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In general relativity predictions for observable quantities can be expressed in a
coordinate independent way. Nonetheless it may be inconvenient to do so. Using a
particular frame may be the easiest way to connect theoretical predictions to measur-
able quantities. For the cosmological curvature bispectrum such frame is described
by the Conformal Fermi Coordinates. In single field inflation it was shown that go-
ing to this frame cancels the squeezed limit of the density perturbation bispectrum
calculated in Global Coordinates. We explore this issue in quasi single field inflation
when the curvaton mass and the curvaton-inflaton mixing are small. In this case,
the contribution to the bispectrum from the coordinate transformation to Conformal
Fermi Coordinates is of the same order as that from the inflaton-curvaton interaction
term but does not cancel it.

I. INTRODUCTION

In standard single field inflationary cosmology [1H5] the cosmological density perturba-
tions are almost Gaussian [6]. Non-Gaussianities express themselves as connected parts of
curvature perturbation correlation functions. The Fourier transform of the three point func-
tion of the curvature fluctuations is callecﬂ the bispectrum and is denoted by B¢ (ki, ko, k3).
The bispectrum in standard single field inflation was first calculated by Maldacena [6] in
Global Coordinates (GC) and it is suppressed by slow roll parameters.

A phenomenologically relevant limit of the bispectrum is the squeezed limit in which
one of the wave-vectors q = k; is very small in magnitude compared to the other two,
la| < |kas|. Since k; + ko + k3 = 0 we have that k = ky ~ —k3. The squeezed limit of the
bispectrum influences the galaxy power spectrum at small wavevectors [7].

It has been shown [8HIT] that in standard single field inflation transforming to Conformal
Fermi Coordinates (CFC) [9 12] with respect to the very long wave-length (small wave-
vector) curvature perturbations cancels the squeezed limit of the bispectrum calculated in
GC. This cancellation is manifest in the de Sitter era before reheating takes place. Many
inflationary models have been studied that can give rise to significant non-Gaussianities,
see for example [I3-27]. One of the most studied and simplest of these is called Quasi
Single Field Inflation (QSFI). It has an additional scalar field called the curvaton that
mixes with the inflaton creating a rich dynamics that can lead to measurable curvature
non-Gaussianities. We work in the limit where the mass of the curvaton and the coupling
between the curvaton and the inflaton are small compared to the Hubble constant during
inflation. We calculate the bispectrum in this limit in GC and then transform it to CFC. The
contribution from transforming to CFC and from the interaction vertex in GC are typically
of the same order but do not cancel against each otheIEl. Although QSFI can have large
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1 Up to a factor of (27)36(ky + ko + k3).
2 We expect the pure gravity contribution to be smaller.
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measurable non-Gaussianities, in the limit we work (where the potential interactions of the
curvaton are negligible) fyr, is only about 1072, Throughout this work, we use G = ¢ = 1
units and 7, = diag(—1,+1,+1,+1).

II. SCALE INVARIANCE
In this paper we consider a de Sitter background metric
ds® = —dt* + *"'dz' dx’ (2.1)

and we work in the limit where the Hubble constant during inflation (H) and the derivative
with respect to the time ¢ of the inflaton field (¢g) do not depend on time. Expressing the
metric in terms of the conformal time 7 = —e~#!/H, we have

ds?

1 2 i
= s (—dr* + da'dx’) (2.2)
where the beginning and the end of inflation correspond to, respectively, 7 — —oo and
T ~ 0. The background metric exhibits scale invariance under the transformation 7 — A1
and x* — Az' that is preserved when ¢y and H are constant. This symmetry implies that
the power spectrum is a homogeneous function of order minus three in 1/7 and |p|. That
is,

0 0
(3+ g ) Fo(r oD = P o). (23)

In this paper we will neglect the time evolution of H and $o that is important towards the
end of inflation and depends on the shape of the inflaton potential. Hence all our results will
be scale invariant. Scale invariance has implications for the higher point correlations of the
curvature fluctuations as well. For example, it implies that the bispectrum B, (7, ki, ko, k3)
is a homogeneous function of ki, ks, ks and 1/7 of degree minus six.

III. QUASI SINGLE FIELD INFLATION

In QSFI the inflaton field ¢ is accompanied by another scalar field the curvaton s. Al-
though s does not participate in the slow roll process, it does interact and mix with the
inflaton through the term [28] 29]

1
Liim 5 = —KQW pﬁb@uﬁbs- (3-1)

We work in the gauge where the inflaton field is only a function of time ¢q(¢) with no fluctu-
ations. The Goldstone field 7(z), associated with time translational invariance breaking (by
the time dependence of ¢) [30 gives rise to the curvature fluctuations ¢ which are linearly

related to 7 via =

bo

3 In [30] it is denoted by 7.



In a de Sitter background, the Lagrangian describing m(x) and s(z) is then

L= Lo+ Lin (3.3)
where
Lo= — | (07 = V-V + (95)? e ge.vs— 2y (3.4)
0= S(HT)? e m-Vm .S (HT)2S s-Vs HTS T )
and
Loi = o [(@m) — V- V] s (3.5)
int A(HT>2 T . .

Note that we have neglected any potential interaction terms for the curvaton s. In Eq. (3.4))
we introduced

= 200/A (3.6)

and we rescaled T by ¢ (we take bo > 0) to obtain a more standard normalization for the
7 kinetic term. We have also included the measure factor /=g in the Lagrangian so that
the action is equal to [ d*zdTL. The kinetic mixing term between 7 and s in Eq. is
the result of the background inflaton field breaking Lorentz invariance. We now introduce
the quantities

m? + p?

— (3.7)

a4 =

NN V]

9
+4/2 —
4
and
n=|k[7 (3.8)

where k is the wavevector associated to the shortest wavelenght mode that we consider in
the bispectrum. We will work in the limit (m? + p?)/H?* < 1, which implies that

m? +
ey —— L 1. .
. < (3.9)
We also assume that p?/(u* +m?) = O(1) and
1 — (—p)a-
Sl (3.10)
a_

This last condition is required for the terms we keep in the power spectrum and bispectrum
to be enhanced over those that we neglect. Using the methods developed in [29] we compute
analytically the equal time correlation functions of the curvature perturbation at the end of
inflation.

To compute correlation functions involving 7 and s, we expand the quantum fields in
terms of creation and annihilation operators. Due to the kinetic mixing term in the La-
grangian, the fields 7 and s share a pair of creation and annihilation operators with com-
mutation relations,

D (p), a(j)T(p/)] = (27)%5%53) (p — p'). (3.11)

Introducing n = |p|7 we write

r(x,7) = / T (a® )iy (me™ + a®(p)x(3] (me™™ + hc.) (3.12)



and

@* 1 1 ip-x 2 2 ip-x
s(x,7) = (27:;3 (a( )(p)s |(p|)(77)e +a! )(p)sfp?(n)e + h.c.) : (3.13)

The mode functions ng (n) and sf;)‘ (n) are determined by the equations of motion for the
fields # and s and by the canonical commutation relations. For the calculation of the
bispectrum when «a_ is small it is the behaviour of these mode functions for —n close to

zerd!| that is important [29]. After rescaling the mode functions
0 H

Tl (1) = 557" (n). (3.14)
p|

sip) (1) = ]——;/2 D (n) (3.15)
p|

we can expand 7 (n) and s%(n) in this region as

7O () = af +a® (=)= + afh(—n)? + Py (=) + P (=) +a (=) + ...,
sO(n) = b9 (=)o + 655 (=n)? + by (=) =+ 4 b (=) 0 (=) + ..
(3.16)

where the ellipses represent terms with higher powers of —n that we will not need. Using
the equations of motion we get

; o _ Ha%a o Hal o _ —3Hu
p) =0, B0 =200 g0 L BOe e g0  ZOTH 0 (3.17)
I ft m

By matching this theory to an effective field theory in the small —7 limit [29] it is possible
to prove that

Sl = 310 = - 3 el = S (3.18)
, 0 , - , 0 2(pn2 4+ m?2)?

1=1,2 1=1,2 1=1,2
and by using the canonical commutation relations for the fields 7 and s we find

wH
2(p* +m?)’

uwH

mfaf b = S T

(3.19)
All other similar quantities are subleading in our calculations. Using the above results the
leading contribution to the power spectrum of the curvature perturbations in the limit of
small —n is

OHC 1 — ()" |

2|p[3¢5 (12 +m?)*

This is needed to compute the impact of the change of coordinates from GC to CFC on the
bispectrum (see the Appendix .

Pe(7,|pl) = (3.20)

4 Recall that 7 is negative.



IV. BISPECTRUM IN GLOBAL COORDINATES

In this section we work in GC and we compute the bispectrum for { in the squeezed
limit at the end of inflation. Working to first order in the interactions and using the in-in
formalism [31] we have

(C(7,%1)C(7, %2)C¢(T, x3)) = Z/ dr'([Hins(7), C(7, 1) (T, %2)( (7, %3)]) (4.1)
where Hi,; denotes the interaction Hamiltonian in the interaction picture. In the squeezed

limit we can drop the terms proportional to the spatial derivatives of 7 from L;,; and the
interaction Hamiltonian simplifies to

Hin (1) = /dgx;(&ﬂ)zs. (4.2)

(HT)2A
Notice that Hi, = Liy since we have a derivative interaction. Fourier transforming we find
that the leading order contribution in «v_ in the region of phase space that we are considering
to the bispectrum in the squeezed limit is

7
(GC) - H M 1
BC (q7 k> _k) ~ —4 ( ¢3 ) |k’3|q’3 ([a + [b + IC) (43)

where

@?ﬂg%mhmmeﬁmemmmeWWWWW,u@

= [ SR [ () o) i (2 )5 )] Re [+ s ()] (45)

and

L= [ e (2 ()30 )T I [59(0)5) () '] Re [2 ()5 0)] (1)

In the above equations a dot indicates a derivative with respect to 7/, the repeated mode
function indices i, j, n are summed over 1 and 2 and we introduced the parameter r = |q|/|k|.
Most of the contribution to the integrals comes from the region —n’ < 1 and to leading
order in (u* +m?)/H? we set the lower bound of the integrals to be —1. Using the results
of Section [Tl we find that

Re 1 () #00 0)7) = 5 (s ) (e = )™ ()
Re = () ()] = 5 (20 ) (=) = (o)™ (4.9

Im [ (7) s© (/)] ~ E (%) [(=1)? = (=)’ (=) ] | (4.9)



_ 3Hp[(=rm)* — 1) (~ri)™

Re [7) (ri7) s (rn')"] = 2 (12 + m?) | (410)

Re 1 ()0 7] = SHCDE =BT (a)
@) (7Y ~@) ()* N77/ [lu <%> +m}

Im [7 (7) 7 ()] =~ 202 L) : (4.12)

and that Im [7) (r7) s (r1)"] and Im [7@ (rif) #@ (ry/)*] are suppressed in the squeezed
limit. Performing the ' integration we have that to leading order in small quantities

_ 2T (= P () — 1

1, 1
16 (12 + m?)

(4.13)

R () AP [ = [ (2 4 m?) ]

1608 T (4.14)

This completes the calculation of the bispectrum in GC and we now turn to transform it to

CFC.

V. THE BISPECTRUM IN CFC

We are now ready to compute the bispectrum in CFC by using Eq. (A21)) to transform
the result that we found in Section [[V] for the bispectrum in GC. We have

BC<q7 k7 _k) = BéGC) (q7 kv _k) + ABC(qa k> _k) (51)

where
AB¢(q,k, —k) = P(7,]q])

0 _
S0 Fe(7 k) (52)

and to simplify the notation we dropped the superscript CFC. Using Eq (13.20]) we get

2T Opt (=) — 1) (=) (=)™ — 1"

AB:(q,k, —k) ~ :
@k —k) K30 2 + )

(5.3)

Even though for modes of cosmological interest —7j = —|k|7 ~ e [32], (—77)®~ can still be
of order unity, for example if o ~ 1/50. In this case, the contribution to the bispectrum
from the change of coordinates from GC to CFC, is comparable to the one that comes from
the three point vertex in GC.

In the limit m < p, we finally obtain

1 AES [ — 1P ) — U [(cr — 1]
k|*|ql’ 42

BéGC) (q7 ka _k) =



and

27HY (=) — 1] (=)~ [(=rp)* — 1]
2k a* i

that are plotted in Fig. Notice that the leading contribution to the bispectrum in GC

vanishes for (—7)* = 0.2. At this point the part from the change of coordinates dominates

the bispectrum.

AB¢(q,k, —k) ~ (5.5)
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FIG. 1. Contributions to the Bispectrum for m < u, — = e~% and » = 1073, We consider values
of a_ that go from 0.0037 (corresponding to (—7)%~ = 0.8) to a— = 0.1. The y-axis is in units of

H5/(1k[*|al*5).
In Fig. |2l we plot the local bispectrum fyr, in GC and CFC as a function of o where

(GC) 3 BéGC) (qa k> _k)

N T R K P ) >0
Ao TG IR ) o0
and in the limit m < p we have
. o
A = % . (5.9)

Both B|k[3|q|® and fx1, depend very weekly on the value of r. This is because r only enters
in these quantities raised to the power a_.
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FIG. 2. Contributions to fxy, for m < pu, —7 = ¢~ % and r = 1073. We consider values of a_ that
go from 0.0037 (corresponding to (—7)*~ = 0.8) to a— = 0.1.

VI. CONCLUDING REMARKS

In this paper we considered QSFI where a dimension five operator couples the inflaton
and the curvaton field. Working in the limit of small coupling and small curvaton mass we
computed analytically the bispectrum in the squeezed limit in GC and in CFC. We found
that transforming to CFC introduces a non-negligible correction to the result in GC. We also
showed that fyp can be either enhanced or suppressed by this effect, and in the region of
parameter space that we considered fxr, ~ 1072, In this model fyy, is small and hence these
non-Gaussianities could not be observed in the near future. However, this is an interesting
example where the change of coordinates from GC to CFC can have an order one effect on
the bispectrum.
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Appendix A: Transformation of the Bispectrum to Conformal Fermi Coordinates

In this Appendix we rederive the coordinate transformation from GC to CFC and com-
pute the bispectrum in CFC. Rather than taking the constructive approach of the previous
literature we derive necessary and sufficient conditions that the coordinate transformation
must satisfy.

The metric in GC is given by

9 () = a2(7') (M + Ty ()] (A1)

and the metric scalar perturbations in h,, are expressed in terms of the curvature pertur-
bation ( as follows

oo = 2% (A2)
hoi = —&«% : (A3)
hij = 2C6;; (A4)
where H = %j—i. We split the metric perturbation as
Ty () = T, () + 1, (@) (A5)

where hl (k) ~ 0 for k 2 A and hiy(k:) ~ 0 for k S A. Here A is a cutoff that divides the

ny

modes into short and long. In CFC with respect to the longest wavelength modes the metric
has the form

Gu2r) = @*(7r) [ + i, (2r) + O(ah))] (A6)

where the terms O(z%a7,) are made negligible by an appropriate choice of CFC. However
this choice does not explicitly enter our analysis.

The coordinate transformation that takes us between these two frames can be expanded
in % as [9H12]

w(ap) = o + & (7r) + A(rr)aly + Bl (Tr)apap + O(apapay) (A7)

where ¢#, A, B}, = O(hl,) and we neglect quantities O [(hﬁy)z] . Without loss of generality,
we assume B'j;(7p) = B';(7r). The transformation law for the metric tensor

oz 0z
giy(l’F) = Wa?gaﬁ(m) (A8)
F F

gives ten differential equations for £#, A" and B‘;j that need to be satisfied in terms of hﬁy
in order for g/, (zr) to have the form of Eq. (A6)). Requiring each differential equation to
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hold order by order in z% gives

0 C(xp =0,7p)

0 —

0 _ 05,0((xF = 0,7F)

(Drye + H)AS () = ) (A10)
. lgL(XFZO,TF)
AO@'<TF) - aTng(TF) = —0; H(TF) (All)
3 @ - 0,

2B, (15) — Oy Ai(7r) = == QLSZ; - ") (A12)
Aij (TF) + Aj,'(TF) + 2%50(’7'1:’)5” = _QCL(XF = 0, TF)(Sij (A13)
Bijk(TF) + Bjik(TF) =+ %HAOk(TF)él] = —8kCL(xF = 0, TF)(SZ‘J' (A14)

where the spatial indices were lowered using d;; and the quantities on the right hand side
are the expressions in comoving coordinates. These are necessary and sufficient conditions
for Eq. to hold. With the coordinate transformation at hand we find how the con-
nected three point function of ¢ transforms in going from GC to CFC in the squeezed limit.
Following [11], we have

(CF (o )" (e )G () = [ Pl daf @bl tent b s P (@) (af ) (o)

where xf" = (15, xI), k| < |kol, |k

i

Using spatial translational invariance we get
(€7 (., X1 )CT (7, o) CF (7, Kes)) = (27)°8(ky + o + k) BT (ki ko, k) (A15)

with

(CFC) _ 3, F j3_F —z‘[klyF+(k3+ﬂ)zF] F F\ ~F z" F z"
B (ki ko k3) = [ dPyrdizTe 2 ¢ (e, y") ¢ TF — 5 ¢ R

= /d3de3zFei[klyF“kS*k?l)zF] (0L1¢2(7r, ¥ )(0s]Cs(2a)Cs (26)]0s)]0L) (A16)

where 244 = zq4(2,,) and z = (7p, —2"/2), 2y = (7p,2" /2) and we assumed that ¢ trans-
forms as a scalai} Moving forward we drop the designation [0s) and write (05|Cs(74)Cs(23)[0s) =
(Cs(24)Cs(wp)) in terms of X" and xf" up to linear order in (;. Eq. implies that the
contribution to the three point function is dominated by |z| < 1/|ks|. Thus, using Eq.
and working to linear order in the long mode, we find

(0s1CE (28)CE (28)10s) = (Os1Cs(wl)Cs(28)10s) + [€(7r)n, + Ab(re) (2 = 2f")Of" +

FE ()0 +07) + LAY )l 2t )y | 015 e, xE) (7, ) 0s) (A17)

5 We did not change the argument of ¢y, since it would have resulted in a disconnected piece that we discard.
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where the terms on the second line vanish because of translational invariance and because
x!I" = —xI". Using Eq. (A13)) we obtain

(0s]CE (4 )¢5 (23)|0s) = (0s]Cs (g )Cs () [0s) + (A18)
0
+ {ﬁo(TF)arF — [HE () + €10, 7r)] ZF@Z_F} (0s|¢s(Tr,2")Cs(7r, 0)|0s) -
Inserting this expression back in Eq. (A16) and using rotational invariance we get
0
BéCFC)(kb ko, k3) = BEGC)(kh ko, k3) — Pe(7r, ki) (—3 - m) P(7r, |ks|)
~ 0
HEE k)€ |0~ (<3 = 510 )| Pt ) (A19)
where
<§(7—F7 k1)5<TF7 k2)5(7'F7 ks)) = (27T)35(k1 + ko + k3)BéGC) (k1, ko, k) (A20)

and we used that |k;| < |ks|. In the limit in which scale invariance is preserved Eq. (2.3)
and the fact that H7p = —1 imply that the final result does not depend on the integration

constants of Eqs. (A9))-(A14). We finally obtain

0
BéCFC)(kh ko, k3) = BéGC)(kl’k% k3) + PC(TF’ |k1|>

dlog

Fe(rr, [ksl) . (A21)

This expression coincides with the one in [I1] for scale invariant models of inflation.
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