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Classical nucleation theory is applied to the production of particles of a crystalline phase by growth upon 
small foreign particles. Various possible particle shapes are considered and general curves are derived 
which can be simply applied to a large variety of physical situations. 

INTRODUCTION 

THE heterogeneous nucleation of a new phase by 
foreign particles suspended in the parent phase is 

of practical importance in many fields. Particularly 
important is an understanding of the way in which the 
efficiency of these foreign nuclei depends upon their 
size, shape, and surface properties. 

In an earlier discussion of this problem,! the present 
author considered the simple case in which both the 
nucleating particle and the embryo of the new phase 
growing upon it were spherical in shape. The results of 
this treatment have proved useful in understanding 
the behavior of aerosols of silver iodide in the nucleation 
of ice crystals in the atmosphere,2 as well as having 
application to other systems. 

It is clear, however, that many nucleating particles 
cannot be regarded as even approximately spherical, 
and, in cases where the embryo of the new phase is 
crystalline, it too may depart significantly from the 
spherical approximation. It will be our purpose then, 
in the present paper, to consider the nucleation behavior 
of particles ranging in shape from disks to needles, and 
to take some account of the crystalline nature of the 
new phase. On the basis of results for such extreme 
cases it should be possible, by interpolation, to arrive 
at semiquantitative conclusions for nuclei and embryos 
of intermediate habits. 

Whilst it is simplest to arrive at results for a particu
lar substance whose physical properties are known 
explicitly, it is possible, with little sacrifice, to derive 
general results in terms of parameters which differ 
from one substance to another. Our discussion is there
fore quite general, within the range of validity of 
certain assumptions which are later made explicit. 

CLASSICAL NUCLEATION THEORY 

Classical nucleation theory, as developed by Volmer 
and others,3 applies statistical arguments to the 
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probability of growth of an embryo of a new phase 
from a metastable environment. The rate J of nuclea
tion of isolated elements of the new phase is given by 
an expression of the form 

J=K exp( -!J.G*/kT) , (1) 

where !J.G* is the free energy required for the formation 
of a single embryo of such a size that it is in unstable 
equilibrium with its environment, and K is a constant 
which is determined by the kinetics of the situation. 

K can usually be determined, in order of magnitude, 
by relatively simple arguments,3 though many refine
ments are possible. Most interest, and most uncertainty, 
centers on the evaluation of !J.G*. It is usual here to 
apply macroscopic concepts like surface free energy 
rather freely to discussions of molecular groupings of 
quite small size. This procedure is of very marginal 
validity in many cases, but it is still used because the 
results obtained by such methods agree quite well 
with experiment in cases where they have been 
checked,a.4 and because a more realistic molecular 
approach seems at present prohibitively difficult. 

We consider, then, an embryo of the new phase 2 
growing on a nucleating particle 3 within the parent 
phase 1. If V 2 is the volume of the embryo and Sij is 
the area of the ij interface, then the free energy involved 
in forming this embryo is 

!J.G= !J.Gv V2+0"12 S12+ (0"23-0"13) S23, (2) 

where !J.Gv is the free energy required to form unit 
volume of phase 2 from phase 1 and 0" ij is the free 
energy per unit area of the ij interface. It proves 
convenient to introduce the parameter m, defined by 

(3) 

to express the degree of compatibility between nucleus 
and embryo. It turns out that 

-1::;m::; 1, (4) 

with values of m approaching unity indicating a high 
degree of compatibility, analogous to "wetting" in the 
case of a liquid embryo. 

Once the geometry has been made explicit so that V2 

4 S. Twomey, J. Chern. Phys. 30, 941 (1959). 
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and the 5 ij are known, the maximum value of t.G as a 
function of embryo size can be determined, and this is 
the quantity t.G* involved in Eq. (1). 

The results of this procedure can be expressed in 
quite general form. Let R be some characteristic 
dimension of the nucleus, and r* some characteristic 
dimension of the critical embryo which is in unstable 
equilibrium with its environment. Then if we define 

x=.R/r*, (5) 
we can write 

t.G*=t.Go*j(m, x), (6) 

where t.Go* is the critical free energy for homogeneous 
nucleation in the absence of any foreign particle and 
(m, x) is a function whose form depends in detail 
upon the geometry of the situation. 

For a spherical embryo 

(7) 

while for an n-sided prismatic embryo,5 assuming 0"12 

to be the same for all faces, 

where 
(8) 

(9) 

All this analysis neglects, to a large extent, the 
essential nature of a crystalline embryo. Thus, the 
dimensions of the embryo are considered to be con
tinuously variable, and the two-dimensional nucleation 
of new molecular layers is neglected. In most cases 
this difficulty may be side-stepped by supposing the 
nucleus to contain a screw dislocation of small Burgers' 
vector, so that the embryo is similarly dislocated and 
two-dimensional nucleation is not required for growth. 
Detailed consideration of this point is complicated6 

but it need not be discussed here. In the case of ice
crystal nucleation a possible anomalous surface struc
ture7 may obviate the necessity for surface nucleation 
at the ice-vapor interface. 

We assume in what follows that some such mecha
nism intervenes so that the expressions (6)-(9) are 
valid and the problem is essentially reduced to the 
geometrical one of evaluatingj(m, x). 

GEOMETRICAL CONSIDERATIONS 

Evaluation of the factor j(m, x) for various ge
ometries is straightforward though rather tedious. The 
methods involved have been described before.1·5 In 
the cases detailed below, the nucleus and embryo are 
considered either to be spherical, or to have the form 
of a circular cylinder. Various combinations of these 
forms are able to approximate most important nuclea
tion situations. The neglect of other crystal faces does 
not have a large effect on the results and, in the case 

6 N. H. Fletcher, Australian J. Phys. 13, 408 (1960). 
6 See reference 5, but note that the conclusion expressed in 

Sec. V is incorrect. 
7 N. H. Fletcher, Phil. Mag. 7, 255 (1962). 

of the embryo, the rounding-off of corners is physically 
justified by entropy considerations.s 

Sphere on Sphere 

This case was treated in an earlier publication,1 and 
is included here for completeness. The geometrical 
factor j(m, x) is here given by9 

j(m, x) =!+![(1-mx)/gJ3 

+!x3(2-3[(x-m)/gJ+[(x-m)/gJ3j 

+!mx2{[(x-m)/gJ-1l, (10) 
where 

(11) 

In this and the other cases we consider, both Rand 
r* are unambiguously defined as radii, and r* is given 
by the relation 

(12) 

Cylinder on Sphere 

In the case of a cylindrical embryo it is necessary to 
make some assumption about the relation between the 
free energies of different crystal faces. We here make 
the assumption that the free energies of base and 
cylinder faces are equal, so that the equilibrium habit 
of a small crystal is one in which the height equals the 
cylindrical diameter. Some such assumption is neces
sary if the calculation is to proceed, and this one 
appears to be reasonably realistic, extreme crystal 
habits not usually being the result of equilibrium 
processes. 

For this case, then, we obtain the result 

J(m, x) = 1-mx2(1-h) -!x2(1-h2) 

+tx3(1-h)2(2+h), (13) 
where 

h= [( 1-4mx+4x2)~-1 J/2x. (14) 

This result is only valid if 

(15) 

If the condition (15) is not fulfilled, which only occurs 
for x?:1, thenj(m, x) is given by 

j(m, x) =!+h·L mx2+Hx2-1)!(3mx-2x2-1). (16) 

Cylinder on Disk 

Nucleation upon a cylindrical nucleus is best con
sidered through the two extreme cases in which the 
cylinder has the form either of a disk or of a needle. 

8 W. K. Burton, N. Cabrera, and F. C. Frank, Phil. Trans. Roy. 
Soc. (London) A243, 299 (1951). 

9 Note that f(m, x) as defined here differs by a factor! from 
that used in reference 1. 
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For the case of a disk we find, if x~ 1, 

f(m, x) = 1-!x(1+m), 

while, if x2: 1, 

f(m, x)= (1-m)/2. 

Cylinder on Cylinder 

(17) 

(18) 

As the other extreme we consider nucleation upon 
the curved surface of a long, needlelike cylinder. 
Nucleation upon the flat ends of the cylinder can be 
treated using results (17) and (18) above. For the 
present case we find 

f(m,x) =7r-I[0/+x(x-2m)cf>+!sin20/-!x2sin2cf>], (19) 

wherelO 

cf>= cos-1[(x-m)/g], (20) 

0/= cos-1[(mx-l)/g], (21) 

with 
O~ (cf>, 0/) ~7r (22) 

and 
g= (1+xL 2mx)!. (23) 

RESULTS IN GENERAL FORM 

From the results of the preceding section and a 
knowledge of K, er12 and the form of I::..G. for a given 
system, it is possible to calculate the nucleation rate ] 
as a function of supersaturation or supercooling. It is, 
however, more useful for our present purposes to make 
certain simplifying assumptions and approximations 
so that our results may be more generally applicable. 

To this end we note that in many common nucleation 
situations, both in a vapor and a liquid environment, 
the kinetic constant in the rate equation (1) is of 
order of magnitude 1025 cm-2 sec1• We further note 
that a change of a few orders of magnitude in the value 
of this constant can be compensated for by a change of 
only a few percent in the value of I::..G •. Also, to a good 
approximation, the surface area of the nuclei we are 
considering is of order lOR2. We may thus writell for 
the constant K in Eq. (1) 

(24) 

where R is measured in em and the rate] is in nuclea
tion events per nucleus per second. 

We may now define an appreciable nucleation rate 
to be ], ..... ,1 secI, and, using Eqs. (1), (6), and (8) for 
a cylindrical embryo, we find that for an appreciable 
nucleation rate 

I::..G.2= 87rl?f(m, x) /kT(60+2 lnR) , (25) 

where we have set ~= 1 and have written er for er12. 

10", and if; are the angles so designated in figure similar to figure 
1 of reference 1. 

11 If x<l it is better to write r* for R in (24). We have done 
this in computing the curves shown later. 

~ - 3 ~-+--*"I!-r-t-.--;"'-j-- ---=l=-----1 
w 

i:2 
-410-, 10-6 10-5 10-' 10-3 10-2 

Y = RO'/2 (erg1/2) 

FIG. 1. General nucleation curves for the growth of an embryo 
of spherical habit upon a spherical nucleating particle. On each 
curve the nucleation rate is 1 particle-I secl, z is proportional to 
supersaturation or supercooling, as given by (27), and y to par
ticle radius, according to (28). Parameter m measures the com
patibility of embryo and nucleus according to (3). 

Using Eqs. (5) and (12), Eq. (25) can be put in the 
form 

I::..G.2 87rf(m, -tRer!I::..G./eri ) 

er3 kT(60+2InRert - lner)" 
(26) 

If we now recognize that for most systems with 
which we deal, er lies in the range 10-1000 erg cm-2, 

we can write Iner=5. This done, we can introduce the 
quantities 

z=I::..G./erJ, 

y=Rer!, 

and, taking T=300oK, we find 

3.0X1011(m, -tyz) 
Z2= . 

27+ lny 

(27) 

(28) 

(29) 

Similarly, for the case of a spherical embryo, using (7) 
instead of (8), we arrive at an equation differing from 
(29) only by the replacement of the factor 3.0X 1014 

on the right side by the value 2.0X 1014
• 

While an analytic solution of (29), giving z as a 
function of y with m a parameter, is not generally 
possible, it is quite simple to obtain a numerical 
solution by successive approximations. This has been 
done with the aid of a small computer, Sirius, and the 
results are shown in Figs. 1 to 4. 

The curves are, in all cases, qualitatively similar, 
but interesting quantitative differences are apparent. 
Geometrically matching cases such as sphere-on
sphere or cylinder-on-cylinder, shown in Figs. 1 and 4, 
respectively, produce very similar curves, except that 
I I::..G. I values are rather greater in the case of a cylin
drical embryo. When the habits are not similar, how
ever, as in the case of a cylinder growing on a sphere, 
the nucleation efficiency of quite large particles with 
m values near unity is very markedly reduced. This 
can be clearly seen in Fig. 2. The case of a cylindrical 
embryo growing on a flat nucleus, as shown in Fig. 3, 
is interesting for the flatness of the curves for x> 1 
and the sharp decrease in nucleation efficiency for x< 1. 
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FIG. 2. General nucleation curves for the growth of an embryo 
of cylindrical habit upon a spherical particle. 

USE OF THE GENERAL CURVES 

As pointed out above, the curves given in Figs. 1 to 
4 have been derived on the assumptions: 

(i) that the interfacial free energy 0"12 lies in the 
range 10-1000 erg cm-2, 

(ii) that the kinetic constant K in Eq. (1) is of 
order 1025 cm-2 sec-I, 

(iii) that an appreciable nucleation rate ] is of 
order 1 particle-1 secI, 

(iv) that the temperature is near 3000 K. 

The curves should not be in error by more than about 
10% on either axis for 0"12 values in the stated range, 
for values of J or K differing by about three orders of 
magnitude from those given, and for temperatures in 
the range 250° to 3500 K. For larger temperature 
variations the approximate relations 

z( T) = (300/T) ~z( 300°), 

y( T) = (T /300) !y (300°) , 

(30) 

(31) 

may be used as a guide to the results to be expected. 
Providing these assumptions are reasonably valid, 

the general curves may be used to make predictions of 
nucleation behavior in a particular system by giving 

N 
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~ 
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FIG. 3. General nucleation curves for the growth of an embryo 
of cylindrical habit upon a disk-shaped particle. 

explicit forms to the parameters z and y defined in 
Eqs. (27) and (28). 

The driving free energy per unit volume t:.G. can be 
expressed in the general form 

(32) 

where J.!i is the chemical potential of molecules in phase 
i, and n is the number of molecules per unit volume 
in the condensed phase 2. For condensation or sublima
tion from a supersaturated vapor of pressure p 

t:.G.= -nkT In (p/Po) , (33) 

where po is the vapor pressure in equilibrium with a 
plane surface of the condensed phase. Similarly for 

';"0) 
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~ 
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II 
N _ A. f-------,flhL/ 
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FIG. 4. General nucleation curves for the growth of an embryo 
of cylindrical habit upon the curved surface of a long needle
shaped particle. 

crystallization of a solute from a solution in which its 
activity is a, 

t:.Gv= -nkT In (a/ao) . (34) 

The remaining case of interest is the freezing of a pure 
liquid, for which 

t:.Gv = - t:.S.t:.T, (35) 

where t:.Sv is the entropy of melting, per unit volume, 
and t:.T is the supercooling below the equilibrium 
freezing point. 

CONCLUSION 

We have derived general curves which may be used 
to make semiquantitative predictions about the be
havior of small particles as heterogeneous nuclei for 
phase changes in various metastable systems. 

The treatment is necessarily inexact because it is 
based upon the assumptions of classical nucleation 
theory, which neglects many molecular phenomena 
which may be of considerable importance. The success 
which has attended the application of even more 
simplified versions of this theory, however, allows one 
to hope that the present results will be a useful guide 
to average behavior in many common situations. 


