ 0 for the boundary value problem

(1.10) which involves a nonlinear boundary condition at = = 1.

3.2.1 Variational Formulation

For ease of notation, in this chapter we take H = WL?’(O, 1) and take || - ||z
as before (see Proposition 2.4 for justification). We extend the function ¢ by letting

¢(s) = ¢(—s) for s < 0, and define E : H — R by

E(u) = J(u) + g(u(1)). (3.8)

where

and J(u) is defined as before.
Now, we wish to establish a regularity result to show that critical points of £

are solutions to (1.10).
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Definition 3.4. We say u € H is a critical point of E if

/0 u' dr — /\/0 h(z)f(u)e dz+ ¢'(u(1)e(l) =0 Ve e H.

Lemma 3.5. If u is a critical point of E, then u satisfies (1.10) almost everywhere
in (0,1) and the boundary conditions in the classical sense. Additionally, if we know
that h(z) is locally Hélder continuous in (0,1), then the solution u € C*(0,1)NC[0,1]

and the equation is satisfied in the classical sense.

Proof. Clearly u(0) = 0 since the critical point u € H. If ¢ € C2°(0,1), then we have

/0 RV /O () f(u)p = 0. (3.9)

In other words, u is a weak solution of —u” = Ah(z) f(u). But from the assumptions on
h and since u € H C C[0,1] we have Ah(x)f(u(z)) € Li2.((0,1]). By standard elliptic

regularity, u € W22(0,1), and from the definition of the weak second derivative, we

have — fol v dr = fol u'¢" dx for all ¢ € C°(0,1). Now, from (3.9), we have

1 1
—/ u’p da:—/\/ h(z)f(u)p de =0 Ve e CX(0,1).
0 0

Since we now know that u” + A (z)f(u) € Li,.(0,1) from the previous expression,

then we have that,

—u" = M(z)f(u) a.e in (0,1). (3.10)
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Since u € H, we have both v and « in L'(0,1). Now from the previous representation,
u” = —=Mh(x)f(u) € L*(0,1). Thus we have improved regularity, with u € W1(0,1)N
W2%(0,1).

loc

Now we know that u € W21(0,1). So v’ € W'(0,1), and hence v’ is an
absolutely continuous function in [0, 1]. Therefore, it now makes sense to talk about

the pointwise value u/'(1).

Finally, we will show that «/(1) + c¢(u(1))u(1l) = 0. Let
€= {p € C*(0,1)N C'[0,1] | support(p) €C (0,1], p(1) # 0},
Clearly C C H. From Definition 3.4 applied for an arbitrary ¢ € C we have,
1 1
| e do = [ hia) fwyp do o 1))eln) = .
0 0
Using the integration by parts formula on W%1(0, 1), we have
1 1
/ ' dr = —/ u" o dr + pu'],
0 0
and hence,
1
= [ e (@) ¢ do + (1) + g (D)) =0 Ve e
0

Using (3.9) we have u/(1) + ¢'(u(1)) = 0, i.e u satisfies the boundary condition at

r=1.
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3.2.2  FEuxistence of a Mountain Pass Solution

8.2.2.1 EisC!

Recall that E(u) = J(u) 4+ g(u(1)). Since J has already been shown to be a
C! functional, we need only show that g(u(1)) is C* to conclude that F is C*.

Fix u € H and consider the functional H(u) := g(u(1)). For any v € H,
(H'(u),v) = ¢'(u(1))v(1). It is clear that the fuction g(s), as previously defined, is
differentiable. Further, since pointwise evaluation is a continuous operation, we may

conclude that the derivative is also continuous. Hence, E(u) is a C' functional.

3.2.2.2 E Satisfies (PS)

Again, we first wish to show that any sequence {u,} satisfying the hypotheses
of (PS) must be bounded. Assume to the contrary that {u,} is such that E'(u,) — 0,

there exists some M > 0 such that |E(u,)| < M for all n > 1, and ||u,||z — oo.

Then consider the quantity QE(“7L)|EL<7ZT‘/}(I“")’”"> where 6 > 2 is chosen as in (AR1).

OE (un)—(E' (un),un)
llunll e

Taking a limit as n — oo, we see that lim,, = 0 since J(uy,)

is bounded and J'(u,) — 0. However,

OE (un) = (E'(un), tn) = (0 (un) = (J'(tn), un))
+ (09 (un(1)) = c(un(1)) (un(1))?)
> cl|unll — A|All
+ (09 (un(1)) = e(un(1)) (un(1))?)
> cl|unll — M)Al

= Me(0 = )L (0)]|[unllzz |22 + 61,
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for some ¢ > 0. Dividing both sides by ||u, ||z and taking a limit as n — oo, we get a
contradiction. Hence, {u,} is bounded in H. Since it is bounded in H, there exists a
subsequence, call it again {u, }, which converges weakly in H and strongly in C[0, 1].

Since {u,} converges strongly in C[0, 1], for any € > 0, there exists an N; > 0
such that for all n,m > Ny, ||u, — um||eo < €. Further, since E'(u,) — 0, for any
€ > 0, there exists an Ny > 0 such that for all n,m > Ny, ||[E'(un) — E'(um) |« < €,
where || - ||« is the associated operator norm. Furthermore, since w, converges in
C10,1], there exists an M > 0 so that | f(un) — f(um)| < M. Hence, we may choose

N = max{Ny, N>}, and, for all n,m > N,

it By = (k) = B () 0 = )
0 [ B ) = Flm)) i~ )
e un(1) = (1)) - (1) — (1)
< 17 () = 7 )t — 1
MBI ) = £ ol = il

< &+ Ml f (un) = f (um)lloce:

Hence {u,} is a Cauchy sequence in H, and therefore {u,} converges strongly
in H. This proves the Palais-Smale Compactness Condition.

3.2.2.3 Geometry of £

Again, we wish to show that the function FE satisfies the appropriate geometric
conditions of the Mountain Pass Theorem. It is again clear that E(0) = 0. We again
take v; to be the principle eigenfunction of the operator —u” with Dirichlet boundary

conditions such that ||v1||z = 1 and v(z) > 0 for all x € (0,1), and note that since
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H C H, then v; € H. Then we note that E(sv;) = J(sv1) + g(vi(1)) = J(svy) and
hence, as before, E(sv;) — —o0 as s — co. Thus, we may choose s* >> 1 sufficiently
large so that E(s*v;) < 0.

Finally, we establish a lemma similar to Lemma 3.2.

Lemma 3.6. There exists X\ > 0 such that if X € (0, ), then for any uy € H such

that [|uxlly = AT, E(uy) > IA771,

Proof. Recall again that E(uy) = J(ux)+ ¢ (ux(1)). But recall that as in Lemma 3.2,

uy) > 7 = ince ¢g(s) > 0 by definition, E(uy) > J(uy) > 7 =y
J i S 0 by defi E J A O

Hence, F satisfies the hypotheses of the Mountain Pass Theorem, and there-

fore, there exists a solution uy to (1.10).
3.2.8  Positivity of Solution uy for A = 0.

We again need a lemma similar to Lemma 3.3 in order to establish the result.

Lemma 3.7. There exists \ € (0,A) and cg > 0, independent of A\, such that for

A€ (0,N), [[unllae < cgATTT.

Proof. Let vy be as before. We note that for any s > 0, since v;(1) = 0, for A = 0,
E(svy) = J(sv1) + g(svi(1)) = J(svq1) < o1 as before. Hence, E(uy) < o\ for
A= 0.
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Now, by Proposition 2.6,

lusl% = 2B (uy) + 27 /

hF(uy) dx + 2)\/ hF(uy) dz — 2g(ux(1))
951

2 1 0
< 2ep\a1 —1—2)\/ huy f(0) dx—|—2)\/ h(%w’\)—i-g) dx
o 0

—2)\/Q h <“”g<0) +g) dz — 2g(ur(1))

L 1 )
=20\ T + 2\ [1— = / huy f(0) dx — 2/\/ hQ dx
9 Ql Q1 9

2A (! 0
0
= 2 2
< 2¢ A7 + 2M[ f(O)|[|][1 [Jun oo + EHUAH% + 56(%(1))(%(1))2

0
+ 2)\5||h||1 —2g(ux(1))

-2 2 0
= 2 + 2\ FO) bl s e + 5 sl + 225 1]

2

+ 5 (D) (wa(1))* = bg(ua(1)))
=2 2 2 é él

< 2027 A 2Mf(O)[IRll ualloe + Zlluall + 22511l = 2

-2 2
< B\t + 2| F(O)[[[ Al [|uall oo + 5HUA||?1,

for A > 0 small.
Now, similar to the Dirichlet case, this implies that alluy||% + OA||ur|lg —
3 it < Ofora=1-—2>0andb = —2kf(0)|h]p < 0. So, |lux|lz must

0

be less than the largest root of the quadratic as® 4 b\s — 302)\%. In other words,

—2
— 2)\2 -1 =1
bA+V b2 A2+12aco N\ < 65)\‘171
2a —

Hence ||uy]loo < ceAi-T where c5 = kcs. O

, for some constant c; > 0, for A > 0 small.

luxllg <
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3.2.3.1 Proof of Main Result

First, we note that

géhﬂmmumzww@+dma»mxnf

= 2J(uy) + 2)\/0 hF(uy) dz + c(ux(1)) (ur(1))

v

2 2 L
Elxqfl + QAF(B)/ h dx
0

v

2
c] \_2

— A\ T 3.11
4 Y ( )

for A > 0 sufficiently small. Now, choose v > 0 such that B||h|j;74" = %, where

B = max{B, B}, and define Q := {z|uy(z) > fy)\_q%l} as before. Then for A
sufficiently small, uy(x) will be sufficiently large on €2, and hence f(uy(x)) < Buy(x)?

on 2. Hence,

1
/\/0 hf(uy)uy dx:)\/m hf(uy)uy dx—i-/\/ hf(uy)uy dz

g
< /\/ hBul™ dx+)\/
Qy Q

h (B lup|? + B) up| dz.  (3.12)
Now, recalling that on QS, uy(z) < ’y)fq%l and, by Lemma 3.7, on Q,, uy(x) <

c
A

c4/\_qf11, then combining (3.11) and (3.12), for A ~ 0 we have,

A 2 _2 2
TN < BB AT + B~ [4])[hly7 A7
+ B = DAl A

< BIRIATT (1] + 474 + A7)

< Bl|hhATTT (|l + 2974
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Hence, by the definition of 7, we may conclude that |[Q2,| > = K. Defining

1
8B|Afl1ci™

N, and K, as before, we again see that |K,| > £&. Now, we define the new Green’s

function, G(z,€) to be

so that
& =) [ Glr D) b - (e (313
Using the boundary condition (1) + c(ux(1))ux(1) = 0, we may rewrite (3.13) as
& = [ Gl O ) b+ (0 (5.14)

Further, since u} (1) = uy(1) — fol zu”(z) dz = uy(1) — /\fo1 zh(z) f(ux(z)) dz,

by substituting we obtain,

ux(§) = )\/O G(z,&)h(z) f(uxr(z)) dx 4+ uy(1)E, (3.15)

where G is as in (3.6).

Now, proceeding as before, we recall that by (3.7),

ur(€) > esd(©)ATT + up(1)E,
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for £ € N.. Hence, if uy(1) were nonnegative for A > 0 sufficiently small, then we
could conclude that uy (&) > c5d(£))\q_—711 for all £ € N..
Assume, to the contrary, that uy(1) < 0. Then by (3.13) and the fact that

c(s) >0 for s <0,

ur(1) AAaﬂwﬂm@DM—dwOWMU

v

AA%M@ﬂm@DM
A /K oh(z) f (ux(z)) dz + AFO) Al

Y

> Aizevq)\q%ll + Af(0)[|]|x

>0

for A > 0 sufficiently small. Hence, we have a contradiction, and uy(1) > 0. Therefore,
ux(€) > esd(§)ATT for all € € N..

Now, let wy and z, be defined as

—wy = Ah(z) [T (w); @ € (0,1),
wy(0) =0, (3.16)

wi(1) + c(ur(1))wa(1) = 0,

and

—zy = Ah(@) [~ (un); @ €(0,1),
z0(0) =0, (3.17)

2 (1) + e(ua(1))2a(1) = 0.
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Then clearly uy = wy + 2. Further, note that since 2} (z) > 0 and 2,(1) =
—c(ux(1))zx(1), then z)(z) < 0 for all z € (0,1].

Also, 21(€) = A Jy G2, O)h(@)f~(ur()) do — c(ur(1)za(1)€ = AF(0)]A]r-
So Af(0)]|Alli < 2x(€) < 0. Further, for ¢ such that d(¢) = €, we have wy(£) =
uxn(&) — 2x(&) > ur (&) > cgeAq_Tll. Hence, by the maximum principle, we have that
wx(€) > cseda T for all € € (0,1) — N.. Therefore, uy(€) = wy(€) + 2x(€) > cseha T +
Af(0)||h]|1, and hence for A sufficiently small, we have that u,(§) > 0 on (0,1) — N..

This, combined with the estimate of uy(§) on N, completes the proof.
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CHAPTER IV
THE QUASILINEAR CASE

4.1 Proof of Theorem 1.3

For ease of notation in this chapter, we take W = W,(0,1) and let || - ||y =

I lhpo-

Let J : W — R be defined by
1 1
J(w) =+ / (W) dz — A / hF(u) dz. (4.1)
0 0
The second term in the definition of J is well defined, since W < C[0, 1] and

‘)\/01 hE(u) dz

< Ah|li  max  |F(s)| where M; = ||u|co-
—M;<s<M;
Further, the map J is continuously differentiable and

1 1
(J'(u),v) = / /[P~ ' da — )\/ hf(uw)v de Yve W.
0 0

Clearly, the first term of J' is well defined. The second term is well defined since
W < (C0,1] and the extended function f € C'(R). Indeed, to show that J' is a
continuous map, let us show that L,(v) := fol hf(u)v dx is continuous for any v € W.

Let € > 0 be given. Since the extended function f is continuous, there exists

91 > 0 so that for every t1,ty € R such that [ty — t1] < 01, | f(t2) — f(t1)] < I
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Choose § = 2 so that when ||u; — us|jw < 6, we have |lu; — us|lo < &1. Then

for any fixed v € W with |jv||w <1,

)= L) =1 [ A7) = flaa)yo o
< / Bl f () — f(u)][0]oo da
K / Bf () — flus)| da

! €
<k h dx
B /0 kRl

267

for all uy,us with ||u; — usllw < d. Hence,

1wy = Luo|| = sup {|Lu, (v) = Luy(v)[} <€

llvllw <1

Therefore, J is C*.
We will first establish the existence of a solution for (1.5) using the Mountain

Pass Theorem and then prove that the solution thus obtained is positive.
Lemma 4.1. The critical point u € W of (4.1) is a solution of (1.5).

Proof. If u is a critical point of (4.1), then

/ o (u ) ds — )\/0 h(s)f(u(s))o(s) ds Vo € C2[0,1].

Using integration by parts, we then have,

/0 ((0p(u'(5))" + Ah(s) f(u(s))) v(s) ds =0 Vv € C°[0,1].
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Hence, (¢,(u/'(x))) = —Ah(z)f(u(x)) almost everywhere in (0,1). But since f is
continuous, u € C[0, 1], and h € C(0,1), then (¢,(u'(x))) = —Ah(z) f(u(x)) holds for
every x € (0,1). Furthermore, since h € L'(0,1), f is continuous, and u € C[0, 1], we
have that (¢,(u)) € L*(0,1), i.e., ¢,(u') € WH1(0,1).

Let x¢ € (0,1) so that u/(zg) = 0. Then,

Since h is continuous on (0, 1] and f is continuous on [0, 00), —A f;o h(s)f(u(s)) ds is
continuous for all z € (0, 1]. Since o, Lis also continuous, we find that « is continuous
on (0, 1].

For x = 0, we have

i o/ (0) =t 0" (<A [ Ho)(ul) )

xz—0+ z—0+t zo
0
= (ﬁ;l <—)\/ h(s)f(u(s)) d8> ,
z0
exists since ¢, " is a continuous function and h € L'(0,1). Hence, u € C*[0,1]. O

4.1.1 Emistence of a Mountain Pass Solution

In the following theorem, we establish the existence of a Mountain Pass solu-

tion.

Theorem 4.2. For A =~ 0, the hypotheses of the Mountain Pass Theorem are satisfied,
and there ezists a solution uy to (1.5).

In order to prove Theorem 4.2, we first prove several lemmas. Throughout the

1
g+l-p*

calculations to follow, we let r =
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Lemma 4.3. The map J satisfies the Palais-Smale condition.

Proof. First, we wish to show that any sequence, {u,} satisfying the hypotheses of
(PS) must be bounded. Assume to the contrary that {u,} is a sequence such that
J'(u,) — 0, there exists some M > 0 such that |J(u,)| < M for all n > 1, and

|un|lw — 00. Then consider the quantity

HJ(Un) - <J,(un)7 un>
[[2n]lw

?

where 6 > p is chosen as in (AR1). Taking a limit as n — oo, we see that

lim 0.J (up) — (J' (Un), tn)

n—roo HunHW

=0,

since J(uy,,) is bounded and J'(u,) — 0. Also we can write

0.7 () — (' (tn), tn) = (Q - 1) /0 1<u;)p dz

p
- )\/0 h (OF (uy,) — f(uy)uy,) dz.

Note that when w,, > 0, 0F (u,) — f(un)u, < 6, and when u, < 0,

QF(un) - f(un)un = Hunf(O) - f(O)un

— (9= 1)f(0)un.
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Hence

0J(up) — (J (up), upn) > <]€9 - 1) /0 (u)? dx — )\H~||h||1
— A0 = D) f0)[l|wnllool 7]+

0 -
> (5 - 1) ltallZy = ARl = Me(8 = 1)1FO)] et Al

Dividing both sides by ||u,||w and taking a limit as n — oo, we get a contradiction.
Hence, {u,} is bounded in W and therefore there exists a subsequence, call it again
{uy}, which converges weakly in W and strongly in C[0, 1].

Since wu, — u strongly in C|0, 1], then

1
lim [ hf(u,)(u, —u) de — 0.

n—o0 0

Furthermore, since {u,} is a Palais-Smale sequence, J'(u,) — 0. Therefore, since

U, — u is bounded in W, we obtain

lim (J'(up), u, —u) — 0.

n—o0

Hence,
(J' (tp), tp — u) + )\/0 hf(ug)(u, —u) de = (V' (uy,), u, —u) — 0,

where ¥ is as in Proposition 2.5. Therefore, by the (S) property, u,, — u strongly
in W, and so J satisfies (PS). O

Lemma 4.4. There ezists A > 0 and u € W such that if A € (0,\), then J(u) < 0.
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Proof. Let vy € W such that ||vy|lw = 1, vi(z) > 0 for all z € (0,1) (which implies

; -
pArhlvr |11

that v; € L17(0,1) ), and ¢; = <;> . Then for s = c; A7,

1 1
J(svy) = —/ ((svy) )P d — )\/ hF(svy) dx
b Jo 0
sP 1 1 -
< E — /\/ h(A st — A)) da
0
sP N ~
< P AALsT oy [|2T] + AAq[|A])y (4.2)

AP - ~
& ( P A’”w‘hc‘f“"’r’“<q+l>||vl||zii) + M |A1-

Now, substituting in our choice of ¢;, we have

AP 2 ~
J(svy) < & ( — —Al—’“<q+1)) + M| Ay
P D
- 2 1—r(g+1-p) A
:Cﬁ)\ p ———)\ g p +)\A1HhH1
p P
1 -
= —szxrp]—) + AA1 A2

—P -
= \7P (71 + /\1+7"”A1||h||1> .

1

Hence, choosing A < (p||h||1fllcl_p>m, we see that for all A € (0, ), there exists s*

(for example s* = ¢; (%) _T) so that J(u) < 0 for u = s*v;. O

Lemma 4.5. There exist 7 € (0,¢1) and X > 0 such that if ||ullw = TA™", then

J(w) > co(TATT)P for all X € (0, \), where ¢y = 4ip.
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Proof. Let |ju||lw = 7A™", where 7 > 0 is to be chosen later. Then

—r\p 1
gy = A / hF(u) da
p 0
A7) ! )
> A7) —/\Bl/ hlu|™ de — ABi |||,
p 0
TATT)P ~
> : Y By et = ABy A,
TATT)P ~
> - VAR Bl | — ABy Al
TATT)P ~
— ( S ) — AT By Ay (Tx”)q+1 — ABy1]|h|x

P -
> )\ (;—p - AHTPBluhul) |

1
p

where 7 < min {( ,cl} has now been chosen. Taking

1
2pBi|h|l1 kTt )

1

N = e <4p31||h||1)_m,

we have J(u) > ¢,m?A~"? for all A € (0, \) which proves the claim.

4.1.1.1  Proof of Theorem 4.2

We have already established that J € C*(W;R). Observe that J(0) = 0 and
by Lemmas 4.3, 4.4, and 4.5, for A < min{), 5\}, we have satisfied hypotheses (PS),
(MP1)-(MP3) of the Mountain Pass Theorem (where we note that the choice 7 < ¢4
in Lemma 4.5 is sufficient to ensure ||v||yr > R in hypothesis (MP2)). Hence, there

exists a solution wuy to (1.5).
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Remark. To show the simple existence of a mountain pass solution (not necessarily
positive) to (1.5), we may choose ||ul|w sufficiently small and quickly get the desired
result. However this solution likely has negative values, and therefore does not make

sense in the context of the problems (1.3), since f(s) is only defined for s > 0.

4.1.2  Positivity of Solution

Let uy be as in Theorem 4.2 as the mountain pass solution to (1.5). We first

establish two a priori bounds on uy which are necessary for establishing positivity.
Lemma 4.6. Let uy be as in Theorem 4.2. Then there exist an My > 0 and A >0
such that,

MoA™ < lual|oos

for all X € (0, \).

Proof. Recall that J(uy) > com A~ for A € (0, 5\), 0> [ := infyep F(s) > —o0, and
f(s)s < B(]s|9%! +|s|) for all s € R, where B = max{B, B}. Letting

>

_1

1 p\ 1+ R ~

A = min <M> L(2B||hicg ) A S
plF||| ||y
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we have

1 1
/\/ hf (uy)uy dx:/ |u\|P dx
0 0
1
= pJ(uy) +p)\/ hF(uy) dx
0

> peatP AT — pl F[| Rl A

Z 027_1))\—7’])’
for A € (0,A). We further note that

1
CcomPATTP < )\/ hf(uy)uy dx
0

1
< B)\/ ho(Jual"™ + Juy]) do
0

IN

1
B [ bl + sl o
0

< BAIAIL ([ualli" + llualloo),

so that for A < \ < (QEHhchQ_lT_p)_ﬁ, |luxlloo > 1. We also have that

1 1
)\/ hf(uy)uy do < B/\/ ho(Jual™™ + Juy]) do
0 0
1
<BA [ Bl + fuslle) do
0
< 2Bl s

1

since ||uy|lo > 1. Combining (4.3) and (4.4) and taking M, = ( car” )m

2B]|h 1

is proven.

(4.3)

(4.4)

, the claim

]
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Lemma 4.7. Let uy be as in Theorem 4.2. Then there exist cg3 > 0 and \* > 0 such

that,
[ualliy < esA™™

for all X € (0, \*).
Proof. Let Qt = {z € [0,1] | ux(z) > 0} and Q= = [0, 1]\Q". Since u, is a critical

point of J and using Proposition 2.6,

hF(uy) dx+p)\/ hF(uy) dz — pA

o
urf(u g)

SpJ(UA)+p>\/ hUAf(O)dx+p)\/h( 7
- 0

_p)\/ h <UAJ(;<O) + 5) dx

= pJ(up) + pA (1— é) /_huxf(O) dw—pA/Q_ hg dx

A 0
+%/ hurf () da + pAz Al
0

luallly = pJ(w) + pA /

P 0
< pJ () + PARLFO)[IAll lluallw + 5 llually +pAZ 1AL (4.5)
On the other hand, by the mountain pass characterization of uy,

T(ur) < max{ J(s01))

s>0

D ~
S max {% — >\A1$q+1hHU1Hqii -+ )\Aluhul} s (46)
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as in (4.2). Let
sP q+17 q+1 A
p(s) = re AT hllor|lgir + ARl
so that by solving p/(s) = 0, we find that p(s) is maximized when s = KA~ where
K = (Aslg+ Dbl 551)
Hence, if A <1, then A7 > A, and therefore,
j o o g
pd(uy) +p/\5||h||1 < KPAT"™P — pAAREKTTIN (q+1)||v1\|gﬂ + A\p (Al + 5) 171
. —
PATTP — pAlth“)\_’”pHlegﬂ +A7"Pp (Al + 5) || ][4

<K
[ 7 forq+1 q+1 A é -rp
< = pARE olgiy +p | Avt g | 1Pl ) A

= E\TP (4.7)

where ¢ = K? — pA Ko+ [uy [ + p (211 + g) 1.

Mo

By Lemma 4.6, if A\ < min {5\, <i>_r}, then
1 M,
lullw > —lluallee > =227 > 1.

k

From (4.5) and (4.7), we have that

allurllfy < bAluallw + &A™,

48



fora=1—%>0and b = pk[f(0)[||~]|; > 0. Since |lux||w > 1,
alluxlly < bAJurlly, 4 csA™".

Hence if A < 5 = =L , then

0
20pk £ (0)[[A][x

(@ = bA)[Juallyy < A7,
implies that
1 -
sallually < &A™,

_1
The lemma, is proven taking c3 = % and \* = min {1, A\, (i> " m}. H

4.1.2.1  Proof of Theorem 1.3

We prove the theorem by contradiction. Suppose there exists a sequence
{()\j7 u)\j>}?<:’1 - (07 1) X 01[07 1]

of mountain pass solutions to (1.5) as in Theorem 4.2, such that \; — 0, and

CON

m ({z € (0,1)|uy,(z) <0}) > 0. Let w; = . Then we have,

J
T, s

f(u)\j)

o
o

— (0 (u))) =

J
[[r, |
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By (F2) and Lemmas 4.6 and 4.7,

X f ) s ll55?] < A5 B ([l 15777 + [lus,[1557)
< \B (’f%HUAjII%/ +M01—P)\—7"(1—P))

< \;Bey (Aj‘l + A;T“‘p)) , (4.8)
where ¢ = max{(csk)*, M} *}. Hence, we observe from (4.8) that

‘)\jf(U)\J)HU)\JHiO_p{ S BC4 —|— BC4A]._T(1_I))+1

N N q
S BC4 + BC4>\;+17P

< 2By, (4.9)

for \; sufficiently small. Hence \; f(uy,(z))||uy,||2o? converges to a limit, z(x), for

every « € [0, 1]. Furthermore, since Aj||uy,[|35? — 0 as j — oo and f is bounded from

below,
@) = Tim Ay (s, () s 17
> lim =] £(0)[[Jun, 1™
Jj—o0
=0.
Therefore,

Ajh(@) f(ux (@) [unlls? = h(@)z () = 2(2) Vo € (0,1,

and z(z) > 0 for all z € (0, 1].
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Let z; € (0,1) be a maximum of w;(x). Then,

oulus(@) = [ = (@plui() ds
[ uns)s o, ()l 127 .

T

By (4.9), this implies that |¢,(w/(z))| < 2Bey||h|s for all z € [0,1], and therefore

1

[wi(z)] < <QBC4||h||1>E for all z € [0,1]. By the Arzela-Ascoli Theorem, this
implies that there exists w € C[0, 1] so that w; — w in C]0, 1].

Meanwhile, again by (4.9), we have that |A;h(z) f (un, (z))]|u, ||C1,O‘7’} < 2Beyh(x)
for all z € (0,1]. Since h € L'(0,1), by the Lebesgue Dominated Convergence Theo-

rem, we may choose a subsequence uy, with z; — xy so that

/xj Aih(s) f(ux, () llux, |57 ds — /:0 h(s)z1(s) ds = /:O =(s) ds.

T

Hence,

ot ([ om0 17 as) = o ([ 260y a5)

and therefore

/ e ([ mestun (6 oy 17 ds) o

— /Ot ¢! (/ 2(s) ds) da.

o1



Furthermore, observe that w;(t) — [] ot ([ 2(s) ds) dx = w(t), and consequently

xT

/$j Ajh(s) f(ux; (s))[|ux, lo” d8>

t

for all t € [0,1].

Hence, — (¢, (w')) = z > 0 with w(0) = 0 = w(1). Since ||wjlec =1, w £ 0
and since w is concave, w > 0 in (0,1), w’(0) > 0, and w'(1) < 0. Since w; — w in
C'[0, 1], then w;(x) > 0 for all # € (0, 1) for j sufficiently large. Hence, uy,(z) > 0 for
all z € (0,1) for j sufficiently large, which implies that m ({z € (0,1);uy,(z) < 0}) =
0 for all j sufficiently large, a contradiction. Therefore, there exists some A such that

(1.5) has a positive solution for all A € (0, )).

Remark. By Lemmas 4.6 and 4.7, we have
C3
. < —=
[wjllw < My’

where we note that c3 and M, are independent of A, and therefore independent of j.
In the case that h € C[0,1] (that is, p > %), Proposition 3.7 in [dFGU09| implies
that the sequence {w;}32, is uniformly bounded in Cy7[0,1] for some B € (0,1). We
could then conclude that w € C#7[0, 1] for some 3* € (0,3). This makes the proof

simpler when h € C|0, 1].
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4.2 Proof of Theorem 1.4

We begin by establishing the appropriate variational formulation of the prob-

lem. Let W := lep((),l) and take | - [z = || - [[1po- Let E be defined on W
as

B(u) = J(u) + g(u(1)), (4.10)
where

g(s) = /OS c(2)pp(2) dz,

and J(u) is as in (4.1). Once again, the compact embedding of W1?(0, 1) into C10, 1]
implies that E is well defined.

Since we have already established that .J is a C! functional, we need only to
show that H(u) := g(u(1)) is C'. Fix u € W so that for any v € W, (H'(u),v) =
g (u(1))v(1). It is clear that the function g(s) as previously defined is continuously
differentiable, and further, since pointwise evaluation is a continuous operation, we
may conclude that the H'(u) is a continuous functional on W. Hence, E(u)is a C!
functional as it is the sum of two C' functionals.

By Proposition 2.4, we may continue our analysis using

lull = llullpo-

Lemma 4.8. The critical point u € W of (4.10) is a solution of (1.6).
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Proof. If u is a critical point of (4.10), then

/ o (0 (5))(5) dis 4 g (u(1))o (1) = / h(s)f (u(s))u(s) ds v € C[0, 1],

Using integration by parts and the fact that v(1) = 0, we have that

/0 ((6p(w'(s))" + Ah(s) f (u(s))) v(s) ds = 0 Vv € C°[0,1].

As in the proof of Lemma 4.1, we have that (¢,(u/'(x))) = —Ah(z)f(u(z)) for all
€ (0,1), ¢p(u') € WH1(0,1), and u € C*[0,1].
Clearly, u(0) = 0 since u € W. Let C = {v € C*[0,1] | v(0) = 0}. Then since

C' C W and u is a critical point of (4.10),

/ o(u s) ds + ¢'(u(1))v (1):/\/ h(s)f(u(s))v(s) ds Vv eC.

0

Hence, using integration by parts,

¢p(u’(1))v(1)—/0 (6p(u/(5))) v(s) ds + g'(u(1))v(1)
= )\/0 h(s)f(u(s))v(s) ds Vv e C,

which implies that for all v € C,

(G (1) + e(u(1)dp(u(1)) v(L) = byt (1))u(1) + g (w(1))o(1)
- / (6 (5)))' + Mas) F(u(s))) v(s) ds

=0
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since (¢p(u'(x))) + Ah(z)f(u(x)) = 0 almost everywhere in (0,1). Since v(1) is
arbitrary, we may conclude that ¢,(u'(1)) 4+ c(u(1))¢,(u(1)) = 0, and therefore the

boundary conditions are satisfied. O]

4.2.1 Ezistence of a Mountain Pass Solution

Again, our goal will be to establish the existence of a mountain pass solution.

Theorem 4.9. For A =~ 0, the hypotheses of the Mountain Pass Theorem are satisfied,

and there ezists a solution uy to (1.6).
We again establish several lemmas which will help to prove the theorem.
Lemma 4.10. The map E satisfies the Palais-Smale condition.

Proof. As before, we first wish to show that any sequence, {u,} satisfying the hy-
potheses of (PS) must be bounded. Assume to the contrary that {u,} is a sequence
such that E'(u,) — 0, there exists some M > 0 such that |E(u,)| < M for all n > 1,

and ||u, ||z — oo. Then, choosing 6 > p satisfying (AR1) and (AR2), we note that

lim OE (un) — (E'(un), tn)

n—o0 [en 7

=0.
Also note that

OE (un) — (E'(un), tun) = (0 (un) — (J'(tn), un))
+ (0g(un(1)) = c(un(1))(un(1))")
0 » ~
> (2= 1) Il - Adlal,
— Ak(0 = DI £ O)lun g1 212 + 61,
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by combining the earlier estimate on 0J(u,) — (J'(u,), u,) with (AR2). But this
implies,

0— lim OF (un) — (E'(uy), uy)

no0 [ 57

(6 1) Bl = A9l ~ M9~ VIOl +

nvoo [un 57

= 00,

a contradiction. Hence, {u,} is bounded in /I/Iv/, and therefore contains a subsequence
which converges weakly in W and strongly in C [0, 1].

Since wu,, — u strongly in C|0, 1], then

1

lim hf(un)(w, —u) de — 0.

n—o0 0

Furthermore, since {u,} is a Palais-Smale sequence, E’'(u,) — 0. Therefore, since
U, — u is bounded in W, we obtain
lim (E'(uy), u, —u) — 0.

n—oo

Finally, we note that

c(un (1)) @p(un (1)) (un(1) = u(1)) = 0

o6



since u,, — w strongly in C0, 1] implies pointwise convergence and c, ¢, are both

continuous functions. Hence,

1

(E'(up), uy — u) —1—)\/ hf(un)(u, —u) do

— (un(1)) - dp(un(1)) - (un(1) —u(l))
= (W' (un), un — u)

— 0.

Therefore, by the (S™) property, u,, — u strongly in W, and so FE satisfies (PS). O
The following two lemmas are analogous to Lemmas 4.4 and 4.5 presented in

the Dirichlet case, and rely heavily on the estimates there.

Lemma 4.11. Let u and X > 0 be as in Lemma 4.4. Then for A € (0, ), E(u) < 0.

Proof. Choose v, € W C W as in the proof of Lemma 4.4. Then E(sv;) = J(svy) +
g(sv1(1)) = J(svy) since v1(1) = 0 and ¢(0) = 0. The conclusion follows from Lemma

4.4. [l

Lemma 4.12. Let 7 € (0,¢1) and ¢, X > 0 be as in Lemma 4.5. Then if u|lw =
AT, E(u) > co(tA )P for all X € (0, ).

Proof. Since g(s) > 0 for all s € R, we have that F(u) > J(u). From Lemma 4.5,
J(u) > co(TA")P for all X € (0,A). This completes the proof. O
4.2.1.1  Proof of Theorem 4.9

Again, E € CY(W,R), E(0) = 0 and by Lemmas 4.10, 4.11, and 4.12, for
A < min{\, A}, we have satisfied hypotheses (PS) and (MP1)-(MP3) of the Mountain

Pass Theorem. Hence, there exists a solution uy to (1.6).
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4.2.2  Positivity of Solution

To utilize the argument as in the proof of Theorem 1.3, we need two lemmas

as before.

Lemma 4.13. Let uy be as in Theorem 4.9. For My > 0 and A > 0 as in Lemma

4.6,
MoA™ < lua] oo

Jor all X € (0, \).

Proof. Using the same notation as in the proof of Lemma 4.6, since u, is a solution

to (1.6), we have that

3 [ st de = [P do ()6, (D))
= pIun) A [ () do -+ el (1) [in ()P
> pes AP — p|Fl|| 1A

> AP, (4.11)

for A € (0,)). The conclusion follows from the argument in the proof of Lemma

4.6. [l

Lemma 4.14. Let uy be as in Theorem 4.9. There exist C3 > 0 and A* > 0 such

that,

[uallf < CsA™™
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for all X € (0, A¥).

Proof. Since u, is a critical point of £ and using Proposition 2.6,

hF(us) dz + pA / W (us) dz — pglur(1)

O+

1 )
- hua f(0) dx+p)\/0 h (“Afe(uk) + g) dx

- pA/_ h (—u”;(o) + g) dr — pg(ux(1))

sl = pE(us) + 2 [

< pE(uy) +p>\/

= pE(uy) + pA (1 — %) /_ huy f(0) dx —p)\/_ hg dx
A [t 9
B2 [ s us) do -+ pG il = potus (1)

< pE(ux) + pAE[f O) 1Al [Juall

4 Dl + Zen(1))6, (ur(1)) r (1) + pAg I — pg(u(1)

. j
= pE(ux) + AL O] sl + Sl + pAg1AlL,

+ 5 (el (D) (D = Og(ua(1)))
; ;
< pE(us) + pAL O] [kl [usllz + F a2, + pAg Al = p5-

1

Finally, if we choose \ < (' 1‘)_71?, then —0; < MoA~"?, so that

D

Mo
luallZ < pE(un) + pAk|FO)][1Alls [ualls + 2 llual, +mé|lh|h —p@
w = LU w 0 0
p
< pE(ux) 4+ pAE|fO)[||R |1 [Juall5 + 5IIUA||’;~V (4.12)
] M\~
A=k .
+p 6’” ||1 +p g
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By the mountain pass characterization of u,,

E(ux) < max{E(sv1)}

— max{J(su1))
sP R L R
< r};lzag( {E — )\AlSqulh"Ungil + )\Aluhul} , (413)

by (4.2).
Now, note that the inequality (4.13) is identical to the inequality (4.6), except
that the functional J has now been replaced by the functional E. Hence, we may

conclude from (4.13) that

0 ~ \—T

where & = K? — pAlfALI_(q“Hlegﬁ +p (fll + g) |Ih||1 as in Lemma 4.7.
Hence, following the proof of Lemma 4.7, we may combine (4.12) and (4.14)

to observe that
allux|[f < bA[|Jurll + CsA™"

fora=1-2>0,b=pk|f(0)||h]: >0, and C3 = & + 2. Now, choosing A < 2

and taking C3 = %, we may follow the proof of Lemma 4.7 to conclude that

[uallf < CsA™™

oL
for all A € (0,A*), where A* = min {1, A, (ﬁ()') v ,m}. O
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4.2.2.1 Proof of Theorem 1.4

We again prove the theorem by contradiction. Suppose there exists a sequence
{(Nj,ua,) 52, € (0,1) x CH0, 1] of mountain pass solutions to (1.6) as in Theorem
4.9, such that A\; — 0 and m ({z € (0,1)|uy,(z) < 0}) > 0.

Uy ;

Let w; = ——. Then

Tux, oo

F(us))
_ (pr(w;))/ = )\hm, T € (0, 1),

w;(0) = 0, (4.15)
Gp(wj(1)) + c(un, (1) dp(w;(1)) = 0,

and as in the proof of Theorem 1.3, w; — w strongly in C*[0, 1] with w satisfying,

—(dp(w')) =2 x € (0,1),
w(0) = 0, (4.16)

Pp(w'(1)) + c(L)dp(w(1)) =0,

where L = lim;_,o, uy,(1).

Since ||w;||o = 1, w # 0. Furthermore, since z > 0 and ¢(L) > 0, w is concave
and satisfies the nonlinear boundary condition at x = 1 so that w/(0) > 0, w'(1) < 0,
w(1) > 0, and w > 0 in (0,1). The conclusion follows from the same argument as in

the proof of Theorem 1.3.

61



CHAPTER V
COMPUTATIONALLY GENERATED BIFURCATION CURVES FOR
AUTONOMOUS PROBLEMS

Throughout this chapter, we are interested in problems (1.9) and (1.10) in the
case h(t) = 1 for all t € (0,1) (i.e., the autonomous case). Specifically, we consider

two-point boundary value problems of the form,

(5.1)

and

u(0) =0, (5.2)

where f : [0,00) — R is a continuously differentiable function and ¢ : [0, 00) — (0, 00)
is a continuous function. Here, we study positive solutions of (5.1) and (5.2) when

the function f satisfies the hypothesis,
(S) there exist unique (,0 > 0 such that f(s) < 0 for s € [0,3), f(s) > 0 for

s € (B,00), and F(6) = 0.

We note that any solution of (5.1) or (5.2) must be symmetric about any point
to € (0,1) where u/(ty) = 0 (see the proof of Lemma 5.6). Further, in the case of

(5.2), since we will be only interested in the case where u(1) > 0, we must have
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u'(1) < 0. Now, when (S) is satisfied, solutions are convex near ¢ = 0 and t = 1 in
the Dirichlet case, and convex near ¢ = 0 (and possibly near ¢ = 1) in the case of

nonlinear boundary conditions, and concave otherwise. See Figure 5 for examples.

u(t) u(t)

(a) Shape of Solution to (5.1) (b) Shape of Solution to (5.2)

Figure 5. Possible Solution Shapes for Semipositone Problems

Of particular interest in this chapter is the shape of the corresponding bifurca-
tion curves. Laetsch studied bifurcation curves of (5.1) in |Lae71] using a quadrature
method (or time map analysis). He established the following relationship between

the parameter A and | /|-

Theorem 5.1 (see [Lae7l|). There exists a positive solution u € C?[0,1] of (5.1)

with ||u||eo = p if and only if

A= (5.3)

p ds :
2(/ \/F<p>—F<s>) |

Further, for a (X, p) satisfying (5.3), (5.1) has a positive solution u given by u (%) =p,

T /Ou(t) \/ﬁ; te (0, %) ;
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and u(t) = u(l —t) for allt € (3,1).

The ideas of Laetsch have been been adapted to problems with a number of dif-
ferent boundary conditions, for example Neumann (see [MS93]), mixed (see [AMS99]),
and nonlinear boundary conditions (see [GPS17]). In particular, in [GPS17], the au-
thors study a certain example of ¢ arising in population dynamics involving density
dependent dispersal on the boundary. Here, we expand the ideas in [GPS17| for
general classes of ¢ when f satisfies (S). In particular, we provide more detailed anal-
ysis of the quadrature method for such two-point boundary value problems involving

nonlinear boundary conditions. Namely, we establish:

Theorem 5.2. For f satisfying (S), there erists a positive solution u € C*(0,1) N

CH0,1] of (5.2) with ||ulje = p, u(l) =q, and 0 < q < p if and only if

c(q)q

p ds p ds
/o NGOERON / VED) - F(5  VEG) - F@

=0,  (54)

and

V- e (5.5)
F(p) — F(q)

hold. Further, for a (X, p,q) satisfying (5.4) and (5.5), (5.2) has a positive solution

given by

V2N = — ; te[0,1),

(1—75)\/5:/“(” F(pds L te (to, 1],
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u(ty) = p and u(l) = q, where ty satisfies

to =

/f’ ds / (/ﬂ ds +/P ds )
o VF(p)—F(s) o VF(p)—F(s) Jo VF(p)—F(s))

Theorem 5.3. If f satisfies (S), then for every p > 0, there exists ¢ > 0 so that
(5.4) is satisfied.

Theorem 5.4. If f satisfies (S), c(s)s is continuously differentiable, and either

(S1) \S/JFL)S is nondecreasing for s € (0,0) and s + c(s)s is nondecreasing for all

s >0, or
(52) (f(s)c(s)s) > 2f(s) for s € (0,5) and c(s)s is nondecreasing for all s > 0,

is satisfied, then for each fized p > 0, there exists a unique ¢ > 0 so that (5.4) is

satisfied.

In Section 5.1, we prove Theorems 5.2-5.4. In Sections 5.2 and 5.3, we pro-
vide Mathematica-generated plots of the bifurcation curves for some specific super-
linear semipositone problems with Dirichlet and nonlinear boundary conditions, re-
spectively, and highlight interesting behavior of solutions in Section 5.4. Finally, in
Section 5.5, we present an interesting example and its bifurcation diagram where the
hypotheses of Theorem 5.4 are violated, and for fixed p in a certain range, there exist

multiple values of ¢ satisfying (5.4).
5.1 Proofs of Theorems 5.2-5.4
5.1.1  Proof of Theorem 5.2

First we establish the following two lemmas needed to prove our results.
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Lemma 5.5. If [ satisfies (S) and p < 6, then there is no A > 0 for which (5.2) has

a positive solution, u, satisfying ||u)|e = p-

Proof. Assume to the contrary that u is a positive solution to (5.2) for some A > 0
such that ||ull. = p < 0. Note that u/(1) < 0 since we are only interested in the case
where u(1) > 0. Hence, there exists to € (0,1) such that u/(ty) = 0 and u(ty) = p.

Now, multiplying the differential equation by u’, we obtain:

Further, integrating we obtain

(W/(1))* = 2X [F(p) — F(u(t))]; t € (0,t0). (5.6)

But this implies that (u/(0))? = 2AF(p) < 0, a contradiction. Hence, no such solution

can exist. N

Lemma 5.6. Any positive solution u of (5.2) has a unique interior mazimum at
some ty € (0,1), is strictly increasing on (0,ty), is strictly decreasing on (to,1), and

15 symmetric about ty.

Proof. Let ty € (0,1) be such that ||ul|. = u(ty) = p. Suppose there exists another
local maximum. Then there must be a local minimum at some ¢; € (0, 1), at which
u”(t1) > 0, which implies that u(t;) < 8. Let E(t) = AF(u(t)) + 5(u/(¢))* for
t € (0,1). A simple calculation will show that E'(t) = 0, and hence E(t) is constant
on [0,1]. But E(ty) = A\F(p) > 0 while E(t;) = AF(u(t;)) < 0, and hence we have a

contradiction. Therefore, ¢ is the unique critical point and from (5.6), we easily see
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that

(=) VAR - Fu@)]>0; t€(0.t) 67)

—V2NF(p) — F(u(®))] < 0; t € (ty, 1).

Further, note that both wq(t) = u(ty +t) and wy(t) = u(ty — t) satisty

Hence, by Picard’s Theorem, we have w; (t) = ws(t) which implies that u is symmetric

about . ]

We now begin the proof of Theorem 5.2 by showing first that if u € C*(0,1]N
C'0,1] is a positive solution to (5.2) with |Jul|s = u(ty) = p and u(1) = g, then A, p,
and ¢ must satisfy (5.4) and (5.5). We note here that the improper integral in (5.4)
is convergent since f(p) > 0.

Integrating (5.7), we obtain

u(t) ds
Nﬁ_A o (€O (5.8)
and
u(t) ds
(u@%ﬁ:l o e (5.9)
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Setting ¢ = t(, we obtain

P ds
toV 2\ = /0 DRG0 (5.10)
and
P ds
(1 to)V2N = /q et (5.11)

Adding (5.10) and (5.11), we obtain

\/—)\: P ds p ds ,
28y \/F<_p>—F<s‘>+/q NaOEIA0)

and hence from (5.10) we obtain

t(]:

P ds P ds P ds
| o= / (/0 T, W) 1)

Further, using the boundary conditions and (5.7), we obtain

W' (1) = c(q)g = V2A[F(p) — F(q)).

Hence (5.4) and (5.5) are satisfied.
Next, if A, p, and ¢ satisfy (5.4) and (5.5), let ¢y be defined by (5.12), and
define u : [0,1] — [0, p] via (5.8) and (5.9) for ¢t € (0,to) U (to,1) with u(0) = 0,

u(to) = p, u(1) = q. Note that u is well defined on (0, %y) since both

v ds
/0 VE(p) = F(s)
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and tv/2\ increase from 0 to

P ds
/0 VE(p) = F(s)

as u increases from 0 to p and t increases from 0 to ty, respectively. Also, u is well

defined on (tg, 1) since both

and (1 — )V 2\ decrease from

P ds
/q VF(p) = F(s)

to 0 as u decreases from p to ¢ and ¢ increases from ¢, to 1, respectively. Now, define

H :(0,%0) x (0,p) = R by
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Hence, by the Implicit Function Theorem, u is C' on (0,ty). Similarly, v is C! on

(to,1), and from (5.8)-(5.9), we get

i) VA -FGaL: 1€ 0.t0), -

—V2X[F(p) — F(u(t))]; t € (to,1).

Differentiating (5.13) again, we get

—'(8) = M(u(); T € (0,t0) U (to, 1).

But u(ty) = p and f is continuous, and hence u € C?(0,1) N C1[0,1]. Further,

(5.13) implies that —u/(1) = \/2A[F(p) — F(q)], and hence by (5.5) we have /(1) +
c(u(1))u(l) = 0. Thus u is a solution of (5.2).

5.1.2  Proof of Theorem 5.3

Define

c(q)q

P ds r ds
J(p,q) == B ’
(p.0) /0 o) F(s) /q F(p) = F(s)  /F(p) = Flg)

and note that if (S) is satisfied, then for every fixed p > 0, there exists a ¢ > 0 so

that J(p,q) = 0 since

P d
J(p,O):/O F(ps ( >0 and lim J(p,q) = —oc.

) — F(s) q—p~

70



Hence, p, ¢ satisfy (5.4). For p = 6, we again have
lim J(0,q) = —o0
q—0

and observe that

for some z € (0, ¢). Hence, there exists ¢ > 0 satisfying (5.4) for all p > .

5.1.83 Proof of Theorem 5.4

Let p > 0 be fixed. The existence of ¢ > 0 follows from Theorem 5.3. As for

the uniqueness of ¢, a straightforward calculation will show

(5.14)
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A straightforward calculation will show that this implies that

L4 (e(9)s) o —f(s)

s+c(s)s — 2(=F(s))’ (5.15)
and we further observe from (5.15) that, for all s € (0, 3),
1+ (c(s)s) _ 1+ (e(s)s) —f(s) —f(s)
(s 2 stcl)s Z2-F(s) Z3Fp) - FGy 9
Hence, using (5.16), we conclude that
2[1 4 (e(s)s)](F(p) — F(s)) + f(s)c(s)s > 0 (5.17)

for s € (0,5). Since f(s) > 0 for all s € [3,00), it is easy to see that the inequality
(5.17) also holds for s € [B,p). Therefore, by (5.14), we have J,(p,q) < 0 for all
g > 0, and the result follows.

If (S2) holds, then let

and observe that ¢ is continuous on [0, p|, g(0) = 2F(p) > 0, and ¢'(s) > 0 for
s € (0,5) by (S4). Hence, g(s) > 0on (0, 8]. Now, (c(s)s)" > 0implies 14(c(s)s)" > 1,
and therefore, J,(p,q) < 0 for ¢ € (0,8]. For ¢ € (5,p), since f(s) > 0 for all
s € (B, p), it easily follows that J,(p,q) < 0 for all ¢ > 0 from (5.14), and the result

follows.
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5.2 Bifurcation Diagrams for Dirichlet Problems

In this section, we will provide two examples of bifurcation curves for problems

with Dirichlet boundary conditions which are numerically generated in Mathematica.

The general procedure is outlined in Algorithm 5.7

Algorithm 5.7 (Quadrature Method for Dirichlet Boundary Conditions). This is a

numerical method for generating bifurcation curves for (5.1).
Input:  List of N values of p
Output: List of N corresponding \ values
(1) Create empty list of points pts = {}.
(2) fori=1:N.

(a) Evaluate (5.3) given p = p(1) to find A(1).

(b) Append {A(i), p(i)} to the list pts.
(3) Plot the ordered pairs in pts.

We apply this algorithm to the problems,

—u"(t) = M(u(¥))?* = 3), t€(0,1),
u(0) =0 =u(l),

and

—u"(t) = A((u(t)? — 10(u(t))? + 40u(t) — 10), ¢ € (0,1),

u(0) =0 = u(l).

(5.18)

(5.19)
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Note that the reaction terms in both (5.18) and (5.19) are semipositone and

superlinear. Bifurcation diagrams for these problems are shown in Figure 6.

5 10 15

(a) Bifurcation Curve for (5.18) (b) Bifurcation Curve for (5.19)

Figure 6. Bifurcation Diagrams for Two Different Autonomous Semipositone Prob-
lems with Dirichlet Boundary Conditions. Plots of solutions corresponding to selected

(A, p) pairs can be found in Section 5.4.

It is well known that the shape of bifurcation curves depends on characteristics
of the nonlinearity f (see [Lio82]). The nonlinearities in (5.18) and (5.19) are both
superlinear at infinity, and indeed we observe that |[ul|. — oo as A — 0T. Further-
more, the nonlinearity in (5.19) gives rise to what is referred to in the literature as
a reverse S-shaped bifurcation curve. See [CS88| for early work on reverse S-shaped

bifurcation curves.

5.3 Bifurcation Diagrams for Problems with Nonlinear Boundary Con-

ditions

In this section, we provide two examples of bifurcation diagrams for problems
with nonlinear boundary conditions which are numerically generated in Mathematica.

The general procedure is outlined in Algorithm 5.8.
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Algorithm 5.8 (Quadrature Method for Nonlinear Boundary Conditions). This is

a numerical method for generating bifurcation curves for (5.2).
Input:  List of N values of p
Output: List of N corresponding A values
(1) Create empty list of points pts = {}.
(2) fori=1:N.

(a) Use FindRoot to solve (5.4) for q(i) given p = p(i).
(b) Evaluate (5.5) given p = p(i) and ¢ = q(1) to find A(1).

(c) Append {A(7), p(7)} to the list pts.
(3) Plot the ordered pairs in pts.

We apply this algorithm to the problems

—u"(t) = A(u(t))* = 3), t€(0,1),
u(0) =0, (5.20)

u(l)
uw(l) = —e™umu(l),

and

—u"(t) = M(u(t))® — 10(u(t))? + 40u(t) — 10), t € (0,1),
u(0) = 0, (5.21)
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Note again that the reaction terms in (5.20) and (5.21) are both semipositone
and superlinear, and the functions f and ¢ satisfy (S2). Hence, the results of Theorem
5.4 apply. Bifurcation diagrams for these problems are shown in Figure 7.

As before, the nonlinearities in the differential equations are both superlinear
at infinity, and we again observe that ||ul« — oco as A — 0T. Furthermore, the
bifurcation diagram for (5.21) remains reverse S-shaped despite the addition of the

nonlinear boundary condition.

5.4 Behavior of Solutions

We observe from Figures 6 and 7 that the bifurcation diagrams for (5.18),
(5.19), (5.20), and (5.21) end at some maximal value of A, say \*, for which each
problem has a solution. Indeed, the exact end point of the each bifurcation curve is

the point (A*,0).

A 0.1 0.2 03 04

1 2 3 4 5

(a) Bifurcation Curve for (5.20) (b) Bifurcation Curve for (5.21)

Figure 7. Bifurcation Diagrams for Two Autonomous Semipositone Problems with
Nonlinear Boundary Conditions. Plots of solutions corresponding to selected (A, p)

pairs can be found in Section 5.4.
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It is known in the Dirichlet case that the solution to (5.18) and (5.19) with
A = A" is such that «/(0) = 0 = /(1) (see [CS88]). See Figure 8 for a plot of the

solution to (5.18) in the case A ~ \*.

u(t)
3.0

2.5

2.0

1.5

1.0

0.5

0320 0.2 0.4 0.6 0.8 0
Figure 8. Solution Plot for (5.18) with A = A\*. We find that \* ~ 13.7504 using
FindRoot. Solution for A = 13.7504 obtained using NDSolve command in Mathemat-
ica using conditions u(0) = 0 and u (3) = 3 (since § = 3 for f(u) = u* —3). The

derivates u/(0) ~ u/(1) ~ 1.54019 x 1073,

We see from (5.6) that if ||ul|oc = 6, then any solution of (5.2) must also
satisfy «/(0) = 0. In Figures 9 and 10, we illustrate for problems (5.20) and (5.21),

respectively, that as A — A*, ||u]|o — @ and «/(0) — 0.
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1 2 8 4

5

L
x

SA

(a) Bifurcation Curve for (5.20). The curve

ends at \* =~ 5.27171.

u(t)

.0 0.2 0.4 0.6 0.8

(¢) Solution with A = 3.77645.

|lul|co & 3.141 and «'(0) & 2.61673.

Here,

.0 0.2 0.4 0.6 0.8

(b) Solution with A = 2.5152. Here,
||ul|co = 3.658 and u'(0) ~ 5.18379.

u(t)

35 0.2 04 06 08 ]
(d) Solution with A = 5.27171. Here,

|ul|co = 3 and u/(0) =~ 0 .

Figure 9. Bifurcation Curve and Solution Plots for (5.20). Here, we show plots of

solutions for varying values of A converging to \* ~ 5.27171. Note that as A\ — \*,

the solutions are such that ||ul|.c — ¢ = 3 and «/(0) — 0. Solutions obtained using

NDSolve command in Mathematica with conditions u(1) = ¢ and /(1) =

—c(q)q,

where ¢ is found by using the FindRoot command to solve (5.5) for p given A and

then using FindRoot again to solve (5.4) for ¢ given p.
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.0 0.1 0.2 0.3 N o4 8o 0.2 0.4 0.6 0.8 74

(a) Bifurcation Curve for (5.21). The curve (b) Solution with A = 0.158524. Here,

ends at A\* ~ 0.357438. |lul|co = 1.98744 and '(0) =~ 3.41839.

0.0 0.2 04 0.6 08 1,0(

80 02 0.4 0.6 08 74

(d) Solution with A = 0.357438. Here,
(c¢) Solution with A = 0.161253. Here,

[ufloo ~ 0.547992 and '(0) ~ 3.08611 x
|lul|co = 1.22881 and /(0) =~ 1.99141.

1078 .
Figure 10. Bifurcation Curve and Solution Plots for (5.21). Here, we show plots of
solutions for varying values of A\ converging to A\* ~ 0.357438. Note that as A —
A*, the solutions are such that ||u|l.c — 6 = 0.547992 and «/(0) — 0. Solutions
obtained using NDSolve command in Mathematica with conditions u(1) = ¢ and

u' (1) = —c(q)q, where ¢ is found by using the FindRoot command to solve (5.5) for

p given A and then using FindRoot again to solve (5.4) for ¢ given p.
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We also note that, due to the reverse S-shape of the bifurcation curves for (5.19)
and (5.21), there exist ranges of A for each problem where three solutions exist. For
example, taking A = 0.6 in (5.19), we observe from Figure 6b that there are three
distinct solutions with distinct norms. It remains an open problem to establish such
a result analytically in higher dimension. In Figure 11, we provide plots of these

solution curves.

'-é(t)

8.0 0.2 04 0.6 0.8 1.&

Figure 11. Solution Plot for (5.19) with A = 0.6. The FindRoot command was
used to find the three distinct values, p; & 0.742067, py =~ 3.21472, and p3 ~ 7.41075.
Solution obtained using NDSolve command in Mathematica using conditions u(0) = 0
and /(0) = \/2\F(p;) for i = 1,2,3. See [CS88] for justification of this boundary

condition.
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Similarly, taking A = 0.18 in (5.21), we observe from Figure 7b that there are
again three distinct solutions with distinct maximum values. In Figure 12, we provide

plots of these solution curves.

u(®

8.0 0.2 0.4 0.6 0.8 1.If

Figure 12. Solution Plot for (5.21) with A = 0.18. The FindRoot command was
used to find the three distinct pairs, (p1,¢1) ~ (0.897735,0.864852), (pa,q2) ~
(3.211253,3.178000), and (ps,qs) ~ (6.753183,6.734341) satisfying (5.4) and (5.5)
for A = 0.18. Solution obtained using NDSolve command in Mathematica using

conditions u(1) = ¢; and v/(1) = —c(¢;)q; for i = 1,2, 3.
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5.5 Multiplicity Generated by s + ¢(s)s Oscillation

In the case that (s*+¢(s*)s*)" < 0 for some s* € [0, 00), Theorem 5.4 does not
apply. In this case, it is possible that for some fixed p > 0, there are multiple values
of ¢ > 0 so that (5.4) is satisfied. Below, we provide such an example.

Counsider
u(0) =0, (5.22)

and note that although <% ig nondecreasing on 0,v3), s+ c(s)s is decreasing on
g VA g ( \/_) (s) g

the interval

(20—2@ 20+2\/ﬁ>
3 3 '

Applying Algorithm 5.8 to (5.22) , we now need to consider the possibility that for a
fixed p > 6, there may exist multiple ¢ values so that (5.4) is satisfied. In Figure 13,
we provide the numerically generated bifurcation curve. Observe that the oscillation
of s + ¢(s)s has introduced multiple solutions to (5.22) with the same norm. For
example, if we take p = 20, then there are three values of A for which (5.22) has a
solution with ||u|l« = p. See Figure 14 for plots of such solutions.

In particular, if we track ¢ values as we plot the bifurcation diagram, we observe
numerical evidence of some correspondence to changes in the sign of (s + ¢(s)s)’. See

Figure 15, where (A, p) pairs are visually associated with (¢, q + ¢(q)q) pairs.
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Figure 13. Bifurcation Curve for (5.22)

Many problems related to the existence, uniqueness, and exact multiplicity
of solutions to (5.2) remain open. Our aim in this chapter has been to provide a
quadrature method framework for addressing such problems, proofs of some results
related to solutions of (5.4), and numerically generated bifurcation curves, which

motivate further inquiry.
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Figure 14. Solution Plots for (5.22) with ||u||s = 20. The FindRoot command was
used to find the three distinct values, ¢ = 1.44725, ¢o = 6.33969, and g3 = 12.0901
so that (5.4) is satisfied for p = 20. Then (5.5) is evaluated for p = 20 and each ¢;
for i = 1,2,3 to generate \; = 0.566512, \s = 0.468819, \3 = 0.360811. Solutions
for (5.22) with each \; are obtained using NDSolve command in Mathematica using

conditions u(1) = ¢; and v/(1) = —c(g;)q; for i =1,2,3.
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(a) Bifurcation Curve for (5.22)
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(b) Graph of s+ ¢(s)s

Figure 15. Correspondence Between Shape of the Bifurcation Diagram and Shape of

s+c(s)s
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CHAPTER VI
COMPUTATIONALLY GENERATED BIFURCATION CURVES FOR
NONAUTONOMOUS PROBLEMS

In this chapter, we consider problems of the form (1.9) and (1.10), where
h(t) € C(0,1]N L'(0, 1) satisfies the more general condition h(t) > 0 for all ¢ € (0, 1).
As this problem is no longer autonomous, the theory developed in Chapter V no
longer applies, and more traditional numerical schemes for solving ordinary differential
equations must be implemented. In particular, we will implement shooting methods
to numerically generate bifurcation curves for problem (1.9) and (1.10).

In the case of problem (1.9), we consider the related initial value problem

which has a unique solution, say v(t, A, a), guaranteed by Picard’s Theorem. For this
problem, we take a fixed a* > 0 and search for \* > 0 so that v(0, \*,a*) = 0. If

such a A\* can be found, then v(t, \*, a*) is a solution to (1.9) with A\ = A\*.
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Similarly, in the case of problem (1.10), we consider the related initial value

problem

which has a unique solution, say w(t, A, q), guaranteed by Picard’s Theorem. For a
fixed ¢* > 0, we search for \* > 0 so that w(0, \*, ¢*) = 0. If such a \* can be found,

then w(t, \*, ¢%) is a solution to (1.10) with A = \*.

Remark. In setting up the shooting method for problems (1.9) and (1.10), we have
chosen initial conditions at t = 1 for problems (6.1) and (6.2). The choice of t =1

(as opposed to t = 0) is made due to the fact that h may be singular at ¢ = 0.
6.1 Bifurcation Diagrams for Dirichlet Problems

We now provide two examples of bifurcation curves for nonautonomous prob-
lems with Dirichlet boundary conditions which are numerically generated in Mathe-

matica. The general procedure is outlined in Algorithm 6.1.

Algorithm 6.1 (Shooting Method for Dirichlet Boundary Conditions). This is a

numerical method for generating bifurcation curves for (1.9).

Input:  List of N values of «

Output: List of N corresponding (\, p) pairs.
(1) Define V(A a) :=v(0, \, @).
(2) fori=1:N.
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(a) For a* = «(i), use FindRoot to find A\* such that V(A\*,a*) = 0. Set
A1) = A%
(b) Use NDSolve to numerically solve (6.1) with o = (i) and A = A(i). Set

i) = t).
p(1) = max v(t)

(c¢) Append {A(i),p(1)} to the list pts.

(3) Plot the ordered pairs in pts.

We apply Algorithm 6.1 to the problems,

(6.3)

and

—u"(t) = M3 ((u(t))® — 10(u(t))? + 40u(t) — 10); t € (0,1), (6.4)

We have chosen the same nonlinear functions f and c¢ in (6.3) and (6.4) as were
used in the autonomous cases, (5.18) and (5.19) respectively, but have here added
the singular weight function h(t) = ¢~3. Bifurcation diagrams for these problems are

shown in Figure 16.

6.2 Bifurcation Diagrams for Problems with Nonlinear Boundary Con-

ditions

In order to generate bifurcation curves for problem (1.10), we implement Al-

gorithm 6.2.
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(a) Bifurcation Curve for (6.3) (b) Bifurcation Curve for (6.4)

Figure 16. Bifurcation Diagrams for Two Nonautonomous Semipositone Problems

with Dirichlet Boundary Conditions

Algorithm 6.2 (Shooting Method for Nonlinear Boundary Conditions). This is a

numerical method for generating bifurcation curves for (1.10).
Input:  List of N values of ¢
Output: List of N corresponding (A, p) pairs
(1) Define W (A, q) := w(0, A, q).
(2) fori=1:N.

(a) For ¢* = q(i), use FindRoot to find A* such that W(A\*,¢*) = 0. Set
A1) = A%
(b) Use NDSolve to numerically solve (6.2) with ¢ = q(i) and A = A(i). Set

i) = t).
(1) E&S‘fﬁw()

(c) Append {A(i),p(1)} to the list pts.
(3) Plot the ordered pairs in pts.
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and

We apply Algorithm 6.2 to the problems,
(1) = M () - 3); e (0,1),

u(l)
(1) = —e™ (1),

—u"(t) = M3 ((u(t))® — 10(u(t))? + 40u(t) — 10); t e (0,1),

We have chosen the same nonlinear functions f and c¢ in (6.5) and (6.6) as were

used in the autonomous cases, (5.20) and (5.21) respectively, but have here added

the singular weight function h(t) = ¢~3. Bifurcation diagrams for these problems are

shown in Figure 17.

(a) Bifurcation Curve for (6.5)

1 2 3 4 0.00 0.05 0.10

0.15

0.20

0.25

(b) Bifurcation Curve for (6.6)

30

Figure 17. Bifurcation Diagrams for Two Nonautonomous Semipositone Problems

with Nonlinear Boundary Conditions
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6.3 Behavior of Solutions

As in the autonomous case, we observe from Figures 16 and 17 that the bifur-
cation diagrams for (6.3), (6.4), (6.5), and (6.6) end at some maximal value of \, say
A%

It is known that when A is a decreasing function, nonnegative solutions of (1.9)
have a unique interior maximum, say at ty, with u(tg) = ||ullec > 0 (see [CSS12]).
The case where h is increasing on some portion of the domain remains open.

In Figures 18 and 19, we illustrate the behavior of solutions as A — \* for
problems (6.5) and (6.6), respectively.

We also note that, due to the reverse S-shape of the bifurcation curves for
(6.4) and (6.6), there exist ranges of A for each problem where at least three solutions
exist. For example, taking A = 0.45 in (6.4), we observe from Figure 16b that there
are three distinct solutions with distinct maximum values. In Figure 20, we provide
plots of these solutions curves. Similarly, taking A = 0.16 in (6.6), we observe from
Figure 17b that there are again three distinct solutions with distinct maximum values.

In Figure 21, we provide plots of these solution curves.
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(a) Bifurcation Curve for (6.5). The curve (b) Solution with A = 0.333696. Here,

ends at (A*, p) ~ (3.32009, 3.27078). |[t]| oo A 16.6106 and u'(0) ~ 37.2779.

u(t) u(t)

.0 0.2 0.4 0.6 0.8 1.0 .0 0.2 0.4 0.6 0.8 1d

(c¢) Solution with A = 0.655625. Here, (d) Solution with A = 3.32009. Here,

l|u]|co = 8.6796 and ' (0) & 18.4024. |lul|co = 3.27078 and ' (0) =~ 0.0504337.

Figure 18. Bifurcation Curve and Solution Plots for (6.5). Here, we show plots of
solutions for varying values of A converging to \* ~ 3.32009. Note that as A\ — \*,
the solutions are such that ||ulloc # 6 = 3, as they did in the autonomous case,
however «'(0) — 0. Solutions obtained using NDSolve command in Mathematica
with conditions u(1) = ¢ and %' (1) = —c(q)q, where ¢ is found using the procedure

outlined in Algorithm 6.2.
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(a) Bifurcation Curve for (6.6). The curve (b) Solution with A = 0.135132. Here,

ends at (A\*, p) ~ (0.266674,0.872975). |ul|co = 1.51014 and '(0) = 2.55737.

u(t) u(t)

30 0.2 04 0.6 08 ] 35 0.2 04 06 08 Td
(c) Solution with A = 0.141907. Here, (d) Solution with A = 0.266674. Here,
o & 1.15532 and /(0) ~ 1.76858. ]| oo & 0.872975 and u/(0) = 0.345048.

Figure 19. Bifurcation Curve and Solution Plots for (6.6). Here, we show plots of
solutions for varying values of A converging to \* ~ 0.266674. Note that as A — \*,
the solutions are such that ||ul|. # 6 = 0.547992. It is difficult, in this case, to
conclude whether u/(0) — 0. Solutions obtained using the NDSolve command in
Mathematica with conditions u(1) = ¢ and v/ (1) = —c(q)q, where ¢ is found using

the procedure outlined in Algorithm 6.2.
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Figure 20. Solution Plots for (6.4) with A = 0.45. The FindRoot command was used
to find the three distinct values, a1, as, and agz so that V(A «;) = 0 for ¢ = 1,2, 3. So-
lution obtained using the NDSolve command in Mathematica with conditions u(1) = 0
and v'(1) = o; for ¢ = 1,2,3. The maximum of the solutions are p; ~ 0.780876,
p2 ~ 3.16105, and p3 ~ 7.49173, occuring at t; ~ 0.479972, t, ~ 0.469016, and
t3 =~ 0.472155, respectively. In the nonautonomous case, solutions need not be sym-

metric, and hence the location of the maximum may change.
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8.0 0.2 0.4 0.6 0.8 10
Figure 21. Solution Plots for (6.6) with A\ = 0.16. The FindRoot command was used
to find the three distinct values, ¢ ~ 0.846099, ¢» ~ 3.575090, and g3 ~ 6.484586
satisfying W (A, ¢;) = 0 for i = 1,2, 3. Solution obtained using the NDSolve command
in Mathematica with conditions u(1) = ¢; and v/ (1) = —c(¢;)g; for i = 1,2,3. The
maximum of the solutions are p; ~ 0.882413, py = 3.6121, and p3 =~ 6.50745, occuring
at t1 ~ 0.844304, t, ~ 0.905882, and t3 ~ 0.947446, respectively.
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CHAPTER VII
CONCLUSION AND FUTURE DIRECTIONS

7.1 Conclusion

In this dissertation, we have established the existence of positive radial so-
lutions for classes of superlinear, semipositone Laplacian and p-Laplacian problems
with singular weights and both Dirichlet and nonlinear boundary conditions for small
values of the parameter A. In particular, we have exhibited methods for overcoming
the difficulties posed by the semipositone nature of the reaction terms, the presence of
singular weights, and nonlinear boundary conditions. These contributions have been
published or accepted for publication in [DMS16] and [MSS16].

Further, we provided a detailed analysis of the quadrature method for au-
tonomous ordinary differential equations with nonlinear boundary conditions, and
provided algorithms which are suitably versatile to allow implementation in many
programs. We have also provided algorithms for generating bifurcation curves for
nonautonomous problems via shooting methods. Finally, we have obtained (com-
putationally) exact bifurcation diagrams for several one-dimensional problems with

both Dirichlet and nonlinear boundary conditions.
7.2 Future Directions
7.2.1 FExistence of Non-radial Solutions

While Theorems 1.1-1.4 prove the existence of a positive radial solution on the

exterior of a radial domain, these results may be extended to the non-radial cases by
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again employing variational methods. There are a number of natural generalizations,
the first being simply to consider non-radial solutions to (1.3) and (1.4). Beyond that,
one may also consider solutions on the exterior of a non-radial domain, or solutions on
the exterior of a ball with non-radial weight K. While a mountain pass solution may
be tractable in the correct variational setting (by separate analyses of the solution on
both the interior and exterior of a sufficiently large ball), showing the positivity of
the solution in these cases poses challenges which cannot be addressed by our current

methods. See Figure 22 for examples.

7.2.2  Uniqueness

In addition to extending existence results, the question of the uniqueness of
solutions to semipostione superlinear problems is wide open. The only uniqueness
result for such superlinear semipositone problems that is available in the literature
is [ACS93|, where they study radial solutions in the ball via bifurcation theory and
implicit function theorem arguments. All other cases, even in the case of general
bounded domains, remain open, and no results are available in the case of unbounded

domains.

7.2.8  Infinite Semipositone Problems

A natural extension of (1.3) and (1.4) is to consider f(u) = 2% with g being

ue

superlinear and semipositone, and « > 0 small. In this case, 1in(1) f(s) = —oo, which
5—

will pose significant challenges in the analysis.

7.2.4  Numerical Methods

Our computational results in both the autonomous and nonautonomous cases

treat only the p = 2 case. More work is needed to develop numerical methods to
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treat the cases when p # 2, including the development of a quadrature method for

such problems, as well as adapting shooting methods to treat such problems.

/
/
/ \ y \
/ ’/
0 0 0 0
(a) One May Consider Non-radial Solu- (b) One May Also Consider Solutions on

tions on a Radial Exterior Domain. a Non-radial Exterior Domain.

Figure 22. Extensions of (1.3) and (1.4) to Non-radial Cases
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APPENDIX A
KELVIN TRANSFORMATIONS

A.1 Kelvin Transformation on the Exterior of a Ball

We first consider the problem

—Apu = AK(|z])f(u), 2 € Qe,
u =0, |z| = ro, (A1)

u— 0, |z| — oo,

where A > 0 is a parameter, A,z = div(|Vz[P2Vz) with p > 1,
Q. ={z eRY | |2| > rg,ro > 0,N >p},

and K € C ([ro, ), (0, 00)) satisfies K (r) < —rz; p > 0 for r >> 1. Let r = |2| and

v(r) = u(x). Then,
—Apu(x) =N (TN_1|U'(T)|p_2v’(T))/.

Substituting into (A.1), we see

v(r) =0, r — 0.
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o) = 2= ( : ) B i U] (A.3)

we have

z

- ooy = (A22) (l)N 5% (120 2 0) |

Hence, substituting back into (A.2) we observe that

(1ZoF z’(t))l - (%)prg‘NHtHA (rotH)Nl K (rot? ) f(=(1))

_ p p(1-N p—1
=\ (p—;) Tgt(f\’ifp)K (Totﬁ> f(=(2)).

Therefore, the problem (A.1) is reduced to

—(6p(2(1)) = M(t) f(2(1)), t € (0,1), (A4)
2(0) = 0 = (1),

P p(N-1) 1-p
where h(t) = (%r0> N K (rotpffe).

We may apply the same transformation to
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and observe that the differential equation transforms as before. Additionally,

0= 2% 4 &(ue)ule) = ——/(ro) + &v(ro) ulra), ol = 1o,

N p-1
Dividing through by (ﬁ) gives

op(2'(1)) + c(z(1))dp(2(1)) =0,

-1
with ¢(s) = (%6(3))1) . Hence, (A.5) has been transformed to

—(0p(2")" = An(t) f(2), t € (0,1),
u(0) = 0, (A.6)

op (2'(1)) + c(2(1))¢, (2(1)) = 0.
A.2 Kelvin Transformation on an Annulus

In the case of an annular domain, we first consider the problem,

—Apu = MK ([z]) f(u); 2 € Qq,
u(z) = 0; 7| = Ry, (A.7)
u(z) = 0; |z| = Rs.
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As in Section A.l, making the change of variables r = |z| and taking v(r) = wu(x)

yields
= (PN ()P () = AN TR () f(0(r)), Ry << Ra
U(Rl) = 07 (Ag)
U(Rg) =0
Now, making the change of variables s = — fTRQ 7o dr, letting m = — flff e dr,

and taking w(s) = v(r) yields,

w(m) =0, (A.9)
w(0) =0,
where
2(N—-1)(p—1) p—1

~ p=N N — p—N p—N N — —N
N I (=}

Finally, making the change of variables t = ™—* and taking z(t) = w(s), we

see

2(0) =0, (A.10)
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where
h(t) = mP~ (ha(8)* N VK (b (1))

with

(pN mu—mw—m)fﬁ

p—1

We observe that h € C[0,1] as long as K € C[Ry, Ry].

We next apply the same transformation to

—Apu = AK(|z]) f(u); = € Qq,
u(z) = 0; 7| = Ry, (A.11)

Gotcwu=0; |2 =R,

and observe that the differential equation transforms as before. Additionally,

1, ) B
=70 (R2) + c(v(R2))v(Ry), |z] = Ra.

=)
I
_l’_
o
=3
S
S~—
S~—
=
=
|

1-N 1 1=N
V(R) = R w(0) = ——Ry (1)
Hence, we have
1 1 _2=N-p
0= EUI(RQ) + ¢(v(Re))v(Ry) = —ERQ P 2N(1) 4 ¢(2(1))2(1).
2
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But this is equivalent to

op(2'(1)) + c(z(1))dp(2(1)) =0,

where ¢(z(1)) = —mRy " 7?(&(2(1)))”"", and hence the problem (A.11) is trans-

formed into

2(0) =0, (A.12)
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