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Abstract:

In this article we study support vector machine (SVM) classifiers in the face of uncertain
knowledge sets and show how data uncertainty in knowledge sets can be treated in SVM
classification by employing robust optimization. We present knowledge-based SVM classifiers
with uncertain knowledge sets using convex quadratic optimization duality. We show that the
knowledge-based SVM, where prior knowledge is in the form of uncertain linear constraints,
results in an uncertain convex optimization problem with a set containment constraint. Using a
new extension of Farkas' lemma, we reformulate the robust counterpart of the uncertain convex
optimization problem in the case of interval uncertainty as a convex quadratic optimization
problem. We then reformulate the resulting convex optimization problems as a simple quadratic
optimization problem with non-negativity constraints using the Lagrange duality. We obtain the
solution of the converted problem by a fixed point iterative algorithm and establish the
convergence of the algorithm. We finally present some preliminary results of our computational
experiments of the method

Keywords: robust optimization | robust Farkas' lemma | support vector machines | uncertain
knowledge sets | quadratic optimization | duality | 65K10 | 90C25 | 90M45

Article:

1. Introduction

Support vector machines (SVMs) *?° are an optimization-based solution method for data

classification problems. The SVM models are generally formulated as linear or convex quadratic
programming problems. The knowledge-based SVM formulation generates separating
hyperplanes by training on data and utilizing prior knowledge **°. Incorporating prior
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knowledge into SVMs in the form of knowledge sets often improves correctness of the classifier
or reduce the amount of training data needed. Knowledge-based SVM approaches have been
successfully examined in many recent studies *>*° where knowledge sets are assumed to be
known with certainty. In reality, however, they are inherently performed under uncertainty
because the data inputs of prior expert knowledge, such as doctor's experience, often suffer from
experimental or prediction errors. Consequently, it is of great interest to examine the ways of
developing SVM classifiers that are capable of handling data uncertainty in knowledge-based
classification and mining.

In this article, we study knowledge-based SVMs within the framework of robust optimization
that incorporates prior knowledge in the form of uncertain linear constraints. Robust
optimization ! has emerged as a powerful approach for dealing with data uncertainty and it treats
uncertainty as deterministic, but does not limit data values to point estimates. In this framework,
one associates with the uncertain optimization problem its robust counterpart 2°**> where the
uncertain constraints are enforced for every possible value of the data within their prescribed
uncertainty sets.

Key to our approach is the reformulation of the robust counterpart of an uncertain knowledge-
based SVM model as a convex quadratic optimization problem using a generalized Farkas'
lemma. The reformulated problem is then simplified as a quadratic optimization problem with
non-negativity constraints using the Lagrange duality. A solution of the simplified quadratic
problem is then obtained by a fixed-point iterative algorithm. Our approach extends the method
of simultaneous classification and feature selection of >*??, which recently led to the
development of a screening algorithm for HIV-associated neurocognitive disorders®.

The outline of this article is a follows. Section 2 presents preliminaries on knowledge-based
SVMs. Section 3 develops a generalization of the Farkas lemma to systems of uncertain linear
inequalities. Section 4 formulates the robust knowledge-based SVM as a convex quadratic
programming problem. Section 5 describes duality and converts the robust SVM as a simple
quadratic optimization problem with non-negativity constraints. It also presents a fixed-point
pseudo-algorithm and its convergence to the solution of the robust SVM. Section 6 gives
preliminary results on the computational experiments of the method. Section 7 concludes with a
discussion on further research.

2. Preliminaries on knowledge-based SVMs

The conventional SVM problem is formulated as discriminating between m data points in R".
The points are stored in an m x nmatrix A, with the ith point a ; stored on the ith row of A. Each
point is defined to be belonging to either class A or B, which is recorded along the diagonal of
the diagonal matrix D € R™™ . The diagonal elements D ;; =+1, if the point a ; belongs to A,
and D j =—1, if the point belongs to B.

We discriminate between the two data sets with the hyperplane:



{HEH”: a:'ru':}-'] (1)

Naturally, if the convex hulls of the two sets of points are disjoint, then there exists a hyperplane
such that all points are correctly classified. However, most practical problems will involve sets of
points which cannot be perfectly separated using a hyperplane, so we form an optimization
problem whose objective is to minimize some measure of the misclassification. Further, we
introduce two parallel-bounding hyperplanes in the middle of which the separating hyperplane
lies. We separate the two classes of points by these two hyperplanes, namely

r:fjru-'—}-'z—l-l 2)
aTu-'—y:—l* i}

which bound the classes A and B, respectively. The capacity of the classifier is the distance

2
between the two bounding hyperplanes given by Twi. Maximizing the capacity has been shown
to increase generalization of the classifier to new data points®.

If the two groups are not linearly separable, we introduce a slack variable y ; >0 for each data
point. Then, (2) is reformulated as

I'w —y+y: = +1, for points g in class A )
alw —y —y; < —1, for points a; in class B.

)

We also want our separating hyperplane to generalize well to additional data points. In order to
do this, we need to find the right balance between minimizing the error y of the classifier and
maximizing the capacity of the classifier. We see that maximizing this distance is analogous to
minimizing the size I(w) of w, the normal of the separating hyperplane. This is performed in the
following formulation *°:

(SVM)  min /(w)+ pe'y

st. D(Aw —ey)+y=e, y=0,

where 1 is a weighting parameter and WE R", y€ R,y € R™and e € R is a vector of ones.

— el — T .
When ! () = llwlls =w"w (/M) reduces to a quadratic program. In the case
where ! (w) = [wlli = 327 lwil the above formulation is equivalent to the following linear
program:

(SVM;)  min e’t+ pe'y

WYL
s.t. D(Aw—ey)+y=e, y=0,

t=w= —I,



wherew, t€ R",y€R, y € R™. When [ () := w3 + A2llwlly, the model (SVM) becomes the
doubly regularized SVM?":

LA )
(KBP) 11:1‘1;1;1 ?”H‘”% + ha|lwll; + ueTy

s.t. D(Aw —ey)+y=e, y=0.

Assume that we now have prior information in the form of a knowledge set, determined by the
inequalities I’T.'T:- =di j=1,2,...,k where h;'sand d;'s are uncertain and they belong to the
interval uncertainty set, i.e. (hi.di) € [h;. ] = [d;. di]

hyhi € B ith By < hignd 4;-di € B with 4; = di fori=0, 1, ..., k. We further assume that
the knowledge set belongs to class A (Figure 1).

Separating Plane: xf'w =y

4] “
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xTw=7y-1 0 *

Figure 1. The two bounding planes which define the separating plane with a margin of T 1= for
groups A and B. Knowledge sets for classes A and B are regions inside the uncertain polyhedral
sets



In other words, the uncertain knowledge set [2 € B': hfz<di i=1.2.....k |ies on class A's
side of the bounding hyperplane w T z=1v + 1. This is performed in the following knowledge-
based SVM model under data uncertainty ®°:

(KBP)  min [(w)+ pe'y

WY

s.t. D(Aw —ey)+y=e, yv=10
[zeR"|hlz<d,i=12,....k}CczeR": wiz=y+1},

where h; e R"and d; € R "are uncertain fori=1,2, ..., k. In particular,

when ! () == F w3 + Az lwlli, (KBP) reduces to the doubly regularized knowledge-based
SVM under uncertainty:

-

A 2, T
min —||w||5 4+ Az|jw|l; + pe ¥
Wy 2 =

st. D(Aw—ey)+y=e, y=10
zeR" | hlz<d, i=1,2,....,k} C{zeR": wlz=yp+1},

where h; e R"and d; € R"are uncertain fori=1,2, ..., k.

Following robust optimization approach, the robust counterpart 1 of the doubly regularized
knowledge-based SVM under uncertainty is a deterministic optimization problem, given by
. A
min =3+ Aallwlly + pe”y
W)Y 2
st. D(Aw—ey)+y=e, y=0
V(hi,d;) €[l hi] x [d.. d]]. {ze R"| hlz<d,i=1,2,... .k} C{zeR": wiz=y+1}.

In the next section, we derive an extension of Farkas' lemma that enables us to convert the above
robust counterpart as a convex quadratic program.

Table 1. Performance of the algorithms for three public datasets.

Data set (m x n) Training Formulation | Testing % No. of selected
accuracy accuracy features
PID (768 x 9) RK-pg-SVM 0.7802 0.7781 0.4675
pg-SVM 0.7789 0.7766 0.4750
L-SVM 0.7711 0.7727 0.4500
WDBC (569 x 30) RK-pg-SVM 0.9857 0.9830 0.7100
pg-SVM 0.9825 0.9821 0.7133
L-SVM 0.9849 0.9821 0.7267
Correlated data (100 x RK-pg-SVM 0.8500 0.8456 0.4700
10)
pg-SVM 0.8411 0.8400 0.6600




| L-SVM | 0.8367 | 0.8300 | 0.4300

3. Robust Farkas' lemma

In this section, we establish an extension of Farkas' lemma 7 to systems involving uncertain
linear inequalities with the weighted norm uncertainty. The generalized Farkas' lemma plays a
key role in reformulating the doubly regularized knowledge-based SVM with an uncertain
knowledge set as a convex quadratic program.

To do this, let us first recall that the usual p-norm of x=(X 1, ..., Xn) T €R", p>1, defined by

R I'l'
(Zujw)* if pe[l, +00).
Ixl, = § \ 5

max; <=, ilx; [}, if p=+oo.

i e— . _ .
The corresponding dual p-norm of x is given by I lp = SUPraj, =1 @ X = [I¥llp* \ypere p*

I
satisfies 7 ¥ 7 = 1. More generally, foraw=(W1,...,w,)" € R"with w j >0, the weighted p-

norm of x is given by

n 1
T
(Xwiwr). itren+oo,

=1
max; <j<,{w; [%; |}, if p = +o0,

”3":”11'4) =

ME — o r. _ .
and the corresponding dual-weighted p-norm of x is given by Il 7= SUPjar, 1 @° % = 1Dl

, Where

L =1

diag(n-‘]_" ..... 11-};"). if pe(l, +o00),

: 1 ~1 T
diag(wy'....,w "), if p=o0c.

We now present a robust version of the Farkas lemma under the weighted p-norm uncertainty.

Theorem 3.1 (Robust Farkas' lemma)

| my T "o . P
Letpe R, p>1. Let Wi = (wj.....wi)" & B j=1,...,kwith w = U ceR"and
r € R. Define Ui = {ai: |lai = Gillu,p = €iland Vi = (i : 15 — fil < &), where & € B fi € R,
ei,0i ER,fori=0, 1, ..., k.Suppose that one of the following two conditions holds:



1. p=lorp=+w

: T = A
2. p € (1, +0) and there exists x o € R "such that 4 0 = -ﬁa, forall (ai,Bi) €U xV;.
Then, the following statements are equivalent:

I Ya;, By el =V, n’;r.'f < fi,i=1,.... k= eTx =r

i @ne R w e RN withuip < 1)

e+ Zf-"=| A+ Zf=| i Dy = 0and v + EL] rilfi — 8 = 0

Proof [(i) = (ii)]
Define &(¥) = SUPy, 5,14, (o] x = il §_ 1,...,k Then,

gi(x) = supla x — B; 1 a; = @i + u;, il p = € Bi— 8 = Bi = Bi— ;)
=& x+€llx|l},, — (Bi—8)
= a!'x + €| Dix|,. — (B; — 8)).

Then, (i) can be equivalently rewritten as
gr’(f":\liﬂ.. i=1,....k= CTJ.:—;'“;_E- 0.

If the assumption (1) holds, then each g ; is a polyhedral function. On the other hand, if the
assumption (2) holds, then the Slater condition (i.e. {x: gi(X)<0,i=1, ...,k} #®) is verified. In
both cases, the classical Farkas' lemma shows us that there exists a A; >0 such that

k
(c"x—r+ Z Ligi(x) =0, VxeR".

i=1
This implies that

T

i Iy I
(H Z:Maf) x4+ z;w-efnﬂfxnp. >0, VxeR'and —r— z;u;(ﬁ; —8;) = 0.
i=1 i=1 i=1

The first condition is equivalent to the inclusion



k

K
e (c+ Y ki) + 3eDa -1 X0)
i=1

i=1
where 8 is the standard convex subdifferential *®. This means that (due to the fact

that # (- llp=)(0) = {x= llxllp = 11y there exists a u; € R"with lu ;1, <1 such that
k k

(c + Z }h,-r:?,-) + Z ri€; Dy = 0.
i=1 i=1

Thus, statement (ii) holds.

[(i)= ()] Takex€R"suchthat® ¥ =B i=1....k y@; Bi)eU; xV;. Then,
alx + €| Dixlly — (Bi—8) = gi(x) <0, i=1,... k.

This together with statement (ii) implies that

k
Ix—r=c"x—r+ Zli(ﬁf:ﬁ: + €| Dix|| p« — (ﬁ? — 5;.-])

i=l

k T L
_ (¢+Zm;) ot (Z;qeﬂw;-,ﬂhf) (; +Zm(ﬁ; )

i=l i=1

I s ﬁ
= — Z}..;.-E;rﬂ;r!igrl + (Zl;fallﬂ 3't||p ) ( Z r(ﬁr - 5?))

i=1 1 i=1
i K
— }‘-FEF(”DFIHP' — M?ﬂ;ﬂ'} — (." + Z}u?(ﬁ? — 5;)) = ﬂ'
i=l i=1
Thus, statement (i) holds.=
Remark 3.1

It should be noted that, in the special case of p=+o,e; =0and &; =0,i=1, ... ,k, Theorem 3.1
reduces to the celebrated Farkas lemma (cf. 7). Various extensions of the Farkas lemma can be
found in 2.

We now examine the robust Farkas lemma of Theorem 3.1 in the case of interval uncertainty.
This case will enable us to reformulate the knowledge-based SVM with uncertain knowledge
sets as a standard quadratic program in the next section. Moreover, the interval uncertainty is the
simplest and most commonly used uncertainty in robust optimization *.



We see that the interval uncertainty case can be obtained as a special case of the weighted oco-

. . . w1 oay
norm uncertainty. To see this, consider & = (h'..... A" € B" = (..., 0" e R
=T e B with h<h, Let€ = maxi<j<alh ' =B/} =0 Letw=(wl ... ,w")
Cowd = J,zé - =} h— h+h )
with hi-ni "= 73" Then, we obtain

l=j=n

[gﬂ:{@h“Jﬁ:muwHM—EHEeh:m:M—£M£54‘

Proposition 3.1

Let fii- hi € B with By <hiand d;. di € R with &; = di fori=0, 1, ..., k. Then, the following
statements are equivalent:

i .fr;‘r_t =d;, Yk, di) e [I_IJ-.E,-] P |Qr-.3,|. i=1....k=wx=r
i @eRD w4+ b =0, w5 Ak < Oandr + Y5 ad; <0,

Proof

1 F'&- —_—
ul_f =5 = - h

Letp=+oo, € = mﬂ);..,_;fﬁj,{ﬁf-j —h'} =0 et i = (! ) with =~ Bn/ hy = =5

Then, we have [t 51 = [ = || = hllw, » < €. So, Theorem 3.1 shows us that there exist
a &€ BE ;€ R wim l|uills = lsych

that @ + 30y Ak + 370 hie Diwi = 0 gpg r + 30 hid; = 0. where
D; = diag((w!)~' . (w7 Note that

Sy A
e;D; = diag f% .

So, the first condition can be equivalently rewritten as

k - =1 1 = "
hi+h . (h — D h, — k'
lule < Vand w3 B2+ g B2 ) ) o
i=l

This is, in turn, equivalent to

k
H"l‘z:‘ufﬁf:_:‘ 0 and w4+ Z:\.fﬂf < ().

i—=1 i=1



4. Knowledge-based SVMs under uncertainty

In this section, we use Proposition 3.1 to derive an equivalent quadratic program for the
uncertain (KBP) with the interval knowledge data uncertainty, extending the recent doubly
regularized SVM model *°.

- T - I ’ . . . .
Let [z € B"hiz = di.i =1.2.... K} he our uncertain knowledge set for points in class A. We
would like the robust counterpart of the knowledge set to be in the region w "z>y + 1 . Thus, our
robust counterpart of the set containment constraint in (KBP) is

V(hid) €lh, bl x [d.d), {x:hlz<dyi=1,....,k} S {wlz=y+1}. (4)
Now Proposition 3.1 shows that

V(i d)e bl x [dndi] iz hlz <dni=1,....k} S {wz=y +1)

i

k
w+ Z wil; < 0,

&3 =0 st g wt+ ) uhi =0, (3)

Incorporating these constraints into the doubly regularized SVM formulation, we obtain the
following robust knowledge-based doubly regularized SVM problem:

. }u] ] .
min — w3 + Aallwll, + &
(w.E ) e R =R <R RE 2

[ D(Aw — ye,,) + & = e,
k

—W — ZM;.';_!',- =0,
i=1

k
s.t. 4w+ ZM;—E—E 0,
=1

k

—(y+ 1) =) ud; >0,
i=1
0, i=1,....k

E=0, u; =

Adding slack variables ¢1+ €2 € %% and B> 0 and minimizing their L ; norm, the model becomes



. }'vl 2 .
(Po) (o omin e 3 W Al + e + e+ 82) + B

[ D(Aw — yew) + E = em,
k
—W — E wih, + 6 = 0,

i=1

w+ E”FE-“" & =0,
i=1

sl 4

We see that in the absence of knowledge sets in (P o), where w=0 and y=— 1, our robust
knowledge-based doubly-regularized SVM problem reduces to

. Al
min —
(wEyu)eR xR xRxR 2

D(AW - }"Er;uj + E = Ema

_Z”*h + &1 =0,
k

ot Zlffﬁf"‘gzz[}:

i=l

w3 + Aallwlly + en + en(61 +8) + B

Zu-d- + =0,

Ebﬂgj,gq}{}ﬁ}ﬂ
w; =0, i=1,....k,

which is equivalent to the following doubly regularized SVM problem proposed in 5:

. A \
min — w3 + Az llwll; +el&
(wiy)eR"xR™"xR 2 B

.t D(Aw — yey,) + & = e,
o E=10

Therefore, the model problem (P o) is an extension of the SVM model considered in 5 by
incorporating uncertain knowledge sets.

Letw=p—qg,wherep=(pP41,...,pn)and g=(q1,...,qn), be defined by



0, w; =0,

—wp, owy < (.

0, w;<

0
oand g=(w)_ = |

Wi, W >

pi= o), = |
Then,

Iwl3=1p—qll;=lpl;+lgl; and [w]; =el(p+ q).

So, the robust knowledge-based doubly regularized SVM problem (P o) can be rewritten as

- Al 2 N,y T T T
min —_ 2 2 > ) .
(pgbEyu)e B xR xR*xRxR 2 ULPl2 + Igll2) + 22, (P+9) +epf + €, (61 +52) + B

' D(A(P - fi’] - '}"Em) +E&=em,

k
—p+q—) w40 =0,
i=1

k
st P_ff+;uihi+§2:_}. 0,

k

—(y+1D)—) wd+p =0,

i=l
Pg=0,6=0,0,0=20,=0,

u; =0, i=1,....k.

We now further simplify this model to a form of quadratic program in the matrix form. To do
this, denote

H, :(}i],...ﬁj_gﬁ_]emnxkﬁ HZ:(EI:HH:.EHE[R”M:'

d=(d,,....d) eR*, u=(u,...,u)" R,

(P e
y=1gq|€ Mﬁi"{'kﬁ b=1x|e, | € Rirrﬂ-kﬁ
\ u 0
( E E.P‘H
V= i;.] = M”J+j—”+] . E — [} I= Rﬂ]+2’?+] . (6]
&2 0

l\.ﬁ 1



‘Ir}i')(}i' {}.Fi')(.?i' [}.Fi')(.ﬁ.'

C=x1| Onsen Tisen Onur | € M[En-i—k}x[ln-i—k}* (?]
[}eri' Gﬁ'xrr [}ﬁ'xﬁ'
b= ( D {}”“"(1”"'” ) € [plm+2n+1)x(m+2n+1) (8)
Oanstyxm  I2ns1yx2n41)
and
A _A {.}”‘xk
‘é‘ _ _Inxrr Inxrr _H] c R[”Hz”"'”xﬁ”"'“ . (9]

I}rxn _Inxn HE
0 0 —d"
Then, we can write the robust knowledge-based regularized SVM problem (P o) into the

following matrix form:

. 1 :
min —yTCy+bTy+el,, .

(yry) e REH cRuttnti o 2 Y
s.t. D(Ay—yé)+v=é
y=0,v=0.
Using a similar idea to that of Mangasarian for the LSVM 16, we
replace b "y by y Ty and fﬂ].:-zuﬂ Yby ’]5 v v, This allows us to remove the non-negative

constraints y>0 and v>0. Moreover, we also append an additional ¥ to the objective function
as done in 17. This in effect maximizes the margin between the parallel separating planes. These
modifications give rise to the following optimization problem:

: ]' T ]- ¥ ]. o ]
P min —vHC+ uhv+ =2+ v?
) (yny) e REH Rty 2 ( u)) 27 2” Iz

s.t. DAy —yé)+v =8,
where p € R is an additional tuning parameter.
5. Duality and algorithm
Jump to section

In this section, we present an algorithm for finding a solution of (P) by solving its Lagrangian
dual problem. We also provide a proof for the convergence of the algorithm.



To formulate its Lagrangian dual, we define the Lagrangian as follows:

1 1, 1 f .. R
L(y.v.v:2) =50 (C+phy +5v +5lvl; -2/ (DAy — yDé+v - &),

Then, the Lagrangian dual problem becomes

max L(v.v.z
_1',1-‘,];:”]@,3_2{] ( :'}":. :]

dl dl dlL
5.1. ._(.]"1:- v, '}":Zj = {}: ._(.}'1:' v, }"’:- 2:] = {}:- ._(.]’?:- v, }":3] = {}
ay av ay
This can be expressed as

1 1 1 i o~ A A
max SIT(C+uDy +37 +5 W — 2T (Bdy — yDo+ v

yeRE e R ye R =0

st. (C+pDy—(DA)Tz=0, v—z=0, y+(D&)z=0.
Solving the constraints gives us that
y=(C+u) Y (DAz, v=2z and y=—(D&)'=

Substituting these two relations into the Lagrangian dual, we get

]_ A A L ]. Lol s ]- ~
max - 527 (DA(C+ uby ' DA)z - 5 (D)) L Szl + 67
st. z=(.

Note that ((Dé) 20> = (zT (DéN DT z) = 2T (DétDé )z, and so, the dual problem can be
rewritten as

]_ A A A A AL A -
max  —=z' (I4+ DA(C + pl)" (DA)" + Dé(De)")z + ¢z
T Rm+3n+1 2
s.t. z=0.

Letting @ =1 + DAC + D~ " (DA)T + Dé(Dé)” we see that Q is positive definite as for
each x e R™2™1,

xTOx = J:T(I—I— ﬁj(C + ﬂﬂ_](ﬁﬁ]r — ﬁé(ﬁé}r),x > |x|%.

This shows that the dual is equivalent to the following strictly concave quadratic maximization
problem with non-negativity constraints:



1 .
(D) max —=z'Qz+¢é'z.
== 9 =

The following theorem presents the duality relationship between (P) and (D).
Theorem 5.1

Let (y, v, y) € R*™ x R™?"1 x R and z € R™?""!. Then z is a solution of (D) if and only
if (C+ )" (DA 2. 2.+Dé)" 2) s a solution of (P). Moreover, we have

min(P) = max(D).

Proof

Clearly,

(y,y,v) : D(Ay — y&) + v > &) # 0.

So, it follows from the Lagrangian duality theorem that

: dlL
min(P) = max(D) = max [L(}-‘, wy.z) i — (v, y.z) =0,
y.pe R z=0 H..F

dal al
_(1'« V.V, Z] = {}.« _(]’« v, V. Z] = [} -
dv ay

Note that vy =(CHply - (DAY 2
AL o Ly oy ) — AL T '
vt vy 2= Zand by (Y. vy 2 =y +(De) ~*So, the conclusion follows.=

Now, to solve the dual problem, let us look at its optimality condition, which is a simple
nonlinear complementary problem 0 <zl Qz— &> 0. By using the following elementary
equivalence

O=albz=0&b=(h—-—aa),, ao=0,

the optimality condition reduces to

Oz —é=((Qz—¢é) —a2),.

This leads us to the following simple iterative fixed point algorithm:

=071+ ((Qz" —e)—az)).,),

where a is a real number satisfying 0 <a <2.

To summarize, we formulate the pseudo-algorithm (Algorithm 1) as follows.



Algorithm 1

Tuning procedure

Construct a grid with each grid point corresponding to the pair
(i, (M1);) = (212), (i.j)e{=5.—4,....10}

Select a tuning parameter and tuning set.

Inner problem

For the selected tuning parameter p,A;, determine the matrix
Q =1+ DAC+ u)" " (DA" + Dé(De)",

where C is defined as in (4.7), D is defined as in (4.8), A is defined as in (4.9) and & is defined as
in (4.6). Solve the inner problem with the following steps.

Stepl letz®=Q 8, setit=0andi=0
Step2 Zo|d=20+é

Step3 While it < maxiter and 1z og—z ' | > tol
Zod=12 i

2" =Q e+ (Qz' —&)-az")))
it=it+1landi=i+1;

end

JI'I
Step4 Calculate ¥ = (€ + )" (DAY zaway = —(Dé) 2. 1dentify p, q by (H :
Output y andw = p —q and record the test accuracy, CPU time and the useful features by
removing all features corresponding to weights satisfying |w ; |/lwl., < 0.25.

Updating the tuning parameter
Using the 10-fold cross-validation and update the tuning parameter.

Output



Determine the optimal tuning parameters by choosing the highest average testing accuracy. Then
output the corresponding testing accuracy, training accuracy, average CPU time and average
selected features.

Now, we present the convergence of our algorithm.

Theorem 5.2

Let 0 <a <2 and let u, A; be arbitrary tuning parameters. Let 21 pe a sequence generated by
the inner problem. Then z 'converges to a unique solution z of the dual problem (D).

Proof

As D is a strictly concave maximization problem, it has a unique solution provided the solution
set is non-empty. Now, denote the unique solution by z. Leta=Qz and a' =Qz 'for each i =0,
1,.... Toshow z' —z, we only need to show a' — a as Q is positive definite (and so,
invertible). By the optimality condition, we see that

Qz—é=((Qz—¢&) —az),
and hence
a—=e41 (EI —é—a0 'a),.

On the other hand, by our algorithm, z"**=Q @+ ((Qz' —&)~az').).
So,a™=é+u'-é-aQ ta'),
lat! — a| = ||((EIE —é—aQ™! a‘-)_; - ((ﬂ —&)—aQ™! a)_ |l

-

Now, using the projection theorem, which states that the distance between any two points is not
less than the distance between their projections on any convex set (here is the nonnegative
orthant), the above relation gives us

la*! —al < | —eQ Y)d —a)|| < |1 —aQ7'|||a' — al.

To finish the proof, it suffices to show that Il — aQ < 1. To see this, note that 0 <o <2
and x T Qx> IxI? for each x. So, for each z, we have Iz11Q Y zI>z"Q 7 z>1Q * zI% Thus,
1Q <. So, whenever a € (0, 2), Il —aQ <. Hence, the conclusion follows.=

6. Computational experiments
In this section, we provide details on the computer implementation of our proposed algorithm.

Datasets



To conduct the analysis, three publicly available datasets were utilized. These datasets are
accessible via the Wisconsin machine learning website: ftp://ftp.ics.uci.edu/pub/machine-
learning-databases/

For the reader's interest, a short summary of each dataset is included below.

Wisconsin Breast Cancer dataset The Wisconsin Breast Cancer dataset (WDBC)
consists of 30 real-valued features, constructed from 10 characteristics within the lump
of 569 women with suspected breast cancer.

Pima Indians dataset The Pima Indians dataset (PID) consists of 768 observations, each
with eight features describing attributes such as blood pressure and body mass index of
both healthy patients and those displaying signs of diabetes among the Pima Indian
population.

Correlated data This dataset was constructed using MATLAB, and consists of 10
features; the first five of which are highly correlated. These correlated features are
referred to as signal variables, whereas the remaining features are regarded as noisy,
irrelevant variables. The class +1 follows a normal distribution with mean p.=(1, 1, 1,
1,1,0,0,0,0,0) "and with a covariance matrix

( ' Osxs )

r= ,

Oses  Lsus

where * is a (5 x 5) matrix such that each diagonal element is 1 and each off-diagonal

element is 0.8. The class —1 is also normally distributed with the same covariance
matrix but with mean p_= (-1, -1, -1,-1,-1,0,0, 0,0, 0) " .

Methods

Robust knowledge-based pg-SVM (RK-pg-SVM) method (Algorithm 1): In particular,
the uncertain knowledge set is generated by the following procedures: we first took a
small part of the data in the given dataset to form a preliminary knowledge set. Then, we
randomly generated 100 independent copies from this preliminary knowledge set by
adding Gaussian noises. Then, the lower-bound (% and ¢+) and upper-bound (/i and ;)
of the uncertain knowledge set were determined as the smallest lower-bound and biggest
upper-bound of these 100 copies.



* The pg-SVM method (Code was based on 5).

» The Lagrangian-SVM (L-SVM) method (Code was based on Mangasarian 17).

Comparison

From Table 1, we can see that the RK-pg-SVM slightly outperforms pg-SVM and Lagrangian-
SVM in terms of both training accuracy and testing. In terms of selecting the fewer features, the
L-SVM is comparable with the RK-pg-SVM and pg-SVM, and RK-pg-SVM slightly
outperforms pg-SVM.

6.1. Visualization of the results

In this subsection, we present graphs to visualize how incorporating robust knowledge sets
affects the resulting separation planes. To see the results, we pick the first two features in each of
the two datasets and plot the two classes of data sets, separation hyperplanes and the uncertain

polyhedral knowledge sets. The results for the datasets MDBC and Correlated_Data are given
15 T T T T T T

_B L i i L L L
below. 3 -2 -1 0 1 2 3 4



7. Conclusion and future research

In this article, we have shown how data uncertainty in knowledge sets can be treated in SVM
classification by employing robust optimization. We examined knowledge-based SVMs within
the framework of robust optimization that incorporates prior knowledge in the form of uncertain
linear constraints. By using a new robust version of Farkas' lemma under uncertainty, we
reformulated the knowledge-based SVM problem as a standard quadratic optimization problem.
A solution of the reformulated problem was then obtained using the Lagrangian duality scheme
and a fixed point iterative algorithm. We also proved the convergence of the algorithm. We
finally provided some preliminary results on the implementation of our numerical scheme. Our
approach raises some interesting questions for further research.

For instance, it is known that the use of nonlinear kernels in SVM formulations is generally
effective in knowledge-based classification. It would be of interest to extend our approach to
solve classification problems with positive semidefinite nonlinear kernels. On the other hand, an
efficient construction of uncertainty sets is a key modelling issue in the area of robust
optimization. Consequently, it would be beneficial from the point of view of practical
applications to study robust optimization models with other broad classes of uncertainty sets,
such as the ellipsoidal uncertainty, and to examine efficient ways of constructing these
uncertainty sets for SVM classification. These issues will be investigated in a forthcoming study.
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