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ABSTRACT: We study a product of null-integrated local operators @1 and Qs on the same
null plane in a CFT. Such null-integrated operators transform like primaries in a fictitious
d — 2 dimensional CFT in the directions transverse to the null integrals. We give a complete
description of the OPE in these transverse directions. The terms with low transverse spin are
light-ray operators with spin J; 4+ Jo — 1. The terms with higher transverse spin are primary
descendants of light-ray operators with higher spins Jj + J2 — 1+ n, constructed using special
conformally-invariant differential operators that appear precisely in the kinematics of the
light-ray OPE. As an example, the OPE between average null energy operators contains light-
ray operators with spin 3 (as described by Hofman and Maldacena), but also novel terms with
spin 5,7,9, etc.. These new terms are important for describing energy two-point correlators
in non-rotationally-symmetric states, and for computing multi-point energy correlators. We
check our formulas in a non-rotationally-symmetric energy correlator in N' =4 SYM, finding
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1 Introduction

In Euclidean signature, the operator product expansion (OPE) gives a convergent expansion
for correlation functions around coincident-point singularities. This expansion lets us formu-
late nonperturbative bootstrap conditions and perform myriad computations. Lorentzian cor-
relators are in principle determined from Euclidean ones by analytic continuation. However,
a given OPE may not commute with this continuation. Furthermore, Lorentzian signature
allows for a much richer set of singularities than Euclidean signature [2]. It is important to
develop nonperturbative tools for understanding these singularities and efficiently computing
Lorentzian observables.

The work [1] introduced an intrinsically Lorentzian OPE for products of null-integrated

operators on the same null plane.!

This OPE can be applied to Lorentzian observables
called “event shapes,” which measure the distribution of energy (and other quantities) in a

collider-like experiment [5-7]:
(WIE () - - () [ 0). (1.1)

Here |¥) is a state, for example created by sending particles from past null infinity and
letting them scatter. Each operator £(7n;) is a stress-tensor integrated along retarded time at
future null infinity, at a fixed position 7; € S2 on the celestial sphere. The £(7;) act like
calorimeters, measuring the energy flux at angle n;. We refer to the £(n;) as “detectors.”

The OPE developed in [1] gives a nonperturbative expansion for event shapes in the
separation between a pair of detectors 1 —nj - ng. Specifically, [1] gave a precise description of
the low “transverse spin” terms in this OPE. Here, “transverse spin” j refers to spin on the
celestial sphere: it is conjugate to rotation of the points 71, ns around each other, see figure 1.
The spin J, a different quantum number, is related to selection rules for the light-ray OPE.

The low transverse spin terms in the £ x £ OPE are given by spin J = 3 light-ray operators
[1], in accordance with an earlier analysis of the light-ray OPE by Hofman and Maldacena
[7]. This is the complete OPE in 3d CFTs, where the transverse direction is 1-dimensional.
Furthermore, low transverse spin terms are sufficient for studying two-point event shapes in
rotationally-symmetric states in d > 3 dimensions. This covers many of the cases studied
in the literature, including simple energy two-point correlators in QCD [6, 8-11] and N =4
SYM [12-14].

In this work, we derive the remaining terms in the light-ray OPE, including arbitrary
transverse spin. Higher transverse spin terms are important in d > 3 dimensional theories
when the initial state |¥) is not rotationally invariant or when other detectors are present.
For example, in an energy three-point correlator (¥|E(7n1)€(n2)E(N3)|¥), transverse spin in
the £(n1) x £(n2) OPE encodes dependence of the event shape on the direction of the tangent
vector from 7n; to Ng relative to the third direction ns.

!See also [3] which derived the leading term in the expansion of a particular two-point event shape in N' = 4
SYM theory, and [4] which derived leading terms in collinear limits of energy-energy correlators in the setting
of perturbative gauge theories.
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Figure 1: The celestial sphere S92 in a two-point event shape. The positions of the detectors
are parametrized by 71,72 € S42. The light-ray OPE is an expansion in the angle 6 between
detectors (solid red arc). Transverse spin j is conjugate to the angle ¢ of one detector around
the other on the celestial sphere (solid blue arc).

In seeking the higher transverse spin terms in the £ x & OPE, we initially encounter a
puzzle: there are no spin J = 3 primary light-ray operators of the type defined in [15] that can
do the job. The resolution is that higher transverse spin terms are “primary descendants.”
They are given by the action of special conformally-invariant differential operators Ds, on

2 These conformally-invariant differential

light-ray operators with higher spins J = 3 + 2n.
operators convert spin J into transverse spin j. They are well-defined only when acting on
objects with special quantum numbers — precisely the quantum numbers that arise in the

light-ray OPE. We find that the £ x £ OPE takes the schematic form

_ + + + +
Ex&= Z <©i,J:3,j:0 + 07 50T ©i,J:3,j:4> + ZD2n@i,J:3+2n,jz4- (1.2)
i

n,t

Here, (O),i J; are light-ray operators on the i-th Regge trajectory with spin J and transverse
spin j. The special differential operators Ds, act on @2 J=3+2n,j=4 O give higher transverse
spin terms. A Chew-Frautschi plot of the light-ray operators in (1.2) is depicted in figure 2.

The higher transverse spin terms are new ingredients in the light-ray OPE. However, it is
interesting that they do not require us to go outside the space of light-ray operators defined
in [15]. Instead, they are hidden in an interesting way inside the usual space of light-ray
operators — at higher values of J. Along the way to understanding higher transverse spin
terms in the light-ray OPE, we will also find a much simpler derivation of the original light-ray
OPE from [1].

2In applications to event shapes such as (1.1), where the light-ray operators appearing in the OPE are
inserted at spatial infinity (and extend along the future null infinity), the operators D2, are actually polyno-
mials in the special conformal generators K,,. This happens because an inversion which sends a finite point to
infinity maps the translation generators P, (which act by derivatives) to K.
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Figure 2: Chew-Frautschi plot of light-ray operators in the £ x £ OPE in a hypothetical
CFT. We show Regge trajectories of even signature operators with transverse spins j = 0
(black curves), j = 2 (blue curves), and j = 4 (green curves). Light-ray operators that
appear in the £ x & OPE are marked with dots. They include operators with spin J = 3 and
transverse spins j = 0,2,4. (These are the “low transverse spin” terms described in [1].) In
addition, there are primary descendants of light-ray operators with transverse spin j = 4 and
spin J =5,7,9,....

We begin in section 2 with an introduction to the kinematics of transverse spin, focusing
on the example of energy correlators in the process ete™ — hadrons. In section 3, we
provide a more detailed introduction to the underlying representation theory and the special
conformally-invariant differential operators that raise transverse spin. In section 4, we give a
new derivation of the light-ray OPE, using null-integrated scalars as an example. In section 5,
we generalize this discussion to the OPE of null integrals of arbitrary local operators. In
section 6, we rederive the scalar light-ray OPE using the light-ray OPE formula for general
operators, and give the light-ray operators that appear in the light-ray OPE of two charge
detectors and the light-ray OPE of two energy detectors. In section 7, we check our formulas
for an event shape in N’ = 4 SYM with a non-rotationally-symmetric final state. We conclude
in section 8 with discussion and future directions.

2 Event shapes, OPEs, and transverse spin

Event shapes describe patterns of excitations at future null infinity. Perhaps the most impor-
tant examples are energy correlators

(W|EM) - - E(n) W), (2.1)

which measure the distribution of energy at future null infinity in the state |¥). Here, £(n;)
are calorimeters inserted at future null infinity in the direction 7; € S%2 on the celestial
sphere. (We define them more precisely below.)



Suppose that |¥) is created by a linear combination of local operators O; acting on the
vacuum,

W) = /dd:chi(x)Oi(x)|Q>. (2.2)
The energy correlator is

(W|€(m) - - E(mn) | W) = /ddl‘ddw’ Z J (@) f5(@)QIOf () () - - - €(7n) O5(a) )

d 7 ~ ~
_/éﬂimmmwwmmmwﬁmw@@% (2:3)
i,J

where
|mm=/%wwmmx (2.4)

and fi(p) is the Fourier transform of f;(z). The matrix element on the last line of (2.3) is
defined by stripping off a momentum-conserving delta function:

(Oi(@)|E(Ti1) -~ £ (1) |0;(p)) = (Oi(p)IE (1) - - € (72n) 05 (p)) (2) 6% (p — q). (2.5)

The delta-function 6%(p — ¢) appears because the detectors £(7;) are translation-invariant:
translations do not alter the direction in which the excitations exit the system at future
null infinity. Thus, we are naturally led to study expectation values of energy detectors in
momentum eigenstates,

(Oi(p)|E€(n1) - - - E(Mn)|O; (p))- (2.6)

2.1 Example: ete™ — hadrons

As a concrete example, consider the Standard Model process eTe™ — v* — hadrons, treated
to leading order in the fine structure constant, but to all orders in the QCD coupling.? The
relevant energy correlator is an expectation value in a state created by the electromagnetic
current J,

eI (p)EM1) - - E(nn)[Ju(p)) e, (2.7)

Here, €, is a polarization vector for an off-shell photon that depends on the beam direction and
helicities of the incoming eTe™ pair. (We imagine that the collision occurs at high energies,
so the electrons can be treated as massless.) Suppose particle 1 moves along the €, direction
and particle 2 moves along the —¢&, direction, with total momentum p; +ps = p = (E,0,0,0).

3In practice, one considers the processes at high energies where hardonization corrections can be argued to
be relatively small [16, 17], and computes the above event shape using perturbative QCD. Such calculations
are one of the ways used to measure the strong coupling constant as, see [18] and references therein.



We henceforth set E = 1. If the incoming helicities are 1727, the corresponding polarization
vector e is

e = Xaot A1 = (0,1,4,0). (2.8)
More generally, for helicities 1¥2F, we have
e =€l =(0,1,+4,0). (2.9)

We can think of the ket and bra together in (2.7) as giving an (unnormalized) density
matrix. For example, for helicities 1727, we have the pure state

prra- = [Ju(P) (S (D)€ €2, (2.10)

= €". More generally, we may wish to study a mixed state, for example

where we used €/

by averaging over incoming helicities
. 1
Ptz = [JuP) (S (p)] - 5 (ehe +eZel). (2.11)

It is common to additionally average over the beam direction, replacing elfrei — %(n’“’ — %).

However, this discards valuable information, as we explain below.

2.1.1 Symmetries and the density matrix

Let us understand how symmetries constrain energy correlators in the process ete™ —
hadrons. Along the way, we will introduce the notion of light-ray operators with nonzero
transverse spin and understand how they appear in event shapes. Instead of QCD, we will
work in a general 4-dimensional CFT. However, much of our analysis will not depend on
conformal symmetry. We point out when conformal symmetry is used below.

We concentrate on a two-point energy correlator in a density matrix where we average
over helicities (but not the beam direction)

Tr(pi3€(M1)E(M2)) = (Ju(p)IE (M1)€ (M2)[Ju(p)) - %(6’16'1 +elel). (2.12)

Let us separate the tensor %(e e + ' eY) into irreducible components under the rotation

group SO(3) that fixes p. Focusing on spatial components i, j = 1,2, 3, we have the traceless-
symmetric and trace parts

1 1 2 .. 2
2(e+e + € 6+) <2(e+e + € €+) 36”) +§5”. (2.13)
The traceless-symmetric part can be written as a sum of products of null vectors ¢ € C3:*
1 2 .. o
5 (e+e + € e+ 55” = Z q7'q. (2.16)
q

4This is a general fact about traceless symmetric tensors. An example decomposition in this case is

1 i
2(€+6 +e )~ 5] Zq (2.14)
qeq



Plugging this in, we have

Tr(p3€(M)E(R2)) = > (T (p)|E(A1)E(R2)|Ju(p))g"q” + trace part, (2.17)

where ¢ = (0, ¢) and “trace part” refers to the contribution of the second term in (2.13). Note
that each ¢ appearing in the sum is null and orthogonal to p:

¢ =q-p=0. (2.18)
The form (2.17) makes it easy to analyze the constraints of symmetries, since now we have
only a single vector ¢ instead of a tensor.

2.1.2 Symmetries and detectors

Next we need a more precise definition of the detector £(n). It can be expressed as an integral
of the stress-tensor T* over future null infinity. To state this more concretely, we can make
a conformal transformation that maps future null infinity to the plane = = 0. We then have

Em) — 2/d:p+T++(:U_ =0,2",7), (2.19)

where # € R%=2 is a function of 7. As explained in detail in [15], such null-integrated stress
tensors can be interpreted in terms of the “light-transform” of T', denoted by

L[T)(z, 2), (2.20)

where x is a space-time position marking the starting point of the null integral, and z is a
future-directed null vector. The definition of L is given in (3.3) below. This description is
useful because L[T|(z, z) transforms like a primary operator at z. If we send x to past null
infinity, L[T](x, z) becomes the null integral in (2.19). If we instead send z to spatial infinity,
then L[T](x, z) becomes directly related to £(n),

£(7) = 2L[T] (00, 2) (2.21)

where z = (1,n).
In this work, we derive a nonperturbative OPE between light-ray operators that takes
the schematic form

L(T)(z,20)LIT)(x,22) = > > Ca,-1,5(21, 22,0z, 00)Da, (2, 2, w). (2.22)

§=0,2,... i

where ) contains four null vectors,

1 L1 .
Q= {%(1,0,11),—6(0,1,12)}. (2.15)



Here, Cs;(21,22,0.,0,) is a differential operator that is fixed by Lorentz symmetry, and
Da, j(x, z,w) are light-ray operators that we characterize in more detail shortly. For now, the
only information about Da, j(x, z,w) that we need are its Lorentz transformation properties.
It is a homogeneous function of null vectors z € R w e C¥~ 1! with homogeneities

Da, j(z,az, fw) = o' "2 I, ;(z, 2, w). (2.23)
Furthermore, 2z, w are subject to the constraints
zoz=w-w=w-z=0, (2.24)
and the gauge redundancy
w e~ w+ Az (2.25)

We can interpret z1, z9, and z as embedding space coordinates [19] on the celestial sphere
592 and w as an embedding space polarization vector on the celestial sphere. The quantum
number j labels spin on the celestial sphere, which we call “transverse spin.” Further, A; — 1
is a dimension on the celestial sphere, and (2.22) takes the form of an OPE in a fictitious
d—2-dimensional Euclidean CFT.

The dependence of £(n), Da j, and Cs; on the coordinates zi, 22,2, w relies only on
Lorentz symmetry — not full conformal symmetry.® We will use conformal symmetry later
to derive (2.22) — in particular to constrain which Dy, ; can appear. However, it is possible
that a similar OPE exists in non-conformal theories, and our analysis of the contributions of
light-ray operators Dy, ; in this section will also apply in that case.

2.1.3 Symmetries and matrix elements

Using the OPE in (2.17), it suffices to compute matrix elements

(Ju(p)IDa,,j (00, z,w) | (p))g"q" . (2.26)

In fact, let us analyze a more general matrix element where the density matrix has SO(d —1)
spin I:

M(z,w;p,q) = (Opyoopuy, (P) DA, j (00, 2, w) |0, , o (P)) G -+ g (2.27)

The virtue of having classified the density matrix and light-ray operators into irreducible
components is that M is fixed by symmetry. The argument is as follows. Because of the
gauge redundancy (2.25), w can only appear in the gauge-invariant combination

[z, w]" = 2Hw” — whz”. (2.28)

"Note that our use of A to denote one of the quantum numbers of Da ; might suggest that we are relying
on conformal symmetry. We are not: here 1 — A is the Lorentz spin of Da ;. The reason for this convention
will become clear soon.



Because of (2.24), the only antisymmetric tensor we can contract this with is [p, ¢]. Since w
must appear with homogeneity j, we have

M(z,w;p.q) = ([, ] - [p,q])’ x something. (2.29)
Finally, homogeneity in ¢ and z fix the rest of the matrix element up to an overall coefficient:

M(z,w;ip,q) o< ([z,w] - [p. gl (=2 - @) (=p - 2) 17270 (2.30)

2.1.4 A selection rule

The result (2.30) manifests a selection rule: Light-ray operators with transverse spin j only
have nonzero expectation values in density matrices with SO(d —1) spin [ at least j. In other
words, for M to be nonvanishing, we must have

i<l (2.31)

For example, if we average over the beam direction so that only density matrices with [ = 0
appear, we discard information about light-ray operators with nonzero transverse spin.

Because of the selection rule (2.31), the low transverse spin terms in the & x & OPE
(1.2), which have j = 0,2,4, are sufficient for computing two-point event shapes in density
matrices with SO(d — 1) spin 4 or less. This includes the scalar density matrix studied
in [9, 10, 13, 14]. Higher transverse spin terms are important for density matrices with higher
spin and in multi-point event shapes.

2.1.5 The form of the light-ray OPE

The differential operator Cs; appearing in (2.22) has an expansion in the angle 6 between
detectors, or equivalently in small —2z; - 2o & §2. To leading order in this expansion, Cs,; acts
as

6—j—6

Co,j(#1, 22,0, 00) [z, 0] - [P, q)) f(2) = (=221 22) " % (—[21,22) - [P, @] f(22) + ..., (2.32)

where f(z) is any function of z with the correct homogeneity, and “...” indicates higher-order
terms in 6. Applying this to (2.30), we find

(Opsy-pai (D) LT (00, 20)L[T)(00, 22)| Oy oy (D) -+ ¢
=3 hi (2220 2) 77 (el I g (=22 ) (= ) AT L) (233)
gt

[13 b

where ); ; are OPE coefficients that are not fixed by Lorentz symmetry. The on the
right-hand side are fixed by symmetry and re-sum into a celestial block [1].° We have written

only the leading term of the celestial block for simplicity.

SWe give some example calculations of celestial blocks in section 7.2.1.



Figure 3: Kinematics of a two-point energy correlator in the process ete~ — hadrons. The
picture shows the spatial geometry in the center of mass frame; time is suppressed. Particles
e’ and e~ propagate in along the ¢, directions, and we measure energy flux in the directions
n1,n2. (The correlator is invariant under swapping e and e~.) 1 (solid green arc) is the
angle between one of the detectors ng and the beam direction, 6 (solid red arc) is the angle
between detectors, and ¢ (solid blue arc) parametrizes the angle of 17 around 72 on the
celestial sphere.

Let us specialize further to the kinematics of interest. Note that

[21, 22] - [P, q] = 27012 - G (2.34)

where z; = (1,7;), 7i12 = N1 — N2, and ¢ are the spatial components of g. From (2.33), we can
compute the leading terms in the OPE for each possible value of [ and j:

71| 27 <(€+ - 7i12) (€ - 1) — §ﬁ§2) +... (j=21=2),

el (€ )(E )~ 3) (G=01=2),

71227+ ... (j=0,1=0). (2.35)
where we used (2.16) to replace the sum over g. In each case, the “...” are fixed by symmetry

and resum into a celestial block. The fact that light-ray operators with j = 0 appear in two
different ways reflects the fact that matrix elements of a given light-ray operator can admit
multiple three-point structures, each of which comes with its own OPE coefficient. Light-ray
operators with j = 1 do not appear in the £ x £ OPE due to permutation symmetry under
ny <> N2 (which follows from the fact that energy detectors commute).

To be completely explicit, let us parametrize the vectors as

ﬁQ = sz(l/})((), 07 1)
N1 = R..(v)(sinf cos ¢, sin O sin ¢, cos 9). (2.36)



where R, (1)) is a rotation by v in the zz plane. Here, 1 is the angle between the (nearly
coincident) detectors and the beam, # is the angle between detectors, and ¢ represents a
rotation of the two detectors around each other on the celestial sphere, see figure 3. The
expressions (2.35) become

1
9T (3—cos2gbsin2¢> + ... (j=2,1=2),
2
9Ai_7 (Sln2¢—3>—|— (]:0,l:2)7
02T 4 (j=0,1=0). (2.37)

where “...”

are higher order terms in 6. As a check on the first line of (2.37), note that
if we set ¢» = 0 or m, so that the detectors are both approaching the beam direction, the
dependence on ¢ goes away, reflecting the fact that our density matrix is invariant under
rotations around the beam direction.

Typically both theoretical and experimental analysis of the ete™ — hadrons process
focus on observables averaged over the beam direction. As explained above, this amounts to
throwing away the contribution of light-ray operators with non-zero transverse spin, which
contain extra information and can provide further nontrivial tests of QCD. Event shapes
that are not averaged over the beam direction, so-called oriented event shapes, were studied
experimentally at LEP by the DELPHI [20] and OPAL [21] collaborations. For a recent

discussion of oriented event shapes in QCD, see [22].

2.2 A transverse spin puzzle

So far, we have introduced the kinematics of the light-ray OPE inside a two-point event shape.
The next question is: what are the operators Da, ;7 In particular, what are the corresponding
values of A; and OPE coefficients? In [1], we derived the low transverse spin terms in the
light-ray OPE. For simplicity, consider a product of light-transformed scalars L[¢]L[¢2]. The
result of [1] is”

L[(bl] (.CU, Zl)L[¢2] (xv 22) =Tl Z CAifl,O(Zlv 22; 822)@)1”]:71(%7 22)

1

+ higher transverse spin. (2.38)

The operators (O)Zi’ j—_1(z,2) are analytic continuations of null-integrated operators L[O;]
to spin J = —1, where O; appears in the ¢; X ¢o OPE. The quantum number A; becomes
the analytic continuation of scaling dimensions of O;. The operators (O)Zi’ j—_1(z, z) have
transverse spin j = 0 — in particular they depend only on x and z and not on an additional
polarization vector w. The reason is that only traceless symmetric tensors O; appear in

" As explained in [23], this product is only well-defined for a theory with a sufficiently low Regge intercept.
Here we assume this is the case for the sake of illustration.

,10,



the OPE of scalar operators. The light-transform L[O;] of a traceless symmetric tensor has
vanishing transverse spin, and thus so do its analytic continuations.

Note that in d = 3 all (bosonic) operators are traceless-symmetric tensors and corre-
spondingly there is no transverse spin in d — 2 = 1 dimension. The higher transverse spin
terms in (2.38) are absent in this case. However, in d > 3 the transverse spin j can be
non-trivial and we expect infinitely many higher transverse spin terms to appear in (2.38),
since there is no reason to expect the event shapes to be independent of the angle ¢ discussed
above.®

It is natural to expect that higher transverse-spin terms in (2.38) should also be related
to the ¢1 X ¢ OPE. However, this presents a puzzle: All the primary light-ray operators
Oa,,7(z, z) built from ¢ x ¢2 using the construction of [15] have vanishing transverse spin.
How can we build light-ray operators with nonzero transverse spin to play the role of Dx, ;
with j > 07 It turns out that the Da, ; are primary descendants of Qa, j — i.e. carefully
chosen derivatives of Op, s that nonetheless transform like conformal primaries. In the next
section, we explain how such primary descendants arise.

3 Building transverse spin with differential operators

3.1 Local operators, light transforms, and shortening conditions

Consider a local operator O*1#7(x) with dimension A and spin J. Throughout this work, we
will use index-free notation, where we contract spin indices with an auxiliary null polarization
vector z € R4=L1:

O(z,z) = O (@) 2y oy, (2 =0). (3.1)

By construction, O(z, z) is a homogeneous polynomial of degree J in z. Under a conformal
transformation U, we have

UO(z,2) Ut = Q)20 R(z)2), (3.2)

where (z') and R(z") are the local rescaling and rotation associated to U.

Index-free notation is more than a convenience. It allows us to describe a wider class of
conformal representations than those associated to local operators. As an example, consider
the light-transform

L[O](z, 2) /_ Z do(~a) 70 (2 - 2 ). (3.3)

a

8The more accurate statement is that the first line of (2.38) already contains higher-transverse spin terms:
they are generated by the operators Cso. However, since the operators Cs,o are fixed by Lorentz symmetry,
these contributions are determined in terms of j = 0 contributions and therefore the event shapes would still
be over-constrained if there were no additional contributions to (2.38). For example, one would be able to
write a differential equation in z1,z2 that the product L{¢1](z, z1)L{¢2](z, z2) would have to satisfy. It can
be checked that this differential equation is incompatible with the leading term of the L[¢2] x L[¢3] OPE in
(W|L (61 ]L ] Ligs] | V).
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which is an integral of O in the direction of its polarization vector. Using index-free nota-
tion, we can interpret the light-transform as a conformally-invariant transform, changing the
quantum numbers (A, .J) by

L:(AJ) = (1—J,1—A). (3.4)

In other words, L[O](z, z) satisfies the conformal transformation law (3.2), with A replaced
by 1 —J and J replaced by 1 — A. (This is clearest from the definition of the light-transform
in the embedding space [15].) In general, we define the spin of an object as its homogeneity in
the polarization vector z. Because L[O](z, z) has non-integer spin 1 — A, it cannot be written
in terms of an underlying tensor with 1 — A indices.

Though index-free notation appears to treat the nonlocal operator L[O] in the same way
as the local operator O, there is still something special about the representations associated
to local operators. Specifically, a local operator is a polynomial in its polarization vector.
This can be phrased as a kind of shortening condition. Morally speaking, J + 1 derivatives
of O(z, z) with respect to z must vanish:

“ORL L O O(z, 2)” = 0. (3.5)

We must take care to write this condition correctly because z is constrained, z? = 0. Let us
parametrize z by

2=, JeR, (3.6)

where we use lightcone coordinates z = (27, 27, ) with metric d2? = —dztdz~ +d7-dZ. A
more proper shortening condition is

3;1 e 6;"“(’)(96, z) — traces = 0, (3.7)

where we subtract traces using the metric on R4~2. The argument for (3.7) is as follows.
O(z,z) is a sum of products of J factors of 1,%? and the components of . If J + 1 j-
derivatives of some term is nonzero, at least two of those derivatives must act on the same ¢?
factor, resulting in a nonzero trace. By subtracting traces, we remove such terms.

The shortening condition (3.7) is naturally a traceless symmetric tensor with spin J + 1
in the “transverse” space R92. We can write it more economically by introducing a null

vector § € C%2 guch that 52 = 0:
(8-05)" T O(x,2) = 0. (3.8)

We can make (3.8) Lorentz-invariant by introducing a polarization vector w = (0,2y- 5, §) €
C4=L1. By construction, w is null and transverse to z, ie. w-z = w?> = 0. We would
like w to encode only the d — 2 degrees of freedom in §, so we must additionally impose a
gauge-redundancy w ~ w + Az. The condition (3.8) finally becomes

(w-0,)" T O(z,z) = 0. (3.9)
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One can check that the differential operator (w - 9,)”*! preserves the ideal generated by

22 = w -z = w? = 0. More nontrivially, it is gauge invariant under w — w + Az precisely
when acting on functions with homogeneity J in z (we show this in (3.24) below).

The shortening condition (3.9) for O implies a related shortening condition for L[O]. For

simplicity, suppose O is a scalar, i.e. J = 0. By integrating by parts inside the light-transform

(3.3), we find

L(w-0,) = ﬁ ((z <Og)(w - 0y) — (2 0)(w - 81))L (acting on scalars with dimension A).
(3.10)
Consequently, L[O] satisfies its own shortening condition
<(z ) (w - 8) — (28 (w - 8I)>L[O](:c,z) —0 (O scalar), (3.11)

inherited from the shortening condition (3.9) for O. Just as w - 9, is Lorentz-invariant (also
conformally-invariant) only when acting on scalar representations, (z-0)(w-0;)—(z-0;)(w-0x)
is conformally-invariant only when acting on representations with the quantum numbers of
L[O], i.e. with dimension 1 —0 = 1.

3.2 Reducibility and primary descendants

The operator (z-0;)(w-0,) — (z-9,)(w-d;) can be compared to other conformally-invariant
differential operators that exist for special quantum numbers. A well-known example is the
operator that takes a current to its divergence

T = 0,T" = (9, - 0:)T (x, 2). (3.12)

On the right-hand side, we have written the divergence in index-free notation.
The operator J, - 0, changes quantum numbers (A, J) by

9y -0, (d—1,1) — (d,0). (3.13)

It is conformally-invariant only when acting on operators with the correct dimension and spin.
This has the following representation-theoretic interpretation. Let Va ; be a long multiplet
(i.e. a generalized Verma module, see e.g. [24]) of the conformal group with dimension A and
spin J. Va1 is irreducible for generic A. However it becomes reducible when A = d — 1:

Va—11 D Vao. (3.14)

The quotient Vd,m = Vi_1,1/Vao is the short representation associated to a conserved cur-
rent. If |7 (2)) = z,|J*) is the highest-weight state of V;_; 1, then the highest-weight state
of Vd,g C Vd,1’1 is

P-0,|7(2)) (primary descendant). (3.15)
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We say that (3.15) is a “primary descendant.” More formally, there exists a homomorphism
®: Vi — Va1, (3.16)

sending the highest-weight state of Vo to (3.15) inside V;_; ;. By replacing P — 0, inside the
expression for the primary descendant, we find the conformally-invariant differential operator
(3.13).

In summary, conformally-invariant differential operators are in correspondence with re-
ducible generalized Verma modules — i.e. generalized Verma modules that contain primary
descendants. The differential operators arising in this way have been studied in the mathe-
matics literature, and also in the physics literature due to their relation to poles in conformal
blocks [24-27]. We refer the reader to [24] for a lucid discussion and classification. In order
to compare our operator (3.11) to the classification in [24], we must understand the quantum
numbers of the corresponding primary descendant.’

3.3 Index-free notation for general tensor representations

A general finite-dimensional tensor representation p of SO(d—1,1) has a Young diagram with
rows of length (mq, mo,...,my,), where n = {%J, see figure 4. We define spin J = my as the
length of the first row of the Young diagram of p. The remaining rows A = (mg,...,my)
define a representation of SO(d — 2). We define transverse spin j = mg as the length of the
first row of the Young diagram of A.

An operator in the representation p has indices OQ#1 = #I¥1¥mai=iP1Pmn (1) Each index
group delimited by semicolons is symmetric. Furthermore, O is traceless in all its indices, and
satisfies some additional symmetry conditions that we describe below.!? To use index-free

notation, we introduce null polarization vectors z,wy,...,wy,_1 for each row:

Oz, z,w) = O(x, z,w1, ..., Wp—1)

— (OH1 IV Vmg s P10 P - ce . Ce
- O "2 mn ($)ZN1 ZNJwLVl wlvl/’mg wnflvpl wnflvpmn'

(3.17)

9Strictly speaking, we need to be more careful because the notion of generalized (aka parabolic) Verma
module depends on a choice of a parabolic subalgebra of conformal algebra. This choice determines, in
particular, which quantum numbers can be non-integer. In [24] the parabolic subalgebra is the maximal one
for Euclidean conformal algebra, and it allows for non-integer A. Here, we are interested in both A and J
being non-integer, which requires us to consider the maximal parabolic subalgebra of Lorentzian conformal
algebra. Therefore, the classification of [24] is not, strictly speaking, applicable here. It would be interesting to
have a full classification for Lorentzian conformal group. We take a more simplistic approach: our conformally-
invariant differential operators can be identified with analytic continuations in J of the differential operators
classified in [24], and this will be enough for our purposes.

0For simplicity, we only consider the bosonic representations, i.e. the representations of SO(d — 1,1) and
not of Spin(d — 1, 1). Furthermore, we ignore the possible self-duality conditions in even d.

— 14 —



Figure 4: A Young diagram for an irreducible representation p of SO(d — 1,1). The rows
have length mq, ma, ..., m,. We often write m; = J (spin) and mgy = j (transverse spin). If
we remove the first row of the Young diagram for p, the remaining rows (mg, ..., m,) make
a Young diagram for an irreducible representation A of SO(d — 2). If we remove another row,

the remaining rows (my,...,m,) make a Young diagram for an irreducible representation -y
of SO(d — 4).

Here we used the notation w to denote the collection of vectors w;, ¢ = 1---n — 1. The
polarization vectors satisfy the relations

0=22

0=w?=w 2

O:wgzwg-wlzwg-z

0= w,%_l = Wp_1 Wp2 =+ = Wp_1 - 2. (3.18)

The additional symmetry properties of O are equivalent to the statement that O(x, z,w) is
invariant under the gauge redundancies

wy ~ wy + #z

wy ~ we + Hwy + #z

Wp_1 ~ Wp_1 + #Wp_o + -+ + #2. (3.19)
The object O(x, z, w) is a homogeneous polynomial of the polarization vectors z, w1, . .., wp—1
with degrees (J,ma,...,m,). We often abbreviate w; = w.

The index-free formalism we have just developed is essentially the embedding space for-
malism for the Lorentz group.'! In the embedding formalism, a traceless symmetric tensor
operator in d-dimensions becomes a homogeneous function O(X, Z) of variables X, Z € R¢+1:!
satisfying X2 = X - Z = Z? = 0 and a gauge redundancy Z ~ Z + AX [19]. The Lorentz
group SO(d —1,1) is of course the conformal group in d — 2 dimensions. Thus the embedding

"\More generally, it comes from the Borel-Weil theorem, see [1] for details.
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formalism applies, with the d + 2 dimensional X and Z replaced by the d-dimensional z and
w. In particular, z can be interpreted as an embedding-space coordinate in d — 2 dimensions.

3.4 Raising transverse spin

We can now recognize w - 9, (with w; = w) as a differential operator that raises transverse
spin j, since it increases the degree in w by 1. Specifically, it changes the quantum numbers
(A, J,5) by

w8, (A,0,0) = (A, —1,1). (3.20)

The operator (z - 0z)(w - 0;) — (2 - 0;)(w - ;), obtained by commuting w - 9, through the
light-transform, changes (light-transformed) quantum numbers (1 — J,1 — A, j) by

(z-0x)(w-0,) —(z-0,)(w-9) : (1,1 —A,0) = (2,1 — A, 1). (3.21)
More generally, let us define the operator

Dy, = —(w-0.)", (3.22)

Dy (An+j—1,7) = (A, —1,j+n). (3.23)

1
n!
The operator D), provides the shortening condition for the Lorentz representation of local
operators with spin J = n + j — 1 and transverse spin j. Note that D] preserves the ideal
generated by 22 = w-z = w? = 0. More nontrivially, it is gauge-invariant under w — w + Az.

To see this, we act with the generator of a gauge transformation z - 9, on D, f(z,w), where
f(z,w) is gauge-invariant:

i
L

2 0p(w-0,)"f(z,w) =) (w-0.)(2-9, —w-0y)(w-0,)" 77 f(z,w)

S W
|
- o

(2j —n+1)(w- 8Z)"_1f(z,w)

I
o s
g

(3.24)

In the first line, we commute z - 9,, past other operators until it acts on f(z,w), which it
kills. In the second line, we use that f(z,w) has homogeneity n + j — 1 in z and j in w.
This computation shows that D, is Lorentz-invariant. Because local operators transform in
irreducible representations of the Lorentz group, Schur’s lemma implies that they must be
killed by D).

By commuting D), through the light transform,

LD, = D,L, (3.25)
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we find a new operator D,, given by

(=D)"T(A+j—2)

Dn = - 81« . DO+ n’
LA+ —2+n)I‘(n+1)( sw)
ngl_v;/,l, = wu(w 0w — 2+ 8Z) + zpw - 0., (326)

Here, (DY7,)" is a weight-shifting operator for the Lorentz group SO(d — 1,1) in the vector
representation [28]. It can be obtained from the vector weight-shifting operators for the
conformal group in [28] by using the analogy of (z,w) with the embedding-space coordinates
(X,Z). The operator D,, is conformally-invariant precisely when acting on the quantum
numbers obtained by light-transforming (3.23):

Dn(2_n_]71_A)])_>(2_]71_A)]+n) (327)

The operator D, falls into the classification of reducible Verma modules described in [24]. In
the notation of [24], it has type I .12

To summarize, by commuting D/, through the light transform, we obtain a special
conformally-invariant differential operator D,, that raises transverse spin. By construction,
D,, vanishes when acting on the light transform of a local operator with the appropriate

quantum numbers, since
D,L[O] = LD, 0] = 0. (3.28)

Shortly, we will encounter light-ray operators (O)Z?',E . (z, z) that are conformal primaries with
quantum numbers (1—.J,1—A,, j), but that are not light-transforms of local operators. When
J =n+j—1with n € Z>(, we can act on such operators with D,, to obtain new primary
descendants with higher transverse spin

Dn@fJ:anLj(w? z):(2=34,1= A4 ) +n). (3.29)

Primary descendants of this type will provide the higher transverse spin terms in the light-ray
OPE.

4 The complete OPE of scalar detectors

In this section we will explicitly derive the OPE of the form (2.22) for two scalar detectors
L{¢1]L[¢2]. As discussed in [23], products of scalar detectors are not in general well-defined
non-perturbatively. Nevertheless, they make sense kinematically, and give us a nice play-
ground to demonstrate the key concepts, which we will then generalize to arbitrary detectors
in section 5. Furthermore, in section 7 we will see an example where L[¢;]|L[¢2] is well-defined
and the formulas from this section can be verified.

128imilarly, we can think of D’ as an invariant differential operator with respect to SO(d—1,1) (the Lorentz
group), thought of as the conformal group in d — 2 dimensions. In the notation of [24], it has type I; ;.
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4.1 Kinematics of the OPE
Let us understand the general form that the OPE should take. First note that the product

W(xazlaZQ) = L[le](l',Zl)L[@Q](l', Z2)7 (41)
is a conformal primary, if it is well-defined. This is because

[Klu W(07 21 22)] = [KM? L[¢1](O7 Zl)L[¢2](07 22)]
(K, L{¢1](0, 21)|L[¢2] (0, 22) + L[¢1](0, 21)[K, L{$2](0, 22)] = 0. (4.2)

Similarly, the scaling dimension of W(x, z1, z2) is the sum of scaling dimensions of L[¢;],
Aw = (1—J1)—|—(1—J2) = 2. (43)

However, the operator W(z, z1, z2) does not transform irreducibly under the Lorentz group —
it depends on two polarization vectors, but they do not satisfy any of the relations described
in section 3 among themselves. The OPE (2.22) decomposes W(x, z1, 22) into irreducible
components, since the detectors D(x, z,w) are irreducible under the Lorentz group.

In fact, the problem of decomposing W(z, z1, 2z2) into irreducible representations of the
Lorentz group is a familiar one. The Lorentz group SO(d—1, 1) is isomorphic to the Euclidean
conformal group in d — 2 dimensions. Under this isomorphism, z; become embedding-space
coordinates [19, 29] for a fictitious CFTy_5. By the definition of spin we have L[¢;](x, Az;) =
M=2iL[¢](x, 2;), where A; is the scaling dimension of ¢;.'> At the same time, primary
operators Ps in the embedding formalism for the fictitious CFT4_5 should satisfy Ps(Az1) =
A79P5(21), where § is the (d — 2)-dimensional scaling dimension. Thus, if we interpret the
Lorentz group as a (d — 2)-dimensional conformal group, the transformation properties of
W(x, 21, z2) under Lorentz transformations can be described as'?

W(0, 21, 22) ~ Ps, (21)Ps,(22), (4.4)
where §; = A; — 1. In particular, if we parameterize z; as in (3.6),
h=1, =9 A=yt (=2, ,d—1), (4.5)
for i € R42, then

W(0, 51, 92) ~ Ps, (1) P (i2) (4.6)

transforms exactly like a pair of scalar primaries with dimensions d1,d2 at coordinates 1, o
in the fictitious CFT4_s.

13Recall that spin of L[g:] is 1 — A,.
1Pprovided that by Lorentz group we mean the group that fixes z. We take z = 0 and use the standard
Lorentz group for concreteness.
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We are familiar with taking the usual OPE between two scalar primaries,

7)(51 (3/1)7)62 ?/2 Z C5,j HO R (yla Y2, ayz)Pul H (yQ)’ (47)
6.3

where j is the (d — 2)-dimensional traceless-symmetric spin.!®

The differential operator
Cs jipur-u; (U1, Y2, 0y, ) is fixed by (d — 2)-dimensional conformal symmetry and is the usual
operator in Euclidean CFT 5. It implicitly depends on 41, 3. For example, the leading term

of this operator in the g; — #5 limit is given by
Cy i " (s G2, 0g,) = G2l 7 T (Yl - - yhs — traces) 4+ (4.8)

It will be convenient to work with (4.7) written in embedding space coordinates. For this,
note that traceless-symmetric primary operators P“ L1 (47) are described in the embedding

2

formalism as functions of z,w satisfying 22 = w? = z - w = 0 subject to

Ps j(z,w) = Ps j(z,w + az), (4.9)
Ps.j(z, Aw) = N Ps j(z,w). (4.10)

In the notation of [19] we have Piere = Zheres Zthere = Where- S0 We can rewrite (4.7) as

Ps, (21)Psy(22) = D Co(21, 22, 0z, Ouy ) P j (22, w2), (4.11)
8,j

where Cs ;(21, 22, 02y, Owy ) 18 Cs gy -p; (U1, U2, Oy, ), “lifted” to the embedding space. The em-
bedding space expression for Cs j has been studied in a number of papers (e.g. [30-33] to name
a few), but we will not need its explicit form. All we need is that it is SO(d — 1, 1)-invariant
and upon restriction to the Poincaré section it becomes (4.7).

Translating this back to W(x, 21, 22), we see that the Lorentz symmetry requires the
detector OPE to take the form

W(ZL‘, :'717 372) = Z C5i,ji;ul"'Mji (Zjla g?? GJQ)Wé:I‘l.“Mji (ZL‘, iljg) (412)
i
or

L[¢1]($, zl)L[¢Q](5E7 Zg) = W(.CI}, 21, 22) = Z C(si,ji(zh 22, 622? 6w2)wi(x7 22, w2)> (4'13)

for some primary operators W;(z, z,w) with (d — 2)-dimensional quantum numbers d;, j;.*°
Note that w satisfies the same properties as the second-row polarization vector w in section 3,
and so the operators W;(z, z, w) transform in irreps of SO(d — 1,1) with two-row Young
diagrams, with the first row of length —d; and the second row of length ;.

15Normally, we would have OPE coefficients in the right-hand side. Since here we are just discussing
kinematics, we omit them. One can imagine that they have been absorbed into the definition of Ps ;.
16 Above, we had set = = 0 but by translation invariance this is valid for any z.
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4.2 Harmonic analysis on the celestial sphere

So far, (4.13) is an ansatz based on kinematics. In this section we will show under which
conditions (4.13) holds, and provide a formula for W;(z, z, w).

We will focus on a generic matrix element of W(z, 21, 22). Specifically, we will consider
an expectation value of the form

W (z1, 22) = (Oa(p)[W(00, 21, 22)| O3(p)), (4.14)

for some local operators Oz, O4. We allow O3 and Oy to carry arbitrary spin and do not
require them to be primary.

In the language of the fictitious CEFT4_o, W (21, 22) is a function of two points that at each
point transforms as a scalar primary of dimension §;. The main idea is then to decompose
W (z1, z2) into (d — 2)-dimensional conformal partial waves [34, 35]. This is equivalent to
constructing the SO(d — 1, 1) Casimir operators from the Lorentz generators M, defined by

MM = MM 4 ML, (4.15)
v 0 el
Mzu = Z;j 0z,: Zét 02y (416)

and finding a basis of their common eigenfunctions.!” In fact, note that the standard

conformally-invariant three-point functions

(—4) (w- 2921 - 2 —w - 2129 - 2)7
(P, (21)Ps, (22)Ps,j (2, w)) = 514105617 51466317 33 40-0117
(=221 -29)" 2z (—2z1-2)" 2z (—220-2) 2

(4.17)

are eigenfunctions of all the Casimirs for any z,w and §,j.'® This is because by conformal
invariance, the action of the Casimirs on zi1, 29 on (4.17) is equivalent to the action on z, w,
and Pj ; is irreducible. Modulo technical details that we omit for simplicity (see [1, 35]), these
eigenfunctions form a complete basis and we have

> retice g5
W(z1,22) = Z/: /Dd_Qz (7751(2'1)7352(22)735,]-(2,Dw))Wév’j(z,w) (4.18)
j=0"2

—i00 211
for some Wéj(z, w), 6 =d — 2 — §. Here the integration measure in z is the standard [38]'

B 2ddz5(z2)0(20)

-2, _ o@ ZO\Z JULZ ) 41
DT volSO(1,1) (4.19)

1" These Casimir operators are only self-adjoint if §; € % + ¢R. The forthcoming discussion is also only
strictly rigorous under this condition and for square-integrable W (z1, 22). In practice, however, usually one
can analytically continue to general ¢, and work with non-square-integrable W (z1, z2), provided certain care
is taken in the process. See the discussions in [15, 36, 37] for details.

80ur conventions for tensor structures are summarized in appendix B.

19Upon restriction to the Poincaré section (4.5), this measure becomes simply 42y,
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and D,, is roughly equivalent to 9, [19] and serves to contract the indices encoded by w
between W’ and Ps ;. This can be written in a form more similar to (4.13) by using the fact

(Ps, (21)Ps, (22)Ps j (2, w)) = Cs,5(21, 22, Oz, Owy ) (Ps,j (22, w2) Ps j (2, w)), (4.20)

for the normalization of Cs; as in (4.8) and for the standard two-point function given by!®

(=2(wr - wa) + 2wy - 22) (w2 - 21) /(21 - 22))”

(Ps,j (21, w1) Py j (22, wa)) = " (4.21)
Using (4.20), we find?°
W(z1,22) = Z/H_ 9g (21,22, 0z, Oy )W j (22, w2), (4.22)
]:O p) 100
where
W (22, w2) = /Dd—2z<7357j(22, w2)Ps (2, Dw)>W§7j(z,w). (4.23)

Using orthogonality of eigenfunctions, we can now find the inverse to (4.18) to compute
W' and thus W. It is given by taking the inner product with the eigenfunctions,

Wij(z,w) = as / DT 22D 25 (Psy (21) Poy (22) P (2, w)) W (21, 22), (4.24)

where the normalization coefficient has been computed, for example, in [1]

(—1)IT( + 452)T(d — 2+ j — D5 — 1)  T(PHER=0)p(dhith=ii)
2020 (j + DI(6 — S2)T(6 +j — 1) T(9=0tifoizte)p(d=0hitoe=tny’

Q5.5 = (425)

and Py = P5 = Prog_s.2t

What is the relationship between the OPE ansatz (4.13) and the integral expression (4.22)?
If W5 j(z,w) is meromorphic in the right half-plane of 6, we can deform the integration contour
in (4.22).2% In this way, we would obtain

(O4(p)IWi(o0, z,w)|O3(p)) = —ress—s,Ws,;, (2, w). (4.26)

Since p, O3, and O4 were arbitrary, this completely determines W;(oo, z, w) as an operator.

20A subtlety is that (4.20) does not converge for all values of the coordinates, for similar reasons that the
usual Euclidean OPE does not converge in all Euclidean configurations. The proper justification of this step is
the same as in the case when one passes from conformal partial waves to conformal blocks in partial conformal
wave expansion of a four-point function [35, 39].

21For §; € % + iR we have &; = 07 and (4.24) just contains the complex conjugate of the wavefunction, as
usual — recall footnote 17.

22In such deformations of the contour in the partial wave expansions one usually encounters “spurious”
poles. Instead of representing physical contributions, they are purely kinematical and cancel among each other
or against the possible discrete series contributions that we omitted in (4.18). See [36] for an example of
cancellation of these poles in usual four-point functions, and [1] for an example of cancellation in event shapes
(for low transverse spin). To simplify the discussion, in this paper we assume that the spurious poles always
cancel.
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4.3 Relation to light-ray operators
4.3.1 Review of light-ray operators

We now show that W ;(z,w) is indeed expected to be meromorphic, with residues related
to light-ray operators. Let us first review the definition and some basic properties of these
operators.

Light-ray operators [15] are primary operators

~

O (@, 2, w), (4.27)
parametrized by a spin J (the length of the first row of the SO(d — 1,1) Young diagram),
an SO(d — 2) representation A (the remaining rows of the SO(d — 1,1) Young diagram), a
Regge trajectory label 7, and a signature 4. Their defining property is that they are defined
for generic complex spin J and are related to local operators for certain integer values of J.
Specifically, we have

0F\(z,2,w) =L[O)(x,2,w)  (J € Zx and (-1)” = £1) (4.28)
for some local operator O with SO(d—1, 1) representation (J, A) whenever J is a non-negative
integer such that (—1)7 = £1 (where + indicates the signature). That is, the operators O}, ,

~

are related to even-spin local operators, while O ; , are related to odd-spin local operators.

The light-ray operators @;t . thus organize the local operators into continuous families or
“Regge trajectories,” and we label different trajectories by the index .23

In practice we construct light-ray operators from a product of two primaries O; and
05.2* In this section, we are interested in light-ray operators that appear in the ¢1, ¢3 OPE,
so we use O1 = ¢1, Oy = ¢ to construct them. These operators all have A = 0 since only
traceless-symmetric operators appear in the OPE of two scalars, and analytic continuation in
spin does not affect the 2nd and higher rows of the Young diagram. We define, following [15]

/
(O)X,J(mvz) Eiﬁlm ddxlddeKtA,J(wl,Iz;% 2)p1(x1)02(22)
1?221

/
+/ d*z1dma KK j(21, 2052, 2)da(22) d1 (1), (4.29)

TRT

zomxt

where [15]

KA j(x1,39;2, 2) = Ba,7(0|¢1 (21)L[O]da(22)]0),
KX (21,2232, 2) = Ba,s(0/d2(22)L[O] 1 (21)|0), (4.30)

23The simple picture of operators organized into isolated Regge trajectories is not rigorously proven. We

give a discussion of its correctness in appendix A. Even if it is not correct, the results of this paper are mostly
unchanged, but become more awkward to phrase. For simplicity of presentation, we take it as an assumption
in the main text, and delegate more nuanced discussion to appendix A.

24We expect that we get the same light-ray operators from any pair of local operators with the appropriate
quantum numbers.
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where (0] - - - |0) denote the standard tensor structures for the Wightman three-point functions
as defined in appendix B.?> The primes on the integrals indicate that we should restrict z;
and z9 to an arbitrary small neighborhood of the null cone of . The dependence on this
arbitrary choice will go away momentarily. We also used the notation a =~ b to indicate that
points a and b are spacelike, and + denotes the image of = in the next Poincaré patch on the
Lorentzian cylinder. The integrals are understood to be over the Lorentzian cylinder in order
to preserve manifest conformal invariance. The coefficient Sa ; has an expression in terms
of the Plancherel measure of SO(d + 1,1), shadow coefficients, and Euclidean three-point
pairings [15]. Here we will only need the explicit expression

P(J+ 0+ - AT(A—1)  T(AtLthie (Al he)

- : 4.31
Pas 2miT(J + DT(A — DT (A + J — 1) [ (AT T ) (At 0 ) (4.31)
where A1y = A1 — As.
We then finally define
O (2, 2) = resa=n, ()04 ;(x, 2), (4.32)

where A;(J) are the scaling dimensions of the i-th Regge trajectory. To be more precise, from
the Lorentzian inversion formula the matrix elements of (O)i ;(x, 2) have poles at A = A;(J)
for integer J > 0, (—1)/ = =£1, and these poles analytically continue to J € C (modulo
subtleties discussed in appendix A). The poles come from the integration region in (4.29)
where x1 and x9 approach the null-cone of x, and thus the residues are independent of the
precise choice of integration region for the primed integrals. The operators thus defined satisfy

07 (x,2) = fr20L[O)(z,2),  when J € Zxq, (—1)7 = +1, (4.33)

for some local operator O, where f190 is the OPE coefficient appearing in (¢1¢20). For
general J € C we have

@i](%z) = lei(J)@fJ(a:, 2), (4.34)

where f19;(J) is the analytic continuation of fi2¢ along the i-th Regge trajectory. Note that
@iﬁ (2, 2) was constructed from a particular pair of local operators ¢1, ¢2. The above relation
provides the connection between (O)Z:.tE ;(x, 2) constructed from different pairs of local operators.

While the normalized operators @Zi ;(z, ) are more fundamental, for our purposes it will
be more convenient to work with the operators @Z.i’ ;(x, 2) constructed from ¢y, ¢s.

4.3.2 The transverse spin puzzle

We now relate W;(z, z, w) in (4.13) to the light-ray operators @?ﬁ,@, z). Consider the quan-
tum numbers of (O)zi ;(x, 2). By construction, they have scaling dimension 1 —.J and a one-row

25In particular, the structures appearing in K* and K" are not related to each other by a direct analytic
continuation. Instead, they differ simply by the substitution 1 <> 2.
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Lorentz representation with spin 1 — A;(J). In particular, they have j = 0. This is the
analytic continuation of the fact that only traceless-symmetric operators appear in the OPE
of two scalars.

On the other hand, the operators W;(x, z,w) have scaling dimension 2 and two-row
Lorentz representations with spin —d; and transverse spin j;. If j; = 0, we can match quantum
numbers with light-ray operators by setting J = —1 and §; = Ag(J = —1) — 1, leading us to
expect

Wi(z,2) ~ @Zfl(x, 2)+ 0 (2, 2) (for W; with j; = 0). (4.35)

[

Here “~” means that the left-hand side is a linear combination of objects on the right-hand
side. Note that the expressions such as

Wi(z,2) ~ 82@;,’1(% z), (wrong) (4.36)

while allowed by dilatation and Lorentz symmetry, are forbidden by the full conformal sym-
metry, since W;(z, z, w) must transform as primary operators.26

A relation of the form (4.35) was proven in [1], where W; with j; = 0 were called “low
transverse-spin” terms. Having an expression for the low transverse-spin terms is sufficient
for computing certain even shapes, as explored in [1], but does not provide a complete OPE
expansion.

Finding an expression for W;(z, z, w) with j; > 0 in terms of @fi](x,z) might seem
hopeless due to the mismatch of quantum numbers. Luckily, our discussion in section 3
provides us with a family of conformally-invariant differential operators D,, which have the

property that
(Dn@)z:'l,:J:n—l)(xv Z7w) (437)

transforms like a primary with scaling dimension 2, spin 1 — A; and transverse spin n. We
can thus conjecture that for all j;

Wi(z, z,w) ~ (Dji@zjzji—l)(q“) z,w) + (Djz‘@];J:ji—l)(z, z,w), (4.38)

where 0; = Ag(J = j; —1) — 1. (We use the convention Dy = 1.) This expression is
similar in spirit to the wrong example (4.36) above, except that instead of 02 we use a
carefully-constructed differential operator D,, that makes the right-hand side transform as a
primary. As discussed in section 3, such operators are rare and it is an intriguing mathematical
conspiracy that the quantum numbers of W;(x, z,w) are precisely such that D,, exist. In
particular, one can verify that no other conformally-invariant differential operators exist in
the classification of [24]° that can be used in the ansatz for W;(z, z, w).

26Note that 82 can be conformally-invariant, i.e. produce a primary, but only if it acts on a scalar operator
of dimension %52, which is not the case here.
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4.3.3 Partial waves and light-ray operators

As we discussed in section 4.2, the matrix elements of the operators W;(x, z,w) are residues
of W ;(x, z,w) defined by (4.24), which we can write as (restoring z-dependence)

Wz, z,w) =
g, /Dd_Qled_Qw (Psy (21)Ps, (22)Ps (2, w)){Oa| L1 (z, 21) Lo (x, 22)|Os).  (4.39)
By expanding the definition of L, this can be understood as a particular integral of

(O4]@1(x1)d2(22)]O3) (4.40)

over Iy, .
Similarly, the matrix elements of (Dj(O)Z:.t J=j—1)(@, 2, w) are residues of

<O4|(Dj©§“]:jfl)(m, z,w)|O03), (4.41)

which itself is a x1, zo-integral of (4.40). Therefore, we can prove the relation between W;
and Dj(O);tJ: i1 by simply showing that these integrals are the same. Concretely, we will
show that

Wz, z,w) = A<O4](Dj@§+17‘]:j71)(x, Z,w) — (Dj@g+1’J:j71)(3:, z,w)|O3) (4.42)

for some constant A.
Let us start with rewriting (4.39) in terms of an integral of (4.40):

Wz, z,w) = /ddxlddx2£57j(:v1,x2; x, 2, w){(O4|p1(z1)P2(x2)|O3). (4.43)
By the definition of the light-transform, the kernel L; ; is given by

Lsi(x1,T2;2,2,w) = as,j /dOéldOéQDd_QZIDd_QZQ(ﬁ(SI(21)7’552(22)7367]'(2,UI))X

X (—al)*alfl(—ag)*arléd(m —z1/a) — xl)éd(x — 23/ — x9).
(4.44)

To evaluate the «;, z;-integrals, let us first consider the more general integral
/daDd_2z(—a)_5_15d(:E +z/a)f(z). (4.45)

For the z-integration to make sense, we need f(\z) = A2+ f(2). Otherwise, we keep f
arbitrary. We restrict to « belonging to the first Poincaré patch, in which case o must be
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negative in order to satisfy x + z/a = 0. We find

/ daD422(—a) 07 % (2 + z/a) f(2)
a<0

= VolS(i(l,l) /a>0 dad?25(22)0(z > 0)a~ 7164z — z/) f(2)
_ volsé(m) /a _ dad(a?a®)0(cr > 0)a*5 (o)
_ volSé(l,l) /a _ dab(a)0a > 0o~ f(2)

= 26(x*)0(x > 0)f(2), (4.46)
where we used that vol SO(1,1) = [ da™.2" Using this result in (4.44), we find

Lsj(x1,x0; 23, 2,w) = 4o j <ﬁ51 (1'13)7552 (:1723)7357j(z,w)>5(m%3)5($%3)9(1:13 > 0, x93 > 0).
(4.47)

Let us now perform the same exercise for the right-hand side of (4.42). First, it is clear
why we want the difference of O and O~ operators with equal coefficients: by comparing
to (4.29), we see that this difference only involves the K* kernel and the ordering ¢ ¢, which
is precisely the ordering we need. We find

A<O4’(Dj®g—+17jzj_1)(x7 z,w) — (Dj@é_+1,]:j—1)($7 z,w)|Os)

/
= 2A/ ddxldde('Dng_H’j_l@(:L’l ~ x+,m2 ~ a:))(a:l,afg;a:,z,w)((94\¢1(x1)¢2(:c2)|(/)3>.
(4.48)

Here we have taken into account the action of D; on  in the integration limits in (4.29) by
writing these limits as an explicit #-function.

We would like to relate the kernel in (4.48) to the kernel L;; in (4.47). In doing so, there
is an apparent problem: K! is non-zero for generic configurations of points 1,2, z, while
the kernel Ls; only contains delta-functions. This problem is resolved by two mechanisms.
Firstly, when j > 0, the differential operator D; annihilates K* for generic configurations of
points. Hence, its action in (4.48) only has support on special loci — precisely the loci where
L5 ; has support. Meanwhile, when j = 0, we have Dy = 1 and this mechanism doesn’t work.
However, in this case the coeflicient 511 j—1 in (4.30) contains a 0 coming from I'(J+1) in the
denominator of (4.31). The zero is only cancelled on special loci, giving rise to delta-functions
again. In the next section, we describe in more detail how delta-functions of (4.47) emerge
from (4.48).

?"In a more formal derivation, one would fix the SO(1,1) freedom by Faddeev-Popov procedure.
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4.4 Emergence of delta-functions from the light-ray kernel

The light transform entering K* in (4.30) is given by [15]

(0161 (21)L[O] (w3, 2) 2 (2)|0)

- L(3:3(0) (B oy B2 ok
= 192 ( ) )51+52—<12—J>+<1—A>( 9 )512+<1—;>+<1—A)( 9 )—512+<1—J)+<1—A>
Lo 13 Ta3
(in the configuration z1 &~ x9, 1 > 3,22 ~ 3), (4.49)
where
~ ~ ) NA4+J-1)
L(¢1¢2[O]) = _QWZF( A+A212+J)F( A*A212+J) : (4'50)
Acting with D; given in (3.26) we find
(0]1 (1) (DFL[O]) p2(2)|0)
—1)722% (= J); L(d12[O)) (A + j — 2 .
= ( ) ( (A)J— (;)S;Q(S‘j[—k]l))( J )(w 132 - T23 — W * X232 - 1'13)]
(22 - wogzly — 22 - xlga:%g)l*A*j 451
X 9 Aj+Ay—(1-J)+(1-A) 9 Aqp+(1—J)+(1-A) 9 —Ajo+(1-D)+(1=-A) ° ( ' )
(z15) 2 —73) 2 T53)

If we set J = j — 1 then for j > 0 this indeed vanishes due to the (—J); factor, and thus D;
with j > 0 annihilates K?, as promised above. This can also be immediately concluded from
the fact that for J = j — 1 > 0 we have above a light transform of an integer-spin three-point
structure, and thus it must be annihilated by D; based on general properties of D; discussed
in section 3.

However, this calculation of the action of D; is not complete. This is because we have only
computed the action of D; on K* in (4.48), but not on the f-function. Derivatives hitting the
theta-function will produce delta-function contributions that are needed to match (4.47). To
derive the explicit form of these delta-functions, we will take a slightly more general approach.

4.4.1 Interlude: distributions and analytic continuation

To illustrate the approach, it is helpful to consider a toy example

0
%G(x) = (). (4.52)

While the right-hand side is obvious, let us re-derive it in a way that will be useful later.

We start with a new definition of the left-hand side. We can think of 6(x) as the case
a = 0 of the 1-parameter family of distributions p,(z) = z%0(x). The derivative p/(z) is
represented by a locally-integrable function when Rea > 0:

P (2) = az® 0(z) + 296 (x) = az®'0(x) (Rea > 0). (4.53)
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Specifically, when Rea > 0, we can ignore 9/0x acting on 6(z). Let us define the left-hand
side of (4.52) as the analytic continuation of p/,(x) = az® '6(x) from Rea > 0 to a = 0.

As we explain in detail in appendix G.1, the distribution 2~ '(z) has a pole at a = 0
with residue 6(z). It follows that lim, o az®'0(z) = 6(x). To see this, consider the integral
against a test function f(z) with a regular Taylor series expansion at x = 0,

/OO dr az® f(z) = a/oo dz 2 (£(0) + (f(z) — £(0)))
0 0

(19 o)
= f(0) + O(a) (Rea > 0). (4.54)

In the second line, we used the fact that [dxz®(f(x) — £(0)) is O(1) as a — 0, since
f(x)— f(0) vanishes at least linearly there. Finally, taking a — 0, we obtain f(0), as claimed.

4.4.2 Action of D; on Kt

This strategy of starting in a region where the derivative of a kernel is simple (in particular
where we can ignore derivatives acting on 6-functions), and analytically continuing away
works well in the case at hand. First, let us define the expression

+

KR y(z1, 29w, 2)0(21 = a7, 29 = ), (4.55)

as a distribution. This is straightforward if we tune the parameters Ay, As, A J to a region
U € C* in which all the powers in (4.49) are such that (4.55) is locally bounded (in z,;, 2).
This is the analog of choosing Rea sufficiently large and positive in the toy example of
section 4.4.1. For (A1,A9,A,J) € U we automatically get a distribution in z,x;, z that is
analytic in A1, Ag, A, J. We can then define it for the values that we are interested in by
analytic continuation. In the interior of U we can ignore the theta-function for the purposes
of acting with D;: the theta function only jumps when some iL'%j in (4.49) vanishes, but
inside U we have a product of all :c?j appearing with positive powers, and so K* vanishes
on the jump of the theta-function. This is the analog of the computation (4.53) in our toy
example. Therefore, in order to compute the action of D; we can act in U just on K t and
then analytically continue to the desired values of A1, As, A, J.
Thus our goal is to analytically continue

(DjKtA,J)(xla T2; 23, 2, w)0(x1 ~ xf{, Ty A x3)

= 8,7 (0161 (1) (D L[O]) 62 (22)|0)8(21 ~ x )0(ws ~ w3) (4.56)
with the Wightman function given in (4.51). We introduce the following coordinates,

§ =27 X313, t=—2z- 1373 (4.57)
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Recall that the prime on the integral in (4.48) means that we should only include the con-
figurations where x5 is near the future null cone of z3 and so we can assume z - x93 < 0.28
We can then rewrite (4.56), assuming for simplicity that all points are in the same Poincaré

patch
—1)7220 (= J),; L(1 2 [O))(A + j — 2 ,
ﬁA,J( e (A)]— <2(Z)§F(Z(Sj[+]1>)( : )<w (L1327 T3 — W To32 - T13)
A (1-=DN+@A-A4) —Aja+(1-N)+(1-4) .
(_22 ) 1:23) 12+(1 él +(1 (_22 . 3313) 12+ 2] +(1 (s 4 t)l_A_]G(s)Q(t)
x 9 A +Ay—(1-D)+(1-4) Ajp+(1=D+(1-8) —Ajp+(1-N+(1-4) "
(z12) 2 s 2 t 2

(4.58)

The factors that are not written in terms of s,¢ will not be important in our analytic con-
tinuation: they are either analytic functions of the coordinates (the w-dependent factor), or
can only become singular when x; becomes almost proportional to x9, or when x; becomes

proportional to z, while at the moment we are interested in more generic configurations.?
To find the analytic continuation of the s, {-dependent factors, let us define
A 1-J)+(1-A -A 1-J)+(1-A
a=1-A—j b=— 2t (L= J)+( ) o ZBrtl-J)+( )(4@)
2 2
Then the s, t-dependent part becomes
(54 1)2st°0(s)0(t). (4.60)

This is well-defined as a distribution analytic in a,b, ¢ for a,b,¢ > 0. In appendix G.1 we
show that near a + b+ ¢+ 2 = 0 its analytic continuation to general a, b, ¢ has a pole of the

form
1 o+ 1)I'(e+1)
£)*sPt°0(s)0(t) ~ 5()d(t). 4.61
(S+)S (S)() at+b+c+2 F(b+0+2) (8)() ( )
With our definitions we have
at+btc+2=J0—j+1, (4.62)

which we want to set to 0. The resulting divergence is canceled in (4.58) by Ba s for j =0
or by the (—J); factor for j > 0. Thus, plugging (4.61) into (4.58) and setting J = j — 1, we
find
(DK, 10(x1 = x5, 20 = x3)) (21, T2; 73, 2, W)
(—1)j21+2j (’LU X132 - X923 — W - X232 * l‘lg)j

= i 2 2
B im 403 S1+894j=0 —S19+i+8 S1atdt0 6(213)0(223),
(—21‘13 . a;23) 2 (—22’ . xgg) 2 (—22’ . .%‘13) 2

(4.63)

28This is not true when z23 is close to being proportional to z. However, here we focus on generic configu-
rations.

2Following the logic similar to below, one can check that no new contributions appear in these limiting
configurations.
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Comparing this to (4.47) and to the expression (4.17) for the 3-point structure, which we

reproduce here with the relevant quantum numbers,

W(w- 212923 —w- 2221 - 23)

31 +00—5+7 51 +6—0b9+7 So+6—01+7
(=221 - 29) 3 J(—2zl'23) B J(—222-23) R

(4.64)

(Psy (21) Psy (22)Ps (2, w)) =

we find

(-1
211

(DjK}%H’]-,lH(ml ~ x3+,m2 ~x))(r1, T2 X3, 2, W) = Lsj(x1,x0; 23, 2, W). (4.65)

Thus (4.42) indeed holds with
A= (-1)im. (4.66)

4.5 The final form of the scalar OPE
Combining equations (4.22), (4.42), and (4.66), we find the OPE formula

L{¢1](z, z1)Lp2] (2, 22)

. 0 %-ﬁ-ioo ds i N B
= m Z P C(S,j(zl7 22, 0z, O, ) (—1) ((Dj@5+1,J:j_1)(x7 29, Wa) — (Dj©5+1,J:j_1)(ffa 227w2)> :
j=07""3 ¥

(4.67)

Deforming the contour to the right and picking up the poles from light-ray operators,?? we
can write

L{¢1](z, z1)Lg2] (x, 22)
= —Ti Z Z Cai—1,j(21, 22, Oz, au&)(*l)j ((Dj@;,rj:j—l)(xa 22, w2) — (Dj@z:]:j—l)(x, 22, w2)) :
=0 i
(4.68)

Here the differential operator Cs ; is defined by (4.20). For j = 0, taking into account Dy = 1,
the result (4.67) agrees with (3.96) in [1], which has been tested in a number of examples [1].°
For j7 > 0 the result is new. We will explore an example in which the j = 1 term is important
in section 7.

Note that in the above expressions, the terms involving O™ for odd j and terms involving
O~ for even j are related to light-transforms of local operators and are thus annihilated by
D; for j > 0. Similarly, for j = 0 we have (D)g’ j—_1 = 0 due to the superconvergence sum
rule [1, 23], which holds whenever the leading Regge trajectory in ¢1 x ¢ OPE has intercept

below J; + Jo — 1 = —1. We indeed have to assume that this is the case, in order for the

30The minus in front of @~ has to do with a more explicit treatment of the analytic continuation of (—1)”
factors in this paper.
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left-hand side of (4.67) to be well-defined [23]. We thus conclude that in fact the above
expressions simplify to

L[¢1](w, 21)L[p2](w, 22)

d—2 | -
O [T3 T g§

:ﬂiZ% . %c&j(zl,zg,azz,awz)(pj©g;11{}:j_l)(x,zQ,wg), (4.69)
j= 2

and

Li1|(z, 21)Ligo)(w, 22) = =m0 Y Y Ca,-1,5(21, 22, 322731112)(77;‘@5:1211)(% z9,w2). (4.70)

j=0 i

An interesting consequence of this simplification is vanishing of the commutator

[L{¢1](%, 21), L{¢2](x, 22)] = 0. (4.71)

Indeed, according to the discussion in [1], this commutator has signature (—1)/1t/2=1 =

—1. We claim that all the terms in (4.69) have signature [1, 15] +1 and thus there are no
contributions to the commutator. To see why

—1)J
Dj@z(‘,J:) i—1 (4.72)
has signature +1, we need to analyze two cases. Note that for 7 = 0 we have
(=17 _
D;j0; ;21 =05y, (4.73)

which manifestly has signature +1. For j > 0 the operator D; is non-trivial, and we claim
that it changes signature by (—1)7, in which case we again see that

_1)J
Dj@g o (4.74)

has signature +1. To understand how D; changes signature, it is convenient to use CRT
symmetry Jo under which the light-ray operators have the property

f
(Jo@;.f (0, 2, w)jo_l) = +07,(0,2,w) (4.75)

for all z,w.3! Writing then
(D;0;,)(0,2,w) oc DY, - DY [PH, - [PF9,07,(0,2,w)] -], (4.76)

where ngw is a differential operator in z,w defined in (3.26), and taking into account

JoPrJyt = =Pt and P = —P,, we find
} .
(F(D,08)(0,2w) T3 1) = -1V (D;0F)(0, 2,w), (4.77)

and therefore D; indeed changes the signature by (—1)7. Finally, note that the differential
operator Cs; does not affect signature because it acts in the transverse space (i.e. on z,w)
which is not affected by Jp.

31The CRT transformation Jy can be obtained from the CRT transformation Jqo described around (5.26)
below by conjugating with a conformal transformation which brings the point (z* = —o0o,z~ = 0, zt = 0) to
2 = 0 and the point (z7 = 0,27 = —o0, 2" = 0) to spatial infinity.
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5 The complete OPE of general detectors

In the previous section, we derived the form of the light-ray OPE for a product of light-
transformed scalar operators L[¢1|L[¢p2]. We now derive a generalization for light-transforms
of operators in arbitrary Lorentz representations, of which the scalar formula (4.67) is a
special case. The generalized light-ray OPE formula is

[01](1‘ Zl,Wl) [02 X ZQ,WQ)

422 oo
— mi(—1)h+ c(@) (=1)71t72
= mi(—1)71t7% / A 27r7, 57)\(217“717ZQaW2762276W2)@6+1J1+J2 1A (a )(:L‘,zz,wz)
AEA12

J1+Jo+n

1
+7TZ J1+JQZ Z / oo 27TZ J? (+n)(217W17227W2782278W2)(D ®§+I)J1+J2 1+n,Ay,(a)

n=1~€l'12
(5.1)

Owing to its generality, this expression is a bit unwieldy, so let us unpack it. (We also give
several concrete examples in section 6.) The left-hand side is a product of light-transforms
of operators O1 and g, which have the quantum numbers (A;, J;, A;).>> The right-hand
side contains two sets of terms. The first set (on line 2) contains what we refer to as the
“low transverse spin” contributions, studied in detail in [1]. The second set (line 3) contains
“higher transverse spin” contributions, which are new and require the use of the differential
operators D,, from section 3.

The operators Céa)? are similar to the operators Cs; from section 4. They encode the
kinematic structure of the OPE in a fictitious (d—2)-dimensional CFT on the celestial sphere.
There are two important differences from section 4. Firstly, in the general case considered
here, there can be several OPE coefficients that enter a given OPE, each with its own C( @)
The structure label (a) labels these different OPE coefficients. A sum over (a) is 1mphc1t in
(5.1). As an example of the role of the structure label (a), recall that deforming the J-contour

in (5.1) to the right and picking up the poles, we obtain a discrete sum of terms
C(gfl)?(zl,wl,zz,wQ,&ZQ,@WQ)@fJHJQ e )(:L‘,ZQ,WQ). (5.2)

Recall that OF it da—1A(a) AT€ built with reference to O, Oy and are related to canonically-

normalized hght -ray operators as

+ N+
©i,J1+J2—1,)\(a) = leOTv(a)(O)i,J1+J2—1,>\’ (5.3)

where fio01 (q) are analytically-continued OPE coefficients in the O1 x O2 OPE. Equation (5.2)
then becomes

f120T7(a)C§fl)3 (Z17 Wi, 22,W2, 8327 8W2)@;tJ1+J2 1 )\(CC, 22, WQ), (54)

32For simplicity we focus on bosonic representations only.
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Thus, the index (a) of C(gi\) is naturally contracted with OPE coefficients. Similar statements
hold for higher transverse spin terms as well.

The second distinction has to do with the normalization of Cé:l)?. The operators Cs ;
were normalized by equation (4.20), which is formulated in terms of celestial three-point
structures. On the other hand, the OPE coefficients fi50t (,) are defined in terms of d-
dimensional tensor structures, and thus the normalization condition (4.20) is only correct
due to our specific choice of conventions for both d-dimensional as well as celestial tensor
structures. The main result of this section will be the proof of (5.1) together with the simple,
convention-independent, equations (5.68) and (5.69) that determine the Céi\) in terms of d-

33

dimensional data.”® We refer to these formulas as “celestial map formulas” because they

map the d-dimensional three-point tensor structures (which naturally pair with the OPE
coefficients fi501 (4)) to celestial sphere differential operators Céfﬁ?.“

The remaining notation in (5.1) has to do with quantum numbers of exchanged operators
and the respective selection rules. In the low transverse spin terms we are summing over
transverse spins A € Ajs which simply means all the transverse spins that appear in the usual
local OPE O; x O3 and the celestial OPE of operators with (d — 2)-dimensional spins A\; X Az.
These are the transverse spins for which the operators (D)iE T (a) CAD be constructed from O

and Oy and for which the operators C(gf;) make sense.

As an example, when 01,05 are scalars, Ajs contains only the trivial representation
of SO(d — 2) because only traceless-symmetric operators appear in OPE of d-dimensional
scalars. In this case, the constraint that A € Ajs should appear in the OPE of (d — 2)
dimensional scalars is trivially satisfied. On the other hand, in the example of energy-energy
OPE discussed in section 6 both constraints become non-trivial.

In the higher transverse spin terms, we sum over Ay, v € I';2. These are the transverse
spins for which the action of the operators D,, is well-defined. Concretely, these are transverse
spins with the first row of the SO(d — 2) Young diagram (the second row of the SO(d — 1, 1)

Young diagram) of length J; + Jo. We write Ay = (J1+ J2,7) with v an SO(d—4) irrep. Since
(a)

6,0 (+n)
Ay (+n) = (J1 + J2 +n,7). The set I'12 consists of v for which transverse spin A, appears in

the action of D,, raises transverse spin, we use the OPE differential operator C , where
d-dimensional O x Oo OPE and at the same time A, (+n) appears in the (d — 2)-dimensional
celestial OPE. (As explained in appendix E, these two conditions are in fact equivalent.)
Before proceeding with the derivation, let us comment again on the relation of this section
to [1]. In [1], the celestial map formula for lower transverse spin was derived by a rather non-
trivial procedure using the Lorentzian inversion formula. In this section, we will give a much
simpler derivation of the celestial map formula for both lower and higher transverse spin. The
drawback of this simpler derivation is that it is based on the assumption that the light-ray

33Note that up to an action by an invertible matrix on the index (a), these operators are completely fixed by
the (d—2)-dimensional conformal symmetry (equivalently, d-dimensional Lorentz symmetry). These equations
thus simply determine a preferred basis of these operators.

34 As we explain below, it will sometimes happen that Céfl/\) vanishes for some values of a, i.e. not all of the
OPE coefficients actually appear in (5.2).
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kernel KtAJ’/\(a) (x1,x2; 7, 2) satisfying (5.6) localizes on the null cone of z as we set J to
certain values and possibly act with D,,, analogously to the scalar case in section 4. This
assumption is plausible in the sense that it gives a natural generalization of the pattern
observed in concrete examples, and is furthermore purely kinematical. It therefore appears
to be a purely technical problem to prove it. (See sections 5.2.2 and 5.2.3 for the precise
statement of our assumptions and the supporting evidence.)

For completeness, in appendix D, we derive (5.1) by generalizing the derivation in [1].
This derivation, although being more technical than the one in sections 5.2.2 and 5.2.3 (which
is why it is relegated to an appendix), does not rely on the assumptions discussed above.

5.1 A formula for the light-ray operator kernel

Our starting point is the following intrinsically-Lorentzian description of light-ray operators.
Recall that the light-ray operators are defined by the integral [15]

ddxlddngtAJ’/\(a) (z1,29;2,2)0109

~

+
@i,J,)\(a) (z,2) = resa=n, £ /m~2

1™

+/Iz1 ddmlddx2K27J7/\(a)(a:2,1‘1;:1:,z)OQOl. (5.5)

T2

We claim that the kernel K is determined by the equation

diz dix b
S o K g 1,222 01O, )01 )
za2, 1 ’
1 b
= 5 - (L[O)(z, L[0T, )5, (5.6)

together with the condition that it has the analyticity and conformal transformation proper-
ties of

(0|0} (1) O (2, 2) O} (22) 0), (5.7)

where O has the quantum numbers of L[O]. The kernel K* is defined similarly and will be
described below.?® In (5.5) and in what follows we keep the transverse indices (encoded pre-
viously by polarization vectors w) implicit in order to avoid excessive clutter in the notation.
The way these indices are contracted should in all cases be clear from the context.

Above, we use the notation that O; is at point ;. The kernel K carries Lorentz indices for
points x1, x2 that are in the dual representations to 01, Oz, and these indices are contracted

35 An intuitive picture behind (5.6) is as follows. The Wightman three-point structure in (5.6), together
with the condition 2 > 2’ > 17, can be viewed as one of two parts of the light-transform of a time-ordered
three-point structure [15]. The integration against K* is then similar to producing L[O] from O1, 02 inside
of this time-ordered three-point function, which should be equal to the two-point function in the right-hand
side of (5.6). It would be interesting if this intuitive reasoning could be made precise: our derivation of (5.6)
is based on the generalized Lorentzian inversion formula of [15], where the latter is derived from Euclidean
harmonic analysis. It would be instructive to bypass the Euclidean argumentation altogether.
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with 01,0z in (5.5) and (5.6). We prove (5.6) in appendix C. An advantage of (5.6) relative
to the definition in [15] is that it makes reference only to Lorentzian objects. By contrast,
the definition in [15] includes the Plancherel measure for the Euclidean conformal group and
Fuclidean shadow coefficients, and is thus more awkward to use in a purely Lorentzian setting.

In order to use (5.6) for non-integer J, it remains to explain the meaning of the objects

(L[O](z, 2)LIO" (2", 2")), (5.8)
(0l0;L[O] (2, 2)01]0) (5.9)
for such J.
5.1.1 Analytic continuation in spin
We define (5.8) and (5.9) by extending the definition of the underlying structures
(O(z,2)01(«, ")), (5.10)
(0/0,01 (2!, 2)0,]0) Y (5.11)

to non-integer J and then taking the necessary light-transforms.
Note that fixing the normalization of local operators and setting the conventions for
three-point structures of local operators involves specifying the expressions for

(O(z,2)0' (', 2)), (5.12)
(O1(21, 21) Oz (2, 22) O (z, 2)) ). (5.13)
for integer spin J. We will now impose certain constraints on these choices which will sim-
plify our general analysis with regard to factors of (—1)7 which have ambiguous analytic

continuation in J.
For the two-point function, note that for any fixed n € Z

<O($1, Zl)OT(.:UQ, Z2)>(—221 . I(l‘lg) . ZQ)n_J (5.14)

is conformally-invariant with quantum numbers independent of J. Moreover, for sufficiently

large n, the Lorentz weights with which it transforms are dominant3® and we can take this

structure to be equal to a fixed, J-independent, two-point function of local operators
(O(x1,21) O (2, 22)) (=221 - I(212) - 22)" 7 = fo(x1, 215 T2, 22). (5.15)
So we find that one can always choose
(O(x1,21)O0T (22, 22)) = fo(w1, 21320, 20)(—21 - I(w12) - 20)” " (5.16)

We allow to modify this convention by exponential factors such as 27 but not by (—1)7.

361.e. the first row of Young diagram is at least as long as the second one.
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Note that the expression (5.16) can be rewritten as

fo(w1, 21; T, 20) (=21 - I(w12) - 22)7 "

= fo(w1, 2132, 22)(2(21 - w12) (22 - B12) — (21 - 22)2Ty)” " (2]y)" 7. (5.17)

Using the fact that 2(z1 - 712)(22 - 212) — (21 - 22)7%5 > 0 for generic configurations,®” we

see that the usual time-ordered ie prescription unambiguously defines the time-ordered two-
point function (5.16) for generic configurations of z;, z;. This is sufficient to apply the light-
transforms in (5.8).

A similar argument for (O (z1,21)O2(xa, 20)OT (2, 2))(?) shows that we can write, for
sufficiently large integer J,

b 22 - Loy T2a — 22 - T3 x24)
(O1(x1, 21)Oz(w2, 22) O (w3, 23)) ¥ = f§ )($1721;$2722;$3,Z3)( e ) ,
T12 T3 T3

(5.18)

where n is sufficiently large so that the Lorentz weights of fy are dominant, and the basis
féb) (21, 21; T2, 22; x3, 23) can be chosen to be J-independent. There are two possible subtleties
here. Firstly, the operators O; and Oy can be identical, in which case permutation invariance
will typically constrain the structures for even and odd J differently. Secondly, some of O1, Oq
can be conserved currents, in which case the conservation constraints will typically require
some non-trivial polynomial dependence of féb) on J. In both cases, our solution is to use
the generic basis of structures, ignoring these constraints. The OPE coefficients computed in
this basis may satisfy some linear equations, but this will not affect any of our arguments.

The problem of defining three-point structures for non-integer J is complicated by the fact
that 2z - 293 135 — 22 - 13 73, is in general not sign-definite [15]. We will define the analytic
continuation directly for (0]0207(x3,23)01|0)®) in the configuration 2 > 3,1 ~ 3,1 ~ 2,
where we have

22 - w93 234 — 22 - 213755 < 0. (5.19)
For integer J we have
(0|00 (23, 23)01|0)?) = (=1)7 (=22 - wo3 225 + 22 - w13 235)7 X (--), (5.20)

where the dots represent the standard analytic continuation of all the other factors. For
general J € C we define

<0‘020T($3, Z3)Ol|0>(ib) = :|:(—2Z - X923 .%‘%3 + 2z - 213 1‘53)‘] X ( . ) (5.21)

In all other configurations these Wightman functions are determined by the usual analytic
continuation, which is unambiguous for this ordering even for J € C [15]

3"To see this, note that one can always write 12 = az; + 22 + x4 for &, - z; = 0. We have then
2(z1-m12)(22-x12) — (21 ~22)m%2 =(—= Zg)l‘i > 0, where we used that x is spacelike due to being orthogonal
to the timelike vector z1 + 2s.
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We will additionally use the “time-ordered” structures, which are defined to be equal to

2 2 \—
(22 - w3 w73 — 22 - w13 254) "

b
<(91(9E1,21)02($2,22)0T($3,23)>(+) = fo(w1, 215 T2, 22; 73, 23) g ey Sy S
T12 Ta3z Ty3

X 22 - Tog w3y — 22 - w13 w357 (5.22)

for spacelike-separated points and are defined in other configurations by usual time-ordered

ie-prescriptions applied to everything except | ---|’/. These structures are useful because
(010,LI0NY = (0|0,L[070,0)6(2 > 3> 17) + (--)8(1 > 3 > 27), (5.23)

similarly to the relation between the light-transform of integer-spin time-ordered and Wight-
man correlators [15]. Here dots represent a structure that is a bit awkward to describe but
which we won’t need in what follows.

Our choice of conventions for traceless-symmetric operators described in appendix B
satisfies the above constraints.

5.1.2 Definition of K“

The kernel K*“ is defined by requiring that it has the analyticity and conformal transformation
properties of

(0|0} (2) 0" (2, 2)O] (21)|0), (5.24)

and the requirement that when we set + = —ooz and 20 = 2! = 1,2° = 0, the following
equality holds

ddazlddeZ’J’/\(a) (z2,21;2,2)0201 = (z1,x9;2,2)010s.

A,J\(a)

~

dix dizs Kt
TR 2

T2 1

(5.25)
Here, we have defined the linear operation
A= (JoATGHT. (5.26)

Here Jq is the anti-unitary operator implementing the CRT symmetry, where the reflection
acts as ' — —a!. This relation should hold for all J. For integer .J it is equivalent to

ddxldd.rQ " 1 ;o (b)
1>2/>2~ vol(SO(1 1))2KA,J,)\((1) (1, 32; 2, 2) (0[O L[O] (2", 27) O2|0)
17
= 5 - {LO)(2, 2)LIO")(@, 2)5(s). (5.27)
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5.2 Derivation of the OPE formula
5.2.1 Harmonic analysis on celestial sphere

We have given a review of harmonic analysis on celestial sphere in section 4.2. In this section
we need a generalization which we state here without proof, and refer the reader instead
to [1].

Suppose we have a choice of two- and three-point structures on the celestial sphere

(Psa(2)PL () (5.28)
(Paya (21)Poy g (22) PLA (2))@) (5.29)

We assume that the three-point structures are linearly-independent and span the space of
conformally-invariant tensor structures for the given quantum numbers. Given these struc-

%

tures, we can find OPE differential operators C;y satisfying

C) (21, 22; 02) (Poa(22)PLA(2)) = (Poy a, (21) Pogrg (22) P (2))@. (5.30)

Here and below, the Ps y carry SO(d — 2) indices for A, which we suppress for brevity. These

indices are implicitly contracted between @ ) and Pg A(2z2).
Now suppose that conformally—invarlant kernels ks, Ay(a)(zl, z9; z) solve the equation

D D g (21, 255 2) P (1) oo (22)P LA () = (Pan ()P, ()60,
vol(SO(1,1)) "oA@Th =2 2oL 222122/ F A% oA\ F 1)

(5.31)
Here, ks x (a)(21, 22; 2) carries SO(d — 2) indices dual to Ps, x, and Ps, », and these indices are

implicitly contracted in (5.31). If the above conditions hold for all A’s that can appear in the
(d — 2)-dimensional OPE P;, », x Ps, »,, then we have

——i—zoo d5
L[O1])(z, 21)L[Os)(z, 2») Z 5O (21,223 020 Wi ) (@, 22), (5.32)
where
W57,\7(a)(1:,z) = /Dd_Qled_QZQ]{I(;’)\7(a)(Zl,22;Z)L[Ol](l‘,Zl)L[OQ](ZL‘,Zz). (5.33)

For the validity of (5.32) the same caveats as in footnote 20 apply. Note that it is not im-
portant which basis of structures one chooses in (5.29) and (5.28) — the above statement is
basis-independent. We utilize this freedom below, making convenient choices when appropri-
ate.
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5.2.2 Lower transverse spin

For lower transverse spin, we will assume that when we set J — J; + J2 — 1, the light-ray

kernel KtA JA(a) degenerates to

N((cc;),a,,\ /M ddxld%?KngLJ,,\,(a)(xla952%%2)01(931)02(902)

1T

- / D22 D220k 5 (21, 223 2)LIO1 (2, 21)L[Os] (@, 22) (5:34)

where kj ) () is a basis of Lorentz-invariant kernels, and N g a rectangular matrix

(implicit summation over (a) is understood). The matrix ./\/( C?s(;’)r\leeded because not every
Kg +1,J0,(a) degenerates in this way. We assume that all Lorentz-invariant kernels ks ) ) can
be generated in this way i.e. N is full rank.

The evidence for this assumption comes from several lines of reasoning. First of all,
it agrees with the scalar example in section 4. Moreover, we have additionally studied the
example of L[¢|L[V] OPE, where V is an operator with spin 1, which has a non-trivial matrix
N and verified this statement. Furthermore, from the counting of structures in appendix E
one can see that the dimensions of the spaces of structures match (specifically, the rank of
N can be predicted from (5.40) below, and it matches the number of ks (). Finally, (5.34)
yields the same results as in [1] and in appendix D, where they have been obtained by
an different, although more complicated, method. It would be interesting to find a direct
derivation of (5.34).

Plugging (5.34) into (5.6), we obtain

O|L* (O] (. 22)L[O](«', /)L~ [On](r, 2)|0) ¢
l)d72 l)d72 k . < ) ) ) +
/ Zl 22 5,/\(0)(’217227’2) VO](SO(].,].))2
1

= 5 - (LO)(@, 2)LO"] (', )N (5.35)
where L1[O,] indicates that the light transform contour is restricted to 2 > 2’ and L~ [01]
indicates that the light transform contour is restricted to ' > 1. On the left-hand side, one
factor of vol(SO(1,1)) cancels against a zero-mode in the integral over zi, z2, and the other
factor cancels against a zero-mode in the triple light-transform of the three-point structure.

Let us define a matrix Mgz)) 5\ with the property

M(C) N(a) — 5( )

@5V 60 = () (5.36)

This is always possible to do since N is full rank. However, M defined in this way is in
general ambiguous because we can replace

(c) (c) (¢)
Miaysx = Mo T M) (5.37)
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for any mgz)) such that mgz))j\f ((ccfg s = 0. We make a choice of M and rewrite (5.35) as

(OIL*[O0o](z, 22)L[O1](a/, 2/)L~ [O1](z, 21)]0) "

d—2 d—2 ) + (<)
/D ZlD z2k57,\(0)(21,227z) VO](SO(I,I))Q M(a),é,)\
1 /
- (L LIO (', 2'))6'). :
—(L[O](e, 2)L[O"](a', ) (5.38)

In the left-hand side we have a celestial “bubble integral” of ks x() (21, 22; z) against

O[L+[0s) (2, 22)L[OT] (2, 2 )L~ [O1] (z, 20)|0)\* (v
(OIL*[O] (, 22) V[()lé(()(l’l))) [O1] (2, 21)[0) ¥ ME) (5.39)

Since k; x(¢)(21, 22; 2) form a basis, it follows that this bubble integral is non-degenerate [35],
i.e. it vanishes for all (¢) if and only if the above expression vanishes. Due to (5.37) it then
follows that

(OIL*[O2](z, 22)L[O1] (2, /)L~ [O1](, 21)[0) ) (e
vol(SO(1,1)) gy =0 (5.40)

for any mgz)) such that mgz))N((C’f;’&)\ =0.

Equation (5.38) has almost the same structure as (5.31) if we identify, for fixed x, 2/,

(O|L*[0s](z, ZQ)L[OT](.I‘,, 2L~ [O4](=, z1)|0>$) M(c)

(P (21)Pogirg (22)PL ()

vol(SO(1, 1)) ()80
(5.41)
(Par(2)PLA) ¢ 5 (LIO) @, 2)LIO @, 2). (5.2

However, we cannot quite write equality signs in the relations above, because while 21, 2o
and the transverse indices of LT [Os], L™ [O] transform under the Lorentz group at x, the
polarization 2’ and transverse indices of L[OT] transform under the Lorentz group at z’.
Fortunately, we can perform two steps to rectify this problem. First, there is a subgroup
L, ~ SO(d —1,1) of conformal transformations that fix both z and 2/, and act as Lorenz
transformations locally at these points.?® Second, we can “translate” the indices and po-
larizations of L[O'] from 2’ to z, so that the action of L, is the same on all indices and
polarizations. Specifically, we can write

(OILF[O2](w, 22) (L LIOT) (&, L 'YL [O4] (2, 21)[0) ()

t (c) — (c)
<P51,/\1 (Zl)P52,)\2 (22)7)5)\(2» = vol(SO(1, 1)) M(a),é,A’
(5.43)

(Pir(2)PLy(E) = 5 (LO)(w, 2) L IO, L)), (5.44)

38For example, we can set © = 0 and &’ = oo, in which case the group in question is the standard Lorentz
group.
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where
(Lpar )y = 01 — 2202, /22, (5.45)

and IMIL[OT] indicates the action of I on the transverse spin indices. Importantly, the
presence of I,,» means that while 2’ and other indices now transform in the same way under
L. as the indices and polarizations at x, the representation that they form is reflected relative
to that of L[O']. This reflection is crucial, because it is precisely the difference between the
d-dimensional and (d — 2)-dimensional t operation, and so the representations match in the
above identifications.

Equation (5.38) implies that the set of three-point structures defined by (5.43) is complete,
otherwise we wouldn’t be able to get the Kronecker delta in the right-hand side of (5.38).
We can therefore use the statement of section 5.2.1. Specifically, let us define operators 5( @)
by (5.30), which now takes the form

271'26?5 ;(21’ 22,0z, )(L[O](z, 22)(1961”L[OT])(5'3/7 wa’zl»
 {OILF[Os) (@, 20) (Law LION) (2, Law 2L [O1] (1, 21)[0)
B vol(SO(1, 1)) (@) 3"

In this equation, we can cancel the I, matrices on both sides

1 50 s o OILF[0)(w, 22)L[OT) (&, 2 )L (O] (, 20) |0} | (o
S0 (21, 22,02 (L[O) (2, 2)LIOT) (&', 1) = SIS lN) M
(5.47)
Then we find
—Jrzoo d5 o)
[Oﬂ(x 2’1) 02 x 2’2 Z/ . ’)\(Zl,22;822)W57)\7(C)(.%',Z2), (5.48)
where
W(g’/\(c) (l‘, Z) = / Dd_Qled_QZQk'(;’/\’(C) (Zl, 225 Z)L[Ol] (.r, Zl)L[OQ] (.r, 22). (5.49)
In our case, the kernel ks ) () arose from K ! through (5.34). This means that we can alter-
natively rewrite Ws  (o)(7, 2) as
Wi oz 2) = N2 = (0F (2,2) — OF (@.2)). (550
5, (e) (0,629 \ Vo+1,71+J2—1,),(a) S+1,14+J2—1,7,(a) D : :

Plugging this into (5.48) we conclude
L[Ol](% 21)L[Os](z, 22)

——i—zoo
_t Z d5 N(a) é?sc))\(zl’z%a ) (@-I—

(c),6.1 64+1,J1+J2— 1)\(a)( z) — Q51,1400 L\ (a )(x,z)) +--
/\€A12

(5.51)
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In the last step we fixed a subtlety that we glossed over before: the identification of three-point
structures in (5.43) can only be performed for low transverse spin A since the right-hand side
simply does not exist for higher transverse spin. Therefore, in (5.51) we have only correctly
identified the low transverse spin contributions, and (---) denotes the higher transverse spin
contributions that we deal with in the next sections.
We can simplify equation (5.51) further, by defining
1
C((;“/\) (21,22;0,,) = %N((S)@Aég(zh 295 0,,)- (5.52)

Note that while CA((SC))\ are linearly-independent, C(gf;? are not. In terms of Cé?)? we get
L[O1](z, z1)L[O3](x, 22)

422 Liso ds
o 2 (a) . + —
=i Z /“ ' Q—Cd)\ (21, 22;0z,) <©5+1’J1+J2_1’)\7(a)(3:,z) — @6+1’J1+J2_1’>\’(a)($,2)> 4.

(5.53)

Using (5.47) and (5.36) we can give an equivalent characterization of Cga/\),

(O[LF[O2](, z2)L[O1](2’, 2/)L~[O1](z, 21)[0)
vol(SO(1, 1)) '

€ (21, 22, 0.,)(L[O) (. 22)L[OT] (', /) =
(5.54)

Equations (5.54) and (5.53) reproduce equations (3.97) and (3.98) of [1], respectively.?* We
refer to (5.54) as the “celestial map” formula because it maps the d-dimensional tensor struc-
tures appearing on the right-hand side to the (d — 2)-dimensional OPE differential operators
C(gfl;. Note that (5.40) implies that m ) such that J\/((g)vwm(a) = 0 satisfy

(O[LF[O2](z, z2)L[O1](2/, 2/)L[O1](z, 21)[0)
vol(SO(1, 1))

m(a) = 0, (555)

i.e. the kernel of /\[((S) SA is the same as the kernel of the celestial map.

Finally, to reproduce the low transverse spin terms in (5.1), we note, analogously to the
discussion around (4.69), that in order for the left-hand side of (5.53) to be well-defined, we
need the Regge intercept to satisfy Jy < J1 + .(]21;711+,J2i§1 which case we can use a supercon-

5+1’J1+J2717)\7(a)(x,z) = 0. This allows us to

vergence sum rule [1, 23] which states that O
rewrite (5.53) as

L[Ol] (.’E, Zl)L[OQ] (.’E, ZQ)

d—2 | .
T3 tioo dd (_1)J1+J2

= mi(=1)" " Z Tmcég)(zl’ 2 8Z2)@5+1,J1+J2717)\,(a) (z,2) +---,  (5:56)

AEA12 Y T2 —100

which reproduces the first sum in (5.1).

39There is a (—) sign in (5.53) which is not in (3.98) of [1], which is due to the more explicit treatment of
(—1)” signs in section 5.1.1 of this paper.
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5.2.3 Higher transverse spin

Now we would like to understand the higher transverse spin terms in the OPE (5.1). The
logic in this case is similar to the low transverse spin case, but with some extra complications.
Similarly to (5.34), we assume that

N(ca))(; Ay (/96%2 ddxlddx2K§+LJ7)\%(a) (.’El, o, x, 2)01 ($1)02($2>>

xRl

d—2_ pd—2 )
J%JlJr—Jg}flJrn / D 21D 22k6,)\7(+n),(c) (2’1, 29, Z)L[Ol] (:C, Zl)L[OQ] (13, ZQ). (557)
The evidence for this assumption is the same as for (5.34) and is discussed in section 5.2.2.
Using this statement in (5.6) requires some care. Indeed, plugging in this relation (again
defining M to be the left inverse to V), we find

- - (OILF 03] (, 22) L[OV) (&', 2 )L [O1)(, 20)0) (o
/Dd 221D 2Z2k57/\w(+N)7(0)(21’ZQ?Z) vol(SO(1,1))2 - M(a)(S)\»y,n
1 /
TN Y
— (L) L0, ) (5.58)

The equality holds if J = J, = J; + Jo — 1 + n. But for this value of J, the action of D,
is conformally-invariant, and the right-hand side of (5.58) contains a conformally-invariant
two-point function for operators D, L[O] and L[O']. However, the quantum numbers of these
operators are not Hermitian-conjugate to each other, and thus such two-point functions do
not exist! This means that the right-hand side vanishes, and so the left-hand side must also
vanish. Equation (5.58) at J = J,, is thus trivially satisfied.
To obtain nontrivial information, we must shift away from J = J,,. For this, it helps to
act with D, on L[O] on both sides of (5.58). We obtain on the right-hand side
271”«@ L[O))(z, 2)(DLIOY)) (2, 2'))5 5]
e i L (DLOD@ )PLON ) ey

J=sdp 270 J—J o O = Jn)?). (5.59)

After acting with D,, on the second operator, the limit

im 1 {(D,L[O])(z, 2)(D,L[O)(2, 2))
J—=Jn 271 T,

(5.60)

is a conformally-invariant two-point function [40].

We now need to analyze the left-hand side of (5.6) away from J = J,,. One might worry
that we would need to know the subleading term in (5.57) in order to determine the leading
non-zero piece in the left-hand side of (5.58). Fortunately, this is not required. To see this,
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let us first write for general J, from (5.6) and the above,
ddl’ldd.%'g t 4 _
/VOI(SO(l,l))an (KA J)\(a)(x17x27$72)6(x ~21 ))
((owQL[OT](x N0 0)P02 > o/ > 17 ))

1 {(DuL[O])(z, 2)(DL[OT) (2, 2))
= (/=) lim o J— I, 58

Since the right-hand side is O(J — J,,), this should be true for the left-hand side as well. We
claim that in fact

+O((J — Jn)?) (5.61)

A dia
/\MF(M,:@,Q; z)D (<0|02L[OT]($ z )(’)1\0> 0(2 > 2’ > 1*)) cO(J - Jy)

(5.62)

for any conformally-invariant kernel F' that transforms at xz with the quantum numbers of
D,L[O]. This statement implies that we can use (5.58) directly at J = J, =J1+Jo—1+n
for the purposes of determining the O(J — J,,) term.

We actually need the following refined version of (5.62),

d.T dﬂ:’
/MF($17$2ax 2D, ((010sL[01] (o', )01[0) P02 > ' > 17))

d.ﬂU dl‘
=(J—Jn) / Vocll(S(l)Czl,i))F(m,m,x 2)D (<0\O2L[OT](CU 201002 > o > 17)) ‘J:Jn
+O((J = Jn)?). (69

Note that the expressions on the left-hand and right-hand sides differ by the power of the
factor vol(SO(1,1)). The reason for this is that while at J = J,, and J # J,, both integrals
have 2 reparameterization zero modes, in the integral on the right, one of the modes is similar
toxr =+ ax in

/da: o(z) =1, (5.64)

and doesn’t require Faddeev-Popov fixing. A simple model for the above equation is provided
by the integral

o dx
2.2~ U=y (2T (2)) = 2(T — T,). 5.65
| simory2 e ol 00w = 200 = ) (5.65)
Clearly, the coefficient 2 in front of (J —J,,) can be computed by setting J = .J,, and removing
the vol(SO(1, 1)) factor. The result (5.63) can be shown by an explicit calculation in the case
when Oy, 0y are scalars,’® and then noting that integrands in both sides have the same
transformation properties under weight-shifting operators acting on 01, O, O [28, 35].

40Tt is easy to convince oneself that it suffices to ensure that the result of this section agrees with the result
of section 4.
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Combining everything together, we find the following equation for the kernel ks x_ (4n),(a)

D372z D472z, - (a) ()
—VOI(SO(L 1)) kév)"y(+n)7(c)(zl’ 293 Z)Dn <<O‘L+ [(’)2](17, ZQ)L[OT}(Z',’ Z’)L [01](1', Zl)’0>+ ) M(a)@)\%n

L ((D,L[O))(, 2)(D,L[O"]) (2, 2')) 5
Jod 2 J = Jn Ch

(5.66)

From this equation, following precisely the same steps as in the derivation of low transverse

spin terms in the previous section, we find that if the operators Céa)?w( ) ATC defined by

(a) _ ((DuL[O)) (2, 22) (D, L[OT]) (2, 2'))
C&,M(—l—n)(zl?Z??aZz)Jlgf}n J—J.

= (=)D, ((OILF (O], 22)L[O"] (&, 2 LT[0 (2, 20|00 ) (5.67)

then the contribution of higher transverse spin terms is given by the second sum in (5.1).*! In
appendix E we consider which representations A, (4+n) can be generated in this way, and show
that there are enough d-dimensional structures that survive this celestial map to account for
all the celestial OPE structures.

5.3 Celestial map without light transforms

In the previous section we derived the celestial map formulas (5.54) and (5.67) that determine
the OPE differential operators Céfl)? appearing in (5.1). These formulas involve taking several
light-transforms of tensor structures analytically continued to Wightman correlators, which
in practice can be a difficult calculation. Fortunately, as first observed in [1] and proved for
traceless-symmetric operators, there exists a simpler version of the celestial map formulas
that contains only simple algebraic manipulations.

We will show that the following is equivalent to (5.54),

CY (21, W1, 22, W2, 02y, ) ((—2H0) (O(Xs, Za, W) OF (X, Zo, W)

celestial

= X12|—2Vh.21| (O1(X1, Z1, W1)OT (X0, Zo, W) Oa( Xa, ZzaW2)>Sf) ) (5.68)

celestial

and the following equivalent to (5.67),

a _ D! O) (X2, Z2, Wo)(D., O (X0, Zog, W
C(g,)?’y(_;'_n)(zlawlaZ2aw2782276W2) (Jli{l:]ln(_2H20) <( )( 2 2 J2)_( Jn )( 0 0 0)>>

celestial
(—1)"Xip

= D), (0(Vo2) (01 (X1, Z1, W) O' (X0, Zo, Wo) O2( Xz, Z2, W) )
(—2Vp21)

celestial

(5.69)

“Mere we introduced a sign (—1)™ by hand in order to simplify (5.1).
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(Note that we have used the (-- -)(a) structures defined in section 5.1.1.) In the above equa-
tions, we have explicitly reintroduced polarization vectors w; for the second and higher rows
of Young diagrams of O;, as described in section 3. Furthermore, we have used embedding
space notation [19] on the right-hand side, with the standard tensor structures

Zi- X;X; Xp— Zi - XpXi - X
Vijk = ’ . 5.71
Lk X; - Xy, ) (5.71)
Hij = =2(2; - 2; X - Xj = Zi - X2 - Xi).- (5.72)

Finally, the notation (- - - )|celestial Stands for substituting the following values for the embed-
ding space coordinates,

ZOZ_(]-aOaO)v Zl :_(0)1)0)5 ZQZ_(07170)7

Xz' = (0, 0, Zi), Wi,j = (0, 0, wi,j), (5.73)
where we specify coordinates in the order (Y1, Y=, Y#), u=0,--- ,d—1. Note that in (5.69)
we divide by §(—2Vp 21). By this we mean that the result of the action of D}, is proportional
to 0(—2Vp21), and we simply read off the coefficient of this delta-function. Note that this

coefficient is only well-defined in configurations where V21 = 0, which is indeed the case for
the celestial locus (5.73).

5.3.1 Factoring out the light-transforms

We start by proving (5.69). The proof of (5.68) is only a simple modification that we comment
on below.

The proof proceeds with evaluation of light-transforms in both sides of (5.67). We start
with the right-hand side

D, <<O\L+[Og](a:, 29, W2) L[0T (0, 20, wo)L~[O1](x, zl,w1)|o>§?>) . (5.74)
Here D,, acts on (xg, 29, wo). We can rewrite this equivalently as
=D,LiLy <<0’02($,ZQ,WQ)L[OT](SCO,ZO,WQ)Ol(Z’,Zl,Wl)‘0>Sg)0(2 >0> 17)>
= DLy ({01 (, 21, W1) Oa(, 22, w2)LIO] (w0, 20, w0)) 0(Vi,1)) (5.75)

where L; denotes light-transform acting on (x;,z;, w;). In the last equality we used the
following fact. First of all,
20 fElol‘%O — 20 .’Egol‘%o

Vo,12 = 5 (5.76)
L12

is positive for 1 ~ 2 and 2 > 0 > 17, and is negative for 1 ~2 and 1 > 0 > 27. In (5.23) we
have two terms, and multiplying by 6(V}, 12) selects the first term, which is the one appearing
in the first line of (5.75).
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Now we can use (3.25) to rewrite this further as
= LlLQLOD;L <<01 (x, 21, Wl)OQ(CU, Z9, WQ)OT({L'(), 20, W0)>$)9(V0712)> s (5.77)
where we took into account the easily verified fact that Vp 12 commutes with L.

5.3.2 Appearance of §(—2V} 12)

Note that without the theta-function we would have
D! (O1(x, 21, w1)Os(x, ZQ,WQ)OT(IO, zo,wo)>(a) =0. (5.78)

This is because for J = J,, all possible three-point tensor structures above are polynomial in
20, and hence killed by D],. To see this, note that the way non-polynomial structures in zg
appear is through the factors of the form

(O1(x, 21, W1)Oa(, 22, W2) O (o, 20, wo ) )™ = (- )V, (5.79)

when J < k, where k > 0 is the degree of zp in (---). Non-polynomiality cannot appear in
any other way, because we require that all polarizations except zg enter polynomially, and
Vo,12 is the only invariant that involves only z9. We see that for sufficiently large integer J
all structures are therefore polynomial, and the appearance of non-polynomial structures is
indicated by the reduction in the number of polynomial structures. The number of polynomial
structures can be computed using group-theoretic counting rules [41], and a simple calculation
shows that the polynomial structures start disappearing for J = J; + Jo — 1 (see appendix E).
This means that for J = J; + Jo — 1 the maximal non-polynomiality is VOT1127 and for J =
Jn = J1 + J2 — 14+ n with n > 0 there are no non-polynomial structures. More generally, the
smallest possible exponent of Vj 12 is

VO{;QJl—J?. (5.80)

Since all structures are polynomial for J = J,, the properties of D], discussed in section 3
ensure (5.78).

However, we are interested in
'D% <<01 (l‘, 21, W1)02($, 29, Wz)(’)T(xO, 20, WD)>$)9(V0712)> . (5,81)

We can obtain derivatives of delta functions §(™)(—2V; 12) from D/, hitting the theta-function.
We claim that we get a result which is proportional to 6(—2Vj 12). To see this, we regularize
by analytic continuation in J. Note that in (5.81) the most negative power of Vj 12 is

J—J1—J2— J—Jn—1
Vo,12 TR = 0,12 ) (5-82)
because D), has n derivatives which will therefore hit ‘/0‘]1_2‘]1_‘]2, which is the most negative

/
ns

power of Vp 12 before acting with Dj,, at most n times. In other words, we have for each (a)

D;, <<Ol($,2’1,W1)02($,Zz,WQ)OT(ﬂ?o,ZO,W0)>$)9(VO,12)>
= (J = Ja) (Vo 10 (Voz) + R, (5.83)
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where R involves higher powers of Vj 12 or (J —J,). As we send J — J,,, we then find R — 0
and

(J = Ju) Vil 1 0(Vo12) — 6(Vo12). (5.84)
We therefore conclude that
D <<01(x,2:1,W1)02(x,zQ,Wg)OT(JI(),2:0,W0)>Ef)9(%,12)) = 6(—2Vp1) x finite.  (5.85)
5.3.3 Symmetries of the integrand
Defining
f(X1, 21, Wi; Xo, Z2, Wa; Xo, Zo, Wo)
— D, (<01(X1,Zl,w1)02(X2, Zs, W2)O' (X0, Zo,w0)>§?>e(vo,12)) , (5.86)
and

flat, a2, a0) = f(Z1 — 1 X oo, —Xoo, W15 Z2 — a0 X oo, —Xoo, Wa; Zg — a9 X0, —Xo, W),

(5.87)
where
Xoo = (0,1,0), Xo=(1,0,0), (5.88)
Zi=(0,0,z2), W;;=(0,0,w;), (5.89)
we can rewrite (5.77) and thus (5.74) for x = 00,2’ = 0 as
D (0|L T [O3] (00, 22, w2)L[OT] (0, 20, wo) L™ [01](00, 21, w1)|0)™ = / +°° dondasdag f (e, az, ).
- (5.90)

Our goal here will be to find an expression for f(aq, g, ag) based solely on symmetries.
First, we check that the boost in the embedding space which sends

Xoo = Moo, Xo— A1X, (5.91)

implies that for A > 0
flon, g, a0) = M2 F(an, dag, A lag), (5.92)
where J' = J,, —n = J1 + Ja — 1 is the spin we get after the action of D/,. That is, we have
flaq, az,a0) = Af(Aag, Aag, A ag). (5.93)

Second, the symmetry that in Minkowski space is represented by translation along zq
acts on embedding space coordinates as

Xo— Xo+ X2y, Z;— Z;+ 2(21' . Zo))\Xoo (’L =1, 2), (594)
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leaving all other coordinates invariant.*> We can check that it implies the following equation
for f,

flag,ag,a0) = (1 — ao)\)_A_‘]/f(ozl —2(21 - 20)A, a2 — 2(22, 20)\, (ag T — A) ) (5.96)

for 1 — agA > 0.
Now recall from the previous discussion that f(aq, g, ag) is proportional to 6(—2Vj 21),
and so we can write

a1(20 - 22) —ag(2g - 22

flag,a2,00) =6 ( ( ) ( )) g(az, ap), (5.97)
(21 - 22)

for some g. Here we eliminated the «1-dependence using the delta-function. In terms of g,

the symmetries discussed above read

g9(a2, a0) = g(Aag, A ), (5.98)
glaz,ap) = (1 — aph) 2" "glaz — 2(22, 20)\, (ag* = A) 1), (5.99)

for A > 0 and 1 — agA > 0 respectively. Let us consider gy defined by
_ —A-J'
g()(Oég, Oéo) = ‘OQCKO — 2(22 . Zo)‘ . (5.100)

It is easy to check that gg satisfies the same symmetries as g, and thus g/go is simply invariant
under the above transformations of as,ay. Note that we have two continuous families of
transformations, and it is easy to verify that the 2 vector fields by which they are generated
are generically linearly-independent. Since we have only two coordinates ag, ag, we find that
g/ go should be locally constant and can only change value where these vector fields degenerate.
This only happens when asag — 2(2z2 - 29) = 0 or a9 = 0.

Note that g(ag, ag) comes from a three-point structure, and the three-point structures
are analytic away from X;; = 0, which are given by

X12 = —2(2:1 . 22), (5101)
XlO = 1y — 2(2’1 . Zo), (5102)
XQO = 0y — 2(22 . 20), (5.103)

s0 g/go cannot have a discontinuity at cy = 0. We thus only need to determine how g/go
changes when crossing Xs9 = 0. Since g comes from a time-ordered three-point structure, a
non-analyticity near Xo9 = 0 must have the form

(Xa0 + ie)?, (5.104)

12To be more precise, we have
Wi’j — Wi,j -+ 2(w¢,j . Z())/\Xoo (Z =1, 2), (595)

but since in (5.87) W; ; are inserted with first-row polarization —Xoo, the shift by X has no effect on the
value of f.
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where we use the usual ie-prescription for time-ordered correlators. It follows that
gz, ap) = Alasag — 2(zg - 20) + ie) 2 (5.105)
for some A, for all real values of ag, a. It is convenient to express A in terms of ¢(0,0),
gz, a0) = (=223 - 20)2T7 g(0,0) (azag — 2(22 - 20) + i€) 27", (5.106)

5.3.4 Computing the light-transforms

We can now compute the integrals in (5.90),
/daldQQdaof(a17a27ao)

= /daldagé <a1(zo 22) — aalz0 ZQ)) /dag(—QzQ - 20)2F 9(0,0) (aga — 2(25 - 20) + i€) "2

(21 - 22)
= 9(0,0)(~2z - ZO)/daldazé <a1(z0 ' Z(ZZ);;(ZO : zQ)) /dao(a2a0 +1 i) A
_ —2mi a1(z0 - 22) — az(zo - 22)
= WQ(O,O)(—QZQ . Zo) /dalda26 ( (Zl : 22) > (5(0[2)
- AJ:?I7'TZ—1(_2ZI +22)9(0,0), (5.107)

where we used the equation

+oo dx 27
=T 1
/oo Gy ritior - a-1°W (5-108)

which we prove in appendix G.2. Unwinding the definitions, we check that

(*221 . zQ)g(O, 0)

X a
=2 (9(‘/0,12)«91()(17 Z1, W1)O' (X0, Zo, Wo)Os(Xo, 227W2)>E|-))
6(—2Vo,21)

celestial

(5.109)

It only remains to compute the light-transforms in the left-hand side of (5.67). For this,
note that

((DLL[O)) (w2, z2, W2) (PnL[OT) (0, 20, Wo))

lim

J—Jn J—J,
/ / T
— L,Ly lim ((DL,0) (X2, Z3, W2)(D,0")(Xo, Zo, Wo)) (5.110)
J—Jn J—Jy
and defining
D!, 0)(Xa, Z D, 0N (X0, Z
9'(Xa2, Za, Wa; X0, Zo, Wo) = lim {(PnO) (X2, Z2, W2)(PnO1)(Xo, Zo, Wo)) (5.111)

I T J—Jn ’
q (a2, 0) = ¢'(Z2 — aaXoo, —Xoo, Wa; Zg — a9 Xo, —Xo, Wp), (5.112)
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we find that ¢’ satisfies the same properties as g above, and the same arguments lead to
g (a2, 00) = (=22 - 20)T7 ¢'(0,0) (200 — 2(22 - 20) + i€) 2. (5.113)

We can then similarly compute

D! O)(Xa, Zo, W)(D. ON (X0, Zo, W.
L,Lo lim ((DLO) (X2, Z2, W2)(D;,0") (X0, Zo, Wo)) :/d@d%g/(a?’ao)
J—Jn J—=Jy
—2m
_ T e N (0.0). 114
A7 ("2%2 - 20)9'(0,0) (5.114)
Since (—222 - 20) = —2Hag|celestial, We find

/ 't
(=222 - 20)g'(0,0) = <J11)151n(—2H20) (DL, ZQ?VY]Q)_(?:O e, 2o, Wol)

celestial

(5.115)

Combining with (5.67), (5.90), (5.107), (5.110), (5.114), and (5.109), we arrive at (5.69).

5.3.5 Low transverse spin case

The only modification to the above proof required for the case of low transverse spin — (5.54)
and (5.68) — concerns the appearance of the delta-function in the analogue of (5.81).

(<01 ($, 21, Wl)OQ(m', Z29, WQ)OT(.T[), 20, W0)>$)9(Vb712)). (5.116)

In principle, there is no delta-function here. Instead, from the discussion in section 5.3.2 we
know that for J = J; + Jo — 1 there are structures which contain the most negative power of
‘/’()’21 which is

(- ) (—2Vo21) ' 0(Vo,12)- (5.117)

This inverse power of V) 21 leads to the divergence in the triple light-transform in (5.54) which
is canceled by the SO(1,1) factor. Similarly to the discussion around (5.63) we can remove
the vol(SO(1, 1)) factor and replace (in fact, this is exactly the same replacement as in (5.63))

(—2‘/0721)_19(‘/0712) — 5(—2‘/0,21) (5118)

and then the above proof can be applied to (5.68). The only remaining difference is that in
the final formula we prefer to factor out (—2V0,21)_1 before the above substitution instead of
factoring out 0(—2Vp 21) after the substitution.

6 Examples

6.1 Re-deriving the L[¢;] x L[¢2] OPE from general formulas

In this section we rederive the scalar detector OPE (4.69) from the general result (5.1).
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The first step is to work out the low-transverse spin terms in (4.69). The set of transverse
spins Ao is constrained to consist of traceless-symmetric representations A of spin j because
L[¢1] and L[¢2] both transform as scalars on the celestial sphere. In d-dimensional language,
the transverse spin j is the length of the second row of the Young diagram of a SO(d —
1,1) irrep, and is therefore constrained to be j = 0 since only traceless-symmetric light-ray
operators appear in ¢1 X ¢o OPE. The low-transverse spin contributions are then given by

d—2 | -
3t g5

L{1)(@, 20)Llba)(@20) =i [~ S Cogmo(1,22,0:) 0y gy (0 2) 4o, (61)
5= —too

where we also substituted J; = Jo = 0 and removed dependence on the transverse polariza-
tions w; since all operators are traceless-symmetric. In order for this to agree with the 7 =0
term of (4.69), we need to verify that Cs j—o normalized as in (4.20) also satisfies the celestial
map (5.68). We do this by computing the structures entering in (5.68) and comparing them
to the structures in (4.20).

First of all, we need to determine the expression for the three-point structure enter-
ing (5.68). Our d-dimensional structures for integer J are defined in appendix B, and the
analytic continuation should be performed following the conventions of section 5.1.1. Com-
paring (B.3) and (5.18) we see that n = 0 in (5.18) and fy is given by some product of
distances z;; which is positive for space-like separated points. Looking at (5.22) we see that
in our case the analytically-continued three-point structures appearing in (5.68), when all
points are spacelike-separated, are equal to the absolute value of (B.3).

We can therefore use (B.5) and substitute the celestial locus values (5.73) into it. We
find for J = —1,

1
X12|_2V3,12|<¢1(X1)¢2(X2)0(X37Z3)>’celestia1: A+Ag—A—1 A +A—Ag—1 AgtA—A;-1
p)

X12 2 X13 X23 2 celestial

1
- 511050 5110-0 5510-07 7 (6-2)
(—22’1 . 22) 1+22 (—22’1 . 2’3) 1+2 2 (—22’2 . 2:3) 2+2 !

and since this is positive and all X; are space-like separated in (5.73), it follows, according
to the discussion above, that this is equal to the right-hand side of (5.68) after substitution
3 — 0.

The left-hand side of (5.68) is easily computed from (B.4) to be equal to

(—2Ha3)(O(X2, Z2)O(X3, Z3))|celestial = (—222 - 23)~°, (6.3)

after substitution 3 — 0. Using these results in (5.68) we see immediately that it gives the
same normalization of Cs j—o as (4.20).

A similar logic works for the higher transverse spin terms in (5.1). We have \y(+n) =
(n,7v). The set T'13 in (5.1) then consists of just the trivial representation, because only
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traceless-symmetric representations appear in the ¢; x ¢o OPE. We thus find that the con-
tribution of higher transverse spins is

L[Ol] (.CE, 21, Wl)L[OQ] (.T, Z9, WQ)

00 =2 i ds

. 2 —1)n

zmzl /d_?_m 3 Cagen(21, 22,02, O (DUOS )2 wa) o (64)
n= 2

Therefore, in order to verify that (5.1) reproduces (4.69), we need to check that the normal-
izations of Cs ; defined by (4.20) and (5.69) are consistent.
Reasoning analogously to the lower transverse spin case, we find that we need to compute

the action of D), defined by (3.22) on the absolute value of (B.3). Since in (5.69) we have
8(Vo,12), we need to restrict to the region where Vj 12 is positive. In this region, we have

(—2z - x93 x%3 + 2z - 213 mg3)J
,D;L<¢1($1)¢2(x2)0(x372)>+ = ID;L AM+As—AtT A+A—DAotJ AatA—A+J
T12 T13 To3

JJ=1)---(J— 1
= ( ) n'( nt )(—Qw-xggx%3+2w-x13x%3)n

2 2 \J-
(=22 - x93 235 + 22 - w13 223)7 "

A1+As—A+J  A1+A—-DAo+J Ao+ A-A1+J "
TL12 T13 TLa3
(6.5)

Multiplying by 6(Vp12) and taking limit J — n — 1, we find

1 (—2w - w93 235 + 2w - 213 ¥33)"
D;z (<¢1 (5171)@52(1'2)0(1137 Z)>+0(Vb,12)) = T AI+Ar—Atn+l A1+127A2+n71 AZ%EA,AIJFTL,l 6(_2‘/0712)-
Ny T3 To3

(6.6)

Lifting this to embedding space and evaluating at the celestial locus (5.73), we find that the
right-hand side of (5.69) is

()" X2 (a)
S—or oD (B(Vo.2) (61 (X1)O (X, Zo)g(X2)) )
6(—2Vo21) .
’ celestial

1 (—4W~X2X1-X3—|—4W-X1X2-X3)n

= ﬁ Aj+Ay—Atn—1 A{+A—Agfn—1 Ag+A—Ajtn—1
X12 2 X13 2 X23 celestial

1 (—dw - 2921 - z3 +4w - 21 29 - 23)"

= 51105—o+n 5110—d5+n 5910—61+n (6.7)

n (—22’1 . 22) 2 (—221 . Z3) 2 (—22’2 . 23) 2

which up to a factor of 1/n agrees with the standard three-point structure (4.17) which
appears in (4.20).
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We now need to compute the left-hand side of (5.69). We have

(—22’2 . I((EQ()) . Z())J
$2A
20

—229 - [($20) . Zo)‘]_n

2A
T30

(D7 0)(x2, 22)(D,0) (w0, 20)) = Dy, 2Dy g

= — " Dna(=22 - I(w20) 'wo)”(

-y <”> (D)) (M) iy (T = 1) (-1
0

(—2’[02 . I(xgo) . U}O)k(—QZQ . I(l‘go) . ’wo)n_k
| |
P k) mnl n!
3 — 92 - I(x .z J—2n+k
X (—2wz - I(w20) - 20)" #2222 X ;,g)A o) ) (6.8)
20

where we have defined (a)) =a(a—1)---(a—b+1). We now send J — n — 1 to find

li 1
m —-
Jon—1J —n-+1

=3 <Z> %(—1)"_’6(—211)2 - I(wa0) - wo)* (=222 - I(wap) - wo)" "
k=0

((DRO) (w2, 22) (D, 0)(0, 20))

— 926 - I(x .z —1—n+k
X (—2ws - I(z20) - zo)nfk( 2 I i%)oA 0) :
- % ((=2w2 - I(w20) - wo) (=222 - I (220) - 20) — (—2w2 - I(w20) - 20) (=222 - I (220) - wo))"
(—229 - I(wa0) - 20) 17"
_ —1-n
— % ((—2H3 " )(~2H20) — (—2H37)(-2H3"))" ( ;I;AOT,{_I (6.9)

where HZ-’;‘B is defined by replacing Z; by A; and Z; by B; in H;;. This can now be evaluated
in the configuration (5.73) which yields, after multiplying by —2Hg, for the structure in the
left-hand side of (5.69)

/ /Tt

celestial
1 ((422 cZoWg - Wy — 422 Wz UJQ))n

= . 6.10
n (=229 - z9)01m (6.10)

This agrees up to a factor of 1/n with the standard two-point structure (4.21) which appears
in (4.20). We thus find that both sides of (5.69) differ from (4.20) by a factor of 1/n, and
therefore the two equations are equivalent.

6.2 Selection rules in the L[ 7] x L[J] OPE

In this section we consider the light-ray operators that contribute to the light-ray OPE (5.1)
of two identical charge detectors, i.e. to the two light-transforms of identical U(1) currents
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L[J]. (The analysis for the non-abelian case is similar.*3) For concreteness we focus on d = 4
and we do not assume parity symmetry. However, the results we find will be valid in any
dimension d > 4.

In d = 4 the SO(d —1,1) = SO(3, 1) representations are parametrized by two-row Young
diagrams, which can be supplemented with self- or anti-self duality constraints. However,
since we are considering a non-chiral setup, it is convenient to use real tensor representa-
tions of SO(d — 1,1) which do not have self-duality constraints. We thus parametrize these
representations by pairs (J, j). Local operators always have J > j.

First, we consider the local OPE of a U(1) current J with itself. Using the counting
rules of [41] it is easy to see that for sufficiently large J we have operators in the J x J OPE
in irreps (J,0), (J,1) with even and odd J, and in irreps (J,2) with even J. This generic-
J behavior determines the light-ray operators that appear in the J x J OPE. To see this
explicitly, recall that for even J + j the number of structures is given by the dimension of [41]

SO(3)
(s*D@Resgo (1) (6.11)
where [ is the SO(3) vector irrep** and for odd J + j we need instead
SO(3)
(MoeResiolG (1) (6.12)
We have
S?O=rm@e, A’O=0, (6.13)
where e is the trivial representation, and the restriction of (.J,j) to SO(3) is
SO(3,1 4
Resgos) (,5) = (1) (6.14)
I=j

where (1) is the spin-l irrep of SO(3). We get tensor structures by matching SO(3) irreps
between (6.13) and (6.14). We immediately see that there are no structures with j > 2, and
that for j = 2 the spin J must be even. For j = 0,1 J can be of any parity.

The transverse spins that appear in the J x J OPE are thus 0, 1,2. All these spins are
traceless-symmetric in d —2 dimensions and thus are allowed to appear in the celestial OPE.*>
So, the set Ajp in (5.1) is given by Aj2 = {0,1,2}. We then have the low transverse-spin
contributions, schematically

LTI X LT =) 0 g+ 0 o+ 0t (6.15)

43 Although note the discussion of contact terms in [1].

4 Using an SO(3) irrep instead of an SO(4) irrep takes into account the conservation of 7.

45Note in d > 5 three-row Young diagrams would appear in the 7 x 7 OPE, but the corresponding transverse
spins are not allowed to appear in the celestial OPE of two scalars.
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A subtlety here is that the celestial map (5.68) typically maps multiple three-point tensor
structures to zero, see appendix E for details. As we discuss there, the only structures
that survive are those that contain V0T112, which are precisely those that are polynomial for
J > Ji1 + Jo — 1 but stop being polynomial exactly at J = J; + Jo — 1. In our case we are
interested in even-spin structures which are polynomial for J = 2 but are not polynomial for
J =1, i.e. those which disappear from the counting above as we change J = 2 to J = 1.4
We see that for j = 2 the number of structures changes from 1 to 0 and for j = 0 from 2 to
1. This happens because the SO(3) content of (.J, j) changes: the spin-2 irrep disappears and
cannot be paired with the spin-2 irrep in S?J. However, for j = 1 the number of structures
doesn’t change because the only structure comes from pairing with the spin-1 irrep in A%,
and thus all j = 1 structures are annihilated by the celestial map.

The final form of the low transverse spin contributions is therefore

LT X LT =) O, g+ O0f 1 iyt (6.16)

This is of course consistent with the fact that on the celestial sphere we have two identical
scalars, and thus only even j should be allowed.*”

For higher transverse spin we find that the label v in (5.1) is trivial because SO(d — 4)
is trivial in our case. We have A\(4+n) = 2+ n and thus the higher transverse spin terms take
the schematic form

LT x LT =Y D0 Yy (6.17)

n,t

However, since @;szg do not appear in the J x J OPE, we find

LT X LT =Y Do}y g+ - (6.18)
n,i
Note that these contributions have even transverse spin j = 2 4+ 2n and thus this expansion
is again consistent with permutation symmetry on the celestial sphere.
Summarizing, we have the following schematic contributions to the OPE of two charge
detectors in d = 4,

LIJ] x L[J] = Z (G);,rjzl,j:() + @IJ:LJ':Q) + ZID2n©ZJ:1+2n,j:2' (6.19)
6.3 Selection rules in the L[T] x L[T] OPE

We now discuss the case of the OPE of two energy detectors, i.e. two light-transforms of 7.
We use the same setup as in the previous section, i.e. we work in d = 4 and in terms of real
tensor irreps of SO(3,1).

4®Here we need to detach the notion of signature (even-spin or odd-spin) from parity of J since we are
analytically continuing in J. That is, for J = 1 we still use S2[] for j = 0,2 and A%[] for j = 1.

“THere we assume, as usual, that the product L[J] x L[] is well-defined and thus the two light-transforms
commute. This requires the Regge intercept Jo to satisfy Jo < J1 + Jo — 1 =1 [23].
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The transverse spins appearing in the 7' x T' OPE are analogous to the 7 x J case. We
have spins j = 0,1,2, 3 for both even and odd J and spin j = 4 for even J. This translates
to the following analogue of (6.15)

_ + +
LIT] x L{T] =Y Of) ;0 +Of 5,01 +Of )5 jp +OF )55 + O g g+
(6.20)

However, we again must take care of the fact that the celestial map (5.68) annihilates some
tensor structures. In this case, using the same logic as before, we find that only j = 0,2,4
operators have tensor structures that are non-vanishing under the celestial map. Therefore,
the low-transverse spin contribution is actually

LIT) xLIT) =) Of s o+ 0} 3, o +O0f 5+ (6.21)
7

Again, this is consistent with the permutation symmetry on the celestial sphere that only
allows even j.

The analysis of higher transverse spin contributions is also the same as in the J x J
case. We have from (5.1)

—1)"
LT x LIT) =Y D00 o+ (6.22)

Taking into account that only even-spin 7 = 4 operators appear in 7' x T" and combining with
the low transverse spin terms, we find

L[T] x L[T] = Z <@ZJ:3,J':0 + @ZJ:?)J:Z + @:J:S,j:4) + ZD2”@ZJ:3+2n,j:4' (6.23)

7 n,i

As mentioned above, although we have derived (6.23) in d = 4, the result is valid for any
d> 4.

It is interesting to ask what are the leading operators appearing at various transverse
spins in the above expansion in a weakly-coupled gauge theory. At j = 0 it is well-known
that the leading twist is 79 = 2 operators which can take the schematic form,

aa/ﬁéq T 8BJdJ¢’ Jo}laﬂwd T 8ﬁjdjwﬁl7 Fd1d2863d3 T 8BJdJFB1ﬂ27 (6-24)

where we assume that the gauge indices are implicitly contracted, and the dotted and undotted

t48

indices are implicitly symmetrized. At j = 2 the leading twist®® is also 7o = 2, for the

operators

Fﬁ152855d5 o '8ﬂJ+2dJ+2F5354' (6‘25)

48For all transverse spins we define twist as A — J.
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To see that this is the minimal possible twist, note that 7 > 2 is the unitarity bound in
d = 4 for generic-J operators. To see that there are no other operators, note that the twist
of a product of symbols is bounded from below by the sum of constituent twists, and the
classical twist of all fundamental fields is 1, while the twist of a derivative is 0. Therefore
only products of two fundamental fields and any number of derivatives can have twist ~ 2,
provided no indices are contracted. Fixing the value of transverse spin then leaves us with
the above options.

From this argument it is clear that no j = 4 operators with twist 7 = 2 exist. To build
the lowest-twist j = 4 operators we need to use more than 2 fundamental fields but as few as
possible. Since F' carries the most transverse spin among all fundamental fields, we find that
the lowest-twist operators j = 4 have twist 74 = 4 and are schematically given by,

FOl"Fo2FO73 F, (6.26)

where we keep spinor indices uncontracted and symmetrized, with J, + Jo + Js +4 = J.
Note that there are multiple ways in which the gauge indices can be contracted. The fact
that 7 = 4 operators have higher twist than required by the unitarity bound is in general a
consequence of the improved unitarity bounds of [42], which state

7 > max{2, j}. (6.27)

In terms of the celestial quantum numbers, we get the following contributions. At j =0
and j = 2 we have the leading contributions with dimension

S=A-1x1j+J-1=7+2=4 (6.28)

Note that this dimension corresponds to the singularity of the form 69~ =% = §=2 For
7 =4+ 2n > 4 we get

d=A-1lrmy+J—-1=mn+2n+2=06+2n, (6.29)

which corresponds to the leading short-angle dependence of the form #?". Since the leading
classical twists 7; are all at the (improved) unitarity bounds, the anomalous dimensions should
be positive. Therefore, the leading short-angle asymptotics from these contributions in the
interacting theory should be softer than the ones given above.

7 Example: event shape in N =4 SYM

In this section we consider an example of an event shape that includes the transverse spin
structures discussed above. More precisely, we consider the following event shape in N' = 4
SYM:

(Oa0 (p)[L[Os0r](00, 21)L[Oa0r](00, 22) [T (p, 23)), (7.1)
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where J is the R-symmetry current, which is in the same multiplet as the half-BPS operator
Osyy. We will first compute (7.1) directly by performing the light transform of the relevant
four-point function. Next, we compute it using the light-ray OPE formula. In both cases, we
will derive a Ward identity that relates the event shape (7.1) to the energy-energy correlator
calculated in [1]. The result is given by (7.30) and (7.64). Despite the simplicity of our
result, the fact that the Ward identity can be derived in two independent ways still provides
a nontrivial check of our formulas.

7.1 Direct computation

The computation takes a few steps, summarized as follows. We start with the expression
for the correlator (Ogy Ogy o J) in terms of the scalar correlator (Ogp OgprO0:Oarr). The
two are related via the superconformal Ward identities [43]. Then, we go to the Mellin space
representation of the correlator, and perform the light transforms there. Finally, we Fourier
transform the separation of the in and out states to obtain the desired event shape.

The relevant four-point function is given by the following expression, see (3.15) in [43],

1
(O20/ (24) Oopr (1) Oa0r ($2)Jao},aa/ (23)) = Z(azs)ﬁa (9%23/%45/324 - Uy%2y%4y314 — Uy%4y%4yé‘>21)aa’
D(u,v)
X (X394, X 5 7.2
Koaw Xoshom 2z 3., 72

where our spinor conventions can be found in appendix F. The function ®(u,v) is the part of
the four-point function of Osys that contains the nontrivial dynamical data, see e.g. section
7.2 in [1]. It satisfies ®(u,v) = ®(v,u) = 1®(%,1). The rest of the ingredients are various
kinematical factors that require some unpacking. The a,d& = 1,2 are spinor indices for the
Lorentz group SU(2);, x SU(2)g. The y; are auxiliary variables keeping track of the SU(4)

R-symmetry, see [43] for details. The structures X;;; and Yj;, are defined as follows:

(Tij) o 3 (ki )yar /
(Xijk)aa = T’B(%’k)m o % (Yijk)aa = Wij)ar Win)"" (Yki)bar- (7.3)
i ik

The commutator bracket { , ) for spinor indices?” is defined as
(a, b)(aﬁ) = aadbd’yeyg — badadﬂ/eﬂg . (7.4)

Note that (a, b)(aﬁ) is automatically symmetric under permutation of a and 3.
To connect with the event shape, we set x4 = 0, and x3 will eventually be Fourier
transformed with momentum p. For now, we can replace the derivative ((9553)5 5 With %pﬁ &

We pass to index-free notation by introducing the polarization vector %zg“a, such that z?, =0,
and contracting %zg‘o‘Jm = z§'J,. Contracting with the polarization vector produces a term

Qo 1 « «
pﬁdzzs = §<Z37P>(’8 )+ (23 'p)€’8 . (7.5)

49We use angular brackets to denote the commutator in spinor indices to avoid a clash with the commutator

in vector indices denoted by the traditional square brackets.
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In terms of the polarization vector, the correlator becomes

i

(O20/(24) Oy (1) O20/ (22) Jaar (T3, 23)) = == (Y1ay14 Y324 — VYToy31 Ya14 — uys4yi4 Y321 )aar

32
P(u,v

x (23, p) P (X304, X314>(a6)%‘ (7.6)
120247714

In this formula we only Fourier transformed the external derivative while keeping the rest in
coordinate space. The contraction of the brackets can be performed by the identity

(@, )P (c,d) (np) = 8(g"7g"" — g""g"" + ie""*7)a,bycpds . (7.7)
To compute the event shape, we place the detectors at embedding space coordinates
Xi = Xoo = (0,1,0), Z;=(0,0,z), fori=1,2, (7.8)

and take the light-transforms
L[OQOI](OO, Zz) = / dOéi OQO’(ZZ' — OziXOO), (7.9)

while the external states are placed at X3 = (1, :1;%, x3) and X4 = (1,0,0).
We find it convenient to work in the x Poincaré patch and approach the spatial infinity
insertion as follows

L[OQOI](OO, Zl') = / daoy lgn 7“1-2020/(7“1'21‘ + Oéifi), (710)

—00 T

where 27 = 0, (=2 - ;) = 3, and %; is arbitrary otherwise. In the embedding space, (7.10)
corresponds to choosing

Z; = lim Z] = <1,O,Zi> y
T

T—00 i
i (oL
Xoo = lim X[ = <0,1, m) . (7.11)

Note that (Z7')? = (X%i)* = (Z - X%i) = 0. It is clear from the definition (7.9) that the final
result does not depend on the particular choice of Z;. For convenience, we also define the null

coordinates
Tie = (=2 2z) = /2,
x3i— = (—x3 - 2;) — Ti— (7.12)
fori=1,2.
Next we evaluate the integrand in the kinematics above. The cross ratios u and v take
the form
2
T521 + 2 T1_X30—
= M y v = i 5 (7.13)
2x9-_131-— To—X31—
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and the commutator becomes
1 1 15
(X324,X314)(a5) = im —$32—<21,£U3>(a5) + 9631—<Z27$3>(a5) + 5333(227 Z1>(a5) .
(7.14)

With these expressions, the light transforms are evaluated by the integral

(020 (0)|L[Osgr] (00, 21)L[Oay| (00, 22)| Jaar (23, 23))
- .
2
= / dr1_dro — (YTayisYaoa — vYi2y54 Y314 — uys,yi4 Y301 )aar

. 32
®(u,v)
(—221 . Zg)xl_.%'g_ ’

x (z3,p)*?) (X324, X314) (ap) (7.15)
To perform the light transform integrals above, it is very convenient to use the Mellin
representation for ®(u,v), see e.g. [44],

v dy12d e —
P (u,v) = / o ~7214F(712)2F(714)2F(2 — 12 — y14)° M (12, yra)u 20T
u Jo, (2mi)

Co: Re[yia] > =1, Refyial], Re[yi3] > 1, (7.16)

where v12 + 713 + 714 = 2. The condition Re[y13] > 1 thus becomes Re[y12 + 714] < 1. The
weak and strong coupling results take the form

2
Y12

Mweak ,Y14) = _E ,
(n2,m4) 4 (y14 — 1)%(m13 — 1)2
1
2

Y21+ 712)
(ma—D(mz—1)

We can plug the Mellin representation (7.16) above into (7.15), and perform the light-

MO8 (19, 714) = — (7.17)

transform integrals using the formula

= \a N usT(a+b—1)
/Oo dr_ (z— +ie)"*((—z - x) — x_ + i€) 2mi(—z - ) T@r0) (7.18)
The integral converges for Re[a + b] > 1.

At this point, we observe that the terms in the correlator proportional to y3, produce
a divergent result. This means that the event shapes for the corresponding R-symmetry
structures are not well-defined. To obtain a well-defined event shape, we set y%Q =0, so that
only the —uy3,y?,Y321 term survives. This term produces a finite result for the integral, which
converges for Re[y12] < 0. Note that the condition y2, = 0 keeps representations 84, 105,
175 in the OPE of scalars Oy [44], whereas in the J x Oy OPE we have the representations

15 x 20" = 15 + 20’ + 45 + 45 + 175 . (7.19)
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Therefore, the only representation that appears in the event shape determined by 3%, = 0 is
175. From now on, we will focus on this finite event shape in the 175 R-symmetry channel:

(0201 [L[O20/ |IL[O] | Jaar) |2, =0 = (434414 Y321) aar (O20 [L[O20/ ] L[O2r]| ) 175. (7.20)

Performing the light-transforms for the event shape in the 175 channel, we arrive at the

expression

(O20 (p)[L[O20r](00, 21)L[O20](20, 22) |1 (p, 23)) 175

1 / dyiadyis M(yig,a) 27" D /d4 vl (7.21)
32 (21 22)% Jo, (2mi)? Y12 (siny12)?
where v = 2% The differential operator D), is given by

1
D, = {z3,p)(*” <(714 = 1)(21, 0p)(apy?2 - Op — (13 = 1)(22, Op) )21 - Op — 2712<z2721>(a/3)3§) :
(7.22)

Finally, the Fourier transform can be performed using the following master formula:

-t 2F1(7b77b71+a*b*%5<—)

ip-x
/dd.%‘(Qe_'yb _ 9(17) % 21—2a+d7r1+%(_p2)a_gC
x

— dex?)” Tla+bl(1+a-b-9)
(7.23)
where we introduced 6(p) = 6(p°)#(—p?) and the cross ratio
— 9 . —p?
‘= (=221 22)(=p7) (7.24)
(=2p-21)(=2p - 22)
Setting a = 2, b = y12 — 1 and d = 4 we obtain
/d4 712 1_ 27T sin Y12 / dww™ 712(1 _ w)"/m—l. (725)
Y12

Acting with D), on the result of the Fourier transform (7.25) and using crossing symmetry of
the Mellin amplitude M (12, v14) = M (712,713), we get

(Oa0 (P) L[Oa0r] (00, 21)L[Oagr] (00, 22)| (P, 23)) 175

[23,p] - [21, 22]0(p) / dy12dy14 7 4 ¢\
= M — 7.26
T2 m)? e, (@mi)? O el g 2 p? \1—¢ 7 (7.26)

14

where the commutator [a,b]*” is defined in the same way as (2.28), and contracting a pair

gives

[a,b] - [c,d] =2[(a-c)(b-d) — (a-d)(b-c)]. (7.27)
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We can rewrite the result above as

z * 121, 22— 2
(Ou () L0 (0. 1) LiOw (. 2)1 (. 20)rs = 16 2L ZACE R 7).

(7.28)
where
1 dyi2dy14 m ¢\
F. =—— | —/—/—5M . 7.29
s0(¢) 4¢2 /Co (2mi)? (712’714)5111 Y12 <1 - C) (7.29)
The result (7.29), see e.g. [12], immediately implies that
Fro(Q) = 5 Fe(0), (7.30)

where Fg¢(() was defined in [1] and computes the energy-energy correlator.
Using (7.30) and the formulas [1], or directly computing the Mellin integral in (7.29) with
the Mellin amplitudes (7.17), we get the results at weak and at strong coupling

Fe(e) = 5.

_glogl—(
- 8¢(1-¢)’

7.2 Computation using the light-ray OPE

f}vgak(g) (731)

Now we compute the event shape (7.1) using the light-ray OPE formula. The complete light-
ray OPE formula for two scalars including higher transverse spin terms is given by (4.69).
Plugging the formula into (7.1), we have

(O20 (p) |L[O20/](00, 21)L[Oa0/](00, 22) | (p, 23))

‘ 24100 dA N
= 7”/ % CA—LU(Zl?ZQ?az)<020’(p)‘©A,J=71(OO?Z)’J(pﬂ Z3)>
2

—100

+ Ca-1,1(21, 22, 0z, 0w )(Oa0 (p) (P10 ;) (00, 2, w)|J (p, 23)>>
. 2+1i00 dA n (a)
= —m/ | C (A, =1)Ca—1,0(21, 22, 02) (D20 (p) |[L[OA, 1] (00, 2)|J (p, 23))

+Cy (A,0)Ca-1,1(21, 22, 0z, 0w ) (O20 (p) [D1L[OA 0] (00, 2, w)|J (p, 23)>(_a)),
(7.32)

where C:F(A,J) is a coefficient function that encodes the OPE data. It has poles of the form
(a)

Col )~ =3 TR,

(7.33)

where pga} and A; ; are the product of OPE coefficients and the scaling dimension of an

exchanged operator. Note that there’s just one structure label in C:F(A,.J) because the
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three-point function from the two Oyy’s only has one tensor structure. In the second equality
in (7.32), we use the relation between light-ray operators O% ; and CE(A,J) [15]

(O O% ;J)0 = —CE(A, J) (0|02 L[O 41 T]0) (7.34)

where (0|0 L[OA j]J |O>§g ) is the analytic continuation of the continuous-spin Wightman
function (0|OyL[OA ;]J|0)(®) from either even or odd spin. It can be defined straightfor-
wardly following section 5.1.1. We will give their explicit expressions later in section 7.2.1.

Furthermore, as discussed in section 7.1, we focus on the 175 R-symmetry channel event
shape defined in (7.20). Since the 175 representation is antisymmetric under the exchange of
Os0’s, the OPE should only contain operators with odd spin, and we have C*(A, J) = 0 for
all J. The 175 R-symmetry channel event shape is then given by

(Oa0 (p)|L[O2¢r] (00, 21)L[Oay] (00, 22)|J (p, 23))175
2+i0c0 dA .
= —m/ —Cy (A,0)Ca—1,1(21, 22, 02, 0u) (Do () [D1L[O A o] (00, 2, w)|J (p, Z3)>(,),
2

ico 2t
(7.35)

where C/~ (A, J) is simply given by the coefficient function C, (A, J) without the R-symmetry
factor (y34yi,Y321).

7.2.1 Celestial blocks

In order to compute (7.35), we first note that by Lorentz invariance and homogeneity,
(O (p)| D1L[OA 0] (00, 2, w)[J (p, 23)) ™) & (2w - 232 - p — 2w - pz - 23)(=2p - 2) 0L, (7.36)
Therefore, we need to solve for the j = 1 celestial block defined by
Cs.1(21, 22,0z, Oy) ((Qw cz3z-p—2w-pz-23)(—2p- z)*‘s*l> . (7.37)

This is the higher transverse spin version of the celestial block computed in [1]. Lorentz
invariance and homogeneity imply that

Coa (21, 22,05, 00) ([w,2] - [25,p] (=2~ 2) ")

I G
T (=2 2L (=2p - zp)02H]
x (m,p] o 2lgQ) + (20,9} {1, 22 h(Q) - LEL Z3h<<>) D

where once again [a, bJ*” is defined in the same way as (2.28), and similarly

{a, b} = b + b'a”, (7.39)
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and the cross ratio ¢ is given by (7.24). One way to obtain the functions g(¢) and h(() is using
the fact that (7.38) is an eigenvector of the quadratic Casimir of the Lorentz group acting
simultaneously on z1, zo with eigenvalue (6 — d + 2) + d — 3. Proceeding this way, one gets
two coupled second-order inhomogeneous differential equations of ¢g(¢) and h(¢), and their
boundary conditions are given by the OPE limit of (7.38). However, finding the solutions
to these differential equations is a nontrivial task. Furthermore, the system of differential
equations gets more and more complicated when one has even higher transverse spin. We
would like a method that allows us to compute celestial blocks with general transverse spin.
Fortunately, this can be achieved by using weight-shifting operators [28] and the j = 0 celestial
block calculated in [1].

First, note that [w, 2] - [23,p](—2p- 2)~%~! can be written in terms of a “bubble diagram”
5l DO+ . po- -
) 9. 201 = Z,W Z,W . 9. )0 4

where DI and DY/ are weight-shifting operators defined in [28], with the embedding space
coordinates (X, Z) replaced with (2, w). The explicit expression of DY /" is also given in (3.26).
The operator Dgf{# increases the transverse spin and Dg@“ decreases the transverse spin, so
acting ngu -Dg;u will basically give us the same expression with some overall factor. One

can perform crossing on the weight-shifting operator Dg;v" such that
DYt ([w, 2] - 25, p)(=2p 2)° 1) = Dhi(=2p-2) ", (7.41)

where Dj, is a differential operator acting on p. By explicitly evaluating the left-hand side
of (7.41), we find that D} is given by

(d—4)
5

0 9 0 0
Db = — ((5d+3)pﬂzg-+pQZ3-+(6+1)Z3-p+5(5d+3)«2§> :

op op Opy Opy
(7.42)

Alternatively, (—2p - 2)7° and [w, 2] - [23,p](—2p - 2) 07!

can be viewed as spin 0 and spin 1
bulk-to-boundary propagators in AdS;_1/CFT4_2, and D} is simply an AdS weight-shifting
operator [45]. In particular, it is the AdS weight-shifting operator that increases spin by 1
multiplied by a bulk-to-boundary 65 symbol.

On the other hand, one can also perform crossing between ’DS,J{U“ and the OPE differential
operator Cs 1:

(01,0,02,0) 044 __ 0—p (01,1,62,0) +0p (61—1,0,02,0) —0p (01+1,0,02,0)
C(S,l Dz,w _61Dz1,w1cé,0 +62Dzl,w1cé,0 +C3D21,w1cé,0 )

(7.43)

where Céi}’j 192:2) i3 the OPE differential operator of Ps; € Ps,jr X Psy,jo- To obtain the
coefficients ¢1, co and c3, we apply (7.43) to a scalar two-point function (PsPs) and compare
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the two sides of the equation. The result is given by

6(0 401 —6d2—1)

DT W@— )0 — 1) (-0, +d—3)
5
TG 161 —2) (01 +d—3)(20 —d + 2)
c 5(*51*52+5+d*3)(5*2d+5+351*52)
3:

. 44
2(=61+d—3)(201 —d+2) (744)
Combining (7.40), (7.41) and (7.43), we have

Cs1(21, 22,02, 0n) ([w,Z] “[23,p](=2p - Z)*‘H>

1 0—  (81,1,62,0)
R yTr ey e G R R
+eaDy - D0, C 0% 4 ey, - D0, i 000 )) (—2p-2)70. (7.45)

Now the calculation is straightforward since Cs(—2p- 2)7% is simply the j = 0 celestial block

calculated in [1].°° Finally, we obtain that the functions g(¢) and h(¢) in the j = 1 celestial
block (7.38) are given by

g(Q)=¢ T (

0+901—02—1 0+d2—d1+1
(1+5 d+3)2F1(+122 , +22 1+ ,5+2

el

N[

§.0)
(1+ o d+3) F1(6+51552+1,6+62551_1,5—|—2—% C))

§—81—389+1
ED 1 S2—81 §481—82—1 §+83—51+1 d
(§(1+57d+3)2F1( 2 ) 2 75+2_§7C)

(1-9)
_ %(1 + gi;i%)2F1(5+61562+1, 5+§2§51*175 192 %ljc)> ) (7.46)

h(¢) =

One can check that (7.46) is indeed the solution to the Casimir differential equations of g(¢)

and h(¢) obtained by applying the quadratic Casimir to (7.38). For 6; = d2 = d4, we have
h(¢) =0 and

2 2’
A2A¢> A-2 A d
= — = A+ 1—-= . 4
R (SR G A1 5 (7.47)

Having solved for the celestial blocks, we can now calculate (Oqq (p)|D1L[OA o]|J (p, 23)) (@
to obtain the proportionality constant in (7.36). For an operator O with weights (A, J), the
three-point function (0|OayO.J|0)(®) has two tensor structures. With our choice of conventions

g(C)=C6 > oFy (521,5+1,6+2_d C)

®The celestial block Cé%’l’62’0)(—2p -2) 7% was not calculated in [1], but it can be easily obtained using the
Casimir equation method.
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in appendix B, their expressions in the embedding space for integer J are given by
—2V5 34)7 (—2V3 42
(010 (X0)O(X5, 22)7 (X3, 23)0)) = A2 E2B) 7 g
Xoy? Xp3? Xy ?
(—2Va,34)7 1 (—2H3)

AtJ—2 A+J+2  6-A—J° (7'49)

2 2 2
X24 X23 X34

(0] 0o/ (X4) O(X2, Z2)J (X3, Z3)|0)?) =

where the structures V; jr and H;; are defined in (5.71) and (5.72). Note that after setting
J = 0, the first structure (7.48) is still a valid three-point function of local operators, and
hence it should be annihilated by the shortening condition D) (or equivalently D;L). So
we can just consider the second structure (7.49). As explained in section 5.1.1, its analytic
continuation for complex J should be given by

—2V5 43)7 1 (—2H.
(010 (X2)O(X, Z2) (X3, Z3)|0)2) = 5 2V2aa) —(22H) g )

2 2 2
X24 X23 X34

where F is due to the (—2Va,34)7 7! factor. Using the algorithm for computing light transform
and Fourier transform of three-point functions described in [23] and applying the differential
operator Dy, we obtain

(20 ()| DIL[OA 0] (00, 2,w)| T (p, 23))*)

_ 1 I'A-2)
[(3)2r(52)r(12)
X (=2p-2) 22w - 232 p — 2w - pz - z) (=) 7 0(p), (7.51)

where 0(p) = 0(—p?)0(p°). Finally, combining (7.35), (7.38) and (7.51), we have

[Z?np] ) [217 zg](—pQ)e(p)f (C)a

(020 (PILIOw (00, 2)LOwr (00, 2)1 (. 257 = 16in 2 e P

(7.52)
where the function F;0(() is
2tico gA (A —-2) 9.9
F = — —C) (A0 X , 7.53
0= [ 5uiC (0 sap sz O (7.59)
and 922(0 is the j = 1 celestial block (7.47)
— A-2 A

Now the remaining task is to find the OPE data C5 (A, J) at J = 0 and calculate the event
shape. In the next section, we will show that there’s a superconformal Ward identity that
relates Cy (A, J) to the OPE data of the (OgyOayOayOsy) 4-point function. Using the
identity, we can derive a simple relation between F;o(() and the energy-energy correlator
calculated in [1].
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7.2.2 Relation to energy-energy correlator
Deforming the contour of the A-integral in (7.53), we get

T(A —2)
D(2)2T(AF)T(42)

Fio(Q) == pas=o g2 (©), (7.55)
A
where pa ; is the three-point coupling of (OgyOayOsyJ) corresponding to the structure
(7.49), analytically continued to J = 0, and the sum is over Regge trajectories.
We can obtain pa j from the four-point function (Oay Oy OayJ), whose expression is
given in (7.2). Note that the function ®(u,v) can be written in terms of superconformal
blocks as [46]

v
D(u,v) = (27?)4$ E an,rga+4,7(u, v), (7.56)
AT

where ga s is the usual 4d conformal block, and aa s is the product of the three-point cou-
plings to a given superconformal primary. Plugging this into (7.2) and specializing to the
configuration 1 = 0,23 = 1, x4 = oo, we find®!

(Oa0/(00) 020/ (0) Doy (u, v)J (1))

A+1 J-1D(A+1
(2m) ZGA J <—GA+3 J+1(u,v) + (8(J):_1))GA+3,J—1<U7 v)

(A+3)(A+4)(A+J+4)? - o)
128(A +2)(A+ J+3)(A+ J +5) A+5,J4+1(U,
—1)(

(J A+ 3)(A+4)(A - T +2)?
18T+ D)(A - T +3)(A - T+ 1)(A+ Q)GM&H(“’ ”)) , (7.57)

where G ;s is the conformal block of one conserved current and three scalars with dimension
2, which can be calculated using e.g. [47]. The above expression should agree with the usual
conformal block decomposition

(OQQ/(OO)OQO/ (0)020/ (U, U)J(1)> = ZPA,JGA,J(U, U). (758)
AT

Therefore, there is a superconformal Ward identity that relates the three-point coupling
coefficients pa ; and ana j:

A—2 J(A -2
pag = (2m)* <— g 0A-3J-1 + SEJ+2)>0LA—3,J+1
N (A —2)(A—-1)(A+J—2)?

128(A = 3)(A+J =3)(A+J— 1)aA75,J71
J(A = 2)(A - 1)(A -~ ]~ 4
_128(J +2)(A—J=3)(A—-J—-5)(A—- 3)‘1A—5,J+1>

(7.59)

51To obtain this equation, we studied the small z,Z limit on both sides and matched each term in the series
expansion.
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Setting J = 0 in the above identity and plugging it into (7.55), we have

— —92)3 —
Fiole) = —em' ¥ (-5 - ) s s
A

A

3 apn—3—1+ maA—s,—

= —(2m)* Z apA—4,-1

A

The sum of j = 1 celestial blocks in the parentheses satisfies

(O + 43 g (0 = A, (r.61)

where fi’4(g“) is the j = 0 celestial block:

N =R (Az_l,Agl,A—l,Q : (7.62)
This gives
_ ¢ 4mIT(A = 2) 44
fJ(’)(C) - 9 (%: aA—4,—1F(%)3F(%)fA (C)) . (763)

Note that the term in the parentheses is simply the function Fg(({) related to the energy-
energy correlator calculated in [1], see (7.11) and (7.16) there. Therefore, we have

Fro(Q) = ~ 5 F(0) (7.64)

which agrees with (7.30) from direct computation.

8 Discussion and future directions

We have seen that a product of light-transformed local operators L[O;]|L[Os] is encoded
in a nontrivial way inside the space of light-ray operators. Low transverse spin terms in
the product are special linear combinations of light-ray operators with spin J; + Jo — 1.
Higher transverse spin terms are primary descendants, obtained by acting with the special
conformally-invariant differential operators D,, on higher-J light-ray operators.

The differential operators D,, appear in the general classification of reducible generalized
Verma modules described in [24]. Most of the operators in this classification act on multiplets
with quantum numbers below the unitarity bound. Thus, when they were first identified, it
was not obvious a priori what roles they could play in physical unitary CFTs. However, light-
ray operators naturally have quantum numbers that violate the unitarity bound, and indeed
we have identified a role for D,, acting on this space. It is interesting to ask whether there are
similar roles in Lorentzian observables for other conformally-invariant differential operators.
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In addition, it would be interesting to further explore interrelationships between conformally-
invariant differential operators, conformally-invariant pairings, conformally-invariant integral
transforms, and weight-shifting operators.

One way to motivate the light-ray OPE is by thinking about null-integrated operators as
primaries in a fictitious d—2-dimensional CFT. Now that we have a complete description of
the terms in this OPE, can we push the analogy with CFTy;_, further? For example, what are
the implications of the light-ray OPE for multi-point event-shapes, such as the three-point
energy correlators studied in [48]7 Associativity of the light-ray OPE should give rise to a
nontrivial crossing equation satisfied by three-point event shapes, and it would be interesting
to study this “celestial” crossing equation using bootstrap techniques. One of the first lessons
of the analytic bootstrap is that the crossing equations imply the existence of “double-twist”
operators with arbitrarily large spin, via the lightcone bootstrap [49, 50]. Similar arguments
for the light-ray OPE could imply the existence of terms with arbitrarily-large transverse spin
j. It would be interesting to understand the relationship between these operators and the
usual large-spin operators in the lightcone bootstrap.

To fully develop a celestial bootstrap program, one would need to understand OPEs of
more general light-ray operators, such as a product of a null-integrated local operator L[O)]
with a general light-ray operator Qa s, or even a product of two general light-ray operators.
This is an important problem for the future. A key conceptual question is: do new types
of operators appear beyond the ones constructed in [15]? For the OPE explored in this
work, the answer turned out to be “no” for rather nontrivial reasons. For more general light-
ray OPEs, the answer is less clear. It is natural to conjecture, however, that any light-ray
operators allowed by symmetries will appear. For example, we expect that the leading light-
ray operator in the three-fold OPE of average null energy operators is L[ Xy], where X} is the
lowest-twist spin-4 local operator. This claim and its implications should be testable using
the results of [48].

Currently, the best available data about multi-point event shapes comes from Hofman
and Maldacena’s calculation of energy correlators in NV = 4 Super Yang Mills theory at
large 't Hooft coupling [7]. They computed the first few terms in the large-A expansion of a
multi-point energy correlator up to order 1/ A3/2. Tt would be interesting to understand the
structure of their result from the point of view of the light-ray OPE, and also the “t-channel”
expansion of [23].

Correlators of average null energy operators do not capture complete information about
the energy distribution of a state. In particular, they are blind to the value of retarded
time when excitations reach future null infinity. To probe this more refined information, it is
natural to weight integrals along null infinity by non-constant functions of retarded time. In
[51], it was shown that meromorphic weighting functions with carefully-chosen poles can give
rise to useful “dispersive sum rules” that constrain the data of a CFT. Alternative weighting
functions may have other useful applications and are worth exploring.

Finally, it would be interesting to explore the structure of the short-angle expansion of
energy-energy correlators and other event shapes in non-conformal theories, and in particular
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how the higher-transverse spin terms arise there [4]. When the conformal symmetry is present,
the operators D,, acting on light-ray operators inserted at spatial infinity (in which case D,
become expressed in terms of special conformal generators) define some new discrete set
of translationally-invariant detectors. As the conformal symmetry is broken, this relation
between these detectors and the continuous Regge trajectories gets broken as well. We thus
expect that in theories such as QCD some new discrete set of anomalous dimensions should
appear in observables for which higher transverse spin is important (such as higher-point
event shapes or oriented two-point event shapes).
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A Comments on existence of light-ray operators

In section 4.3.1 we described a picture in which light-ray operators exist in any CFT and
provide analytic continuation of local operators in the sense of equation (4.28). This picture
is supported, for example, by perturbative examples, where explicit expressions can be given
for @;t 72,2, W) in terms of fundamental fields and (4.28) can be verified. However, this
picture is not rigorously known to be valid in non-perturbative CFTs as we now review.

In [15] a construction was given for light-ray operators in general CFTs, which we reviewed
in 4.3.1. The following statements need to be established before it can be claimed that the
story of section 4.3.1 is correct.

First of all, it needs to be shown that the functions

(¥|0%,,(x,2)|@) (A1)

are meromorphic in A for general J. Furthermore, we need to prove that the positions of the
poles are independent of the choice of the states W, ®, as well as of the operators ¢1, ¢o used
to define (O)i ;- Finally, we have to argue that the residues of these poles depend on ¢1, ¢2
only through an OPE coefficient f50+.

All these statements are known to be true for non-negative integer J (with (—1)7 =
+) [15] but, to the best of our knowledge, no proof is known for other values. In the main
text we assume that these are true, since this simplifies the statement of our results. However,
even if none of the above statements hold, the results of this paper, and in particular (5.1),
continue to hold in the following sense. One needs to take matrix element of (5.1) between
the states of interest, which for concreteness we take to be created by single insertions of
primaries Oz, Q4. The right-hand side is then given by ¢ integrals of

(03051 0,0 O1): (A.2)

which can be expressed in terms of the function Cyp(A, J, \) which is computed by the
Lorentzian inversion integral [15] for the four-point function

(010,050,). (A.3)

The Lorentzian inversion integral and thus Cgp(A, J, A) is well-defined on the § integration
contour of (5.1), and so we get a rigorous interpretation of (5.1) without assuming any of
the above facts about the light-ray operators. Moreover, the entire derivation of (5.1) can be
carried out in this language, which is what is essentially done in [1] and appendix D.

In this language, where the matrix elements

(O3L[O1]L[02]O4) (A.4)

are expressed as an integral of Cgy,(A, J,\) along principal series in A, the analysis of the
small angle limit between the detectors can be carried out in the usual way, by analytically
continuing Cyp(A, J, A) away from the principal series and deforming the integration contour
to the right, picking up the singularities that one encounters on the way.
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B Conventions for two- and three-point structures

We follow the same conventions for two- and three-point structures of traceless-symmetric
operators as in [15]. In particular, we define

(=221 - I(x12) - 29)7

(O(21,21)0(22, 22)) = A (B.1)
T12
where
zHax
M, (x) = 8, — 25—~ B.2
(2) = (5.2)
For three-point structures we define
(22 - 293235 — 22 - 713 xgg)‘]
<¢1(5€1)¢2($2)O($37 Z)) - A1+A0—A+T A I+A—Ao+J Ao+ A—A1+J " (B'3)
12 Z13 Lo3
In terms of embedding-space formalism these become
—2H19)”7
(O(X1, 21)0(Xs, 7)) = 2H2)” (B.4)
X1p
(—2V5,12)”
(91(X1)92(X2)O(X3, Z3)) = Al +Ay—A—J A1 +A—AgtJ AgtA—A+J 0 (B.5)
X, 7 X3 7 Xy3 7
where as usual
Xij = —QXZ‘ . Xj (BG)
Zi XX Xp— Z; - Xp X; - X5
Vi = J J B.7
1,5k ‘X"7 . Xk ’ ( )
Recall that we project from embedding space using
(XJ’_?X_?XM) = (17x27xu)’ (Z+,Z_,ZM) = (07 2$ : Z’ z“)? (B'g)
and the embedding space metric is
X?=-XTX" 4+ X'X,. (B.10)

We use these conventions both for d-dimensional structures as well as for (d—2)-dimensional
celestial structures. For example, replacing X — 2,72 — w,A — 6 and J — j we find

(_2 W 21229 —W-222°21 )J

<¢1(21)¢2(22)O(z,w)> = — 1122 — - — -
(=221 - 22)61+522 = (=221 - 2) ALt (229 - 2 et

(4w - 212 - 20 — 4w - 292 - 21)7
PP — 51+0—09+7 Sot0—0117
(=22 - 22)%](—2@ . 2)%(—222 . z)zflj

—4) (w - ca — - . 29)d
_ w2z ez —w- iz 2) B
S1+02—0+7 S1+8—02+5 S9+0—81+7
(=221 - 22) 2 (=221 - 2) 2 (=229 - 2 2

- 73 —



in agreement with (4.17).
Sometimes we need the standard tensor structures for continuous spin. We define them
for the Wightman functions as

(22 - x93 :U%3 — 22713 x§3)‘7
{Ol¢1 (21)O(z5, 2)92(22)[0) = ~R A, "RFT A\, FA—BsTT AsrAAITT
L19 T3 Ta3

(B.12)

For non-integer J, this is defined to be positive for x?j > 0 and z - xo3 x%?) —Z-T13 1%3 > 0.
The values in other configurations are obtained by analytic continuation assuming standard
analyticity properties of Wightman functions.

C A Lorentzian formula for the light-ray kernel

In this appendix, we prove the Lorentzian formula for the light-ray kernel (5.6). We follow
the notation of [15]. Our starting point is the generalized Lorentzian inversion formula

ot (A J. )\) — —1 / M%ﬁ<9’[04 Ol][OQ O3HQ>GO (Cl)
T 2mi J3>4 vol(SO(d, 2)) ’ ’ ’
 (T2(0|02L[01]041]0)@) ™" (T2(0]O4L[0])03]0)®) !
“os Lo @

We have written the formula in slightly different conventions relative to [15]. Firstly, we made
the change of variables xo — Toxo and x4 — Tax4, so that the causal relationships become
3 >4 and 1 > 2 with all other pairs spacelike separated. This choice makes it simpler to apply
the Lorentzian two and three-point pairings defined in [15]. In addition, we only wrote the
t-channel term in the inversion formula. The treatment of the u-channel term is analogous.
In our notation, O is a representation with quantum numbers (A, J, \).

The object G is a conformal block with internal quantum numbers (J+d—1, A—d+1, \).
In (C.2), we have written it in schematic notation, where the three-point structures in the
numerator should be glued using the two-point structure in the denominator. In more precise
notation, G is defined by

-1
Go = / dd:ch_QzA(a) (x1,29,,2) (7?1<O|(94L[(9](93]0>(b)> (C.3)
1>z2>2
where the kernel A, satisfies
-1
/ ddedﬂzA(a) (21, o, , 2)(L[O)(z, 2)L[OT](', 2)) 7L = (Tg (0|05 L[0T (2!, 2") Oy \O>(a)>
1>z>2

(C4)

Recall that dual structures (---)~! are defined using the Lorentzian two and three-point
pairings defined in [15]. In [15], the block Go was defined by specifying its behavior in the
OPE limit xy — x3. The above definition in terms of the integral kernel A, is equivalent

and more convenient for our purposes.
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The light-ray kernel should satisfy

/ dw1d o KLy (1,723 7, 2) (R 04010,05]Q) = —Cly(A, J, ) (0| O4L[0]05]0)®).
1>2>27
(C.5)

In the expression (C.5), we can replace (Q2]04010205|2) with a double commutator. The
reason is that the kernel K tA’ JA(a) factors through null integrals of x1 and 2, which annihilate
the past and future vacuum, see [15] for details. Furthermore, let us make the change of
variables 9 — Toxo and x4 — T4x4, so that we have

/ 1025 (T K g () T2 T3 Q][04 O1][02, 05)Q) = ~Cly (A, J. N Ta(0]OALIO)O3]0)®).
1>x>2
(C.6)

For brevity, here and in the following, we assume the arguments of 75 K tA JA(a) AT€ (z1,29;, 2).

The arguments of L[O] will always be (z,z), and we use the notation L[O'!] to indicate
L[OT](2/, 2).
Pairing both sides with the dual of the right-hand structure, we obtain

—Ctb(A J2) _/ ddazlddxgddmffid$4dded_22
o 170>2 vol SO(d, 2)
x TaT1(Q|[O4, 01][02, O3](Q2). (C.7)

-1
(TeKA sa@) (T2 0IOLIO)0s10)®)

Comparing with (C.1), (C.3), and (C.4), we conclude

/1 ADoK o LIOILO) ™ = 5 (Bl0l0LO0:0)@) . (C8)

1

e
This is essentially the desired result, written in terms of dual structures. To put it in a
more conventional form, we must apply the two- and three-point pairings that appear in the
definition of the dual structures. Pairing both sides with 73 (0|OQ;L[OT](2/, 2/)01|0)®), we find

d%zq dxodds D2 2d% D22/
— TKY ) ( T2(0|0oL[0O"10110)®) ) (LIOL[O"T]) !
/z 190(d.2) (T 1) (T2010:L101010)") (LOLO"))
_ 1w
= 2mil@) (C.9)

a

Comparing with the definition of the Lorentzian two-point pairing in [15], finally gives

) (LIOJLIO),  (C.10)

a

ddxlddIEQ t "t (b) 1 (
/1>z>2 W(EKA,J,A(Q))TQwaL[O ]01‘0> - %5(

where the equality is valid if 2’ &~ 1,2. Finally, after changing variables zo — T{lxg, we
obtain (5.6).
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D An alternative derivation for the light-ray OPE formula

In this appendix, we give another derivation for the light-ray OPE formula (5.1). We will
first review the derivation for the low transverse spin terms given in [1]. Then we will derive
the “higher transverse spin” terms by generalizing the derivation in [1].

D.1 Review: derivation of [1]
We first briefly review the proof given in [1]. We are interested in an expansion for
L[O4](z, z1)L[O2] (z, 22). (D.1)

For simplicity, we assume Oy, Oy are traceless symmetric tensors. Generalization to arbitrary
representations will become straightforward after finishing the proof. We will study the matrix
element

W(Zl, 22) = <Q|O4L[Ol](l‘, Zl)L[OQ](I‘, 22)03‘Q>, (D.Q)

where O3, 04 are some local primary operators. Then we can apply harmonic analysis on
the celestial sphere to expand W(z1, 22) into partial waves. The result is given by (4.22)
and (4.24). The object W j(z1, 22) can be further written as

Ws, (2, 2) = as; / D21 D225 (P] (21)PL (22) P (2) ) (QUOLLIO1] (2, 21) L[O2] (, 22) O3] Q)
= / dd$1dd$2Dd_221Dd_222 ,C57j (331, Z1,X2, 22, Z) <Q|O401 (581, 21)02(562, 22)03|Q>,
(D.3)
and the kernel Ls ; is

Lsj(x1, 21,22, 22, T, 2)
= 05, (P}, (21) P, (22) Ps 4 (2))
X / dardag(—ay) ™ (—ag) 72725 (2 — 2y Jag — 1) 0D (2 — 20/ 00 — 29) .

(D.4)

Note that we have suppressed the Lorentz indices carried by W;s; and Ls;. They are con-
tracted with the indices carried by Cs; in (4.22).
Using (D.3) and the fact that L[O;] annihilates the vacuum, we have

Wsj(x,z) = /ddxlddxdeQled222E5,j(x1,21,x2,zz;x,z)9(4 >1)0(2 > 3)
X (Q[O4, O1(z1,21)][O2(22, 22), O3]|). (D.5)
By conformal invariance, we also have

Ws,j(z, 2) = Ay(6, §) (0]O4L[O)(x, 2)O3]0) 1. (D.6)
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where O has quantum numbers (A, J,\) = (0 +1,J;1 + J2 — 1,7), (b) is the tensor structure
index, and <O]O4L[O](az,z)(’)3|0>g[_)) is the continuous-spin structure analytically continued
from even spin.’? In order to proceed, we need to introduce conformally-invariant pairings
for two-point and three-point continuous spin structures in the Lorentzian signature. The
pairings are described in detail in appendix E of [15]. For a two-point structure of O in
representation (A, .J, ), it can be paired with a two-point structure of O in representation
(d—A,2—d—J,\). The two-point pairing is defined by

((001), (050%1))
vol(SO(1,1))?
_ / ddmlddmg?vd_zled_ng
D) vol(SO(d, 2))
(0%(0,21) 0" (00, 22))(OF (00, 22) 03 (0, 21)) 1

= P2 vol(SO(d — 2)) (C251 )2 (D.7)

(0%(w1,21) O (22, 22)) (O} (2, 22) O3 (w1, 21))

where in the last line we use é()(d, 2) transformations to gauge-fix to 1 = 0,22 = 0o, and
a, b are the indices carried by the representation A\. The three-point pairing is defined by

((010:0), (0]0}0") |
_ / d%zydxeddz D22
~J 25 vol(SO(d, 2))

_ 1 (01(°)02(0)O(00, 2)) (O] (e*) 05 (0) 051 (0, 2))
224-2y0l(SO(d — 2)) (—2z - €0)2—d '

(01(21) O(2) O(x, 2)) (O] (1) O} (22) O (z, 2))

r~1,2

(D.8)

Similarly, in the last line, we gauge-fixed z; = €%, 29 = 0,2 = oco.
We can then obtain Ay(d, j) by taking a Lorentzian three-point pairing of both sides with
a dual structure

A4(0.3) = ((TOIOALOY 00 ?) T (0.2

B / d%2qdxodtrsdia s DY 22, D422,
4>1 vol é()(d, 2)

L

(Q [(’)4, O1 (1, 21)] [02(372, 22), 03] |€2)

2>3

-1
T [/ aaD": (Tl 0L IOz 2)05[0) )

X (T2Ls ;) (21, 21, T2, 2952, 2)0(4T > 1)0(27 > 3)], (D.9)

2The analytic continuation of (0|O4L[O](z, 2)O3|0)® to complex spin has to be done separately for even
and odd spin due to our convention of the three-point function, so we have to make a choice in the right-
hand side of (D.6). However, this choice doesn’t affect our final result. It will only change how we relate
C*(A,J) and OF(A,J) in the final step of our derivation. With our choice in (D.6), we need to identify
C*H(A,J) = 0F , and C™(A,J) = -0 ;.
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where T3, 74 translate the points xs, x4 to the next Poincaré patch on the Lorentzian cylinder.
They are introduced so that the causality configuration in the three-point Lorentzian pairing

-1
is satisfied. The structure (ﬁ(O]O4L[O] (x, z)(’);;\O)S?)) is defined by

((rooLOIE00Y) " HOOLOE 000 ) =af.  ©10)
L

The derivation up to this point is true for all transverse spin j. In the rest of this section we

first finish the derivation assuming j < jmax, and explain what goes wrong when j > junax,

where jmax i the maximal allowed transverse spin in the O; x Oy OPE. We then give the

derivation for j > jmax in section D.3. Note that since we assume 01,0 are traceless

symmetric tensors, in what follows we will simply use jmax = J1 + Jo.

n (D.9), the term in the bracket is a conformally-invariant four-point structure, and is
an eigenfunction of the quadratic Casimir acting on 1,2 (or 3,4). Therefore it is a linear
combination of conformal blocks, and we can study it by taking the OPE limit. In the OPE
limit z3,74 — 2/, the 34 three-point structure should be given by a linear operator Bsso

acting on a two-point function: 53

-1

(Ti010ALIO)(z, 2)0510))
= B34(9(l'3, Ty, ax’a az’) <OF(x,a Z,)OFT (:Ea Z)>a (Dll)
where O has quantum numbers (A, Jr, jr) = (J+d—1,A—d+1,7), where J = J;+Jo—1
and A = § + 1. Plugging this into (D.9), one can then show that the bracketed term is the
conformal block that appears in the Lorentzian inversion formula, and therefore we can relate

Ap(d,5) to CE(6+1,J; + Jo — 1, 7). Using (D.6) and the relation between light-ray operators
@X,J and C*(A,.J), we obtain that

L[O1](z, 21)L[Os](z, 22)

—«Hoo d(s ) n B
Z 7663 (21, 22,92) <©5+1,J1+J271,j(a)< 2) =05y yhgse 1j(a )($=z)>
J<J1+J2 452 —ioo
+ h1gher transverse spin, (D.12)

where the differential operator Cé‘})(zl, 29,0,) can be obtained from a celestial map formula

(0L +[O2] (00, 22)L[O1](0, )L~ [04] (00, 21)[0)

€57 (21,2, 9:){LIO) (00, 22)L[O1)(0, 22)) = oISOLT,

(D.13)

This result agrees with the first sum in (5.1).

53For continuous spin, the operator Bsio should be an integral operator. See appendix H of [15].
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When j > J; + Ja, the invalid step in this derivation is (D.11). The reason is that the
linear operator Bsso becomes divergent when j > J; + J2. To see this, consider a conformal
block

C34@(1‘3,134,8$/)<01(1‘1)02($2)O(1’/)>. (D.14)

It has been shown that this conformal block has simple poles in A, the scaling dimension of
O, due to null descendant states [24, 40].°* Furthermore, the poles come from the differential
operator C340 and have the form

N
Csa0 ~ mcmo@, (D.15)

where N is some coefficient, @’ is a primary descendant of O, D is a differential operator
such that O" = DO (at A = A,), and C3y0r is the OPE operator for O’ € O3 x O4. The
possible pole positions A, are classified in [24] using representation theory of the conformal
group. For us, the relevant cases are what are called type I and type II poles in [24]. If the
exchanged operator has representation (I1,1ls,...,Ix), where I is the number of boxes of the
k-th row of the Young diagram, then the positions of the type I and type II poles are

Afmn:k‘_lk_n n=1,2,...,0k—1— )
Al pn=d+1l—k—n (n=1,2,..., 0k — lg+1), (D.16)

and we call D for the type I and type II case Dy, , and Dy, , respectively.’® In (D.11),
the operator OF has scaling dimension Ap = J +d —1 = d + J; + Jo — 2. Therefore, if
7 =J1 + Jo +n for some n > 1, then Aflk:%n =d+ j—2—n = Ap. This implies that the
linear operator Bsso is divergent for all j > J; + Ja. To fix (D.11), we can separate the pole

* .
IIo,n:

part and the finite part of B3so near Ap = A

1 .
BS4O = WC?)ZIO/DIIQ,H + Bgil(lote» (D‘17)
F = 2hn

where n = j — J; — Jo, and Csy4r is a new linear operator proportional to the OPE operator
of D1, nOF € O3 x O4. Plugging the above expression for Bsso into (D.11), we obtain

(T0lOALIO)(z,)05/0)P)
= Bglil(%e(m& T4, az’a 8z’)<OF(§UI7 ZI)OFT(.Z', Z)>
+ Cai00 (33, 71, 0ar,0) (Dt nOF (&', 2OF (2, 2) i, (D.18)

54In even d, some of the poles can become double poles when more than one simple poles are at the same
position. However, one can explicitly check that for the case we are discussing (type II poles with k = 2), the
poles don’t overlap with other poles and hence remain simple poles in even d > 4.

551712,” is the differential operator D,, we use extensively in the main text.
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where

D F(.. N\NNFt
(Duiy nOF (2, YO (2, 2N = lim (2O (@1, 2)O7 (@, 2))

AF—>A;<12,TL AF - Aﬁz,n

(D.19)

Note that (Dyy, ,OF (2,2 )OF1(z,2)) ~ O(AF — Afy, ) because when Ap = Aj, it is a
two-point function between two primaries with different scaling dimensions and therefore is
zero. So the above limit should be finite. This structure is not conformally-invariant, since
it doesn’t vanish under the special conformal transformation K,. However, the result we get
by integrating it against 7>Ls ; is still a conformally-invariant three-point structure. To see
this, note that [K,, D, n] = O(A2 — A}y, ,,) since Diy, 5, is conformally-invariant at Af

H27n 112771'
So, we can define
K, D
D,= lim M (D.20)
Ap—=Af, L Ap — AHM
Then, we have
KN/dd:UDd_Qz(DHQ,nOF(w',z')@FT(az, 2)Nim T2Ls j (1, 21, T2, 22, T, 2)
= /dd.TDd2Z<DN0F(CL’/,Z/)OFT(ZE,Z)>7§[,5,j($1,Zl,xz,ZQ,.’E,Z). (D.21)

This is simply a derivative of the Lorentzian shadow transform of 75Ls ;. In [1] it has been
shown that the Lorentzian shadow transform of 75L; ; vanishes for j > J; + J2, and there-
fore (D.21) should vanish as well.

The operator DHQ,n(’)F has quantum numbers (J+d—1+4+n,A—d+1,j—n). Thus, the
appearance of Csyor in (D.18) suggests that for j = J; + Jo + n, Ap(d,7) should come from
exchanged operators with quantum numbers (§ +1,J; + Jo — 1 4+ n, J1 + J2). As we will see
briefly, this is indeed the case.

D.2 Relation between Dy, ,, and Diy, 5,

We now describe an interesting relation between the differential operators Dy, ,, and Dy, .
This relation will be used later in the derivation for the j > J; + Jo case. First, note that
D1, and Dry, 5, change the quantum numbers in the following way:

Diyp:(2—4,l,j—n) = (2—j+mn,h,j)
DII2,’n : (d+]_n_272_d_l17]) — (d+j—2)2_d_l1)]_n)’ (D22)

and their explicit expressions can be chosen to be °°

(- —n—1—1) n
Dy = TG -1 T T 11) (0, - DIL,)
()" —n—-1-1)

I'(j—1-4H)I'(n+1)

56 After replacing j —n — j and I; — 1 — A, the definition of Dr, ,, agrees with (3.26).

Driyp = (0s - DSL)na (D.23)
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where ng{l, and Dg;v are weight-shifting operators that increase and decrease the transverse
spin, respectively [28]. As shown in [35], in a pairing between operators one can always
integrate weight-shifting operators by parts. In particular, we have

(DY,

75" ==2j(h =2+ j)DIE, lo—a—rj-1, (D.24)

where h = %, and D|;; indicates that D acts on a multiplet with usual spin J and transverse

spin j. Using this relation, one can show that

(Driyn

d=A-n2—d—115) = NnjDlonlalj—n, (D.25)

where

rG+1r(h—14+37)
rG—n+1)I'(h—1+j—n)

Ny =2" (D.26)
Note that this relation holds for general A, but Dy, , and Dry,, are conformally-invariant
only when A = 2—j. More explicitly, for an operator O; with quantum numbers (A, 1}, j—n)
and Oy with quantum numbers (d — A —n,2 —d — [, j), we have

/ddach2z O1(z, 2)(Dr1,,nO2)(x, 2) = Ny j /dd:L’DdZZ (D1, 0 01) (2, 2)O2(z,2).  (D.27)

In other words, Dy, , and N, jDy, 5, are adjoint to each other.

We end this section by deriving two relations that will be used later in the derivation
for the higher-transverse spin terms. First, consider operators 7 with quantum numbers
(A1,l1,j —n) and Oy with quantum numbers (Ag,2 —d — I3, j), where A; + Ay = d. Then
by (D.25), we have for general Ay, Ay

/ d*zd?z’ D¥22D%22 (Dyy, ,, O9Di1, nOF ) (O, O

r~x!

= N7, / d*zd®z’' D*2 D22 (0,00 (Dy, ,O1 D1, , O, (D.28)
x~x!

where we use the short-hand notation that O; is at point (z, z) and O] is at point (2, z’).
Setting A; — Ai“m and Ay — Ai“b’n, this equation can be rewritten as

D1y nO2Dity n Oy
(AQ _ Aflz n) / dlrdis’ D2, Dd—2 lim < 1I3,n2 152:" 2 > <010/1T>
’ ! AQ%A{IQ,n AQ - AIIQ7TL
_ _ . D1, nO1 Dy, , O
_ NZ (A — A* dd dd /Dd 2 Dd 2./ O O/T 1 < 2,1 2 1 . (D.29
n,]( ' IQ’n) /cczx’ e ‘ : < e > Al%lglikg,n Ay — Aikz,n ( )

Finally, using (A2 — Afy, ) = —(A1 — Aj, ), we can conclude that

. (Di1,,nO2 D1, OF) t 2 t . (D1, 201Dy, , OF)

lim : : , (010 =—N:.1(0:0;), lim : : .
(AQHAEQW Ag — Aflz,n (0107) ’ n,j (0203) ASAL A — Afz,n .

(D.30)
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The second relation is about the integral
/dd:rldd:cgddx'Dd_Qz'(DHQ,n(’)F(:v’, O (x, 2))F (21, 29, x, 2) T2 (0| O LIOT] (2, 2)O01]0) . 6((1 > 2) =~ 2'),
(D.31)

where OF has quantum numbers (A, Jr,j), O has (A,J,5 —n), and F(x1,29,2,2) is a
conformally-invariant kernel that transforms as <OIO§DI2,HL[(’)}). Note that Ap+n+(1-J) =

d in order for the integral to be conformally-invariant. By applying (D.25), we have for general
Ap

/ddmlddazgddm’Dd2z’<DHQ,n(’)F(x’,z')(’)FT(a:,z))F(:Ul,xg,x, z)’Tg(O](’)zL[OT}(m',Z/)(’)1|0>+9((1 > 2) ~ 1)
= Npj /ddwlddivzddw’Dd_zz'((’)F(:):',z’)(’)FT(x,z))F(wl,xQ,x,z)
X Di,n (T2 (0|00 (', 2)01[0)460((1 > 2) ~2')) . (D.32)

Now we set Ap — A’I“I%n and J — J; = A’ﬁ%n —d+ 1+ n, then Dy,, and Dry,, are

conformally-invariant, and the above equation becomes

D nOF I NOFT
(AF—Aflg,n)/ddxlddxgddx’Dd22’ lim (Prip.nO” (&', ') (x’z»F(azth,x,z)

Ap—=Af Ap — Aflw
x To(0|O:L[07](a',2)01]0) 1 6((1 > 2) ~ ')
= Ny (J = J}) / dzydwad’s' D22 (OF (o, ) O (2, 2)) F (21, 72, 2, 2)

x i !
11m
J=Jp J = J7

Dty (75<0|02L[0T](x', )O110),0((1 > 2) ~ x/)) .
(D.33)

Moreover, in the right-hand side we can apply (5.63) and finally obtain

/ddxlddl'gddxlDdQZ/ lim <DHg,n0F($/, Z/)OFT (1‘7 Z))

AF—>A* , AF - ATIQ,TL

x T2(0|O.L[OT](2, 2/)01]0) 1 0((1 > 2) ~ 2/)

F(z1,29,2,2)
= vol(SO(1, 1))Nn7j/ddxlddz:gdda:'Dd_zz'<(9F(x', NO(x,2))F(x1, 29, T, 2)

X Dy (T(010:LION (2!, 2)01[0)46((1 > 2) ~ 2}, (D.34)

where we also use the fact that (Ar — A, ) = (J — Jf).
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D.3 Derivation for the higher transverse spin case

Now we give the derivation for the higher-transverse spin terms, where 5 > J; + Js. We can
follow the same steps for the j < J; + J3 until (D.5), but we should change (D.6) to 57

Wi, (2, 2) = Ap(8,)(0|04Dy, nLIO)(z, 2)Os]0) Y (D.35)

where O has quantum numbers (A, J,5) = (0+1,J1+Jo—1+n,J1+J2) and n = j—J; — Jo
in order for Dy, , to be conformally-invariant. We expect that Ay(6,j) is related to the
OPE data of O; x Oy OPE. In particular, we want to show that A,(4,j) is proportional to
Cté+1,J1+Jo—14+nJ1+J)+C (6+1,J1 +Jy —1+n,J; +J2). We follow the old
derivation and take the Lorentz pairing with a dual structure:

m@ﬂ—«nw@mmumma@mﬁfﬁmwmwﬁ

B / d%zqdxodtrsdia DY 22, D422,
4>1 vol SO(d, 2)

L

(Q[[O4, O1(x1,21)] [O2(w2, 22), O3] [€2)
2>3

-1
X Ty Ty [/ e D42, (7z<0|04D12,nL[O] (z, Z>O3\0>$))

X (T2Ls ;) (1, 21, T2, 2052, 2)0(4T > 1)0(27 > 3)|.  (D.36)

In the OPE limit where z3,z4 — 2/, the step functions (4% > 1)6(2* > 3) should become
0((1 > 2) =~ 2’). Also, from the discussion in section D.1, we know that the three-point
function (74(0|O4Dy, , L[O](, 2)03|0>(b))71 in the OPE limit is given by
OA
(T3 (0104P1, IOz, 2)05]0) )
= BNt (15 14, 0, ) (OF (2!, 2)OF T (2, 2))
+ 634(’)/(.%'3, x4, 896/, 821) <DH27nOF (1'/, Z/)OFT(QJ, Z)>lim- (D.37)

As shown in [1], one gets zero after integrating the finite part Bilite(OF OF1) against T5Ls ;.
Therefore, we have

—1
/dded_Qz (721<O|O4D127nL[(9]03|0)$)> (ToLs (1,21, 22, 2252, 2))0(4T > 1)0(21 > 3)

1
= Cau0r (X3, 23, T4, 24, Ogr, Oy lim ——mF——
3(9( ) ) ) 7x’Z)AF—>A* AF*Aikbn

IIp,n

X / dd.TDd_QZ<D[I27nOF($/,Z/)OFT($,2)>7§£5J(.T1,Zl,%Q,ZQ;x,Z)e((l >2) ~ 1)

= Ca40/ (3, 23, T4, 24, 0pr, 02 ) (Di1y 1S T2Ls ;) tim (21, 21, T2, 2052, 2)0((1 > 2) =~ '), (D.38)

5TNote that this is just a rewriting of (D.6), but in (D.6) the operator O has quantum numbers (§ + 1, J; +
J2 — 1,7). Here we use the relation L{Ost1,7,+45-1,5] X Diy,nL[Os41,0,+Ja—14n,0;+J5] and call the operator
Os41,01+J9—14n,J1+75 as O. We hope that this does not cause confusion.
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where S represents the Lorentzian shadow transform, and we have defined

(Dr1, nS[T2L5 ] )tim (@1, 21, T2, 22; 2, 2')

. 1 _
= hm* */ d%x D? 22<DH2,H(9F($/,Z/)OFT($,Z)>75£§J((L’1,21,112,22;1',2).
Ar—=Af, n Ap — AH%n xR’

(D.39)

This is a conformally-invariant three-point function that transforms like <6I@§DHQ’”(’)F )
The expression in (D.38) should then give a conformal block. To compute it, let us first act
Dry,,n, on both sides of (D.37):

®) !
Driyn (71(0|O41712,nL[0]($7 2)03|0)% )

. (D11,,nOF (', 2') D11, n OF 1 (, 2))
= C340r (23, T4, Opr, Oy lim 2 ’ 2 N
34(’)( 3,44, Ug z )AF*AﬁQ,n AF — Aikb,n

(D.40)

Using (D.25) and the definition of the three-point dual structure (72(0|O4L[O](z, 2)O3 |O>(b)) _1,
one can find

0\ Oh
Dityn (Ti(0104DrnLIO)(, 2)0310) ) = Ny (Ta(OIOALIO)(, 2)03(0)) . (D.41)
Combining (D.38), (D.40), and (D.41), we obtain

—1
[ a2 (00D L0 Y) ™ (Talg(ar, 21,0, 2032,2)

_N '((DIIQ,nS[,]-ZﬁzS,j])limg((l >2) & g;/)) (7?1<0|O4L[O]O3’0>$)>_1

<DIIQ,nOFDII2,nOFT> (D42)

lim *
Ap—Af, A=A,

This is a conformal block whose exchanged operator has quantum numbers (J; + Jo +d —2+
n,d —d+2,J1 + J2). Plugging this into (D.36) and comparing with the Lorentzian inversion
formula, we find

1
Ay(8,7) = —2mi x 5((J;)(cSJr Lhi+Jdo—14nJi+L)+Ch(6+1,Ji4+Jo—1+n,J1 +J2))
(L[OoL[o™)

X Nn,] l <D112,nOFDIIQ,nOFT>
S T v

% (Pt nSITLs im((1 > 2) = ), T(O]OSLIOTO10) ) (D.43)
This result can be simplified by integrating Dry, », by parts. For the second line, using (D.30)
we have

- . ) (DIQWL[O]DIW@L[OT}))*l
N, <L[O]L[OT]> ! _ N—l <hmJHJI J_JI* (D 44)
d i (Di1y,nOF D1, n OFT) — 7710 (OF OFF) ’ :
lmAF—>AfI2,n AF*AI*IQ,n
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where Jj' = Ji + J2 — 1 + n. For the third line, using (D.34) we have

(P, SITaLs D inb(1 > 2) ~ ), T 0/0:L[001[0) )
Aoy dipod®s’ da D422 D325, D42, Dd=2,
vol SO(d, 2)
X TaLs (w1, 21, 32, 2232, 2)Diym (75<oyoz(x2,22)L[oT](x’,z’)ol(xl,z1)|o>§?>e((1 > 92) & x’)) .
(D.45)

= vol(SO(1, 1)) N,.; /N /d (07, 2)0"(x,2))

Plugging in the definition of £;; in (D.4), we find that A,(d, j) is given by

Ap(8,j) = —mi(CHLO+ 1, i+ Jo—1+n,Ji+ )+ Ch(§+ 1, J1 + Jo — 1+ n, Ji + J2))

: D1, o LIO]Dy, L LIOT) 1 (@
<(hmHJ;< .21l LIOT)) ’Qg})L

vol SO(1,1) ’

X (D.46)

where
Q) (x, 22", ) = as; / D24 D422y (PL (21)PL (22)Psj(2))
x (O|LT[0] (2, 22) Dr, nLIOT) (2, 2/ )L [O1 (, 21)]|0)”,  (D.47)

where L*[O3] indicates that the light transform contour is restricted to 2 > 2/, and L~ [01]
is restricted to 1 &~ 2/. Finally, comparing the expression of Ay(d,j) with the old derivation
for the lower transverse spin case, we find that the for higher transverse spin j > Ji + Jo, we
have

> s
_ 1\ 40 »(a)
+ —
% (DIQ’”®5+17J1+J2—1+TL,J1+J2(a) (@,2) - DIQ’”@5+17J1+J2—1+n7J1+J2(a) (@, Z))
+ lower transverse spin, (D.48)

where n = j — J; — J2. The celestial map formula for Cé? is given by

(@) . <D127HL[O](OOﬂ 22, WQ)DIQ,NL[OT] (0, 20, W0)>
C5,j (Zlv Wi, 22, W2, a2:2 ) 8Wz) (JILH}I* J_ JI*

— (=1)™(0[L+[Oy) (00, 22, Wa) D1, n LIOT(0, 20, W)L~ [O1] (00, 21, w1)|0)\. (D.49)

This result agrees with the second sum in (5.1).
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E Kernel of the celestial map

In the main text we have given the celestial map formulas (5.68) and (5.69) which map d-
dimensional three-point tensor structures to OPE differential operators in (d — 2)-dimensional
space. The latter are in turn in one-to-one correspondence with three-point tensor structures
in (d — 2)-dimensional space. In general the space T; of three-point structures in d and
the space T;_o of three-point structures in d — 2 dimensions have different dimensionality.
Therefore, the celestial map Ty — T, o in general has non-trivial kernel or cokernel. In this
appendix we identify a part Ko C K of the kernel K C T} of this map and conjecture that
it is in fact the entire kernel (K = Kj) and that the cokernel is trival, i.e. that the celestial
map is surjective. We give support to this conjecture by matching the dimension of Ty/K)
with the dimension of T,;_9. Finally, we consider the SO(d — 2) representations A that can be
generated by the celestial map and show that they cover all the representations appearing in
the (d — 2)-dimensional OPE.

We begin by identifying K. Let us start with the low transverse spin case (5.54). We
are instructed to evaluate the structure from Ty in configuration (5.73) after multiplying by
Vo,12. Since in this configuration V{12 vanishes, the only structures that survive are those
which contain V0j112. Structures with more negative powers of Vj 12 will be singular and the
structures with non-negative powers will vanish. We claim that no structures have more
singular power of Vj 12 and that there is a simple rule for counting those with %7_112.

To see this, let us label the SO(d — 1,1) irreps of the operators as p; = (J1, A1), p2 =
(J2,A2) and p = (J,A). For large J the number of three-point tensor structures is J-
independent. This is because the number of structures is given [15] by the dimension of

(p1 ® p2 @ p)3O 1. (E.1)

The dependence on J can be exhibited by first computing the SO(d—1) content of p; ® p2 and
matching SO(d — 1) irreps there to dual irreps in SO(d — 1) content of p. As J is increased,
all that happens is that new irreps appear in SO(d — 1) decomposition of p, but any given
irrep appears at most once.’® Since p; ® py contains finitely many SO(d — 1) irreps, at some
point the number of matching dual pairs stabilizes.

As J is decreased to sufficiently low values, some structures disappear from this counting.
In terms of explicit expressions this happens because the structures at large J depend on Vd’]fz"
for various n, and as J becomes less than n such structures cease to be polynomial in z and
have to disappear from the above counting. We are interested in the maximal n among all
structures, which is therefore the same as the value of J at which the number of structures
stabilizes. As J is increased by 1, the SO(d — 1) content of p is appended by representations
with the first row of length J. Since the maximal length of the first row of SO(d — 1)

8In what follows we use facts about dimensional reduction of SO(N) irreps. See, e.g., [52] for a review.
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representations in p; ® p2 is Jy + J2,%? it follows that the stable number of representations is
achieved starting from at most J = J; + Jo. This implies that n < J; 4+ Jo. This means that
the power of V{12 is no smaller than

VO{;QJI—J% (E.2)

This finishes the proof of the claim that structures analytically continued to J = J; + Jo — 1
have at most V()T112 singularity.

We thus find that the map (5.68) is well-defined and the structures with Vj 12 to non-
negative powers get mapped to 0. These structures constitute the set Ky. We conjecture
that (5.68) is non-degenerate on the remaining structures in Ty, i.e. those which contain
‘/'07_112. To support this conjecture, let us count these structures and match their number to
the number of structures in T,;_s.

To do that, note that the above discussion implies that the number of structures with
‘/07_112 is precisely the difference between the number of polynomial structures for J = J; + Jo
and the number of polynomial structures for J = J; + Jy — 1, i.e. the dimension of%"

(p1® p2 @ (J1+ 2, 0))5 D S (p1 @ p2 @ (J1 + T2 = 1,A))5O1D

= (M ®p2® Resggggj’)l)(ul +J2,A) 6 (J1 + J2 — 1,1)))50U, (E.3)
We can simplify this by noting that
Resgog 1) (h+ T, Ne(h+h-10))= @  (h+h7). (B4
SO(d—2)
TEResso(d73))\

In particular, this only involves SO(d — 1) irreps with the first row of length J; + Jo. As
mentioned above, this is the maximal length of the first row in SO(d — 1) irreps in p; ® po,

and this part of the tensor product p; ® ps simplifiesS!
SO(d—1,1
Ressogdfl) 1@ po = @ (J1+J2,7) D, (E.5)

TGRQSESEZZQ A1 ®A2

where the dots represent irreps with shorter first row. By comparing the last two equations
we see that

(p1® p2 @ (J1+ 2, 0))5 D S (p1 @ p2 @ (J1 + T2 = 1,A))5O1D
= Qi@ Az o\ (E.6)

59T see this, note that the length of the first row of the Young diagram gives the maximal eigenvalue under
any given boost. Since it is J; for p;, it must be Ji + J2 for p1 ® p2. Choosing a boost in (a complexification
of) SO(d — 1) yields the desired result.

S9Here we use the formal difference ©. To make this precise one can interpret all identities involving it as
character identities.

510One can see this by treating SO(d — 1, 1) irreps as shortened parabolic Verma modules of SO(d — 1, 1),
in which case it is analogous to the statement that all primaries of dimension A; + Az one can build out of
primaries O%, ©% of dimensions A1, Ay are those given by decomposing O¢©3 into irreducible Lorentz irreps.
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which is the same rule as for counting the structures in Ty_s.

We now turn to the higher transverse spin case. In this case the celestial map is applied
to three-point structures with representations (J;, A;) and (J,\) where J = J; +Jo —1+n
and A\ = (J1+J2,7). As discussed in section 5.3.2, the structures that contain Vj 12 to powers
higher than the minimal possible J — J; — Jo are mapped to zero by the celestial map (5.69).
Similarly to the above, we can determine the number of structures which contain ‘/0"]172‘]17‘]2
by taking the difference between the number of polynomial structures at J = J; + Jo and
J = J1 + Jo — 1. However, since A\ = (J1 + Ja,7), there are no polynomial structures for
J = J1 + Jo — 1. Therefore, all tensor structures with such A\ contain 1/(){1_2J1_J2. In this case
K is trivial and we simply would like to match the dimensions of T; and Tj;_s.

Since A = (J1 + J2,7), the minimal length of the first row in SO(d — 1) irreps contained

in (J, \) with sufficiently large J% is J; + Jo, in particular

Resgog 1) (SN = @B  (h+r)+-e, (E.7)

SO(d-2) y

TGReSSO(d—S)

where the dots represent irreps with longer first row. Taking into account (E.5), we find
(p1® p2 @ (J,A)5CU71 = (A @ Ay @ N)FO19), (E.8)

Since A; has first row that is no larger than J;, it follows that A\; ® A2 only contains SO(d — 3)
irreps with first row at most of length J; + J5. Since the first row of A is already J; + Jo, it
makes no difference to increase it by n,

(p1 ® p2 ® (J,1)5CUD = (A @ Ay ® A(+n))303), (E.9)

This establishes the equality of dimensions of T, and Ty_».

Finally, let us discuss which representations A can be generated through celestial map.
The low transverse spin terms contain A’s which are parts of the p = (J, ) representations
which appear in O; x Oy OPE. We claim that they cover all \’s that can appear in (d — 2)-
dimensional OPE and have first row length at most J; + J2. Indeed, using any such A in (E.6)
we find that

dim(p1 ® po @ (J, 1))5°U=1 > dim(\; @ Ay @ A)SO4=3) (E.10)

for J = J; + J2 and thus for any larger J. Since the right-hand side is non-zero whenever A
appears in (d — 2)-dimensional OPE, and the left-hand side being non-zero implies that (J, \)
appears in d-dimensional OPE, we obtain the desired result.

It remains to establish that the higher-transverse spin terms cover all X’s in (d — 2)-
dimensional OPE with first row of length more than J; + J. Any such )\ can be represented
as A(4+n) where \ has first row J; + Jo. This can be then used in (E.9) to conclude that (J, \)
appears in 01 x Qs OPE for generic J.

52We need the number of analytically-continued tensor structures, which is the same as for very large J.
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F Spinor Conventions

We use conventions from [43] but switch to mostly plus signature, see appendix A in that

paper. A four-dimensional vector z# = (20, 7) is represented by 2 x 2 matrix
Zaa = 2u(0")aa = 0%+ 2. 7,
29 =z, (") = 2% + 7. 7 (F.1)

where o = (1,3), " = (—1,3) and & = (o', 02,03).

Convention for lowering and raising of indices is

P8 — eﬁaxadedfg

a®? = a5 (F.2)
The Levi-Civita tensors are normalized as follows

2 = €5 = €i5 = 2 =1. (F.3)

The X matrices are defined as follows

(Tij) o o (Thi )
(Kig)ad = —Dad (o 3oy @rikia (Fa)
Lij Lok

Using sigma matrix identities we can simplify

Tij * TikTrip + Tjk * ThiTijp — Tij - TkiTjkp

2 0.2

Xijk = —
Li5% ki

G Distributional formulas

In this appendix we formally derive some of the expressions involving distributions that were
used in the main text.
G.1 Analytic continuation of distributions

In this section we prove (4.61), i.e. we study the analytic continuation of the distribution
(54 1)%s"t°0(s)0(t) (G.1)

from the region a, b, ¢ > 0, where it is represented by a locally-integrable function, to general
complex a, b, c.

First, let us clarify the idea of analytic continuation of a distribution. Let us restrict to
one-variable case with one parameter, i.e. we consider a distribution g,(x) defined for values
of parameter ¢ € U C C. Assume that this distribution depends on a holomorphically. That
is, for any test function f(z) the pairing

(G, ) = / dzga(@)f(2) (G.2)
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is a holomorphic function of a. We say that a distribution h,(z) defined and holomorphic for
a € V C C is an analytic continuation of g,(x) if U C V and for any test function f(z) we
have

<haa f> = <ga7 f> (G?))

for all @ € U. Similarly, we say that g,(x) is meromorphic for a € U if (g4, f) is meromorphic
for any test function f and the set of poles is independent of f (of course, some poles may
disappear for a specially chosen f). We say that h(x) is the residue of gq(z) at a. if (h, f) =
resg—a, (ga, f) for any f, etc. All these notions generalize straightforwardly to the case of
several variables and several parameters.

Before studying (G.1), let us consider a simpler example,

ga(z) = 2%0(x). (G.4)

For Rea > —1 this is an integrable function of x, and is holomorphic in a as a distribution.
We claim that it admits analytic continuation to C \ Z.( that is meromorphic in C with
simple poles at negative integer a. As a simple example, consider a test function f(x) that
is equal to e™® for z > 0 and for = < 0 is completed in some smooth way so that it decays
quickly at  — —00.93 We have then

(ga, f) = /000 e fxtdx =T(a+1), (G.5)

which is indeed meromorphic and has simple poles at negative integer a. To see that this
statement holds for more general test functions, recall that

(x £ ie)® (G.6)
is a distribution that is an entire function of a.%* For Rea > —1 we can write the equality of
distributions

T — i€ aeiﬂ'a —(z+ i€ ae—iwa
pop(e) = EIN T~ (o igte T (G7)
2isinma

where the right-hand side is in fact analytic for all a € C\ Z. We can compute the residue at
a= —n as
(x — €)™ — (z +ie)% ™ (x —ie)™" — (x + i)™

resa:—n . . - .
2isinma 2

_1\n—1
_ <(nl_>1)!5<n—1><x>. (G-8)

53Everywhere in this section we can work with tempered distributions, so that e~ is an appropriate test
function for > 0 (i.e. it is Schwartz).

54The notation (zti€)* means the boundary value of  on real line, approached either from above or below.
Since z¢ has at most power-law singularity for any a, Vladimirov’s theorem [53] ensures that it’s boundary
values are well-defined tempered distributions in z, analytic in the parameter a. See, e.g. [54] for a review of
these facts.
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In particular, this vanishes for n < 0, consistently with g,(x) being analytic for Rea > —1.
We conclude that gq(z) = x%6(z) can be analytically continued so that it has simple
poles at a = —n with residues

(1!

=TT 51 (). (G.9)

resg——nz0(z) =

Let us perform a simple check with the f(z) defined above. We have

res (Ga, ) = res Fa+1) = ﬂ (G.10)
a=—n ga? - a=—n - (n _ 1)! *
and this is indeed equal to
=D ey (DM
<resa:,nga,f> - (n_1)|<5 af> - (n—l)' (Gll)

Note that the non-trivial part of this analytic continuation is taking care of the singularity
at © = 0, since for z > x9 > 0 the function z*0(z) is locally-integrable for any a € C.

This simple result for z%0(x) can be extended a more general setup: consider a finite set
of k smooth functions ¢;(x), x € R"™ and consider the function

k
ga(x) = [ [ 0(ai()) s ). (G.12)
i=1

For Rea; > 0 this defines a locally-integrable function. Provided that the functions ¢; are
in general position (clarified below), we claim that the distribution g,(z) can be analytically
continued to a distribution meromorphic for a € C*. To see this, suppose we want to define the
analytic continuation in a neighborhood of some point 2y where r functions ¢;, (z),-- -, ¢;.(x)
vanish. Provided that the matrix of derivatives

Mjl = 8lq¢j (:L'o) (G.l?))

has rank r (in particular, 7 < n), we can use y; = ¢;;(z) as the first r coordinates in a
neighborhood U of xg. This condition is what we mean by “general position” above. With
this choice of coordinates, we simply have

9a®) = aly) [T v, 0(s). (G.14)
j=1

where g,(y) is a smooth function in U. Each of yjij 6(y;) can be analytically continued as
above, and we can take their product because they are distributions in different variables y;.
We can then finally multiply the resulting distribution by the smooth function g,(y).

This more general result still doesn’t apply to (G.1) because in (G.1) we have functions

Q1(37t) =S, Q2(57t) =1, Q3(Svt) =s+t (G15)
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which are not in general position near s,t = 0. The conclusion about analytic continuation,
however, still holds. To establish it, one needs to use a general result about resolution of
singularities. We do not reproduce this argument, and instead refer to [55, 56]. Here we
simply work out the required resolution in the concrete example of (G.1). Our goal is to
define the integral

/ dsdt(s + £)°5"°0(5)0() f (s, 1) (G-16)
for test functions f. To do so, we define new coordinates u, v by
s=uv, t=u(l—0o). (G.17)

The region s,t > 0 is mapped one-to-one onto the region u > 0,0 < v < 1, and the inte-
gral (G.16) can be written as

/dudvu“er“Hvb(l — 0)°0(w)0(v)0(1 — v) f(u, v) (G.18)

where

flu,v) = fuv,u(l —v)). (G.19)
Importantly, f(u, v) is a test function in u,v. Therefore, if we manage to define
u ety (1 — 0)°0(u)f(v)0(1 — v) (G.20)
as a distribution meromorphic in a, b, ¢, we are done. In this case, setting

q1 (U, U) =u, Q2(U7U) =, Q3(Uav) =1- v, (G21)

we find that ¢; are in general position at all points xg where at least one function vanishes.
(The coordinates u,v “resolve the singularity” that we had at s,t = 0.) In particular, we find
poles at

a+b+c+1l=-n (G.22)
with residues proportional to §() (u), poles at
b= —n (G.23)
with residues proportional to 6(™ (v), and poles at
c=-n (G.24)

with residues proportional to § (")(1 —v). As explained in the main text, we are interested in
the pole near

a+b+c+1=-1, (G.25)
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in which case from the analysis above we get

1

at+btctl b1 _ o)\C )~ —
u v’ (1 —v)0(u)f(v)0(1 — v) TThrcro

S(u)v®(1 —v)°0(v)0(1 —v).  (G.26)

Now we only need to pull this back to s,¢ coordinates, i.e. evaluate (G.18) with f given
by (G.19). We find

/ dsdt(s + £)75"°0(5)0(8) f (s, 1)

= /dudvua+b+c+1vb(l —0)°0(w)8(v)(1 — v) f(u,v)

1 , .
~—_— 1 — )¢ 1
a+b+ct?2 /dUdU‘S(“)“ (1 =0)0()0(1 —v)f(u,v)
B 1 , ) o
_a+b+c+2/dw (1 =) 0()0(1 —v)f(0,v)
f(oa 0) / b c
=1’ 1- 1-
aTbreta ) Wm0 )
f(0,0) TG+ 1)I(c+1)
- . 2
at+b+c+2 T(b+c+2) (G.27)
This implies that
1 o+ 1)I'(e+1)
abye ~ 9
(s +1)*s’t°(s)0(t) Tbrctr? Th+ct?) d(s)d(t), (G.28)
as stated in (4.61).
G.2 An identity
In this section, we show
+oo dx 27
= - 0 2
/_Oo (xy + 1 +ie) a—1 () (G.29)

We define the integral by analytic continuation from the region Rea > 1. Thus, let us evaluate
it assuming Rea > 1. Suppose first that y is nonzero. If y > 0, the integrand is holomorphic
in the upper-half plane for z. Furthermore, because Rea > 1, it decays sufficiently quickly at
infinity that the integration contour can be deformed into the upper half-plane, giving zero. If
y < 0, a similar argument shows that the integral can be deformed into the lower half-plane,
giving zero. It follows that the distribution (G.29) is supported at y = 0.

Now consider the integral against a test function f(y). Because (G.29) is supported at
y = 0, we can restrict the y integral to the range [—1, 1] (or any finite-size interval containing
the origin). We furthermore substitute the Taylor expansion of f(y) and integrate term by
term:

1 +o0 dr 00 f(n)(o) .
/—1dy/_oo (xy+1+ie)anzo nt 7 (G-30)
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Let us evaluate the term proportional to f(0). Swapping the order of integration, we have

oo B teo (I4ie4x) 7 — (14ie—x)@
/ dm/ WHHE) _ £(0) /_OO da T (G.31)

Because the integrand on the right-hand side is holomorphic at x = 0, we can deform the

contour so that it moves slightly above the origin (staying below the singularity at = 14i¢).
We denote this by ffooo — fm. After this deformation, we split the integrand into two terms

f(())/ " ((1 tiet+a)' ™ (1 —|—ie—w)1“> (G.32)

1—a T x

The first term is holomorphic in the positive imaginary direction for x, so we can deform
the contour that direction and obtain zero. The second term is holomorphic in the negative
imaginary direction for x, except for the pole at x = 0. Thus, we can deform the contour
that direction and pick up only the residue at x = 0. We obtain

27

£(0). (G.33)

1—a

Finally, consider the terms in (G.30) proportional to f(™(0). For these terms, note that

n

S L
(xy + 1+ ie)® “(zy+ 1 +ie)r

(G.34)

This is a total derivative in z, and hence integrates to zero. Together with (G.33), this
establishes (G.29).
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